arXiv:1209.2061v3 [hep-lat] 8 Apr 2013

UTHEP-603 OU-HET-755

Chiral symmetry restoration, eigenvalue density of Dirac operator and axial U(1) anomaly at finite temperature

Sinya Aoki,^{1, 2} Hidenori Fukaya,^3 and Yusuke Taniguchi^{1, 2} 1 Graduate School of Pure and Applied Sciences, University of Tsukuba, Tsukuba, Ibaraki 305-8571, Japan 2 Center for Computational Sciences, University of Tsukuba, Tsukuba, Ibaraki 305-8577, Japan 3 Department of Physics, Osaka University, Toyonaka 560-0043, Japan

Abstract

We reconsider constraints on the eigenvalue density of the Dirac operator in the chiral symmetric phase of 2 flavor QCD at finite temperature. To avoid possible ultra-violet(UV) divergences, we work on a lattice, employing the overlap Dirac operator, which ensures the exact “chiral” symmetry at finite lattice spacings. Studying multi-point correlation functions in various channels and taking their thermodynamical limit (and then taking the chiral limit), we obtain stronger constraints than those found in the previous studies: both the eigenvalue density at the origin and its first and second derivatives vanish in the chiral limit of 2 flavor QCD. In addition we show that the axial U(1) anomaly becomes invisible in susceptibilities of scalar and pseudo scalar mesons, suggesting that the 2nd order chiral phase transition with the O(4) scaling is not realized in 2 flavor QCD. Possible lattice artifacts when non-chiral lattice Dirac operator is employed are briefly discussed.

I. INTRODUCTION

The QCD Lagrangian with N_f massless quarks is invariant under SU(N_f )_L × SU(N_f )_R × U(1)_V × U(1)_A chiral rotations. This symmetry, however, is broken in two different ways: SU(N_f )_L × SU(N_f )_R part is spontaneously broken to SU(N_f )_V in the QCD vacuum, while U(1)_A is broken explicitly at the quantum level by the anomaly.

At a finite temperature T , it is widely believed that the SU(N_f )_L × SU(N_f )_R chiral symmetry is recovered above the (critical) temperature T_c ∼ 150 MeV and plenty of evidence has been reported in the first principle calculations of lattice QCD. For the U(1)_A part, however, it remains an open question if, how (much), and when the symmetry is restored. We only know that the U(1)_A symmetry should be recovered in the T → ∞ limit, where fermions eventually decouple as the lowest Matsubara frequency goes to infinity, so that the anomaly term cannot survive.

In particular, the question of whether the U(1)_A symmetry is restored or not near T_c is of phenomenological importance. For simplicity, let us consider the N_f = 2 case. As Pisarski and Wilczek [1] have discussed, the order of the phase transition may depend on the fate of the U(1)_A symmetry: if it remains to be broken at T_c, the chiral phase transition can be the second order, while it is likely to be the first order when the U(1)_A symmetry is also restored. Furthermore the particle spectrum with the presence or absence of the U(1)_A symmetry is quite different[2]. A connection between the restoration of U(1)_A symmetry and the gap in the eigenvalue density of the Dirac operator near the origin is also suggested[3].

In principle, the fate of the U(1)_A symmetry and related issues can be investigated by numerical lattice QCD simulations [4, 5]. Such studies are, however, still not easy, since both chiral and thermodynamical (the infinite volume) limits are required. Currently, four simulations with different quark actions are on-going, but they have reported different results. Two of them [6? ] have reported that the eigenvalue density of the Dirac operator has no gap at the origin and its quark mass scaling is consistent with the U(1)_A broken scenario. Another group [8] has also reported no gap at the origin but they have found that small eigenmodes, which mainly contribute to U(1)_A breaking correlation functions, are localized and uncorrelated, suggesting that their contribution to the correlation functions is negligible. A simulation with overlap quarks [9], however, has reported the existence of a gap in the Dirac eigenvalue density and a degeneracy of pion and eta(-prime) meson correlators, which suggests the recovery of U(1)_A symmetry.

In this work, we address these problems again on a lattice, but using an analytic method. For simplicity, we concentrate on the N_f = 2 case in this paper. We employ the overlap Dirac operator [10, 11], which ensures the exact SU(2)_L × SU(2)_R symmetry [12] through the Ginsparg-Wilson relation [13] but the U(1)_A is (correctly) broken by the fermonic measure[14]. By using the spectral decomposition of the multi-point correlation functions, and assuming the restoration of the SU(2)_L × SU(2)_R symmetry, we investigate if there are new constraints on the Dirac eigenvalue density in addition to the manifest one implied by the well-known Banks-Casher relation [15]. We also investigate whether the effect of the U(1)_A symmetry breaking disappear or not above T_c.

Since similar analytical investigations have been made in previous studies, let us here revisit them and make clear what is new in this work. The first analysis based only on QCD was done by Cohen [16]. Assuming an absence of the zero-mode’s contribution, they concluded that all the disconnected contributions of the two-point functions in the SU(2)_L × SU(2)_R symmetric phase disappear in the chiral limit. This means that the pion, sigma, delta, and eta(-prime) meson correlators are all identical, realizing the U(1)_A symmetry. In this work, we include the zero-mode contribution explicitly to check whether or not this conclusion survives.

In fact, Lee and Hatsuda [17] (see also a related work by Evans et al. [18]) claimed that the zero-mode’s contribution does not vanish but keeps the disconnected contribution of the scalar channel non-zero:

lim_{m→0} ( ⟨q̄(x)q(x) q̄(y)q(y)⟩ − ⟨q̄(x)T^3q(x) q̄(y)T^3q(y)⟩ )

= lim_{m→0} ∫ d[A]_{ν=±1}e^{−SY M} det^′[D/ + m]^2 × 4ϕ̄^A_0 (x)ϕ^A_0 (x)ϕ̄^A_0 (y)ϕ^A_0 (y) Z + O(m),(1)

where q denotes the quark field, T^3 is the 3rd generator of SU(2). On the right-hand side (RHS), Z is the partition function of QCD, d[A]_{ν=±1} denotes the gauge field integrals with a fixed topological charge ν = ±1, S_{Y M} denotes the gauge part of the action, det^′[D/ + m] = det[D/ + m]/m is the (continuum) fermion determinant with the quark mass m from which the zero-mode contribution is subtracted, and ϕ^A_0 is an eigenfunction for the zero-mode at a given configuration A.

The thermodynamical limit of Eq. (1) is, however, non-trivial and subtle, as was pointed out by Cohen [3]. In fact, we find that the RHS of Eq. (1) is at least an O(1/V ) quantity. Integrating Eq. (1) over x and then taking an average over y, (which should be grater than the original LHS), one immediately obtains 1 V ∫ d^4y ∫ d^4x(LHS of Eq.(1)) = C

4N^2_ϕ V → 0, V → ∞, (2) since both N_ϕ = ∫ d^4xϕ̄^A_0 (x)ϕ^A_0 (x) and C = lim_{m→0}(Z_1 + Z_{−1})/m^2Z (where Z_{±1} denotes the partition function in the topological sector of ν = ±1) are finite. In fact, our work will show that not only Eq. (1) but also any contributions from zero modes of the Dirac operator are in general O(1/V ) quantities, and thus disappear in the large volume limit. It is not difficult to intuitively understand our result. In the large volume limit that V → ∞ , the number of the fermion modes contributing to the denominator Z increases (it is natural to assume it to be proportional to V ) while that of the numerator, where the bulk O(V ) contributions are canceled, is fixed to be O(1).

Two years later, Cohen [3] discussed a constraint on the eigenvalue density of the QCD Dirac operator in the chiral limit. Relating the scalar one-point function and pseudoscalar two-point functions in the chiral symmetric phase, he concluded that the eigenvalue density near zero, ρ(λ) ∼ |λ|^α, (3) must have α > 1. In this paper, we examine up to 4 point correlation functions in more various channels, and obtain a stronger constraint: α > 2. In the case of integer α, we believe that our constraint that α is equal to or larger than 3 should be the strongest, since we know of a theory which has both α = 3 and unbroken SU(2)_L ×SU(2)_R (and also U(1)_A) chiral symmetries: 2-flavor massless free quarks.

Although we perform no numerical analysis in our study, we would like to discuss possible artifacts in lattice QCD simulations. In our analysis, the fully recovered SU(2)_L × SU(2)_R symmetry is crucial. We discuss possible modifications to our conclusions due to discretization effects if a non-chiral quark action is employed in numerical simulations. We also comment on finite volume effects.

Our paper is organized as follows. In Section II, we explain our setup, what we observe, and what we assume. The constraints on the eigenvalue density with integer power at the origin are given in Section III. In Section IV, we address a question on the fate of the U(1)_A symmetry. In Section V, we discuss possible systematic effects which may arise in lattice QCD simulations. Section VI is devoted to a case where the eigenvalue density has a fractional power at the origin. A conclusion and discussion are given in Section VII. Some useful formula and detailed calculations are collected in two appendices.

II. LATTICE SETUP

A. Spectral decomposition of the overlap fermion

We consider N_f -flavor lattice QCD in a finite volume V , with the (anti-)periodic boundary condition in space(time).

