arXiv:1208.5777v3 [gr-qc] 11 Dec 2012

Creation of the universe with a stealth scalar field

Hideki Maeda^{a∗} and Kei-ichi Maeda^{b,c†} a Centro de Estudios Científicos (CECs), Casilla 1469, Valdivia, Chile b Department of Physics, Waseda University, Okubo 3-4-1, Shinjuku, Tokyo 169-8555, Japan.

c DAMTP, University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, U.K. (Dated: December 12, 2012)

The stealth scalar field is a non-trivial configuration without any back-reaction to geometry, which is characteristic for non-minimally coupled scalar fields. Studying the creation probability of the de Sitter universe with a stealth scalar field by the Hartle and Hawking’s semi-classical method, we show that the effect of the stealth field can be significant. For the class of scalar fields we consider, creation with a stealth field is possible for a discrete value of the coupling constant and its creation probability is always less than that with a trivial scalar field. However, those creation rates can be almost the same depending on the parameters of the theory.

PACS numbers: 04.60.Bc 98.80.Qc

I. INTRODUCTION

At present, the framework of the Big-Bang cosmology with an early inflationary era achieves a clear consensus from cosmologists. Although the number of the first observational data by Hubble advocating the expanding universe was small [1], a variety of current observations supports the assertion. On the other hand, another fact that the universe is spatially homogeneous and isotropic in a large scale indicates that the Friedmann-Lemaître- Robertson-Walker (FLRW) cosmological spacetime may be a good model as the zeroth-order approximation of our universe. A direct consequence of these two is that there was an extremely dense and hot era in the history of our universe, called the Big Bang.

While the great success of the Big-Bang cosmology is the prediction of the observed cosmic microwave background (CMB) and the production of the light elements, several problems are left unsolved in this framework. Among them, the flatness problem, horizon problem, and monopole problem (if one believes grand unified theories of fundamental interactions) are resolved by an additional but simple assumption; there was a phase with accelerating expansion before the Big-Bang era. This assumption of the cosmic inflation suits the observational data of the CMB quite well and completes the modern framework of the Big-Bang cosmology.

Even in this framework, however, the initial singularity problem remains unsolved and clearly shows the limit of the classical description of the early universe. The Big-Bang singularity is a consequence of the singularity theorems but the strong energy condition is assumed to prove them in general relativity [2]. By this reason, one may think that inflation is able to slip through the net of the singularity theorems. However, under certain reasonable conditions without energy conditions, it was shown that the inflationary universe must have a past spacetime boundary, namely the initial moment of the classical uni-

∗Electronic address: hideki-at-cecs.cl †Electronic address: maeda-at-waseda.jp

verse [3].

It is reasonable to assume that the quantum aspect of gravity dominates close to the initial singularity. This leads us to quantum cosmology, which is a branch of the minisuperspace approach of canonical quantum gravity [4]. In quantum cosmology, the Wheeler-de Witt equation, obtained by the quantization of the Hamiltonian constraint of Einstein equations, determines the wave function of the universe. In this context, Vilenkin proposed the spontaneous creation of the universe by quantum tunneling from nothing [5, 6]. This picture is understood as the creation of the universe in the de Sitter space, represented by the Euclidean solution called instanton. Because the mathematical description is analogous to the quantum tunneling through the potential barrier, it is claimed that the creation probability is proportional to e^{−|SE|/ℏ} [7], where S_E is the value of the Euclidean action evaluated for the instanton solution. On the other hand, Hartle and Hawking made the noboundary proposal claiming that the wave function of the universe is obtained by a path integral over non-singular compact Euclidean spaces [8, 9], by which they evaluated the creation probability as e^{−SE/ℏ}.

The simplest vacuum instanton solution is the Hawking-Moss de Sitter instanton which is nothing but an S^4 in the 4D Euclidean space and can be analytically continued to the Lorentzian de Sitter universe with the spatially closed slicing [10]. While the value of the Euclidean action in vacuum is simply proportional to the volume of the instanton space, the contribution of matter to the creation probability is non-trivial. Non-minimally coupled scalar fields are interesting in this context because they allow a “stealth” configuration, namely a notrivial solution which does not give any back-reaction to gravity. Such a configurations was already recognized in 1976 at the latest both for a conformally coupled scalar field and a Yang-Mills field in the Minkowski spacetime [11]. More recently, the stealth solution was found in the three-dimensional (locally) anti-de Sitter (AdS) spacetime [12] and also in the Minkowski [13], de Sitter (dS) [14], and AdS spacetimes [15] in four dimensions. (See also [16, 17].) Then a natural question arises: if a de Sitter instanton is possible both with a trivial scalar field and with a stealth scalar field, which universe is preferred at the moment of creation? In this paper, we consider this problem.

