arXiv:1208.5237v2 [gr-qc] 21 Oct 2012

The tetralogy of Birkhoff theorems

Hans-Jürgen Schmidt October 21, 2012

Institut für Mathematik, Universität Potsdam, Germany Am Neuen Palais 10, D-14469 Potsdam, hjschmi@rz.uni-potsdam.de

Abstract

We classify the existent Birkhoff-type theorems into four classes: First, in field theory, the theorem states the absence of helicity 0- and spin 0-parts of the gravitational field. Second, in relativistic astrophysics, it is the statement that the gravitational far-field of a spherically symmetric star carries, apart from its mass, no information about the star; therefore, a radially oscillating star has a static gravitational far-field. Third, in mathematical physics, Birkhoff’s theorem reads: up to singular exceptions of measure zero, the spherically symmetric solutions of Einstein’s vacuum field equation with Λ = 0 can be expressed by the Schwarzschild metric; for Λ ≠ 0, it is the Schwarzschildde Sitter metric instead. Fourth, in differential geometry, any statement of the type: every member of a family of pseudo-Riemannian space-times has more isometries than expected from the original metric ansatz, carries the name Birkhoff-type theorem. Within the fourth of these classes we present some new results with further values of dimension and signature of the related spaces; including them are some counterexamples: families of space-times where no Birkhoff-type theorem is valid. These counterexamples further confirm the conjecture, that the Birkhoff-type theorems have their origin in the property, that the two eigenvalues of the Ricci tensor of two-dimensional pseudo- Riemannian spaces always coincide, a property not having an analogy in higher dimensions. Hence, Birkhoff-type theorems exist only for those physical situations which are reducible to two dimensions.

Keyword(s): Birkhoff theorem, Einstein space, isometry group

1 Introduction

Four different types of theorems carry the name Birkhoff theorem, all of them refer to the original Birkhoff result from 1923, see [1] for a presentation of the earlier papers about it. All of them are in a sense related to the spherically symmetric metric

ds^2 = − ( 1 − 2m r ) dt^2 + dr^2 1 − 2m/r + r^2 ( dψ^2 + sin^2 ψdφ^2 ) (1.1)

and its property that the t-translation ∂/∂t represents an isometry. It is one of the possibilities to write the metric of the Schwarzschild black hole and is valid for all points of the space-time except the horizon at r = 2m.

First, in field theory, the theorem states the absence of spin 0-parts of the gravitational field within Einstein’s theory following from the Einstein- Hilbert lagrangian L_{EH} = R. One of its possible counterparts is a theory, where the lagrangian L_{FOG} = L_{EH} + l^2R^2 has a spin 0-part stemming from the R^2-term. These considerations may be restricted to the linearized field equations, where closed-form solutions are available. Accordingly, even in the linearized solutions, ∂/∂t fails to be an isometry in fourth-order gravity defined by L_{FOG}. The short-hand description of Birkhoff’s theorem with the words: spherically symmetric solutions of Einstein’s field equation are static is a little bit dangerous, as it may lead to misunderstandings about the validity of metric (1.1) in the region 0 < r < 2m, where t fails to be a timelike coordinate. The best version to circumvent this misunderstanding is to say, that spherically symmetric solutions of Einstein’s field equation possess a fourth isometry, represented by the hypersurface-orthogonal Killing vector ∂/∂t. However, this formulation is not very convenient, so another possibility has been used in some places: There a space-time is defined to be spherically symmetric, if it has a SO(3)-group of isometries, whose orbits are isomorphic to a standard two-sphere S^2 with area 4πr^2, and the gradient of the scalar r represents a spacelike vector vanishing at the center of symmetry only. With this definition of spherical symmetry, the original Birkhoff formulation keeps valid. Another possibility to circumvent the region with r ≤ 2m applied in field theory is to concentrate on the linearized field equation with smallness parameter being essentially m, there a Fourier transform of the solutions is possible.

Second, in relativistic astrophysics, the main emphasis is on the formulation: the set of spherically symmetric vacuum solutions of Einstein’s field equation can be parametrized by one single parameter m. Of course, for m = 0, metric (1.1) represents nothing but the flat Minkowski space-time of special relativity theory. Sometimes one can see formulations like: In all other cases, m > 0 represents the total mass of the central object. Again, such a formulation, though justified, is a little bit dangerous, as also for m < 0, metric (1.1) represents a vacuum solution. Formally, this case can be subsumed under the m > 0-case, if one allows also negative values of r in that metric. But the real astrophysical reason for restricting m to values m ≥ 0 is the fact, that all objects composed of normal matter have a positive total mass. The importance of the Birkhoff theorem is the following: the gravitational far-field of a spherically symmetric star carries, apart from its total mass, absolutely no information about the structure of the star, so e.g. a radially oscillating star has a static gravitational far-field. This property was already known to be valid in Newton’s theory of gravitation, but it came as a surprise that such a property will also be valid in Einstein’s theory, where the gravitational field, the metric g_{AB}, carries 6 (namely 10 components of the metric minus 4 coordinate transformations) degrees of freedom in contrast to Newton’s with only one of them.

Third, in mathematical physics, especially in the search for exact solutions, Birkhoff’s theorem will be formulated like: up to singular exceptions of measure zero, the spherically symmetric solutions of Einstein’s vacuum field equation with Λ-term can be written by inserting the value n = 2 into the metric^1

ds^2 = − ( 1 − 2m r^{n−1} − Λr^2 3 ) dt^2 + dr^2 1 − 2m/r^{n−1} − Λr^2/3 + r^2dΩ^2 . (1.2)

These mentioned singular exceptions are not only the horizons where the component g_{tt} of metric (1.2) vanishes, but also such solutions, where r is constant, and therefore cannot be applied as coordinate; this can take place if the space-time ds^2 represents the direct product of two 2-spaces of constant curvature, and such spaces can all be generated as limits of portions of spacetime metric (1.2), see [2]. The possible inclusion of several matter fields is possible, and can generally be transformed via the Einstein equation, or other theories of gravity under discussion, to properties of the Ricci tensor. The usually employed formulation reads: matter fields must be spherically symmetric. However, at least for those theories, where matter is coupled to gravity via the energy-momentum tensor T_{AB} only, it suffices to require that the energy-momentum tensor must be spherically symmetric. This is, in some cases, a really weaker assumption.

