arXiv:1208.4530v1 [hep-th] 12 Jul 2012

Logarithmic modes of critical gravity in de Sitter space-time

M. R. Setare^1 H. Karimi Department of Science, Payame Noor University, Bijar, Iran

Abstract

In this paper we consider the critical gravity in four dimensional de Sitter space-time. We obtain logarithmic modes in the critical point of the theory. Then we show that these logarithmic modes in de Sitter space-time obey similar properties as the ones in AdS-space-time. Our result in this paper indicate that critical gravity theories in de Sitter space-times could lead to a de Sitter/log CFT correspondence.

1rezakord@ipm.ir

1 Introduction

Holography is believed to be one of the fundamental principles of the true quantum theory of gravity [1, 2]. An explicitly calculable example of holography is the much studied Anti de Sitter (AdS)/Conformal Field Theory (CFT) correspondence[3]. We would expect dS/CFT correspondence to proceed along the lines of Anti-de Sitter /Conformal Field Theory (AdS/CFT) correspondence because de Sitter spacetime can be obtained from anti-de Sitter spacetime by analytically continuing the cosmological constant to imaginary values. However, local and global properties of dS spacetime lead to unexpected obstructions. Unlike AdS, the boundary of dS spacetime is spacelike and its dual CFT is Euclidean. Moreover, dS spacetime does not admit a global timelike Kiling vector. The time dependence of the spacetime metric precludes a consistent definition of energy and the use of Cardy formula to compute dS entropy. Finally dS/CFT duality leads to boundary operators with complex conformal weights, i.e. to a non-unitary CFT. In spite of these difficulties, some progress towards a consistent definition of dS/CFT correspondence has been achieved [4]( see also [5, 6, 7, 8, 9, 10, 11, 12]). It is well known that Einstein gravity suffers from the problem that the theory is nonrenormalizable in four and higher dimensions. Adding higher derivative terms such as Ricci and scalar curvature squared terms makes the theory renormalizable at the cost of the loss of unitarity [13]. Usually the theories including the terms given by the square of the curvatures have the massive spin 2 mode and the massive scalar mode in addition to the massless graviton. Also the theory has ghosts due to negative energy excitations of the massive tensor. In a special case that the curvature squared term is given by the square of the Weyl tensor, however, the massive scalar mode does not appear, which can be shown by choosing an appropriate gauge condition. Recently, quadratic-curvature actions with cosmological constant have been introduced in four [14] and D [15] dimensions. It was found that there exist a choice of parameters for which these theories possess one AdS background on which neither massive fields, nor massless scalars propagate. By this special choice of the parameters, which is called as a critical point, there appears a mode which behaves as a logarithmic function of the distance. Logarithmic modes in the framework of the higher-dimensional critical gravity models were recently found in [16, 17]. After that Bergshoeff et. al [18] shown that logarithmic modes are of two types, spin 2 and Proca log modes. The number of independent spin 2 log modes is given by the number of polarization states of a massless spin 2 field, while the number of independent Proca log modes is given by the number of polarization states of a massive spin 1 field. They have obtained the logarithmic solutions of the linearized 4−dimensional critical gravity. They have considered the linearization of the theory around anti de Sitter space-time. The authors of [18] have not considered the de Sitter case in their work, so it would be interesting to find logarithmic modes, when one consider the linearization of the theory around de Sitter space-time. In fact this is our job in this paper. We solve the equation of motion in 4−dimensional de Sitter background, and show that the logarithmic modes appear as well as anti de Sitter background. Then it would be interesting to see whether the log modes in de Sitter space-time obey similar properties as the ones in AdS-space-time, namely whether the properties of Eq.(64) and especially Eq.(65) in [18] still hold. In the AdScase, the generator H_1 can be identified with the conformal energy operator in the dual field theory. The property of Eq.(65) then indicates that this conformal energy is not diagonalizable, which is the defining property of a logarithmic CFT. Since the generator H_1 in dS case is still correspond to the field theory Hamiltonian, by finding an equation similar to the Eq.(65) in [18], we present a strong indication that critical gravity theories in de Sitter space-times could also lead to a de Sitter/log CFT correspondence.

