arXiv:1208.5457v2 [hep-ph] 22 Nov 2012

Prepared for submission to JHEP

A four-dimensional approach to quantum field theories

R. Pittau

Departamento de Física Teórica y del Cosmos, Campus Fuentenueva s. n., Universidad de Granada E-18071 Granada, Spain

E-mail: pittau@ugr.es

Abstract: I present a novel Four-Dimensional Regularization/Renormalization approach (FDR) to ultraviolet divergences in field theories which can be interpreted as a natural separation between physical and non physical degrees of freedom. Based on the observation that some infinities can be reabsorbed into the vacuum expectation value of the fields, rather than into the parameters of the Lagrangian, a new type of four-dimensional loop integral is introduced (the FDR integral) which is independent of any UV regulator and respects all properties required by gauge invariance. FDR reproduces the correct ABJ anomaly and no change in the definition of γ_5 is needed. With FDR the possibility is open for an approach to UV infinities in which the renormalization program is substituted by a simple reinterpretation of the appearing loop integrals as FDR ones, leading to important consequences in the context of non-renormalizable field theories. Finally, I show how FDR can also be used to regularize infrared and collinear divergences.

Contents

1 Introduction 1

2 The FDR approach to UV divergences 2

3 The FDR integral 7

4 One-loop examples 10 4.1 Scalar integrals not depending on external momenta 10 4.2 Shifting the integration momentum 11 4.3 Scalar integrals depending on external momenta 11 4.4 Tensor integrals 12

5 Two loops and beyond 15

6 The ABJ anomaly and γ_5 16

7 Renormalization 18

8 Infrared and collinear divergences 19

9 Conclusions 21

A 1- and 2-point one-loop scalar integrals in FDR 22

B Virtual and real integrals for Γ(Z → ff̄) 22

1 Introduction

The study of the ultraviolet (UV) infinities occurring in quantum field theories has a long story [1–4]. The commonly accepted interpretation is that they occur in intermediate steps of loop calculations, but have no physical meaning, being reabsorbable into a redefinition of the parameters of the theory, which should therefore be readjusted order by order. The proof that this can be carried out in a way consistent with the symmetries of the theory is at the base of the renormalization program, and requires to regularize the divergences by means of a regulator, showing that the dependence on the regulator drops out in physical observables. A mathematical proof of the feasibility of this approach is due to the Bogoliubov, Parasiuk [5], Hepp [6] and Zimmermann [7] (BPHZ). In the BPHZ renormalization scheme, the divergent Green functions are Taylor expanded up to the order needed to reach convergent integrals, and the renormalization conditions are imposed directly on the finite terms of the expansion. A key ingredient for the success of this procedure is showing

– 1 – that overlapping divergences, which cannot be compensated by local counterterms, cancel. When applied to gauge theories, BPHZ may break gauge invariance in the intermediate steps, and is technically quite involved. Therefore, other alternatives, more manageable from a technical point of view, have been proposed, such as Pauli Villars [8], or Speer regulators [9], which, however, may lead to gauge dependent results. This is not yet considered to be a serious drawback, since the missing pieces could be reinserted back by enforcing the Ward-Slavnov-Taylor identities of the theory. The situation can then be summarized as follows: the symmetry of the theory is a guideline to prove the correctness of the result.

In general, restoring gauge invariance may be technically difficult and error-prone, so when Dimensional Regularization (DR) emerged [10], which automatically respects gauge symmetries, the proof of the renormalizability of the Yang-Mills theories, with and without spontaneous symmetry breaking, could be carried out, and their predictive power started being exploited. However, the DR requirement of working at a dimensionality different from the physical one led to several attempts to find alternative four-dimensional solutions to the UV problem, such as differential renormalization [11], constrained differential renormalization [12, 13], which both work in the coordinate space, and implicit renormalization [14, 15], directly applicable in the momentum space.

A problem much more severe than the choice of the regularization procedure is represented by field theories which diverge so badly that new infinities are generated order by order in the perturbative expansion, which cannot be reabsorbed into the Lagrangian, at least with a finite number of couterterms. Such theories are called non-renormalizable, and are commonly interpreted as effective ones, the fundamental truth being still to be unrevealed.

In this paper, I present an interpretation of the UV infinities as unphysical degrees of freedom, which have to decouple. Elaborating on its consequences, I introduce an approach, dubbed Four-Dimensional Regularization/Renormalization (FDR), in which a key role is played by the definition of a four-dimensional, regulator free, gauge-invariance preserving integral, which allows one to directly compute renormalized Green Functions with no need of reabsorbing infinities into the Lagrangian. When applied to non-renormalizable theories, FDR leads to a possible interpretation in which they could acquire some predictivity.

The outline of the paper is as follows. Section 2 explains how UV divergences and physical degrees of freedom can be disentangled. In sections 3, 4 and 5 the FDR integral is introduced, and the one-loop and two-loop cases discussed in detail. In section 6 I show how the ABJ anomaly is naturally predicted by FDR, and comment on the role of γ_5. The FDR renormalization program is discussed in section 7, together with the aforementioned interpretation of the non-renormalizable theories. Finally, the use of FDR to regularize infrared and collinear divergences is presented in section 8.

2 The FDR approach to UV divergences

A simple redefinition of the vacuum may reabsorbe some of the UV infinities occurring at large values of the integration momentum. To illustrate this phenomenon, I start with the

– 2 – p = i p^2 − M^2 , = − iλM ,

= − i ( M^2v + λM 2 v^2 ) , = − iλMv .

Figure 1. Feynman rules for the λΦ^3 theory (top) and extra vertices generated by the shift Φ → Φ + v (bottom).

simplest possible example, namely a scalar theory with cubic interaction^1 L = 1 2 (∂_μΦ)^2 −

M^2 2 Φ^2 − M λ 3! Φ^3 . (2.1)

The tadpole contribution generated at one-loop is usually compensated by introducing an ad hoc counterterm in the Lagrangian. Instead of following this procedure, I perform a global field shift^2

Φ → Φ + v , (2.2)

which reproduces the usual Feynman rules plus extra ones, as drawn in figure 1. The only divergent diagrams at one-loop are the tadpole T and the 2-point function i Σ T = λM 2 I_2 , i Σ = λ^2M^2 2 I_0 . (2.3)

The one-loop scalar integrals^3

I_2 = μ^{−ϵ}_R ∫ d^nq 1 D , I_0 = μ^{−ϵ}_R ∫ d^nq 1 DD_p , (2.4)

with

D = (q^2 − M^2) , D_p = ((q + p)^2 − M^2) , (2.5)

can be computed in n = 4 + ϵ dimensions as

I_2 = lim_{μ→0} μ^{−ϵ}_R ∫ d^nq 1 D̄ , I_0 = lim_{μ→0} μ^{−ϵ}_R ∫ d^nq 1 D̄D̄_p , (2.6)

1To be considered part of a more complete theory. 2Assuming no normal ordering for the Lagrangian. 3μR denotes the renormalization scale.

