arXiv:1208.4595v1 [hep-th] 22 Aug 2012

William I. Fine Theoretical Physics Institute University of Minnesota

FTPI-MINN-12/27 UMN-TH-3115/12 August 2012

A Remark on Supersymmetric Bubbles and Spectrum Crossover

M. Shifman^{a,b} and M.B. Voloshin^{a,b,c}

aSchool of Physics and Astronomy, University of Minnesota, Minneapolis, MN 55455, USA bWilliam I. Fine Theoretical Physics Institute, University of Minnesota, Minneapolis, MN 55455, USA cInstitute of Theoretical and Experimental Physics, Moscow, 117218, Russia

Abstract

Using an exact expression for the domain wall tension in a supersymmetric model we show that a spectrum crossover takes place in passing from weak to strong coupling. In the weak coupling regime elementary excitations are the lightest states, while in the strong coupling regime solitonic objects of a special type – bubbles – assume the role of the lightest states. The crossover occurs at λ^2/(4π) ∼ 0.4.

The (possible) recent discovery of the Higgs particle, with the production and decay properties fully consistent with the standard model (SM) implies that the scale of new physics is higher than we hoped. Of special importance is the γγ decay of the Higgs particle which agrees, within errors, with the SM prediction [1]. The theoretical number [1] is practically impossible to change without drastic modifications of the electroweak theory.^1 Not only this agreement is remarkable, but we learn, from the fact that m_H ∼ 125 GeV, that the theory, while keeping itself at weak coupling, comes rather close to the boundary of the weak coupling regime, since the Higgs self-interaction coupling λ ∼^1_2 .

It is not ruled out that future beyond-SM explorations will uncover a more complicated Higgs sector, with still larger coupling constants. In the strong coupling theories the phenomenon of level crossing is quite common. There is a problem with its detection, because usually it occurs at strong coupling. We are aware of several examples: (i) in two-dimensional models with exact solutions [3], where at weak coupling the lightest state is an elementary excitation, while at strong coupling it is a soliton; (ii) in supersymmetric theories in two and four dimensions in the BPS protected sectors, the so-called curves of marginal stability or domain wall crossings (where this knowledge is essentially algebraic, plus analytic properties) [4]; (iii) in supersymmetric theories with dualities, in the non-BPS sectors, the so-called crossover [5].

In the latter case, the dynamical information needed to detect the level crossing is provided by a weak-strong coupling duality. Here we discuss a simple example in which the necessary dynamical information comes from some general considerations combining supersymmetry and quantum mechanics. The dynamical systems that we keep in mind, that become light at strong coupling are bubbles of an “opposite” vacuum.

Such bubbles were considered in the literature previously, on several occasions [6, 7]. In [6] highly excited bubble states were considered at weak coupling, where they are much heavier than the elementary excitations of the model. High excitation number was crucial for maintaining a well defined bubble (albeit unstable). In [7] pure supersymmetric N = 1 Yang-Mills theory was treated. Needless to say, this is a strongly coupled theory with N degenerate vacua (if the gauge group is SU(N)). However, the domain wall

1An example of a dramatic crippling of the theory needed to enhance Γ(H → γγ) just by a factor of 2 is presented in [2].

tension T scales as T ∼ N [8], hence T^{1/3} is always larger than the glueball mass, and therefore the bubbles under consideration are unstable. Strictly speaking they are absent in the spectrum of the stable states.^2 In both cases [6, 7], the crossover phenomenon is untraceable.

We will focus on a simple supersymmetric set-up with the weak-strong coupling transition. We consider a minimal N = 1 Wess-Zumino model with the superpotential W = m^2 λ Φ − λ 3 Φ^3 , (1)

assuming for simplicity the mass and λ parameters to be real and positive.

Figure 1: Potential energy in the model (1). Two degenerate isolated minima are marked by dots.

This theory has two isolated degenerate supersymmetric vacua at

ϕ_{vac} = ± m λ , (2)

and a domain wall interpolating between them. The domain wall is BPS saturated and, therefore, its tension T is exactly known (see e.g. [10]), T = 8 3 m^3 λ^2

. (3)

2The authors of [7] understand the bubble instability; however, they argue that the bubbles are quasistable at large N. Their argument does not seem persuasive at all given the fact that a typical bubble size scales as T^{−1/3} ≪ Λ^{−1}. It is true, though, that the bubbles in [7] are in the thin wall regime, see [9] for an explanation.

