arXiv:1208.5822v1 [math.FA] 29 Aug 2012

An operator-theoretical treatment of the Maskawa-Nakajima equation in the massless abelian gluon model

Shuji Watanabe Division of Mathematical Sciences Graduate School of Engineering, Gunma University 4-2 Aramaki-machi, Maebashi 371-8510, Japan Email: shuwatanabe@gunma-u.ac.jp

Abstract The Maskawa-Nakajima equation has attracted considerable interest in elementary particle physics. From the viewpoint of operator theory, we study the Maskawa- Nakajima equation in the massless abelian gluon model. On the basis of the Schauder fixed-point theorem, we first show that there is a nonzero solution to the Maskawa- Nakajima equation when the parameter λ satisfies λ > 2. Moreover, we show that the solution is infinitely differentiable and strictly decreasing. We thus conclude that the massless abelian gluon model exhibits the spontaneous chiral symmetry breaking when λ > 2. On the basis of the Banach fixed-point theorem, we next show that there is a unique solution 0 to the Maskawa-Nakajima equation when 0 < λ < 1, from which we conclude that the model realizes the chiral symmetry when 0 < λ < 1.

Mathematics Subject Classification 2010. 45P05, 47H10, 81T13.

Keywords. Fixed-point theorem, nonlinear integral equation, spontaneous chiral symmetry breaking, Maskawa-Nakajima equation, massless abelian gluon model.

1 Introduction and preliminaries

The Maskawa-Nakajima equation has attracted considerable interest in elementary particle physics. The equation is applied to many models such as a massive abelian gluon model [10, 11, 9], a massless abelian gluon model [5], a QCD(quantum chromodynamics)-like model [8], a technicolor model [17] and a top quark condensation model [12].

The Maskawa-Nakajima equation in the massless abelian gluon model is the following nonlinear integral equation [10, 11, 5, 9] :

(1.1) u(x) = λ 2 ∫_Λ ε 1 y + x + |y − x| y u(y) y + u(y)^2 dy, ε ≤ x ≤ Λ, where the infrared cutoff ε > 0 is small enough, while the ultraviolet cutoff Λ > 0 is large

enough. Here, λ =

3a^2 4π^2

> 0 is a parameter with a > 0 called the gauge coupling constant. The adopted gauge group of the massless abelian gluon model is U(1), an abelian group, and the model describes the gauge interactions among quarks and massless gluons.

The solution u to the Maskawa-Nakajima equation (1.1) is the mass function of the quark, and it is known that the quark mass breaks the symmetry called the chiral symmetry of the model. So, if there is a nonzero solution to the Maskawa-Nakajima equation (1.1), then the massless abelian gluon model is said to exhibit the spontaneous chiral symmetry breaking; if there is a unique solution 0 to the Maskawa-Nakajima equation (1.1), then the massless abelian gluon model is said to realize the chiral symmetry. The reason why Professor Maskawa reconsider the spontaneous chiral symmetry breaking in a renormalizable model of strong interaction and so on is mentioned in his Nobel lecture.

The present author thinks that the Maskawa-Nakajima equation plays a role similar to that of the BCS gap equation in the BCS model [1, 3] for superconductivity. If there is a nonzero solution to the BCS gap equation, then the BCS model exhibits the spontaneous breaking of the U(1) symmetry; if there is a unique solution 0 to the BCS gap equation, then the BCS model realizes the U(1) symmetry. The existence and uniqueness of the solution to the BCS gap equation as well as its properties are studied in [13, 2, 14, 4, 6, 7, 15, 16].

