arXiv:1209.0396v1 [gr-qc] 3 Sep 2012

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter

Mariano Celada and Merced Montesinos

Departamento de Física, Cinvestav, Av. Instituto Politécnico Nacional 2508, San Pedro Zacatenco, 07360, Gustavo A. Madero, Ciudad de México, México.

E-mail: mcelada@fis.cinvestav.mx, merced@fis.cinvestav.mx

Abstract.

We perform the Lorentz-covariant Hamiltonian analysis of two Lagrangian action principles that describe general relativity as a constrained BF theory and that include the Immirzi parameter. The relation between these two Lagrangian actions has been already studied through a map among the fields involved. The main difference between these is the way the Immirzi parameter is included, since in one of them the Immirzi parameter is included explicitly in the BF terms, whereas in the other (the CMPR action) it is in the constraint on the B fields. In this work we continue the analysis of their relationship but at the Hamiltonian level. Particularly, we are interested in seeing how the above difference appears in the constraint structure of both action principles. We find that they both possess the same number of firstclass and second-class constraints and satisfy a very similar (off-shell) Poisson-bracket algebra on account of the type of canonical variables employed. The two algebras can be transformed into each other by making a suitable change of variables. PACS numbers: 04.20.Fy, 04.60.Ds, 04.60.Pp

1. Introduction

General relativity that was conceived by Einstein as a theory for describing the gravitational field employs a metric tensor as its fundamental variable. It has been also formulated in terms of alternative variables as time has passed. The Einstein-Hilbert action, based on a metric tensor, was the first action principle from which Einstein’s equations come from. Despite being a diffeomorphism-invariant action principle, it does not explicitly show all the relevant symmetries behind gravity. Only after the tetrad field was introduced, general relativity became a theory explicitly endowed with two fundamental symmetries: diffeomorphism and local Lorentz invariances, being the latter relevant for the coupling of fermions to gravity. The Hilbert-Palatini action fulfils these requirements. In this formulation, the tetrad field and the Lorentz connection 1-form are the independent variables from which pure general relativity comes from.

Once the Lagrangian action for the gravitational field was achieved, the physicists’ efforts turned toward the Hamiltonian form of this action principle as a previous stage required for implementing a canonical quantization programm of gravity. The ADM

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 2

formulation [1] set up the Hamiltonian analysis of the Einstein-Hilbert action showing that general relativity was a constrained theory as expected, but its full quantization was never achieved successfully because of technical and conceptual problems. However, the canonical programm was boosted when Ashtekar [2] performed a complex canonical transformation from the ADM variables (in the tetrad formalism) to the so-called Ashtekar variables of complex general relativity, simplifying in this way the constraints of the theory and making possible the use of Yang-Mills techniques for building the Hilbert space of the theory. Nevertheless, it was very difficult to handle the reality conditions required to get real general relativity at the quantum level.

On the other hand, in the 1970s Plebański [3] introduced a set of 2-forms and a complex su(2)-valued connection 1-form and was able to describe complex general relativity as a constrained BF theory. It was later realized that by solving the constraint on the 2-forms both the Ashtekar’s formulation [4] and self-dual Palatini action were recovered [5, 6].

The problems with the reality conditions continued until a different path was taken. Barbero [7] showed that it was possible to introduce real Ashtekar variables instead of complex ones and this approach became very suitable to attack again the problem of quantizing gravity. Afterwards, Holst introduced a modification of the Hilbert-Palatini action and it was showed that Barbero’s formulation was the Hamiltonian form of this action principle [8,9]. Moreover, real general relativity was also written as a constrained BF theory [10, 11] and later works generalized the constraint on the B field [12, 13] in such a way that by solving it the Immirzi parameter γ [14], a free parameter appearing in Barbero’s formulation, was naturally included.

Although this parameter has a topological nature at the classical level [15, 16], at the quantum level it enters explicitly in the spectra of geometric operators [17,18] as well as in the expression of the black hole entropy [19–23]. Nonetheless, its presence is still unclear and its physical relevance is a matter of controversy [24]. In the works [25–27] it has been shown that in a Lorentz-covariant formulation of general relativity it is possible to eliminate this parameter from the spectrum of the area operator, but the resultant connection is non-commutative and this hinders us to understand the geometric meaning of the theory and to build up its appropriate Hilbert space. The construction of this noncommutative connection (which in fact transforms as a true spacetime connection) is done through the introduction of the Dirac bracket to handle the second-class constraints arising in the Hamiltonian analysis of the Holst action. Note that this connection comes from a general connection parametrized by two numbers. Furthermore, it is possible to choose this numbers to produce a commutative connection (a Lorentz-covariant generalization of Barbero’s connection), which leads to the usual γ-dependent spectrum and to the same Hilbert space of loop quantum gravity, but that fails to transform correctly under time diffeomorphisms [28]. These last results have been confirmed in [29, 30], where the authors construct a commutative Lorentz-covariant connection by explicitly solving the second-class constraints. As a final comment, in a recent work a black hole entropy independent of the Immirzi parameter has been found [31], which

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 3

seems to be compatible with a quantum theory of gravity based on a non-commutative connection in the sense discussed above.

In the recent years, a novel way of facing the problem of quantizing the gravitational field has been developed. It is known as the spin foam approach [32–36] and intends a path integral quantization of gravity. The starting point of any spin foam model is a BFtype action principle and since gravity can be formulated in these terms, its path integral quantization can be in principle implemented. The spin foam approach supplies the loop approach, since the latter describes the spatial quantum geometry (the dynamics of spin networks can in principle be generated by promoting the scalar constraint to a quantum operator, but there are ambiguities in the definition of it [37]) but the former can describe the spacetime quantum geometry; in fact, the spin networks of loop quantum gravity can be seen as slices of a spin foam, and then the evolution of spin networks can be better understood in the spin foam formalism. This shows that BF theories are a valuable tool to attack the problem of quantizing gravity and the study of their Hamiltonian structure contributes to that issue. The Lorentz-covariant Hamiltonian analysis presented here supplements the previous results presented in [38, 39].

This paper is organized as follows. In Sect. 2, by the sake of completeness, we develop the (reduced) Hamiltonian analysis of pure BF theory including two topological terms (the Pontrjagin and Euler invariants) and two volume terms, and show that this complete action is of topological character. We then perform the Hamiltonian analysis of BF gravity with Immirzi parameter and two volume terms in Sect. 3. Finally, we perform the canonical analysis of the CMPR action principle for gravity in Sect. 4. As in the case of the Hamiltonian analysis of Holst action, second-class constraints arise in both BF action principles for general relativity. The Lorentzcovariant Hamiltonian analysis of BF-like actions for general relativity (without the Immirzi parameter) has been already performed in [40] and [41]; the main difference between the actions considered there is that in the former work the Lagrange multiplier (which imposes the constraint on the B field) carries spacetime indexes, but in the latter it carries Lorentz indexes. The approach of the former then leads to quadratic terms in B^{IJ}_{0a} implying we must introduce the canonical momentum conjugated to it and thus complicating the Hamiltonian analysis. To avoid this issue, we follow the approach of the latter, where B^{IJ}_{0a} appears linearly.

