arXiv:1209.1416v1 [hep-th] 6 Sep 2012

Preprint typeset in JHEP style - HYPER VERSION

3d analogs of Argyres-Douglas theories and knot homologies

Hiroyuki Fuji^1, Sergei Gukov^{2,3}, Marko Stošić^{4,5} and Piotr Sułkowski^{2,6,7} 1 Nagoya University, Dept. of Physics, Graduate School of Science, Furo-cho, Chikusa-ku, Nagoya 464-8602, Japan 2 California Institute of Technology, Pasadena, CA 91125, USA 3 Max-Planck-Institut für Mathematik, Vivatsgasse 7, D-53111 Bonn, Germany 4 Instituto de Sistemas e Robotica and CAMGSD, Instituto Superior Tecnico, Torre Norte, Piso 7, Av. Rovisco Pais, 1049-001 Lisbon, Portugal 5 Mathematical Institute SANU, Knez Mihailova 36, 11000 Beograd, Serbia 6 Institute for Theoretical Physics, University of Amsterdam,

Science Park 904, 1090 GL, Amsterdam, The Netherlands 7 Faculty of Physics, University of Warsaw, ul. Hoża 69, 00-681 Warsaw, Poland

Abstract: We study singularities of algebraic curves associated with 3d N = 2 theories that have at least one global flavor symmetry. Of particular interest is a class of theories T_K labeled by knots, whose partition functions package Poincaré polynomials of the S^r-colored HOMFLY homologies. We derive the defining equation, called the super-A-polynomial, for algebraic curves associated with many new examples of 3d N = 2 theories T_K and study its singularity structure. In particular, we catalog general types of singularities that presumably exist for all knots and propose their physical interpretation. A computation of super-A-polynomials is based on a derivation of corresponding superpolynomials, which is interesting in its own right and relies solely on a structure of differentials in S^r-colored HOMFLY homologies.

CALT 68-2886

Contents

1. Introduction 1

2. Algebraic curves for 3d N = 2 gauge theories 3 2.1 N = 2 SQED 3 2.2 Theories associated with knots and 3-manifolds 5 2.3 Relation to brane models and topological strings 7

3. Colored HOMFLY homology 8 3.1 The trefoil and figure-eight knots 9 3.2 5_1, 5_2 and 6_1 knots 10 3.3 (2, 2p + 1) torus knots 11 3.4 Twist knots 11

4. Super-A-polynomials 12 4.1 The knot 5_1 13 4.2 The knot 5_2 14 4.3 The knot 6_1 17 4.4 (2, 2p + 1) torus knots and a curious new duality 19 4.5 Twist knots 22

5. Special limits and augmentation polynomials 23

6. 3d analogs of Argyres-Douglas singularities 26 6.1 The geography of singularities in the (a, t) plane 27

A. The figure-eight knot 33

B. Results for 8_1 and 10_1 knots 34

1. Introduction

Three-dimensional gauge theories with N = 2 supersymmetry have very rich structure, which is still being revealed in the course of intensive studies. This amount of supersymmetry in three dimensions is just right to enable interesting dynamics on one hand, and on the other hand to assure existence of holomorphic objects and non-renormalization theorems, so that certain non-perturbative effects can be controlled and exact solutions can be found [1]. With

– 1 – a recent realization that localization techniques can be effectively used in three-dimensional world [2], the scope of exact results in a large class of these theories was much enlarged.

Three-dimensional N = 2 theories are also related to a seemingly remote, mathematical subject of knot homologies and the so-called super-A-polynomials [3]. As is well known, knot invariants can be described in terms of three-dimensional Chern-Simons theory [4], and from physics perspective the connection between two classes of theories arises as a 3d-3d duality associated to complementary compactifications of M5-brane along appropriate three dimensions of its 3 + 3 dimensional world-volume [5–8]. In particular, important properties of both three-dimensional theories are encoded in the same algebraic curve. From Chern-Simons perspective this curve is interpreted as the A-polynomial which, among other things, controls the asymptotic expansion of the colored Jones polynomial [9]. From the perspective of N = 2 theories this curve plays a role to some extent analogous to the Seiberg-Witten curves of fourdimensional gauge theories [10,11]. Even though ordinary A-polynomials have no moduli and cannot imitate various phenomena related to moduli dependence of Seiberg-Witten curves, a very special two-parameter generalization of the A-polynomial, called the super-A-polynomial, has been found in [3]. The super-A-polynomial arises in the context of knot homologies and, among other things, controls the color dependence of superpolynomials (i.e. Poincaré polynomials of the S^r-colored HOMFLY homologies). Its two parameters a = q^N and t are related, respectively, to the rank of the corresponding SU(N) Chern-Simons theory and to the “homological” variable that comes from taking the Poincaré polynomial. As discussed in [3], from N = 2 perspective a and t can be interpreted as twisted mass parameters for certain global symmetries^1 U(1)_{bulk} and U(1)_F , so that at the same time super-A-polynomials carry important information about N = 2 theories with those symmetries.

The purpose of this paper is two-fold. First, motivated by [12], we plan to analyze the singularity structure of algebraic curves associated to 3d N = 2 theories. While we discuss general class of theories with at least one global flavor symmetry, we are particularly interested in analyzing theories associated to knots by 3d-3d duality, whose algebraic curves can be identified with super-A-polynomials. In this context, we will analyze dependence of the singularity structure of these curves on values of parameters a and t mentioned above. We also find a lot of new interesting phenomena in 3d N = 2 gauge dynamics, including flavor symmetry enhancement, new dual pairs, etc. Secondly, on a more mathematical side, we derive superpolynomials and super-A-polynomials for many new knots. The knowledge of these super-A-polynomials provides an extensive testing ground for singularity analysis. On the other hand, a derivation of underlying superpolynomials is important in its own right. All superpolynomials in this paper are determined based solely on the structure of differentials described in [13], which shows that this is indeed a very strong method leading to explicit results. In fact, superpolynomials for some of the knots analyzed here (e.g. figure-eight knot, or (2, 2p + 1) torus knots) have been found earlier by other means, such as refined Chern- Simons theory, as summarized e.g. in [3], where also the structure of those superpolynomials

1Note that the symmetry U(1)_{bulk} was denoted as U(1)Q in [3]. We call it U(1)_{bulk} here because from the four-dimensional viewpoint this symmetry is the gauge symmetry of the bulk gauge theory on R^4 (see below).

– 2 – was shown to be consistent with constraints arising from differentials. In the present paper we illustrate that the structure of differentials actually enables to reconstruct the superpolynomial. Consistency of such calculations based on differentials with results obtained earlier by other means is an important cross-check.

The plan of this paper is as follows. In section 2 we introduce more details about threedimensional N = 2 theories, present their relations to brane models and topological strings, and discuss theories labeled by knots. In section 3 we compute the reduced S^r-colored HOM- FLY homology of various knots, relying on the structural properties of these homologies described in [13]. In section 4 we derive corresponding super-A-polynomials. In section 5 we discuss interesting limits of super-A-polynomials, and in section 6 we identify important classes of their singularities.

In the process of this work we were informed of related results obtained by S. Nawata, P. Ramadewi, X. Sun and Zodinmawia [14]. We coordinated the time of release of our paper with theirs.

2. Algebraic curves for 3d N = 2 gauge theories

To a three-dimensional N = 2 supersymmetric theory with at least one global (flavor) symmetry one can associate an algebraic curve

Σ : A(x, y; parameters) = 0 , (2.1)

or, more generally, an algebraic variety V that captures a great deal of useful information about various aspects of its dynamics:

• the space of SUSY vacua / parameters;

• partition functions in various 3d space-times with Ω-background, including the superconformal index;

• the Ward identities for line operators.

For theories of class R these aspects were studied in [5, 7]. While in some ways the “spectral curve” (2.1) is analogous to the Seiberg-Witten curves of four-dimensional gauge theories [10, 11], there are certain aspects which are markedly different.

2.1 N = 2 SQED

The basic prototype for more general theories that we are going to consider is a U(1) gauge theory with two chiral multiplets of charge ±1. The algebraic curve (2.1) for this theory is defined by the zero locus of the polynomial

A(x, y; t) = tx^2(t + x)(x^2 − 1)^2 + (x^3 + t)^3y (2.2)

– 3 – where the parameter t is related to the tree-level Fayet-Iliopoulos term ζ_0, as will be explained shortly. There are many ways to derive this curve equation, based on its relation to the above mentioned aspects of the theory associated with the axial symmetry U(1)_x under which both chiral multiplets have charge +1. Let us consider, for instance, the partition function of this theory on a squashed 3-sphere S^3_b , see e.g. [15]:

Z^{SQED} S^3_b = ∫ dσ s_b ( σ + μ +^{iQ}_2 ) s_b ( σ − μ −^{iQ}_2 ) e^{2πiσζ0} (2.3)

where σ is the scalar field in the vector multiplet, μ is the twisted mass for the U(1)_x flavor symmetry, and s_b(z) is the double-sine function.

In the limit b → 0 the integral (2.3) can be evaluated by the saddle point method. Specifically, in this limit the integrand has the leading behavior^2 exp ( 1 ℏ ~W + . . . ) (2.4)

where ℏ = 2πib^2 is the expansion parameter and

~W = − log t · log z + 1 4 (log(−zx))^2 − Li_2(zx) − 1 4 ( log(−zx^{−1})

)_2 + Li_2(zx^{−1}) (2.5)

is the twisted superpotential expressed in terms of the exponentiated variables z = e^{2πbσ} , x = e^{2πbμ}, and t = e^{2πbζ0} . The saddle point of the integral (2.3) is obtained by minimizing ~W with respect to the dynamical variable z, ∂ ~W ∂z = 0 ⇒ x 1 − zx 1 − zx^{−1} = −t . (2.6)

On the other hand, a similar variation of ~W with respect to the twisted mass parameter x gives the effective FI parameter for the background flavor symmetry U(1)_x:

log y := x ∂ ~W ∂x = −“effective FI parameter” . (2.7)

In particular, for the twisted superpotential (2.5) of the N = 2 SQED we obtain y = −z^2 ( x + x^{−1} − z − z^{−1} ) (2.8)

which, after solving (2.6) and eliminating the dynamical variable z, leads to the equation for the algebraic curve (2.2) with a parameter t. Note, the curve (2.2) is smooth for generic values of t, and develops singularities when t = 0, t = ±1, or t = ±^1_2^√_2 .