– 3 – where a small extra mass μ has been introduced in the propagators

D̄ = D − μ^2 , D̄_p = D_p − μ^2 . (2.7)

That allows one to use the partial fraction identities 1 D̄ = 1 q̄^2 ( 1 + M^2 D̄ ) , 1 D̄_p = 1 q̄^2 ( 1 + d(q) D̄_p ) , (2.8)

where

q̄^2 = q^2 − μ^2 , d(q) = M^2 − p^2 − 2(q · p) , (2.9)

to rewrite the denominators as 1 D̄ = 1 q̄^2 + M^2 q̄^4 + M^4 D̄q̄4 (2.10) and 1 D̄D̄_p = 1 q̄^4 + d(q) q̄^4D̄_p + M^2 q̄^2D̄D̄_p

. (2.11)

In this way, the UV divergences are moved to the first two terms of eq. 2.10 and to the first one of eq. 2.11^4, and since

lim_{μ→0} μ^{−ϵ}_R ∫ d^nq 1 q̄^2

= 0 , (2.12)

only the logarithmically divergent integral μ^{−ϵ}_R ∫ d^nq 1 q̄^4

≡ i I_{inf} (2.13)

remains. The divergent parts are then computed as T |_{inf} = iλ M^3 2 I_{inf} , iΣ|_{inf} = iλ^2 M^2 2 I_{inf} , (2.14)

in terms of a common integral which no longer depends on any physical scale. One can now define the Φ vacuum in such a way that no tadpoles occur, as in figure 2, which fixes the divergent part of v to the value v_{inf} = λM I_{inf} 2 + O(λ^3) . (2.15)

When including the extra vertex in the computation of the Φ self energy Σ̄, as in figure 3, this is just what one needs to cancel its UV behavior iΣ̄ | inf = 0 . (2.16)

– 4 –

+ = 0

Figure 2. The no-tadpole condition on the shifted λΦ^3 scalar theory.

iΣ̄ = +

Figure 3. The complete Φ self-energy in the shifted λΦ^3 theory.

p = i p^2 − M^2

, = − iλ ,

= −iλv , = −i λv^2 2 , = −i ( M^2v + λ 6 v^3 ) .

Figure 4. Feynman rules for the λΦ^4 theory (top) and extra vertices generated by the shift Φ → Φ + v (bottom).

Notice that both divergences have been removed by fixing just one parameter^5, while the traditional approach would have required two counterterms. As will be explained later, the dependence on μ obtained by integrating in four dimensions the left over terms in eqs. 2.10 and 2.11 can only be logarithmic, and can be traded for the usual dependence on μ_R.

In a scalar theory with quartic interaction L = 1 2 (∂_μΦ)^2 −

M^2 2 Φ^2 − λ 4! Φ^4 , (2.17)

no tadpole is generated at one-loop. Nevertheless, one can still reabsorbe the mass renormalization into the vacuum expectation value of Φ. The same shift of eq. 2.2 generates now the extra Feynman rules given in figure 4. Due to the identity of figure 5, 3-point vertices and tadpoles do not occur at O(λ), thus the Φ self-energy is simply obtained by summing

4Without μ the remaining terms would generate infrared divergences. 5In agreement with ref. [16].

– 5 –

= + = iλ^2 6 v^3 M^2

Figure 5. A useful identity for the shifted λΦ^4 theory.

iΣ̄ = +

Figure 6. The complete Φ self-energy in the shifted λΦ^4 scalar theory.

the one-loop diagram and the 2-point extra vertex, as in figure 6, giving iΣ̄ | inf = i λ 2 (M^2I_{inf} − v^2_{inf} ) . (2.18)

The value v^2_{inf} = M^2I_{inf} is such that no infinite mass renormalization is needed. This solution is acceptable perturbatively, but it does not represent a correction O(λ) around < ϕ >= 0, as in the previous case. One can impose vacuum stability at higher orders by spontaneously breaking the symmetry with the condition

M^2 + λv^2 6 = 0 , (2.19)

and repeating the exercise with this new vacuum.

The lesson to be learnt from these examples is that unphysical degrees of freedom occurring in UV divergent loop integrals decouple once observable physics is described relative to the vacuum. In addition, a parametrization as in eqs. 2.10 and 2.11, in which the UV part is moved to an integral I_{inf} , which does not depend on any physical scale (and therefore very much looks like a vacuum diagram or a vacuum bubble), appears to be a quite natural tool to achieve, in practice, a separation between physical observables and vacuum fluctuations. This idea is pictorially illustrated in figure 7, which represents a generic diagram contributing to a connected Green function. When the loop (sub)- integration momenta become large, all momenta attached to it and all internal masses become negligible and the (sub)-diagram effectively behaves like a vacuum bubble, as shown in figures 7 (b) and (c), and decouples. Such large loop momentum states (which I label vacuum configurations), being universal, do not belong to the interaction any more and should be removed. In this paper, I adopt a very pragmatic approach and show that the integral over the terms which remain after subtracting these unphysical modes owns all good properties one wishes to perform practical calculations, namely it is four-dimensional, gauge invariant and independent on any cutoff, as will be explained in the next section. In this respect, one could just define differently the loop integrals, so that the mechanism

– 6 –

(a)

(b)

(c) Figure 7. Generic diagram contributing to the interaction (a). Vacuum diagrams generated when all integration momenta are large (b) and when one sub-loop integration momentum goes to infinity (c).

nature uses to wipe the infinities out, either by reabsortion into the vacuum, as just shown, or via renormalization, becomes less relevant.

3 The FDR integral

The first problem is how to recognize, classify and subtract from any given diagram the unphysical large loop momentum configurations, and how to deal with them. Eqs. 2.10 and 2.11 serve as a guideline. First of all, a convenient parametrization is needed, in terms of an arbitrary scale, called μ, compared to which the loop momenta are considered to be large. Thus, one expects the high frequencies to decouple in the limit μ → 0. Secondly, one requires independence on the UV cutoff, which means no left-over dependence on μ in physical quantities. With all of that in mind, I represent vacuum configurations as ℓ-loop integrals which only depend on the unphysical scale μ. A rank-r one-loop example is μ^{−ϵ}_R ∫ d^nq q_{α1} · · · q_{αr} (q^2 − μ^2)^j

, (3.1)

and a scalar two-loop case reads μ^{−2ϵ}_R ∫ d^nq_1d^nq_2 1 (q^2_1 − μ^2)^{j1} (q^2 − μ^2)^{j2} ((q_1 + q_2)^2 − μ^2)^{j3}

. (3.2)

Note that, according to the values of j, j_1 j_2 and j_3, they may be or may be not UV divergent. As a matter of definition, I call vacuum integrands (or vacuum terms) all integrands such as those appearing in eqs. 3.1 and 3.2 which only depend on the unphysical scale μ^6.

6Abusing a bit the language, I define finite, logarithmic and quadratic divergent vacuum integrands those generating finite, globally logarithmic and quadratic divergent integrals, etc.

