arXiv:1208.2372v4 [gr-qc] 8 May 2013

The γ parameter in Brans-Dicke-like (light-)Scalar-Tensor theory with a universal scalar/matter coupling and a new decoupling scenario

Olivier Minazzoli^{1,2}

1Jet Propulsion Laboratory, California Institute of Technology, 4800 Oak Grove Drive, Pasadena, CA 91109-0899, USA 2UMR ARTEMIS, CNRS, University of Nice Sophia-Antipolis, Observatoire de la Côte dAzur, BP4229, 06304, Nice Cedex 4, France

E-mail: ominazzoli@gmail.com

Abstract. The post-Newtonian parameter γ resulting from a universal scalar/matter coupling is investigated in Brans-Dicke-like Scalar-Tensor theories where the scalar potential is assumed to be negligible. Conversely to previous studies, we use a perfect fluid formalism in order to get the explicit scalar-field equation. It is shown that the metric can be put in its standard post-Newtonian form. However, it is pointed out that 1 − γ could be either positive, null or negative for finite value of ω_0, depending on the coupling function; while Scalar-Tensor theories without coupling always predict γ < 1 for finite value of ω_0. Moreover, regardless the value of ω_0, the subclass of theories satisfying γ = 1 and β = 1 surprisingly leads to almost the same phenomenology as general relativity in the solar system.

PACS numbers: 04.25.Nx, 04.50.Kd, 04.50.-h, 04.60.Cf

γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 2

1. introduction

Brans-Dicke-like scalar-tensor theories are known to be good alternative candidates to General Relativity (GR) (Esposito-Farèse 2004, Will 1993, Will 2006, Damour & Esposito-Farese 1992). Similar theories with both scalar/curvature and scalar/matter couplings generically appear in (gravitational) Kaluza-Klein theories with compactified dimensions (Green et al. 1988, Fujii & Maeda 2003), or in string theories at the low energy limit (Damour & Polyakov 1994b, Damour & Vilenkin 1996, Damour et al. 2002, Gasperini et al. 2002). From a more phenomenological point of view, it seems that some restrictions, such as gauge and diffeomorphism invariances, single out such type of theories as well (Armendáriz-Picón 2002). Recently, scalar/matter couplings have been introduced in several different type of theories: in f(R) gravity (Bertolami et al. 2007, Bertolami et al. 2008, Bertolami & Páramos 2008, Sotiriou & Faraoni 2008, de Felice & Tsujikawa 2010, Sotiriou & Faraoni 2010, Harko et al. 2013), in Brans-Dicke theories (Das & Banerjee 2008, Bisabr 2012, Moffat & Toth 2012), or in the so-called MOG (MOdified Gravity) (Moffat 2006, Moffat & Toth 2009). Such theories are often invoked as a possible explanation for dark Energy – which is generically attributed to a scalar field (Peebles & Ratra 2003) –, for the possible observed variation of the fine structure constant in both time (Webb et al. 2001) and space (Webb et al. 2011, Murphy et al. 2003), for (at least) some phenomena usually attributed to dark matter; or to generically predict violations of the equivalence principle (Damour & Polyakov 1994b, Dvali & Zaldarriaga 2002, Olive & Pospelov 2008, Damour & Donoghue 2010, Damour 2012).

The post-Newtonian phenomenology of theories with scalar/matter coupling has been thoroughly studied, notably in (Damour & Polyakov 1994a, Damour & Polyakov 1994b, Damour & Donoghue 2010) with an emphasize on the composition-dependent phenomena. In this paper, we want to focus our attention on the compositionindependent part of the phenomenology – namely, on the post-Newtonian parameter γ (see (77) in (Damour & Donoghue 2010) for instance). To this end, we restrict ourselves to an action with a universal scalar/matter coupling, where the coupling is given by a field that couples universally to all the material fields through a function in factor of the material part of the Lagrangian. It has to be noticed that such an action satisfies the condition for the dynamical decoupling studied in (Damour & Polyakov 1994a, Damour & Polyakov 1994b). However, instead of modeling our fluids by point particles as in (Damour & Polyakov 1994a, Damour & Polyakov 1994b); we chose to use a perfect fluid formalism based on a recent result given in (Minazzoli & Harko 2012), that tells that with a non-minimal coupling, basic assumptions such as the conservation of the matter fluid current imply that the Lagrangian of a perfect fluid is minus the total energy density and nothing else.

Our result is that, depending on the scalar/matter coupling function, the post- Newtonian parameter can be less, equal or more than one . Since this important fact has been missed in previous studies, we explain the reason why it has not been derived γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 3

previously. We emphasize that the discrepancy on γ does not lie on the discrepancy of formalisms used (non-interactive point particles versus perfect fluid); but rather lies on a wrong property assumed in previous studies. Moreover, we show that the specific cases that lead to γ = 1, lead to a new decoupling mechanism such that the scalar-field acts as if it was weakly coupled to matter fields in regions where the pressure of the gravitational bodies is significantly lower than their energy density – such as in the solar system.

In section 2, we derive the equations of motion coming from the considered action. Then, in section 3 we concentrate on the post-Newtonian parameter γ resulting from such theories. In section 4 we focus our attention on a subclass of theories where the scalar-field is naturally almost decoupled to the gravitational sources in the post- Newtonian regime. Finally, we give our conclusions in 5.