Let w ∈ C[ε, Λ] be

(1.2) w(x) = 4ε λ √ ε Λx , ε ≤ x ≤ Λ. We consider the following subset of the Banach space C[ε, Λ]:

(1.3) V = { u ∈ C[ε, Λ] : w(x) ≤ u(x) ≤ λ 4 √ Λ at all x ∈ [ε, Λ] } . For u ∈ V , we define a nonlinear integral operator A by

(1.4) Au(x) = λ 2 ∫_Λ ε 1 y + x + |y − x| y u(y) y + u(y)^2 dy, ε ≤ x ≤ Λ. Then Au(x) is well-defined at every x ∈ [ε, Λ]. Note that Au(x) coincides with the right side of (1.1). So we look for a fixed point of the nonlinear integral operator A. Note also that Au(x) is rewritten as

(1.5) Au(x) = λ 4 { 1 x ∫_x ε y u(y) y + u(y)^2 dy + ∫_Λ x u(y) y + u(y)^2 dy } , ε ≤ x ≤ Λ. Assume that the function u is a fixed point of the operator A and that u is smooth on [ε, Λ]. Then, by (1.5),

(1.6) x^2u^{′′}(x) + 2xu^′(x) + λ 4 xu(x) x + u(x)^2 = 0, ε ≤ x ≤ Λ. Assume also that u(x) > 0 is small enough at x large enough. It then follows from (1.6) that at x large enough,

(1.7) x^2u^{′′}(x) + 2xu^′(x) + λ 4 u(x) = 0. See Kugo and Nakajima [9]. Studying the solution to the ordinary differential equation (1.7) leads to the conclusions that the massless abelian gluon model exhibits the spontaneous chiral symmetry breaking for λ > 1 and that the model realizes the chiral symmetry for 0 < λ < 1 (see [5, 9]). Note that (1.7) is obtained under the assumption that u(x) > 0 is small enough at x large enough. But one does not know whether or not u(x) > 0 is small enough at x large enough. It may happen that u(x) is very large at x large enough. So we address this problem from the viewpoint of operator theory without the assumption that u(x) > 0 is small enough at x large enough.

On the other hand, replacing u(x) of (1.1) by u(x) = ψ(x) √ x + ε and letting Λ tend to

infinity change (1.1) into

(1.8) ψ(x) = λ 2 √ x + ε ∫_∞ ε 1 y + x + |y − x| y √ y + ε ψ(y) y + ψ(y)^2 y + ε dy, ε ≤ x < ∞.

Remark 1.1. Because of our mathematical interest, we let Λ → ∞ in (1.8), and so we consider the Banach space B^0[ε, ∞) in (1.9) below. We can similarly deal with the case where Λ remains finite. See Remark 2.4 below.

We consider the Banach space B^0[ε, ∞) consisting of all the bounded and continuous functions on [ε, ∞), and deal with the following subset:

(1.9) W = { ψ ∈ B^0[ε, ∞) : ψ(x) ≥ 0 at all x ∈ [ε, ∞) } . For ψ ∈ W , we define another nonlinear integral operator B by

(1.10) Bψ(x) = λ 2 √ x + ε ∫_∞ ε 1 y + x + |y − x| y √ y + ε ψ(y) y + ψ(y)^2 y + ε dy, ε ≤ x < ∞.

Then Bψ(x) is well-defined at every x ∈ [ε, ∞). Note that Bψ(x) coincides with the right side of (1.8). So we again look for a fixed point of the nonlinear integral operator B.

The paper proceeds as follows. In section 2 we state our main results without proof. In sections 3 and 4 we prove our main results.

2 Main results

We first deal with the case where λ > 2. For λ > 2, let ε and Λ satisfy

(2.1) ε Λ ≤ min 1 16 , ( √ λ^2 + 128(λ − 2) − λ 64 )_2 .

Remark 2.1. As mentioned above, ε > 0 is small enough, while Λ > 0 is large enough. So (2.1) is clearly fulfilled for λ > 2.

Theorem 2.2. Assume λ > 2. Let ε and Λ satisfy (2.1). Let A be as in (1.4). (a) The nonlinear integral operator A : V → V has at least one fixed point u_0 ∈ V . Consequently, u_0 is continuous on [ε, Λ] and (0 <) w(x) ≤ u_0(x) ≤ λ √ Λ/4 at all x ∈ [ε, Λ]. Hence the massless abelian gluon model exhibits the spontaneous chiral symmetry breaking. Moreover, each fixed point u_0 ∈ V is strictly decreasing on [ε, Λ], and satisfies

u_0 ∈ C^∞[ε, Λ], u^′_0(ε) = 0.