More generally, the rules for constructing the effective twisted superpotential ~W and, therefore, the spectral curve (2.1) are very simple. Each basic building block of 3d N = 2

– 4 –

Building block of 3d N = 2 theory Contribution to ~W

chiral field ϕ with charges n_i Li_2 ( ∏ i(x_i)^{ni} ) gauging U(1)_{xi} extremizing w.r.t x_i FI coupling − log t · log x supersymmetric Chern-Simons coupling_{kij} 2 log x_i · log x_j k_{ij} 4π ∫ A_i ∧ dA_j + . . . Table 1: A user’s guide for building ~W and the corresponding algebraic curve.

theory contributes to ~W a certain term, as summarized in Table 1. Then, extremizing ~W with respect to all variables associated with dynamical (gauge) symmetries and introducing dual, conjugate variables for all non-dynamical (global) flavor symmetries as in (2.7) gives an algebraic curve (2.1) or, more generally, an algebraic variety V. By construction, V ⊂ (C^∗ × C^∗ )^N is a complex Lagrangian submanifold with respect to the holomorphic symplectic form Ω = 1 ℏ N∑ i=1 dx_i x_i ∧ dy_i y_i . (2.9)

2.2 Theories associated with knots and 3-manifolds

Now, equipped with the useful tools of Table 1 we are ready to consider more interesting theories:

3d N = 2 theory T_{51} ϕ_1 ϕ_2 ϕ_3 ϕ_4 ϕ_5 ϕ_6 parameter U(1)_{gauge} 0 −1 0 1 0 −1 z_1 U(1)^′_{gauge} 0 0 1 −1 0 0 z_2 U(1)_F 0 0 0 0 3 −3 −t U(1)_{bulk} 0 0 0 0 1 −1 a U(1)_x −1 1 0 0 1 −1 x

3d N = 2 theory T_{61} ϕ_1 ϕ_2 ϕ_3 ϕ_4 ϕ_5 ϕ_6 ϕ_7 ϕ_8 U(1)_{gauge} 0 0 0 0 0 1 −1 0 U(1)^′_{gauge} 0 0 −1 0 −1 0 1 −1 U(1)_F 0 1 −1 3 −3 0 0 0 U(1)_{bulk} 0 1 −1 1 −1 0 0 0 U(1)_x −1 0 0 1 −1 0 0 1

We name these theories after prime knots with 5 and 6 crossings because partition functions of these theories, Z_{TK} (x, a, q, t), reproduce Poincaré polynomials of colored HOMFLY

2Note, in the limit b → 0 the double-sine function behaves as

s_b(z) = ∏ m,n≥0 mb + nb^{−1} +^Q_2 − iz mb + nb^{−1} +^Q_2 + iz b→0∼ exp ( − πiz^2 2 + πi(2 − Q^2) 24 + 1 2πib^2 Li2(−e^{2πbz} ) )

where Q = b + b^{−1}.

– 5 – homologies for these knots^3 Z_{TK} (x = q^r, a, q, t) = P^{Sr}_K (a, q, t) ≡ ∑ i,j,k a^iq^j t^k dim H^{Sr}_{i,j,k}(K) (2.10)

where x, a, and t correspond, respectively, to flavor symmetries U(1)_x, U(1)_{bulk}, and U(1)_F . The parameter q, on the other hand, is the equivariant parameter that keeps track of the spin in the three-dimensional space-time. For every knot K, the partition function Z_{TK} (x, a, q, t) satisfies a q-difference equation

^A^{super}(^x, ^y; a, q, t) Z_{TK} = 0 (2.11)

where operators ^x and ^y act as ^xf(x) = xf(x) , ^yf(x) = f(qx) (2.12) and obey the commutation relation associated with the symplectic Poisson structure (2.9): ^y^x = q^x^y. (2.13) The operator equation (2.11) can be interpreted as a Ward identity for line operators in 3d N = 2 theory T_K .

Note, in the limit q → 1 the operators ^x and ^y that correspond, respectively, to Wilson and ’t Hooft lines commute and, therefore, A^{super}(x, y; a, t) := ^A^{super}(^x, ^y; a, q, t) | q→1 becomes an ordinary function — in fact, a rational function — of classical variables x, y, a, and t. It is precisely the defining equation for the algebraic curve (2.1) associated with the N = 2 theory T_K , where a and t are treated as parameters. The reverse process of constructing a quantum operator ^A(^x, ^y; q) from the classical curve A(x, y) = 0 was studied e.g. in [23, 24] for a = −t = 1 using the topological recursion. It would be very interesting to extend this quantization algorithm^4 to the refined case t ≠ −1.

3There exist different partition functions of N = 2 theories TK that correspond to different 3d space-times, and all of which satisfy (2.11). For instance, we already discussed the partition function on the squashed 3-sphere, S^3_b . Similarly, the partition function on S^2 × S^1 computes the generalized superconformal index of the theory [16, 17]. And, more generally, one can consider other 3d space-times [18], such as Lens spaces [19], Seifert manifolds [20, 21], etc. The one relevant to (2.10) is the solid torus, D^2 × S^1, which gives the so-called “vortex partition function” [5]. Since this particular choice of 3d space-time is non-compact, it comes with a further choice of boundary conditions (at the boundary of the “cigar” D^2 ∼= R^2 ) that leads to different variants of the partition function (for the unrefined version of this statement see [22]), all of which obey (2.11). Concretely, these choices of boundary conditions can be interpreted as different initial conditions for the qdifference operator equation (2.11). Only one of these choices leads to (2.10) and it would be interesting to investigate the role of its cousins that correspond to other choices.

4In the extreme special case t = −q^{−1}, which corresponds to the Nekrasov-Shatashvili limit in the closed string sector [25], it was argued [26, 27] that ^A(^x, ^y; q) ≡ A(x, y). This certainly does not happen for generic values of t (in particular, for t = −1) where quantization generates q-dependent terms A = 2x^2y + . . . ⇝ ^A = (q + q^3)^x^2 ^y + . . . that can not be reabsorbed via any change of variables or parameters, see e.g. [28].

– 6 –

As another example, let us consider the theory T_{61} with gauge group U(1) × U(1)^′ and eight chiral multiplets with flavor symmetries U(1)_F , U(1)_{bulk}, and U(1)_x. Using the rules of Table 1 it is easy to write down the corresponding twisted superpotential

~W_{61} = −Li_2(x) + Li_2(−at) − Li_2(−atz_2) + Li_2(−at^3x) − Li_2(−at^3xz_2) + (2.14)

+Li_2(z_1) + Li_2(z_2z^{−1}_1 ) + Li_2(xz^{−1}_2 ) + (log at^2)(log z_1z^{−1}_2 ) − log z_2 log x + (log z_1)^2

where we included a few Chern-Simons couplings. As in our basic example (2.6) of N = 2 SQED, extremizing ~W_{61} with respect to the dynamical variables z_1 and z_2 leads to the effective twisted superpotential whose logarithmic derivative (2.7) is related to x via an algebraic relation A^{super}(x, y; a, t) = 0. The explicit form of this algebraic curve will be described in section 4.3, where we present new results for super-A-polynomials of simple knots.

2.3 Relation to brane models and topological strings

These 3d N = 2 theories can be engineered either on the world-volume of D3-branes stretched between various five-branes in type IIB string theory or on the world-volume of Lagrangian five-branes in M-theory.

For example, the N = 2 SQED discussed above can be realized on the world-volume of a single D3-brane stretched (in the x^6 direction) between an NS5-brane and an NS5^′- brane [29, 30]:

NS5 : 012345 NS5^′ : 0123 89 D3 : 012 6 (2.15)

In this approach, charged chiral multiplets can be realized either by adding semi-infinite D3-branes a la [31], or by introducing D5-branes whose world-volumes are parametrized by x^0, x^1, x^2, x^7, x^8, and x^9. The difference of the positions of the two NS5-branes in the x^7 direction determines the tree-level FI parameter ζ_0 in the U(1) gauge theory on the D3-brane.

Similarly, N = 2 theories T_K can be engineered on the world-volume of Lagrangian fivebranes in M-theory, see [3, 32, 33] and references therein. Equivalently, their close cousins obtained by a reduction on a circle,

space-time: S^1 × R^4 × X ‖ ∪ ∪ five-branes: S^1 × R^2 × L

(2.16)

can be realized on the world-volume of D4-branes in type IIA string theory, where X is the conifold and the Lagrangian submanifold L ⊂ X is determined by the knot K. From the vantage point of the four-dimensional theory on R^4 , this brane setup is often used to engineer half-BPS surface operators [5] whose correlation functions are known to encode homological knot invariants [34].

– 7 –

The circle reduction of N = 2 theories T_K produced by the brane setup (2.16) also helps to identify the symmetries of these theories. Indeed, the equivariant parameter q that keeps track of the spin corresponds to rotation symmetry in the plane of the surface operator, while the global symmetry U(1)_F is the rotation in the normal bundle to R^2 ⊂ R^4 . The global symmetry U(1)_x comes from the gauge field on the D4-brane, which is non-dynamical because the Lagrangian submanifold L ⊂ X is non-compact. And, finally, the flavor symmetry U(1)_{bulk} with the corresponding parameter a is simply the gauge group of the 4d Abelian gauge theory on R^4 geometrically engineered by the conifold compactification [35]; from the viewpoint of the surface operator it is seen as a global flavor symmetry.

The realization of N = 2 theories T_K on the five-brane world-volume, or their dimensional reduction (2.16), also helps to make certain predictions about the properties of theories T_K and the corresponding algebraic curves. For example, the flavor symmetry enhancement that occurs at special points on the curve (2.1) in part comes from reducible flat connections on a 3-manifold L. This happens because the brane world-volume theory is partly twisted (along L) in such a way that its equations of motion are precisely the classical equations of SL(N, C ) Chern-Simons theory, whose relation to A-polynomial was explained in [9]. As a result, some of the singularities of the A-polynomial come from reducible flat connections that have extra symmetries, which are seen as enhanced flavor symmetries in the effective N = 2 theory T_K .

3. Colored HOMFLY homology

In this section we compute the reduced S^r-colored HOMFLY homology of various knots, by using the structural properties of these homologies obtained in [13]. We give explicit threevariable Poincaré polynomials, which later can be used to derive the super-A-polynomials of various knots. Before listing the results, we review the properties that the S^r-colored HOM- FLY homology should satisfy.

The main property of the S^r-colored HOMFLY homologies H^{Sr} (K) is the existence of colored differentials, which enables transitions between homology theories with different value of r. More precisely, for a given knot K and for every k = 0, . . . , r − 1, there exists a differential d_{1−k} on H^{Sr} (K), of (a, q, t)-degree (−1, 1 − k, −1) such that the homology of H^{Sr} (K) with respect to d_{1−k} is isomorphic to H^{Sk} (K). These differentials are called vertical colored differentials in [13], whose grading conventions we follow throughout this paper.^5 There is another group of colored differentials predicted in [13]. Again, for a given knot K and for every k = 0, . . . , r−1, there exists a differential d_{−r−k} on H^{Sr} (K), of (a, q, t)-degree (−1, −r − k, −3), such that the homology of H^{Sr} (K) with respect to d_{−r−k} is isomorphic to H^{Sk} (K). These differentials are sl(N) colored differentials in [13].

5All results can be easily expressed in other grading conventions, and how to do this was explained in detail in [13, 32].

– 8 –

There is yet another universal colored differential on the homology H^{S2} (K): it is the differential d_{2→1} of degree (0, 1, 0), such that the homology of H^{S2} (K) with respect to d_{2→1} is isomorphic to the uncolored homology H^S (K).

For r = 1, the uncolored homology should categorify the HOMFLY polynomial, and its Poincaré polynomial should coincide with the superpolynomial from [36]. Also, for r = 2 and r = 3 the results should reproduce the homology computed in [13] for a variety of knots.

Finally, all knots that we consider in this paper are homologicaly thin (in fact, they are all alternating knots), and in particular they satisfy the refined exponential growth conjecture: P^{Sr}_K (a, q = 1, t) = ( P^S_K (a, q = 1, t) )_r . (3.1)

All the properties summarized here are sufficient to determine the explicit form of the Poincaré polynomial P^{Sr}_K (a, q, t) of the reduced S^r-colored HOMFLY homology for many knots K. We also note that superpolynomials for some knots among those analyzed below have been determined previously from completely independent physics perspective. In particular, superpolynomials for (2, 2p + 1) torus knots have been found from refined Chern- Simons theory in [32] (see also [37]), and the form of superpolynomial for figure-eight knot was conjectured in [38] (see also [3]), and in [3] we checked that those results are consistent with a structure of differentials. At present we illustrate that this structure is actually powerful enough to fully reconstruct superpolynomials; in particular all superpolynomials proposed previously by other means agree with results of this section. This is an important and impressive test for consistency of all methods.