In the following section, we present our system and obtain a stealth solution in the de Sitter instanton space. In Section III, we study the creation probability of the de Sitter universe based on our solutions. Concluding remarks and discussions are summarized in Section IV. Our basic notation follows [18]. The conventions for curvature tensors are [∇_ρ, ∇_σ ]V^μ = R^μ_{νρσ} V^ν and R_{μν} = R^ρ_{μρν} . The signature of the Minkowski spacetime is (−, +, +, +) and Greek indices run over all spacetime indices. We adopt the units such that c = ℏ = 8πG = 1.

II. STEALTH SCALAR FIELD IN DE SITTER SPACE

A. System

We consider general relativity coupled with a scalar field non-minimally, of which action is given by

S =S_g + S_ϕ, (2.1)

where

S_g = 1 2 ∫ d^4x √ −g(R − 2Λ), (2.2)

S_ϕ = − ∫ d^4x √ −g [ 1 2 (∇ϕ)^2 + 1 2 ξRϕ^2 + V (ϕ) ] . (2.3)

S_ϕ is the action for a non-minimally coupled scalar field. The resulting field equations are

G_{μν} + Λg_{μν} = T^{(ϕ)}_{μν} , (2.4) ∇^2ϕ − ξRϕ − dV dϕ = 0, (2.5)

where

T^{(ϕ)}_{μν} =(1 − 2ξ)(∇_μϕ)(∇_ν ϕ) + ( 2ξ − 1 2 ) (∇ϕ)^2g_{μν} − V g_{μν} + ξϕ^2G_{μν} + 2ξϕ(−∇_μ∇_ν ϕ + g_{μν} ∇^2ϕ). (2.6)

For a conformally coupled scalar field, the coupling constant ξ and the potential are chosen as ξ = 1/6 and V (ϕ) = αϕ^4, where α is a constant, and then the trace of T^{(ϕ)}μν is vanishing.

B. Stealth scalar-field solution

Here we consider the Euclidean de Sitter space:

ds^2 =dτ^2 + a(τ)^2 ( dχ^2 + sin^2 χ(dθ^2 + sin^2 θdφ^2) ) , (2.7) a(τ) = 1 H cos Hτ, (2.8) where H := √ Λ/3 and the domain of τ is −π/(2H) ≤ τ ≤ π/(2H). The domains of other coordinates are 0 ≤ χ ≤ π, 0 ≤ θ ≤ π, and 0 ≤ φ ≤ 2π. We obtain a stealth scalar field in this spacetime, namely a non-trivial scalar field with T^{(ϕ)}μν ≡ 0. (The AdS instanton with a stealth conformally coupled scalar field was obtained in [17].) The field equations for the stealth scalar field are

0 =(1 − 2ξ)(∇_μϕ)(∇_ν ϕ) + ( 2ξ − 1 2 ) (∇ϕ)^2g_{μν} − V g_{μν} − ξΛϕ^2g_{μν} + 2ξϕ(−∇_μ∇_ν ϕ + g_{μν} ∇^2ϕ), (2.9)

0 =∇^2ϕ − 4ξΛϕ − dV dϕ , (2.10)

where we have used the Einstein equations with vanishing energy-momentum tensor: G_{μν} + Λg_{μν} = 0 and R = 4Λ.

Assuming ϕ = ϕ(τ), we find basic equations: 1 2 (ϕ^′)^2 − V − ξΛϕ^2 − 6ξH tan Hτϕϕ^′ = 0, (2.11)

(4ξ − 1)(ϕ^′)^2 − 2V − 2ξΛϕ^2

+ 4ξϕ (ϕ^{′′} − 2H tan Hτϕ^′) = 0, (2.12) ϕ^{′′} − 3H tan Hτϕ^′ − 4ξΛϕ − dV dϕ = 0 . (2.13)