– 7 –

Let now I^{DR}_{ℓ−loop} a representative ℓ-loop diagram contributing to a Green function computed in DR. Then I^{DR}_{ℓ−loop} = μ^{−ℓϵ}_R ∫ ℓ∏ i=1 d^nq_i J({q_α, q^2, /q}) , (3.3)

where {q_α, q^2, /q} symbolically denotes the set of loop-integration variables upon which the integrand J depends, where I distinguish among tensor like structures, denoted by q_α, self contracted loop-momenta q^2 and contractions with γ matrices, /q. Clearly, as done in eq. 2.6 7, I^{DR}_{ℓ−loop} = lim_{μ→0} μ^{−ℓϵ}_R ∫ ℓ∏ i=1 d^nq_i J({q_α, q^2 − μ^2, /q − μ}) , (3.4)

where it is understood that the replacements in the integrand affect not only boson and fermion propagators, which get modified as follows^8 1 (q + p)^2 − m^2 → 1 (q + p)^2 − m^2 − μ^2 , 1 /q + /p − m → 1 /q + /p − m − μ , (3.5)

but also numerators, as required by gauge invariance. In the following, μ will often appear in combination with the propagators D_i, q^2 and /q, thus I use the same notation introduced in the previous section, namely

D̄_i ≡ D_i − μ^2 , q̄^2 ≡ q^2 − μ^2 , /q̄ ≡ /q − μ . (3.6)

Eq. 3.4 is the place where the unphysical scale μ which separates the large-loop vacuum configurations is introduced. Suppose now to use eq. 2.8 to split the integrand J into a part containing all possible divergent vacuum integrands (J_V ) and a piece integrable in four dimensions^9

J({q_α, q̄^2, /q̄}) = J_V ({q_α, q̄^2, /q̄}) + J_F ({q_α, q̄^2, /q̄}) . (3.7)

In order to keep gauge cancellations, it is important to perform this separation globally on q̄^2 and /q̄, meaning that their μ parts should not be treated differently from q^2 and /q^{10}. The FDR integral is then defined as I^{FDR}_{ℓ−loop} = ∫ ℓ∏ i=1 [d^4q_i] J({q_α, q̄^2, /q̄}) ≡ lim_{μ→0} ∫ ℓ∏ i=1 d^4q_iJ_F ({q_α, q̄^2, /q̄}) | | |_{μ=μR} , (3.8)

where the symbol ∫ [d^4q] means:

7I assume here no infrared or collinear divergences in I^{DR}_{ℓ−loop}. Such cases are discussed in section 8. 8A small negative imaginary part of μ generates the correct +i0 propagator prescription as well. 9This splitting is similar to that one used in [15]. 10I call this a global treatment of q̄^2 and /q̄.

– 8 –

1. use eq. 2.8 to move all divergences in vacuum integrands, treating q̄^2 and /q̄ globally;

2. drop all divergent vacuum terms from the integrand;

3. integrate over d^4q;

4. take the limit μ → 0, until a logarithmic dependence on μ is reached;

5. compute the result in μ = μ_R.

The FDR integral is a physical quantity in which all high frequencies giving rise to unphysical vacuum configurations either do not contribute or are fully subtracted. Consider, in fact, the connection of I^{FDR}_{ℓ−loop} with the original integral of eq. 3.4

I^{FDR}_{ℓ−loop} = I^{DR}_{ℓ−loop} − lim_{μ→0} μ^{−ℓϵ}_R ∫ ℓ∏ i=1 d^nq_iJ_V ({q_α, q̄^2, /q̄}) | | | |_{μ=μR} . (3.9)

Since the only available scale is μ, the contribution to J_V of polynomially divergent vacuum integrands vanishes, when μ → 0. Thus, large loop polynomially divergent vacuum configurations immediately decouple. Logarithmically divergent integrands give instead a contribution of the form

K + ℓ∑ i=1 a_i ln^i(μ/μ_R) , (3.10)

where K contains infinities and constant terms. Since I^{DR}_{ℓ−loop} is independent on μ, both sides of 3.9 have the same μ dependence given in eq. 3.10 , before computing them at μ = μ_R. The powers of ln(μ), being generated by the low energy regime of the integration momenta, do not decouple and should be moved to the physical part I^{FDR}_{ℓ−loop}. Then one can take the formal limit μ → 0 in it^{11} by trading μ for μ_R. Differently stated, the point μ = μ_R 12 is such that also the logarithmic divergent vacuum bubbles completely decouple. As for the high frequencies of finite vacuum bubbles, they naturally give vanishing contributions at large values of the loop momenta, by power counting. If one subtracts them, unphysical arbitrary powers of 1/μ are generated in the physical part, that should be compensated by moving back to it analogous poles created in J_V .

Eq. 3.8 defines a multi-loop integral with all good properties one expects. It is finite in four dimensions, cut-off independent and invariant under any shift of the integration variables. The latter property follows from the fact that it can be also defined as the difference of two DR integrals, as in eq. 3.9. It respects gauge invariance by construction, because of the shift invariance and of the global treatment of q̄^2 and /q̄. This means that

11This is important because no dependence on the initial cutoff is allowed in the physical part. 12In which eq. 3.10 reduces to K.

– 9 – properties such as ∫ ℓ∏ i=1 [d^4q_i] J({q_α, q̄^2, /q̄}) = ∫ ℓ∏ i=1 [d^4q_i] J({q_α, q̄^2, /q̄}) q̄^2_j q̄^2_j − M^2 − ∫_ℓ∏ i=1 [d^4q_i]J({q_α, q̄^2, /q̄})

M^2 q̄^2_j − M^2 ∀q_j ∈ {q_α, q̄^2, /q̄} (3.11)

are guaranteed.

4 One-loop examples

4.1 Scalar integrals not depending on external momenta

I start with a simple logarithmically divergent integral with no external scale ∫ [d^4q] 1 D̄2 , (4.1)

with D̄ given in eq. 2.7. Eq. 2.11 with p = 0 can be used to extract the divergent vacuum integrands, which, from now on, I write inside square brackets 1 D̄2 = [ 1 q̄^4 ] + M^2 ( 1 D̄2q̄2 + 1 D̄q̄4 ) . (4.2)

Then^{13}

I^{FDR}_0 = ∫ [d^4q] 1 D̄2 ≡ lim_{μ→0} M^2 ∫ d^4q ( 1 D̄2q̄2 + 1 D̄q̄4 )| | μ=μ_R = −iπ^2 ln

M^2 μ^2_R

. (4.3)

In an analogous way, eq. 2.10 gives^{14}

I^{FDR}_2 = ∫ [d^4q] 1 D̄ ≡ lim_{μ→0} M^4 ∫ d^4q 1 D̄q̄4 | | μ=μ_R = −iπ^2 M^2 ( ln M^2 μ^2_R − 1 ) . (4.4)

Note also that, by definition of FDR ∫ [d^4q] (q̄^2)^j = 0 ∀j ≥ −2 . (4.5)

Eqs. 4.3 and 4.4 coincide with the corresponding dimensionally regulated expressions in the MS scheme. This is because only one logarithmically divergent scalar integrand exists at one-loop, which can contribute to J_V in eq. 3.9. Thus, a correspondence exists 1 ϵ + UC subtraction after integration ↔ 1 q̄^4 subtraction before integration. (4.6)

13See appendix A. 14See again appendix A.

– 10 –

Universal Constants (UC) also appear in the l.h.s. because the full integrand is subtracted in FDR.

Eq. 4.6 serves to show the formal equivalence, at one-loop, of DR after renormalization and FDR. However, as already observed at the end of section 2, the important difference between the two approaches is that the former requires to renormalize away the divergences, while in the latter the subtraction is part of the definition of FDR integral, so that, by construction, no UV infinities appear from the very beginning.