And, at the end, fourth, in differential geometry, any statement of the type: Every member of a family of pseudo-Riemannian space-times has more isometries than expected from the original metric ansatz, carries the name Birkhoff-type theorem. It is this type of theorems we want to develop further; including them there will be some counterexamples: families of space-times where no Birkhoff-type theorem is valid. These counterexamples further confirm the conjecture, that the Birkhoff-type theorems have their origin in the property, that the two eigenvalues of the Ricci tensor of two-dimensional pseudo-Riemannian spaces always coincide, a property not having an analogy

1Here, dΩ^2 denotes the metric of the standard n-sphere S^n, the cases with n > 2 are covered here for later use.

in higher dimensions. Hence, Birkhoff-type theorems exist only for those physical situations which are reducible to two dimensions.

In the present paper, we shall try to put a further impetus to developing this fourth aspect of the Birkhoff theorem, namely to the question: under what circumstances, the solutions of a set of gravitational field equations have one more symmetry than should have been expected from the assumed metric ansatz?

Let us elucidate this by using Einstein’s theory without matter as example. Let ds^2 be an Einstein space, i.e. a vacuum solution of the Einstein field equation with arbitrary Λ-term, of differentiability class C^2 having the form

ds^2 = dσ^2 + r^2dΩ^2 (1.3)

where dσ^2 and dΩ^2 are pseudo-Riemannian manifolds of dimension k ≥ 0 and n ≥ 0 respectively and arbitrary signature, and let r ≥ 0 be a scalar function^2 on dσ^2. Furthermore, let dΩ^2 be a space of constant curvature with curvature scalar R, that means, the dimension of the isometry group of dΩ^2 equals n(n + 1)/2. In the most important application, dΩ^2 is the metric on the unit sphere S^n, and then metric (1.3) is called to represent a spherically symmetric metric. If additionally k = n = 2 and dσ^2 has signature (−, +), this metric is called to represent a spherically symmetric space-time.

Then the questions arise: For what values of k and n can we prove that D ≥ 1 + n(n + 1)/2, where D is the dimension of the local isometry group^3 of ds^2? That means, does the resulting ds^2 possess at least one non-expected isometry? Does the result depend on the signatures? Does the result depend on the sign of R? An affirmative answer is well-known for k = n = 2 and R > 0, for this case the result is called Birkhoff theorem. This fact motivates our notation:

2Of course, essentially r > 0, and only such isolated zeroes of the function r are allowed which are compatible with the requested differentiability class.

3A group G is called to be a local isometry group of a pseudo-Riemannian manifold M, if each point of M possesses an open neighbourhood U which is isometric to an open subset of a pseudo-Riemannian manifold V possessing G as isometry group.

The type(k, n)-Birkhoff theorem states the following: if metric (1.3) represents an Einstein space^4, then the dimension of its local isometry group is larger than the dimension of the isometry group of the prescribed dΩ^2. In section 2 we shall outline, for which values of k and n, a type(k, n)-Birkhoff theorem is valid. Section 3 shall show in more details the necessary formulas, section 4 presents the coordinate-free proof of Birkhoff’s theorem for k = 2, and the final section 5 shows how the metric of the generalized Schwarzschildde Sitter black hole can be deduced and gives a summary of results and some further comments.

Before we continue with answering this type of questions in the next sections, here we present a very short overview about other papers on that theorem: The Birkhoff theorem for Einstein’s general relativity theory has been discussed e.g. in [3], [4]: here the original paper: G. D. Birkhoff, Relativity and Modern Physics, Harvard University Press, Cambridge (1923) is cited as follows: ”The field outside of the spherical distribution of matter is static whether or not the matter is in a static or in a variable state . . . Thus the Schwarzschild solution is essentially the most general solution of the field equations with spherical symmetry.”, [5]: here, a completely covariant proof is given without the necessity to introduce special adapted coordinates; that proof shows the geometric origin of the Birkhoff theorem: it rests on the property, that differently from all other dimensions k it holds for k = 2: the Ricci tensor has no more than k − 1 different eigenvalues, and this property has to be applied to the space perpendicular to the orbits of the spherical symmetry, [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19]: here a 5-dimensional exceptional case related to Birkhoff’s theorem is covered by a non-trivial limit of space-times, [20], [21], [22], [23], and [24].

The generalization of this theorem to fourth-order gravity is subject of the following references: [25]: here it is shown that the Birkhoff theorem is not valid in a fourth order theory of gravitation where L = R^2, and that in this theory, the Newtonian limit is not well-behaved; only as a side-remark

4An Einstein space is a space whose trace-free part of the Ricci tensor vanishes.

he mentions the possibility to use instead L = R + l^2 · R^2 and comments this to be arbitrary and being only an unwarranted complication of the theory, [26]: here an example of a fourth order theory of gravitation is presented, where the Birkhoff theorem is valid, this is done by a Lagrangian, which coincides with L = R in all those cases, where two of the eigenvalues of the Ricci tensor coincide, [27], [28], [29], [30], [31], [32]: here it is outlined that for the 3-dimensional case, i.e. for k + n = 3, the most general spherically symmetric metric cannot be presented in the form of metric (1.3); however, in the present paper we restrict to spaces of the form (1.3) from the beginning, [33]: here the Birkhoff theorem for Lovelock gravity is proven, and in [34], a minor error of that paper is corrected, [35], [36], [37], [38], [39], [40], [41], [42], [43], [44], [45], [46], [47], [48], [49], [50], [51], and [52]. The special case of the conformally invariant Weyl theory has been dealt with in [53], [54], [55], [56], [57], [58], [59], [60], [61], [62], [63], [64], [65], and [66].

The relation of the Birkhoff theorem to two-dimensional space-times is worked out in [67], [68], [69], [70], [71], [72], [73], [74], [75], [76], [77], [78], [79], [80], [81], [82], and [83]. For related work on black holes in Palatini gravity see e.g. [84]. Several variants of Birkhoff-type theorems including those in higher dimensions and those including many different types of matter fields are presented in [85]. The inverted Birkhoff theorem is the subject of references [86] and [87].