The quark part of the action is given by

S_F = a^4 ∑ x [ ψ̄D(A)ψ + mψ̄F (D(A))ψ ] (x), F (D) = 1 − Ra 2 D, (4) where ψ = (ψ_1, ψ_2, · · · ψ_{Nf} )^T denotes the set of N_f fermion fields with the degenerate mass m, a is the lattice spacing, and D(A) is the overlap Dirac operator [10, 11] for a given gauge field A, D(A) = 1 Ra 1 + D_W (A) − 1/Ra √ (D_W (A) − 1/Ra)^†(D_W (A) − 1/Ra) . (5) Here D_W (A) denotes the Wilson Dirac operator for the same gauge configuration A, and R is an arbitrary constant. We have omitted the identity matrix 1_{Nf ×Nf} for the flavor indices for simplicity.

It is well-known that the overlap Dirac operator satisfies the γ_5 hermiticity, D(A)^† = γ_5D(A)γ_5, and the Ginsparg-Wilson (GW) relation [13],

D(A)γ_5 + γ_5D(A) = aD(A)Rγ_5D(A). (6)

With this relation, the action Eq. (4) in the m → 0 limit is exactly symmetric [12] under the lattice chiral rotation, δ_aψ(x) = iθT_aγ_5[(1 − RaD(A))ψ](x), (7) δ_aψ̄(x) = iθψ̄(x)T_aγ_5, (8)

where θ is an infinitesimal real parameter, and T_a denotes the generator of SU(N_f ) for a = 1, 2, · · · N^2_f − 1, and T_0(= 1_{Nf ×Nf} ) denotes that for U(1)_A.

We now consider eigenvalues and eigenfunctions of D(A): D(A)ϕ^A_n = λ^A_n ϕ^A_n . The GW relation implies that

λ^A_n + λ̄^A_n = aRλ̄^A_n λ^A_n , (9)

where λ^A_n , and its complex conjugate λ̄^A_n are in general complex numbers and therefore (ϕ^A_n )^†D(A)^† = (ϕ^A_n )^†λ̄^A_n . Moreover, from the GW relation (6) and its consequence (9) we have

D(A)γ_5ϕ^A_n = − λ^A_n 1 − Raλ^A_n γ_5ϕ^A_n = λ̄^A_n γ_5ϕ^A_n . (10)

Since (λ̄^A_n − λ^A_m)(ϕ^A_n , γ_5ϕ^A_m) = 0, eigenfunctions with complex eigenvalues can be orthonormalized as (ϕ^A_n , ϕ^A_m) = (γ_5ϕ^A_n , γ_5ϕ^A_m) = δ_{nm}, and (ϕ^A_n , γ_5ϕ^A_m) = 0. Here an inner product is defined as (f, g) ≡ a^4 ∑ x f^†(x)g(x). For the real eigen values λ^A_k = 0 and λ^A_K = 2/(Ra), their eigenfunctions can be chiral eigenstates, since D(A) and γ_5 commute for these real modes. In the following, let us denote the number of the left(right)-handed zero eigenmodes as N_L(N_R) and that of the left(right)-handed λ^A_K = 2/Ra (doubler) eigenmodes as n_L(n_R).

Thus the propagator of the massive overlap fermion (for each flavor) can be expressed in terms of these eigenvalues and eigenfunctions as, S_A(x, y) = ∑ {n | Imλ^A_n >0} [ ϕ^A_n (x)ϕ^A_n (y)^† f_mλ^A_n + m + γ_5ϕ^A_n (x)ϕ^A_n (y)^†γ_5 f_mλ̄^A_n + m ]

+ N^A_{R+L}∑

k=1 ϕ^A_k (x)ϕ^A_k (y)^† m + n^A_{R+L}∑

K=1 ϕ^A_K (x)ϕ^A_K (y)^† 2/(Ra) , (11)

where f_m = 1 − Rma/2, N^A_{R+L} = N^A_R + N^A_L is the total number of zero-modes, and n^A_{R+L} = n^A_R + n^A_L is the total number of doubler modes.

A measure for a given gauge field A can be also written in terms of eigenvalues as P_m(A) = e^{−SY M (A)}m^{Nf N AR+L} (Λ_R)^{Nf nAR+L} ∏ Imλ_n>0

(Z^2_mλ̄^A_n λ^A_n + m^2)^{Nf} , (12)

where S_{Y M} (A) is the gauge part of the action (whose explicit form is not needed in this work), Λ_R = 2/(Ra) and Z^2_m = 1 − m^2/Λ^2_R. Note that for even N_f , P_m(A) is positive definite and an even function of m.

It is important to note that all quantities which consist of S_A(x, y) and P_m(A) are finite at V < ∞, m ≠ 0 and a ≠ 0. We then carefully take the V → ∞ and m → 0 limits, without worrying about possible ultra-violet(UV) divergences, until we eventually take the continuum limit.

B. Chiral Ward-Takahashi identities on the lattice Now let us study the quantum aspects of the symmetry, performing the functional integral of an operator O over the quark fields, ⟨O⟩_F ≡ ∫ dψdψ̄ Oe^{−SF} . (13) The global lattice chiral rotation Eq. (7) gives the integrated Ward-Takahashi (WT) identity, ⟨(δ_{a0}J_0 − δ_aS_F )O + δ_aO⟩_F = 0, (14) where J_0 is the contribution from the chiral anomaly, or the Jacobian of the measure, J_0 = −2iN_f a^4 ∑ x ∑ N=n,k,K ϕ^A_N (x)^†γ_5 ( 1 − R 2 aD ) ϕ^A_N (x) = −2iN_f × Q(A), (15) where Q(A) = N^A_R − N^A_L is the index of the overlap Dirac operator [14], which gives an appropriate definition of the topological charge for the given gauge configuration A.

In this paper, we consider the (volume integrals of) scalar and pseudoscalar density operators S_a = a^4 ∑ x [ψ̄T_a(F (D(A))ψ](x), (16) P_a = a^4 ∑ x [ψ̄T_aiγ_5(F (D(A))ψ](x), (17) and their correlations. These two operators are transformed as δ_bS_a = 2 ∑ c d^c_{ab}P_c, δ_bP_a = −2 ∑ c d^c_{ab}S_c, (18) where {T_a, T_b} = 2 ∑ c d^c_{ab}T_c. In particular, in the N_f = 2 case, we have δ_bS_a = 2δ_{ab}P_0, δ_bP_a = −2δ_{ab}S_0, (for a, b = 1, 2, 3), (19) δ_0S_a = δ_aS_0 = 2P_a, δ_0P_a = δ_aP_0 = −2S_a, (for a = 0, 1, 2, 3), (20) where we have adopted the normalization (T^a)^2 = 1_{2×2} without summation on a. It is now obvious that our mass term in the action Eq. (4) can be simply expressed by mS_0, and its transformation is δ_aS_F = 2mP_a.

C. Basic properties and assumptions

In this subsection, we explicitly give the basic properties and assumptions used in this paper.

If the SU(2)_L × SU(2)_R chiral symmetry is restored at T > T_c, we should have

lim_{m→0} lim_{V →∞}⟨δ_aO⟩_m = 0 (for a ≠ 0), (21)

for an arbitrary operator O, where an average over gauge fields is defined by ⟨O(A)⟩_m = 1 Z ∫ DA P_m(A) O(A), Z = ∫ DA P_m(A). (22) Here we have included the subscript m to remind the readers of the m-dependence.

In the following analysis, we will normalize the operator O (by multiplying 1/V^k with an integer k ) so that lim_{V →∞}⟨δ_aO⟩ is well-defined. Note that P_m(A) is positive for even N_f and ∫ DAP_m(A)/Z = 1. In our analysis, we assume that the vacuum expectation values of the m-independent observable O(A) is an analytic function of m^2, if the chiral symmetry is restored. Therefore if O(A) is m-independent and positive for all A, and is shown to satisfy

lim_{m→0} 1 m^k ⟨O(A)^{l0} ⟩_m = 0 (23)

with a non-negative integer k and a positive integer l_0, we can write

⟨O(A)^{l0} ⟩_m = m^{2([k/2]+1)} ∫ DAP̂ (m^2, A)O(A)^{l0} , (24)

where [c] is the largest integer not larger than c, P̂ (0, A) ≠ 0 for^∃A and ∫ DAP̂ (m^2, A)O(A)^{l0} is non-negative and assumed to be finite in the large volume limit. In other words, the leading m dependence arises from the contribution of configurations which satisfy P̂ (0, A) ≠ 0.

Under the above assumption, it is easy to see that

⟨O(A)^l⟩_m = m^{2([k/2]+1)} ∫ DA P̂ (m^2, A)O(A)^l = O(m^{2([k/2]+1)}), (25)

for an arbitrary positive integer l, as long as ∫ DAP̂ (m^2, A)O(A)^l is finite, since O(A)^{l0} and O(A)^l are both positive and therefore share the same support in the configuration space.

More generally, if a set of non-negative m-independent functions O_i(A) satisfies ⟨O_i(A)⟩_m = O(m^{2ni} ) with non-negative integers n_i (i = 1, 2, 3, · · · k), it is easy to see that ⟨_k ∏ i O_i(A) ⟩ m = O(m^{2nmax} ), (26)

where n_{max} = max(n_1, n_2, · · · , n_k).

