arXiv:1209.0641v1 [hep-th] 4 Sep 2012

Perturbed WZW models and N=(2,2) supersymmetric sigma models with complex structure

A. Rezaei-Aghdam^∗ and M. Sephid^†

Department of Physics, Faculty of science, Azarbaijan shahid madani university, 53714-161, Tabriz, Iran

September 5, 2012

Abstract

We have perturbed N=(2,2) supersymmetric sigma models and WZW models on Lie groups by adding a term containing complex structure to their action. Then, by using non-coordinate basis we have shown that the conditions (from the algebraic point of view) for the preservation of the N=(2,2) supersymmetry account for the fact that the complex structure must be invariant. Also, we have shown that the perturbed WZW model with this term is an integrable model.

∗e-mail: rezaei-a@azaruniv.edu †e-mail: s.sephid@azaruniv.edu

1 Introduction

Supersymmetric sigma models are of particular interest, for their intimate connection to complex geometry of target manifold [1],[2] and for their role as effective low-energy actions for supergravity scalars. The N=(2,2) extended supersymmetry in sigma model from the geometrical point of view is equivalent to the existence of bi-Hermitian structure on the target manifold where the complex structures are covariantly constant with respect to torsionful affine connections [1] (see also [3] and references therein). We know that the algebraic structures related to bi-Hermitian relations of the N=(2,2) supersymmetric WZW models are the Manin triples [4],[5]. Furthermore, recently the algebraic structure associated to the bi-Hermitian geometry of the N=(2,2) supersymmetric sigma models on Lie groups has found in [6]. In [7], we have studied the perturbed N=(2,2) supersymmtric sigma models on Lie groups and have obtained conditions under which the N=(2,2) supersymmtry is preserved. Here in that direction, we perturb N=(2,2) supersummtric sigma models and WZW models on Lie groups by adding a term containing complex structure to the action. We show that for the preservation of the N=(2,2) supersymmtry we must have the invariant complex structure. Also, we show that the perturbed WZW model with similar term is an integrable model. The paper is organized as follows.

In section 2 we first review the N=(2,2) supersymmtric sigma models, then by using the method mentioned in [7] we show that the perturbed N=(2,2) supersymmtric sigma model on Lie group has N=(2,2) supersymmtry when the tensor structure in the perturbed term is an invariant complex structure. In section 3, we perturb WZW model with the bosonic version of the term which it used in section 2. Then, we show that this perturbed model is an integrable model when the tensor J is a complex structure. Finally, at the end of this section we present an example for the Heisenberg Lie group. Some concluding remarks are brought in section 4.

2 N=(2,2) supersymmetric sigma model on Lie groups perturbed with complex structure

We know that the N=(2,2) supersymmetric sigma models [1] on the manifold M can be written as a N=1 supersymmetric sigma models action as follows S = ∫ d^2σd^2θD_+Φ^μD_−Φ^ν (G_{μν} (Φ) + B_{μν} (Φ)), (1)

where Φ^μ are N=1 superfields with bosonic parts as coordinates of the manifold M, and the bosonic parts of G_{μν} and B_{μν} are respectively the metric and the antisymmetric tensors on M. This action is manifestly invariant under supersymmetry transformations

δ^1(ϵ)Φ^μ = i(ϵ^+Q_+ + ϵ^−Q_−)Φ^μ, (2)

furthermore it has additional non manifest supersymmetry of the form

δ^2(ϵ)Φ^μ = ϵ^+D_+Φ^ν J^μ_{+ν} (Φ) + ϵ^−D_−Φ^ν J^μ_{−ν} (Φ), (3)

where in the above relations Q_± and D_± are supersymmetry generators and superderivatives respectively, and J^ρ_{±σ} ∈ T M ⊗ T^∗M are complex structures. Invariance of the action (1) under the transformations (3) imposes the fact that J_± must be bi-Hermitian complex structure such that their covariant derivations with respect to connections (Γ^{±μ}_{ρν} = Γ^μ_{ρν} ± G^{μσ} H_{σρν} )^1 are equal to zero [1]. In the case that M is a Lie group G, using non-coordinate basis, we have