From Eqs. (2.11) and (2.12), we find

(2ξ − 1)(ϕ^′)^2 + 2ξϕ (ϕ^{′′} + H tan Hτϕ^′) = 0 , (2.14)

from which, we obtain a general solution for the case of ξ ≠ 1/4: ϕ =(p sin Hτ + q)^n, (2.15)

where p and q are constants and n is defined by

n := 2ξ 4ξ − 1 ←→ ξ = n 2(2n − 1)

, (2.16)

Inserting the solution (2.15) into (2.11), we find the corresponding potential V as

V (ϕ) =Λϕ^2 ( Aϕ^{(1−4ξ)/ξ} + Bϕ^{(1−4ξ)/2ξ} + C ) (2.17)

=Λϕ^2 ( Aϕ^{−2/n} + Bϕ^{−1/n} + C ) , (2.18)

where

A :=

2ξ^2(p^2 − q^2) 3(4ξ − 1)^2 = n^2 6 (p^2 − q^2), (2.19)

B :=

8qξ^2(6ξ − 1) 3(4ξ − 1)^2 = 2n^2(n + 1)q 3(2n − 1)

, (2.20) C := − ξ(6ξ − 1)(16ξ − 3) 3(4ξ − 1)^2 = − n(n + 1)(2n + 3) 6(2n − 1) . (2.21)

The coupling constant ξ = 1/6 for a conformally coupled scalar field corresponds to n = −1 and then the potential becomes very simple:

V (ϕ) = ΛAϕ^4. (2.22)

The constants in the solution (2.15) are given by

p^2 =

3(4ξ − 1)^2 2ξ^2 [ A + 3(4ξ − 1)^2B^2 32ξ^2(6ξ − 1)^2 ] (2.23) = 6 n^2 [ A + 3(2n − 1)^2B^2 8n^2(n + 1)^2 ] , (2.24) q = 3(4ξ − 1)^2B 8ξ^2(6ξ − 1) = 3(2n − 1)B 2n^2(n + 1)

. (2.25)

The coupling constant ξ in the non-minimal coupling must be related to the constant C as (2.21). It is noted that the corresponding potential is quadratic for the de Sitter spacetime with the spatially flat slicing [14].

In the case of ξ = 1/4, the stealth solution is given by

ϕ =Ke^{w sin Hτ} , (2.26)

where K and w are constants. The corresponding potential is given by

V (ϕ) = Λϕ^2 [ Ā + B̄ ln ϕ − 1 6 (ln ϕ)^2 ] . (2.27)

The constants in the solution are given by

K = e^{3(B̄+1/2)}, w^2 = 3 ( 2Ā − B̄ − 1 2 ) . (2.28)

We assume the values of Ā and B̄ such that w^2 > 0 holds.

C. Instanton

Here we shall impose regularity conditions for the scalar field in order to find a regular instanton solution on de Sitter space. We require (I) finiteness of ϕ and (II) ϕ^′ = 0 at the de Sitter poles τ = ±π/(2H).

In the case of ξ ≠ 1/4, the following expression

ϕ^′ =npH cos Hτ(p sin Hτ + q)^{n−1} (2.29)

shows that the regularity conditions are satisfied in three cases; (i) q > |p|, (ii) q = |p| with n > 1/2, and (iii) q < |p| and n is a positive integer. In the cases (i) and (ii), ϕ is non-negative. In the case (iii), ϕ vanishes at some latitude and changes the sign there if n is odd, while the sign is fixed for even n. Because ϕ must not be negative if the power exponent 2/n in the potential (2.18) is non-integer, n = 1 or even n is required in the case (iii).

In the case of ξ = 1/4, the scalar field (2.26) is regular at the coordinate boundary τ = ±π/(2H). So it gives an instanton solution.

D. de Sitter solution with a constant scalar field

Now let us discuss whether the present system also allows a de Sitter solution with a trivial scalar field, namely ϕ = ϕ_c =constant. Equation (2.5) gives an algebraic equation for ϕ_c:

0 =ϕ_c ( n − 1 n Aϕ^{−2/n}_c + 2n − 1 2n Bϕ^{−1/n}_c + C + n 2n − 1 )

(2.30)

for ξ ≠ 1/4 and

0 =ϕ_c ( 3 + 6Ā + 3B̄ + (6B̄ − 1) ln ϕ_c − (ln ϕ_c)^2 )

(2.31)

for ξ = 1/4. The corresponding energy-momentum tensor is given by

T^{(ϕ)}_{μν} = − Λϕ^2_c ( Aϕ^{−2/n}_c + Bϕ^{−1/n}_c + C + n 2(2n − 1) ) g_{μν} (2.32)

for ξ ≠ 1/4 and

T^{(ϕ)}_{μν} = − Λϕ^2_c ( 1 4 + Ā + B̄ ln ϕ_c − 1 6 (ln ϕ_c)^2 ) g_{μν} (2.33)

for ξ = 1/4. Here we focus on the solution with T^{(ϕ)}_{μν} ≡ 0 and p, n ≠ 0 in order to compare with the stealth solution in the subsequent section.