2 Arbitrary dimension of the spaces

Let us now return to the question posed in section 1, and discuss the different cases. The first two ones are trivial, we mention them only for completeness.

First case: k = 0, so with eq. (1.3) we have ds^2 = r^2dΩ^2 with a constant r, as dσ^2 represents a one-point set only. Hence, D = n(n + 1)/2, and so this case is not possible.

Second case: k > 0 and n = 0, with eq. (1.3) we have ds^2 = dσ^2, and the scalar r does not enter the equations. For k = 1 we get D = 1 > 0, so this case is possible, it expresses the well-known fact that 1-dimensional Riemannian spaces are always locally homogeneous Einstein spaces. For k = 3 we get D = 6 > 0, so this case is possible, too, it expresses the fact that 3-dimensional Einstein spaces are always locally of constant curvature. For all other values k however, and every signature, Einstein spaces without local isometries exist, so these cases are not possible. In sum up to now: If k · n = 0, then exactly the type(1, 0)-Birkhoff theorem and the type(3, 0)- Birkhoff theorem are valid. From now on we will assume k > 0 and n > 0.

Third case: k = 1. For n = 1 the essential metric form is ds^2 = dx^2 + r^2(x)dy^2 which is always an Einstein space, but has typically only D = 1, so the type(1, 1)-Birkhoff theorem is not valid. For n = 2, we again apply the fact that 3-dimensional Einstein spaces are locally of constant curvature, i.e. the type(1, 2)-Birkhoff theorem is valid. For n ≥ 3, there always exist Ricciflat spaces of the required form with only one Killing vector, so no Birkhoff theorem of one of these types is valid.

Fourth case: k = 2. As is generally known, the type(2, n)-Birkhoff theorems are valid for every n ≥ 1. For a similar and in some respect more general approach in the context of multidimensional gravity see [85].

Fifth case: k ≥ 3. This case cannot be adequately dealt by such general considerations, so we must go deeper into the details; this we will do in the next sections.

3 General warped product

We start with metric (1.3), representing a warped product with warping function r^2 equipped with coordinates x^A, where A, B = 1, . . . , N

ds^2 = dσ^2 + r^2dΩ^2 = g_{AB}dx^Adx^B . (3.1)

With N = k + n and i, j = 1, . . . , k we assume both r and g_{ij} to depend on the x^i only, and

dσ^2 = g_{ij}dx^idx^j , r = e^ϱ, r ≥ 0. (3.2)

Consequently, we get for the other part of the metric

r^2dΩ^2 = g_{αβ}dx^αdx^β , (3.3) where α, β = k + 1, . . . , N. Now we perform a conformal transformation as follows

dŝ^2 = e^{−2ϱ}ds^2 = h_{AB} dx^Adx^B . (3.4)

Therefore, h_{AB} = e^{−2ϱ}g_{AB}, dΩ^2 = h_{αβ}dx^αdx^β (3.5) and the h_{αβ} shall depend on the x^α only. Consequently,

dσ^2 = e^{2ϱ}h_{ij} dx^idx^j , (3.6) and dŝ^2 = e^{−2ϱ}dσ^2 + dΩ^2 (3.7) represents a direct product, so its Ricci tensor P_{AB} has a block structure composed from P_{ij} and P_{αβ}, whereas all values P_{iα} identically vanish. Let

P = h^{AB}P_{AB} and Q = h^{αβ}P_{αβ} (3.8)

that means, P is the curvature scalar for dŝ^2 and Q is the curvature scalar for dΩ^2. Let d be the dimension of the local isometry group of dΩ^2. This implies that d ≤ n(n + 1)/2 with equality taking place only for spaces dΩ^2 being locally of constant curvature.

Now, for a given dΩ^2 but unspecified r and dσ^2 we request ds^2 to be an Einstein space. Let D be the dimension of the local isometry group of ds^2. For those cases where we get D > d, we have the validity of a Birkhoff-type theorem.^5

The case N = 0 is trivial: for this case, we have D = d = 0, and no Birkhoff theorem is valid. So we assume N ≥ 1 in the following. Let R_{AB}

5Of course, D ≥ d follows already from the assumptions, so the main point is, that for a special metric ansatz, the validity of Einstein’s vacuum equation with Λ-term shall imply the existence of at least one further isometry.

be the Ricci tensor of ds^2 and R = g^{AB}R_{AB} the related scalar. According to our request we have R_{AB} = R N g_{AB} . (3.9) The case N = 1 can now be solved: eq. (3.9) is no additional requirement, as R = 0 and R_{AB} = 0 anyhow. This implies D = 1, because every 1- dimensional Riemannian space has a translational isometry, at least locally. Further, for n = 1 we have d = 1, and no Birkhoff theorem holds. For n = 0 we have d = 0, and a Birkhoff theorem is formally valid, but it carries no more information, than the well-known fact, that every one-dimensonal Riemannian space has an isometry. The case N = 2 is like-wise trivial: every two-dimensional pseudo-Riemannian space is an Einstein space, so requesting it is an empty requirement, and cannot increase the dimension of the isometry group. So, for N = 2 no Birkhoff theorem holds.

Let us assume N ≥ 3 in the following, this implies R to be constant, see eq. (3.9). The conformal transformation eqs. (3.4)/(3.5) has the following consequence for the related Ricci tensors:

P_{AB} = R_{AB} + (N − 2) (ϱ_{;AB} + ϱ_{;A}ϱ_{;B}) + g_{AB} ( □ϱ − (N − 2)ϱ^{;C} ϱ_{;C} ) , (3.10)

where indices are moved and covariant derivatives f_{;AB} are calculated with the metric g_{AB}, and the D’Alembertian □ is defined by □f = g^{AB}f_{;AB} for any scalar f. Of course, f_{;A} is identical to the partial derivative f_{,A}.