4.2 Shifting the integration momentum Although shift invariance is guaranteed by construction, it is instructive to verify this property in simple cases. Let me consider, for example, the shifted versions of I^{FDR}_0 and I^{FDR}_2

I^{FDR}_{0p} = ∫ [d^4q] 1 D̄2_p ,

I^{FDR}_{2p} = ∫ [d^4q] 1 D̄_p , (4.7)

where D̄_p = (q + p)^2 − M^2 − μ^2 and p is an arbitrary 4-vector. By iteratively using eq. 2.8 one rewrites 1 D̄2_p = [ 1 q̄^4 ] + d(q) q̄^4D̄_p + d(q) q̄^2D̄^2_p , 1 D̄_p = [ 1 q̄^2 + d(q) q̄^4 + (d_1 · q)^2 q̄^6 ] + d^2_0 + 2d_0(d_1 · q) q̄^4D̄_p + d(q)(d_1 · q)^2 q̄^6D̄_p

, (4.8)

with

d_0 = M^2 − p^2 , d^μ_1 = −2p^μ , (4.9)

which implies, by definition ∫ [d^4q] 1 D̄2_p ≡ lim_{μ→0} ∫ d^4q ( d(q) q̄^4D̄_p + d(q) q̄^2D̄^2_p )| | | μ=μ_R , ∫ [d^4q] 1 D̄_p ≡ lim_{μ→0} ∫ d^4q ( d^2_0 + 2d_0(d_1 · q) q̄^4D̄_p + d(q)(d_1 · q)^2 q̄^6D̄_p )| | μ=μ_R . (4.10)

Integrating the second of eqs. 4.10 is a bit involved, but there are not surprises:

I^{FDR}_{0p} = I^{FDR}_0 , I^{FDR}_{2p} = I^{FDR}_2 . (4.11)

4.3 Scalar integrals depending on external momenta Equipped with the previous results, it is straightforward to show that ∫ [d^4q] 1 D̄_0D̄_1 ≡ lim_{μ→0} ∫ d^4q ( d(q) q̄^4D̄_1

+ m^2_0 1 q̄^4D̄_0

+ m^2_0 d(q) q̄^4D̄_0D̄_1 )| | μ=μ_R = −iπ^2 ∫_1 0 dα ln χ(α) μ^2_R

, (4.12)

– 11 – where

D̄_0 = q^2 − m^2_0 − μ^2 , D̄_1 = (q + p)^2 − m^2_1 − μ^2 , d(q) = m^2 − p^2 − 2(p · q) , (4.13) and χ(α) = m^2_0α + m^2_1(1 − α) − p^2α(1 − α) . (4.14)

Eq. 4.12 again coincides with the MS result. Notice also that, due to shift invariance, ∫ [d^4q] 1 D̄_0D̄_1 =

∫_1 0 dα ∫ [d^4q] 1 [q̄^2 − χ(α)]^2

. (4.15)

4.4 Tensor integrals

From the identities 1 D̄2 = [ 1 q̄^4 + 2 M^2 q̄^6 ] + M^4 ( 2 D̄q̄6 + 1 D̄2q̄4 ) , 1 D̄3 = [ 1 q̄^6 ] + M^2 ( 1 D̄3q̄2 + 1 D̄2q̄4 + 1 D̄q̄6 ) , 1 D̄4 = [ 1 q̄^8 ] + M^2 ( 1 D̄4q̄2 + 1 D̄3q̄4 + 1 D̄2q̄6 + 1 D̄q̄8 ) , 1 D̄3 = [ 1 q̄^6 + 3 M^2 q̄^8 ] + M^4 ( 3 D̄q̄8 + 2 D̄2q̄6 + 1 D̄3q̄4 ) , (4.16)

with D̄ defined in eq. 2.7, one obtains ∫ [d^4q] q^αq^β D̄2 = M^4 lim_{μ→0} ∫ d^4q q^αq^β ( 2 D̄q̄6 + 1 D̄2q̄4 )| | μ=μ_R , ∫ [d^4q] q^αq^β D̄3 = M^2 lim_{μ→0} ∫ d^4q q^αq^β ( 1 D̄3q̄2 + 1 D̄2q̄4 + 1 D̄q̄6 )| | |_{μ=μR} , ∫ [d^4q] q^αq^βq^γ q^δ D̄4 = M^2 lim_{μ→0} ∫ d^4q q^αq^βq^γ q^δ ( 1 D̄4q̄2 + 1 D̄3q̄4 + 1 D̄2q̄6 + 1 D̄q̄8 )| | |_{μ=μR} , ∫ [d^4q] q^αq^βq^γ q^δ D̄3 = M^4 lim_{μ→0} ∫ d^4q q^αq^βq^γ q^δ ( 3 D̄q̄8 + 2 D̄2q̄6 + 1 D̄3q̄4 )| | μ=μ_R . (4.17)

Given the four-dimensional definition, one can replace

q^αq^β → q^2 4 g^{αβ} , q^αq^βq^γ q^δ → q^4 24 g^{αβγδ} , g^{αβγδ} ≡ (g^{αβ} g^{γδ} + g^{αγ} g^{βδ} + g^{αδ} g^{βγ} ) , (4.18)

– 12 – in eq. 4.17 and compute ∫ [d^4q] q^αq^β D̄2 = g^{αβ} 2 I^{FDR}_2 , ∫ [d^4q] q^αq^β D̄3 = g^{αβ} 4 I^{FDR}_0 , ∫ [d^4q] q^αq^βq^γ q^δ D̄4 = g^{αβγδ} 24 I^{FDR}_0 , ∫ [d^4q] q^αq^βq^γ q^δ D̄3 = g^{αβγδ} 8 I^{FDR}_2 , (4.19)

with I^{FDR}_0 and I^{FDR}_2 given in eqs. 4.3 and 4.4. Finally, odd-rank vacuum tensor integrals, such as ∫ [d^4q] q^{α1} q^{α2} · · · q^{α(2n+1)} D̄m , (4.20)

vanish due to Lorentz invariance. Eqs. 4.19 are the gauge preserving conditions for one-loop tensor integrals [17] which corroborate the consistency of the FDR approach.