In the case of ξ ≠ 1/4, Eqs. (2.30) and (2.32) admit a solution ϕ_c = 0 in two cases; (i) q ≠ |p| with n > 2 and (ii) q = |p| with n > 1. On the other hand, inside the large brackets of Eqs. (2.30) and (2.32) are quadratic equations for x := ϕ^{−1/n}c , which admit a non-zero solution ϕ_c = (q^2 − p^2)^{−1/2} only if n = −1 and |q| > |p|.

In the case of ξ = 1/4, Eqs. (2.31) and (2.33) admit a solution ϕ_c = 0. They also admit a non-zero solution ln ϕ_c = 3B̄ + 3/2 only if Ā = −3B̄^2/2 + 1/8, but it is discarded because Eq. (2.28) gives a contradiction w^2 = −(3B̄ + 1/2)^2 − 1/2 < 0.

III. CREATION OF THE UNIVERSE

When we discuss creation of the universe by use of an instanton solution, the constraint on the solution becomes much more tight. We will see that the theory with certain values of parameters admits creation of the universe with and without a stealth scalar field. In this section, we discuss which configuration is preferred at the moment of the universe creation by the use of the Hartle and Hawking’s semi-classical instanton approach.

A. Closed universe

First we consider creation of the de Sitter universe in the spatially closed slicing. The de Sitter universe can be quantum mechanically created at τ = 0, where a^′ vanishes and then the spacetime can be analytically continued by the Wick rotation τ = iT . Since the scalar field is also associated to the de Sitter spacetime, ϕ^′ also vanishes at τ = 0. For ξ ≠ 1/4, it is possible only in the case of q = 0. The case of ξ = 1/4 is not possible to discuss the creation of the universe because ϕ^′ does not vanish at τ = 0.

The scalar field and the corresponding potential for ξ ≠ 1/4 are now given by

ϕ =ϕ_0(sin Hτ)^n, (3.1)

V (ϕ) =Λϕ^2 ( Aϕ^{− 2n} + C ) , (3.2)

where

ϕ_0 :=p^n, (3.3) A = p^2n^2 6 , (3.4) C = − n(n + 1)(2n + 3) 6(2n − 1)

. (3.5)

The scalar field for ξ ≠ 1/4 in the de Sitter region is given by

ϕ = (ip sinh HT )^n. (3.6)

In order for the scalar field to be real, n must be a positive even integer. In addition, because ϕ must not be negative if the power exponent in the potential 2/n is non-integer, the creation of the universe is allowed only for n = 2 or n = 4k (k ∈ N), which also satisfies the regularity conditions considered in Sec. II C.

The domain of ϕ for the instanton is given by 0 ≤ ϕ ≤ ϕ_0. The first term in the potential dominates in the region of small ϕ where the potential is positive. Because of V (ϕ_0) = −

Λn(2n + 1)ϕ^2_0

2(2n − 1)

< 0, (3.7)

the potential has a negative domain.

We will compare the creation probabilities of two de Sitter universe with the same value of Λ; one is with a stealth scalar field and the other is with a constant scalar field. We will consider only the case of n = 4k (k ∈ N) because the result in Sec. II D shows that, for n = 2, the theory does not admit a de Sitter solution with the same value of Λ and a constant scalar field.