G_{μν} = L_μ^AL_ν^B G_{AB} = R_μ^AR_ν^B G_{AB} , (4) H_{μνλ} = 1 2 L_μ^AL_ν^B L_λ^C H_{ABC} = 1 2 R_μ^AR_ν^B R_λ^C H_{ABC} , (5)

J^μ_{−ν} = L^μ_AJ^A_B L_ν^B , J^μ_{+ν} = R^μ_AJ^A_B R_ν^B , (6)

where G_{AB} is symmetric ad-invariant non-degenerate bilinear form (ad-invariant metric) and H_{ABC} is antisym-

1Note that H being the torsion three form H_{μρσ} =^1_2 (B_{μρ,σ} + B_{ρσ,μ} + B_{σμ,ρ})

metric tensor on Lie algebra g ; furthermore L_μ^A(R_μ^A) and L^μ_A(R^μ_A) are left (right) invariant veilbien and their inverses on the Lie group G respectively and J is a Lie algebraic map; J : g−→g . Then, the conditions of the N=(2,2) supersymmtric sigma model can be written in the following algebraic form [6]

J^2 = −I, (7)

χ_A + J^t χ_A J^t + J^B_A χ_B J^t − J^B_A J^t χ_B = 0, (8)

J^t G J = G, (9)

H_A = J^t(H_B J^B_A) + J^tH_AJ + (H_B J^B_A)J, (10)

J^t(H_A + χ_AG) = (J^t(H_A + χ_AG))^t, (11)

where (χ_A)_B^C = −f_{AB}^C is the adjoint representation such that f_{AB}^C is the structure constant of the Lie algebra g and the matrix form (H_A)_{BC} = H_{ABC} , furthermore we have

(χ_AG)^t = −χ_AG. (12)

These relations show that N=(2,2) supersymmetric sigma models on the Lie groups from the geometric point of view are corresponding to the bi-Hermitian structures on the Lie groups [1] or equivalently the algebraic bi- Hermitian structures (J, G, H) on the Lie algebras [6]. For N=2 supersymmetric WZW models on the Lie group G we have H_{ABC} = f_{ABC} . In this case, relations (8) and (9) show that we have the Lie bialgebra structures on g [5]; and relation (10) reduces to (8), and (11) is automatically satisfied i.e. Lie bialgebra structure is a special case of algebraic bi-Hermitian structure (J, G, H) with H_{ABC} = f_{ABC} [6].

In [7], we have considered the general cases such that the perturbed N=(2,2) supersymmtric sigma models on Lie groups preserve N=(2,2) supersymmtry. Here we assume that the action (1) (as sigma models on Lie group or WZW model) has N=(2,2) supersymmetry, and as a especial example is perturbed with the following term S^′ = ∫ d^2σd^2θD_+Φ^μD_−Φ^ν G_{μλ}(Φ)J^λ_ν (Φ), (13)

where the bosonic part of a tensor J^λ_ν such that it is an element of T M ⊗ T^∗M. Now together with (1) we have S^{′′} = ∫ d^2σd^2θD_+Φ^μD_−Φ^ν (G^{′′}_{μν} (Φ) + B^{′′}_{μν} (Φ)), (14)

such that G^{′′}_{μν} = G_{μν} + 1 2 (G_{μλ}J^λ_ν + G_{νλ}J^λ_μ), (15) B^{′′}_{μν} = B_{μν} + 1 2 (G_{μλ}J^λ_ν − G_{νλ}J^λ_μ), (16)

with the inverse metric

G^{′′μν} = aG^{μν} + b(G^{μλ}J^ν_λ + G^{νλ}J^μ_λ). (17) Note that by using the condition G^{′′}G^{′′−1} = 1 we have different values for a, b such that for obtaining the Hermitian condition (9) we must have a = 1. Note that in this case the coefficient of the b term is automatically zero. For this selection we have the g) case (final case) in [7] where the algebraic bi-Hermitian structure (J, G, H) is perturbed with (0, 0, H^′). Now for having N=(2,2) supersymmtric sigma model, we must have the following relation (from relation (34) of [7])