Depending on the way a calculation is performed, additional FDR integrals with powers of μ in the numerator may arise, which should be treated accordingly to the global treatment prescription. For example ∫ [d^4q] μ^2 D̄3 . (4.21)

should be considered as a logarithmically divergent one. FDR then requires an expansion of^1_{D̄3} as in eq. 4.16, giving rise to ∫ [d^4q] μ^2 D̄3 = M^2 lim_{μ→0} μ^2 ∫ d^4q ( 1 D̄3q̄2 + 1 D̄2q̄4 + 1 D̄q̄6 )| | |_{μ=μR} = iπ^2 2 . (4.22)

Analogously ∫ [d^4q] μ^2 D̄2 = M^4 lim_{μ→0} μ^2 ∫ d^4q ( 2 D̄q̄6 + 1 D̄2q̄4 )| | |_{μ=μR} = iπ^2M^2 , ∫ [d^4q] q^2μ^2 D̄4 = M^2 lim_{μ→0} μ^2 ∫ d^4q q^2 ( 1 D̄4q̄2 + 1 D̄3q̄4 + 1 D̄2q̄6 + 1 D̄q̄8 )| | |_{μ=μR} = iπ^2 3 , ∫ [d^4q] μ^4 D̄4 = M^2 lim_{μ→0} μ^4 ∫ d^4q ( 1 D̄4q̄2 + 1 D̄3q̄4 + 1 D̄2q̄6 + 1 D̄q̄8 )| | |_{μ=μR} = − iπ^2 6 . (4.23)

Eqs. 4.22 and 4.23 can be proved by direct integration. However, it is more elegant to observe that finite contributions may arise only when μ^2 and μ^4 hit 1/μ^2 and 1/μ^4 poles,

– 13 – respectively, which are more easily extracted by reinserting back eq. 4.16. Therefore ∫ [d^4q] μ^2 D̄3 = −μ^2 ∫ d^4q 1 q̄^6 , ∫ [d^4q] μ^2 D̄2 = −2M^2 ∫ d^4q 1 q̄^6 , ∫ [d^4q] q^2μ^2 D̄4 = −μ^2 ∫ d^4q q^2 q̄^8 , ∫ [d^4q] μ^4 D̄4 = −μ^4 ∫ d^4q 1 q̄^8

, (4.24)

which reproduce the expected result. Finally, by power counting ∫ [d^4q] μ^{2j} D̄k = 0 when k > 2 + j , ∫ [d^4q] μ^{2j+1}

D̄k = 0 . (4.25) It is quite remarkable the perfect parallelism between eqs. 4.22, 4.23 and 4.25 and their counterparts in DR (see [18, 19]) ∫ [d^4q] μ^2 D̄3 = − ∫ d^nq q̃^2 D^3 , ∫ [d^4q] μ^2 D̄2 = − ∫ d^nq q̃^2 D^2 , ∫ [d^4q] q^2μ^2 D̄4 = − ∫ d^nq q^2q̃^2 D^4 , ∫ [d^4q] μ^4 D̄4 = ∫ d^nq q̃^4 D^4 , ∫ [d^4q] μ^{2j} D̄k = ∫ d^nq (q̃^2)^j D^k = 0 when k > 2 + j , (4.26)

where q̃^2 is the ϵ-dimensional part of q^2.

With the help of these results, properties such as^{15} ∫ [d^4q] q̄^2 − M^2

D̄3 = ∫ [d^4q] 1 D̄2 , ∫ [d^4q]

(q̄^2 − M^2)^2 D̄4 = ∫ [d^4q] 1 D̄2 , ∫ [d^4q] q̄^2 − M^2

D̄2 = ∫ [d^4q] 1 D̄ , ∫ [d^4q] q̄^2 − M^2

D̄ = ∫ [d^4q] = 0 , (4.27)

follow, which guarantee that all usual manipulations are allowed in the FDR integrands. As a by-product, the Passarino-Veltman [20], the OPP reduction approaches [21, 22], together with all available literature to compute the contributions generated by the appearance of μ in the numerator [23–29], can also be used in FDR.

15They can also be directly proved from the identities in eq. 4.16.

– 14 –

5 Two loops and beyond

As a two-loop example, consider the integral

I^{FDR} = ∫ [d^4q_1][d^4q_2] 1 D̄_1D̄_2D̄_{12} , (5.1)

where

D̄_1 = q̄^2_1 − m^2_1 , D̄_2 = q̄^2 − m^2 , D̄_{12} = q̄^2_{12} − m^2_{12} , (5.2)

and q_{12} ≡ q_1 + q_2. Identity 2.8 can be used to rewrite 1 D̄_1D̄_2D̄_{12} = [ 1 q̄^2_1q̄^2q̄^2_{12} ]

+ m^2_1 (D̄_1q̄^2_1 )q̄^2q̄^2_{12} + m^2 q̄^2_1 (D̄_2q̄^2)q̄^2_{12} + m^2_{12} q̄^2_1q̄^2(D̄_{12}q̄^2_{12}) + m^2_1m^2 (D̄_1q̄^2_1 )(D̄_2q̄^2)q̄^2_{12} + m^2_1m^2_{12} (D̄_1q̄^2_1)q̄^2 (D̄_{12}q̄^2_{12}) + m^2m^2_{12} q̄^2_1(D̄_2q̄^2 )(D̄_{12}q̄^2_{12}) + m^2_1m^2m^2_{12} (D̄_1q̄^2_1 )(D̄_2q̄^2)(D̄_{12}q̄^2_{12})

. (5.3)

The term between square brackets is, as usual, a vacuum integrand, which extracts the overall quadratic UV divergence of I^{FDR}. The following three produce logarithmically divergent (sub)-integrals and the last four can be integrated in four dimensions. The next step is singling out the remaining divergences. By rewriting 1 q̄^2_{12} = 1 q̄^2 − q^2_1 + 2(q_1 · q_2)

q̄^2q̄^2_{12}

, (5.4)

one obtains m^2_1 (D̄_1q̄^2_1 )q̄^2q̄^2_{12}

= m^2_1 [ 1 q̄^4_1q̄^2q̄^2_{12} ] + m^4_1 (D̄_1q̄^4_1) [ 1 q̄^4_2 ] − m^4_1 q^2_1 + 2(q_1 · q_2) (D̄_1q̄^4_1)q̄^4_2q̄^2_{12}

, (5.5)

where the two vacuum integrands extract overall logarithmic and overlapping logarithmic sub-divergences, respectively^{16}, and the last term is integrable. The remaining two integrands in the second line of eq. 5.3 can be treated analogously. I^{FDR} then reads

I^{FDR} ≡ lim_{μ→0} ∫ d^4q_1 ∫ d^4q_2 ( m^2_1m^2 (D̄_1q̄^2_1)(D̄_2q̄^2 )q̄^2_{12} + m^2_1m^2_{12} (D̄_1q̄^2_1 )q̄^2(D̄_{12}q̄^2_{12}) + m^2m^2_{12} q̄^2_1 (D̄_2q̄^2)(D̄_{12}q̄^2_{12})

− m^4_1 q^2_1 + 2(q_1 · q_2) (D̄_1q̄^4_1)q̄^4_2q̄^2_{12}

− m^4_2 q^2 + 2(q_1 · q_2) q̄^4_1(D̄_2q̄^4_2)q̄^2_{12}

− m^4_{12} q^2_{12} − 2(q_1 · q_{12}) q̄^4_1q̄^2(D̄_{12}q̄^4_{12}) + m^2_1m^2m^2_{12} (D̄_1q̄^2_1 )(D̄_2q̄^2)(D̄_{12}q̄^2_{12}) )| | |_{μ=μR} . (5.6)

16The structure of one-loop counterterm naturally appears for the latter.

– 15 – μ μ μ μ

Figure 8. Two-loop (left) and one-loop (right) logarithmically divergent subtraction vacuum scalar integrands. Dots denote propagator squared and μ is the unphysical mass running in each line.

Other divergent two-loop integrals, such as ∫ [d^4q_1][d^4q_2] 1 D̄2_1D̄_2D̄_{12} , (5.7)

can be obtained by derivation with respect to masses.