2. Equations of motion

The action describing Brans-Dicke-like theories with a universal scalar/matter coupling can be written as follows: S = ∫ d^4x √ −g ( ΦR − ω(Φ) Φ (∂_σΦ)^2 + 2f(Φ)L_m(g_{μν} , Ψ) ) , (1)

where g is the metric determinant, R is the Ricci scalar constructed from the metric g_{μν} , L_m is the material Lagrangian and Ψ represents the non-gravitational fields. From this action, and defining T_{μν} = − 2 √ −g δ( √ −gL_m) δg^{μν} , (2)

one gets the following equations of motion: R_{μν} − 1 2 g_{μν} R = f(Φ) Φ T_{μν} + ω(Φ) Φ^2

(∂_μΦ∂_ν Φ − 1 2 g_{μν} (∂_αΦ)^2) + 1 Φ [∇_μ∇_ν − g_{μν} □]Φ, (3) and 2ω(Φ) + 3 Φ □Φ = f(Φ) Φ T − 2f_{,Φ}(Φ)L_m − ω_{,Φ}(Φ) Φ (∂_σ Φ)^2. (4)

3. The γ parameter and the 1PN/RM development

In this section, we are interested in showing that the parameter γ can take different values than usually expected. Therefore we develop the equations at the 1PN/RM γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 4

order only ‡. Let us write the perturbations of the fields as follow: Φ = Φ_0 + c^{−2}φ (5) g_{μν} = η_{μν} + c^{−2}h_{μν} + O(c^{−3}), (6) where η_{μν} is the metric of Minkowki and Φ_0 is constant background field §. Now, if one assumes the conservation of the matter fluid current (∇_σ(ρU^σ ) = 0, where c^2ρ is the rest mass energy density and U^α the four-velocity of the fluid), one has L_m = −ϵ, where ϵ is the total energy density (Fock 1964, Brown 1993, Bertolami et al. 2008, Harko 2010, Minazzoli & Harko 2012). Therefore, at the first order in the post-Newtonian development, one has L_m = −c^2ρ + O(c^0) = T + O(c^0). Hence, equations (3) and (4) can be re-written at the first perturbative order as follows: R^{μν} = f(Φ_0) Φ_0 ( T^{μν} − 1 2 g^{μν} T ) + 1 Φ_0 ( ∂^μ∂^ν + 1 2 g^{μν} △ ) Φ + O(c^{−3}), (7) 2ω_0 + 3

Φ_0

□Φ = (1 + Υ) f(Φ_0) Φ_0

T + O(c^{−3}), (8)

where ω_0 ≡ ω(Φ_0), and

Υ ≡ −2 Φ_0

∂ ln f(Φ) ∂Φ |_{Φ0} . (9)

Defining σ ≡ T^{00}/c^2 + O(c^{−2}), (10) G_{eff} ≡ ( 1 + 1 + Υ 2ω_0 + 3 ) c^4 8π f(Φ_0) Φ_0

, (11) γ ≡ 2ω_0 + 2 − Υ 2ω_0 + 4 + Υ

, (12)

the previous equations can be re-written as follows:

R^{00} = c^{−2} {4πG_{eff} σ} + O(c^{−3}), (13) R^{ij} = c^{−2} { −δ_{ij} γ4πG_{eff} σ + 1 Φ_0 ∂_i∂_j φ } + O(c^{−3}) (14) 1 Φ_0 △φ = − 2 + 2Υ 2ω_0 + 4 + Υ

4πG_{eff} σ + O(c^{−1}). (15)

‡ PN/RM stands for Post Newtonian/Relativistic Motion. It means that the development of the Post- Newtonian metric is developed to the order that has to be taken into account when dealing with test particles with relativistic velocities only. On the contrary, PN/SM stands for Post-Newtonian/Slow Motion. It means that the development of the Post-Newtonian metric is developed to the order that has to be taken into account when dealing with test particles with non-relativistic velocities only (for more details, see 2.1 in (Minazzoli & Chauvineau 2011)).

§ For basic principles about post-Newtonian developments, see for instance (Damour 1987, Damour et al. 1991, Kopeikin & Vlasov 2004) and references therein. In Appendix A, we recall the reason why the perturbation of the scalar field can be developed using the same small parameter as with the metric.

γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 5

It is then straightforward to show that the metric solution can be put under the following standard PN/RM form

g_{00} = −1 + c^{−2} 2w c^2

+ O(c^{−3}), (16)

g_{0i} = O(c^{−3}), (17) g_{ij} = δ_{ij} ( 1 + c^{−2} 2γw c^2 ) + O(c^{−3}), (18)

where γ is indeed a constant given by (12), and where w satisfies the equation of Newton at the first perturbative order : △w = −4πG_{eff} σ + O(c^{−1}). (19) The important fact to notice is that, depending on the value of Υ (and thus depending on the coupling function), 1 − γ could be either positive, null ‖ or negative; while STT without coupling predict a positive value for finite value of ω_0.

This result is generalized to the most general parametrization in section Appendix C and is re-derived using the Einstein representation in Appendix D.

3.1. The conservation equation

Because of the scalar/matter coupling, there is an energy transfer between the scalarfield and the material fields such that the conservation equation writes: ∇_σ [f(Φ)T^{μσ}] = L_mf_{,ϕ}(Φ)∂^μΦ. (20) According to equation (20), a point particle in a gravitational field only, is not following an inertial movement anymore because it does not follow a space-time geodesic in general (although photons do follow geodesics in this class of theories (see Appendix B.). Also, one can verify that (20) is in accordance with (Harko et al. 2013) in the appropriate limit.

However, let us notice that (Damour & Polyakov 1994a, Damour & Polyakov 1994b) propose a decoupling mechanism such that the scalar/matter coupling could be driven toward a quasi-null coupling during the evolution of the Universe that would satisfy solar-system constraints on gravitation – (Damour & Donoghue 2010) even give quantitative predictions for possible violations of the equivalence principle. And it has to be noticed that such an action satisfies the condition for the dynamical decoupling studied in (Damour & Polyakov 1994a, Damour & Polyakov 1994b) as long as f(Φ_{min}) is a local minimum of f(Φ) when Φ_{min} is a local minimum of Φ.

Also, let us notice that if Υ = −1, then the scalar field decouples to the gravitating sources at the first order (see equation (8) or later, equation (D.12)) and therefore the deviation from the geodesic is sent to the next order in the post-Newtonian development (Υ = −1 ⇒ ∇_σT^{μσ} ∼ 0, since the perturbation of the scalar-field φ is null at the first order).