Note that the combination appearing on the right-hand side is renormalization group invariant. We can write this ratio either in terms of the bare m_0 and λ_0, or in terms of the physical mass m and coupling constant λ, the result is the same.

At weak coupling, λ ≪ 1, the parameter m is the mass of the elementary excitation in either of the two vacua. This is the lightest (and the only bosonic) particle in the theory. We claim that if we fix m and analytically continue λ to strong coupling, the would-be “elementary” excitations decay. A number of lighter stable states of a totally different nature appear in the theory.

These states are bubbles of the “opposite” vacuum, analogous to those occurring in the problem of the false vacuum decay [11, 12]. In the latter problem the decaying vacuum has a higher energy density than the genuine vacuum. Therefore, one has to deal with the volume energy of the bubble. In the supersymmetric case at hand both vacua are degenerate. As a result the bubble dynamics is determined by that of its surface. This dynamics can be readily described as a quantum-mechanical problem in the so-called thin wall approximation.

The wall thickness is determined by m^{−1} while its radius, as we will see shortly, is proportional to T^{−1/3}. In this approximation one can neglect the deformation of the wall tension due to a nonvanishing curvature. Therefore, we need m ≫ T^{1/3}, which, implies, in turn, strong coupling. This domain is amenable to studies due to the exact nature of Eq. (3). Assuming the bubble to be spherical one can write a quantum-mechanical Lagrangian governing its dynamics, L = −4πR^2T √ 1 − Ṙ^2 , (4)

where R is the bubble radius. The corresponding relation for the Hamiltonian H in terms of R and the conjugate momentum p reads as

H^2 − p^2 = ( 4πR^2T )_2 . (5)

The ground state energy E_0 of a quantized bubble described by this Hamiltonian can be readily found by numerically solving the Schrödinger equation corresponding to Eq.(5),

E_0 = c_0 (4π)^{1/3} T^{1/3} ≈ 3.32 m λ^{2/3} , (6)

with c_0 = 1.027 . . ..

Generically, the energy of the n-th quantized state of the bubble can be written as E_n = c_n (4π)^{1/3} T^{1/3} with c_n being a dimensionless coefficient. For the first excited bubble the numerical solution gives c_1 = 1.949 . . . and this state is stable with respect to decay into two ground-state bubbles, since c_1 < 2 c_0.

At large n for spherically symmetric bubbles the coefficients c_n can be evaluated by using the Bohr-Sommerfeld type semiclassical quantization applied to Eq. (5). In this way one finds

c_n = [ 3 √ π Γ(3/4) Γ(1/4)

]_{1/3} ( n + 1 2 )_{2/3} (n ≫ 1) . (7)

None of the excited states with n > 1 is stable with respect to decay into ground-state bubbles. (It can be noted that although the semiclassical expression (7) is justified at large n, formally setting n = 0 and n = 1, one finds that it gives c_0 ≈ 0.93 and c_1 ≈ 1.937; these values only slightly differ from the exact ones. Thus, the semiclassical formula works reasonably well starting from low n.)

The condition for stability of the ground-state bubble against decay into two elementary bosons, E_0 < 2m, implies

λ^{2/3} > 1.66 or α ≡ λ^2 4π > 0.365 . (8)

It should be noted however, that the specific numerical value in the above estimate should be taken with a certain reservation. Indeed, at such value of λ we have T^{−1/3} >∼ m^{−1}; the condition T^{−1/3} ≫ m^{−1} is not met, and literally speaking the bubble cannot be considered in the thin wall approximation, i.e. by virtue of the effective Lagrangian (4). At this point the thin wall approximation is at the boundary of its applicability. It is clear, however, that the ground-state bubble becomes stable and in fact the lowest mass state at a sufficiently large λ, somewhere above the limit (8).

Of course, if the physical coupling constant satisfies Eq. (8) we are not that far from the Landau pole. To make the model under consideration selfconsistent one must assume that it has some ultraviolet (UV) completion that embeds it into an asymptotically free field theory (or a non-field-theoretic UV completion).