2. Hamiltonian analysis of BF theory with topological and volume terms

We assume that the spacetime manifold M is four-dimensional throughout this paper. We also consider SO(4) or SO(3, 1) as the internal gauge groups of our action principles, the internal metric being η_{IJ} =diag(σ, 1, 1, 1) with σ =-1 (+1) for the SO(3,1) (SO(4)) case (group indexes are raised and lowered using this metric). The Hodge dual is defined by ∗T_{IJ} = (1/2)ϵ_{IJKL}T^{KL}, where T_{IJ} = −T_{JI} and ϵ_{0123} = 1. In the case of spacetime indexes, the tensor density η̃^{μναβ} (η̃^{0123} = 1) is totally antisymmetric and we define η̃^{abc} ≡ η̃^{0abc}. Similarly, η ~^{abc} is totally antisymmetric and such that η ~^{123} = 1

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 4

An action principle for pure BF theory is given by S[A, B] = ∫ M B^{IJ} ∧ F_{IJ} [A], (1) and it is well known that this action defines a topological field theory (see for instance Ref. [42]). This action is both diffeomorphism and Lorentz invariant, and we want to consider the more general action principle involving the pure BF theory respecting these two symmetries that can be constructed from B^{IJ} and A^J_I . The action principle considered is [43]

S[A, B] = ∫ M [ ( B^{IJ} + 1 γ ∗ B^{IJ} ) ∧ F_{IJ} + b_1B^{IJ} ∧ B_{IJ} + b_2 ∗ B^{IJ} ∧ B_{IJ} + θ_1F^I_J ∧ F^J_I + θ_2 ∗ F^{IJ} ∧ F_{IJ} ] , (2)

where we have included two BF terms and the coupling constants b_1 and b_2 introduce two volume terms. The terms proportional to θ_1 and θ_2 are the Pontrjagin and the Euler classes, respectively. These topological invariants can be rewritten as exterior derivatives of some appropriate 3-forms and the equations of motion do not depend on them; in fact, the equations of motion following from (2) are F_{IJ} + 1 γ ∗ F_{IJ} + 2b_1B_{IJ} + 2b_2 ∗ B_{IJ} = 0, (3) DB^{IJ} + 1 γ D ∗ B^{IJ} = 0, (4)

which do not depend on θ_1, θ_2 as long as the Bianchi’s identity DF^{IJ} = 0 holds. Nevertheless, the canonical structure of the theory is affected by these topological terms and one might expect some off-shell non-vanishing effects at the quantum level. However, our treatment will be purely classical. The inclusion of topological terms in the context of general relativity has been already considered; see [15, 16, 44] for details.

To perform the (3+1) decomposition of the action (2) we assume that the manifold M has a topology R×Σ, where Σ is a compact 3-manifold without a boundary (∂Σ = 0). We then choose a foliation of spacetime in terms of the level hyper-surfaces of a global time function t such that t =const has the topology of Σ. Let x^a (a = 1, 2, 3) be the coordinates on Σ; the action (2) can be written as

S[A, B] = ∫ R dt ∫ Σ d^3x [(_{(γ)} Π^a_{IJ} − θ1η̃^{abc}FbcIJ + θ2η̃^{abc} ∗ FbcIJ ) Ȧ^{IJ}_a + A_{0IJ} D_a^{(γ)}Π^{aIJ} + B^{IJ}_{0a} ( 1 2 η̃^{abc (γ)}F_{bcIJ} + 2b_1Π^a_{IJ} + 2b_2 ∗ Π^a_{IJ} )] , (5)

where Π^{aIJ} ≡^1_2η̃^{abc}B^{IJ}_{bc} and the boundary terms have been neglected; we have also introduced the useful notation (γ) V^{IJ} ≡ V^{IJ} + 1 γ ∗ V^{IJ} . (6)

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 5

As can be seen from (5), the topological terms contribute to the conjugate momenta of A_{aIJ} generating canonical transformations. By performing the change of variables P^a_{IJ} ≡^{(γ)}Π^a_{IJ} − θ_1η̃^{abc}F_{bcIJ} + θ_2η̃^{abc} ∗ F_{bcIJ} , Eq. (5) takes the form S[A, P ] = ∫ R dt ∫ Σ d^3x ( P^{aIJ}Ȧ_{aIJ} + A_{0IJ} G^{IJ} + B_{0aIJ} Ψ^{aIJ} ) , (7)

where the tensor densities of weight 1, G^{IJ} and Ψ^{aIJ} , have the following expressions

G^{IJ} ≡ D_aP^{aIJ} = ∂_aP^{aIJ} + A^I_{a K} P^{aKJ} + A^J_{a K} P^{aIK} , (8) Ψ^{aIJ} ≡ 1 2 η̃^{abc (γ)}F^{IJ}_{bc} + 2γ^2 γ^2 − σ {( b_1 − σ γ b_2 ) P^{aIJ} + ( b_2 − b_1 γ ) ∗ P^{aIJ} + [ b_1 ( θ_1 + σ γ θ_2 ) − σb_2 ( θ_2 + θ_1 γ )] η̃^{abc}F^{IJ}_{bc} + [ b_2 ( θ_1 + σ γ θ_2 ) − b_1 ( θ_2 + θ_1 γ )] η̃^{abc} ∗ F^{IJ}_{bc} } . (9)

Since A_{0IJ} and B_{0aIJ} appear linearly in the action (7), they play the role of Langrange multipliers and impose the primary constraints G^{IJ} ≈ 0 and Ψ^{aIJ} ≈ 0. The Hamiltonian of the theory is H = − ∫ Σ d^3x ( A_{0IJ} G^{IJ} + B_{0aIJ} Ψ^{aIJ} ) and the canonical pair (A, P ) must satisfy the relation { A_{aIJ} (x), P^{bKL}(y) } = δ^b_aδ^{[K}_I δ^{L]}_J δ^3(x, y). (10)