‖ The author has recently became aware of the paper of Moffat and Toth (Moffat & Toth 2012) in which they explored such a possibility in order to argue the possible solar system viability of Modified Gravity Theory (MOG) (Moffat 2006, Moffat & Toth 2009).

γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 6

3.2. Remark regarding theories with extra dimensions

In most cases, compactified extra dimensions imply ω_0(= ω) to be of the order of −1 (Fujii & Maeda 2003, Green et al. 1988). Hence, in order to pass solar system tests that give ω_0 ≳ 10^4 for non-massive scalar-fields (Perivolaropoulos 2010), extra-dimensional theories have to imply a sufficient mass for the effective scalar field. Indeed, a very massive scalar-field has a frozen spatial dynamics on solar system scales, such that every value of ω_0 satisfy solar system observations (Perivolaropoulos 2010) (|1 − γ| ≲ 10^{−4} (Bertotti et al. 2003)). However, in (Chauvineau 2007) is described a special case allowing to get rid of this condition, since a particular way of compactifying extradimensions leads to arbitrary ω(Φ).

As we can see, the universal scalar/matter coupling may allow to get rid of the massive scalar-field condition as well. Indeed, as long as Υ = −1 + μ, with |μ| small enough, the theory could pass the solar system tests on γ, regardless the value of ω_0.

Therefore, there may exist a subclass of theories with compactified dimensions for which a decoupling of the scalar-field in the post-Newtonian regime naturally occurs. Hence, such theories naturally satisfy the strongest solar system’s constraints; without requiring a large mass for the scalar-field (see section 4 for more details).

3.3. The string dilaton case

Let us remind that the action (1) is a generalization of the low-energy action predicted by string theories at tree-level (see equation (1) in (Damour & Polyakov 1994a)); and a special case of the assumed action after full string loop expansion (see the second action in (Damour & Polyakov 1994b)).

As one can see, (Damour & Polyakov 1994a, Damour & Polyakov 1994b) do not predict that the post-Newtonian constant γ could be more or equal than one; while the main result of the present paper is to show that the scalar/matter coupling implies that γ could be exactly equal to one, or be either less or more than one – depending on the coupling function f(Φ). However, (Damour & Polyakov 1994a, Damour & Polyakov 1994b) based their results on a non-interactive point-particle formalism; while the present paper is based on a perfect fluid formalism. Therefore, at a first glance, it seems that the two formalisms lead to different results.

However, it turns out that (Damour & Polyakov 1994a, Damour & Polyakov 1994b) have a mistake in the definition of a coupling parameter. This mistake leads to the apparent difference of results between the two formalisms.

(Damour & Polyakov 1994a, Damour & Polyakov 1994b) work in the Einstein representation (also known as the Einstein frame) such that, with the notations of the present paper, their action writes: S_{DamP oly} = ∫ d^4x √ −g̃ ( 1 4q R̃ − 1 2q (∇φ)^2 ) − ∑ particles ∫ m̃(φ)cds̃, (21) where q is a coupling constant, m̃ is the mass of particles in the Einstein representation γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 7

and g̃_{αβ} is the metric in the Einstein representation – related to the original representation by the conformal scalar B_g through g̃_{αβ} = CB_g g_{αβ}, where C is some numerical constant. The resulting equations of motion write:

R̃_{μν} = 2∂_μφ∂_ν φ + 2q ( T̃_{μν} − 1 2 g_{μν}T̃ ) , (22) □φ̃ = −qαT̃ , (23) when α is defined as α = ∂ ln m̃/∂φ and where we considered only one gravitational source (one particle) in order to simplify the notations ¶. Then, (Damour & Polyakov 1994a, Damour & Polyakov 1994b) use an equation given in (Damour & Esposito-Farese 1992) that gives the parameter γ as a function of the coupling parameter α. The equation reads γ − 1 = − 2α^2 1 + α^2

|_0 , (24)

such that γ < 1 for finite real value of α|_{Φ0} . The important point to notice is that in (2.7d) in (Damour & Esposito-Farese 1992), α is defined as α = ∂ ln A/∂φ – where A is the square-root of the conformal factor given by g̃_{αβ} = A^{−2}(φ)g_{αβ}. Thus, identifying the definitions used in (Damour & Esposito-Farese 1992) and in (Damour & Polyakov 1994b), one has B_g = A^{−2} – and identifying with the notations of the current paper, one has Φ = B_g = A^{−2}. On the other hand in (Damour & Polyakov 1994a, Damour & Polyakov 1994b), α is defined as α = ∂ ln m̃/∂φ, where m̃ is the mass of the particle in the Einstein representation. In usual Brans-Dicke-like theories (ie. when f(Φ) is a constant) ∂ ln A/∂φ = ∂ ln m̃/∂φ since in that case one simply has m̃ = A m, where m is the constant mass of the particle in the Jordan representation. However, the equality does not hold in the general case when f(Φ) is not a constant, and one has ∂ ln A/∂φ ≠ ∂ ln m̃/∂φ in general. Indeed, in general one has: ∂ ln m̃(A(φ), f(φ)) ∂φ = ∂ ln m̃(A(φ), f(φ)) ∂A ∂A ∂φ + ∂ ln m̃(A(φ), f(φ)) ∂f ∂f ∂φ .(25)

And because f(φ) is in general independent to A(φ), the last terms in (25) shows that ∂ ln A/∂φ ≠ ∂ ln m̃/∂φ in general. Now in particular, let us notice that (Damour & Polyakov 1994b) assume that m̃ = μB^{−1/2}_g e^{−8π2νBg} Λ, (26) where μ and ν are pure number of the order of unity and Λ is the string cut-off mass scale. Since one has B_g = A^{−2}, one has ∂ ln A/∂φ ≠ ∂ ln m̃/∂φ. Therefore using equation (24) is not appropriate in the context considered by (Damour & Polyakov 1994a, Damour & Polyakov 1994b, Damour & Donoghue 2010) – even if the assumption (26) was correct.