As already observed, quadratically divergent vacuum integrands, such as the first term in eq. 5.3, do not contribute when μ → 0, and one is left with the only two possible logarithmically divergent subtraction scalar (sub)-diagrams shown in figure 8, which are of the the type of those appearing in eq. 5.5. Therefore, besides eq. 4.6, a two-loop correspondence holds 1 ϵ^2

+ UC subtraction after integration ↔ 1 q̄^4_1q̄^2q̄^2_{12} subtraction before integration.

(5.8)

Only Universal Constants appear in the left part of eq. 5.8 because of the existence of only one possible subtraction term. As in the one-loop case, eq. 5.8 proves the equivalence, at two-loop, of DR after renormalization and FDR. The conceptual difference is again that, in FDR, there is no need to prove, for example, that overlapping divergences cancel, because all kinds of UV infinities are directly eliminated in the definition of FDR integral.

At three loop the situation is more involved because five irreducible topologies (see figure 9) may generate logarithmically divergent vacuum diagrams. In this case, FDR and DR might start differing diagram by diagram, although the gauge invariance properties of the FDR integral guarantee the equivalence of the two approaches^{17}.

6 The ABJ anomaly and γ_5

In this section, I reproduce the known ABJ anomaly [30, 31] with the FDR approach. Two massless fermion loop diagrams contribute, as shown in figure 10. When contracted with p = p_1 − p_2, the first term gives

p^αT^{(1)}_{ανλ} = −i e^2 (2π)^4 ∫ [d^4q] Tr [ /pγ_5 1 /Q_2 − μ γ_λ 1 /Q_0 − μ γ_ν 1 /Q_1 − μ ] , (6.1)

where Q_i = q + p_i (p_0 = 0) and all massless propagators are shifted by μ, as required by FDR. Rewriting /p = (/Q_1 − μ) − (/Q_2 − μ) (6.2)

17See section 7 for a more detailed discussion on this point.

– 16 –

Figure 9. Irreducible three-loop topologies giving rise to logarithmically divergent subtraction vacuum diagrams. One dot denotes propagator squared; two dots mean propagator to the third power.

γ_αγ_5 p_1 ν q

p_2 λ T^{(1)}_{ανλ}

+ γαγ5 p_2 λ

p_1 ν T^{(2)}_{ανλ} Figure 10. The two diagrams generating the ABJ anomaly.

produces

p^αT^{(1)}_{ανλ} = −i e^2 (2π)^4 ∫ [d^4q] ( Tr [ γ_5 1 /Q_2 − μ γ_λ 1 /Q_0 − μ γ_ν ] − Tr [ γ_5 1 /Q_{−1} − μ γ_ν 1 /Q_0 − μ γ_λ ]

+ 2μ Tr [ γ_5 1 /Q_2 − μ γ_λ 1 /Q_0 − μ γ_ν 1 /Q_1 − μ ]) , (6.3)

where a shift q → q − p_1^{18} has been performed in the second trace, and Q_{−1} ≡ q − p_1. The contribution of the second diagram is obtained by replacing p_1 ↔ −p_2 and λ ↔ ν, thus all terms not proportional to μ drop in the sum T = T^{(1)} + T^{(2)} p^αT_{ανλ} = −i e^2 4π^4

Tr[γ_5/p_2γ_λγ_ν /p_1] ∫ [d^4q] μ^2 1 D̄_0D̄_1D̄_2 , (6.4)

where D̄_i = (q + p_i)^2 − μ^2. The FDR integral is given in eq. 4.22, leading to the correct answer p^αT_{ανλ} = e^2 8π^2

Tr[γ_5/p_2γ_λγ_ν /p_1] . (6.5)

Finally, I comment on the role of γ_5. In closed fermion loops, the FDR interpretation of μ as a propagator shift allows one to fully reabsorbe it into the fermion masses, providing

18Legal in FDR.

– 17 – γ_5

Figure 11. Example of diagram in which the μ dependence cannot be fully reabsorbed into the fermion masses.

unambiguous results also in the presence of γ_5. This was actually done in the previous calculation, where the result in eq. 6.5 could also be obtained by starting with a physical fermion mass m_f and replacing m_f → m_f + μ in the finite contribution proportional to m^2_f . However, in open fermion chains where not all /q are linked to fermion masses, the ambiguity of when shifting /q → /q − μ is potentially present. For example, in the combination (· · · /qγ_5 1 /q · · · ) occurring in the diagram of figure 11, the operations of anticommuting γ_5 and shifting /q do not commute. This is solved by considering the chiral theory as a good, gauge invariant starting point [32], which means, in practice, that γ_5 must be anticommuted towards the external spinors before shifting /q.

7 Renormalization

Since the UV infinities are subtracted right from the beginning, there is no need, in FDR, to add counterterms to the Lagrangian. One can indeed prove that

G^{FDR}_{ℓ−loop}(μ_R) = G^{DR}_{ℓ−loop}(μ_R) , (7.1)

where G^{FDR} is a generic ℓ-loop Green function computed in FDR, G^{DR} the same Green function calculated in DR, but after renormalization^{19}, and μ_R is the renormalization scale. The generic form of G^{FDR} is G^{FDR}_{ℓ−loop}(μ_R) = ℓ∑ i=0 a^{DR}_i log^i(μ_R) + R^{DR}({p, M}) + R_0 , (7.2)

where R^{DR}({p, M}) is a term depending on the kinematical variables of the process and R_0 an a-dimensional constant. By construction, the coefficients a^{DR}_i and R^{DR}({p, M}) are the same one would compute in DR. In fact, the logarithmic dependence on μ_R is fully included in the definition of FDR integral, and any kinematical information is only contained in the finite part J_F of eq. 3.7, which is common to both DR and FDR. The only possible difference is R_0, because FDR requires to entirely drop the constant parts of the logarithmically

19I assume the same renormalized parameters in G^{DR} and G^{FDR}.

– 18 – divergent integrals, while DR only infinities and Universal Constants. However, one proves, by contradiction, that also R_0 is common in the two schemes. If FDR misses some part of R_0, it could be fixed back by enforcing the Ward-Slavnov-Taylor identities of the theory, which requires a computation in FDR in order to be able to adjust, by hand, all terms which violate them. But since FDR respects, by construction, all cancellations needed to prove gauge invariance (such as eqs. 3.11 and 4.27) no violation would be found, therefore eq. 7.1 is proven.

If G^{FDR}_{ℓ−loop} belongs to a renormalizable theory, expressing its free parameters in terms of observables trades the unphysical scale μ_R for a physical one, ensuring the equivalence of FDR with any other consistent renormalization scheme. Particularly interesting is the case of non-renormalizable field theories, such as quantum gravity. Measuring the parameters of the Lagrangian does not guarantee any longer the disappearance of μ_R. However, G^{FDR}_{ℓ−loop} is finite in four dimensions and eq. 7.2 still holds, so that one additional measurement can be used, in principle, to fix μ_R order by order, making the theory predictive^{20}. A possible interpretation is that the original theory, possibly due to non perturbative effects, or to a very complicate structure of its vacuum, could be not complete enough, or not to allow, a full determination of its UV counterpart, as happens in renormalizable theories. If it is the case, eq. 7.2 could still provide a parametrization, in terms of μ_R, of unknown unphysical phenomena which do not decouple. Measuring μ_R, definitively integrates out all unphysical degrees of freedom, leaving the observable spectrum free of UV effects. Whether this is a valid way out, is debatable. The important points to keep in mind are that

• the Lagrangian is left untouched;

• gauge invariance is not broken;

• four-dimensionality is kept;

• one additional measurement is enough to fix μ_R at any perturbative order.