If the condition (8) is met, the bubbles of the “opposite” vacuum and, perhaps, a number of excitations form a spectrum of stable bosons (supersymmetry implies that there are degenerate in mass fermions too). Needless to say, their masses are not BPS protected. Thus, we deal here with long supersymmetry multiplets. A typical size of the above states is determined by T^{−1/3} rather than by m^{−1}.

The very idea of building various solitonic objects by bending domain walls and stabilizing them appropriately, is not new, of course. We have already mentioned [6, 7]. In addition, in [13] magnetic flux tubes were constructed in this way in supersymmetric non-Abelian Yang-Mills theories. The peculiarity of the example we have considered in this note is that by varying the value of the coupling constant λ we can travel all the way from the weak coupling regime in which the elementary excitations are the lightest states, to the strong coupling regime in which solitonic objects of a special type – bubbles – assume the role of the lightest states.

In conclusion we note that, although nothing can be proven without supersymmetry, it is not ruled out that a similar phenomenon occurs in nonsupersymmetric models with spontanepusly broken discrete symmetries in passing from weak to strong coupling.

Acknowledgments

This work was supported by the DOE grant DE-FG02-94ER40823.

References

[1] M. Shifman, A. Vainshtein, M. B. Voloshin and V. Zakharov, Sov. J. Nucl.

Phys. 30, (1979); Phys. Rev. D 85, 013015 (2012) [arXiv:1109.1785 [hep-ph]].

[2] N. Arkani-Hamed, K. Blum, R. T. D’Agnolo and J. Fan,

2:1 for Naturalness at the LHC?, arXiv:1207.4482 [hep-ph].

[3] S. R. Coleman, Phys. Rev. D 11, 2088 (1975).

[4] See e.g. N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N = 2 supersymmetric QCD, Nucl. Phys. B 431, 484 (1994) [hep-th/9408099]; Electric - magnetic duality, monopole condensation, and confinement in N=2 supersymmetric Yang-Mills theory, Nucl. Phys. B 426, 19 (1994) [Erratum-ibid. B 430, 485 (1994)] [hep-th/9407087]; S. Cecotti and C. Vafa, 2D Wall-Crossing, R-Twisting, and a Supersymmetric Index, arXiv:1002.3638 [hep-th]; M. Kontsevich and Y. Soibelman, Stability structures, motivic Donaldson-Thomas invariants and cluster transformations, arXiv:0811.2435 [math.AG]; P. A. Bolokhov, M. Shifman and A. Yung, Phys. Rev. D 85, 085028 (2012) [arXiv:1202.5612 [hep-th]].

[5] M. Shifman and A. Yung, Phys. Rev. D 83, 105021 (2011) [arXiv:1103.3471 [hep-th]].

[6] A. Gorsky and M. Voloshin, Phys. Rev. D 48, 3843 (1993) [hep-ph/9305219 [hep-ph]].

[7] A. Gorsky and K. Selivanov, Phys. Rev. D 62, 071702 (2000) [hep-th/9910229 [hep-th]].

[8] G. R. Dvali and M. A. Shifman, Phys. Lett. B 396, 64 (1997) [Erratum-ibid.

B 407, 452 (1997)] [hep-th/9612128].

[9] G. Gabadadze and M. A. Shifman, Phys. Rev. D 61, 075014 (2000) [hep-th/9910050].

[10] M. Shifman, Advanced Topics in Quantum Field Theory, (Cambridge University Press, 2012), Chapter 11.

[11] I. Y. Kobzarev, L. B. Okun and M. B. Voloshin, Sov. J. Nucl. Phys. 20, 644 (1975) [Yad. Fiz. 20, 1229 (1974)].

[12] S. R. Coleman, Phys. Rev. D 15, 2929 (1977) [Erratum-ibid. D 16, 1248 (1977)].

[13] S. Bolognesi, Nucl. Phys. B 730, 127 (2005) [hep-th/0507273]; Nucl. Phys. B 730, 150 (2005) [hep-th/0507286]; S. Bolognesi and S. B. Gudnason, Nucl. Phys. B 754, 293 (2006) [hep-th/0606065].