(b) Let u_0 ∈ V be a fixed point of the nonlinear integral operator A : V → V above. If u_0(x) ≤ √ x at all x ∈ [ε, Λ], then A : V → V has a unique fixed point u_0 ∈ V .

We then deal with the case where 0 < λ < 1.

Theorem 2.3. Assume 0 < λ < 1. Let B be as in (1.10). Then the nonlinear integral operator B : W → W has a unique fixed point 0 ∈ W . Consequently, the massless abelian gluon model realizes the chiral symmetry.

Remark 2.4. Because of our mathematical interest, we let Λ → ∞ in (1.8) and we consider the Banach space B^0[ε, ∞) in (1.9), as mentioned in Remark 1.1. Indeed, when 0 < λ < 1, we can similarly deal with the case where Λ remains finite. In this case, we define the operator B on the set

W_1 = {ψ ∈ C[ε, Λ] : ψ(x) ≥ 0 at all x ∈ [ε, Λ]}

instead of the set W (see (1.9)). We can similarly show that the nonlinear integral operator B : W_1 → W_1 has a unique fixed point 0 ∈ W_1, and hence we conclude that the massless abelian gluon model realizes the chiral symmetry when 0 < λ < 1.

3 Proof of Theorem 2.2

In this section we prove Theorem 2.2 in a sequence of lemmas.

We fix y ∈ [ε, Λ] and study some properties of the function g : [0, ∞) → [0, ∞) given by g(X) = X y + X^2 , X ≥ 0. Here, X corresponds to u(y) of (1.3) and g(X) to u(y) y + u(y)^2 of (1.4). So X satisfies w(y) ≤ X ≤ λ √ Λ/4 at each fixed y ∈ [ε, Λ].

Note that (2.1) implies w(ε) = 4ε λ √ Λ < √ ε. We first suppose 2 < λ < 4. Since λ^2Λ/16 < Λ, then (2.1) implies that at each fixed y ∈ [ε, λ^2Λ/16], w(y) ≤ 4y λ √ Λ ≤ √ y ≤ λ 4 √ Λ and that at each fixed y ∈ [λ^2Λ/16, Λ], w(y) ≤ λ 4 √ Λ ( ≤ √ y ≤ 4y λ √ Λ ) . A straightforward calculation gives the following tables: For each fixed y ∈ [ε, λ^2Λ/16],

X w(y)^{4y}_λ^√_Λ √ y^λ_4 √ Λ g^′(X) + + 0 − g(X) ↗ λ 4 √ Λ y +^{λ2Λ}_{16}

↗^1_2√_y ↘ λ 4 √ Λ y +^{λ2Λ}_{16} and for each fixed y ∈ [λ^2Λ/16, Λ],

X w(y)^λ_4 √ Λ √ y^{4y}_λ^√_Λ g^′(X) + + 0 − g(X) ↗ λ 4 √ Λ y +^{λ2Λ}_{16}

↗^1_2√_y ↘ λ 4 √ Λ y +^{λ2Λ}_{16}

Note that g ( 4y λ √ Λ ) = g ( λ 4 √ Λ ) and that X does not satify X >^λ_4 √ Λ. The symbol

↗ (resp. ↘) shows that the function g is strictly increasing (resp. strictly decreasing) on each interval.

We next suppose λ ≥ 4. Then (2.1) implies that at each fixed y ∈ [ε, Λ], w(y) ≤ 4y λ √ Λ ≤ √ y ≤ λ 4 √ Λ. A straightforward calculation gives the following table: For each fixed y ∈ [ε, Λ],

X w(y)^{4y}_λ^√_Λ √ y^λ_4 √ Λ g^′(X) + + 0 − g(X) ↗ λ 4 √ Λ y +^{λ2Λ}_{16}

↗^1_2√_y ↘ λ 4 √ Λ y +^{λ2Λ}_{16}

Note again that g ( 4y λ √ Λ ) = g ( λ 4 √ Λ ) . On the basis of these observations above, we now study some properties of the operator A given by (1.4).

Lemma 3.1. Assume λ > 2 and assume (2.1) holds. Let w be as in (1.2) and (1.3). Then Aw(x) > w(x) at all x ∈ [ε, Λ].