H^′_AJ = (H^′_AJ)^t, (18) such that H^′_{ABC} = 1 2 (J^D_Af_{DCB} + J^D_B f_{DAC} − J^D_C f_{DAB} ). (19)

Now by substitution (19) in (18) and using (7)-(9) and (12) we obtain J[X, Y ] = [X, JY ], (20) where this relation with condition J^2 = −1 shows that J is an invariant complex structure [8]. In this way, the N=(2,2) supersymmtry is preserved in the action (14) when the tensor J^λ_ν in (13) is an invariant complex structure [8]. Note that in [8] it is shown that any Lie algebra with invariant complex structure compatible with invariant metric admits an N=2 structure. Moreover, in that Ref. it is proved that these Lie algebras are the (even-dimensional) abelian Lie algebras. Therefore, in this way, we can perturbed the algebraic bi-Hermitian structure by the complex structure of any even-dimensional abelian Lie algebra such that the bi-Hermitian structure is preserved.

3 Perturbed WZW model with complex structure as an integrable model

We know that the WZW model based on Lie group G takes the following standard form [9]. S_{W ZW} (g) = k 4π ∫ Σ dξ^+ ∧ dξ^− < g^{−1}∂_+g, g^{−1}∂_−g >

+ k 24π ∫ B < g^{−1}dg , [g^{−1}dg , g^{−1}dg] >, (21) where the integrations are over worldsheet Σ and a 3-dimensional manifold B with boundary ∂B = Σ, respectively, and g^{−1}dg with g ∈ G is the left invariant one-form on Lie group G so that it may be expressed as g^{−1}dg = (g^{−1}∂_μg)^AX_A∂_αx^μdξ^α = L_μ^AX_A∂_αx^μdξ^α, (22) where X_A is basis for the Lie algebra g of the Lie group G. The WZW action (21) then can be rewritten in the following form S_{W ZW} (g) = k 4π ∫ Σ d^2ξ L_μ^A G_{AB} L_ν^B ∂_+x^μ∂_−x^ν + k 24π ∫ B d^3ξϵ^{αβγ} L_μ^A G_{AD} L_ν^B f^D_{BC} L_λ^C ∂_αx^μ∂_β x^ν ∂_γ x^λ, (23) where G_{AB} = < X_A, X_B > is non-degenerate ad-invariant metric on g. Now, we assume that the action (23) (as sigma model on Lie group) is perturbed with the following term

S^′ = k^′ ∫ dξ^+dξ^−(g^{−1}∂_+g)^A G_{AD}J^D_B (g^{−1}∂_−g)^B , (24)

such that J^D_B is an endomorphism of g i.e J :g→g. Note that the indices A, B, ... show the Lie algebra indices and Greek indices μ, ν, ... show the Lie group manifold indices. Now, using the vielbein formalism we have

S^′ = k^′ ∫ dξ^+dξ^− L_μ^A G_{AD} J^D_B L_ν^B ∂_+x^μ∂_−x^ν = k^′ ∫ dξ^+dξ^− G_{μλ}J^λ_ν ∂_+x^μ∂_−x^ν . (25)

Then the general action of the WZW model perturbed with the term (24) can be rewritten as follows

S^{′′} ≡ S + S^′ = ∫ dξ^+dξ^− L_μ^A(G_{AB} + B_{AB} + k^′ G_{AD}J^D_B )L_ν^B ∂_+x^μ∂_−x^ν , (26)

such that S^{′′} as sigma model have invertible metric and anti-symmetric tensor as follows

G^{′′}_{μν} = L_μ^AG_{AB} L_ν^B + k^′ 2 (L_μ^AG_{AD}J^D_B L_ν^B + L_ν^AG_{AD}J^D_B L_μ^B ),