3.1 The trefoil and figure-eight knots

We start with the results for the trefoil knot and the figure-eight knot: P^{Sr}_{31} (a, q, t) = a^rq^{−r} r∑ k=0 [ r k ] q^{(r+1)k}t^{2k} k∏ i=1 (1 + aq^{i−2}t), (3.2)

P^{Sr}_{41} (a, q, t) = r∑ k=0 [ r k ] a^kq^{k2−k}t^{2k} k∏ i=1 (1 + a^{−1}q^{2−i}t^{−1})(1 + a^{−1}q^{1−r−i}t^{−3}). (3.3)

These formulas coincide with the ones obtained in [3] using physical interpretation of knot homologies. Here and later on, the quantum binomial coefficient is given by [ r k ] = [r]! [k]![r − k]! (3.4)

where [k]! is the unbalanced quantum factorial:

[k]! = [k][k − 1] . . . [2][1], (3.5)

[k] = 1 − q^k 1 − q = 1 + q + q^2 + . . . + q^{k−1}. (3.6)

– 9 –

The products in formulas (3.2) and (3.3) can be re-written in terms of the familiar q- Pochhammer symbols (a; q)_n:

(a; q)_n = n−1∏ i=0 (1 − aq^i), and similarly for quantum binomial coefficients: [ n k ] = (q; q)_n (q; q)_k(q; q)_{n−k} = (q^n, q^{−1})_k (q; q)_k . For example, using these formulae the colored superpolynomial for the trefoil knot can be written as: P^{Sr}_{31} (a, q, t) = a^rq^{−r} r∑ k=0 (q^n; q^{−1})_k (q; q)_k q^{(r+1)k}t^{2k}(−aq^{−1}t; q)_k. (3.7)

It is straightforward to check that (3.2) and (3.3) enjoy all of the desired properties of the S^r-colored HOMFLY homology. In particular, the terms in the products match exactly the degrees of the colored differentials. Thus, in the formula for the figure-eight knot one can clearly see the degrees of all colored differential, whereas for the trefoil knot one can explicitly see the degrees of one group of colored differentials (the vertical colored differentials) in the expression (3.2). The other, sl(N) colored differentials are best seen when (3.2) is re-written in the following equivalent form:

P^{Sr}_{31} (a, q, t) = a^rq^{r2} t^{2r} r∑ k=0 [ r k ] q^{−(r+1)k}t^{−2k} k∏ i=1 (1 + aq^{r+i−1}t^3). (3.8)

As for the refined exponential growth, we have:

P^{Sr}_{31} (a, q = 1, t) = a^r r∑ k=0 ( r k ) t^{2k}(1 + at)^k = a^r r∑ k=0 ( r k ) (t^2 + at^3)^k (3.9)

= a^r(1 + t^2 + at^3)^r = (P^S_{31} (a, q = 1, t))^r ,

and similarly for the figure-eight knot.

3.2 5_1, 5_2 and 6_1 knots

Following the same technique, one can extend these results to other knots. For example for 5_1, 5_2 and 6_1 knots we find the following expressions for the Poincaré polynomials of S^r-colored HOMFLY homology: P^{Sr}_{51} (a, q, t) = a^{2r}q^{−2r} ∑ 0≤k_2≤k_1≤r [ r k_1 ] [ k_1 k_2 ] q^{(2r+1)(k1 +k2)−rk1−k1k2} t^{2(k1+k2)}

k_1∏

i=1 (1 + aq^{i−2}t)

P^{Sr}_{52} (a, q, t) = a^rq^{−r} ∑ 0≤l≤j≤r [ r j ] [ j l ] a^lq^{l2−l+j(r+1)}t^{2j+2l}(−aq^{−1}t; q)_j (−q^{l−r}t^{−1}; q)_{j−l}

– 10 – and P^{Sr}_{61} (a, q, t) = ∑ 0≤k_2≤k_1≤r [ r k_1 ] [ k_1 k_2 ] a^{k1+k2} q^{k21 +k2 −k1−k2} t^{2k1+2k2} ×

× k_1∏

i=1 (1 + a^{−1}q^{2−i}t^{−1})(1 + a^{−1}q^{1−r−i}t^{−3}), (3.10)

Again, it is straightforward to check that all of the properties of the S^r-colored homologies are satisfied for these knots.

In the remaining subsections we present S^r-colored HOMFLY homologies for various infinite families of knots.

3.3 (2, 2p + 1) torus knots

The first infinite family for which we compute the S^r-colored HOMFLY homology consists of (2, 2p + 1) torus knots, with p ≥ 1. We have already obtained above the expressions for the first two knots from this family, namely 3_1 and 5_1 knot, and the formula for arbitrary p can be derived by extending the results for these two knots:

P^{Sr}_T 2,2p+1 (a, q, t) = a^{pr}q^{−pr} ∑ 0≤k_p≤...≤k_2≤k_1≤r [ r k_1 ] [ k_1 k_2 ] · · · [ k_{p−1} k_p ] × (3.11)

× q^{(2r+1)(k1 +k2+...+kp)−∑pi=1 ki−1ki} t^{2(k1+k2+...+kp)} k_1∏

i=1 (1 + aq^{i−2}t),

with the convention k_0 := r.

The formula for the S^r-colored homology of (2, 2p + 1) torus knots was also derived in [32] from physics. The expression given there is written as alternating sum and is more complicated, but in fact it gives the same value as (3.11). In particular, all coefficients in (3.11) are manifestly non-negative, as required for the Poincaré polynomial of a triply-graded homology theory.

3.4 Twist knots

Similarly, the knots 4_1 and 6_1 are the first two knots in the family that continues with 8_1, 10_1, etc., and consists of twist knots with even number of crossings. Therefore, generalizing^6 the above results for the first two knots in this family, we find the following S^r-colored homology

6We thank to S. Nawata, P. Ramadewi and Zodinmawia for sharing their results and discussions, which motivated us to study this class.

– 11 – of the twist knot with 2n + 2 crossings that we denote by T K_{2n+2}: P^{Sr}_{T K2n+2} (a, q, t) = ∑ 0≤k_n≤···≤k_2≤k_1≤r [ r k_1 ] [ k_1 k_2 ] · · · [ k_{n−1} k_n ] × (3.12)

× a^{∑ni=1 ki} q^{∑ni=1(k2i −ki)}t^{2 ∑ni=1 ki} k_1∏

i=1 (1 + a^{−1}q^{2−i}t^{−1})(1 + a^{−1}q^{1−r−i}t^{−3}).

In a similar manner one can find superpolynomials for another series of twist knots with odd number of crossings, which include knots 3_1, 5_2, etc.

4. Super-A-polynomials

Using the results of the previous section, here we explore the “color dependence” of the colored HOMFLY homology for various knots. As predicted in [3], it is controlled by an algebraic curve, the zero locus of a certain 2-parameter deformation A^{super}(x, y; a, t) of the Apolynomial. Here, we compute the explicit form of A^{super}(x, y; a, t) for many knots, extending the list of examples in [3]. We also note that, from the knowledge of superpolynomials, one may find explicit form of quantum super-A-polynomials ^A^{super}(^x, ^y; a, q, t), possibly with a help of computer software also used in [3]. Nonetheless, as the knowledge of quantum super- A-polynomials is not necessary for the analysis of singularities we are going to perform in what follows, we do not provide their explicit form here.

An important aspect of super-A-polynomials, also related to the existence of their quantum counterparts, is so-called quantizability. Indeed, for large r and small ℏ, the leading term S_0 = ∫ log y^{dx}_x in the asymptotic expansion of a superpolynomial P_Sr (K; a, q, t) ∼ exp (_1 ℏ S_0 + . . . ) should be well defined, irrespective of an integration cycle used in the evaluation of S_0. This condition leads to delicate constraints for coefficients of super-A-polynomial, as explained and reviewed in detail in [3, 23, 32]. In particular, a necessary condition for S_0 to be well defined states that the (super-A-)polynomial in question is tempered, i.e. all roots of face polynomials of its Newton polygon are roots of unity. This is indeed so for all knots considered in this paper, as long as a and t are themselves roots of unity. This result is very interesting itself – it shows that, even though quantizability constraints are rather strong, a and t can still take quite generic values.

Among the knots analyzed in this paper, it was already checked in detail in [3] that quantizability requires that a and t are roots of unity for (2, 2p + 1) torus knots and figureeight knot. From an inspection of figures 4 and 6 it is clear that super-A-polynomials for 5_2 and 6_1 knots are tempered as long as a is a root of unity, and it is not hard to verify that also t needs to be a root of unity. Similarly, an inspection of figures 13 and 14 (in the appendix) asserts that for 8_1 and 10_1 knots, a needs to be a root of unity (while in these figures we only show a = 1 specialization, a-dependence along faces of corresponding Q-deformed polynomials arises always as an overall power, and it is clear that all face polynomials determined from matrices in figures 13 and 14 arise as Newton binomials). It is not hard to verify that in fact

– 12 – both a and t must to be roots of unity for 8_1 and 10_1 knots, as well as other T K_{2n+2} twist knots.

4.1 The knot 5_1

The super-A-polynomial for many simple knots, including an infinite family of (2, 2p+1) torus knots, was already computed in [3]. Still, it is instructive to start with a simple example from this family, and since the simplest case of p = 1 (the trefoil knot) was already examined in great detail in [3] here we consider the next case of p = 2, i.e. the knot 5_1. We will continue analysis of general (2, 2p + 1) torus knots in section 4.4 below.

As we explained in section 3, the colored superpolynomials presented there in terms of quantum binomial coefficients can be also written in terms of the q-Pochhammer symbols, see e.g. (3.2) and (3.7). Similarly, the colored superpolynomial for the knot 5_1 can be written as

P_Sr (5_1; a, q, t) = a^{2r}t^{4r}q^{2r2} ∑ 0≤k_2≤k_1≤r t^{−2(k1+k2)}q^{−k1(r+k2)−k1−k2} (q, q)_r(−at^3q^r, q)_{k1} (q, q)_{k2} (q, q)_{k1−k2} (q, q)_{r−k1} (4.1) In the limit q → 1, replacing the summation by integration, and using the asymptotics of the q-Pochhammer symbol

(x, q)_k = k−1∏ i=0 (1 − xq^i) ∼ e^{1ℏ} (^{Li2(x)−Li2(xqk)}), (4.2)

we find the potential

~W = −Li_2(x) + Li_2(xz^{−1}_1 ) + Li_2(z_2) + Li_2(z_1z^{−1}_2 ) + Li_2(−at^3x) − Li_2(−at^3xz_1) +2 log(at^2)(log x) − log x log(z_1) + 2(log x)^2 − log z_1 log z_2 − 2 log(z_1z_2) log t,

where x = q^r, z_1 = q^{k1} , z_2 = q^{k2} . (4.3)

Then, computing y and the saddle points with respect to z_1 and z_2, we find y = e^{x∂x ~W} = a^2t^4x^4(x − 1)(1 + at^3xz_1) (1 + at^3x)(x − z_1)

1 = e^{z1∂z1 ~W} =

(x − z_1)(1 + at^3xz_1) t^2xz_1(z_1 − z_2) 1 = e^{z2∂z2 ~W} = z_1 − z_2 t^2z_1(z_2 − 1)z_2

Finally, eliminating z_1 and z_2 we find the super-A-polynomial

A^{super}(x, y; a, t) = a_0 + a_1y + a_2y^2 + a_3y^3, (4.4)

– 13 – where

a_0 = −a^6t^{12}(x − 1)^2x^{10} a_1 = a^4t^6(−1 + x)x^5(2 + t^2x(−1 + 3x + at(1 + x(4 + t(2tx + a(1 + t^2x(2 + x(2 +at(2 + t^2x(1 + atx)))))))))) a_2 = −a^2(1 + at^3x)(1 + t^2x(−1 + x(2 + t^2x(−2 + 3x) + a^2t^4x^2(1 + t^2x(−1 + 2x)) +at(2 + t^2x(−2 + x(4 + t^2x)))))) a_3 = (1 + at^3x)^2

Figure 1: The Newton polygon of the super-A-polynomial for the knot 5_1. Red circles denote monomials of the super-A-polynomial, and smaller yellow crosses denote monomials of its a = −t = 1 specialization. These conventions are the same as in [32].