Proof. Since y^2 +^{16ε3}_{λ2Λ} < ( 1 +^{16ε}_Λ ) y^2 and √_ε x + √_x Λ ≤ 1 + √_ε Λ , it follows from (1.5) that Aw(x) = w(x) λ 4 { 1 √ x ∫_x ε y^{3/2} y^2 +^{16ε3}_{λ2Λ} dy + √ x ∫_Λ x y^{1/2} y^2 +^{16ε3}_{λ2Λ} dy }

> w(x) λ 1 +^{16ε}_Λ { 1 − 1 2 (√ ε x + √ x Λ )}

≥ w(x) λ ( 1 − √_ε Λ ) 2 ( 1 +^{16ε}_Λ ) .

The inequality λ ( 1 − √_ε Λ ) 2 ( 1 +^{16ε}_Λ

) ≥ 1 follows from (2.1).

Lemma 3.2. Assume λ > 2 and assume (2.1) holds. Let w be as in (1.2) and (1.3), and

let u ∈ V . Then u(x) x + u(x)^2 ≥ w(x) x + w(x)^2

, and hence Au(x) ≥ Aw(x) at all x ∈ [ε, Λ].

Proof. Let u ∈ V . Then w(y) ≤ u(y) ≤^λ_4 √ Λ at all y ∈ [ε, Λ] by the definition (1.3).

The tables above therefore implies at each fixed y ∈ [ε, Λ], u(y) y + u(y)^2 ≥ w(y) y + w(y)^2 . Hence, at all x ∈ [ε, Λ], Au(x) ≥ λ 2 ∫_Λ ε 1 y + x + |y − x| y w(y) y + w(y)^2 dy = Aw(x).

The two lemmas just above are our key lemmas in this section.

Lemma 3.3. Assume λ > 2 and assume (2.1) holds. If u ∈ V , then Au(x) ≤ λ 4 √ Λ at all x ∈ [ε, Λ].

Proof. By (1.5), Au(x) ≤ λ 8 { 1 x ∫_x ε √ y dy + ∫_Λ x 1 √ y dy } < λ 4 √ Λ. Lemma 3.4. Assume λ > 2 and assume (2.1) holds. If u ∈ V , then Au ∈ C[ε, Λ].

Proof. Let ε ≤ x_0 ≤ Λ. Then |Au(x) − Au(x_0)| ≤ λ 2 ∫_Λ ε | | | 1 y + x + |y − x| − 1 y + x_0 + |y − x_0| | | | √ y 2 dy.

The function (x, y) → 1 y + x + |y − x| is uniformly continuous on [ε, Λ]^2. Hence, for an arbitrary ε_1 > 0, there is a δ > 0 satifying | | 1 y + x + |y − x| − 1 y + x_0 + |y − x_0| | | < ε_1 , |x − x_0| < δ. Note that δ depends neither on x, nor on x_0, nor on y, nor on u. Therefore, |Au(x) − Au(x_0)| < λΛ^{3/2} 6 ε_1 , |x − x_0| < δ.

These four lemmas imply that the set AV = {Au : u ∈ V } is a subset of V .

Lemma 3.5. Assume λ > 2 and assume (2.1) holds. Then AV ⊂ V .

Lemma 3.6. Assume λ > 2 and assume (2.1) holds. Then the set AV is relatively compact.

Proof. By Lemma 3.3, the set AV is uniformly bounded. As mentioned in the proof of Lemma 3.4, the δ does not depend on u ∈ V . Hence the set AV is equicontinuous. The result thus follows from the Ascoli–Arzelà theorem.

Lemma 3.7. Assume λ > 2 and assume (2.1) holds. Then the operator A : V → V is continuous.