If a non-negative O_0 and an arbitrary operator O_1 are m-independent and satisfy

⟨O_0⟩_m = O(m^{2n0} ), ⟨O_1⟩_m = O(m^{2n1} ), (27)

we then have

⟨O_0O_1⟩_m = m^{2n0} ∫ DA O_0(A)O_1(A) { P̂_+(m^2, A) + P̂_−(m^2, A) } = O(m^{2n0} ), (28)

irrespective of values of n_0 and n_1, where P̂ (m^2, A) = P̂_+(m^2, A) + P̂_−(m^2, A) and

O_1(A)P (m^2, A) =

O_1(A)P_+(m^2, A), O_1(A) > 0 O_1(A)P_−(m^2, A), O_1(A) < 0 0, O_1(A) = 0

. (29)

As will be seen later, we have

lim_{m→0} lim_{V →∞} 1 mV ⟨N^A_{R+L}⟩_m = 0, (30)

as a constraint from the chiral symmetry restoration. This leads to lim_{V →∞} 1 V ⟨N^A_{R+L}⟩_m = O(m^2). (31)

This condition is, however, much weaker than the naive expectation that the configuration A, which gives N^A_{R+L} = O(V ) has the weight P_m(A) ∝ m^{Nf O(V )} and therefore is much more suppressed in the large volume limit. We do not assume such a highly suppressed weight P_m(A) in this paper. As will be shown later, however, we can further prove that lim_{V →∞} 1 V ⟨N^A_{R+L}⟩_m = 0, (32)

for small enough m, using our weaker assumption, Eq. (24).

Note that analyticity in m^2 for physical observables and its consequence Eq. (24) do not hold at T < T_c, where the chiral symmetry is spontaneously broken. For example, the topological charge Q(A) is expected to satisfy lim_{V →∞} 1 V ⟨Q(A)^2⟩_m = mΣ N_f + O(m^2), (33) where Σ is the chiral condensate. The odd power of m reflects the non-analyticity of the QCD partition function at m = 0.

In the following analysis, the thermodynamical limit of the eigenvalue density for a given configuration A,

ρ^A(λ) = lim_{V →∞} 1 V ∑ n (Imλ^A_n >0) δ(λ − √ λ̄A_n λA_n ), (34)

plays a crucial role. Since the temperature of the system is fully controlled by P_m(A), the eigenvalue density ρ^A(λ) itself is not sensitive to the temperature^1. It is also notable that ∫_{ΛR} 0 dλ ρ(λ) is finite on the lattice. Therefore, ρ^A(λ) is positive semi-definite for arbitrary choice of λ and A.^2

Although the original eigenvalue spectrum at finite V is a sum of delta functions, we expect that such a spiky feature is smeared out in the thermodynamical limit, and ρ^A(λ) becomes a smooth function. We here further assume that ρ^A(λ) can be analytically expanded around λ = 0^3:

ρ^A(λ) = ∞∑ n=0 ρ^A_n λ^n n! . (35)

An arbitrarily small convergence radius of this expansion, denoted by ϵ, works well for our later discussion where we take the massless limit. As is well-known as the Banks-Casher relation [15] and will be seen later, lim_{m→0}⟨ρ^A_0 ⟩_m ≠ 0 means the spontaneous chiral symmetry breaking.

III. CONSTRAINTS FROM THE SU(2)_L × SU(2)_R RESTORATION

In the following analysis, we concentrate on the case with N_f = 2. In this section, we derive the constraints on the eigenvalue density of the Dirac operator in the SU(2)_L ×SU(2)_R chiral symmetric phase at finite temperature.

1 The gauge configuration average ⟨ρ^A(λ)⟩_m does, of course, depend on the temperature. 2 Strictly speaking, ρ^A(λ) has a logarithmic divergence in the continuum limit, which can be absorbed by multiplying the quark mass m.

3 More precisely we here assume that configurations which do not have the expansion (35) are measure zero in the path integral with P_m(A). This assumption excludes a possibility that ⟨ρ^A(λ)⟩_m has a fractional power such that ⟨ρ^A(λ)⟩_m ∼ λ^γ with non-integer γ at small λ. We consider the fractional case later in Sec. VI.

A. WT identities for scalar and pseudo-scalar operators Let us consider a product of scalar and pseudoscalar operators defined in Eqs. (16) and (17), O_{n1,n2,n3,n4} = P^{n1}_a S^{n2}_a P^{n3}_0 S^{n4}_0 , (36) where a represents a non-singlet index (a = 1, 2, 3). Here and in the following, a summation over a is not taken, and we explicitly use “0” for the singlet operators.

Non-trivial WT identities are obtained from the set

O^{(N)}_a ≡ {O_{n1,n2,n3,n4} | n_1 + n_2 = odd, n_1 + n_3 = odd, ∑ i n_i = N}, (37) which requires the operator to be a non-singlet, and parity odd. More explicitly, we have at T > T_c lim_{m→0} lim_{V →∞} 1 V^k ⟨δ_aO_{n1,n2,n3,n4} ⟩_m = 0 for O_{n1,n2,n3,n4} ∈ O^{(N)}_a , (38) where δ_aO_{n1,n2,n3,n4} = −2n_1O_{n1−1,n2,n3,n4+1} + 2n_2O_{n1,n2−1,n3+1,n4} − 2n_3O_{n1,n2+1,n3−1,n4} + 2n_4O_{n1+1,n2,n3,n4−1}. (39) Note that the fermion integrals are performed before the gauge integrals: ⟨O⟩_m = ⟨⟨O⟩_F ⟩_m but we have omitted ⟨· · ·⟩_F for notational simplicity. Here the minimum power k which makes the V → ∞ limit finite depends on the choice of O_{n1,n2,n3,n4} . For further details, such as a relation of n_1, n_2, n_3, n_4 to k, see Appendix A 5.

B. Constraints at N = 1 At N = 1, there is only one operator O_{1000} = P_a in O^{(N=1)}_a , which gives δ^aP_a = −2S_0. (40) Using the decomposition in Eq. (11), and the normalization conditions (ϕ^A_n , ϕ^A_m) = (γ_5ϕ^A_n , γ_5ϕ^A_m) = δ_{nm}, the thermodynamical limit of the functional integral for S_0 is expressed as lim_{V →∞} 1 V ⟨−S_0⟩_m = lim_{V →∞} N_f V ⟨ N^A_{R+L} m + ∑ n (Imλ^A_n >0) 2m Z^2_mλ̄^A_n λ^A_n + m^2 ( 1 − λ̄A_n λA_n Λ^2_R )⟩

m = lim_{V →∞} N_f mV ⟨N^A_{R+L}⟩_m + N_f ⟨I_1⟩_m, (41)

where

I_1 = m ∫_{ΛR} 0 dλ ρ^A(λ) 2g_0 (λ^2) Z^2_mλ^2 + m^2

, g_0(x) = 1 − x Λ^2_R

. (42)

In the chiral limit m → 0, only the vicinity of λ = 0 contributes to the integral, since ∫_{ΛR} ϵ dλ ρ^A(λ) 2g_0 (λ^2) Z^2_mλ^2 + m^2

, (43)

is finite for arbitrarily small but positive ϵ, and thus, does not contribute to I_1 in the limit. Expanding ρ^A(λ) for λ < ϵ, (see Eq. (35)), it is not difficult to obtain (see appendix A 3)

I_1 = m ∫_ϵ 0 dλ ρ^A_0 2g_0 (λ^2) Z^2_mλ^2 + m^2 + O(m) = πρ^A_0 + O(m). (44)

As an exercise, let us consider the T < T_c case, where the chiral symmetry is spontaneously broken. Assuming that lim_{V →∞}⟨N^A_{R+L}⟩_m/V → 0^4, the famous Banks-Casher relation [15] is reproduced:

lim_{m→0} lim_{V →∞} 1 N_f V ⟨−S_0⟩_m = π lim_{m→0}⟨ρ^A_0 ⟩_m ( = π lim_{m→0}⟨ρ^A(0)⟩_m ) ≠ 0. (45)

On the other hand, in the chiral symmetric phase T > T_c, we require

lim_{m→0} lim_{V →∞} 1 V ⟨−S_0⟩_m = lim_{m→0} lim_{V →∞} N_f mV ⟨N^A_{R+L}⟩_m + N_f lim_{m→0}⟨I_1⟩_m = 0. (46)

Since both N^A_{R+L} and I_1 are positive, it is equivalent to separately require the following two constraints: lim_{V →∞} N_f V ⟨N^A_{R+L}⟩_m = O(m^2), ⟨ρ^A_0 ⟩_m = O(m^2). (47)

Using Eqs. (26) and (28) ⟨ρ^A_0 ⟩_m = O(m^2) implies ⟨I^2_1 ⟩_m = O(m^2), which will be useful in the analysis below.