Transvecting eq. (3.10) with g^{AB} we get

P · e^{−2ϱ} = R + (N − 1) ( 2□ϱ − (N − 2)ϱ^{;C} ϱ_{;C} ) . (3.11)

To calculate ϱ_{;AB}, we need the components of the Christoffel affinity. To this end we rewrite eq. (3.1) as follows:

ds^2 = g_{ij}dx^idx^j + r^2h_{αβ} dx^αdx^β (3.12)

with g_{ij} and r depending on x^i only, whereas the h_{αβ} depend on the x^α only. It is clear from the above, that we have also

r^2h_{αβ} = e^{2ϱ}h_{αβ} = g_{αβ} .

The components Γ^i_{jl} of the Christoffel affinity represent both the complete Christoffel affinity for the space dσ^2 as well as those components with indices all ≤ k of the Christoffel affinity for the space ds^2. In our case, both interpretations lead to the same values, so we need not distinguish the notation here.

The same takes place with the components Γ^α_{βγ} of the Christoffel affinity: in the following three spaces their value is always the same: for dΩ^2, for r^2dΩ^2, and for the components with indices all > k of the Christoffel affinity for the space ds^2.

The only non-trivial influence of an allowed non-constancy of the warping factor r^2 = e^{2ϱ} is via the following components of the Christoffel affinity for the space ds^2:

Γ^α_{βi} = δ^α_β ϱ_{;i} and Γ^i_{αβ} = −g_{αβ} ϱ^{;i} . (3.13)

Now we are ready to calculate the needed components of ϱ_{;AB} : all the mixed components ϱ_{;αi} vanish, the components ϱ_{;ij} can be calculated if they were simply within dσ^2, and the only non-trivial part is

ϱ_{;αβ} = g_{αβ}ϱ^{;i}ϱ_{;i} . (3.14)

Denoting the D’Alembertian within dσ^2 by Δ, i.e. Δϱ = g^{ij}ϱ_{;ij} we get

□ϱ = Δϱ + n · ϱ^{;i}ϱ_{;i} . (3.15)

By construction, see eq. (3.8), Q depends on the x^α only, and P − Q, representing the curvature scalar for e^{−2ϱ}dσ^2, depends on the x^i only. Now we are ready to evaluate eq. (3.10) in more details: Inspection of the mixed components implies that R_{αi} = 0 identically. So, we may split eq. (3.10) in the αβ-block and the ij-block. So we get

P_{αβ} = R_{αβ} + g_{αβ}□ϱ (3.16) and P_{ij} = R_{ij} + (N − 2) (ϱ_{;ij} + ϱ_{;i}ϱ_{;j}) + g_{ij} ( □ϱ − (N − 2)ϱ^{;l}ϱ_{;l} ) . (3.17)

Inserting eq. (3.9) into these two equations we get P_{αβ} = g_{αβ} ( □ϱ + R N ) (3.18) and P_{ij} = (N − 2) (ϱ_{;ij} + ϱ_{;i}ϱ_{;j} ) + g_{ij} ( □ϱ + R N − (N − 2)ϱ^{;l}ϱ_{;l} ) . (3.19)

Transvecting eq. (3.18) with h^{αβ} we get with eq. (3.8) Q = ne^{2ϱ} ( □ϱ + R N ) . (3.20)

Transvecting eq. (3.19) with h^{ij} we get with eq. (3.8) P − Q = e^{2ϱ} ( (2N − n − 2)□ϱ + R N (N − n) − (N − 1)(N − 2)ϱ^{;i}ϱ_{;i} ) . (3.21) Cross-checking of eqs. (3.20)/(3.21) with eq. (3.11) shows that these 3 equations are compatible.

By construction, the following terms depend on the x^i only: ϱ, ϱ^{;i}ϱ_{;i}, Δϱ, □ϱ, P − Q, g_{ij}, h_{ij} , P_{ij} , and R_{ij} . Likewise by construction, the following terms depend on the x^α only: Q, P_{αβ}, and h_{αβ}.

We get the result: the l.h.s. of eq. (3.20) depends on the x^α only, and its r.h.s. depends on the x^i only. Consequently, Q is a constant.

4 Coordinate-free proof of Birkhoff’s theo- rem Now we restrict to the main case, k = 2, i.e. N = n + 2. The relevant equations from section 3 then lead to the following simplifications: From eq. (3.9) we get R_{AB} = R n + 2 g_{AB} R = const. (4.1) Eq. (3.18) now reads P_{αβ} = g_{αβ} ( □ϱ + R n + 2 ) , (4.2) from eq. (3.19) we get

P_{ij} = n (ϱ_{;ij} + ϱ_{;i}ϱ_{;j}) + g_{ij} ( □ϱ + R n + 2 − nϱ^{;l}ϱ_{;l} ) . (4.3)

From eq. (3.20) we get Q = ne^{2ϱ} ( □ϱ + R n + 2 ) = const. (4.4)

From eq. (3.21) we get P − Q = e^{2ϱ} ( (n + 2)□ϱ + 2R n + 2

− n(n + 1)ϱ^{;i}ϱ_{;i} ) . (4.5)

At this place it proves useful to re-insert r = e^ϱ instead of ϱ into the equations: ϱ = ln r, and similarly we get with eq. (3.15)

ϱ^{;i}ϱ_{;i} = 1 r^2 · r^{;i}r_{;i}, □ϱ = Δr r + n − 1 r^2 · r^{;i}r_{;i} . then eqs. (4.2) - (4.5) read P_{αβ} = g_{αβ} ( Δr r + n − 1 r^2

· r^{;i}r_{;i} + R n + 2 ) , (4.6) P_{ij} = n r · r_{;ij} + g_{ij} ( Δr r − 1 r^2

· r^{;i}r_{;i} + R n + 2 ) . (4.7) Q = n ( rΔr + (n − 1) · r^{;i}r_{;i} + r^2 · R n + 2 ) = const. (4.8)

P − Q = (n + 2)rΔr +

2r^2R n + 2

− 2r^{;i}r_{;i} . (4.9) What can we directly see here is the following: if we insert g_{αβ} = r^2 · h_{αβ} into eqs. (4.6) and (4.8) we get P_{αβ} = Q n · h_{αβ}, Q = const. (4.10)

That means, dΩ^2 is an Einstein space with constant curvature scalar. It is essential to point out that we have not assumed dΩ^2 to be an Einstein space, or even a space of constant curvature, but moreover, it follows from the other assumptions; of course, the constancy of Q is a non-trivial extra property for n = 2 only.