Proof. Let u, v ∈ V . Then, at every x ∈ [ε, Λ], |Au(x) − Av(x)| ≤ λ 2 ‖u − v‖_{C[ε, Λ]} ∫_Λ ε 1 y + x + |y − x| dy . Here, ‖·‖_{C[ε, Λ]} denotes the norm of the Banach space C[ε, Λ]. Since ∫_Λ ε 1 y + x + |y − x| dy ≤ 1 2 ( 1 + ln Λ ε ) ,

it follows ‖Au − Av‖_{C[ε, Λ]} ≤ λ 4 ( 1 + ln Λ ε ) ‖u − v‖_{C[ε, Λ]}. The set V is clearly bounded, closed and convex. The Schauder fixed-point theorem (see e.g. Zeidler [18, p. 61]) thus implies the following.

Lemma 3.8. Assume λ > 2 and assume (2.1) holds. The operator A : V → V has at least one fixed point u_0 ∈ V . Consequently, u_0 ≠ 0, and hence the massless abelian gluon model exhibits the spontaneous chiral symmetry breaking.

Lemma 3.9. Assume λ > 2 and assume (2.1) holds. Let u_0 ∈ V be a fixed point of the operator A : V → V given by Lemma 3.8. Then u_0 ∈ C^∞[ε, Λ], u^′_0(ε) = 0 and u_0 is strictly decreasing on [ε, Λ].

Proof. Each fixed point u_0 ∈ V satisies (1.1), i.e.,

u_0(x) = λ 2 ∫_Λ ε 1 y + x + |y − x| y u_0(y) y + u_0(y)^2 dy = λ 4 { 1 x ∫_x ε y u_0(y) y + u_0(y)^2 dy + ∫_Λ x u_0(y) y + u_0(y)^2 dy } , ε ≤ x ≤ Λ. Note that u_0 ∈ V is continuous and u_0(x) > 0 at each x ∈ [ε, Λ]. We then regard the integrals above as the Riemann integrals. Then u_0 is differentiable on [ε, Λ]:

u^′_0(x) = − λ 4x^2 ∫_x ε y u_0(y) y + u_0(y)^2 dy ≤ 0 , ε ≤ x ≤ Λ. Note that the equality u^′_0(x) = 0 holds at x = ε only. We thus see that u^′_0(ε) = 0, that u_0 is strictly decreasing on [ε, Λ], and that u_0 is infinitely differentiable on [ε, Λ].

Lemma 3.10. Assume λ > 2 and assume (2.1) holds. Let u_0 ∈ V be a fixed point of the operator A : V → V given by Lemma 3.8. If u_0(x) ≤ √ x at all x ∈ [ε, Λ], then A : V → V has a unique fixed point u_0 ∈ V .

Proof. Let v_0 ∈ V be another fixed point of A : V → V . Then there are a number t (0 < t < 1) and a point x_0 ∈ [ε, Λ] such that

(3.1) u_0(x) ≥ t v_0(x) (x ∈ [ε, Λ]) and u_0(x_0) = t v_0(x_0).

Note that t v_0(x) ≤ u_0(x) ≤ √ x at each fixed x ∈ [ε, Λ]. The three tables above in this section therefore imply

u_0(x_0) = λ 2 ∫_Λ ε 1 y + x_0 + |y − x_0| y u_0(y) y + u_0(y)^2 dy ≥ λ 2 ∫_Λ ε 1 y + x_0 + |y − x_0| y t v_0(y) y + t^2 v_0(y)^2 dy . Hence, λ 2 ∫_Λ ε 1 y + x_0 + |y − x_0| y t v_0(y) y + t^2 v_0(y)^2 dy > t λ 2 ∫_Λ ε 1 y + x_0 + |y − x_0| y v_0(y) y + v_0(y)^2 dy = t v_0(x_0),

which contradicts u_0(x_0) = t v_0(x_0) (see (3.1)).

Our proof of Theorem 2.2 is now complete.

4 Proof of Theorem 2.3

In this section we prove Theorem 2.3 in a sequence of lemmas.

An immediate consequence of the definition of the nonlinear integral operator B is the following.