4 In chiral perturbation theory, one can confirm that ⟨|Q(A)|⟩_m/V is an O(1/ √ V ) quantity (even when m is finite). Since the minimum of N^A_{R+L} is equal to |Q(A)| in the topological sector of Q(A), it is natural to assume that ⟨N^A_{R+L}⟩_m/V is also O(1/ √ V ). Moreover, using the fact that there is no massless pole in the non-singlet scalar correlator ⟨S_aS_a⟩ in the chiral limit, one can show that ⟨N^A_{R+L}⟩_m/V = O(m^2).

C. Contribution from zero modes at general N

Before extending our analysis to higher N, let us discuss the fate of the zero-mode contribution at general N. For this purpose we consider an operator O_{1,0,0,N−1} ∈ O^{(N)}_a , whose non-singlet chiral WT identity requires

lim_{m→0} lim_{V →∞} (−⟨O_{0,0,0,N} ⟩_m + (N − 1)⟨O_{2,0,0,N−2}⟩_m) = 0. (48)

Its dominant contribution at large volume is − 1 V^N ⟨(S_0)^N ⟩_m = −N^N_f ⟨{ (−1) ( N^A_{R+L} mV + I_1 )}_N ⟩ m + O(V^{−1}), (49)

and, therefore, from the positivity of N^A_{R+L} and I_1, lim_{V →∞} ⟨(N^A_{R+L})^N ⟩_m V^N = O(m^{N+2}) (for even N) O(m^{N+1}) (for odd N)

. (50)

Since this holds for arbitrary N, and N^A_{R+L} does not explicitly depend on m, we conclude that lim_{V →∞} ⟨N^A_{R+L}⟩_m V = 0, (51)

at small but non-zero m.

This result implies that any zero-mode’s contributions to an arbitrary local operator are measure-zero in the thermodynamical limit, as we have already seen an example in Section I [17]. Therefore, we hereafter set lim_{V →∞}⟨N^A_{R+L}⟩_m/V = 0 even at small but non-zero m.

D. Constraints at N = 2

We next consider the N = 2 case. In this case, two WT identities from O_{1001} and O_{0110} ∈ O^{(N=1)}_a require that the so-called (non-singlet) chiral susceptibilities, χ^{σ−π} = 1 V^2

⟨S^2_0 − P^2_a ⟩_m, χ^{η−δ} = 1 V ⟨P^2_0 − S^2_a ⟩_m (52)

vanish in the V → ∞ and m → 0 limits at T > T_c. The first one, χ^{σ−π}, has already been examined in the previous subsection.

In a similar way to the N = 1 case, χ^{η−δ} can be expressed in terms of eigenvalues as

lim_{V →∞} χ^{η−δ} = lim_{V →∞} ⟨ − N^2_f m^2V

Q(A)^2 ⟩ m + N_f ⟨( I_1 m + I_2 )⟩ m , (53) where I_2 is defined by

I_2 = 2 ∫_{ΛR} 0 dλ ρ^A(λ) m^2g^2_0 (λ^2) − λ^2g_0(λ^2) (Z^2_mλ^2 + m^2)^2 = ( 2 ϵ + 2ϵ Λ^2_R ) ρ^A_0 + ( 2 + ϵ^2 Λ^2_R

− log ϵ^2 m^2 ) ρ^A_1 + O(1). (54)

Noting that

I_1 m + I_2 = 2mI_3 = 4m^2 ∫_ϵ 0 dλ ρ^A(λ) g^2_0 (λ^2) (Z^2_mλ^2 + m^2)^2

= ρ^A_0 π m + 2ρ^A_1 + O(m) (55)

for an arbitrarily small (positive) parameter ϵ, and expanding ρ^A(λ) around λ = 0, we obtain a condition in the chiral limit that

lim_{m→0} lim_{V →∞} χ^{η−δ} = N_f lim_{m→0} [ − lim_{V →∞} N_f ⟨Q(A)^2⟩_m m^2V + π m ⟨ρ^A_0 ⟩_m + 2⟨ρ^A_1 ⟩_m + O(m) ] . (56)

Since we already know that ⟨ρ^A_0 ⟩_m = O(m^2), this condition leads to lim_{V →∞} N_f ⟨Q(A)^2⟩_m m^2V

= 2⟨ρ^A_1 ⟩_m + O(m^2). (57)

Note that there should be no O(m) term in Eq. (57) according to the analyticity in m^2. Therefore the O(m) term can not be canceled in Eq. (56) at non-zero m.

E. Constraints at N = 3

From the WT identities at N = 3 except the one considered in the subsection III C, the four quantities,

χ_1 =

⟨O_{0201}⟩_m V^2

= N^2_f ⟨I_1I_2⟩_m + O(1/V ),

χ_2 =

⟨O_{1110}⟩_m V = −N_f ⟨ N_f Q(A)^2 m^3V

− 2I_3 ⟩ m + O(1/V ), χ_3 =

⟨O_{0021}⟩_m V^2

= −N^2_f ⟨ I_1 ( I_1 m − N_f Q(A)^2 m^2V )⟩ m + O(1/V ), χ_4 =

⟨O_{2001}⟩_m V^2 = − N^2_f m ⟨ I^2_1 ⟩ m + O(1/V ), (58)

should vanish after taking the V → ∞ and m → 0 limits. Here I_3 (and its asymptotic form near the chiral limit) is given by

I_3 = 2m ∫_ϵ 0 dλ ρ^A(λ) g^2_0 (λ^2) (Z^2_mλ^2 + m^2)^2 = ( π 2m^2 − 3π 4Λ^2_R ) ρ^A_0 + ρ^A_1 m + π 4 ρ^A_2 + O(m). (59)

Substituting the explicit form of I_1 and I_2, the result (47) in the previous subsection and our assumptions in Eq. (26) and (28) give ⟨I_1I_2⟩_m = O(m), ⟨(I_1)^2⟩_m = O(m^2). (60) so that χ_1 and χ_4 automatically vanish in the V → ∞ and m → 0 limits. Using the same assumptions and the result Eq. (57) the following relations can also be shown ⟨Q(A)^2I_1⟩_m m^2V = π ⟨Q(A)^2ρ^A_0 ⟩_m m^2V

+ O(m), (61) N_f ⟨Q(A)^2⟩_m m^3V = 2 ⟨ρ^A_1 ⟩_m m + O(m). (62) The two remaining non-trivial conditions are lim_{m→0} lim_{V →∞} χ_2 = −πN_f lim_{m→0} [ ⟨ρ^A_0 ⟩_m m^2 + ⟨ρ^A_2 ⟩_m 2 ] = 0, (63)

lim_{m→0} lim_{V →∞} χ_3 = πN^3_f lim_{m→0} lim_{V →∞}

⟨Q(A)^2ρ^A_0 ⟩_m

m^2V

= 0. (64) From the first condition, we obtain a constraint, ⟨ρ^A_0 ⟩_m = −m^2 ⟨ρ^A_2 ⟩_m 2 + O(m^4). (65) Moreover, since ⟨ρ^A_0 ⟩_m is positive (which is required by the positivity of ⟨ρ^A(0)⟩_m), ⟨ρ^A_2 ⟩_m must be negative for small m.

The condition for χ_3 leads to lim_{V →∞} ⟨Q(A)^2ρ^A_0 ⟩_m m^2V

= O(m^2). (66) This condition does not necessarily give stronger constraint than ⟨Q(A)^2⟩_m = O(m^2V ) and ⟨ρ^A_0 ⟩_m = O(m^2), since it only requires that a set of gauge configurations that satisfies both Q(A)^2 ≠ 0 and ρ^A_0 ≠ 0 has a weight m^4P̂ (A, m^2) + O(m^6).

F. Constraints at N = 4

The 8 WT identities at N = 4 give 7 independent constraints ⟨O_{4000} − O_{0004}⟩_m → 0, ⟨O_{4000} − 3O_{2002}⟩_m → 0, ⟨O_{0400} − O_{0040}⟩_m → 0, ⟨O_{0400} − 3O_{0220}⟩_m → 0, ⟨O_{2020} − O_{0202}⟩_m → 0, ⟨O_{2200} − O_{0022}⟩_m → 0, ⟨2O_{1111} − O_{0202} + O_{0022}⟩_m → 0, (67) where the V → ∞ and m → 0 limits are abbreviated by the arrows. The O(V^4) contribution from S^4_0 in the first equation has already been considered.

At O(V^3), there are 3 conditions, lim_{V →∞} 1 V^3

⟨P^2_a S^2_0 ⟩_m = N^3_f

⟨I^3_1 ⟩_m m → 0, (68) lim_{V →∞} 1 V^3

⟨S^2_a S^2_0 ⟩_m = −N^3_f ⟨I^2_1 I_2⟩_m → 0, (69) lim_{V →∞} 1 V^3

⟨P^2_0 S^2_0 ⟩_m = N^3_f ⟨ I^2_1 { I_1 m − N_f Q(A)^2 m^2V }⟩ m → 0. (70)

It is not difficult to confirm that all of them are automatically satisfied, since

⟨I^n_1 ⟩_m = ⟨ { πρ^A_0 + O(m) }_n ⟩_m = O(m^2), (71)

for any integer n ≥ 2 from ⟨ρ^A_0 ⟩_m = O(m^2), and ⟨I^2_1 Q(A)^2⟩_m m^2V = ⟨{πρ^A_0 + O(m)}^2Q(A)^2⟩_m m^2V

= O(m^2), (72)

from Eq. (66) together with the assumption (28) for remaining cross terms. Namely, these three give no additional constraint.