Now, as in Appendix D.1, let us define α_0 = ∂ ln A/∂φ|_{Φ0} , and the coupling strength α_2 by:

□φ = −qα_2T̃ . (27)

¶ Indeed, the paper deals with notations introduced in more than two papers and might become unnecessary difficult to follow without this simplification – that does not change the discussion otherwise.

γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 8

According to the previous discussion α_0 ≠ α_2 in general. The conformal transformation of the Einstein metric to the metric in the original frame involves the transformation g_{αβ} = A^2 g̃_{αβ} = [A^2_0 + 2c^{−2} A_0(∂A/∂φ)_0 δφ + O(c^{−4})] g̃_{αβ} , where φ = φ_0 + c^{−2}δφ. Let us consider A_0 = 1 – that simply means that one keeps the same metric’s units in the two representations at the present epoch and does not restrict the generality – one has A_0(∂A/∂φ)_0 = α_0 and therefore g_{αβ} = [1 + 2c^{−2} α_0 δφ + O(c^{−4})] g̃_{αβ}. Now, from equation (22), one deduces:

c^{−2}△w̃ = −qT̃^{00} + O(c^{−4}), (28)

where w̃ is the scalar potential of the Einstein metric. Therefore, from (27), one deduces:

δφ = −α_2w̃ + O(c^{−2}). (29)

Hence one gets: g_{αβ} = [ 1 − 2c^{−2} α_0α_2 w̃ + O(c^{−4}) ] g̃_{αβ}. (30)

Developing the Einstein metric (that is such that it satisfies the so-called Strong Spatial Isotropic Condition (SSIC) – ie. g̃_{ij}g̃_{00} = −δ_{ij} + O(c^{−4})^+), one gets the following equation for γ: γ − 1 = − 2α_0α_2 1 + α_0α_2

. (31)

Hence, remembering that from solar system constraints one has |α_0| ∼ |α_2| ≪ 1, γ − 1 can be positive if sign(α_0) = −sign(α_2). Now, as demonstrated in Appendix D.1, α_2 = (1 + Υ)α_0 and therefore the equation for γ results to: γ − 1 = − 2(1 + Υ)α^2_0 1 + (1 + Υ)α^2_0

, (32)

which corresponds to the result given by equation (12) (because α^{−2}_0 = 2ω_0 + 3). In particular, one recovers the fact that γ > 1 for Υ < −1. Moreover, let us notice that from (C.2) and (C.3), one deduces that the special case considered in (Damour & Polyakov 1994a) (that is the low energy action of string theories at tree-level) leads to γ > 1. 3.4. Remark on current constraints coming form propagation of light observations

As shown in Appendix B, the geometric optic limit of the modified Maxwell equations leads to the usual geodesic equation for the propagation of light. Therefore, since the geodesic equation is the same as in general relativity minimally coupled to electromagnetism and since the metric can be written in the standard post-Newtonian form, one can use the usual constraints on the parameter γ – which have been obtained while assuming that space-time was accurately described by the standard PN metric in

+ It has to be noticed that from (22) and (23), one gets R̃_{ij} − 1/2g̃_{ij}R̃ = O(c^{−4}). Therefore, one can algebraically deduce that the Einstein metric satisfies the SSIC. For the derivation of this algebraic result, see (Damour et al. 1991).

γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 9

addition to the assumption that light was following space-time geodesics. Hence one gets from (12): | | | | 1 + Υ 2ω_0 + 3 | | | | ≲ |1 − γ_{obs}| 2 , (33)

where γ_{obs} is the value given by current observational constraints on the PN parameter γ. Let us note that the particular case of Υ = −1 is very interesting because it passes the solar-system tests on γ, regardless the value of ω_0. Thus, a wider range of theories seems to be viable than one would naively assume by considering previous results on Brans-Dicke-like scalar-tensor theories.

Therefore, the lower limit deduced from observations for ω_0, that is given in the context of usual Brans-Dicke-like scalar-tensor theories (ω_0 ∼ |1 − γ|^{−1}), is not valid anymore in the context considered in this paper.

4. The decoupling scenario: f(Φ) ∝ √ Φ Contrary to the previous section, in this section we shall develop the equations at the 1.5PN order. Indeed, the case f(Φ) ∝ √ Φ – a special case leading to Υ = −1 – is interesting because it leads to γ = 1 and β = 1 regardless the value of ω_0. However, one has to quantify how much the theory deviates from general relativity at the post-Newtonian level, and compare with current observations in order to possibly get some constraints on ω_0. Also, let us stress out that f(Φ) ∝ √ Φ also implies that the theory satisfies the condition for the dynamical decoupling studied in (Damour & Polyakov 1994a, Damour & Polyakov 1994b) since √ Φ_{min} is a local minimum of √ Φ. When f(Φ) ∝ √ Φ, one has 2f_{,Φ}(Φ) =^{f(Φ)}_Φ and equation (4) writes:

2ω(Φ) + 3 Φ □Φ = f(Φ) Φ (T − L_m) − ω_{,Φ}(Φ) Φ (∂_σΦ)^2. (34)

Since L_m = T + O(c^0), the scalar field decouples to the gravitational sources at the Newtonian level (ie. (2ω(Φ) + 3)^{□Φ}_Φ = −^{ω,Φ(Φ)}_Φ (∂_σ Φ)^2 + O(c^{−4})). Therefore, we shall develop the scalar field as follows:

Φ = Φ_0 + c^{−4}ϕ. (35)

With the following definition for the stress-energy tensor that is in accordance with L_m = −ϵ (Minazzoli & Harko 2012):

T^{μν} = (ϵ + P ) U^μU^ν + P g^{μν}, (36)

where U^α = c^{−1}dx^α/dτ, P is the pressure of the fluid and ϵ its total energy density; the trace of the stress-energy tensor is T = −ϵ + 3P and the the scalar field equation writes: 2ω(Φ) + 3 Φ □Φ = f(Φ) Φ 3P − ω_{,Φ}(Φ) Φ (∂_σ Φ)^2, (37)

which reduces to: △ϕ Φ_0 = c^4f(Φ_0)