We see that H weakly vanishes as a consequence of the weak vanishing of the constraints; this is something to be expected in any diffeomorphism-invariant theory. Now we need to evolve the constraints in order to know the full content of the constraints of the theory. According to Dirac formalism [45], the evolution of the system must preserve the constraints and this implies that {C, H} ≈ 0 for each constraint C. The Poisson brackets among the constraints is given by { G^{IJ} (x), G^{KL}(y) } = 1 2 ( −η^{IK} G^{JL} + η^{JK} G^{IL} + η^{IL}G^{JK} − η^{JL}G^{IK} ) δ^3(x, y), (11) { Ψ^{aIJ} (x), Ψ^{bKL}(y) } = 0, (12) { Ψ^{aIJ} (y), G^{KL}(y) } = 1 2 ( −η^{IK} Ψ^{aJL} + η^{JK} Ψ^{aIL} + η^{IL}Ψ^{aJK} − η^{JL}Ψ^{aIK} ) δ^3(x, y). (13)

Since the constraint algebra closes, the evolution of the constraints is trivial and we find no more constraints. Therefore, the constraints G^{IJ} and Ψ^{aIJ} are first-class and generate all the gauge symmetries of the theory, but they constitute a reducible set because the Bianchi’s identity implies the relation (see also [42, 46]) D_aΨ^{aIJ} − 2γ^2 γ^2 − σ [( b_1 − σ γ b_2 ) G^{IJ} + ( b_2 − b_1 γ ) ∗ G^{IJ} ] = 0 (14)

This expression amounts to 6 equations relating both constraints and we are left only with 18 independent first-class constraints; there are no second-class constraints. Since

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 6

there are 18 configuration variables A_{aIJ} , the system has (2 × 18 − 2 × 18 − 0)/2 = 0 local degrees of freedom.

Therefore, adding the volume terms and the two topological invariants considered above to the BF action does not modify its topological character. Despite the complicated constraint (9), the constraint algebra (11)-(13) is the same as the constraint algebra of the pure BF action [42].

3. Hamiltonian analysis of BF gravity plus cosmological constant

Now we consider the canonical analysis of real BF gravity with the Immirzi (or the Barbero-Immirzi) parameter coupled to a cosmological constant. In the context of BF theories, this coupling has been successfully accomplished by considering the following action principle [47] (see [48] for another alternative approach)

S[B, A, ϕ, μ] = ∫ M [( B^{IJ} + 1 γ ∗ B^{IJ} ) ∧ F_{IJ} − ϕ_{IJKL}B^{IJ} ∧ B^{KL} − μϕ_{IJKL}ϵ^{IJKL} + μλ + l_1B_{IJ} ∧ B^{IJ} + l_2B_{IJ} ∧ ∗B^{IJ} ] . (15)

Here ϕ_{IJKL} is an internal tensor with the index symmetries ϕ_{IJKL} = ϕ_{KLIJ} , ϕ_{IJKL} = −ϕ_{JIKL} and ϕ_{IJKL} = −ϕ_{IJLK} ; the 4-form μ (μ_{0123} ≡ μ_0) implies the additional restriction ϕ_{IJKL}ϵ^{IJKL} = λ on ϕ_{IJKL}; λ, l_1 and l_2 are just constants related to the cosmological constant.

By performing the (3+1) decomposition of the action (15), we obtain

S[A, B, ϕ, μ] = ∫ R dt ∫ Ω d^3x [_{(γ)} Π^{aIJ}ȦaIJ + A0IJ Da^{(γ)}Π^{aIJ} + 1 2 η̃^{abc (γ)}F_{abIJ} B^{IJ}_{0c} − ( 2B^{IJ}_{0a} Π^{aKL} + μ_0ϵ^{IJKL} ) ϕ_{IJKL} + μ_0λ + 2l_1Π^{aIJ} B_{0aIJ} + 2l_2 ∗ Π^{aIJ} B_{0aIJ} ] , (16)

with Π^{aIJ} defined as in Sect. 2. Now we shall use the equation of motion correspondig to ϕ_{IJKL} to put the components B_{0aIJ} in terms of Π^{aIJ} , thus eliminating this internal tensor from the action principle; this procedure is essentially the one followed to get the Hamiltonian formulation of the Plebański action [4] (see also [49] and [41]). The equation of motion for ϕ_{IJKL} is

B^{IJ}_{0a} Π^{aKL} + B^{KL}_{0a} Π^{aIJ} + μ_0ϵ^{IJKL} = 0, (17)

that implies μ_0 = −σV/4, where V ≡ 1 24 η̃^{μνλρ}ϵ_{IJKL}B^{IJ}_{μν} B^{KL}_{λρ} = 1 3 ϵ_{IJKL}B^{IJ}_{0a} Π^{aKL} (18) is the four-dimensional volume; we shall assume that it does not vanish anywhere.

To handle the expression (18), we shall introduce the following quantities:

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 7

N^a ≡ σ 2h η̃^{abc}h_{bd}B^{IJ}_{0c} Π^d_{IJ} , N ≡ V h (19) hh^{ab} ≡ σ 2 Π^{aIJ} Π^b_{IJ} , Φ^{ab} ≡ −σ ∗ Π^a_{IJ} Π^{bIJ} , (20)

where (h_{ab}) is the inverse of (h^{ab}), h = det(h_{ab}) and N ≠ 0. In terms of the γ-valued variable^{(γ)}Π, Φ^{ab} and hh^{ab} take the following form

hh^{ab} = η [_{(γ)} (hh^{ab}) +^{γ−1}_{1+σγ−2}^{(γ)}Φ^{ab} ] , (21)

Φ^{ab}= η [_{(γ)} Φ^{ab} +^{4σγ−1}_{1+σγ}−2 (γ) (hh^{ab}) ] , (22)

where (γ) (hh^{ab}) and^{(γ)}Φ^{ab} are the expressions (20) with the replacement Π →^{(γ)}Π and η ≡^{γ2(γ2 +σ)} (γ^2−σ)^2 .

After some algebra we can show that B^{IJ}_{0a} can be expressed in terms of the introduced variables (19) and (20) as

B^{IJ}_{0a} = 1 8 Nh_{ab}ϵ^{IJKL}Π^b_{KL} + 1 2 η ~^{abc} Π^{bIJ} N^c + 1 16h Nh_{ac}h_{bd}Π^{bIJ} Φ^{cd}. (23) By substituting this expression into (17) and taking the appropriate contractions, and since N ≠ 0, we find that Φ^{ab} must satisfy Φ^{ab} ( h^2δ^c_b − σ 4 h_{bd}h_{fe}Φ^{de}Φ^{fc} ) = 0. (24)

This equation has the solutions Φ^{ab} = 0 and Φ^{ab} = ±2 √ σhh^{ab}. In the Lorentzian case, Φ^{ab} = 0 is the only real solution. Because we are interested in real variables, this will be the only one considered below. In fact, the solutions Φ^{ab} = ±2 √ σhh^{ab} are not allowed in both signatures since they are incompatible with the solution for the 2-forms B^{IJ} in terms of the tetrad field †.