2 Logarithmic modes of critical gravity in de Sitter space-time

We consider the following 4-dimensional gravity action S = 1 2κ^2 ∫ √ −gd^4x[R + 6 L^2 − 1 2m^2 (R_{μν} R^{μν} − 1 3 R^2) − 1 4m^2

E_{GB} ], (1)

where κ^2 = 8πG, and E_{GB} = R^2 − 4R_{μν} R^{μν} + R_{μνρσ}R^{μνρσ}, (2) is the the Gauss-Bonnet term. This term is the total derivative in four dimensions. The action (1) can be rewritten as

S = 1 2κ^2 ∫ √ −gd^4x[R + 6 L^2 − 1 4m^2 C_{μνρσ} C^{μνρσ}], (3) where C_{μνρσ} is the Weyl tensor. In fact the action (3) is the action of Einstein-Weyl gravity. The linearised fluctuations around the AdS_4 vacuum in Einstein-Weyl gravity were investigated in [14]. This theory admits dS_4 space-time as the vacuum solution of the field equations as well. Here we want to solve the equation of motion in 4−dimensional de Sitter background with curvature −^{12}_{L2} . The linearized equation of motion in the following transverse traceless gauge

g^{μν} h_{μν} = 0, ∇^μh_{μν} = 0. (4)

becomes ( □ + 4 L^2

− 2m^2 ) ( □ + 2 L^2 ) h_{μν} = 0. (5)

The mass of massive mode is

M^2 = 2(m^2 − 1 L^2

). (6)

In the critical case, m^2 =^1_{L2} , in this limit the massive mode becomes massless, and the two quadratic differential operators degenerate. So, in the critical point, we have ( □ + 2 L^2

)_2 h_{μν} = 0. (7)

We can write down □ according to the Killing vectors of de Sitter spacetime and classify the answers of (7) according to the eigenstates of them. We can imagine de Sitter space as a 4−dimensional hypersurface in a 5−dimensional spacetime:

ds^2 = dx^2 + dy^2 + dz^2 + du^2 − dt^2, x^2 + y^2 + z^2 + u^2 − t^2 = L^2. (8)

The isometry group of the hypersurface is SO(1,4). Indeed, there are 6 Killings for rotations and 4 Killings for boosts: L_{XY} = Y ∂X − X∂Y, (9) L_{Xt} = t∂X + X∂t, X, Y = x, y, z, u. We can easily transform coordinates and work with this metric:

ds^2 = L^2(dτ^2 cosh(ρ)^2 + dρ^2 + sinh(ρ)^2dΩ^2), (10) where dΩ^2 is the metric on S^2 with unit radius. So two of the Killing vectors are now the generators of transformation along τ and ρ axes:

H_1 = −L_{ut} = −∂_τ , H_2 = iL_{xy} = −i∂_φ, (11)

Indeed these are Cartan subalgebra of so(1, 4). Now, by choosing the proper linear combination of other Killing vectors, they can satisfy ladder commutation relations:

E^{α1} = 1 2 e^{(τ +iφ)}[− sin (θ) tanh (ρ) ∂_τ + sin (θ) ∂_ρ + cos (θ) coth (ρ) ∂_θ +i csc (θ) coth (ρ) ∂_φ], E^{α2} = e^{iϕ}[(i∂_θ − cot(θ)∂_φ], E^{α3} = 1 2 e^{(τ −iφ)}[− sin (θ) tanh (ρ) ∂_τ + sin (θ) ∂_ρ + cos (θ) coth (ρ) ∂_θ −i csc (θ) coth (ρ) ∂_φ], E^{α4} = e^τ [cos(θ) tanh(ρ)∂_τ − cos(θ)∂_ρ + coth(ρ) sin(θ)∂_θ], (12) E^{−α1} = 1 2 e^{−(τ +iφ)}[sin (θ) tanh (ρ) ∂_τ + sin (θ) ∂_ρ + cos (θ) coth (ρ) ∂_θ −i csc (θ) coth (ρ) ∂_φ], E^{−α2} = e^{−iφ}[(i∂_θ + cot(θ)∂_φ], E^{−α3} = 1 2 e^{−(τ −iφ)}[sin (θ) tanh (ρ) ∂_τ + sin (θ) ∂_ρ + cos (θ) coth (ρ) ∂_θ +i csc (θ) coth (ρ) ∂_φ], E^{−α4} = e^{−τ} [− cos(θ) tanh(ρ)∂_τ − cos(θ)∂_ρ + coth(ρ) sin(θ)∂_θ],

Basically, these Killing vectors, except an i factor for τ, are the same as in [18]. Indeed, the transformation τ → iτ, convert (10) to the AdS metric chosen in [18]. By the above selections for killing vectors, the commutation relations are the same noted in [18] [H_i, E^{−αx} ] = −α^i_xE^{−αx} , [H_i, E^{αx} ] = α^i_xE^{αx} [H_1, H_2] = 0, [E^{αx} , E^{−αx} ] = 2 |α_x|^2 α_x.H, (13) which the second one demonstrate E^{αx} generators as ladder operators with the following values for α vectors:

−→α_1 = (−1, 1), −→α_2 = (0, 1), −→α_3 = (−1, −1), −→α_4 = (−1, 0). (14)

Now we can construct Casimir operator by adding proper combinations of squared Killing vectors and then write the equation of motion (5) according to it

ℓ = H_1H_1 + H_2H_2 + 4∑ x=1 |α_x|^2 2 (E^{αx} E^{−αx} + E^{−αx} E^{αx} ). (15) by acting ℓ on h_{μν} we would obtain:

L^2□h_{μν} = (ℓ − 8)h_{μν} . (16)

So, equation (5) converts to: ( ℓ − 6 − m^2L^2 ) (ℓ − 6) h_{μν} = 0. (17)

Now we can solve this equation for those metric perturbations which are the eigenstates of the Cartan subalgebra of so(1, 4):

H_1ψ_{μν} = E_0ψ_{μν} , H_2ψ_{μν} = sψ_{μν} . (18)

For each root vector, we can construct the su(2) subalgebra: E^± = |α_x|^{−1}E^{±αx} , E^3 = |α_x|^{−2}α.H, (19) then for the highest weight state, we have:

E^{α1} ψ_{μν} = 0, E^{α3} ψ_{μν} = 0, E^{α4} ψ_{μν} = 0. (20)

so s and E_0 can be interpreted as the eigenvalues of the energy and angular momentum of states. We can choose the below ansatz for ψ_{μν} [18, 19]: ψ_{μν} = f(τ, ρ, θ, ϕ)Ω_{μν} , (21)

Ω_{μν} = −1 ia ib −1 ia −a^2 −ab ia ib −ba −b^2 ib −1 ia ib 1 ,

where a and b are only functions of ρ and θ. This ansatz ensure the condition ∇^μh_{μν} = 0. ψ_{μν} is traceless, so: a = 1 sinh(ρ) cosh(ρ)

, b = cot(θ). (22)

If we assume f(τ, ρ, θ, ϕ) = T (τ)R(ρ)Θ(θ)Φ(ϕ), relations (18) and (22) imply that:

f(τ, ρ, θ, ϕ) = e^{E0τ} e^{isϕ} sin(θ)^s sinh(ρ)^s cosh(ρ)^{−E0} (23) we can obtain lower states of energy by apply of E^{−α4} and lower states of angular momentum by E^{α2} .

Now, we can consider the effect of the Casimir operator on ψ_{μν} : ℓψ_{μν} = (E_0(E_0 − 3) + s(s + 1))ψ_{μν} . (24) So, (17) for ψ_{μν} leads to: (E_0(E_0 − 3) + s(s + 1) − 6) = 0, or (E_0(E_0 − 3) + s(s + 1) − 6 − m^2L^2 = 0. (25) We can obtain two E_0 from these equations which lead to two answers for (23). Any linear combination of these two modes still is an answer. In the massless limit, there would be a degeneracy and both equations imply s ≤ 2. We can find a log mode by the below combination [19]: ψ^{log}_{μν} = ( 3 m )^2(ψ^{E(1)0 ,s}_{μν} − ψ^{E(2)0 ,s}_{μν} ). (26)

For s = 2, in the limit of m → 0 we would have:

ψ^{log}_{μν} = ±(τ − ln(cosh(ρ))ψ^{E(1)0}_{μν} , (27)

the positive sign is for E^{(1)}_0 = 3 and the minus sign is for E^{(1)}_0 = 0. These log modes correspond to eigenstates of H_2 H_2ψ^{log}_{μν} = sψ^{log}_{μν} , (28) The effect of H_1 on this state is:

H_1ψ^{log}_{μν} = ±ψ^{E(1)0}_{μν} + E^{(1)}_0 ψ^{log}_{μν} , (29) so H_1 is not diagonal and the log modes in de Sitter space-time obey similar properties as the ones in AdS-space-time [18]. Since the generator H_1 can be identified with the conformal energy operator in the dual field theory, then Eq.(29) indicates that this conformal energy is not diagonalizable, which is the defining property of a logarithmic CFT. Therefore this result would be a strong indication that critical gravity theories in de Sitter space-times could lead to a de Sitter/log CFT correspondence.