Φ_0 3P 2ω_0 + 3

+ O(c^{−2}). (38) γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 10

Therefore, the time-time component of the Ricci tensor writes:

R^{00} = 1 2 f(Φ_0) Φ_0 [ ϵ + ( 2w + 2v^2 ) ϵ c^2 + 2ω_0 + 2 2ω_0 + 3 3P ] + O(c^{−6}), (39)

where v^2 is the modulus squared of the coordinate velocity of the fluid. One can check that a PN metric with β = 1 is an admissible solution of equation (39). Hence, one can put the metric in a system of coordinate that would satisfy the Strong Isotropy Condition (ie. γ = 1 and β = 1). Then, one can algebraically develop the time-time component of the Ricci tensor in terms of the metric components as follows: R^{00} = c^{−2} {−□w} + c^{−4} {−4 ∂_tH} + O(c^{−6}), (40) or R^{00} = c^{−2} {−△w} + c^{−4} {−4 ∂_tW } + O(c^{−6}), (41) where H ≡ ∂_tw + ∂_kw_k or W ≡ 3/4 ∂_tw + ∂_kw_k (Minazzoli & Chauvineau 2009)∗. The harmonic gauge corresponds to H = 0 and the standard post-Newtonian gauge corresponds to W = 0. As an example, for W=0 one gets: △w = − c^4 2 f(Φ_0) Φ_0 [ ρ + c^{−2} { ρ Π + ( 2w + 2v^2 ) ϵ + 2ω_0 + 2 2ω_0 + 3 3P }] +O(c^{−4}),(42)

where Π is the elastic compression potential energy per unit mass of the fluid (Fock 1964). However, for both W = 0 and H = 0, one has: w = w_{GR} + c^{−2}δw, (43) where δw = − 3G_{eff} 2ω_0 + 3 ∫ P (x^′)d^3x^′ |x − x^′| + O(c^{−4}). (44)

Moreover, from (38), one has: ϕ Φ_0

= 2δw + O(c^{−2}). (45)

Finally, let us stress out that the frame dragging potential is unchanged at the 1.5PN level compared to general relativity:

w^i = w^i_{GR} + O(c^{−2}). (46)

4.1. Massive test particles

Massive point-particles don’t follow geodesics since the conservation equation writes:

∇_σT^{μσ} = 1 2 (L_mg^{μσ} − T^{μσ}) ∂_σ Φ Φ . (47)

Indeed, let us consider a flow of non-interactive massive point particles such that T^{αβ} = c^2ρ U^αU^β , where U^α = c^{−1}dx^α/dτ. Using the conservation of the matter fluid

∗ One has defined g_{0i} = −4c−3w_i (Minazzoli & Chauvineau 2009).

γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 11

current ∇_σ(ρU^σ) = 0 – that is only valid for L_m = −ϵ (Minazzoli & Harko 2012) –, one gets:

U^σ∇_σU^μ = − 1 2 (g^{μσ} + U^μU^σ )

∂_σ Φ Φ . (48)

It means that massive point particles are not inertial in this class of theories. The correction to their trajectories thus comes from both the modification of the metric and the non-inertial acceleration ⃗a_{NI} (a^i_{NI} ≡ −^1_2^{∂iΦ}_Φ ). Taking into account both of the correction, and using (38), the final 1.5PN/SM equation in the time-coordinate parametrization reads: d^2x^i c^2dt + ( 𝟋^i_{αβ} − 𝟋^0_{αβ} dx^i cdt ) dx^α cdt dx^β cdt = c^{−4} { ∂_iδw − 1 2 ∂_iϕ Φ_0 } + O(c^{−6})

= O(c^{−6}), (49)

where 𝟋^γ_{αβ} is the connection of general relativity. Therefore, there is an exact cancellation between the non-inertial acceleration ⃗a_{NI} and the part of the inertial acceleration coming from the modification of the metric, and thus the trajectories of massive test particles are the same as in general relativity at the 1.5PN level – even though they are not inertial anymore.

Therefore it seems that these theories cannot be differentiated from general relativity at the post-Newtonian level – regardless the value of ω_0. However, since the metric is modified from general relativity at the 1PN level through δw, the gravitational redshift is modified accordingly. But the relative deviation from general relativity is at best of the order of ⟨P/(c^2ρ)⟩ (∼ 10^{−6} for the Earth when assuming a mean pressure around 100 GPa). Future space experiments such as ACES (Cacciapuoti et al. 2007) and STE-QUEST (Cacciapuoti 2012) should be able to check the gravitational redshift at this accuracy.

4.2. Photons

As seen in Appendix B, photons still follow space-time geodesics. Therefore the 1.5 PN/RM equation for the trajectory of light is the same as in general relativity since the metric correction appears at the c^{−4} level only – and therefore does not contribute to the trajectory of light at the 1.5PN/RM level (c^{−3} level). However, we expect that the deviation from general relativity will impact the photons’ trajectories at the 2PN/RM level (c^{−4} level). But current experiments are still far from being able to observe the 2PN/RM effects on the trajectory of light (see (Minazzoli & Chauvineau 2011, Deng & Xie 2012) for instance).

Therefore, we conclude that the class of theories where f(Φ) ∝ √ Φ is not constrained by current experiments in the solar system.

γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 12

5. Conclusion and final remarks

In this paper we have shown that a universal scalar/matter coupling modifies the usual expression of the post-Newtonian parameter γ in such a way that 1 − γ could be either positive, null or negative for finite value of ω_0; while it is usually thought to be positive only. In particular, we pointed out that previous studies considering similar couplings have missed that fact and we gave the reason for the apparent discrepancy. Moreover, it has to be stressed out that contrary to previous studies, the present paper did not use an assumption on the functional dependency of the particles’ mass in the Einstein representation.