In this way, the 20 Eqs. (17) (taking into account the value of μ_0) plus the 4 expressions defining N and N^a (which remain unknown) yield to the expression (23) for the 18 components B^{IJ}_{0a} and the 6 conditions on Φ^{ab}.

By substituting Eq. (23) into Eq. (16), the action becomes

S[A, Π] = ∫ R dt ∫ Ω d^3x [_{(γ)} Π^{aIJ}ȦaIJ + A0IJ Da^{(γ)}Π^{aIJ} + 1 2 (γ) Π^{bIJ} FbaIJ N^a + ( 1 8 η̃^{abc}h_{ad} ∗^{(γ)}Π^{dIJ} F_{bcIJ} + Λh ) N + λ_{ab}Φ^{ab} ] , (25)

† If the constraint on the B fields involves only the Lorentz invariant ϵ_{IJKL}ϕ^{IJKL}, then B^{IJ} ∼ ∗e^I ∧e^J or B^{IJ} ∼ e^I ∧ e^J . Using these expressions, the equation Φ^{ab} ∝ hh^{ab} cannot be satisfied.

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 8

where Λ ≡ 3l_2 − σλ/4 and λ_{ab} is a Lagrange multiplier enforcing the constraint Φ^{ab} = 0. Since A_{0IJ} , N and N^a appear linearly in the action, they play the role of Lagrange multipliers and impose, with λ_{ab}, the primary constraints

G^{IJ} ≡ D_a^{(γ)}Π^{aIJ} ≈ 0, (Gauss constraint); (26) H ≡ 1 8 η̃^{abc}h_{ad} ∗^{(γ)}Π^{dIJ} F_{bcIJ} + Λh ≈ 0, (scalar constraint); (27) H_a ≡ 1 2 (γ) Π^{bIJ} FbaIJ ≈ 0, (vector constraint); (28)

Φ^{ab} ≈ 0. (29)

The primary Hamiltonian is then given by H = − ∫ Ω d^3x ( A_{0IJ} G^{IJ} + NH + N^aH_a + λ_{ab}Φ^{ab} ) , (30)

which weakly vanishes as a consequence of the constraints. The canonical pair (A,^{(γ)}Π), which parametrizes the phase space of the theory, satisfies a relation similar to Eq. (10).

The primary constraint algebra is { G^{IJ} (x), G^{KL}(y) } = 1 2 ( −η^{IK} G^{JL} + η^{JK} G^{IL} + η^{IL}G^{JK} − η^{JL}G^{IK} ) δ^3_{x,y}, (31) { G^{IJ} (x), H_a(y) } = 0, (32) { G^{IJ} (x), H(y) } = 0, (33) { G^{IJ} (x), Φ^{ab}(y) } = 0, (34) {H_a(x), H_b(y)} = [_1 2 H_a(y)^∂_{∂yb} −^1_2 H_b(x)^∂_{∂xa} −^1_4 F_{abIJ} G^{IJ} ] δ^3_{x,y}, (35) {H_a(x), H(y)} = [ 1 2 H(y)^∂_{∂ya} −^1_2 H(x)^∂_{∂xa} −^{σΛη}_4 h_{ab} (_{(γ)} Π^b_{IJ} −^{2γ−1}_{1+σγ}−2 ∗^{(γ)}Π^b_{IJ} ) G^{IJ} ] δ^3_{x,y} −^1_{32}η̃^{cde}F_{deKL} [ ϵ^{KL}_{IJ} h_{ac} +^{ση}_h ∗^{(γ)}Π^{fKL} (_{(γ)} Π^r_{IJ} −^{2γ−1}_{1+σγ}−2 ∗^{(γ)}Π^r_{IJ} ) H_{arcf} ] G^{IJ} δ^3_{x,y}, (36) { H_a(x), Φ^{bc}(y) } = [_1 2 Φ^{bc}(y)^∂_{∂ya} −^1_2 Φ^{bc}(x)^∂_{∂xa} − δ^{(b}a Φ^{c)d}(y)^∂_{∂yd} ] δ^3_{x,y} +σηδ^{(b}a ( ∗^{(γ)}Π^{c)}_{IJ} −^{2σγ−1}_{1+σγ−2}^{(γ)}Π^{c)}_{IJ} ) G^{IJ} δ^3_{x,y}, (37) {H(x), H(y)} =^σ_8 [ h(x)h^{ab}(x)H_a(x)^∂_{∂xb} − h(y)h^{ab}(y)H_a(y)^∂_{∂yb} ] δ^3_{x,y} +^1_8 [ 1 4η̃^{abe}∗^{(γ)}Π^{gIJ} F_{beIJ} h^{mc}η ~^{rm(a} h_{g)s} + Λη̃^{abc}h_{ar}h_{bs} ] (x)Φ^{rs}(x)^∂_{∂xc} δ^3_{x,y} − (x ↔ y), (38) { H(x), Φ^{ab}(y) } = −^1_4 Ψ^{ab}δ^3_{x,y}, (39) { Φ^{ab}(x), Φ^{cd}(y) } = 0, (40)

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 9

where δ^3_{x,y} is a shorthand for Dirac’s delta, H_{abcd} ≡ h_{ab}h_{cd} − h_{ac}h_{bd} − h_{ad}h_{bc} and Ψ^{ab} has the following expression Ψ^{ab} ≡ −2ηh_{cf} ( −^{(γ)}Π^f_{IJ} + 2γ^{−1} 1 + σγ^{−2}

∗^{(γ)}Π^f_{IJ} ) η̃^{(a|cd}D_d^{(γ)}Π^{|b)IJ} . (41)

We see that the constraint algebra fails to close due to the Poisson bracket (39), which implies that secondary constraints could arise in the theory. Thus, whereas the evolution of the constraints G^{IJ} and H_a leads to 0 = 0, giving no more constraints or conditions on the Langrange multipliers, the evolution of the constraint Φ^{ab} leads to the condition

NΨ^{ab} ≈ 0, (42)

whose solution is

Ψ^{ab} ≈ 0, (43)

since N ≠ 0 by assumption. Therefore, the last expression must be incorporated as a secondary constraint of the theory and thus, using (43), the evolution of H is trivially satisfied.