B. Open universe

The Euclidean de Sitter space (2.7) can be also continued to the de Sitter universe in the spatially open slicing. To see this, we first shift the origin of th Euclidean time as τ = τ̄ − π/(2H), with which the Euclidean de Sitter space (2.7) is written as

ds^2 =dτ̄^2 + b(τ̄ )^2(dχ^2 + sin^2 χdΩ^2), (3.8)

where b(τ̄) = (1/H) sin Hτ̄ and the domain of τ̄ and χ are 0 ≤ τ̄ ≤ π/H and 0 ≤ χ ≤ π, respectively. The stealth solution is given by ϕ = { (−p cos Hτ̄ + q)^n (ξ ≠ 1/4), Ke^{−w cos Hτ̄} (ξ = 1/4). (3.9)

One obtains an open universe by continuing χ such that χ runs from 0 to π/2 in the Euclidean region and then in the imaginary direction in the Lorentzian region. Defining a time coordinate by χ = π/2 + it̄, we obtain the de Sitter metric in the following form:

ds^2 =dτ̄^2 + b(τ̄ )^2(−dt̄^2 + cosh^2 t̄dΩ^2), (3.10)

where the domain of t̄ in this region is 0 < t̄ < ∞ and the scalar field (3.9) is constant in time. Since the universe (3.10) is created at χ = π/2 and hence the boundary condition for ϕ is dϕ/dχ(χ = π/2) = 0, which is trivially satisfied. The scale factor b(τ̄ ) vanishes at τ̄ = 0 and τ̄ = π/H. They are coordinate singularities and the spacetime is analytic there. We emphasize that this spacetime is not the same as the one obtained from the Hawking-Turok instanton [22], which contains a singularity.

The metric (3.10) is singular at the null surface τ̄ = 0 (and also τ̄ = π/H) but it is a coordinate singularity and can be analytically extended beyond there. As shown below, the de Sitter metric in the extended region is written in the spatially open slicing. By the coordinate transformations u = 1 √ 2 τ̄ e^{−t̄}, v = − 1 √ 2 τ̄ e^{t̄}, (3.11)

of which inverse is

t̄ = arctanh ( v + u v − u ) , τ̄ = √ −2uv, (3.12) the metric (3.10) is transformed into

ds^2 = − (vdu + udv)^2 2uv − sin^2(H √ −2uv) H^2 (vdu − udv)^2 4u^2v^2 − sin^2(H √ −2uv) H^2

(v − u)^2 4uv dΩ^2. (3.13)

The domains of u and v are now defined by uv < 0. However, near uv = 0, the metric reduces to Minkowski in the double-null coordinates; ds^2 ≃ − 2dudv + 1 2 (v − u)^2dΩ^2, (3.14)

and hence analytic extension of spacetime into the region with uv > 0 is possible. The metric in the region with uv > 0 is given by replacing sin^2(H √ −2uv) in the metric (3.13) by − sinh^2(H √ 2uv). Finally, by the transformations u = 1 √ 2 T e^{−χ̄}, v = 1 √ 2 T e^{χ̄}, (3.15)

of which inverse is T = √ 2uv, χ̄ = arctanh ( v − u v + u ) , (3.16)

the metric (3.13) with uv > 0 is transformed into

ds^2 = −dT^2 + a(T )^2(dχ̄^2 + sinh^2 χ̄dΩ^2), (3.17) where a(T ) = −(1/H) sinh HT . This is the de Sitter universe in the spatially open slicing and the domain of T is T ≥ 0. The stealth solution in the open universe is given by ϕ = { (−p cosh HT + q)^n (ξ ≠ 1/4), Ke^{−w cosh HT} (ξ = 1/4). (3.18)

The direct transformations from (3.10) to (3.17) are τ̄ = iT and t̄ = iπ/2 + χ̄. The spacetime (3.10) is also analytically extended beyond another null surface τ̄ = π/H to the open universe in the same way. By the transformation τ̂ := τ̄ − π/H, the previous argument can be used for τ̂ = 0 (namely for τ̄ = π/H). The extended spacetime is again the de Sitter universe in the open slicing, but causally disconnected from the previous one. In this open universe, different from (3.18), the stealth scalar field is given by ϕ = { (p cosh HT̂ + q)^n (ξ ≠ 1/4), Ke^{w cosh HT̂} (ξ = 1/4),

(3.19)

where we used the time coordinate T̂ (≥ 0) in order to distinguish this de Sitter region from the other one.

As seen in Eqs. (3.18) and (3.19), in the case of ξ ≠ 1/4, inside the bracket in the expression of ϕ becomes negative at least in one of the two de Sitter regions independent of the sign of p and hence n ∈ N is required. In addition, ϕ must not be negative if the power exponent in the potential is non-integer. This requires n = 1 or n = 2k (k ∈ N), which also satisfies the regularity conditions considered in Sec. II C. We will consider n = 2k + 2 (k ∈ N) for q ≠ |p| and n = 2k (k ∈ N) for q = |p| because the result in Sec. II D shows that the theory admits a de Sitter solution with the same value of Λ and a constant scalar field in these cases.