Also, we have focused our attention on a subclass of models that leads to a partial decoupling of the scalar-field to the gravitational sources at the post-Newtonian level; therefore leading to theories that are naturally closer to general relativity in the post- Newtonian regime than theories with general scalar/matter couplings. We showed that this class of models cannot be distinguish from general relativity for the trajectory of massive particles, as well as for experiment involving electromagnetic links such as the Cassini experiment (Bertotti et al. 2003). However, because the metric is slightly different from general relativity, we argued that near future gravitational redshift experiments such as ACES or STE/QUEST will be able to constrained the theory.

Finally, let us note that one can expect the decoupling mechanism studied in section 4 to be greatly reduced in strong regimes where one may have P → c^2ρ. Therefore, strong regimes phenomena may give better constraints on the subclass of decoupled theories than solar system experiments. However, this question have to be studied with cautious in order to be definitively answered.

Appendix A. Development of the scalar field

The assumption that the scalar-field perturbation can be developed with the same small parameter as with the metric is justified by the field equations. Indeed, the sources of the two field equations are both proportional to the matter density: L_m ∼ −c^2ρ and ∼ T ∼ −T^{00} ∼ −c^2ρ – the first equality is demonstrated in (Minazzoli & Harko 2012); while the others come from the post-Newtonian assumptions as explained in (Damour et al. 1991). Therefore, unless Φf_{,Φ}/f is big, the relative perturbation of the scalar field is of the order of the relative perturbation of the metric. However, the PN parameter γ is already measured to be very close to 1. Therefore, the relative perturbation of scalar field is necessarily much smaller than the relative perturbation of the metric and one does not have Φf_{,Φ}/f big in general – at least in the solar system’s neighborhood.

Now since the order of magnitude of the relative perturbation of the scalar field is at best of the order of the relative perturbation of the metric, one can parametrize the development of the scalar field with the same parameter as with the metric.

Let us stress that it is the usual procedure in post-Newtonian developments of alternative theories of gravitation (see, for instance, (Will 1993, Kopeikin & γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 13 Vlasov 2004, Minazzoli 2012, Deng & Xie 2012)).

Appendix B. The geometric optic limit Let’s consider the geometric optic limit of Electromagnetism in the theory studied here. The electromagnetic field amplitude considered being extremely weak – a laser of a few Watts for instance – the electromagnetic field won’t affect the field equations previously considered (ie. photons are considered as test particles). However, the Maxwell equation in vacuum is modified by the scalar field in the following way: ∇_σ (f(Φ)F^{μσ}) = 0. (B.1) Using the Lorenz Gauge (∇_σA^σ = 0), along with equation (15), one puts this equation under the 1-PN/RM following form:

−□A^μ + g^{μϵ}R_{γϵ}A^γ + κ (∇^μA^σ − ∇^σA^ν ) ∂_σw = O(c^{−3}), (B.2) where κ ≡ c^{−2}Φ_0 f_{,Φ} f |_{Φ0}

2 + 2Υ 2ω + 4 + Υ

. (B.3) Following the analysis made in (Misner et al. 1973), we expand the 4-vector potential as follows: A^μ = ℜ {( a^μ + ϵb^μ + O(ϵ^2) ) exp^{iθ/ϵ} } , (B.4) The two first leading orders of equation (B.2) respectively give: k_σk^σ = O(c^{−3}), (B.5) where k_σ ≡ ∂_σ θ, and a^μ∇_σk^σ + 2k^σ∇_σa^μ + κ (k^μa^σ − k^σa^μ) ∂_σw = O(c^{−3}). (B.6) Remembering that the Lorenz Gauge condition gives k_σa^σ = 0 at the leading order, one gets:

k^σ∇_σk^μ = O(c^{−3}). (B.7) This equation is the usual geodesic equation, showing that the presence of the scalarfield won’t affect light ray trajectories at the geometric optic approximation. However, defining a^μ = af^μ, the propagation equation for the scalar amplitude (a) as well as the propagation equation for the polarization vector (f^μ) are modified: k^σ∇_σa = − a 2 ∇_σk^σ + κ 2 ak^σ∂_σw + O(c^{−3}), (B.8) k^σ∇_σf^μ = + κ 2 k^μf^σ∂_σw + O(c^{−3}). (B.9) From there follows that the conservation law of ”photon number” is modified: ∇_σ(k^σa^2) = −κa^2k^σ∂_σw + O(c^{−3}). (B.10) γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 14

One notes that the last three equations give alternative ways to put constraints on those theories. Those ways should be investigate using the relevant literature.

Otherwise, one should notice that Υ = −1 implies κ = 0 in addition to γ = 1. Meaning that the photon number is conserved at the 1.5PN/RM level. However let us stress that, even in the case Υ = −1, we expect a violation of the conservation at the 2PN/RM level.

Appendix C. General parametrization of the scalar field

If, instead of action (1), one starts with the following general action: S = ∫ d^4x √ −g{F (Φ)R − Z(Φ)(∂_σ Φ)^2 + f(Φ)L_m(g_{μν} , Ψ)}, (C.1)

then the γ parameter re-writes: γ = 2ZF + (2 − Υ)(F_{,Φ})^2 2ZF + (4 + Υ)(F_{,Φ})^2

|_{Φ0} , (C.2)

with Υ ≡ −2 F F_{,Φ} |_{Φ0} f_{,Φ} f |_{Φ0} . (C.3)

The conservation equation still writes:

∇_σ [f(Φ)T^{μσ}] = L_mf_{,ϕ}(Φ)∂^μΦ. (C.4) Again, let us remark that f ∝ √ F leads to γ = 1 (as well as the conservation of the photon number at the 1.5PN/RM level (κ = 0 in Appendix B)) – regardless the value of the kinetic function Z.