Lemma 4.1. Assume 0 < λ < 1. Let W be as in (1.9). If ψ ∈ W , then Bψ(x) ≥ 0 at all x ∈ [ε, ∞). Lemma 4.2. Assume 0 < λ < 1. If ψ ∈ W , then Bψ ∈ C[ε, ∞). Proof. Let x_0 ∈ [ε, ∞) and let x ∈ [ε, 2x_0]. Then, for ψ ∈ W , |Bψ(x) − Bψ(x_0)| ≤ λ 2 ∫_∞ ε | | | √ x + ε y + x + |y − x| − √ x_0 + ε y + x_0 + |y − x_0| | | | ψ(y) √ y + ε dy = I_1 + I_2 ,

where

I_1 = λ 2 ∫_R ε | | | √ x + ε y + x + |y − x| − √ x_0 + ε y + x_0 + |y − x_0| | | | ψ(y) √ y + ε dy ,

I_2 = λ 2 ∫_∞ R | | √ x + ε y + x + |y − x| − √ x_0 + ε y + x_0 + |y − x_0| | | ψ(y) √ y + ε dy . Let ‖·‖_B0_{[ε, ∞)} denote the norm of the Banach space B^0[ε, ∞). A straightforward calculation then gives for an arbitrary ε_1 > 0, I_2 ≤ λ ‖ψ‖_B0_{[ε, ∞)} ∫_∞ R √ 2x_0 + ε y + ε 1 √ y + ε dy < 2λ ‖ψ‖_B0_{[ε, ∞)} √ 2x_0 + ε R < ε_1 2 .

Here, R > ( 4λ ‖ψ‖_B0_{[ε, ∞)} √ 2x_0 + ε ε_1

)_2

. We choose an R satifying this inequality and fix

it. Let us denote it by R_0.

On the other hand, the function (x, y) → √ x + ε y + x + |y − x| is uniformly continuous on [ε, 2x_0] × [ε, R_0], and hence there is a δ such that | | | √ x + ε y + x + |y − x| − √ x_0 + ε y + x_0 + |y − x_0| | | | < ε_1 2λ ‖ψ‖_B0_{[ε, ∞)} √ R_0 , |x − x_0| < δ. Therefore, I_1 < ε_1/2. Thus |Bψ(x) − Bψ(x_0)| < ε_1 , |x − x_0| < δ.

Lemma 4.3. Assume 0 < λ < 1. Let ψ ∈ W . Then ‖Bψ‖_B0_{[ε, ∞)} ≤ λ ‖ψ‖_B0_{[ε, ∞)}. Consequently, Bψ is bounded.

Proof. Bψ(x) ≤ λ 2 ‖ψ‖_B0_{[ε, ∞)} √ x + ε ∫_∞ ε dy (y + x + |y − x|) √ y + ε . Here, a straightforward calculation gives ∫_∞ ε dy (y + x + |y − x|) √ y + ε ≤ 1 √ x + ε + √ ε + 1 √ ε ln (√ 1 + ε x + √ ε x ) . Since

(4.1) √ x + ε { 1 √ x + ε + √ ε + 1 √ ε ln (√ 1 + ε x + √ ε x )} ≤ 2 (x ≥ ε), the result thus follows.

The three lemmas just above in this section imply the following.

Lemma 4.4. Assume 0 < λ < 1. If ψ ∈ W , then Bψ ∈ W .

We now show that the nonlinear integral operator B : W → W is contractive. The following lemma is our key lemma in this section.

Lemma 4.5. Assume 0 < λ < 1. Let ψ, φ ∈ W . Then ‖Bψ − Bφ‖_B0_{[ε, ∞)} ≤ λ ‖ψ − φ‖_B0_{[ε, ∞)} . Consequently, B : W → W is contractive.

Proof. Let X, Y ≥ 0. A straightforward calculation gives | | y X y + X^2 − y Y y + Y^2 | | = y |X − Y | |y − XY | ( y + X^2 )( y + Y^2 ) ≤ y |X − Y | y + 2XY y^2 + y( X^2 + Y^2 ) ≤ |X − Y | .

Replacing X by ψ(y)/ √ y + ε and Y by φ(y)/ √ y + ε yields |Bψ(x) − Bφ(x)| ≤ λ 2 √ x + ε ∫_∞ ε 1 y + x + |y − x| | | ψ(y) √ y + ε − φ(y) √ y + ε | | dy ≤ λ 2 ‖ψ − φ‖_B0_{[ε, ∞)} √ x + ε ∫_∞ ε dy (y + x + |y − x|) √ y + ε ≤ λ ‖ψ − φ‖_B0_{[ε, ∞)} by (4.1), from which the result follows.