The antisymmetric Levi-Civita pseudo-tensor ε_{ij} in dσ^2 is completely defined by ε_{12} = √ | det g_{ij}|. It is covariantly constant. We now define the pseudo-vector ξ^i via ξ_i = ε_{ij} r^{;j} . (4.11) Here is the most relevant point of the deduction: In two-dimensional spaces, the two eigenvalues of the Ricci tensor coincide.^6 Therefore, P_{ij} is proportional to g_{ij}, and with eq. (4.7) we see that this also takes place for r_{;ij}. So we insert r_{;ij} = c · g_{ij} with a scalar c into eq. (4.11) and get finally ξ_{i;j} + ξ_{j;i} = 0. Hence, ξ_i is a Killing vector.^7

5 Discussion

Now we can summarize the results in the following

Generalized Birkhoff Theorem: Let the warped product

ds^2 = dσ^2 + r^2dΩ^2 (5.1)

be an Einstein space, where dσ^2 is two-dimensional with coordinates x^i, and dΩ^2 is n-dimensional with n ≥ 1. The warping factor r^2 depends on the x^i only. Then it holds: ξ_i = ε_{ij} r^{;j} represents a hypersurface-orthogonal Killing vector for ds^2. Hence, the dimension of the isometry group of ds^2 is larger than the dimension of the isometry group of dΩ^2.

Proof: That ξ_i is a Killing vector in dσ^2 was already deduced earlier, and in 2 dimensions, every vector is hypersurface-orthogonal anyhow. That both properties are maintained if ξ_i is lifted to ds^2 becomes clear from the construction. If r_{;i} vanishes on a hypersurface only, then so does ξ_i, but this does not prevent ξ_i to induce an isometry, as it remains non-zero in a dense subset of the manifold. If r_{;i} is a non-vanishing light-like vector in a whole region, then dσ^2 is flat, see the first paper in [67], sct. V A, so 3 Killing

6And, by the way, just equal the Gaussian curvature of the surface. 7Of course, formally it is a pseudo-vector only, but replacement of ξ_i by −ξ_i does not alter the Killing equation, so we may keep the word Killing vector.

vectors appear. It still remains to look for the case, that r_{;i} = 0 in a whole region. Then with eq. (4.7) we get P_{ij} = g_{ij}R/(n + 2) with constant R, so dσ^2 must be a space of constant curvature, it possesses 3 independent Killing vectors. q.e.d.

Summary of results: For the metric (1.3), reading ds^2 = dσ^2 + r^2dΩ^2, where dσ^2 and dΩ^2 are pseudo-Riemannian manifolds of dimension k ≥ 0 and n ≥ 0 respectively and arbitrary signature, and where r lives on dσ^2, we prescribe dΩ^2 with a d-dimensional isometry group. Concerning r and dσ^2 we only require that ds^2 is an Einstein space. Let D be the dimension of the isometry group of ds^2. Then the type(k, n)-Birkhoff theorem states that D ≥ d + 1.

(1, 0), (3, 0), (1, 2), (2, n), n ≥ 1 Table 1: Values of (k, n), where the type(k, n)-Birkhoff theorem is valid

(0, n), n ≥ 0, (2, 0), (k, 0), k ≥ 4, (1, 1), (1, n), n ≥ 3, (k, n), k ≥ 3 Table 2: Values of (k, n), where the type(k, n)-Birkhoff theorem is not valid

Comments: 1. As a byproduct we have shown that under the conditions of the theorem, dΩ^2 turns out to be an Einstein space with constant curvature scalar, a property, which is presupposed in many other presentations.

2. No similar consideration is possible for dimensions k ≥ 3, as for spaces of dimension ≥ 3 the Ricci tensor may have k different eigenvalues. Therefore, no generalization of the Birkhoff theorem into this direction is to be expected.

3. Differently from other proofs, we did not introduce any coordinates. Besides aesthetic reasons, this approach has the great advantage, that no special care is needed to deal with the horizon. Let us make this point more detailed: In regions, where r_{;i} is different from zero, one could be tempted to use r as one coordinate, and to define the other coordinate, denoted by t, by the condition: the t-lines shall always be perpendicular to the r-lines. But then immediately it becomes clear, that for light-like values r_{;i}, the coordinate t is not well-defined.^8

4. To check the applicability of the presented formulas^9, let us try to deduce the higher-dimensional Schwarzschild-de Sitter solution eq. (1.2) using the presented approach. Now it is indeed worthwhile to introduce the coordinates r and t for ds^2 as described in the previous comment, knowing that we now do not cover those points of the manifold, where r_{;i} changes from spacelike to time-like.^{10} By construction, g_{12} = 0, and the other components g_{ij} depend on r only. Restricting now to time-like x^1 = t and space-like x^2 = r only, we can now write

dσ^2 = −A(r)dt^2 + dr^2 B(r) with positive functions A(r) and B(r). Now we skip the standard argument that shows that putting A(r) = B(r) does not restrict generality in this context. So we use eq. (5.1) with

dσ^2 = −A(r)dt^2 + dr^2 A(r) (5.2)

and dΩ^2 being the metric of the standard sphere S^n, and we restrict to the case n ≥ 2. With a dash denoting the derivative with respect to r we get

8In more details: That the t-lines are perpendicular to the r-lines can be expressed by the condition t^{;i}r_{;i} = 0, but if r_{;i} is a non-vanishing light-like vector, then t^{;i} must be parallel to r^{;i}, so the coordinates r, t fail to be independent ones.

9and also to increase the confidence in their correctness 10Of course, these are the same points of the manifold, where ξ_i changes from time-like to space-like, i.e., the points of the horizon.

Δr = A^′(r) and r_{;i}r^{;i} = A(r). With eq. (4.8) we get then Q n = rA^′(r) + (n − 1)A(r) + r^2R n + 2 . To solve this equation it proves useful to define the function F (r) = r^{n−1}A(r). We simply get F^′(r) = Q n · r^{n−2} − r^nR n + 2 which can be integrated to

F (r) = c_1 + Q_1r^{n−1} − R_1r^{n+1}

with constants c_1, Q_1 and R_1, where Q and Q_1 have the same sign, and R and R_1 have the same sign. Finally we get

A(r) = Q_1 + c_1 r^{n−1} − R_1r^2 . (5.3)

Comparison with eq. (1.2) clearly shows the physical interpretation of the three constants in metric (5.1) with (5.2) and (5.3).