Following Dirac’s method, we now need to evolve the constraint Ψ^{ab}. We will not calculate all the Poisson brackets involving the constraint Ψ^{ab}, but only the required ones to complete the analysis. The Poisson brackets are { Ψ^{ab}(x), G^{IJ} (y) } = 0, (44) { Ψ^{ab}(x), H_c(y) } = [_1 2 Ψ^{ab}(y)^∂_{∂yc} −^1_2 Ψ^{ab}(x)^∂_{∂xc} + δ^{(a}c Ψ^{b)d}(x)^∂_{∂xd} ] δ^3_{x,y} +^η_2 [_{ση} h H_{cndf} (_{(γ)} Π^n_{IJ} −^{2γ−1}_{1+σγ}−2 ∗^{(γ)}Π^n_{IJ} ) (_{(γ)} Π^f_{KL} −^{2γ−1}_{1+σγ}−2 ∗^{(γ)}Π^f_{KL} ) η̃^{(a|de}D_e^{(γ)}Π^{|b)KL} +2h_{dc}η̃^{(a|de} ( D_e^{(γ)}Π^{|b)}_{IJ} −^{2γ−1}_{1+σγ−2} ∗ D_e^{(γ)}Π^{|b)}_{IJ} )] G^{IJ} δ^3_{x,y} − ηδ^{(a}c η̃^{b)de}h_{df} (x) (_{(γ)} Π^f_{IJ} (x) −^{2γ−1}_{1+σγ}−2 ∗^{(γ)}Π^f_{IJ} (x) ) (D_x)_e(G^{IJ} δ^3_{x,y}), (45) { Ψ^{ab}(x), Φ^{cd}(y) } = M^{(ab)(cd)} δ^3_{x,y}, (46)

where

M^{(ab)(cd)} ≡ 4ση^2h_{ef} (_{(γ)} Π^f_{IK} −^{2γ−1}_{1+σγ}−2 ∗^{(γ)}Π^f_{IK} )

× [( ∗^{(γ)}Π^{c K}_J −^{2σγ−1}_{1+σγ−2}^{(γ)}Π^{c K}_J ) η̃^{(a|de (γ)}Π^{|b)IJ} + (c ↔ d) ] (47)

defines a 6 × 6 non-singular matrix. Note that the Poisson bracket (45) is weakly zero. By employing the Poisson brackets (44)-(46), the evolution of the constraint Ψ^{ab} leads to ∫ Ω d^3y [ N(y) { Ψ^{ab}(x), H(y) } + λ_{cd}M^{(ab)(cd)}δ^3(x, y) ] ≈ 0. (48)

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 10

We need an expression for the Poisson bracket { Ψ^{ab}(x), H(y) } . Using the Jacobi identity {{H(x), Φ^{ab}(y)}, H(z)} = −{{Φ^{ab}(y), H(z)}, H(x)} − {{H(z), H(x)}, Φ^{ab}(y)} (49) and the fact that {{H(z), H(x)}, Φ^{ab}(y)} ≈ 0 as a consequence of (38), (37) and (40), we find that {Ψ^{ab}(x), H(z)}δ^3(x, y) ≈ {Ψ^{ab}(y), H(x)}δ^3(z, y), (50) where (39) has been used. Integrating both sides with respect to z, we finally obtain {Ψ^{ab}(y), H(x)} ≈ F^{ab}δ^3(y, x), (51) with F^{ab} defined by F^{ab}(x) ≡ ∫ Ω d^3z{Ψ^{ab}(x), H(z)}. By substituting (51) into (48), we find λ_{ab} ≈ − 1 4 N(M^{−1})_{(ab)(cd)}F^{cd}. (52)

This implies that all the Langrange multipliers λ_{ab} can be fixed; Dirac’s method ends here. Now we can count the degrees of freedom of our theory. Substituting Eq. (52) into Eq. (25), the Hamiltonian becomes H = − ∫ Ω d^3x ( A_{0IJ} G^{IJ} + NH̄ + N^aH_a ) , H̄ ≡ H − 1 4 (M^{−1})_{(ab)(cd)}F^{cd}Φ^{ab}. (53)

We shall replace the constraint H by H̄ since the latter is first-class, as can be readily verified. The constraint algebra listed above shows that G^{IJ} and H_a are also first-class and correspond to the generators of local Lorentz transformations and spatial diffeomorphisms, respectively. On the other hand, by virtue of Eq. (46), Φ^{ab} and Ψ^{ab} are second-class. Since we have 18 configuration variables A_{aIJ} , the number of physical degrees of freedom is [2 × 18 − 2 × (1 + 3 + 6) − (6 + 6)]/2 = 2, the same number as Einstein’s theory of gravity (coupled to a cosmological constant).

4. Hamiltonian analysis of the CMPR action

The first BF principle to describe pure gravity including the Immirzi parameter was introduced in Ref. [12] and is given by S[B, A, ϕ, μ] = ∫ M [ B^{IJ} ∧ F_{IJ} − ϕ_{IJKL}B^{IJ} ∧ B^{KL} + μ ( a_1ϕ^{IJ}_{IJ} + a_2ϵ_{IJKL}ϕ^{IJKL} )] . (54)

The internal tensor ϕ_{IJKL} satisfies the same index symmetries as above, and a_1 and a_2 are arbitrary constants. As we mentioned, one relevance of this formulation is that the Immirzi parameter is naturally contained within it, since the Holst action is recovered once the constraint on the B fields is solved. The relation between this action and the action principle (15) was analized at the Lagrangian level in Ref. [13].

To perform the Hamiltonian analysis of (54), we will follow a similar procedure to the one used in Sect. 3. We will not give here all the calculations involved, but the main

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 11

steps. After the (3+1) decomposition, the equation of motion corresponding to ϕ_{IJKL} is B^{IJ}_{0a} Π^{aKL} + B^{KL}_{0a} Π^{aIJ} − μ_0 [ a_1η^{I[K|}η^{J|L]} + a_2ϵ^{IJKL} ] = 0, (55)

which implies μ_0 = σV/4a_2, where the volume V was defined in (18). If we now introduce the quantities h^{ab} (h_{ab}), N^a, N(≠ 0) and Φ^{ab} that were introduced in Sect. 3 (Eqs. (19) and (20)), the components B^{IJ}_{0a} can be expressed in terms of them as

B^{IJ}_{0a} = 1 8 Nh_{ab}ϵ^{IJKL}Π^b_{KL} + 1 2 η ~^{abc} Π^{bIJ} N^c + 1 16h Nh_{ac}h_{bd}Π^{bIJ} ( Φ^{cd} + a_1 a_2 hh^{cd} ) . (56)

Note that this expression differs from (23) only by the last term. By substituting (56) into (55) and after some algebra we find that Φ^{ab} satisfies the following equation: Φ^{ac} ( 2hδ^b_c − σ 2h h_{cd}h_{ef} Φ^{df} Φ^{eb} − σa_1 2a_2 h_{cd}Φ^{db} ) − 2a_1 a_2 h^2h^{ab} = 0, (57)

which has the solutions Φ^{ab} = −^{a1}_{a2} hh^{ab} and Φ^{ab} = ±2 √ σhh^{ab}. As in Sect. 3, we have one real and two complex solutions in the Lorentzian case. In the Euclidean case, all these solutions are real and compatible with the solution for the B’s in terms of the tetrad field ‡, but only the solution Φ^{ab} = −^{a1}_{a2} hh^{ab} allows an arbitrary Immirzi parameter, whereas the other two solutions fix it to a particular value. We consider below the real solution Φ^{ab} = −^{a1}_{a2} hh^{ab} (also valid in the Lorentzian signature) and the other two cases Φ^{ab} = ±2 √ σhh^{ab} can be handled (even in the Lorentzian case) in a similar way by suitably changing the factor a_1/a_2.