B^{′′}_{μν} = L_μ^AB_{AB} L_ν^B + k^′ 2 (L_μ^AG_{AD}J^D_B L_ν^B − L_ν^AG_{AD} J^D_B L_μ^B ), (27) with the inverse metric G^{′′ μν} = a L^μ_AG^{AB} L^ν_B + b (L^μ_AG^{AD}J^B_DL^ν_B + L^ν_AG^{AD}J^B_DL^μ_B ). (28) Similar to the previous section using G^{′′} G^{′′ −1} = 1 and Hermitian condition J^tG^{′′} J = G^{′′} we will arrive at a = 1 such that the coefficient of the b term must be zero in G^{′′ μν} . Now we prove that the model (26) is an integrable model. For this propose we use the formalism presented in [10]. In this direction, we should calculate H^λ_{μν} , Γ^λ_{μν} and Ω^λ_{μν} ; so after some calculation we have Γ^λ_{μν} = 1 2 (−f^A_{BC} + 2(∂_ρL_σ^A)L^σ_B L^ρ_C )L^λ_AL_μ^B L_ν^C , (29)

H^λ_{μν} = 1 2 (h^A_{BC} + k^′ J^D_B f^A_{CD} − k^′ J^A_D f^D_{CB} − k^′ J^D_C f^A_{BD})L^λ_AL_μ^B L_ν^C , (30)

Ω^λ_{μν} = 1 2 (−h^A_{BC} − f^A_{BC} − k^′ J^D_B f^A_{CD} + k^′ J^A_D f^D_{CB}

+ k^′ J^D_C f^A_{BD} + 2(∂_ρL_σ^A)L^σ_B L^ρ_C )L^λ_AL_μ^B L_ν^C , (31) where in this calculation we use h_{μνλ} = 1 2 (∂_λB_{μν} + ∂_ν B_{λμ} + ∂_μB_{νλ}) = 1 2 L_μ^AL_ν^B L_λ^C h_{ABC} , (32) such that for the WZW model (by choosing k = 4π) we have h_{ABC} = f_{ABC} . (33) In this way, we obtain a lax pair whose consistency conditions (a zero curvature representation) are equal to the equations of motion as follows[10] [∂_+ + α_μ(x)∂_+x^μ]ψ = 0, [∂_− + β_ν (x)∂_−x^ν ]ψ = 0, (34) where compatibility condition of the linear system yields the equation of motion, so that the matrices α_μ(x) and β_μ(x) satisfy the following relations[10] β_μ − α_μ = μ_μ, (35) ∂_μβ_ν − ∂_ν α_μ + [α_μ, β_ν ] = Ω^λ_{μν} μ_λ, (36) where equation (36) can then be rewritten as F_{μν} = −(∇_μμ_ν − Ω^λ_{μν} μ_λ), (37) so that the field strength F_{μν} and covariant derivative are written as follows F_{μν} = ∂_μα_ν − ∂_ν α_μ + [α_μ, α_ν ], ∇_μX = ∂_μX + [α_μ, X]. (38) Now for our model (26) we choose

α_μ = c C^A_B L_μ^B X_A, μ_μ = d D^A_B L_μ^B X_A, (39) where {X_A} are the basis of the Lie algebra g and c,d are constants. By assuming that G_{AB} and J^A_B are independent of the coordinate of the Lie group G; after some calculation we see that for satisfying relation (37) we must have the following relation C^A_B = J^A_B + δ^A_B , D^A_B = J^A_B + δ^A_B , (40) with c = k^′ k^′ + 2 , d = 2 k^′ + 2

, (41) such that J^A_B must satisfy the (7)-(9), i.e., it must be a algebraic complex structure. In this way, we show that the WZW model (23) which is perturbed with (24) is integrable when J is a compatible complex structure on the Lie algebra g. The equations of motion for this integrable model can be rewritten as the following forms