References

[1] H. Goenner, Einstein tensor and generalizations of Birkhoff’s theorem, Commun. Math. Phys. 16 (1970) 34.

[2] H.-J. Schmidt, On a new conformal duality of spherically symmetric space-times, Ann. Phys. (Leipz.) 9 (2000) SI-158; gr-qc/9905103.

[3] V. Ruban, Generalized Birkhoff’s theorem (GBT) for Einstein-Maxwell fields (Λ ≠ 0), p. 303 in: Abstr. Conf. GR8, Waterloo, Canada 1977.

[4] N. P. Konopleva, The Birkhoff theorem and uniqueness problem of spherically symmetric space-time model in GR, Preprint Dubna E4- 95-79 (1995).

[5] H.-J. Schmidt, A new proof of Birkhoff’s theorem, Gravit. Cosmol. 3 (1997) 185; arXiv:gr-qc/9709071.

[6] W. Rindler, Birkhoff’s theorem with Λ-term and Bertotti-Kasner space, Phys. Lett. A 245 (1998) 363.

[7] G. Walz (Ed.), Birkhoff-Theorem, p. 229 in: Lexikon der Mathematik 1, Spektrum Akademischer Verlag Heidelberg (2000).

[8] M. Bojowald, H. Kastrup, F. Schramm, and T. Strobl, Group theoretical quantization of a phase space S × R and the mass spectrum of Schwarzschild black holes in D dimensions, Phys. Rev. D 62 (2000) 044026; gr-qc/9906105.

[9] A. Das and A. De Benedictis, Spherical gravitating systems of arbitrary dimension, arXiv:gr-qc/0108020, Prog. Theor. Phys. 108 (2002) 119.

[10] A. Das, A. DeBenedictis, and N. Tariq, General solutions of Einstein’s spherically symmetric gravitational equations with junction conditions, arXiv:gr-qc/0307009; J. Math. Phys. 44 (2003) 5637.

[11] A. DeBenedictis and A. Das, Higher dimensional wormhole geometries with compact dimensions, arXiv:gr-qc/0207077; Nucl. Phys. B 653 (2003) 279.

[12] S. Deser and B. Tekin, Shortcuts to high symmetry solutions in gravitational theories, Class. Quant. Grav. 20 (2003) 4877; arXiv:grqc/0306114v1.

[13] S. Deser and J. Franklin, Schwarzschild and Birkhoff a la Weyl, American J. Phys. 73 (2005) 261; arXiv:gr-qc/0408067v2.

[14] S. Deser, Introduction to Jebsen’s paper, Gen. Relat. Grav. 37 (2005) 2251.

[15] J. Ehlers and A. Krasinski, Comment on the paper by J. T. Jebsen reprinted in Gen. Relat. Grav. 37 (2005) 2253, Gen. Relat. Grav. 38 (2006) 1329.

[16] N. Johansen and F. Ravndal, On the discovery of Birkhoff’s theorem, Gen. Relat. Grav. 38 (2006) 537.

[17] F. Dobarro and B. Ünal, About curvature, conformal metrics and warped products, J. Phys. A: Math. Theor. 40 (2007) 13907; arXiv:0704.0595v1 [math.DG].

[18] S. Deser and J. Franklin, Time (in)dependence in general relativity, American J. Phys. 75 (2007) 281; arXiv:gr-qc/0607020v2.

[19] Z. Keresztes and L. Gergely, On the validity of the 5-dimensional Birkhoff theorem: The tale of an exceptional case, Class. Quant. Grav. 25 (2008) 165016; arXiv:0712.3758v2 [gr-qc].

[20] F. Dobarro and B. Ünal, Curvature in special base conformal warped products, Acta Appl. Math. 104 (2008) 1; arXiv:math.DG/0412436.

[21] S. Weinberg, Cosmology, Oxford University Press (2008). From page 37: ”According to Birkhoff’s theorem, in any system that is spherically symmetric around some point, the metric in an empty ball centered on this point must be that of flat space. This holds whatever is happening outside the empty ball, as long as it is spherically symmetric.”

[22] J. B. Griffiths and J. Podolsky, Exact space-times in Einstein’s general relativity, Cambridge University Press 2009. H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers, and E. Herlt: Exact Solutions to Einstein’s Field Equations, 2nd ed., Cambridge University Press 2003.

[23] K. Schleich and D. Witt, A simple proof of Birkhoff’s theorem for cosmological constant, J. Math. Phys. 51 (2010) 112502; arXiv:0908.4110v2 [gr-qc].

[24] R. Goswami and G. Ellis, Almost Birkhoff theorem in general relativity, Gen. Relat. Grav. 43 (2011) 2157; arXiv:1101.4520v1 [gr-qc]. R. Goswami and G. Ellis, Birkhoff theorem and matter, Gen. Relat. Grav. 44 (2012) 2037.

[25] P. Havas, On theories of gravitation with higher-order field equations, Gen. Relat. Grav. 8 (1977) 631.

[26] H. Goenner, Almost general relativity, Phys. Lett. A 106 (1984) 415.

[27] H. Goenner, Alternative theories of gravitation in the framework of Riemannian geometry, Astron. Nachr. 309 (1988) 243.

[28] M. Cavaglia, The Birkhoff theorem for topologically massive gravity, Grav. Cosmol. 5 (1999) 101; arXiv:gr-qc/9904047v1.

[29] D. Vassiliev, Pseudoinstantons in metric-affine field theory, arXiv:grqc/0108028; Gen. Relat. Grav. 34 (2002) 1239.

[30] C. Charmousis and J.-F. Dufaux, General Gauss-Bonnet brane cosmology, Class. Quant. Gav. 19 (2002) 4671.

[31] T. Hirayama and B. Holdom, Can black holes have Euclidean cores?, arXiv:hep-th/0303174; Phys. Rev. D 68 (2003) 044003.