The corresponding Newton polygon is shown in figure 1, and matrix representation of the super-A-polynomial is given in figure 2. In the limit a = −t = 1 we reproduce, as expected, the ordinary A-polynomial (y + x^5) as a factor

A^{super}(x, y; 1, −1) = (x − 1)^2(y − 1)(y + x^5)^2 . (4.5)

4.2 The knot 5_2

The superpolynomial for the knot 5_2 can be rewritten as

P_Sr (5_2; a, q, t) = a^rt^{2r}q^{r2} ∑ 0≤i≤j≤r a^{j−i}t^{−2i}q^{i−2j−jr+(i−j)2} (q, q)_r(−tq^{j−i+1}, q)_i(−at^3q^r, q)_j (q, q)_i(q, q)_{j−i}(q, q)_{r−j} (4.6)

– 14 –

Figure 2: Matrix form of the super-A-polynomial for the 5_1 knot.

As usual, replacing the summation by integration and using (4.2), we find the twisted superpotential

~W = Li_2(x^{−1}) − Li_2(z_1x^{−1}) + Li_2(z^{−1}_1 ) − Li_2(z_2z^{−1}_1 ) + Li_2(z_1) + Li_2(z_2) +Li_2(−at^3x) − Li_2(−at^3xz_1) + Li_2(−tz_1z^{−1}_2 ) − Li_2(−tz_1) + log(at^2)(log x) + (log x)^2 + log a log(z_1z^{−1}_2 ) − 2 log z_2 log t + iπ log z_1z_2 − log z_1 log z_2 + 1 2 (log z_1)^2 + 1 2 (log z_2)^2 (4.7)

where x = q^r, z_1 = q^i, z_2 = q^j. (4.8)

Computing y and the saddle points with respect to z_1 and z_2, we find

y = e^{x∂x ~W} = at^2x^2(x − 1)(1 + at^3xz_1) (x − z_1)(1 + at^3x) 1 = e^{z1∂z1 ~W} = az_1(x − z_1)(1 + tz_1)(1 + at^3xz_1) x(z_1 − z_2)(tz_1 + z_2) 1 = e^{z2∂z2 ~W} =

(z_1 − z_2)(tz_1 + z_2)

at^2z^2_1 (z_2 − 1)

Finally, eliminating z_1 and z_2, we find the super-A-polynomial

A^{super}(x, y; a, t) = a_0 + a_1y + a_2y^2 + a_3y^3 + a_4y^4, (4.9)

– 15 – where

a_0 = a^5t^{11}(x − 1)^3x^7 a_1 = −a^3t^3(−1 + x)^2x^2(1 + tx(1 + t(−1 + tx(−1 + a(2 + t(2 + x(2 + t(−2 + t(−2 +x(3 + a(1 + t(4 + x(1 + t(−1 + 2t(1 + atx))))))))))))))) a_2 = a^2(−1 + x)(1 + at^3x)(1 + tx(1 + t(−2 + x(2 + t(−2 + t − 3tx + a(4 + tx(1 + t(−2 +x(4 + t(−4 + t(−4 + 3x) + a(6 + tx(−1 + t(2 +x(2 + t(−2 + t + a(4 + tx(−1 + t(2 + atx)))))))))))))))))) a_3 = a(1 + at^3x)^2(2 + x(−1 + t(1 + t(−2 + x(3 + a(1 + t(4 + x(−2

+t(1 + atx)(2 + t(2 + x(−1 + at^2x))))))))))) a_4 = −(1 + at^3x)^3

Figure 3: The Newton polygon of the super-A-polynomial for the knot 5_2. Red circles denote monomials of the super-A-polynomial, and smaller yellow crosses denote monomials of its a = −t = 1 specialization. These conventions are the same as in [32].

The corresponding Newton polygon is shown in figure 3, and matrix representation of the Q-deformed polynomial [33] (i.e. t = −1 specialization of super-A-polynomial) is given in figure 4. In the limit a = −t = 1 we reproduce, as expected, an ordinary A-polynomial as a factor A^{super}(x, y; 1, −1) = (x − 1)^3(y − 1)A(x, y), (4.10) where

A(x, y) = x^7 − x^2(−1 + x − 2x^3 − 2x^4 + x^5)y + (−1 + 2x + 2x^2 − x^4 + x^5)y^2 + y^3 .

– 16 –

Figure 4: Matrix form of the Q-deformed A-polynomial for the 5_2 knot.

Specializing to x = 1, we verify the relation between the super-A-polynomial and the superpolynomial predicted in [3]: A^{super}(x = 1, y; a, t) = (1 + at^3)^3y^3 ( P_{r=1}(q = 1) − y ) , (4.11) where P_{r=1}(a, q = 1, t) = a(1 + t + t^2 + at^2 + at^3 + at^4 + a^2t^5) . (4.12) 4.3 The knot 6_1 The superpolynomial of the knot 6_1 takes the form, cf. (3.10):

P_Sr (6_1; a, q, t) = ∑ 0≤i≤j≤r (at^2)^{i−j} q^{i2−i+j−rj} (q, q)_r(−atq^{−1}, q)_j (−at^3q^r, q)_j (q, q)_i(q, q)_{j−i}(q, q)_{r−j} (4.13)

As usual, we replace the summation by integration with the potential ~W = −Li_2(x) + Li_2(−at) − Li_2(−atz_2) + Li_2(−at^3x) − Li_2(−at^3xz_2) + (4.14) +Li_2(z_1) + Li_2(z_2z^{−1}_1 ) + Li_2(xz^{−1}_2 ) + log(at^2)(log z_1z^{−1}_2 ) − log z_2 log x + (log z_1)^2, where x = q^r, z_1 = q^i, z_2 = q^j. (4.15) Then, computing y and the saddle points with respect to z_1 and z_2, we find y = e^{x∂x ~W} = (x − 1)(1 + at^3xz_2) (x − z_2)(1 + at^3x) 1 = e^{z1∂z1 ~W} = at^2z_1(z_2 − z_1)

z_1 − 1 1 = e^{z2∂z2 ~W} = z_1(x − z_2)(1 + atz_2)(1 + at^3xz_2) at^2xz_2(z_2 − z_1)

– 17 –

We can solve the first equation for z_2, and substitute the resulting value into the third equation to solve for z_1. Finally, plugging these values of z_1 and z_2 into the second equation, we obtain the super-A-polynomial

A^{super}(x, y; a, t) = a_0 + a_1y + a_2y^2 + a_3y^3 + a_4y^4 + a_5y^5, (4.16)

where

a_0 = a^4t^{10}(x − 1)^4x^4 a_1 = a^2t^2(1 − x)^3(−1 + tx(−1 + t + t^2(1 − 2a(1 + t))x + 2at^3(−1 + t^2)x^2

−at^5(−2 + a(1 + t)(1 + 3t))x^3 + a^2t^6(−1 + 4t(1 + t))x^4 + a^2t^8(1 + 2a(−1 + t)t)x^5 +2a^3t^{11}x^6)) a_2 = at(x − 1)^2(1 + at^3x)(−2 + tx(−1 + t + 3a^2t^3x^2(−1 + t^2 − 2t(1 + t)^2x + t^3(1 + 2t)x^2) +a^4t^9x^6(1 + t(−4 + t + 2(−1 + t)tx + t^3x^2)) + a(−2 + t(2 + x(−3 − 4t(1 + t) + 4t^3x))) +a^3t^7x^4(−3(2 + x) + 2t(−3 + x(−1 + t(1 + 2t)x))))) a_3 = (−1 + x)(1 + at^3x)^2(1 + atx(2 + t(−2 + x(2 + 4t + a(1 + t(−4 + 3x

+t(1 + x(2 + 3t(1 − 2t(−1 + a + at))x + 6a(t + t^2)^2x^2 + at^4(4t + 3a(−1 + t^2))x^3 +a^2t^5(3 + 4t(1 + t))x^4 + a^2(1 + 2a)(−1 + t)t^7x^5 + 2a^3t^9x^6)))))))) a_4 = at^2x^2(1 + at^3x)^3(2 + x(−1 + at(2 − x + t(−2 + x(4 + t(4 + x(−2 + a(1 + t(4 − 2x +t(3 + tx(2 + x(−1 + a(2 + t(2 + x(−1 + t + at^2x))))))))))))))) a_5 = −a^2t^4x^4(1 + at^3x)^4

The corresponding Newton polygon is shown in figure 5, and matrix representation of the Q-deformed A-polynomial (i.e. t = −1 specialization of the super-A-polynomial) is given in figure 6. In the limit a = −t = 1 we reproduce, as expected, the ordinary A-polynomial as a factor A^{super}(x, y; 1, −1) = −(x − 1)^4(y − 1)A(x, y), (4.17) where

A(x, y) = x^4 − (1 − x − 3x^4 − 3x^5 + 2x^6)y + (1 − 2x − 2x^3 + x^4)(1 − x − 3x^2 − x^3 + x^4)y^2 −x^2(2 − 3x − 3x^2 − x^5 + x^6)y^3 + x^4y^4.

Specializing to x = 1, we verify the relation between the super-A-polynomial and the superpolynomial [3]:

A^{super}(x = 1, y; a, t) = a^2t^4(1 + at^3)^4y^4 ( P_{r=1}(q = 1) − y ) , (4.18)

where P_{r=1}(a, q = 1, t) =

1 + at + 2at^2 + at^3 + a^2t^3 + a^2t^4 + a^2t^5 + a^3t^6 at^2 . (4.19)

– 18 –

Figure 5: The Newton polygon of the super-A-polynomial for the knot 6_1. Red circles denote monomials of the super-A-polynomial, and smaller yellow crosses denote monomials of its a = −t = 1 specialization. These conventions are the same as in [32].

Figure 6: Matrix form of the Q-deformed A-polynomial for the knot 6_1.

4.4 (2, 2p + 1) torus knots and a curious new duality

In the present paper we found a superpolynomial for (2, 2p + 1) torus knot (3.11) by analyzing the structure of differentials. This superpolynomial leads to the following twisted

– 19 – superpotential, which depends on p variables z_i = q^{ki} ~W_{T 2,2p+1} = −pπ^2 6 + (log a^pz^{−1}_1 )(log x) + 2(log tx) p∑ i=1 log z_i − p−1∑ i=1 (log z_i log z_{i+1}) (4.20)

+Li_2(−at) − Li_2(x) + Li_2(xz^{−1}_1 ) − Li_2(−atz_1) + Li_2(z_p) + p−1∑ i=1 Li_2(z_iz^{−1}_{i+1}).

We call this theory as theory B, and its spectrum encoded in the above superpotential is presented in table 2. One can encode properties of this theory also in a quiver diagram, which is shown in figure 7. The set of saddle point equations for z_i, together with the relation y = e^{x∂x ~W} , leads to the following system y = a^p(x − 1) ∏_p i=1 z^2_i x − z_1 , 1 = t^2x(x − z_1)(1 + atz_1) z_1(z_1 − z_2) , 1 = t^2x^2(z_{i−1} − z_i) z_{i−1}z_i(z_i − z_{i+1}) , for i = 2, · · · , p − 1, 1 = t^2x^2(z_{p−1} − z_p) z_{p−1}z_p(z_p − 1) . Eliminating of z_i from this system results in a single equation which represents super-A-polynomial. For p = 1 (3_1 knot) we obtain the super-A-polynomial discussed at length in [3], and for p = 2 we reproduce (4.4). For higher p we obtain other super-A-polynomials which were presented in [3].