By using the expression (56) and neglecting surface terms, the action (54) becomes S[A, Π] = ∫ R dt ∫ Ω d^3x [ Π^{aIJ}Ȧ_{aIJ} + A_{0IJ} G^{IJ} + NH + N^aH_a + λ_{ab}φ^{ab} ] , (58)

where

G^{IJ} ≡ D_aΠ^{aIJ} , (59) H_a ≡ 1 2 Π^{bIJ} F_{baIJ} , (60) H ≡ 1 8 η̃^{abc}h_{ad} ∗ Π^{dIJ} F_{bcIJ} , (61) φ^{ab} ≡ Φ^{ab} + a_1 a_2 hh^{ab}. (62) We have introduced the multipliers λ_{ab} to enforce the constraint φ^{ab} = 0, which we obtained a couple of lines above. The primary constraints of the theory are then given by G^{IJ} ≈ 0, H ≈ 0, H_a ≈ 0 and φ^{ab} ≈ 0 and the Hamiltonian H = − ∫ Ω d^3x ( A_{0IJ} G^{IJ} + NH + N^aH_a + λ_{ab}φ^{ab} ) weakly vanishes as a consequence of

‡ For the constraint considered in the action principle (54), the solution for the field B is B^{IJ} = α ∗ e^I ∧ e^J + βe^I ∧ e^J , where α and β are constants related to a_1 and a_2.

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 12

them. Note que the number of primary constraints is the same as that in Sect. 3 and that they have a similar structure; in fact, by performing the change^{(γ)}Π→ Π in (26) and (28) we see that they coincide with the constraints (59) and (60), respectively; something similar occurs to the constraint (29), which coincides with the constraint (62) when we perform the just mentioned change and identify 4σγ^{−1}/(1 + σγ^{−2}) with a_1/a_2. On the other hand, when we make this change in the constraint (27), the resulting expression is very similar to the corresponding constraint (61), but because of (21) the factor h_{ad} (^{(γ)}Π→ Π) appearing in (27) is not equal to the factor h_{ad} of (61); it is due to this little difference that the constraint algebra (off-shell) of the CMPR action will not be exactly the same as the Sect. 3 when we perform the above change on the canonical momentum.

The algebra of primary constraints is given by

{G^{IJ} (x), G^{KL}(y)} = 1 2 ( −η^{IK} G^{JL} + η^{JK} G^{IL} + η^{IL}G^{JK} − η^{JL}G^{IK} ) δ^3_{x,y}, (63) {G^{IJ} (x), C(y)} = 0 (C = H, H_a, φ^{ab}), (64) {H_a(x), H_b(y)} = [_1 2 H_a(y)^∂_{∂yb} −^1_2 H_b(x)^∂_{∂xa} −^1_4 F_{abIJ} G^{IJ} ] δ^3_{x,y}, (65)

{H_a(x), H(y)} =^1_2 [ H(y)^∂_{∂ya} − H(x)^∂_{∂xa} ] δ^3_{x,y} −^1_{32}η̃^{cde}F_{deKL} [ ϵ^{KL}_{IJ} h_{ac} +^σ_h ∗ Π^{fKL}Π^r_{IJ} H_{arcf} ] G^{IJ} δ^3_{x,y}, (66) {H_a(x), φ^{bc}(y)} = [_1 2 φ^{bc}(y)^∂_{∂ya} −^1_2 φ^{bc}(x)^∂_{∂xa} − δ^{(b}a φ^{c)d}(y)^∂_{∂yd} ] δ^3_{x,y} +σδ^{(b}a ( ∗Π^{c)}_{IJ} −^{a1}_{2a2} Π^{c)}_{IJ} ) G^{IJ} δ^3_{x,y}, (67) {H(x), H(y)} =^σ_8 [ h(x)h^{ab}(x)H_a(x)^∂_{∂xb} − h(y)h^{ab}(y)H_a(y)^∂_{∂yb} ] δ^3_{x,y} +^1_{32}η̃^{abc} ∗ Π^{gIJ} (x)F_{bcIJ} (x)h^{me}(x)η ~^{rm(a} h_{g)s}(x)φ^{rs}(x)^∂_{∂xe} δ^3_{x,y} − (x ↔ y), (68) {H(x), φ^{ab}(y)} = [ −^{a1}_{4a2} h_{cf} (x)η̃^{(a|cd}φ^{f|b)}(x)^∂_{∂xd} + Ψ^{ab} ] δ^3_{x,y}, (69) {φ^{ab}(x), φ^{cd}(y)} = 0, (70) where Ψ^{ab} ≡ 1 2 h_{cf} ( −Π^f_{IJ} + σa_1 2a_2 ∗ Π^f_{IJ} ) η̃^{(a|cd}D_dΠ^{|b)IJ} . (71) Note that the primary constraint algebra (off-shell) of the CMPR action differs a little from the primary constraint algebra of Sect. 3 (with Λ = 0) when we make there

the change^{(γ)}Π→ Π. Firstly, there is an extra term appearing in the term proportional to H_{arcf} of Eq. (36) regarding the Poisson bracket (66). Secondly, the term proportional to the derivative of the Dirac’s delta in Eq. (69) does not appear in the Eq. (39) once we make the above change. On the other hand, the left Poisson brackets have the same form of the corresponding ones of Sect. 3 and we see that (71) concides with (41) when we make the mentioned change and identify 4σγ^{−1}/(1 + σγ^{−2}) with a_1/a_2 (but they are

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 13

not exactly equal because the factor h^{ab} of Sect. 3 differs from that of this section after the mentioned transformation on the canonical momentum is done).

Up to here, the algebra does not close because of (69) and the theory will have secondary constraints. Since N ≠ 0, the evolution of the constraint φ^{ab} gives rise to the constraint Ψ^{ab} ≈ 0 once the primary constraints are taken strongly; the other constraints have a trivial evolution.