[32] E. Ayon-Beato, C. Martinez, and J. Zanelli, Birkhoff’s theorem for 3-dimensional AdS gravity, Phys. Rev. D 70 (2004) 044027; arXiv:hepth/0403227.

[33] R. Zegers, Birkhoff’s theorem in Lovelock gravity, J. Math. Phys. 46 (2005) 072502; arXiv:gr-qc/0505016v1.

[34] S. Deser and J. Franklin, Birkhoff for Lovelock redux, Class. Quant.

Grav. 22 (2005) L103; arXiv:gr-qc/0506014v1.

[35] T. Clifton, Spherically symmetric solutions to fourth-order theories of gravity, Class. Quant. Grav. 23 (2006) 7445; arXiv:gr-qc/0607096. T. Clifton, Asymptotic flatness and Birkhoff’s theorem in higherderivative theories of gravity, p. 1239 in: Proc. 11th M. Grossmann Meeting, H. Kleinert, R. Jantzen, and R. Ruffini (Eds.), World Scientific Singapore 2008.

[36] I. Quandt and H.-J. Schmidt, The Newtonian limit of fourth and higher order gravity, Astron. Nachr. 312 (1991) 97; arXiv:gr-qc/0109005. H.- J. Schmidt, Fourth order gravity: equations, history, and application to cosmology, Int. J. Geom. Meth. Mod. Phys. 4 (2007) 209; arXiv:grqc/0602017.

[37] S. Capozziello and A. Stabile, The Newtonian limit of metric gravity theories with quadratic Lagrangians, Class. Quant. Grav. 26 (2009) 085019; arXiv:0903.3238v1 [gr-qc].

[38] S. Capozziello, A. Stabile, and A. Troisi, A general solution in the Newtonian limit of f(R)-gravity, Mod. Phys. Lett. A 24 (2009) 659; arXiv:0901.0448v1 [gr-qc].

[39] S. Capozziello and S. Vignolo, On the well-formulation of the initial value problem of metric-affine f(R)-gravity, Int. J. Geom. Meth. Mod. Phys. 6 (2009) 985; arXiv:0901.3136v2 [gr-qc].

[40] S. Capozziello and S. Vignolo, The Cauchy problem for metric-affine f(R)-gravity in presence of perfect-fluid matter, Class. Quant. Grav. 26 (2009) 175013; arXiv:0904.3686v1 [gr-qc].

[41] W. Nelson, Static solutions for 4th order gravity, Phys. Rev. D 82 (2010) 104026; arXiv:1010.3986v1 [gr-qc] (2010).

[42] V. Faraoni, The Jebsen-Birkhoff theorem in alternative gravity, Phys.

Rev. D 81 (2010) 044002; arXiv:1001.2287v1 [gr-qc].

[43] E. Gravanis, Shock waves and Birkhoff’s theorem in Lovelock gravity, Phys. Rev. D 82 (2010) 104024; arXiv:1008.3583v1 [gr-qc].

[44] J. Mimoso and F. Lobo, An anti-Schwarzschild solution: wormholes and scalar-tensor solutions, arXiv:1001.2643v1 [gr-qc]; J. Phys. Conf. Ser. 229 (2010) 012078.

[45] H. Maeda, Gauss-Bonnet black holes with non-constant curvature horizons, Phys. Rev. D 81 (2010) 124007.

[46] J. Oliva and S. Ray, A new cubic theory of gravity in five dimensions:

Black hole, Birkhoff’s theorem and C-function, Class. Quant. Grav. 27 (2010) 225002; arXiv:1003.4773v4 [gr-qc].

[47] A. Nzioki, S. Carloni, R. Goswami, and P. Dunsby, A new framework for studying spherically symmetric static solutions in f(R) gravity, Phys. Rev. D 81 (2010) 084028; arXiv:0908.3333v1 [gr-qc].

[48] J. Oliva and S. Ray, Birkhoff’s Theorem in higher derivative theories of gravity, Class. Quant. Grav. 28 (2011) 175007; arXiv:1104.1205v2 [gr-qc].

[49] J. Oliva and S. Ray, Birkhoff’s theorem in higher derivative theories of gravity II: Asymptotically Lifshitz black holes, Phys. Rev. D 86 (2012) 084014; arXiv:1201.5601v3 [gr-qc].

[50] J. Matyjasek and K. Zwierzchowska, Lukewarm black holes in quadratic gravity, Mod. Phys. Lett. A 26 (2011) 999; arXiv:1106.2749v1 [gr-qc].

[51] S. Capozziello and D. Saez-Gomez, Scalar-tensor representation of f(R) gravity and Birkhoff’s theorem, Ann. d. Physik 524 (2012) 279; arXiv:1107.0948v3 [gr-qc]. S. Capozziello and D. Saez-Gomez, Conformal frames and the validity of Birkhoff’s theorem, AIP Conf. Proc. 1458 (2011) 347; arXiv:1202.2540v1 [gr-qc]. G. Olmo, Birkhoff’s theorem and perturbations in f(R) theories, Ann. d. Physik 524 (2012) 87; arXiv:1207.4812v1 [gr-qc].

[52] H. Dong, Y. Wang, and X. Meng, Extended Birkhoff’s theorem in the f(T ) gravity, arXiv:1203.5890v2 [gr-qc]; Eur. Phys. J. C 72 (2012) 2002.

[53] R. Bach, Zur Weylschen Relativitätstheorie und der Weylschen Erweiterung des Krümmungstensorbegriffs, Math. Zeitschr. 9 (1921) 110.

[54] R. Riegert, Birkhoff’s theorem in conformal gravity, Phys. Rev. Lett.

53 (1984) 315.

[55] N. Boulanger and M. Henneaux, A derivation of Weyl gravity, Ann.

Phys. (Leipz.) 10 (2001) 935; arXiv:hep-th/0106065.

[56] M. Gorbatenko, Some consequences of the conformally invariant generalization of Einstein’s equations, Gen. Relat. Grav. 37 (2005) 81.

[57] J.-M. Gerard, The strong equivalence principle from gravitational gauge structure, Class. Quant. Grav. 24 (2007) 1867; arXiv:grqc/0607019.