At O(V^2) we have 1 V^2

⟨S^4_a − P^4_0 ⟩_m → 0, 1 V^2

⟨S^4_a − 3S^2_a P^2_0 ⟩_m → 0, 1 V^2

⟨P^2_a (P^2_0 − S^2_a ) − 2P_aS_aP_0S_0⟩_m → 0. (73)

After a little algebra using the formulas in appendices A 2 and A 5, the first condition becomes

3N^2_f ⟨(I_2 + I_1/m)(I_2 − I_1/m)⟩_m +

6N^3_f m^3V

⟨Q(A)^2I_1⟩_m −

N^4_f m^4V^2

⟨Q(A)^4⟩_m → 0. (74)

Using

I_2 −

I_1 m = ρ^A_0 ( − π m + 4 ϵ + 4ϵ Λ^2_R ) + ρ^A_1 ( 2 + 2ϵ^2 Λ^2_R

− 4 log ϵ m ) + O(1), (75)

Eq. (55) and ⟨(ρ^A_0 )^n⟩_m = O(m^2), we can show that the first term in Eq. (74) is at most logarithmically divergent in the limit m → 0. Note that the second term is also logarithmically divergent due to cross contributions from the O(m) terms in I_1 (appendix A 3) and Eq. (57). Therefore, in order to satisfy Eq. (74), the last term should not be power divergent and should at least fulfill lim_{V →∞} 1 V^2

⟨Q(A)^4⟩_m = O(m^4), (76) which leads to lim_{V →∞} 1 V^k ⟨Q(A)^{2k}⟩_m = O(m^4), (77) for an arbitrary positive integer k. Combining this with Eq. (57), we obtain a constraint on the spectral density, ⟨ρ^A_1 ⟩_m = O(m^2), (78) so that Eq. (74) now becomes − 3N^2_f π^2 m^2

⟨(ρ^A_0 )^2⟩_m −

N^4_f m^4V^2

⟨Q(A)^4⟩_m → 0. (79) Since both terms are negative semi-definite, this WT identity requires ⟨(ρ^A_0 )^k⟩_m = O(m^4), lim_{V →∞} 1 V^l ⟨Q(A)^{2l}⟩_m = O(m^6), (80) for arbitrary positive integers k and l. The first condition also gives ⟨ρ^A_2 ⟩_m = O(m^2), (81) from Eq. (65).

The last constraint Eq. (81) can be obtained through a different argument. From Eq. (78), the eigenvalues density near the chiral limit becomes ⟨ρ^A(λ)⟩_m = ⟨ρ^A_2 ⟩_m λ^2 2 + O(λ^3) + O(m^2). (82) The positivity of ⟨ρ^A(λ)⟩_m implies ⟨ρ^A_2 ⟩_m ≥ 0 near m = 0 but this contradicts with the positivity of ⟨ρ^A_0 ⟩_m in Eq. (65), unless ⟨ρ^A_2 ⟩_m = O(m^2), and thus, ⟨ρ^A_0 ⟩_m = O(m^4).

It is now easy to see that the second and third conditions in Eq. (73) are automatically satisfied: the second one gives 6N^2_f m⟨I_2I_3⟩_m −

3N^3_f m^2V

⟨I_2Q(A)^2⟩_m = O(m^2) + O(m^4), (83) while the third one is evaluated as 6N^2_f ⟨I_1I_3⟩_m −

3N^3_f m^3V

⟨I_1Q(A)^2⟩_m = O(m^2) + O(m^3). (84)

G. Special constraints at general N

In this subsection, we consider a special type of operators : O_{0,1,(4k−1),0} ∈ O^{(N=4k)}_a at a general positive integer k, whose non-singlet WT identity gives a condition, lim_{m→0}⟨(4k − 1)S^2_a P^{4k−2}_0 − P^{4k}_0 ⟩_m = 0. (85) At the leading order of V (V^{2k} in this case), the above condition corresponds to − (4k − 1) N_f V^{2k−1} ⟨I_2P^{4k−2}_0 ⟩_m − 1 V^{2k} ⟨P^{4k}_0 ⟩_m → 0, (86)

in the chiral limit. From the results in appendices A 2 and A 5,

⟨P^{4k}_0 ⟩_F V^{2k} = 2k∑ n=0 4kC_{2n}(2n − 1)!! ( −N^2_f Q(A)^2

m^2V )_{2k−n} ( N_f I_1 m )_n + O(V^{−1}), (87)

where we have used the definition (−1)!! = 1. The non-singlet WT identity is expressed by

− (4k − 1) 2k−1∑ n=0 4k−2C2n(2n − 1)!! ⟨( −N^2_f Q(A)^2

m^2V )_{2k−1−n} ( N_f I_1 m )_n N_f I_2 ⟩ m − 2k∑ n=0 4kC_{2n}(2n − 1)!! ⟨( −N^2_f Q(A)^2 m^2V )_{2k−n} ( N_f I_1 m )_n⟩ m → 0. (88)

From the above condition(s), we would like to inductively prove that ⟨Q^{2l}⟩_m V^l = O(m^{4k+2}), ⟨(ρ^A_0 )^l⟩_m = O(m^{2k+2}), (89) holds for arbitrary positive integers l and k.

Suppose ⟨Q^{2l}⟩_m V^l = O(m^{4k−2}), ⟨(ρ^A_0 )^l⟩_m = O(m^{2k}), (90)

is obtained from the WTI at N = 4k − 4 (this is true for k = 2). The constraint above is then reduced to − ⟨ (4k − 1)!!

( N_f I_1 m )_{2k−1} N_f (I_2 + I_1/m) + ( −N^2_f Q(A)^2 m^2V )_{2k}

+(4k − 1) ( −N^2_f Q(A)^2

m^2V )_{2k−1} N_f (I_2 + 2kI_1/m) ⟩ m → 0, (91) where only those terms with n = 0, 2k − 1 in the first summation, n = 0, 1, 2k in the second summation remain. While the first and the third terms are finite and linearly divergent in the m → 0 limit, the second term is seen to be quadratically divergent from eq. (90) as − N^{4k}_f m^{4k} ⟨Q(A)^{4k}⟩_m V^{2k} = O ( m^{−2} ) . (92)

In order for the WTI to be satisfied, the quadratic divergence should be absent, so that ⟨Q(A)^{2l}/V^l⟩_m = O(m^{4k}) for an arbitrary positive integer l, thanks to Eq. (25).

Using this result the third term disappears faster than the others and the WTI becomes

− (4k − 1)!!N^{2k−1}_f

⟨(πρ^A_0 )^{2k}⟩_m m^{2k} − N^{4k}_f m^{4k} ⟨Q(A)^{4k}⟩_m V^{2k} → 0. (93)

Note here that the both terms are negative semi-definite and therefore each term must vanish in the chiral limit. This completes the proof for Eq. (89).

Since k can be arbitrarily large, we now have another stronger constraint on the zeromode’s contribution: lim_{V →∞} ⟨Q(A)^2⟩_m V = 0, (94)

and that on the spectral density, ⟨ρ^A_0 ⟩_m = 0, (95) which hold even at small but non-zero m.

H. Short summary of the constraints

Here we summarize the constraints obtained in this section. For the eigenvalue density, we have

⟨ρ^A_0 ⟩_m = 0, ⟨ρ^A_1 ⟩_m = O(m^2), ⟨ρ^A_2 ⟩_m = O(m^2), (96)

at a small but non-zero m. Namely, the eigenvalue density must have the form

lim_{m→0}⟨ρ^A(λ)⟩_m = ⟨ρ^A_3 ⟩_0 λ^3 3! + O(λ^4). (97)

We believe that this new condition is not only stronger than those found in previous works, but also the strongest since we know that the N_f = 2 massless free quark theory has ⟨ρ^A_3 ⟩_0 ≠ 0 keeping the exact chiral SU(2)_L ×SU(2)_R (and U(1)_A) symmetry. Therefore, it is very likely that we will not find any additional information from N ≥ 5 correlation functions.

For the discrete zero modes, we have obtained lim_{V →∞} 1 V^k ⟨(N^A_{R+L})^k⟩_m = 0, lim_{V →∞} 1 V^k ⟨Q(A)^{2k}⟩_m = 0, (98)

for an arbitrary positive integer k at a small but non-zero m. These zero-modes give no contribution to the correlation functions we are considering.

IV. FATE OF U(1)_A ANOMALY

In this section, we discuss how the constraints in the SU(2)_L × SU(2)_R symmetric phase, obtained in the previous section, affect the U(1)_A breaking correlators. Here we consider a set of (pseudoscalar singlet) operators,

O^{(N)}_0 ≡ {O_{n1,n2,n3,n4} | n_1 + n_2 = even, n_1 + n_3 = odd, ∑ i n_i = N}, (99)

and its chiral U(1)_A rotation, δ_0O_{n1,n2,n3,n4} = −2n_1O_{n1−1,n2+1,n3,n4} + 2n_2O_{n1+1,n2−1,n3,n4} − 2n_3O_{n1,n2,n3−1,n4+1} + 2n_4O_{n1,n2,n3+1,n4−1}. (100) For later convenience, let us also define a set of (scalar singlet) operators,

O^{(N)} ≡ {O_{n1,n2,n3,n4} | n_1 + n_2 = even, n_1 + n_3 = even, ∑ i n_i = N}. (101)

As QCD keeps the vector like SU(2)_V symmetry and the parity symmetry, any operator with a non-zero expectation value must be a member of O^{(N)}. Note that we have already introduced the set of pseudoscalar non-singlet operators O^{(N)}_a in Eq. (37).