ϕ_1 ϕ_2 · · · ϕ_{p−1} ϕ_p ϕ_{p+1} ϕ_{p+2} ϕ_{p+3} ϕ_{p+4} parameter U(1)_{gauge,1} 1 0 · · · 0 0 0 −1 0 −1 z_1 U(1)_{gauge,2} −1 1 · · · . . . . 0 0 0 0 z_2 . . 0 −1

. .. 0 . . . . . . . . . . . . . . . . . . 1 0 . . . . . . . . . . U(1)_{gauge,p} 0 0 · · · −1 1 0 0 0 0 z_p U(1)_F 0 0 · · · 0 0 0 0 1 −1 −t U(1)_{bulk} 0 0 · · · 0 0 0 0 1 −1 a U(1)_x 0 0 · · · 0 0 −1 1 0 0 x

Table 2: Charged matter in the spectrum of the N = 2 theory B for (2, 2p + 1) torus knots T^{2,2p+1}.

We should stress that the colored superpolynomials for (2, 2p + 1) torus knots in (3.11), which lead to the twisted superpotential (4.20), are written as multiple sums. On the other hand, superpolynomials for the same family of knots are presented in [3, 32] in terms of a

– 20 –

Figure 7: Quiver diagram for theory B for (2, 2p + 1) torus knots.

single sum; they lead to a theory which we call theory A. Nevertheless, the two expressions for superpolynomials are equal due to non-trivial identities, which have a beautiful interpretation when translated to the language of 3d N = 2 theories T_K associated to knots K.

Specifically, for (2, 2p + 1) torus knots, the two ways of writing the colored superpolynomials lead to a new interesting class of mirror pairs of 3d N = 2 theories (whose twisted superpotentials differ, and which provide equivalent descriptions of theories T_T 2,2p+1 ):

Theory A : U(1) gauge theory with 9 chirals (4.21) Theory B : U(1)^p gauge theory with p + 4 chirals

In addition, both theories in these dual pairs have U(1)_x × U(1)_F × U(1)_{bulk} global flavor symmetry, some number of neutral chiral multiplets, as well as supersymmetric Chern-Simons couplings which depend on p and are easy to read off from [3, eq.(2.34)] and from (4.20) respectively. To avoid clutter, in (4.21) we list only chiral multiplets charged under gauge and/or flavor symmetry groups. This part of spectrum for the theory A is listed in table 3, and the quiver diagram for this theory is shown in figure 8 (in this quiver we ignore U(1)_F × U(1)_{bulk} global flavor symmetry of the theory).

ϕ_1 ϕ_2 ϕ_3 ϕ_4 ϕ_5 ϕ_6 ϕ_7 ϕ_8 ϕ_9 parameter U(1)_{gauge} −1 0 0 −1 1 0 1 −1 1 z U(1)_F 0 0 1 −3 0 3 2 −2 −1 −t U(1)_{bulk} 0 0 1 −1 0 1 0 0 −1 a U(1)_x 1 −1 0 −1 0 1 1 0 −1 x

Table 3: Spectrum of the N = 2 theory A, i.e. theory T_K for K = T^{2,2p+1} torus knots, with twisted superpotential given in [3, eq.(2.34)].

Note that even for p = 1, i.e. for the trefoil knot, both theory A and theory B are abelian gauge theories with gauge group U(1), much like our basic example of 3d N = 2 SQED. Yet, these two theories have different spectrum of fields, charge assignments, and

– 21 –

Figure 8: Quiver diagram for theory A for (2, 2p + 1) torus knots (in this quiver we ignore U(1)_F × U(1)_{bulk} global flavor symmetry of the theory).

Chern-Simons couplings. It would be extremely interesting to explore this duality further, from the viewpoint of SUSY gauge dynamics, as well as at the level of knot / braid diagrams.

4.5 Twist knots

The figure-eight (i.e. 4_1 knot) and 6_1 knot are the first two knots in a series of twist knots with 2n + 2 crossings, which we denoted T K_{2n+2} in section 3.4. For a given n, the superpolynomial (3.12) is expressed in terms of n summations over k_i, which gives rise to a twisted superpotential ~W_{T K2n+2} depending on n variables z_i = q^{ki}

~W_{T K2n+2} = −nπ^2 6 − (log z_1)(log a^2t^4xz_1) + Li_2(−at) − Li_2(x) + Li_2(−at^3x) + Li_2(xz^{−1}_1 )

−Li_2(−atz_1) − Li_2(−at^3xz_1) + Li_2(z_n) + n∑ i=1 (log at^2z_i)(log z_i) + n−1∑ i=1 Li_2(z_iz^{−1}_{i+1}).

A spectrum of the theory encoded in the this twisted superpotential is given in table 4. The corresponding quiver diagram is shown in figure 9.

From the above superpotential we also obtain a set of n saddle equations for variables z_i, and together with the equation defining y = e^{x∂x ~W} , we get the following system of n + 1

– 22 – ϕ_1 ϕ_2 · · · ϕ_{n−1} ϕ_n ϕ_{n+1} ϕ_{n+2} ϕ_{n+3} ϕ_{n+4} ϕ_{n+5} ϕ_{n+6} parameter U(1)_{gauge,1} 1 0 · · · 0 0 0 −1 0 −1 0 −1 z_1 U(1)_{gauge,2} −1 1 · · · . . . . 0 0 0 0 0 0 z_2 . . 0 −1 ... 0 . . . . . . . . . . . . . . . . . . . . . . 1 0 . . . . . . . . . . . . . . U(1)_{gauge,n} 0 0 · · · −1 1 0 0 0 0 0 0 z_n U(1)_F 0 0 · · · 0 0 0 0 1 −1 3 −3 −t U(1)_{bulk} 0 0 · · · 0 0 0 0 1 −1 1 −1 a U(1)_x 0 0 · · · 0 0 −1 1 0 0 1 −1 x

Table 4: Charged matter in the spectrum of the N = 2 theory for twist knots T K_{2n+2}.

equations y = (x − 1)(a + qt^3xz_1) (1 + at^3x)(x − z_1) , 1 = (x − z_1)(1 + atz_1)(1 + at^3xz_1)z_2 at^2xz_1(z_1 − z_2) , 1 = at^2(z_{i−1} − z_i)z_iz_{i+1} z_i − z_{i+1} , for i = 2, . . . , n − 1, 1 = at^2(z_{n−1} − z_n)z_n z_n − 1 . For each n this system can be systematically solved and all z_i variables eliminated, so that the remaining equation represents super-A-polynomial A^{super}(x, y; a, t) = 0. For n = 1 this leads to the super-A-polynomial for 4_1 knot given in (A.1), and for n = 2 we obtain super- A-polynomial for 6_1 knot (4.16). As for higher n super-A-polynomials get more complicated, let us just present their t = −1 specializations, i.e. Q-deformed polynomials. For n = 3, which represents T K_8 (i.e. 8_1) knot, we get the Q-deformed polynomial given in (B.1) in the appendix, and matrix form of its a = 1 specialization is shown in figure 13 (note that it differs from ordinary A-polynomial by certain overall factors, analogously to (4.10)). The Q-deformed polynomial for n = 4, which represents T K_{10} (i.e. 10_1) knot, is given in (B.2), and matrix form of its a = 1 specialization is shown in figure 14 (again it differs from ordinary A-polynomial by certain overall factors).

5. Special limits and augmentation polynomials

Thanks to its dependence on two variables x and y, and two ordinary (commutative) deformation parameters a and t, plus one “quantum” (non-commutative) deformation parameter q, the operator ^A^{super}(^x, ^y; a, q, t) has many interested limits and contains lots of other familiar knot invariants as specializations. Even its classical version A^{super}(x, y; a, t), namely

– 23 –

Figure 9: Quiver diagram for T_K theory for K = T K_{2n+2}.

the super-A-polynomial obtained by setting q = 1, has a very rich structure, including the following interesting specializations:

• x = 1 gives the Poincaré polynomial of the uncolored HOMFLY homology at q = 1, as illustrated e.g. in (4.11) and (4.18). In particular, it knows about the total dimension of H(K).

• x = 0 also leads to a very simple expression which, from the viewpoint of the effective 3d N = 2 theory T_K on the Lagrangian brane, contains information only about the sector neutral under the global flavor symmetry U(1)_x.

• t = 0 gives the same result as the specialization x = 0 for all (2, 2p + 1) torus knots.

In general, the t = 0 limit of the super-A-polynomial controls the color dependence of the lowest t-degree piece in the colored HOMFLY homology. Usually, this piece is very simple; from the viewpoint of the dual 3d N = 2 theory T_K it consists of U(1)_F singlets.

• a = 1 leads to the refined A-polynomial A^{ref}(x, y; t) that encodes the color dependence of the colored Khovanov homology [32], see Figure 10.

• y = 1 is the limit in which the classical A-polynomial^{A(x,y)}_{y−1} | |_{y→1} contains the Alexander polynomial Δ(x) as a factor [39]. Its t-deformation appears to know about the knot Floer homology that categorifies the Alexander polynomial.

• t = −1 gives the Q-deformed A-polynomial A^{Q-def}(x, y; a) of [33] that governs the color dependence of the HOMFLY polynomials and was conjectured to coincide with the augmentation polynomial of knot contact homology [40].

– 24 –

Figure 10: Two particular specializations of the super-A-polynomial that lead to the refined and Q-deformed A-polynomials, respectively.

More detailed discussion of these limits will be presented elsewhere, and here we wish to focus on the last limit, i.e. a conjectured relation to augmentation polynomials. While augmentation polynomials are originally defined within the knot contact homology [40–43], it was shown in [3] that they agree with t = −1 specialization of super-A-polynomials for (2, 2p + 1) torus knots, and conjectured this should hold in general. At present we can test this conjecture for a family of twist knots discussed in section 4.5. Namely, building on the conjecture of [33], we verified that t = −1 specialization of the super-A-polynomial for the twist knots T K_{2n+2}, for n = 1, 2, 3, is related to augmentation polynomials presented in [44] by the change of variables:

x = −μ^{−1}, a = U^{−1}, V = 1, y = λ

1 + μ 1 + Uμ . (5.1)

Upon the above change of variables, and also taking into account that we consider reduced super-A-polynomials, and [44] presents results for unreduced augmentation polynomials Aug_K (μ, λ; U, V ), for n = 1, 2, 3 we find the following relations

A^{super}_{T K2n+2} (x, y; a, t = −1) = −U^{−4n}μ^{−6n}

(1 + μ)^{2n} 1 + Uμ Aug_{T K2n+2} (μ, λ; U, V = 1), (5.2) and conjecture that they should hold for all n. Even though it is not hard to find t = −1 specialization of super-A-polynomials for higher n derived in section 4.5, the corresponding augmentation polynomials are not listed in [44]. Nonetheless, turning things around, we can treat our results as predictions for how corresponding augmentation polynomials should look like. In particular, we predict that the augmentation polynomial for 10_1 knot should take form (B.2), up to a change of variables presented above. It is not hard to find analogous predictions for higher values of n. We also find analogous relations to augmentation polynomials for another series of twist knots with odd number of crossings, which include knots 3_1, 5_2, etc.

– 25 –

6. 3d analogs of Argyres-Douglas singularities

Singularities of Seiberg-Witten curves associated with 4d N = 2 gauge theories indicate presence of massless dyons [10, 11] and mutually non-local states [12], providing useful tools for finding new superconformal field theories [45].