The requiered Poisson brackets among the new constraint (71) and the primary constraints are

{Ψ^{ab}(x), G^{IJ} (y)} = 0, (72) {Ψ^{ab}(x), H_c(y)} = [_1 2 Ψ^{ab}(y)^∂_{∂yc} −^1_2 Ψ^{ab}(x)^∂_{∂xc} + δ^{(a}c Ψ^{b)d}(x)^∂_{∂xd} ] δ^3_{x,y} +^{a1}_{8a2} η̃^{(a|de}h_{df} (x) [ δ^m_c φ^{f|b)}(x) − δ^{b)}c φ^{fm}(x) ]_{∂2} ∂x^e∂x^m δ 3 x,y +^1_4η̃^{(a|de}h_{dc} ( −D_eΠ^{b)}_{IJ} +^{σa1}_{2a2} ∗ D_eΠ^{b)}_{IJ} ) G^{IJ} δ^3_{x,y} +^σ_{8h} H_{cndf} Π^n_{IJ} ( −Π^f_{KL} +^{σa1}_{2a2} ∗ Π^f_{KL} ) η̃^{(a|de}D_eΠ^{|b)KL}G^{IJ} δ^3_{x,y} +^1_4 δ^{(a}c η̃^{b)de}h_{df} (x) ( −Π^f_{IJ} (x) +^{σa1}_{2a2} ∗ Π^f_{IJ} (x) ) (D_x)_e(G^{IJ} δ^3_{x,y}), (73) {Ψ^{ab}(x), H(y)} ≈ F^{ab}δ^3_{x,y}, (74) {Ψ^{ab}(x), φ^{cd}(y)} = M̄^{(ab)(cd)}δ^3_{x,y}, (75) where M̄^{(ab)(cd)} ≡ σh_{ef} ( −Π^f_{IJ} +^{σa1}_{2a2} ∗ Π^f_{IJ} ) [( ∗Π^{cI}_K −^{a1}_{2a2} Π^{cI}_K ) η̃^{(a|de}Π^{|b)KJ} + (c↔d) ] (76)

is a non-singular matrix (compare with (47)). To obtain Eq. (74), we have followed the same steps leading to the Eq. (51). The evolution of the constraint Ψ^{ab} then allows us to fix the multipliers λ_{ab} and the Dirac’s method ends. Replacing the constraint H as in Eq. (53), we find that the redefined constraint H̄ is first-class, as well as G^{IJ} and H_a are. φ^{ab} and Ψ^{ab} are second-class because of Eq. (75), and since we have 18 configuration variables A_{aIJ} , the physical local degrees of freedom are [(2 × 18 − 2(6 + 3 + 1) − (6 + 6)]/2 = 2, as expected for a theory describing general relativity.

5. Concluding remarks

Using Dirac’s method, we have shown that the two action principles (15) and (54) describing general relativity as a constrained BF theory and including the Immirzi parameter have two physical degrees of freedom, as expected. The constraint algebra was explicitly calculated in both cases from which we can see the presence of second-class constraints; this fact has already been noted in the Hamiltonian analysis of the Holst action [9], which is the first-order formulation of general relativity with the Immirzi parameter.

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 14

As can be noted above, the constraint algebra of both BF principles of gravity is pretty similar, which is expected since we managed the constraints on the B field in similar ways. However, the constraint algebras are not exactly the same off-shell. Since the best way to compare them is to identify their canonical variables (as it was already

done above), we see that by performing the change^{(γ)}Π→ Π in the constraint algebra of Sect. 3 (with Λ = 0), the resulting algebra looks like the algebra of Sect. 4, but some Poisson brackets get a little modification. For example, we already metioned that there are missing terms when we compare (36) with (66) and (39) with (69). Also, when we perform this change in (45), we see that it differs a little from (73), since the former has an extra term proportional to H_{cndf} , but lacks the term proportional to the second derivative of Dirac’s delta that the latter has. The origin of these deviations can be tracked to the variable h^{ab} introduced to handle the Eqs. (17) and (55), which was defined in terms of Π in both cases, but that takes different forms when we express it in terms of the associated canonical momentum (see Eq. (21)), and subsequently this difference propagates along all the constraint algebra of Sect. 3. Nevertheless, the constraint algebras of Sects. 3 and 4 coincide on-shell, as expected. In fact, the two constraint algebras can be transformed one into each other by suitably redefining the constraint H: from (21)-(22), we see that if we neglect the terms proportional to

the constraint Φ^{ab}, then hh^{ab} ∝ (γ) (hh^{ab}). In this way, the factor h_{ad} of equation (27)

becomes^{(γ)}h_{ad} and the primary constraints (26)-(29) become essentially the primary constraints (59)-(62). This is in full agreement with the fact that both actions principles are equivalent at the Lagrangian level [13]. Finally, in the case of the BF principle of Sect. 3, the coupling of the cosmological constant only affects the scalar constraint (27) in the usual way.

We want to stress that a canonical analysis of the BF action principle contained in Sect. 3 (without cosmological constant) has also been performed in Ref. [32], but it is not Lorentz-covariant because the time gauge was imposed there, which allows it to recover the real SU(2) formulation of general relativity where second-class constraints do not appear. The results of our Hamiltonian analysis can be useful in two ways. Firstly, we can make contact with the results of [32] by solving the second-class constraints, which amounts to parametrize suitably the phase space variables and perform a time gauge. Secondly, we can maintain the Lorentz-covariant property of the theory and make contact with the formulation of Ref. [9], which initially keeps the second-class constraints and then the Barbero Hamiltonian formulation is obtained by solving them and making the appropriate gauge-fixing.

Finally, since both BF action principles for gravity studied in Sects. 3 and 4 possess second-class constraints, handling them by the Dirac bracket method or by solving them explicitly will enable us to make contact with the Lorentz-covariant Hamiltonian formulations for first-order general relativity that include the Immirzi parameter analized in Refs. [26, 27] and [29, 30]. The results of Sects. 3 and 4 can be considered as generalizations of the results of the first part of the work reported in

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 15

Ref. [41].

6. Acknowledgments

This work was supported in part by CONACYT, México, Grant No. 167477-F.