For ξ = 1/4, in contrast, no additional condition is required. As a consequence, the parameter space for creation of the open universe totally contains the one for creation of the closed universe. In the next subsection, we will discuss which universe is preferred at the moment of creation.

C. Creation probability with a stealth scalar field

We have seen that, for certain values of parameters, the theory with the potential (2.17) admits de Sitter solutions with or without a stealth scalar field.

In order to discuss the creation probability of the de Sitter universe, we evaluate the Euclidean action by use of the semi-classical instanton solution (g^{(I)}_{μν} , ϕ_{(I)}), which has been discussed in the previous section:

S_E =S_{g(E)} + S_{ϕ(E)}, (3.20) where

S_{g(E)} = − 1 2 ∫ d^4x √ g^{(I)} ( R(g^{(I)}_{μν} ) − 2Λ ) , (3.21)

S_{ϕ(E)} = ∫ d^4x √ g^{(I)} [ 1 2 ( dϕ_{(I)} dτ )_2

+ 1 2 ξϕ^2_{(I)}R(g^{(I)}_{μν} ) + V (ϕ_{(I)}) ] , (3.22)

where d^4x = dτd^3x. In the Hartle-Hawking proposal, the tunneling probability is proportional to exp(−S_E) [19]. The probability for the solution with ϕ ≡ 0 is simply given by exp(−S_{g(E)})(= exp(24π^2/Λ)). Therefore, the universe with the stealth scalar field is preferred if S_{ϕ(E)}(ϕ_{stealth}) < 0.

First we compute the value of the Euclidean action for ξ ≠ 1/4 using the coordinates (3.8). The following result is valid both for the closed universe and the open universe creations.

We compute

S_{ϕ(E)} =2π^2 ∫_{π/H} 0 dτ̄ b^3 [ 1 2 ( dϕ_{stealth} dτ )_2

+ 2ξΛϕ^2_{stealth} + Λϕ^2_{stealth} ( Aϕ^{(1−4ξ)/ξ} stealth + Bϕ (1−4ξ)/2ξ stealth + C )]

= 6nπ^2[(q + p)^{2n+1} − (q − p)^{2n+1}] (2n + 1)(2n − 1)pΛ

=: S^{[ξ≠1/4]}

ϕ(E) . (3.23)

We are interested in the case where n is a positive integer and then S^{[ξ≠1/4]}_{ϕ(E)} can be written as

S^{[ξ≠1/4]} ϕ(E) = 6nπ^2 (2n + 1)(2n − 1) p^{2n} Λ [( 1 + q p )_{2n+1} + ( 1 − q p )_{2n+1}] (3.24) = 3^{2n} × 6π^2(2n − 1)^{2n−1} 2^{2n}(2n + 1)(n + 1)^{2n}n^{4n−1} B^{2n} Λ ( 1 + η η )_n[( 1 ± √ η 1 + η

)_{2n+1} + ( 1 ∓ √ η 1 + η

)_{2n+1}] , (3.25)

where η is defined by

η :=

3(2n − 1)^2 8n^2(n + 1)^2

B^2 A (3.26) such that

q^2 p^2 = η 1 + η

. (3.27) η < −1 or η > 0 are required and the upper (lower) signs in front of the square root in Eq. (3.25) corresponds to q/p > (<)0. In the case of the closed universe creation, we have q = 0 and n = 4k(k ∈ N). In the case of the open universe creation with ξ ≠ 1/4, we have two cases; n = 2k + 2 for q ≠ |p| and n = 2k for q = |p|. Actually S^{[ξ≠1/4]}_{ϕ(E)} is positive definite. To show this, we use S^{[ξ≠1/4]} ϕ(E) S_{ϕ(E)}|_{q=0} = 1 2 [( 1 + q p )_{2n+1} + ( 1 − q p )_{2n+1}] , (3.28)

where S_{ϕ(E)}|_{q=0} is the value of S^{[ξ≠1/4]}_{ϕ(E)} with q = 0:

S_{ϕ(E)}|_{q=0} :=

3^n × 12π^2n (2n − 1)(2n + 1)(n^2/2)^n A^n Λ (> 0). (3.29)

Since the right-hand side of Eq. (3.28) is an even function and greater than 1 for q ≠ 0, S^{[ξ≠1/4]}_{ϕ(E)} ≥ S_{ϕ(E)}|_{q=0} > 0

is satisfied. Namely, S^{[ξ≠1/4]}_{ϕ(E)} is positive and bounded from below by S_{ϕ(E)}|_{q=0}. Therefore, the creation of the universe with the stealth scalar field is not preferred.