In this section, we wish to examine in a similar way singularities of algebraic curves (2.1) and, more generally, algebraic varieties V associated with N = 2 theories in three dimensions: A = ∂A ∂x = ∂A ∂y = 0 (6.1)

Based on brane constructions in section 2.3, we expect that such singularities signal interesting phenomena, including appearance of new light degrees of freedom, enhanced gauge symmetries (discrete or continuous), or new global symmetries (discrete or continuous).^7 Sometimes, several of these phenomena take place at the same time; when this happens, one often finds a new SCFT.

The singularity structure of algebraic curves associated with 3d N = 2 theories turns out to be very intricate, and in this section we merely scratch the surface of this surprisingly rich subject. One feature, which may seem rather surprising compared to the singularities of Seiberg-Witten curves, follows from the fact that algebraic curves for 3d N = 2 theories are supposed to meet a rather delicate condition in algebraic K-theory [23]. As a result, curves for 3d theories tend to have very few moduli and their singularities are ubiquitous, as our basic example (2.2) of N = 2 SQED clearly illustrates.

Of particular interest are N = 2 theories T_K that contain information about homological knot invariants. The algebraic curve for such a theory is defined by the zero locus of the super-A-polynomial of a knot K. It comes in two flavors, which correspond to reduced and unreduced homological invariants. The reduced version is related to knot Floer homology of [46, 47] that, among other things, can distinguish mutant knots and links [48]. Although the unreduced version contains the same information, its relation to HFK theory is less direct, but it is also interesting and more natural in physics (in fact, the physical framework of [49,50] and its duals naturally produce unreduced knot homology). Below we shall consider both.

The distinction between reduced and unreduced versions is important, but not very dramatic. For instance, the relation between the corresponding operators ^A can be obtained by conjugating with P( ), as explained in the Appendix C of [3]. At the level of classical (q → 1) polynomials, this gives rise to the following transformation^8 x → x, y → (−at^3)^{1/2} 1 − x 1 + at^3x y . (6.2)

7From the viewpoint of brane models in section 2.3, many of these phenomena manifest themselves as certain massless states, so that a particular type of phenomenon is determined by the nature of the state which is becoming massless. For instance, a symmetry enhancement is interpreted either as a dynamical gauge symmetry or as an extra global symmetry depending on whether the corresponding mode is L^2-normalizable or not._8

Note, since the factors like (−at^3)^{1/2} do not affect the singularity structure, one can equally well consider

– 26 –

The supply of algebraic curves derived in section 4 provides a big enough arena for exploring the general aspects of the singularity structure and their physical interpretation. In fact, as we noted earlier, the structure turns out to be so rich that even with this supply we explore only a tiny corner of it. Even the classification of singularities of super-A-polynomials is an interesting problem that we do not address here. We hope that many powerful methods from singularity theory used e.g. in the recent work [51–53] can help in taming this entire zoo.

6.1 The geography of singularities in the (a, t) plane Our goal here is to describe the singularities (6.1) of algebraic curves associated with 3d N = 2 theories T_K , identify their nature, and see how it varies across the (a, t) plane.^9 There are many ways to classify the singularities of A^{super}(x, y; a, t) and one, which emphasizes the distinguished role of the parameters a and t, is according to their support: In what follows we shall see

i) singularities that exist for all values of a and t, ii) singularities supported on curves in the (a, t) plane, iii) singularities supported at points in the (a, t) plane.

To keep our discussion concrete and explicit we will follow an example of the theory T_{41} associated with the figure-eight knot, whose spectrum of fields and charge assignments are shown in Table 5. This theory is non-trivial enough to show some of the general phenomena

figure-eight knot ϕ_1 ϕ_2 ϕ_3 ϕ_4 ϕ_5 ϕ_6 ϕ_7 U(1)_{gauge} 0 −1 0 −1 0 −1 −1 U(1)_F 0 0 1 −1 3 −3 0 U(1)_{bulk} 0 0 1 −1 1 −1 0 U(1)_x −1 1 0 0 1 −1 0

Table 5: The spectrum of the N = 2 theory T_K for the figure-eight knot.

and is simple enough to be treated explicitly. Including the required FI terms and Chern- Simons couplings [3], one can follow the familiar steps of section 2 to write down the effective twisted superpotential,

~W_{41} = πi log z − π^2 6 − (log a + 2 log t) log z − 1 2 (log z)^2 + Li_2(x^{−1}) − Li_2(x^{−1}z)

+Li_2(−at) − Li_2(−atz) + Li_2(−axt^3) − Li_2(−axt^3z) − Li_2(z) (6.3)

other changes of variables, e.g. x → x, y → − 1 − x 1 + at^3x y accompanied by a multiplication of the super-A-polynomial by an overall factor. One should keep in mind such “trivial” modifications when comparing various results across the literature.

9One of the authors (S.G.) would like to thank C. Vafa for emphasizing this question in the context of knot mutation and for inspiring discussions on related topics. We hope to discuss the role of singularities of super-A-polynomials for mutants elsewhere.

– 27 – where one can easily recognize contributions of the seven chiral multiplets, cf. Table 1. Furthermore, extremizing with respect to the dynamical variable z that in Table 5 corresponds to U(1)_{gauge} one finds the spectral curve (2.7), which can be written as a zero locus of the cubic polynomial in y:

A^{super}(x, y; a, t) = a_0 + a_1y + a_2y^2 + a_3y^3 . (6.4)

The explicit form of this super-A-polynomial can be found in Appendix A; to avoid clutter, here we will only write the relevant expressions derived from that data, such as the discriminant of the curve (6.4), etc. In fact, a good starting point – which is a lot more compact and shows the basic structure – is a specialization of (6.4) to a = 1 and t = −1:

A(x, y) = (x − 1)^2(y − 1) ( x^2 − (1 − x − 2x^2 − x^3 + x^4)y + x^2y^2 ) , (6.5)

It contains the ordinary A-polynomial as a factor and has the following discriminant^{10}

(1 − x^2)^6(1 + x + x^2)(1 − 3x + x^2)^3 (6.6)

which, of course, includes the discriminant of the A-polynomial and serves as a useful tool in solving (6.1). By definition, the zero locus of the discriminant tells about the repeated roots of the polynomial A(x, y), that we view as a polynomial in y when we write (6.6). Here, both of the “interesting” factors (1 − 3x + x^2) and (1 + x + x^2) have a well-known geometric interpretation and play an important role in Chern-Simons theory with complex gauge group [9, 54].

In particular, the Alexander polynomial of a knot is famous for its relation to reducible flat connections. Namely, the roots of the Alexander polynomial, Δ_K (x), are precisely the values of x which correspond to reducible flat connections. For the figure-eight knot, the Alexander polynomial is Δ_{41} (x) = −x^{−1} + 3 − x (6.7)

and this is precisely one of the factors in (6.6). The two roots of this polynomial (shown by red dots in Figure 12) correspond to the two nodal singularities of the A-polynomial curve which come from reducible flat connections: (y, x) = ( 1, 3 ± √ 5 2 ) (6.8)

Similarly, the factor (1 + x + x^2) also has a nice geometric interpretation. And, finally, the factor (1 − x^2) in (6.6) will be one of our central points in the discussion below.

10The discriminant of the reduced version of the super-A-polynomial has an additional factor (1 − x)^4, which we do not include here since it is absent in the unreduced version and does not appear to play an important physical role.

– 28 –

Figure 11: One of the discriminant components of the super-A-polynomial for the trefoil knot. It corresponds to singularities associated with reducible flat connections and has a 1-dimensional support in the (a, t) plane. The red dot represents the point (a, t) = (1, −1).

Figure 12: The discriminant of the super-A-polynomial has many components. The components passing through red points have a simple physical interpretation: they correspond to reducible flat connections in SL(2, C ) Chern-Simons gauge theory. The thick red curve shows the “universal” line of singularities at^3x^2 = −1.

Upon turning on the deformation parameters t and a, the factor (1 − x^2) in the discriminant (6.6) turns into (1 + at^3x^2), so that the discriminant of the super-A-polynomial for the

– 29 – figure-eight knot takes the form^{11}

discriminant : a^2t^2 ( 1 + at^3x^2

)_6

D(x; a, t) (6.9)

where D(x; a, t) is a degree-8 polynomial in x, whose explicit form is presented in Appendix A. In fact, the same phenomenon takes place for other knots as well, and all knots whose super- A-polynomial is known indeed have a singularity at

1 + at^3x^2 = 0 . (6.10)

In other words, one can verify that for both values of x that satisfy this relation, there is a finite value of y such that (6.1) is satisfied, i.e. the curve A^{super}(x, y) = 0 is singular. Due to the ubiquitous nature of these singularities, we shall call them “universal singularities.”

Let us take a closer look at these universal singularities and see how the curve A^{super}(x, y) = 0 actually looks near singular points (with x = ±ia^{−1/2}t^{−3/2} and suitable values of y). Again, something interesting happens, proving that our choice of the name for these singularities is a good one. Namely, for all knots whose super-A-polynomial is known, we find that the local geometry of the curves A^{super}(x, y) = 0 near universal singularities is remarkably simple and always looks like: Υ(K)∑

j=0 c_j (a, t) x^j y^{Υ(K)−j} + higher order terms = 0 . (6.11)

For generic values of a and t the coefficients c_i(a, t) are all non-zero and exhibit no particular structure; in particular, the polynomial

∑_{Υ(K)}

j=0 c_j (a, t) z^j has non-zero discriminant for generic a and t. Therefore, the nature of the universal singularity is completely determined by a single integer, Υ(K), called multiplicity. In Table 6 we list the values of Υ(K) for simple knots studied in this paper.

One may wonder whether Υ(K) can be identified with any classical knot invariant. By examining the Table 6, it is natural to propose the following conjecture:

Υ(K) =

1 + Det(K) 2 . (6.12)

The singularities associated with reducible flat connections, on the other hand, are much less universal. Such singularities, by definition, are supported on one-dimensional curves in the (a, t) plane that pass through the point (a, t) = (1, −1) where y = 1 and x is a zero of the Alexander polynomial, Δ_K (x) = 0 . (6.13)

An example of such line of singularities in the (a, t) plane is shown in Figure 11. We conjecture that such singularities signal enhancement of flavor symmetry in the 3d N = 2 theory T_K .

11Again, we omit the extra factors (x − 1)^2(1 + at^3x)^2 that are present only in the reduced version.

– 30 –

Knot K Υ(K) Seifert genus Determinant

trefoil 3_1 2 1 3 figure-eight 4_1 3 1 5 5_1 3 2 5 5_2 4 1 7 6_1 5 1 9 T^{2,2p+1} p + 1 p 2p + 1 T K_{2n+2} 2n + 1 1 4n + 1

Table 6: The multiplicity of the super-A-polynomial at the “universal singularity,” along with a few other classical knot invariants.

This conjecture is very natural if we think of a N = 2 theory T_K realized on the world-volume of the Lagrangian brane wrapped on the knot complement L = S^3 \ K. Then, symmetries of the flat connections on L immediately translate to global symmetries of the “effective” theory T_K in the remaining non-compact dimensions of the brane, cf. (2.16).