Since the U(1)_A transformation is anomalous, the expectation value of the variation ⟨δ_0O⟩_m is nonzero [as shown by the WTI; see Eq. (15)],

lim_{m→0}⟨δ_0O⟩_m = 2iN_f lim_{m→0}⟨Q(A)O⟩_m, (102)

and the U(1)_A symmetry is broken.

It is, however, still possible to have zeros on the both sides of Eq. (102). If this is the case, the U(1)_A anomaly is invisible. In fact, we show below that the constraints obtained in the previous section are strong enough to suppress the variation ⟨δ_0O⟩_m for O ∈ O^{(N)}_0 , to be zero in the large volume V → ∞ and chiral m → 0 limits. Namely, the U(1)_A symmetry must be restored, at least, for the operator set O^{(N)}_0 .

A. Odd N case

For the odd N cases, we can show a relation for the number of operators |O^{(N)}_a | = |O^{(N)}_0 | = |O^{(N)}|, where |A| denotes the number of independent operators in A. See appendix B for the details.

As the exact chiral SU(2)_L×SU(2)_R symmetry requires |O^{(N)}_a | independent WT identities in the chiral limit to be zero,

lim_{m→0}⟨δ_aO_i⟩_m = lim_{m→0} |O^{(N)}|∑

j=1 M_{ij} ⟨O_j ⟩_m = 0, O_i ∈ O^{(N)}_a , O_j ∈ O^{(N)}, (103)

where the matrix M is specified by the WTI that one considers. Since the chiral transformation keeps the independence of the operator, it can be proved that det M ≠ 0^5, and the WTI requires

lim_{m→0}⟨O_i⟩_m = 0 for any O_i ∈ O^{(N)}, (104)

or equivalently, that there is no operator in O^{(N)}, δ_aO^{(N)}_a , and δ_0O^{(N)}_0 which has a non-zero expectation value in the SU(2)_L × SU(2)_R symmetric phase.

Since the U(1)_A variation of any operator in O^{(N)}_0 is an element of O^{(N)}, we can conclude that lim_{m→0}⟨δ_0O⟩_m = 0 for any O ∈ O^{(N)}_0 . (105) Without referring any specific constraints obtained in the previous section, we can thus show that the U(1)_A breaking is invisible for these operators.

B. N = 2, 4, and 6

For even N, the situation is not so simple as for the odd N’s (see Appendix B for the details.). We need to examine the WT identities explicitly.

At N = 2, there remains one non-trivial susceptibility, but one can immediately show that it should vanish: χ^{π−η} = 1 V ⟨P^2_a − P^2_0 ⟩_m = lim_{V →∞}

N^2_f m^2V

⟨Q(A)^2⟩_m = 0, (106)

for small but non-zero m, thanks to Eq. (94). Noting that P^2_a − P^2_0 = (P^2_a − S^2_0 ) + (S^2_0 − S^2_a ) + (S^2_a − P^2_0 ), we can also show that χ^{δ−σ} = 1 V^2

⟨S^2_a − S^2_0 ⟩_m = O(1/V ) + O(m^2). (107)

5 If det M = 0, we can construct a chiral invariant operator from a linear combination of operators in O^{(N)}_a .

Since all operators in O^{(N)}a have odd numbers of the index a, however, no chiral invariant operator should exist in O^{(N)}_a .

Since LHS of Eq. (107) is the (double) volume average of LHS of Eq. (1), this give another proof that the U(1)_A breaking effect in Ref. [17] cannot survive in the thermodynamical limit.

At N = 4, there are two non-trivial susceptibilities,

χ_5 = ⟨O_{0022} − O_{2002}⟩_m, χ_6 = ⟨O_{0022} − O_{0220}⟩_m. (108)

Neglecting N^A_{R+L}/V and Q(A)^2/V terms and using the constraint on I_1 obtained in the previous section, both of them disappear as

lim_{m→0} lim_{V →∞} χ_5 V^3

= − lim_{m→0} lim_{V →∞} N^3_f ⟨ N_f Q(A)^2 m^2V ( N^A_{R+L} mV + I_1

)_2⟩ m = 0, (109)

lim_{m→0} lim_{V →∞} χ_6 V^3

= lim_{m→0} lim_{V →∞}

N^3_f m ⟨( N^A_{R+L} mV + I_1

)_2 ( N^A_{R+L} mV + I_1 −

N_f Q(A)^2 mV )⟩ m = lim_{m→0}

N^3_f m ⟨ I^3_1 ⟩ m = 0. (110)

At N = 6, we have 4 non-trivial susceptibilities,

χ_7 = ⟨O_{0024} − O_{2004}⟩_m, χ_8 = ⟨O_{2040} − O_{0204}⟩_m, (111) χ_9 = ⟨O_{0420} − O_{0042}⟩_m, χ_{10} = ⟨O_{0042} − O_{0024}⟩_m. (112)

In the large volume limit, they behave as lim_{V →∞} χ_7 V^5

= 0, (113) lim_{V →∞} χ_8 V^5

= N^5_f ⟨I_2I^4_1 ⟩_m = O(m^4), (114) lim_{V →∞} χ_9 V^4 = − N^4_f m^2

⟨I^4_1 ⟩_m = O(m^2), (115) lim_{V →∞} χ_{10} V^5 = − N^5_f m ⟨I^5_1 ⟩_m = O(m^4), (116)

all of which vanish after the chiral limit is taken.

We thus conclude that the U(1)_A symmetry breaking is not viable for at least N ≤ 6.

C. General even N

In order to consider the general N case, let us look at RHS of Eq. (102). Namely, if we can show that

lim_{m→0} lim_{V →∞} 1 V^k ⟨Q(A)O⟩_m = 0, (117) with some appropriate power of k, we can prove that LHS of Eq. (102) also vanishes. In the analysis below, we divide O^N_0 into two classes : the one with (n_1, n_2, n_3)=(even, even, odd), and another with (n_1, n_2, n_3)=(odd, odd, even).

For the former class, or more explicitly in the case of (n_1, n_2, n_3) = (2k_1, 2k_2, 2k_3 + 1), the leading contribution in δ_0O_{n1,n2,n3,n4} comes from −n_3O_{n1,n2,n3−1,n4+1}, whose leading contribution in V has O(V^k) with k = k_1 + k_2 + k_3 + n_4 + 1 (see appendix A 5). Therefore, we have iN_f V^k ⟨Q(A)O_{n1,n2,n3,n4} ⟩_m ≃ N^{k+1}_f n_3(2k_1 − 1)!!(2k_2 − 1)!!(2k_3 − 1)!! × ⟨ N_f Q^2 mV ( I_1 m )_{k1+k3} (−I_2)^{k2} (−I_1)^{n4} ⟩ m (118)

in the large volume limit, where zero modes contributions are neglected except for the first term. According to the property Eq. (98) and the assumption (28), the RHS indeed vanishes in the V → ∞ limit at small but non-zero m. In the case with (n_1, n_2, n_3)=(odd, odd, even), a similar analysis gives the same conclusion.

We conclude that, for a class of operators we have considered in this paper, the U(1)_A breaking effects are invisible in the thermodynamical limit.

D. Possible phase diagrams including the strange quark

Although we have so far discussed the N_f = 2 case only, it is interesting to consider possible phase diagrams including the dynamical strange quark. (In this subsection, let us denote the up and down quark mass by m_{ud} and the strange quark mass by m_s.)

Assuming that the U(1)_A symmetry is still broken above the critical temperature, a phase diagram like the left panel of Fig. 1 is often shown in the literature. The quenched limit (m_{ud} = m_s = ∞) and the SU(3) symmetric chiral limit (m_{ud} = m_s = 0) are both expected to be in the first order transition regions, while the physical point is located in the middle crossover region. The critical curve around the SU(3) limit has an end-point at a finite value of m_s, from which a second order transition line (with O(4) scaling [1]) is extended to the N_f = 2 (m_s = ∞) limit.

Our new results may suggest a different diagram. Since the U(1)_A anomaly effects are invisible, the chiral phase transition could be the first order. Then, as shown in the right panel of Fig. 1, one should have a critical value of the up and down quark mass (let us

FIG. 1: Possible phase diagrams including the strange quark. Left: A conventional diagram with the second order scenario in the m_s → ∞ limit. Right: A possible diagram with the first order scenario where the critical curve is smoothly connected to the small m_s region.

denote this by m^{cr}_{ud}) from which the critical curve may be extended to the finite m_s region and even connected to the curve around the first order transition region near m_s = 0.