Appendix D. Using the Einstein representation

The results presented in this paper do not depend on the representation used to do the calculations. However, it is always interesting to re-derive the calculations in the Einstein representation in order to check the results obtained while using the original representation only. The action writes in the original and Einstein representation respectively as follows: S = ∫ d^4x √ −g ( ΦR − ω(Φ) Φ g^{αβ}∂_αΦ∂_β Φ ) + S_m, (D.1) = ∫ d^4x √ −g̃ ( R̃ − ( ω(Φ(φ)) + 3 2 ) g̃^{αβ}∂_αφ∂_βφ ) + S_m, (D.2) where g^{αβ} ≡ Φg̃^{αβ}, √ −g = Φ^{−2} √ −g̃ and φ ≡ ln Φ. By definition, the material part of the action (S_m) writes:

S_m = ∫ d^4x √ −g 2f(Φ)L_m(g_{μν} , Ψ), (D.3) γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 15 = ∫ d^4x √ −g̃ 2f(Φ(φ))L̃_m(g̃_{νν} , Φ, Ψ). (D.4)

Therefore, by definition, one has L̃_m = Φ^{−2}L_m.

The equations of motion given by the action in the Einstein representation are easily derived from (D.2). However, it is not trivial to figure out what is the source σ of the scalar-field φ in the Einstein representation, where σ = (−g̃)^{−1/2}δS_m/δφ. For instance, (Damour & Polyakov 1994a, Damour & Polyakov 1994b) use an assumption on the functional dependency of the Einstein mass m̃ (26); instead of deriving the dependency from the action in the original representation. In the following, we expound the derivation of σ.

The variation of equation (D.3) for relevant fields leads to: δS_m = ∫ d^4x √ −g ( −f(Φ)T_{αβ} δg^{αβ} + 2f_{,Φ}(Φ)L_m δΦ ) . (D.5)

Now, since one has g^{αβ} ≡ Φg̃^{αβ}, the variation of the physical metric gives

δg^{αβ} = g̃^{αβ} δΦ + Φ δg̃^{αβ}. (D.6)

Therefore, equation (D.5) writes: δS_m = ∫ d^4x √ −g ( −Φf(Φ)T_{αβ} δg̃^{αβ} + [ −f(Φ)g̃^{αβ}T_{αβ} + 2f_{,Φ}(Φ)L_m ] δΦ ) . (D.7)

Now, using T_{αβ} = ΦT̃_{αβ} , T̃ ≡ g̃^{αβ}T̃_{αβ} , δφ = δΦ/Φ and Φf_{,Φ}(Φ) = f_{,φ}(Φ(φ)), one gets: δS_m = ∫ d^4x √ −g̃( − f(Φ(φ))T̃_{αβ} δg̃^{αβ} (D.8) − [ 1 − 2 f_{,φ}(Φ(φ)) f(Φ(φ)) L̃_m T̃ ] f(Φ(φ)) T̃ δφ). The second part of the right hand side of (D.8) gives the sought-after σ.

Now, since L̃_m = Φ^{−2}L_m and T̃ = Φ^{−2}T , L̃_m/T̃ reduces to L_m/T = 1 + O(c^{−2}) (Minazzoli & Harko 2012).

Appendix D.1. Rescaling of the scalar-field, and correction of Damour and Polyakov’s equation for γ

While one can work with the action (D.2) in the Einstein representation, the scalar-field is often rescaled such that the action writes: S = ∫ d^4x √ −g̃ ( R̃ − g̃^{αβ}∂_αφ∂_βφ ) + S_m, (D.9)

where dφ = ± √ ω + 3/2 dφ. In what follows we consider the re-scaled action (D.9) only in order to compare our result with previous studies. Choosing the re-scaling dφ = √ ω + 3/2 dφ, one can re-write (D.8) as follows: δS_m = ∫ d^4x √ −g̃( − f(Φ(φ))T̃_{αβ} δg̃^{αβ} (D.10) γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 16 − [ 1 − 2 f_{,φ}(Φ(φ)) f(Φ(φ)) L̃_m T̃ ] f(Φ(φ)) √ ω(Φ(φ)) + 3/2 T̃ δφ). Note that the second part of the right hand side gives the source σ of the scalar-field φ, with σ = (−g̃)^{−1/2}δS_m/δφ. From (D.9) and (D.10), one gets the following 1.5PN/RM equation for φ:

△φ = −α_0f(Φ_0)(1 + Υ)T̃ + O(c^{−4}), (D.11)

with α defined in (Damour & Esposito-Farese 1992) by α ≡ ∂ ln A/∂φ with g_{αβ} = A^2(φ)g̃_{αβ} = Φ^{−1}g̃_{αβ}. In order to compare with (Damour & Polyakov 1994a, Damour & Polyakov 1994b), let us write:

△φ = −α_2 f(Φ_0)T̃ + O(c^{−4}), (D.12)

with

α_2 ≡ α_0 (1 + Υ). (D.13) Therefore, as suggested in section 3.3, the coupling strength α_2 is in general different from α_0 = ∂ ln A/∂φ|_{Φ0} . On the other hand, from (D.9) and (D.10), the Newtonian potential in the Einstein representation satisfies:

c^{−2} △w̃ = −f(Φ_0)T̃^{00} + O(c^{−4}). (D.14) Therefore, one has g_{αβ} = A^2 g̃_{αβ} = (1 − 2c^{−2} α_0α_2 w̃ + O(c^{−4})) g̃_{αβ} ♯. Now, remembering that the Einstein metric satisfies the strong spatial isotropy condition (g̃_{ij}g̃_{00} = −δ_{ij} + O(c^{−4})), one gets for the PN parameter γ: γ = 1 − α_0α_2 1 + α_0α_2 = 1 − α^2_0(1 + Υ) 1 + α^2_0(1 + Υ)

, (D.15) or γ = − 2α^2_0(1 + Υ) 1 + α^2_0(1 + Υ)

, (D.16)

where γ ≡ γ − 1. Therefore, it shows that the parameter Υ is missing in the formula for the γ parameter given in (Damour & Polyakov 1994a, Damour & Polyakov 1994b, Damour & Donoghue 2010). Accordingly, their parameter can only be less than one (see (9) in (Damour & Polyakov 1994a) for instance); while we have shown that, depending on the coupling function, it could actually be either positive, null or negative. The discrepancy comes from the wrong assumption in (Damour & Polyakov 1994a, Damour & Polyakov 1994b) that ∂ ln A/∂φ = ∂ ln m̃/∂φ. Also, in (D.13) we show how the coupling strength α_2 defined in (27) relates to α_0 = ∂ ln A/∂φ|_{Φ0} in general.