8 Infrared and collinear divergences

In massless theories, the FDR insertion of μ in the propagators (eq. 3.5) naturally regulates infrared and collinear divergences occurring in virtual loop integrals. This suggests the possibility to use FDR to regulate them also in the real emission. In this section, I compute, as a one-loop example, the O(α) QED corrections to the decay rate Γ(Z → ff̄) with massless fermions, which provides an explicit example of FDR calculation in which all three types of divergences (UV, infrared and collinear) are simultaneously present.

By considering both virtual and real contributions as particular cuts of a two-loop FDR integral, in which the replacements /q_j → /q_j − μ q^2_j → q^2_j − μ^2 (j = 1, 2, 12 as in eq. 5.2) (8.1)

20This is allowed because the limit μ → 0 is fully taken in G^{FDR}_{ℓ−loop}, and, as a result, the original μ is replaced by μR, which does not need to be small.

– 19 –

Figure 12. Virtual and real diagrams contributing to Z → ff̄.

are consistently performed both in numerators and denominators, causality requires 1 q^2_j − μ^2

→ δ(q^2_j − μ^2)θ(q_j(0)) (8.2)

for the cut lines. One then expects the μ dependence to cancel when adding all contributing diagrams of figure 12, where μ is present, in the intermediate stages of the calculation, both in matrix elements and phase space integrals.

The virtual part can be computed very much as in the DR case, but the tensor reduction should be performed in four dimensions and the integrals interpreted in FDR. The needed loop functions are B(s) = ∫ [d^4q] 1 (q^2 − μ^2)((q + p)^2 − μ^2) | | p^2=s , B_0 = ∫ [d^4q] 1 (q^2 − μ^2)(q^2 + 2(q · p)) | | |_{p2=μ2} , B_1 = 1 p^2 ∫ [d^4q] (q · p) (q^2 − μ^2)(q^2 + 2(q · p)) | | p^2=μ^2 , B^′_0 = d dp^2 B_0 | | |_{p2=μ2} , B^′_1 = d dp^2 B_1 | | p^2=μ^2 , C(s) = ∫ [d^4q] 1 (q^2 − μ^2)(q^2 + 2(q · p_1))(q^2 − 2(q · p_2)) | | |_{p21=p2=μ2;(p1+p2)2=s} ,

C_R = ∫ [d^4q] μ^2 (q^2 − μ^2)(q^2 + 2(q · p_1))(q^2 − 2(q · p_2))

, (8.3)

and are listed in appendix B. The total virtual contribution reads

Γ_V(Z → ff̄) = Γ_0(Z → ff̄) α π [ − 1 2 ln^2 ( μ^2 s ) − 3 2 ln ( μ^2 s ) + 7 18 π^2 + π 2 √ 3 − 7 2 ] , (8.4)

where Γ_0(Z → ff̄) is the tree level result.

In the computation of the real part, all final state particles have a common mass μ and the amplitude squared is integrated over the 3-body phase-space, parametrized as ∫ dΦ_3 = π^2 4s ∫ ds_{12}ds_{23} , (8.5)

– 20 – where √ s is the center of mass energy of the decaying particle and s_{ij} are two of the three possible final state two-body invariant masses. It is convenient to introduce the variables x = s_{12} − μ^2 s , z = s_{23} − μ^2 s , (8.6)

in terms of which the relevant bremsstrahlung integrals are

I_1 = ∫ R dxdz 1 x^2 = ∫ R dxdz 1 z^2 , I_2 = ∫ R dxdz 1 xz , I_3 = ∫ R dxdz 1 x = ∫ R dxdz 1 z , I_4 = ∫ R dxdz x z = ∫ R dxdz z x , (8.7)

where R is the full available phase-space. They are reported in appendix B, and give

Γ_R(Z → ff̄) = Γ_0(Z → ff̄) α π [ 1 2 ln^2 ( μ^2 s ) + 3 2 ln ( μ^2 s ) − 7 18 π^2 − π 2 √ 3 + 17 4 ] . (8.8)

By summing eqs. 8.4 and 8.8 one obtains

Γ(Z → ff̄) = Γ_0(Z → ff̄) ( 1 + 3 4 α π ) , (8.9)

which is the expected result.

In eq. 8.8, I used the following sums over fermion and photon polarizations ∑ pol u(p)ū(p) = /p + μ , ∑ pol v(p)v̄(p) = /p − μ , ∑ pol ϵ_α(p)ϵ^∗_β (p) = −g_{αβ} . (8.10)

Due to the consistent FDR μ insertion, gauge invariance is kept; thus, any p_αp_β term added in the last equation does not contribute.

9 Conclusions

The FDR approach discriminates between observable physics and unobservable infinities occurring at large values of the integration momenta. This interpretation allows one to define, in a mathematically consistent way and at any order in the perturbative expansion, the UV divergent integrals appearing in quantum field theories as four-dimensional integrals over the physical spectrum only. The physics of renormalizable theories is reproduced and the possibility for the non-renormalizable theories to become predictive is opened. Infrared and collinear divergences can also be naturally accommodated.

FDR looks promising for realistic calculations too. No counterterms need to be added to the Lagrangian, and both virtual and real contributions are kept in four dimensions, which may be particularly interesting at two (or more) loops, where subtracting powers of 1/ϵ can become cumbersome in DR. These more practical aspects will be investigated in the near future.

– 21 –

A 1- and 2-point one-loop scalar integrals in FDR

In this appendix, I explicitly compute the FDR scalar integrals I^{FDR}_0 and I^{FDR}_2 of eqs. 4.3 and 4.4. By means of a common Feynman parametrization one rewrites

K ≡ ∫ d^4q ( 1 D̄2q̄2 + 1 D̄q̄4 ) = Γ(3)

∫_1 0 dα ∫ d^4q 1 (q^2 − M^2α − μ^2)^3

, (A.1)

where D̄ = (q̄^2 − M^2) and q̄^2 = q^2 − μ^2. Performing the integral in d^4q gives

K = −iπ^2 ∫_1 0 dα 1 M^2α + μ^2 = − iπ^2 M^2 ln M^2 + μ^2

μ^2

, (A.2)

from which eq. 4.3 immediately follows. Analogously, ∫ d^4q 1 D̄q̄4 = Γ(3)

∫_1 0 dα(1 − α) ∫ d^4q 1 (q^2 − M^2α − μ^2)^3 = −iπ^2 ∫_1 0 dα (1 − α) M^2α + μ^2 = iπ^2 M^4 ( M^2 − (M^2 + μ^2) ln

M^2 + μ^2 μ^2 ) , (A.3)

which gives eq. 4.4. The same results can be obtained via eq. 3.9, by expressing I^{FDR}_0 and I^{FDR}_2 as the difference of two DR integrals.