In further support this conjecture, one can consider familiar N = 2 gauge theories that exhibit flavor symmetry enhancement at particular values of tunable parameters and compare the singularities of the corresponding curves with those of the super-A-polynomial. The simplest example of such a theory is a variant of the 3d N = 2 SQED discussed in section 2.1, with the roles of U(1) gauge symmetry and U(1)_x flavor symmetry exchanged. In other words, one can consider a U(1) gauge theory with two chiral multiplets of charge +1 and with a flavor symmetry U(1)_x, under which the two chiral multiplets have charges +1 and −1, respectively. Then, following the rules of section 2, instead of (2.2) one would find a curve for this theory: t ( x^3 − y

)_3 + x^2 ( x^2 − 1

)_2 (x − y)y = 0 , (6.14)

where we kept the FI parameter t in the game. This curve has a singularity at (x, y) = (1, 1), which in the present case indeed can be clearly understood as the consequence of the flavor symmetry enhancement U(1)_x → SU(2)_x when the two chiral multiplets become massless.

To summarize, in the zoo of singularities of algebraic curves for N = 2 theories T_K we found the following special creatures:

• Universal singularity: The singularity at (6.10) is probably the easiest to recognize;

it is present for all knots examined here and exists at every point on the (a, t) plane. Despite its universal character, the physical interpretation of this singularity is not clear.

• Reducible flat connections: lead to singularities whose status is roughly the opposite of the “universal” singularity. Namely, they have clearer origin / interpretation in

– 31 –

Chern-Simons theory on the knot complement, but the algebraic equations that define such singularities are usually more involved and have less universal form.^{12} In the (a, t) plane, such singularities can be found only along one-dimensional curves D_{red}(a, t) = 0 passing through the point (a, t) = (1, −1), as illustrated in Figure 11.

Motivated by the phenomena in four-dimensional SUSY gauge theories [12, 45], it is natural to study points where singularities of the 3d algebraic curve (2.1) collide. In particular, for curves associated with 3d N = 2 theories T_K , we expect non-trivial superconformal fixed points when the universal singularity collides with one of the singularities associated with reducible flat connections. Note, both type of singularities occur at isolated points on the curve A^{super}(x, y; a, t) = 0. Let us denote those points by (x, y)_{univ} and (x, y)_{red}, respectively. Of course, these values depend on the parameters a and t, which in the latter case must obey an additional relation D_{red}(a, t) = 0, cf. Figure 11. From our definition of the universal singularity (6.10) we know that

x_{univ}(a, t) = ± i √ at^3 (6.15)

and from our definition of the singularities associated with reducible flat connections (6.13) we also know that

x_{red}(1, −1) ∈ Δ^{−1}_K (0) and y_{red}(1, −1) = 1 , (6.16)

where Δ^{−1}_K (0) denotes the set of zeros of the Alexander polynomial. These two types of singularities would collide provided that

x_{univ}(a, t) = x_{red}(a, t) (6.17) y_{univ}(a, t) = y_{red}(a, t)

for some values of a and t. Naively, this can never happen because (6.17) impose two relations on two variables a and t, in addition to the constraint D_{red}(a, t) = 0. In other words, while the universal singularity exists for any value of a and t, as we learnt earlier the singularities associated with reducible flat connections can only be found along one-dimensional loci in the (a, t) plane, which seems to give an over-constrained system with (6.17). These equations, however, do admit non-trivial solutions. For example, for the trefoil knot eqs. (6.17) can be solved provided that a = − ( 4 + t^2

)_2

16t^3

. (6.18)

It would be interesting to understand the significance of this relation and to study further the physics of 3d N = 2 gauge theories when singularities of the curve (2.1) collide, not only in the context of theories T_K that come from knots.

12The latter feature is not surprising, of course, as different 3-manifolds have different flat connections.

– 32 –

Acknowledgments

We thank M. Aganagic, T. Dimofte, S. Nawata, L. Ng, V. Pestun, and C. Vafa for useful discussions. We also would like to thank the Institute for Theoretical Physics at University of Amsterdam (ITFA), Bethe Center for Theoretical Physics (BCTP) and Physikalisches Institut Universität in Bonn, the Simons Center for Geometry and Physics at Stony Brook, and Mathematical Sciences Center (MSC) of Tsinghua University for hospitality during various stages of this work. The work of H.F. is supported by the Grant-in-Aid for Young Scientists (B) [# 21740179] from the Japan Ministry of Education, Culture, Sports, Science and Technology, and the Grant-in-Aid for Nagoya University Global COE Program, “Quest for Fundamental Principles in the Universe: from Particles to the Solar System and the Cosmos.” The work of S.G. is supported in part by DOE Grant DE-FG03-92-ER40701FG-02 and in part by NSF Grant PHY-0757647. The work of M.S. is partially supported by Portuguese funds via the FCT - Fundação para a Ciência e a Tecnologia, through project number PTDC/MAT/101503/2008, New Geometry and Topology. M.S. is also partially supported by the Ministry of Science of Serbia, project no. 174012. The research of P.S. is supported by the European Commission under the Marie-Curie International Outgoing Fellowship Programme and the Foundation for Polish Science. Opinions and conclusions expressed here are those of the authors and do not necessarily reflect the views of funding agencies.

A. The figure-eight knot

The super-A-polynomial of the figure-eight knot 4_1 has the form [3]:

A^{super}(x, y; a, t) = a^2t^5(x − 1)^2x^2 + at^2x^2(1 + at^3x)^2y^3 + (A.1) +at(x − 1)(1 + t(1 − t)x + 2at^3(t + 1)x^2 − 2at^4(t + 1)x^3 + a^2t^6(1 − t)x^4 − a^2t^8x^5)y −(1 + at^3x)(1 + at(1 − t)x + 2at^2(t + 1)x^2 + 2a^2t^4(t + 1)x^3 + a^2t^5(t − 1)x^4 + a^3t^7x^5)y^2.

As a polynomial in y, it is a polynomial of degree 3 with the discriminant (6.9), where

D(x; a, t) = 1 + ( 2(1 + a)t − 2t^2 − 2at^2 ) x + ( t^2 + 8at^2 + a^2t^2 + 2t^3 − 6at^3 + 2a^2t^3 + t^4 + 8at^4 + a^2t^4 ) x^2 + ( 10at^3 + 2a^2t^3 − 6at^4 + 6a^2t^4 − 6at^5 + 6a^2t^5 − 2at^6 − 10a^2t^6 ) x^3 +(4at^4 + a^2t^4 + 10at^5 + 6a^2t^5 + 2a^3t^5 + 8at^6 + 25a^2t^6 + 8a^3t^6 + 2at^7 +6a^2t^7 + 10a^3t^7 + a^2t^8 + 4a^3t^8)x^4 + ( −10a^2t^6 − 2a^3t^6 + 6a^2t^7 − 6a^3t^7 + 6a^2t^8 − 6a^3t^8 + 2a^2t^9 + 10a^3t^9 ) x^5 + ( a^2t^8 + 8a^3t^8 + a^4t^8 + 2a^2t^9 − 6a^3t^9 + 2a^4t^9 + a^2t^{10} + 8a^3t^{10} + a^4t^{10} ) x^6 + ( −2a^3t^{10} − 2a^4t^{10} + 2a^3(1 + a)t^{11} ) x^7 + a^4t^{12}x^8 .

– 33 –

B. Results for 8_1 and 10_1 knots

In this appendix we present Q-deformed polynomials for 8_1 and 10_1 knots, as well as matrix form of their a = 1 specializations (note that they differ from ordinary A-polynomials by some overall factors, analogously as in (4.10)).

A^{super}_{T K8} (x, y; a, t = −1) = 7∑ i=0 a_iy^i, (B.1)

where

a_0 = −a^6(−1 + x)^6x^6, a_1 = a^3(−1 + x)^5(−1 + 2x − x^2 + 3a^2x^6 + 2a^3x^7 − 2a^3x^8 − 6a^4x^8 + 3a^4x^9), a_2 = −a^2(−1 + x)^4(−1 + ax)(−3 + 4x + 6ax − x^2 − 6ax^2 − 4ax^3 + 4ax^4 − 6a^2x^6 − a^3x^7 +4a^3x^8 − 2a^4x^9 + 15a^5x^9 − a^4x^{10} − 12a^5x^{10} + 3a^5x^{11}), a_3 = a(−1 + x)^3(−1 + ax)^2(−3 + 2x + 12ax − 2ax^2 − 15a^2x^2 − 8ax^3 + 5a^2x^3 + 6a^2x^4 +13a^2x^5 − 12a^3x^7 − a^4x^8 + 8a^4x^9 + 6a^5x^{10} − 20a^6x^{10} − 4a^5x^{11} + 18a^6x^{11} −6a^6x^{12} + a^6x^{13}), a_4 = −(−1 + x)^2(−1 + ax)^3(−1 + 6ax + 4ax^2 − 18a^2x^2 − 6a^2x^3 + 20a^3x^3 − 8a^2x^4 + a^3x^5 +12a^3x^6 − 13a^4x^8 − 6a^5x^9 + 8a^5x^{10} − 5a^6x^{10} + 2a^6x^{11} + 15a^7x^{11} − 2a^6x^{12} −12a^7x^{12} + 3a^7x^{13}), a_5 = a(−1 + x)x^2(−1 + ax)^4(−3 + x + 12ax + 2ax^2 − 15a^2x^2 − 4ax^3 + a^2x^4 + 6a^2x^5 −4a^3x^7 + 4a^4x^8 + a^4x^9 + 6a^5x^9 − 4a^5x^{10} − 6a^6x^{10} + 3a^6x^{11}), a_6 = −a^2x^4(−1 + ax)^5(−3 + 2x + 6ax − 2ax^2 − 3ax^3 + a^3x^7 − 2a^4x^8 + a^5x^9), a_7 = a^3x^6(−1 + ax)^6y^7.

A^{super}_{T K10} (x, y; a, t = −1) = 9∑ i=0 a_i(x; a)y^i, (B.2)

– 34 –

Figure 13: Matrix form of a = 1 specialization of Q-deformed polynomial for the knot 8_1. Face polynomials clearly arise from Newton binomials; in consequence, when a and t dependence is taken into account, the quantizability conditions imply that both a and t must be roots of unity.