3 Conclusion

In the present paper we have considered the critical gravity in 4−dimensional de Sitter space-time. The Lagrangian consists of the Einstein-Hilbert term with a cosmological constant Λ and an additional higher-order term proportional to the square of the Weyl tensor, with a coupling constant [14]. It was shown that there is a critical relation between coupling constant and Λ for which the generically-present massive spin-2 modes disappear, and are instead replaced by modes with a logarithmic fall-off [16, 18]. These log modes are ghostlike, but since they fall off more slowly than do the massless spin-2 modes, they can be truncated out by imposing an appropriate AdS boundary condition [20, 21]. The resulting theory is then somewhat trivial, in the sense that the remaining massless graviton has zero on-shell energy. Furthermore, the mass and the entropy of standard Schwarzschild- AdS black holes are both zero in the critical theory. Now may be one ask why the study of these models are important, and why the existence of these logarithmic solutions is interesting? In answer to these question we can say that these models could provide gravity descriptions for logarithmic CFTs. Logarithmic CFT arise in various contexts in condensed matter physics [22]. A defning feature of logarithmic CFTs is that the Hamiltonian does not diagonalise, but rather contains Jordan cells of rank two or higher. In the AdS-case, where the generator H_1 can be identified with the conformal energy operator in the dual field theory, Bergshoeff et. al[18] have shown that this Hamiltonian is not diagonalizable, which is the defining property of a logarithmic CFT. In this paper we extended this work to the de Sitter space. We have obtained the logarithmic mode for s = 2 case by Eq.(27). Then we have shown that these logarithmic modes in de Sitter space-time obey similar properties as the ones in AdS-space-time. Namely the properties of Eq. (64) and especially Eq. (65) in paper [18] still hold. These equations would be a strong indication that critical gravity theories in de Sitter space-times could also lead to a de Sitter/log CFT correspondence. Although de Sitter/CFT and the subject is certainly not as well established as the usual AdS/CFT correspondence, but a de Sitter/log CFT conjecture could certainly be interesting to speculate about (since log CFT’s have found applications in condensed matter physics and possible gravity duals might thus be interesting).

4 Acknowledgements

We thank Prof. Andrew Strominger and Dr. Jan Rosseel for helpful discussions and correspondence.

References

[1] G. t Hooft, gr-qc/9310026; L. Susskind, J. Math. Phys. 36, 6377, (1995). [2] R. Bousso, JHEP 9907 (1999) 004; ibid. 9906 (1999) 028, ; ibid. 0104 (2001) 035.

[3] J. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998). [4] A. Strominger, JHEP 0110, 034, (2001); M. Spradlin, A. Strominger, A. Volovich, hep-th/0110007.

[5] C. M. Hull, JHEP 9807, 021, (1998).

[6] P. O. Mazur and E. Mottola, Phys. Rev. D 64, 104022 (2001). [7] V. Balasubramanian, P. Horava and D. Minic, JHEP 0105, 043, (2001). [8] Mu-In Park, Nucl. Phys. B544,377, (1999).

[9] D. D. Klemm, A. C. Petkou, G. Siopsis, Nucl. Phys. B601, 380, (2001);

Klemm, Nucl. Phys. B625, 295, (2002); S. Cacciatori and D. Klemm, Class. Quant. Grav. 19, 579, (2002).

[10] J. Bros, H. Epstein and U. Moschella, Phys. Rev. D65, 084012,(2002). [11] M. R. Setare, Mod. Phys. Lett. A17, 2089, (2002); M. R. Setare and R. Mansouri, Int. J. Mod. Phys. A18, 4443, (2003); M. R. Setare, M. B. Altaie, Eur. Phys. J. C30, 273, (2003); M . R. Setare and E. C. Vagenas, Phys. Rev.D68, 064014, (2003).

[12] V. Balasubramanian, J. de Boer and D. Minic, Phys. Rev. D65, 123508,(2002).

[13] K. S. Stelle, Phys. Rev. D 16 (1977) 953. [14] H. Lu, C. N. Pope, Phys. Rev. Lett.106, 181302, (2011). [15] S. Deser, H. Liu, H. Lu, C. N. Pope, T. C. Sisman, B. Tekin, Phys.

Rev. D83, 061502, (2011).

[16] I. Gullu, M. Gurses, T. C. Sisman and B. Tekin, Phys. Rev. D 83, 084015 (2011).

[17] M. Alishahiha, R. Fareghbal, Phys. Rev. D 83, 084052 (2011). [18] E. A. Bergshoeff, O. Hohm, J. Rosseel and P. K. Townsend, Phys. Rev.

D 83, 104038, (2011).

[19] D. Grumiller, N. Johansson, JHEP 0807, 134, (2008). [20] M. Porrati and M.M. Roberts, Phys. Rev. D 84, 024013 (2011). [21] H. Liu, H. Lu and M. Luo, Int. J. Mod. Phys. D 21, 1250020 (2012). [22] M. Flohr, Int. J. Mod. Phys. A18, 4497, (2003); M. R. Gaberdiel, Int.

J. Mod. Phys. A18, 4593, (2003).