The Banach fixed-point theorem (see e.g. Zeidler [18, p. 19]) thus implies the following.

Lemma 4.6. Assume 0 < λ < 1. Then the nonlinear integral operator B : W → W has a unique fixed point ψ_0 ∈ W .

Clearly, the element 0 ∈ W is a fixed point of the operator B : W → W (see (1.10)). Moreover, the operator B : W → W has a unique fixed point ψ_0 ∈ W by the lemma just above. Therefore, the fixed point ψ_0 ∈ W is nothing but the element 0 ∈ W . We thus have the following.

Lemma 4.7. Assume 0 < λ < 1. Then the nonlinear integral operator B : W → W has a unique fixed point 0 ∈ W . Consequently, the massless abelian gluon model realizes the chiral symmetry.

Our proof of Theorem 2.3 is now complete. Acknowledgments

S. Watanabe is supported in part by the JSPS Grant-in-Aid for Scientific Research (C) 24540112.

References

[1] J. Bardeen, L. N. Cooper and J. R. Schrieffer, Theory of superconductivity, Phys.

Rev. 108 (1957), 1175–1204.

[2] P. Billard and G. Fano, An existence proof for the gap equation in the superconductivity theory, Comm. Math. Phys. 10 (1968), 274–279.

[3] N. N. Bogoliubov, A new method in the theory of superconductivity I, Soviet Phys.

JETP 34 (1958), 41–46.

[4] R. L. Frank, C. Hainzl, S. Naboko and R. Seiringer, The critical temperature for the BCS equation at weak coupling, J. Geom. Anal. 17 (2007), 559–568.

[5] R. Fukuda and T. Kugo, Schwinger-Dyson equation for massless vector theory and the absence of a fermion pole, Nucl. Phys. B 117 (1976), 250–264.

[6] C. Hainzl, E. Hamza, R. Seiringer and J. P. Solovej, The BCS functional for general pair interactions, Comm. Math. Phys. 281 (2008), 349–367.

[7] C. Hainzl and R. Seiringer, Critical temperature and energy gap for the BCS equation, Phys. Rev. B 77 (2008), 184517.

[8] K. Higashijima, Dynamical chiral-symmetry breaking, Phys. Rev. D 29 (1984), 1228– 1232.

[9] T. Kugo and H. Nakajima, Schwinger-Dyson and Bethe-Salpeter approach to strong interaction dynamics and chiral symmetry breaking, Prog. Theor. Phys. 122 (2009), 273–291.

[10] T. Maskawa and H. Nakajima, Spontaneous breaking of chiral symmetry in a vectorgluon model, Prog. Theor. Phys. 52 (1974), 1326–1354.

[11] T. Maskawa and H. Nakajima, Spontaneous breaking of chiral symmetry in a vectorgluon model II, Prog. Theor. Phys. 54 (1975), 860–877.

[12] V. A. Miransky, M. Tanabashi and K. Yamawaki, Dynamical electroweak symmetry breaking with large anomalous dimension and t quark condensate, Phys. Lett. B 221 (1989), 177–183.

[13] F. Odeh, An existence theorem for the BCS integral equation, IBM J. Res. Develop.

8 (1964), 187–188.

[14] A. Vansevenant, The gap equation in the superconductivity theory, Physica 17D (1985), 339–344.

[15] S. Watanabe, The solution to the BCS gap equation and the second-order phase transition in superconductivity, J. Math. Anal. Appl. 383 (2011), 353–364.

[16] S. Watanabe, Is the solution to the BCS gap equation continuous in the temperature ?, arXiv: 1008.4436.

[17] K. Yamawaki, Walking over the composites–In the spirit of Sakata–, Prog. Theor.

Phys. Suppl. 167 (2007), 127–143.

[18] E. Zeidler, Applied Functional Analysis, Applied Mathematical Sciences 108, Springer -Verlag, Berlin, Heidelberg and New York, 1995.