Since our study is limited to the N_f = 2 case only, the above scenario is just one example of many possible diagrams. As pointed out in Refs. [19–21] the second order transition is also possible. But even in this case, its U(2)_L ⊗ U(2)_R/U(2)_V universality class is different from the conventional O(4) class.

Our simple analysis in the N_f = 2 theory thus suggests a richer structure in the QCD phase diagram. It is particularly interesting for lattice QCD studies to investigate the existence of m^{cr}_{ud}, which may also be the boundary of the region where Eq. (98) holds^6.

6 Namely, the number of the exact zero modes could be an order parameter.

V. POSSIBLE ARTIFACTS IN LATTICE QCD

In the previous sections, we have investigated the symmetry restoration for T > T_c, fully relying on the exact chiral SU(2)_L × SU(2)_R symmetry and taking the thermodynamical limit V → ∞. However, numerical lattice QCD simulations must be performed on a finite volume, sometimes employing fermion actions which explicitly break the chiral symmetry. In this section, we would like to briefly address possible systematic effects of not having these two key properties.

First, we discuss the explicit breaking of the chiral SU(2)_L × SU(2)_R symmetry. In order to characterize its violation, let us introduce a mass parameter m_{break}. Since m_{break} should disappear in the continuum limit, it is natural to assume m_{break} ∼ Λ^2_{QCD}a, where Λ_{QCD} is the QCD scale. At finite temperature T , we also have a possibility of m_{break} ∼ T^2a or m_{break} ∼ Λ_{QCD}T a. But it is unlikely that the lattice artifacts grow with T , since they are naively expected to be milder in the weakly coupled region at higher temperature. We also neglect the possibility of m_{break} ∼ T^2_c a since T_c is not essentially different from Λ_{QCD}.

If one employs improved Wilson-type actions or staggered-type actions, it may be reduced to O(a^2): m_{break} ∼ Λ^3_{QCD}a^2. For the domain-wall fermion action, as an approximation of the overlap fermion action, the suppression of the discretization effects could be stronger. In this case, the so-called residual mass, m_{res}, is a good estimate for m_{break}. For this reason, we have introduced a rather abstract parameter m_{break}, to treat the conditions with different actions in a uniform manner.

Now the discussion is simple. By losing the required exact chiral symmetry, every result in the previous sections should be, in principle, modified by the effects of m_{break}, unless some special cancellation mechanism occurs. The condition, ⟨ρ^A_0 ⟩_m = 0, could be an only exception, being as a definition of the symmetry restoration.

Namely, instead of Eqs. (97), we should have

⟨ρ^A(λ)⟩_m = αm_{break}Λ_{QCD}λ + βm_{break}λ^2 + ( ⟨ρ^A_3 ⟩_0 + γm_{break}/Λ_{QCD} ) λ^3 3! + · · · , (119)

where α, β, γ, · · · are unknown dimensionless O(1) coefficients. Similarly, ⟨N_{R+L}⟩_m/V , ⟨Q(A)^2⟩_m/V , χ^{π−η} and so on should not be zero but O(m_{break}). Note that there is no reason for the U(1)_A symmetry to get restored as long as the chiral symmetry is explicitly broken by the quark action at finite lattice spacings.

Next, let us discuss the finite volume effects. Even in the continuum limit, it is possible to obtain different results from what we have shown in this paper. It is good to remember that Eq. (1) is an example of the U(1)_A breaking in the continuum theory, as a finite volume effect. The recovery of the U(1)_A symmetry is not as strong as the other symmetries, under which the Lagrangian is strictly constrained, but rather a consequence from QCD dynamics, which is manifest only in the thermodynamical limit.

Above the critical temperature, the long-range physics of the system would be characterized by the correlation length ξ, or the inverse of some screening mass, which diverges at T_c if the phase transition is of second order while remaining finite for the first order transition.

It is then natural to assume that a lattice QCD simulation has finite volume effects as functions of ξ/V^{1/4}. It is also important to note that, unlike the truly local quantity, whose finite volume effects are exponential ∼ exp(−V^{1/4}/ξ), the susceptibilities considered in this paper are volume averaged quantities, so that any finite volume effect is expected to be a power function of ξ/V^{1/4}. A careful estimate for the thermodynamical limit is thus required, in particular, for temperature near T_c, where ξ could become larger.

VI. EIGENVALUE DENSITY WITH FRACTIONAL POWER

So far, we have assumed that ρ^A(λ) is analytic around λ = 0, and have used the expansion in Eq. (35). In this section, let us extend our analysis to a nonanalytic case where

ρ^A(λ) = c^Aλ^γ , (120)

with a fractional power γ for λ < ϵ, where c^A is an A-dependent constant. Since lim_{m→0}⟨ρ^A(0)⟩_m = 0 in the SU(2)_L × SU(2)_R symmetric phase, γ should be positive as long as ⟨c^A⟩_m = O(1). It is still true in this case that only the vicinity of λ = 0 contributes to the WTI’s. We thus can neglect additional terms with higher order fractional powers, even if they exist in the bulk region of λ ≥ ϵ.

In this case, I_1, I_2, and I_3 are expressed as

I_1 = c^A [ m^γ ( d_1 + O(m^2) ) + m ( e_1 + O(m^2) )] , (121) I_1 m + I_2 = 2mI_3 = c^A [ m^{γ−1} ( d_2 + O(m^2) ) + m^2 ( e_2 + O(m^2) ]) , (122) where d_i’s and e_i’s are given by

d_1 = π sec ( γπ 2 ) , d_2 = (1 − γ)π sec ( γπ 2 ) , (123) and

e_1 = ∫_{ΛR} ϵ dλ ρ^A(λ) 2g_0(λ^2) Z^2_mλ^2 + m^2 + ϵ^{γ−1} Γ (_{γ−1} 2 ) −^{ϵ2}_{Λ2R}^Γ(^{γ+12} ) 2 Γ(^{γ+3}_2 ) Γ (_{γ+1} 2 ) , (124)

e_2 = ∫_{ΛR} ϵ dλ ρ^A(λ) 4g^2_0(λ^2) (Z^2_mλ^2 + m^2)^2 + ϵ^{γ−3} (γ + 3)Γ (_{γ−1} 2 ) 2(γ − 3)Γ

(_{γ+5} 2 )

× [ (γ + 1)(γ − 1) − 2 ϵ^2 Λ^2_R

(γ + 1)(γ − 3) + ϵ^4 Λ^4_R

(γ − 1)(γ − 3) ] , (125)

with the UV cut-off Λ_R and the IR cut-off ϵ. Note that the d_i’s and e_i’s are all finite.

A. 0 < γ < 1

We first consider the case with γ < 1. With the above expressions for the I_i’s, let us reexamine the WTI’s given in the previous sections.

For ⟨S^N_0 ⟩_m/V^N with an arbitrary N, the WT identity requires

lim_{m→0} lim_{V →∞} ⟨{ N^A_{R+L} mV + I_1 }_N ⟩ m = 0, (126)

where the positivity of each term implies lim_{V →∞} ⟨N^A_{R+L}⟩_m V = 0, (127)

at small m, and

lim_{m→0} m^{Nγ} d^N_1 ⟨(c^A)^N ⟩_m = 0, (128)

which is automatically satisfied for positive γ.

At N = 2, we have ⟨ I_1 m + I_2 −

N_f Q(A)^2 m^2V ⟩ m = d_2m^{γ−1}⟨c^A⟩_m − N_f ⟨Q(A)^2⟩_m m^2V

→ 0. (129)

Taking into account a fact that both c^A and Q^2 are mass independent and their expectation value should be written as an even power of mass, both terms in Eq. (129) should vanish separately, which leads to

⟨c^A⟩_m = O(m^2), ⟨Q(A)^2⟩_m V = O(m^4). (130)

At N = 3, it is not difficult to see that all the non-trivial conditions are automatically satisfied with the above constraints.

At N = 4 there remains one non-trivial WT identity:

⟨6mI_3(I_2 − I_1/m)⟩_m +

6N_f ⟨I_1Q(A)^2⟩_m

m^3V − N^2_f ⟨Q(A)^4⟩_m m^4V^2

→ 0. (131)

Since the first two terms vanish in the chiral limit, we obtain a new constraint that lim_{V →∞} ⟨Q(A)^2⟩_m V = O(m^6). (132)

Let us finally consider the WT identity from O^{N=4k}_a = O_{0,1,(4k−1),0} as before. In a way very similar to that in Section III G, we can show lim_{V →∞} ⟨Q(A)^2⟩_m V = 0, (133) ⟨c^A⟩_m = 0, (134)

even at non-zero m. This means that the Dirac eigenvalue density with a fractional power, Eq. (120), is incompatible with the SU(2)_L × SU(2)_R chiral symmetry restoration for 0 < γ < 1.

B. 1 < γ < 2

Next, let us consider 1 < γ < 2. Our strategy is the same as in the previous subsection, except that the leading term is not O(m^γ ), but rather is O(m) in I_1.