References

[1] Arnowitt R, Deser S, and Misner C W 1962 in Gravitation: an introduction to current research, edited by L. Witten (New York: Wiley) [2] Ashtekar A 1987 New Hamiltonian formulation of general relativity Phys. Rev. D 36 1587 [3] Plebański J F 1977 On the separation of Einstenian substructures J. Math. Phys. 18 2511 [4] Capovilla R, Dell J, Jacobson T and Mason L 1991 Self-dual 2-forms and gravity Class. Quantum. Grav. 8 41 [5] Samuel J 1987 A Lagrangian basis for Ashtekar’s reformulation of canonical gravity Pramana J. Phys. 28 L429 [6] Jacobson T and Smolin L 1987 The left-handed spin connection as a variable for canonical gravity Phys. Lett. B 196 39; 1988 Covariant action for Ashtekar’s form of canonical gravity Class. Quant. Grav. 5 583 [7] Barbero J F 1995 Real Ashtekar variables for Lorentzian signature space-times Phys. Rev. D 51 5507 [8] Holst S 1996 Barbero’s Hamiltonian derived from a generalized Hilbert-Palatini action Phys. Rev. D 53 5966 [9] Barros e Sá N 2001 Hamiltonian analysis of general relativity with the Immirzi parameter Int. J. Mod. Phys. D 10 261 [10] Reisenberger M P 1999 Classical Euclidean general relativity from ‘left-handed area=right-handed area’Class. Quantum Grav. 16 1357 [11] De Pietri R and Freidel L 1999 so(4) Plebański action and relativistic spin-foam model Class. Quantum Grav. 16 2187 [12] Capovilla R, Montesinos M, Prieto V A and Rojas E 2001 BF gravity and the Immirzi parameter Class. Quantum Grav. 18 L49 [13] Montesinos M and Velázquez M 2011 Equivalent and Alternative Forms for BF Gravity with Immirzi Parameter SIGMA 7 103 [14] Immirzi G 1997 Real and complex connections for canonical gravity Class. Quant. Grav. 14 L177 [15] Jimenez D and Perez A 2009 Four-dimensional Lorentzian Holst action with topological terms Phys. Rev. D 79 064026 [16] Kaul R M and Sengupta S 2012 Topological parameters in gravity Phys. Rev. D 85 024026 [17] Ashtekar A and Lewandowski J 1997 Quantum theory of geometry: I. Area operators Class. Quantum Grav. 14 A55 [18] Rovelli C and Smolin L 1995 Discreteness of area and volume in quantum gravity Nuclear Phy. B 442 593 [19] Rovelli C 1996 Black Hole Entropy from Loop Quantum Gravity Phys. Rev. Lett. 77 3288 [20] Ashtekar A, Baez J and Krasnov K 2000 Quantum Geometry of Isolated Horizons and Black Hole Entropy Adv. Theor. Math. Phys. 4 1 [21] Meissner K 2004 Black-hole entropy in Loop Quantum Gravity Class. Quant. Grav. 21 5245 [22] Agulló I, Barbero J F, Fernández-Borja E, Díaz-Polo J and Villaseñor E J S 2008 Black Hole State Counting in Loop Quantum Gravity: A Number-Theoretical Approach Phys. Rev. Lett. 100 211301 [23] Engle J, Noui K and Perez A 2010 Black Hole Entropy and SU(2) Chern-Simons Theory Phys. Rev. Lett. 105 031302

Lorentz-covariant Hamiltonian analysis of BF gravity with the Immirzi parameter 16

[24] Rovelli C and Thiemann T 1998 Immirzi parameter in quantum general relativity Phys. Rev. D 57 1009 [25] Alexandrov S 2000 SO(4,C)-covariant Ashtekar-Barbero gravity and the Immirzi parameter Class. Quantum Grav. 17 4255 [26] Alexandrov S and Vassilevich D 2001 Area spectrum in Lorentz covariant loop gravity Phys. Rev D 64 044023 [27] Alexandrov S and Livine E 2003 SU(2) Loop Quantum Gravity seen from Covariant Theory Phys. Rev. D 67 044009 [28] Alexandrov S 2001 Choice of connection in loop quantum gravity Phys. Rev. D 65 024011 [29] Geiller M, Lachièze-Rey M and Noui K 2011 A new look at Lorentz-covariant loop quantum gravity Phys. Rev. D 84 044002 [30] Geiller M, Lachièze-Rey M, Noui K and Sardelli F 2011 A Lorentz-Covariant Connection for Canonical Gravity SIGMA 7 083 [31] Bianchi E Entropy of Non-Extremal Black Holes from Loop Gravity arXiv:1204.5122v1 [32] Perez A The spin foam approach to quantum gravity Living Rev. Relativity at press (arXiv:1205.2019v1) [33] Oriti D 2001 Spacetime geometry from algebra: spin foam models for non-perturbative quantum gravity Rep. Progr. Phys. 64 1703 [34] Baez J C 1998 Spin foam models Class Quantum Grav. 15 1827 [35] Baez J C 2000 An Introduction to Spin Foam Models of Quantum Gravity and BF Theory Lect. Notes Phys. 543 25 [36] Engle J, Pereira R and Rovelli C 2007 Loop-quantum-gravity vertex amplitude Phys. Rev. Lett. 99 161301 [37] Ashtekar A and Lewandowski J 2004 Background independent quantum gravity: a status report Class Quantum Grav. 21 R53 [38] Celada M 2011 Análisis hamiltoniano de gravedad a la BF MSc Thesis Cinvestav México [39] Celada Martínez M A 2012 Análisis hamiltoniano de gravedad a la BF (Saarbrücken: Editorial Académica Española) [40] Buffenoir E, Henneaux M, Noui K and Roche Ph 2004 Hamiltonian analysis of Plebanski Theory Class. Quantum Grav. 21 5203 [41] Alexandrov S and Krasnov K 2009 Hamiltonian analysis of non-chiral Plebanski theory and its generalizations Class. Quantum Grav. 26 055005 [42] Mondragón M and Montesinos M 2006 Covariant canonical formalism for four-dimensional BF theory J. Math. Phys. 47 022301 [43] Montesinos M 2006 Alternative symplectic structures for SO(3, 1) and SO(4) four-dimensional BF theories Class. Quantum Grav. 23 2267 [44] Montesinos M 2001 Self-dual gravity with topological terms Class. Quantum Grav 18 1847 [45] Henneaux M and Teitelboim C 1992 Quantization of Gauge Systems (Princeton, NJ: Princeton University Press) [46] Mondragón M 2012 Int. J. Mod. Phys. A 27 1275001 [47] Montesinos M and Velázquez M 2012 BF gravity with Immirzi parameter and matter fields Phys. Rev. D 85 064011 [48] Montesinos M and Velázquez M 2010 BF gravity with Immirzi parameter and cosmological constant Phys. Rev. D 81 044033 [49] Montesinos M and Velázquez M 2009 Husain-Kuchar Model as a Constrained BF Theory The Planck Scale, Proceedings of the XXV Max Born Symposium (AIP CP1196) ed Kowalski- Glikman J, Durka R and Szczachor M (New York: American Institute of Physics) p 201