B Virtual and real integrals for Γ(Z → ff̄)

The one-loop scalar integrals appearing in the computation of Γ(Z → ff̄) are (see eq. 8.3)

B(s) = iπ^2 [ ln ( − μ^2 − iϵ s ) + 2 ] , B_0 = −iπ^2 ( π √ 3 − 2 ) , B_1 = − 1 2 B_0 ,

B^′_0 = iπ^2 μ^2 ( 2 3 π √ 3 − 1 ) , B^′_1 = − 1 2 B^′_0 , C(s) = iπ^2 s [ 1 2 ln^2 ( − μ^2 − iϵ s ) + π^2 9 ] , C_R = iπ^2 2 . (B.1)

– 22 –

As for the real part, the integrals in eq. 8.7 read

I_1 = s μ^2 ( 2 3 π √ 3 − 1 ) , I_2 = 1 2 ln^2 ( μ^2 s ) − 7 18 π^2 ,

I_3 = − ln ( μ^2 s ) − 1 − π √ 3 , I_4 = − 3 4 − 1 2 ln ( μ^2 s ) − π 2 √ 3 . (B.2)

All terms which vanish in the limit μ → 0 are neglected in eqs. B.1 and B.2.

Acknowledgments

I thank G. Passarino for his comments on the manuscript and York Schroeder for pointing out redundancies in a previous version of figure 9. This work was performed in the framework of the ERC grant 291377, “LHCtheory: Theoretical predictions and analyses of LHC physics: advancing the precision frontier”. I also thank the support of the MICINN project FPA2011-22398 (LHC@NLO).

References

[1] F. Dyson, The S matrix in quantum electrodynamics, Phys.Rev. 75 (1949) 1736–1755. [2] F. Dyson, The Radiation theories of Tomonaga, Schwinger, and Feynman, Phys.Rev. 75 (1949) 486–502.

[3] A. Salam, Overlapping divergences and the S matrix, Phys.Rev. 82 (1951) 217–227. [4] A. Salam, Divergent integrals in renormalizable field theories, Phys.Rev. 84 (1951) 426–431. [5] N. Bogoliubov and O. a. Parasiuk, On the Multiplication of the causal function in the quantum theory of fields, Acta Math. 97 (1957) 227–266.

[6] K. Hepp, Proof of the Bogolyubov-Parasiuk theorem on renormalization,

Commun.Math.Phys. 2 (1966) 301–326.

[7] W. Zimmermann, Convergence of Bogolyubov’s method of renormalization in momentum space, Commun.Math.Phys. 15 (1969) 208–234.

[8] W. Pauli and F. Villars, On the Invariant regularization in relativistic quantum theory, Rev.Mod.Phys. 21 (1949) 434–444.

[9] E. Speer, On the structure of analytic renormalization, Commun.Math.Phys. 23 (1971) 23–36.

[10] G. ’t Hooft and M. Veltman, Regularization and Renormalization of Gauge Fields, Nucl.Phys. B44 (1972) 189–213.

[11] D. Z. Freedman, K. Johnson, and J. I. Latorre, Differential regularization and renormalization: A New method of calculation in quantum field theory, Nucl.Phys. B371 (1992) 353–414.

– 23 –

[12] F. del Aguila, A. Culatti, R. Munoz-Tapia, and M. Perez-Victoria, Constraining differential renormalization in Abelian gauge theories, Phys.Lett. B419 (1998) 263–271, [hep-th/9709067].

[13] F. del Aguila, A. Culatti, R. Munoz Tapia, and M. Perez-Victoria, Techniques for one loop calculations in constrained differential renormalization, Nucl.Phys. B537 (1999) 561–585, [hep-ph/9806451].

[14] O. Battistel, A. Mota, and M. Nemes, Consistency conditions for 4-D regularizations, Mod.Phys.Lett. A13 (1998) 1597–1610.

[15] A. Cherchiglia, M. Sampaio, and M. Nemes, Systematic Implementation of Implicit Regularization for Multi-Loop Feynman Diagrams, Int.J.Mod.Phys. A26 (2011) 2591–2635, [arXiv:1008.1377].

[16] J. Soln, Renormalization of the scalar field theory with spontaneously broken discrete symmetry without shifting the field vacuum expectation value, Nuovo Cim. A100 (1988) 671.

[17] Y.-L. Wu, Symmetry preserving loop regularization and renormalization of QFTs, Mod.Phys.Lett. A19 (2004) 2191–2204, [hep-th/0311082].

[18] R. Pittau, A Simple method for multileg loop calculations, Comput.Phys.Commun. 104 (1997) 23–36, [hep-ph/9607309].

[19] G. Ossola, C. G. Papadopoulos, and R. Pittau, Numerical evaluation of six-photon amplitudes, JHEP 0707 (2007) 085, [arXiv:0704.1271].

[20] G. Passarino and M. Veltman, One Loop Corrections for e+ e- Annihilation Into mu+ muin the Weinberg Model, Nucl.Phys. B160 (1979) 151.

[21] G. Ossola, C. G. Papadopoulos, and R. Pittau, Reducing full one-loop amplitudes to scalar integrals at the integrand level, Nucl.Phys. B763 (2007) 147–169, [hep-ph/0609007].

[22] G. Ossola, C. G. Papadopoulos, and R. Pittau, CutTools: A Program implementing the OPP reduction method to compute one-loop amplitudes, JHEP 0803 (2008) 042, [arXiv:0711.3596].

[23] R. Pittau, Primary Feynman rules to calculate the epsilon-dimensional integrand of any 1-loop amplitude, JHEP 1202 (2012) 029, [arXiv:1111.4965].

[24] G. Ossola, C. G. Papadopoulos, and R. Pittau, On the Rational Terms of the one-loop amplitudes, JHEP 0805 (2008) 004, [arXiv:0802.1876].

[25] M. Garzelli, I. Malamos, and R. Pittau, Feynman rules for the rational part of the Electroweak 1-loop amplitudes, JHEP 1001 (2010) 040, [arXiv:0910.3130].

[26] P. Draggiotis, M. Garzelli, C. Papadopoulos, and R. Pittau, Feynman Rules for the Rational Part of the QCD 1-loop amplitudes, JHEP 0904 (2009) 072, [arXiv:0903.0356].

[27] M. Garzelli, I. Malamos, and R. Pittau, Feynman rules for the rational part of the Electroweak 1-loop amplitudes in the R_xi gauge and in the Unitary gauge, JHEP 1101 (2011) 029, [arXiv:1009.4302].

[28] H.-S. Shao, Y.-J. Zhang, and K.-T. Chao, Feynman Rules for the Rational Part of the Standard Model One-loop Amplitudes in the ’t Hooft-Veltman γ_5 Scheme, JHEP 1109 (2011) 048, [arXiv:1106.5030].

[29] H.-S. Shao and Y.-J. Zhang, Feynman Rules for the Rational Part of One-loop QCD Corrections in the MSSM, arXiv:1205.1273.

– 24 –

[30] S. L. Adler, Axial vector vertex in spinor electrodynamics, Phys.Rev. 177 (1969) 2426–2438. [31] J. Bell and R. Jackiw, A PCAC puzzle: pi → gamma gamma in the sigma model, Nuovo Cim. A60 (1969) 47–61.

[32] F. Jegerlehner, Facts of life with gamma(5), Eur.Phys.J. C18 (2001) 673–679, [hep-th/0005255].

– 25 –