However, the creation rate of the de Sitter universe with a stealth scalar field can be almost the same as that without it. In order to show how plausible such a creation is, we shall evaluate S^{[ξ≠1/4]}_{ϕ(E)} . Since we discuss creation of the universe, we expect the cosmological constant Λ ≃ O(1) and the coefficients in the potential A, B, C ≃ O(1) in the Planck unit. Actually, the value of exp(−S^{[ξ≠1/4]}_{ϕ(E)} ) is very sensitive to the parameters and can be close both to 0 and 1 even with such parameters.

Lastly we compute S_{g(E)} for ξ = 1/4, which is used only for the open universe creation. We obtain

S_{ϕ(E)} =2π^2 ∫ dτ̄ b^3 [ 1 2 ( dϕ_{stealth} dτ )_2 + 2Λξϕ^2_{stealth} + Λϕ^2_{stealth} ( Ā + B̄ ln ϕ_{stealth} − 1 6 (ln ϕ_{stealth})^2 )]

= 3π^2e^{6Ā−w2} Λ [ 2{w^2 − (6Ā − 1)}^2 + 1 2w^2 ( cosh(2w) − sinh(2w) 2w ) + sinh(2w) w ] =: S^{[ξ=1/4]}

ϕ(E) . (3.30)

It is easy to show S^{[ξ=1/4]}_{ϕ(E)} > 0 and hence the creation of the de Sitter universe with a stealth scalar field is not preferred also in this case. However, again the creation rate of the open universe with a stealth scalar field sharply depends on the parameters and exp(−S_{ϕ(E)}|_{ξ=1/4}) can be close both to 0 and 1 with Ā, B̄ ≃ O(1).

IV. SUMMARY

In this paper, we have studied the contribution of a stealth scalar field to the creation probability of the de Sitter universe. With a certain form of the potential, we have constructed an exact stealth solution in the Hawking-Moss de Sitter instanton space. An analytic continuation of the instanton with a stealth scalar field to the de Sitter universe is allowed for a discrete value of the coupling constant. While such a continuation is possible to the de Sitter universe both in the spatially closed and open slicing for ξ ≠ 1/4, it is allowed only to the spatially open universe for ξ = 1/4.

Adopting the Hartle-Hawking proposal, we have shown that the creation probability with a stealth scalar field is always less than that with a trivial scalar field. However, the creation of the de Sitter universe with a stealth scalar field is quite sensitive to the parameters and can be almost the same as that of the universe in vacuum. Actually, the creation probability with a stealth scalar field can be larger if we adopt the Linde-Vilenkin proposal.

Nevertheless, the effect of the stealth field is significant both in the frameworks of Hartle-Hawking and Linde- Vilenkin proposals if |S_{ϕ(E)}/S_{g(E)}| ≪ 1 is satisfied.

In the present paper, we have considered only the Hawking-Moss de Sitter instanton. However, one may expect that there exist other types of instantons. Examples are the Halliwell-Laflamme instanton for a conformally coupled scalar field (ξ = 1/6) without potential [20] and the Coleman-De Luccia instanton or Hawking-Turok instanton [21, 22] for a minimally coupled scalar field. If it is the case, we have to take into account such instantons as well, although we suspect that the highly symmetric de Sitter instanton is most preferable. We shall leave it as a future problem.

Acknowledgements

HM thanks Julio Oliva for pointing out the reference [11]. HM would like to thank DAMTP, University of Cambridge, for its hospitality while part of this work was carried out. KM would like to acknowledge CECs for hospitality at his visit, where this work was started. This work has been funded by the Fondecyt grants 1100328, 1100755 (HM) and by the Conicyt grant ”Southern Theoretical Physics Laboratory” ACT-91. This work was also partly supported by the JSPS Grant-in-Aid for Scientific Research (A) 22244030 and (C) 22540291. The Centro de Estudios Científicos (CECs) is funded by the Chilean Government through the Centers of Excellence

Base Financing Program of Conicyt.