[∂_+ + k^′ k^′ + 2

(J^A_B + δ^A_B )L_μ^B X_A∂_+x^μ]ψ = 0, [∂_− + (J^A_B + δ^A_B )L_ν^B X_A∂_−x^ν ]ψ = 0. (42)

3.1 An example

In the following we will give example for WZW model perturbed with complex structure on Heisenberg Lie group A_{4,8}. Heisenberg Lie algebra with basis {X_1, .., X_4} has the following set of non-trivial commutation relations [11] [X_2, X_4] = X_2, [X_3, X_4] = −X_3, [X_2, X_3] = X_1. (43) Here, we obtain a non-degenerate ad-invariant metric by using the general solution of (12) as follows

G_{AB} = 0 0 0 −a 0 0 a 0 0 a 0 0 −a 0 0 b , a ∈ ℜ − {0}, b ∈ ℜ. (44)

In order to write (21) and (24) explicitly, we need g^{−1}∂_αg. To this end, we use the following parametrization of the Lie group G g = e^{x1X1} e^{x2X2} e^{x3X3} e^{x4X4} , (45) where X_i and x^i are generators and coordinates of the Lie group, respectively. Inserting our specific choice of the parametrization (45) the g^{−1}∂_αg take the following form [12]

g^{−1}∂_αg = (∂_αx^1)X_1 + (∂_αx^2)(x^3X_1 + e^{x4} X_2) + (∂_αx^3)(e^{−x4} X_3) + (∂_αx^4)X_4, (46)

from which we can read off the L_μ^A’s and the terms that are being integrated over in(23) are calculated to be^2

L_+^A G_{AB} L_−^B = [∂_+x^1∂_−x^4 + ∂_+x^4∂_−x^1 − ∂_+x^2∂_−x^3 − ∂_+x^3∂_−x^2 + x^3∂_+x^2∂_−x^4 + x^3∂_+x^4∂_−x^2], (47)

ϵ^{αβγ} L_α^A G_{AD} L_β^B (Y^D)_{BC} L_γ^C = −2ϵ^{αβγ}∂_γ [x^3∂_αx^4∂_β x^2 − x^4∂_αx^3∂_β x^2 − x^2∂_αx^4∂_β x^3], (48) where in the above relations we choose b = 0, a = −1 in (44), and use the adjoint representation (Y^l)_{jk} = −f_{jk}^l and the following relation L_α ≡ g^{−1}∂_αg = (g^{−1}∂_αg)^AX_A = L_μ^AX_A∂_+x^μ. (49) On the other hand, using integrating by parts, the action (23) is reduced to S_{W ZW} (g) = k 2π ∫ Σ d^2ξ (∂_+x^1∂_−x^4 − ∂_+x^2∂_−x^3 + x^3∂_+x^4∂_−x^2). (50)

Now, for calculating of the perturbed term (24) we first choose complex structure compatible with metric (44) with b = 0 , a = −1; from [6] we have

J = 0 −1 0 0 1 0 0 0 0 0 0 −1 0 0 1 0 , (51)

by this selection, the action (24) takes the following form

S^′ = k^′ ∫ d^2ξ (e^{−x4} ∂_+x^1∂_−x^3 − e^{−x4} ∂_+x^3∂_−x^1 + x^3e^{−x4} ∂_+x^2∂_−x^3 − x^3e^{−x4} ∂_+x^3∂_−x^2). (52)

Finally, perturbed WZW model (26) by choosing k = 4π takes the following form S = ∫ d^2ξ [k^′ e^{−x4} ∂_+x^1∂_−x^3 + 2∂_+x^1∂_−x^4 − (1 − k^′ x^3e^{−x4} )∂_+x^2∂_−x^3

− k^′ e^{−x4} ∂_+x^3∂_−x^1 − (1 + k^′ x^3e^{−x4} )∂_+x^3∂_−x^2 + 2x^3∂_+x^4∂_−x^2], (53)

2Note that we choose ϵ_{αβ} = ( 0 −1 1 0 ) in light cone coordinate.