Now, remembering that α^{−2}_0 = 2ω_0 + 3, one exactly gets (12) from (D.15).

♯ see section 3.3.

γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 17

Acknowledgments

This research was partly supported by an appointment to the NASA Postdoctoral Program at the Jet Propulsion Laboratory, California Institute of Technology, administered by Oak Ridge Associated Universities through a contract with NASA. © 2012 California Institute of Technology. Government sponsorship acknowledged.

This research was partly done as an invited researcher of the Observatoire de la Côte d’Azur.

The author wants to thank Tiberiu Harko, Viktor Toth, John Moffat and Aurelien Hees for interesting discussions and comments.

Armendáriz-Picón C 2002 Phys. Rev. D 66(6), 064008.

Bertolami O, Böhmer C G, Harko T & Lobo F S N 2007 Phys. Rev. D 75(10), 104016. Bertolami O, Lobo F S N & Páramos J 2008 Phys. Rev. D 78(6), 064036. Bertolami O & Páramos J 2008 Classical and Quantum Gravity 25(24), 245017. Bertotti B, Iess L & Tortora P 2003 Nature 425, 374–376. Bisabr Y 2012 Phys. Rev. D 86(12), 127503.

Brown J D 1993 Classical and Quantum Gravity 10, 1579–1606.

Cacciapuoti L 2012 in ‘39th COSPAR Scientific Assembly. Held 14-22 July 2012, in Mysore, India.

Abstract A3.1-51-12, p.268’ Vol. 39 of COSPAR Meeting p. 268.

Cacciapuoti L, Dimarcq N, Santarelli G, Laurent P, Lemonde P, Clairon A, Berthoud P, Jornod A, Reina F, Feltham S & Salomon C 2007 Nuclear Physics B Proceedings Supplements 166, 303– 306.

Chauvineau B 2007 Phys. Rev. D 76(10), 104023. Damour T 1987 pp. 128–198.

Damour T 2012 Classical and Quantum Gravity 29(18), 184001. Damour T & Donoghue J F 2010 Phys. Rev. D 82(8), 084033.

Damour T & Esposito-Farese G 1992 Classical and Quantum Gravity 9, 2093–2176. Damour T, Piazza F & Veneziano G 2002 Physical Review Letters 89(8), 081601. Damour T & Polyakov A M 1994a General Relativity and Gravitation 26, 1171–1176. Damour T & Polyakov A M 1994b Nuclear Physics B 423, 532–558. Damour T, Soffel M & Xu C 1991 Phys. Rev. D 43, 3273–3307. Damour T & Vilenkin A 1996 Phys. Rev. D 53, 2981–2989. Das S & Banerjee N 2008 Phys. Rev. D 78(4), 043512. de Felice A & Tsujikawa S 2010 Living Reviews in Relativity 13, 3. Deng X M & Xie Y 2012 Phys. Rev. D 86(4), 044007. Dvali G & Zaldarriaga M 2002 Physical Review Letters 88(9), 091303.

Esposito-Farèse G 2004 in C. J. A. P. Martins, P. P. Avelino, M. S. Costa, K. Mack, M. F. Mota, & M. Parry, ed., ‘Phi in the Sky: The Quest for Cosmological Scalar Fields’ Vol. 736 of American Institute of Physics Conference Series pp. 35–52.

Fock V A 1964 The theory of Space Time and Gravitation. Fujii Y & Maeda K I 2003 The Scalar-Tensor Theory of Gravitation. Gasperini M, Piazza F & Veneziano G 2002 Phys. Rev. D 65(2), 023508. Green M B, Schwarz J H & Witten E 1988 Superstring Theory. Harko T 2010 Phys. Rev. D 81(4), 044021.

Harko T, Lobo F S N & Minazzoli O 2013 Phys. Rev. D 87, 047501. Kopeikin S & Vlasov I 2004 Phys. Rept. 400, 209–318. Minazzoli O 2012 Classical and Quantum Gravity 29(23), 237002.

γ in light-Scalar-Tensor theory with a universal scalar/matter coupling 18

Minazzoli O & Chauvineau B 2009 Phys. Rev. D 79(8), 084027. Minazzoli O & Chauvineau B 2011 Classical and Quantum Gravity 28(8), 085010. Minazzoli O & Harko T 2012 Phys. Rev. D 86(8), 087502.

Misner C W, Thorne K S & Wheeler J A 1973 Gravitation W. H. Freeman and Co. Moffat J W 2006 Journal of Cosmology and Astroparticle Physics 3, 4. Moffat J W & Toth V T 2009 Classical and Quantum Gravity 26(8), 085002. Moffat J W & Toth V T 2012 International Journal of Modern Physics D 21, 50084. Murphy M T, Webb J K & Flambaum V V 2003 Monthly Notices of the Royal Astronomical Society 345, 609–638.

Olive K A & Pospelov M 2008 Phys. Rev. D 77(4), 043524. Peebles P J & Ratra B 2003 Reviews of Modern Physics 75, 559–606. Perivolaropoulos L 2010 Phys. Rev. D 81(4), 047501.

Sotiriou T P & Faraoni V 2008 Classical and Quantum Gravity 25(20), 205002. Sotiriou T P & Faraoni V 2010 Reviews of Modern Physics 82, 451–497.

Webb J K, King J A, Murphy M T, Flambaum V V, Carswell R F & Bainbridge M B 2011 Physical Review Letters 107(19), 191101.

Webb J K, Murphy M T, Flambaum V V, Dzuba V A, Barrow J D, Churchill C W, Prochaska J X & Wolfe A M 2001 Physical Review Letters 87(9), 091301.

Will C M 1993 Theory and Experiment in Gravitational Physics Cambridge University Press Cambridge, UK. Will C M 2006 Living Rev. Relativity 9(3).