[1] E. Hubble, Proceedings of the National Academy of Sciences of the United States of America, 15, Issue 3, 168 (1929).

[2] S.W. Hawking and G.F.R. Ellis, The Large Scale Structure of Space-Time, (Cambridge: Cambridge University Press, 1973).

[3] A. Borde, A.H. Guth, and A. Vilenkin, Phys. Rev. Lett.

90, 151301 (2003).

[4] J.F. Barbero G. and E.J.S. Villaseñor, Living Rev. Rel.

13, 6 (2010).

[5] A. Vilenkin, Phys. Lett. B117, 25 (1982). [6] A. Vilenkin, Phys. Rev. D 27, 2848 (1983); A. Vilenkin, Phys. Rev. D 30, 509 (1984); A. Vilenkin, Phys. Rev. D 33, 3560 (1986); A. Vilenkin, Phys. Rev. D 37, 888 (1988).

[7] This possibility was first pointed out by Linde, using a path integral approach with the opposite Wick rotation. A.D. Linde, Lett. Nuovo Cim. 39, 401 (1984); A.D. Linde, Sov. Phys. JETP 60, 211 (1984) [Zh. Eksp. Teor. Fiz. 87, 369 (1984)].

[8] J.B. Hartle and S.W. Hawking, Phys. Rev. D 28, 2960 (1983).

[9] J.B. Hartle, S.W. Hawking, T. Hertog, Phys. Rev.

Lett. 100, 201301 (2008); J.B. Hartle, S.W. Hawking, T. Hertog, Phys. Rev. D 77, 123537 (2008); J. Hartle, S.W. Hawking, T. Hertog, Phys. Rev. D 82, 063510 (2010).

[10] S.W. Hawking and I.G. Moss, Phys. Lett. B110, 35 (1982).

[11] V. de Alfaro, S. Fubini, and G. Furlan, Phys. Lett. B65, 163 (1976).

[12] E. Ayón-Beato, A. García, A. Macías, and J.M. Pérez- Sánchez Phys. Lett. B495, 164 (2000); M. Henneaux, C. Martínez, R. Troncoso, and J. Zanelli, Phys. Rev. D 65, 104007 (2002); J. Gegenberg, C. Martínez, and R. Troncoso, Phys. Rev. D 67, 084007 (2003); E. Ayón-

Beato, C. Martinez, J. Zanelli, Gen. Rel. Grav. 38, 145 (2006).

[13] E. Ayón-Beato, C. Martínez, R. Troncoso, and J. Zanelli, Phys. Rev. D 71, 104037 (2005).

[14] N. Banerjee, R.K. Jain, and D.P. Jatkar, Gen. Rel. Grav.

40, 93 (2008).

[15] C. Martínez, J.P. Staforelli, and R. Troncoso, Phys. Rev.

D 74, 044028 (2006).

[16] R. Cordero and A. Vilenkin, Phys. Rev. D 65, 083519 (2002); L.M. Sokolowski, Acta Phys. Polon. B 35, 587 (2004); D.A. Demir and B. Pulice, Phys. Lett. B638, 1 (2006). M. Hassaine, J. Phys. A 39, 8675 (2006); V. Faraoni and A.F. Zambrano Moreno, Phys. Rev. D 81, 124050 (2010).

[17] S. de Haro, I. Papadimitriou, and A.C. Petkou, Phys.

Rev. Lett. 98, 231601 (2007).

[18] R.M. Wald, General Relativity, (University of Chicago Press, 1984).

[19] In the discussion about quantum creation of the universe, there are two approaches as mentioned in Introduction; one is creation from nothing proposed by Vilenkin [5, 6] and the other is no-boundary boundary condition proposed by Hartle and Hawking [8, 9]. The former case gives the creation probability by e^{−|SE |/ℏ} [7], while the latter case gives e^{−SE /ℏ}. Depending on which proposal we adopt, the value of the creation probability changes significantly. In the present paper, we adopt the Hartle- Hawking proposal.

[20] J.J. Halliwell and R. Laflamme, Class. Quant. Grav. 6, 1839 (1989).

[21] S.R. Coleman and F. De Luccia, Phys. Rev. D 21, 3305 (1980).

[22] S.W. Hawking and N. Turok, Phys. Lett. B425, 25 (1998).