such that the equations of motion can be rewritten in the following Lax form

[∂_+ + k^′ k^′ + 2

{ (∂_+x^1 + (x^3 − e^{x4} )∂_+x^2)X_1 + (∂_+x^1 + (x^3 + e^{x4} )∂_+x^2)X_2

+ (e^{−x4} ∂_+x^3 − ∂_+x^4)X_3 + (e^{−x4} ∂_+x^3 + ∂_+x^4)X_4}]ψ = 0, (54)

[∂_− + { (∂_−x^1 + (x^3 − e^{x4} )∂_−x^2)X_1 + (∂_−x^1 + (x^3 + e^{x4} )∂_−x^2)X_2

+ (e^{−x4} ∂_−x^3 − ∂_−x^4)X_3 + (e^{−x4} ∂_−x^3 + ∂_−x^4)X_4}]ψ = 0. (55)

4 Conclusion

We have proved that N=(2,2) sigma models when perturbed with complex structure on Lie groups can preserve N=(2,2) supersymmtry if their Lie algebras have invariant complex structure compatible with ad-invariant metric. Also, we have shown that the zero curvature representation and consistency of integrability condition for WZW models perturbed with this term are equivalent to the vanishing of the Nijenhuis tensor for the complex structure and existence of the compatible metric with this complex structure.

Acknowledgment: We would like to thank F. Darabi for carefully reading the manuscript and useful comments.

References

[1] S. J. Gate, C. M. Hull and M. Roček, Twisted Multiplets and New Supersymmetric Nonlinear Sigma Model, Nucl. Phys. B 248 (1984) 157-186.

[2] P.Spindel, A. Sevrin, W.Troost, Antoine Van Proeyen, Complex Structures On Parallelized Group Manifold And Supersymmetric Sigma Models, Phys. Lett. B 206 (1988) 71.

Extended Supersymmetric Sigma Models on Group Manifolds. 1. The Complex Structure, Nucl. Phys. B 308 (1988) 662.

Extended Supersymmetric Sigma Models on Group Manifolds. 2. Current Algebras, Nucl. Phys. B 311 (1988) 465.

[3] S. Lyakhovich and M. Zabzine, Poisson geometry of sigma models with extended supersymmetry, Phys.

Lett. B 548 (2002) 243-251, arXiv: hep-th/0210043.

[4] S. Parkhomenko, Extended superconformal current algebras and finite-dimensional Manin triples, Sov.

Phys. JETP. 7 (1992) 1-3.

[5] U. Lindström and M. Zabzine, D-branes in N=2 WZW models, Phys. Lett. B 560 (2003) 108-115, arXiv:hep-th/0212042.

[6] A. Rezaei-Aghdam and M. Sephid, Complex and bi-Hermitian structures on four dimensional real Lie algebras, J. Phys. A: Math. Theor. 43 (2010) 325210 (14pp), arXiv:1002.4285 [math-ph].

[7] M. Ebrahimi and A. Rezaei-Aghdam, Perturbed N=(2,2) supersummtric sigma model on Lie groups, arXiv:1204.5895 [hep-th].

[8] J. M. Figueroa and O. Farrill, N=2 Structures on solvable Lie algebras: the c=9 classification, Commun.

Math. Phys. 177 (1996) 129-156, arXiv:hep-th/9412008.

[9] E. Witten, Non-abelian bosonization in two dimensions, Commun. Math. Phys. 4 (1984) 455-472.

[10] N. Mohammedi, On the geometry of classically integrable two-dimensional non-linear sigma models, Nucl.

phys. B 839 (2010) 420-445, arXiv:08060550 [hep-th].

[11] J. Patera and P.Winternitz, Subalgebras of real three and four dimensional Lie algebras, J. Math. Phys.

18 (7) (1977), 1449-1456.

[12] B. Mojaveri and A. Rezaei-Aghdam, 4+1 dimensional homogeneous anisotropic string cosmological models, Int. J. Mod. Phys. A 27 (7) (2012), 1250032, arXiv:11061795 [hep-th].