[58] J. Bouchami and M. Paranjape, Spontaneous breaking of conformal invariance, solitons and gravitational waves in theories of conformally invariant gravitation, Phys. Rev. D 78 (2008) 044022; arXiv:0710.5402 [hep-th].

[59] F. Lobo, General class of wormhole geometries in conformal Weyl gravity, Class. Quant. Grav. 25 (2008) 175006; arXiv:0801.4401v1 [gr-qc].

[60] J. Oliva, D. Tempo, and R. Troncoso, Static wormholes in vacuum for conformal gravity, Int. J. Mod. Phys. A 24 (2009) 1528; arXiv:0907.1128v1 [hep-th].

[61] Y. Brihaye and Y. Verbin, Spherical structures in conformal gravity and its scalar-tensor extension, Phys. Rev. D 80 (2009) 124048; arXiv:0907.1951v2 [gr-qc].

[62] Y. Brihaye and Y. Verbin, Spherical non-abelian solutions in conformal gravity, Phys. Rev. D 81 (2010) 044041; arXiv:0910.0973v1 [gr-qc].

[63] Y. Brihaye and Y. Verbin, Cylindrically symmetric solutions in conformal gravity, arXiv:0912.4669v2 [gr-qc]; Phys. Rev. D 81 (2010) 124022.

[64] Y. Verbin and Y. Brihaye, Exact string-like solutions in conformal gravity, arXiv:1008.1170v2 [gr-qc]; Gen. Relat. Grav. 43 (2011) 2847.

[65] S. Kim, Rigidity of noncompact complete Bach-flat manifolds, J. Geom.

Physics 60 (2010) 637; arXiv:1001.2759v1 [math.DG].

[66] M. Tanhayi, M. Fathi, and M. Takook, Observable quantities in Weyl gravity, Mod. Phys. Lett. A 26 (2011) 2403; arXiv:1108.6157v1 [gr-qc].

[67] H.-J. Schmidt, Scale-invariant gravity in two dimensions, J. Math.

Phys. 32 (1991) 1562. H.-J. Schmidt, Scale-invariant gravity in two dimensions II, p. 330 in: Relativistic Astrophysics and Cosmology, S. Gottlöber, J. Mücket, and V. Müller (Eds.), World Scientific Singapore (1992).

[68] S. Mignemi and H.-J. Schmidt, Two-dimensional higher-derivative gravity and conformal transformations, Class. Quant. Grav. 12 (1995) 849; arXiv:gr-qc/9501024.

[69] N. Düchting, Second law of black hole mechanics for all 2-dimensional dilaton theories, Phys. Rev. D 63 (2000) 024021.

[70] C. Charmousis, Dilaton spacetimes with a Liouville potential, Class.

Quant. Grav. 19 (2002) 83.

[71] D. Grumiller, W. Kummer, and D. Vassilevich, Dilaton gravity in two dimensions, Phys. Repts. 369 (2002) 327; arXiv:hep-th/0204253.

[72] M. Cadoni and S. Mignemi, Cosmology of the Jackiw-Teitelboim model, Gen. Relat. Grav. 34 (2002) 2101.

[73] E. Alvarez, J. Conde, and L. Hernandez, The Dirichlet obstruction in AdS/CFT, arXiv:hep-th/0303164; Int. J. Mod. Phys. D 12 (2003) 1415.

[74] L. Bergamin and W. Kummer, Graded poisson-sigma models and dilaton-deformed 2D supergravity algebra, arXiv:hep-th/0209209; J. High Energy Phys JHEP 05 (2003) 074. L. Bergamin and W. Kummer, The complete solution of 2D superfield supergravity from graded poisson-sigma models and the super pointparticle, arXiv:hepth/0306217; Phys. Rev. D 68 (2003) 104005.

[75] H. Balasin, C. G. Böhmer and D. Grumiller, The spherically symmetric standard model with gravity, Gen. Relat. Grav. 37 (2005) 1435; arXiv:gr-qc/0412098.

[76] C. Bizdadea, E. Cioroianu, I. Negru, S. Saliu, and S. Sararu, On the generalized Freedman-Townsend model, J. High Energy Phys. JHEP 10 (2006) 004; arXiv:0704.3407v1 [hep-th].

[77] D. Grumiller and R. Jackiw, Duality in 2-dimensional dilaton gravity, Phys. Lett. B 642 (2006) 530; arXiv:hep-th/0609197v2.

[78] D. Grumiller and R. Meyer, Quantum dilaton gravity in two dimensions with fermionic matter, Class. Quant. Grav. 23 (2006) 6435; arXiv:hepth/0607030.

[79] D. Grumiller and R. Meyer, Ramifications of lineland, Turk. J. Phys.

30 (2006) 349; arXiv:hep-th/0604049v3.

[80] D. Grumiller and R. McNees, Thermodynamics of black holes in two (and higher) dimensions, J. High Energy Phys. JHEP 04 (2007) 074; arXiv:hep-th/0703230v2.

[81] D. Kamani, New actions for the string with the curved worldsheet, arXiv:0704.0752v2 [hep-th]; Braz. J. Phys. 38 (2008) 268.

[82] C. Bizdadea, E. Cioroianu, S. Saliu, S. Sararu, and M. Iordache, Fourdimensional couplings among BF and massless Rarita-Schwinger theories: a BRST cohomological approach, Eur. Phys. J. C 58 (2008) 123; arXiv:0812.3810v1 [hep-th].

[83] V. Moretti, N. Pinamonti, Black hole horizons and thermodynamics: A quantum approach, Entropy 12 (2010) 1833; arXiv:gr-qc/0507050v2.

[84] G. Olmo and D. Rubiera-Garcia, Reissner-Nordstrom black holes in extended Palatini theories, arXiv:1207.6004v1 [gr-qc]; Phys. Rev. D 86 (2012) 044014.

[85] K. Bronnikov and V. Melnikov, The Birkhoff theorem in multidimensional gravity, Gen. Relat. Grav. 27 (1995) 465.

[86] W. Israel, Event horizons in static vacuum space-times, Phys. Rev. 164 (1967) 1776.

[87] G. Horowitz, Black holes in four dimensions, p. 3 in: G. Horowitz (Ed.)

Black holes in higher dimensions, Cambridge Univ. Press 2012.