where a_0 = −a^8(−1 + x)^8x^8, a_1 = a^4(−1 + x)^7(−1 + 2x − x^2 + 4a^3x^8 + 3a^4x^9 − 3a^4x^{10} − 8a^5x^{10} + 4a^5x^{11}), a_2 = −a^3(−1 + x)^6(−1 + ax)(−4 + 6x + 8ax − 2x^2 − 9ax^2 − 4ax^3 + 5ax^4 − 10a^3x^8 −8a^4x^9 + 10a^4x^{10} + a^5x^{10} + 28a^6x^{11} − 3a^5x^{12} − 24a^6x^{12} + 6a^6x^{13}), a_3 = a^2(−1 + x)^5(−1 + ax)^2(−6 + 6x + 24ax − x^2 − 12ax^2 − 28a^2x^2 − 16ax^3 +13a^2x^3 + 6ax^4 + 18a^2x^4 + 11a^2x^5 − 15a^2x^6 + 20a^3x^8 − 15a^4x^{10} + 4a^5x^{11} −13a^6x^{11} + 6a^5x^{12} + 24a^6x^{12} − 56a^7x^{12} − 9a^6x^{13} + 60a^7x^{13} − a^6x^{14} −24a^7x^{14} + 4a^7x^{15}), a_4 = −a(−1 + x)^4(−1 + ax)^3(−4 + 2x + 24ax + 3ax^2 − 60a^2x^2 − 12ax^3 − 9a^2x^3 +56a^3x^3 + 14a^2x^4 − a^3x^4 + 31a^2x^5 − 16a^3x^5 − 17a^3x^6 − 46a^3x^7 + 45a^4x^9 +9a^5x^{10} − 32a^5x^{11} + a^6x^{11} − 18a^6x^{12} + 15a^7x^{12} + 17a^6x^{13} − 36a^7x^{13} + 70a^8x^{13} +21a^7x^{14} − 80a^8x^{14} − 6a^7x^{15} + 36a^8x^{15} − 8a^8x^{16} + a^8x^{17}), a_5 = (−1 + x)^3(−1 + ax)^4(−1 + 8ax + 6ax^2 − 36a^2x^2 − 21a^2x^3 + 80a^3x^3 − 17a^2x^4 +36a^3x^4 − 70a^4x^4 + 18a^3x^5 − 15a^4x^5 + 32a^3x^6 − a^4x^6 − 9a^4x^7 − 45a^4x^8 +46a^5x^{10} + 17a^6x^{11} − 31a^6x^{12} + 16a^7x^{12} − 14a^7x^{13} + a^8x^{13} + 12a^7x^{14} + 9a^8x^{14} −56a^9x^{14} − 3a^8x^{15} + 60a^9x^{15} − 2a^8x^{16} − 24a^9x^{16} + 4a^9x^{17}), a_6 = −a(−1 + x)^2x^2(−1 + ax)^5(−4 + x + 24ax + 9ax^2 − 60a^2x^2 − 6ax^3 − 24a^2x^3 +56a^3x^3 − 4a^2x^4 + 13a^3x^4 + 15a^2x^5 − 20a^3x^7 + 15a^4x^9 − 11a^5x^{10} − 6a^5x^{11} −18a^6x^{11} + 16a^6x^{12} − 13a^7x^{12} + a^6x^{13} + 12a^7x^{13} + 28a^8x^{13} − 6a^7x^{14} −24a^8x^{14} + 6a^8x^{15}), a_7 = a^2(−1 + x)x^4(−1 + ax)^6(−6 + 3x + 24ax − 28a^2x^2 − 10ax^3 − a^2x^3 + 8a^2x^4 +10a^2x^5 − 5a^4x^9 + 4a^5x^{10} + 2a^5x^{11} + 9a^6x^{11} − 6a^6x^{12} − 8a^7x^{12} + 4a^7x^{13}), a_8 = −a^3x^6(−1 + ax)^7(−4 + 3x + 8ax − 3ax^2 − 4ax^3 + a^4x^9 − 2a^5x^{10} + a^6x^{11}), a_9 = a^4x^8(−1 + ax)^8.

– 35 –

Figure 14: Matrix form of a = 1 specialization of Q-deformed polynomial for the knot 10_1. Face polynomials clearly arise from Newton binomials; in consequence, when a and t dependence is taken into account, the quantizability conditions imply that both a and t must be roots of unity.

– 36 –

References

[1] O. Aharony, A. Hanany, K. Intriligator, N. Seiberg, and M. J. Strassler, Aspects of N=2 Supersymmetric Gauge Theories in Three Dimensions, Nucl. Phys. B499 (1997), no. 1-2 67–99, [hep-th/9703110v1].

[2] A. Kapustin, B. Willett, and I. Yaakov, Exact Results for Wilson Loops in Superconformal Chern-Simons Theories with Matter, JHEP 1003 (2010) 089, [arXiv:0909.4559]. Published in: JHEP 1003:089,2010 32 pages.

[3] H. Fuji, S. Gukov, and P. Sułkowski, Super-A-polynomial for knots and BPS states,

arXiv:1205.1515.

[4] E. Witten, Quantum Field Theory and the Jones Polynomial, Commun. Math. Phys. 121 (1989) 351.

[5] T. Dimofte, S. Gukov, and L. Hollands, Vortex Counting and Lagrangian 3-manifolds,

arXiv:1006.0977.

[6] Y. Terashima and M. Yamazaki, SL(2,R) Chern-Simons, Liouville, and Gauge Theory on Duality Walls, JHEP 1108 (2011) 135, [arXiv:1103.5748].

[7] T. Dimofte, D. Gaiotto, and S. Gukov, Gauge Theories Labelled by Three-Manifolds,

arXiv:1108.4389.

[8] S. Cecotti, C. Cordova, and C. Vafa, Braids, Walls, and Mirrors, arXiv:1110.2115. [9] S. Gukov, Three-Dimensional Quantum Gravity, Chern-Simons Theory, and the A-Polynomial, Commun. Math. Phys. 255 (2005), no. 3 577–627, [hep-th/0306165].

[10] N. Seiberg and E. Witten, Electric-Magnetic Duality, Monopole Condensation, and Confinement In N=2 Supersymmetric Yang-Mills Theory, Nucl. Phys. B426 (1994) 19–52, [hep-th/9407087].

[11] N. Seiberg and E. Witten, Monopoles, Duality and Chiral Symmetry Breaking in N=2 Supersymmetric QCD, Nucl. Phys. B431 (1994) 484–550, [hep-th/9408099].

[12] P. C. Argyres and M. R. Douglas, New phenomena in SU(3) supersymmetric gauge theory, Nucl.Phys. B448 (1995) 93–126, [hep-th/9505062].

[13] S. Gukov and M. Stosic, Homological algebra of knots and BPS states, arXiv:1112.0030. [14] S. Nawata, P. Ramadevi, X. Sun, and Zodinmawia, Super-A-polynomial for Twist Knots, arXiv

preprint (2012).

[15] N. Hama, K. Hosomichi, and S. Lee, SUSY Gauge Theories on Squashed Three-Spheres,

arXiv:1102.4716.

[16] A. Kapustin and B. Willett, Generalized Superconformal Index for Three Dimensional Field Theories, arXiv:1106.2484.

[17] T. Dimofte, D. Gaiotto, and S. Gukov, 3-Manifolds and 3d Indices, arXiv:1112.5179. [18] T. T. Dumitrescu, G. Festuccia, and N. Seiberg, Exploring Curved Superspace,

arXiv:1205.1115.

[19] F. Benini, T. Nishioka, and M. Yamazaki, 4d Index to 3d Index and 2d TQFT,

arXiv:1109.0283.

– 37 –

[20] J. Kallen, Cohomological localization of Chern-Simons theory, JHEP 1108 (2011) 008, [arXiv:1104.5353].

[21] K. Ohta and Y. Yoshida, Non-Abelian Localization for Supersymmetric

Yang-Mills-Chern-Simons Theories on Seifert Manifold, arXiv:1205.0046.

[22] T. Dimofte, “Holomorphic Blocks and Stokes Phenomena.” http:

//www.hcm.uni-bonn.de/events/eventpages/2012/string-math-2012/schedule/#c3491,

2012. Talk at the String Math 2012 conference, Bonn.

[23] S. Gukov and P. Sułkowski, A-polynomial, B-model, and Quantization, JHEP 1202 (2012) 070, [arXiv:1108.0002].

[24] G. Borot and B. Eynard, All-order asymptotics of hyperbolic knot invariants from non-perturbative topological recursion of A-polynomials, arXiv:1205.2261.

[25] N. A. Nekrasov and S. L. Shatashvili, Quantization of Integrable Systems and Four Dimensional Gauge Theories, arXiv:0908.4052.

[26] M. Aganagic, M. C. N. Cheng, R. Dijkgraaf, D. Krefl, and C. Vafa, Quantum Geometry of Refined Topological Strings, arXiv:1105.0630.

[27] R. Dijkgraaf, “Quantum Geometry of Refined Topological Strings.”

http://media.scgp.stonybrook.edu/video/video.php?f=20110804_1_qtp.mp4, 2011. Talk

at the Simons Summer Workshop in Mathematics and Physics.

[28] T. Dimofte, Quantum Riemann Surfaces in Chern-Simons Theory, arXiv:1102.4847.

[29] A. Hanany and E. Witten, Type IIB superstrings, BPS monopoles, and three-dimensional gauge dynamics, Nucl.Phys. B492 (1997) 152–190, [hep-th/9611230].

[30] J. de Boer, K. Hori, Y. Oz, and Z. Yin, Branes and mirror symmetry in N=2 supersymmetric gauge theories in three-dimensions, Nucl.Phys. B502 (1997) 107–124, [hep-th/9702154].

[31] E. Witten, Solutions of Four-Dimensional Field Theories Via M Theory, Nucl. Phys. B500 (1997), no. 3 [hep-th/9703166].

[32] H. Fuji, S. Gukov, and P. Sułkowski, Volume Conjecture: Refined and Categorified (with an appendix by Hidetoshi Awata), arXiv:1203.2182.

[33] M. Aganagic and C. Vafa, Large N Duality, Mirror Symmetry, and a Q-deformed A-polynomial for Knots, arXiv:1204.4709.

[34] S. Gukov, Surface Operators and Knot Homologies, arXiv:0706.2369.

[35] S. Katz, A. Klemm, and C. Vafa, Geometric Engineering of Quantum Field Theories, Nucl.

Phys. B497 (1997) [hep-th/9609239].

[36] N. M. Dunfield, S. Gukov, and J. Rasmussen, The Superpolynomial for knot homologies,

math/0505662.

[37] P. Dunin-Barkowski, A. Mironov, A. Morozov, A. Sleptsov, and A. Smirnov, Superpolynomials for toric knots from evolution induced by cut-and-join operators, arXiv:1106.4305.

[38] H. Itoyama, A. Mironov, A. Morozov, and A. Morozov, HOMFLY and superpolynomials for figure eight knot in all symmetric and antisymmetric representations, arXiv:1203.5978.

– 38 –

[39] D. Cooper, M. Culler, H. Gillet, D. Long, and P. B. Shalen, Plane curves associated to character varieties of 3-manifolds, Invent. Math. 118 (1994), no. 1 47–84.

[40] L. Ng, Framed knot contact homology, Duke Math. J. 141 (2008) 365–406, [math/0407071]. [41] L. Ng, Knot and braid invariants from contact homology I, Geom. Topol. 9 (2005) 247297, [math/0302099].

[42] L. Ng, Knot and braid invariants from contact homology II, with an appendix written jointly with Siddhartha Gadgil, Geom. Topol. 9 (2005) 16031637, [math/0303343].

[43] L. Ng, Combinatorial knot contact homology and transverse knots, Adv. Math. 227 (2011) 2189–2219, [arXiv:1010.0451].

[44] L. Ng, “Mathematica notebook.”

http://www.math.duke.edu/~ng/math/AugmentationPolynomials.nb, 2012. A notebook

containing three-variable augmentation polynomials for various small topological knots. [45] P. C. Argyres, M. R. Plesser, N. Seiberg, and E. Witten, New N=2 superconformal field theories in four-dimensions, Nucl.Phys. B461 (1996) 71–84, [hep-th/9511154].

[46] P. Ozsvath and Z. Szabo, Holomorphic disks and knot invariants, Adv. Math. 186 (2004) 58–116, [math/0209056].

[47] J. Rasmussen, Floer homology and knot complements, math/0306378. [48] P. Ozsvath and Z. Szabo, Knot Floer homology, genus bounds, and mutation, math/0303225. [49] S. Gukov, A. Schwarz, and C. Vafa, Khovanov-Rozansky Homology and Topological Strings, Lett. Math. Phys. 74 (2005) 53–74, [hep-th/0412243].

[50] E. Witten, Fivebranes and Knots, arXiv:1101.3216.

[51] S. Cecotti and M. Del Zotto, On Arnold’s 14 ‘exceptional’ N=2 superconformal gauge theories, JHEP 1110 (2011) 099, [arXiv:1107.5747].

[52] J. Seo and K. Dasgupta, Argyres-Douglas Loci, Singularity Structures and Wall-Crossings in Pure N=2 Gauge Theories with Classical Gauge Groups, JHEP 1205 (2012) 072, [arXiv:1203.6357].

[53] D. Xie, General Argyres-Douglas Theory, arXiv:1204.2270. [54] E. Witten, Analytic Continuation of Chern-Simons Theory, arXiv:1001.2933.

– 39 –