Up to N = 4, one can easily confirm that most of the conditions are automatically satisfied for 1 < γ < 2, keeping the constraints on the zero-mode contribution Eqs. (127) and (133) unchanged. The only non-trivial WT identity appears at N = 3: lim_{V →∞} ⟨O_{1110}⟩_m V = 2N_f ⟨I_3⟩_m = 2N_f d_3m^{γ−2}⟨c^A⟩_m + O(m) = 0, (135)

which leads to a constraint ⟨c^A⟩_m = O(m^2). (136) Namely, the fractional power γ < 2 cannot survive in the chiral limit.

C. 2 < γ < 3

In this case, all the conditions from WTI’s are automatically satisfied up to N = 6 as long as Eqs. (127) and (133) are satisfied. We thus have no constraint on ⟨c^A⟩.

However, it is important to note that excluding γ ≤ 2 in the chiral limit is enough to achieve all the U(1)_A symmetric identities in Section IV. As discussed in subsection IV C, the zero-mode’s contribution plays a more important role than bulk contributions from non-zero modes.

VII. SUMMARY AND DISCUSSION

In this paper, we have investigated the eigenvalue density ρ^A(λ) of the Dirac operator in the chiral SU(2)_L × SU(2)_R symmetric phase at finite temperature. In order to avoid possible ultra-violet divergences, we have worked analytically on a lattice, employing the overlap Dirac operator, which ensures the exact chiral symmetry at finite lattice spacings.

From the various WT identities of the scalar and pseudoscalar operators, we have shown that a behavior such as ⟨ρ^A(λ)⟩_m ∝ λ^γ for small λ cannot survive in the chiral limit for γ ≤ 2. If ⟨ρ^A(λ)⟩_m is analytical around λ = 0, this means that it should start with a cubic term, as is the case with the free quark theory. Moreover, we have found a strong suppression on the zero-mode’s contributions in the thermodynamical limit. As shown in Eq. (98), they disappear even with small but finite m. It is worth mentioning that the use of the overlap fermion is crucial for obtaining the results in this paper since only this fermion formulation can preserve the exact chiral symmetry with non-perturbative cut-off, which makes our arguments more rigorous.

The obtained constraints on the Dirac spectrum are strong enough for all of the U(1)_A breaking effects among correlation functions of scalar and pseudo scalar operators considered in this work to vanish in the limits of V → ∞ and then m → 0. Namely, there is no remnant of the U(1)_A anomaly above the critical temperature at least in these correlation functions.

This does not contradict with the apparently opposite results about the U(1)_A restoration in the previous works. As we have shown in Section I, their U(1)_A breaking parts cannot survive in the thermodynamical limit (V → ∞), but they could be finite on a finite box, which may be a part of the difficulties of numerical lattice QCD simulations.

We only use a part of the chiral Ward-Takahshi identities to derive the constraints in this paper, which are therefore necessary conditions to be fulfilled if the chiral symmetry is restored. Our results strongly rely on analyticity in m^2 for m-independent observables and its consequence eq. (24). If our results are shown to be incorrect by some numerical simulations, these assumptions must also be violated in the simulations.

One of the most important consequence of our study is that, since the U(1)_A anomaly effect disappears in scalar and pseudo scalar sectors at T_c, the chiral phase transition for 2 flavor QCD is likely to be of first order[1] or of second order in the U(2)_L ⊗ U(2)_R/U(2)_V universality class[19–21], contrary to the expectation that the chiral phase transition of 2 flavor QCD belongs to the O(4) universality class.

Acknowledgements

We thank members of JLQCD collaborations, in particular, Drs. T. Onogi and G. Cossu, for discussions and useful comments, and Drs. S. Yamaguchi, and K. Kanaya for useful discussions. We would especially like to thank Dr. E. Vicari for pointing out the existence of the U(2)_L ⊗U(2)_R/U(2)_V universality class. We also thank the Galileo Galilei Institute for Theoretical Physics for its kind hospitality during completion of this paper while attending the workshop “New Frontiers Lattice Gauge Theory” . This work is supported in part by the Grant-in-Aid of the Japanese Ministry of Education (No. 22540265), the Grant-in- Aid for Scientific Research on Innovative Areas (No. 2004: 20105001, 20105003, 23105710, 23105701) and SPIRE (Strategic Program for Innovative Research).

Appendix A: Useful formulas

1. Quark contractions for the (pseudo) scalar operator

Here we give a contraction formula for the (pseudo) scalar operators when we integrate out the fermion fields:

⟨S_0⟩_F = −N_f tr S̃_A, ⟨P_0⟩_F = −iN_f tr γ_5S̃_A, ⟨S^2_a ⟩_F = −N_f tr S̃^2_A, ⟨P^2_a ⟩_F = N_f tr ( γ_5S̃_A

)_2 , ⟨S^2_0 ⟩_F = −N_f tr S̃^2_A + ( N_f tr S̃_A

)_2

, ⟨P^2_0 ⟩_F = N_f tr ( γ_5S̃_A

)_2 − ( N_f tr γ_5S̃_A

)_2 ,

⟨S_0P_0⟩_F = −iN_f tr γ_5S̃^2_A + iN^2_f tr S̃_Atr γ_5S̃_A, ⟨S_aP_a⟩_F = −iN_f tr γ_5S̃^2_A, (A1) where S̃_A(x, y) ≡ F (D)S_A(x, y).

2. Trace of fermion propagators

Here we give useful formulas for the trace of fermion propagators in a form of the eigenvalue decomposition.

Let us first define S^n_A as S̃^n_A ≡ ∫ d^4x_1d^4x_2 · · · d^4x_n S̃_A(x_1, x_2)S̃_A(x_2, x_3) · · · S̃_A(x_n, x_1) = ∫ n∏ i=1 d^4x_i S̃_A(x_i, x_{i+1}), (x_{n+1} = x_1). (A2)

Inserting the eigenvalue decomposition for the fermion propagator Eq. (11), we obtain 1 V tr S̃_A = N^A_{R+L} mV + I_1, 1 V tr S̃^2_A = N^A_{R+L} m^2V

+ I_2, (A3) 1 V tr (γ_5S̃_A)^2 = N^A_{R+L} m^2V + I_1 m , 1 V tr γ_5S̃_Aγ_5S̃^2_A = N^A_{R+L} m^3V

+ I_3, (A4) 1 √ V tr γ_5S̃_A = Q(A) m √ V , 1 √ V tr γ_5S̃^2_A = Q(A) m^2 √ V , (A5)

where I_i (i = 1, 2, 3) are expressed in terms of the eigenvalue density in the large volume limit as

I_{2k−1} = m ∫_{ΛR} 0 dλρ^A(λ) 2g^k_0 (λ^2) (Z^2_mλ^2 + m^2)^k

, (A6)

g_0(λ^2) = 1 − λ^2 Λ^2_R

, Z^2_m = 1 − m^2 Λ^2_R

, (A7)

I_2 = −

I_1 m + 2mI_3. (A8)

3. Various integrals of eigenvalue density

The above I_i’s are evaluated by expanding the eigenvalue density as Eq. (35). In evaluating I_{2k−1} it may be better to rewrite I_{2k−1} = I^ϵ_{2k−1} + O(m) where

I^ϵ_{2k−1} = m_R Z^{2k−1}_m ∫_ϵ 0 dλρ^A(λ) 2g^k_0 (λ^2) (λ^2 + m^2_R)^k

(A9) by using m_R = m/Z_m. The expansion is given by

I^ϵ_{2k−1} = ∞∑ n=0 ρ^A_n I^{(n)}_{2k−1} (A10)

with the expansion coefficient

I^{(n)}_{2k−1} = 1 Z^{2k−1}_m ∫_ϵ 0 dλ λ^n n! 2m_Rg^k_0 (λ^2) (λ^2 + m^2_R)^k

. (A11)

At n > 2k − 1 the leading term in m is given by

I^{(n)leading} 2k−1 = 2mR ∫_ϵ 0 λ^{n−2k} n! ( 1 − λ^2 Λ^2_R )_k (A12)

The explicit form of the coefficient is given as follows for a few k and n

I^{(0)}_1 = 2 Z_m [( 1 + m^2_R Λ^2_R ) tan^{−1} ( ϵ m_R ) − m_Rϵ Λ^2_R ] , (A13)

I^{(1)}_1 = m_R Z_m [( 1 + m^2_R Λ^2_R ) log ( ϵ^2 m^2_R + 1 ) − ϵ^2 Λ^2_R ] , (A14)

I^{(2)}_1 = m_R Z_m [ ϵ ( 1 + 3m^2_R − ϵ^2 3Λ^2_R ) − m_R ( 1 + m^2_R Λ^2_R ) tan^{−1} ( ϵ m_R )] , (A15)

I^{(0)}_3 = 1 Z^3_mm^2_R ( 1 − 3 m^2_R Λ^2_R ) ( 1 + m^2_R Λ^2_R ) tan^{−1} ( ϵ m_R ) + m_Rϵ m^2_R + ϵ^2 ( 1 + m^2_R Λ^2_R

)_2 + 2m^3_Rϵ Λ^4_R , (A16)

I^{(1)}_3 = m_R Z^3_m ϵ^2 m^2_R(ϵ^2 + m^2_R) ( 1 + m^2_R Λ^2_R

)_2 + ϵ^2 Λ^4_R + 2 Λ^2_R ( 1 + m^2_R Λ^2_R ) log ( m^2_R ϵ^2 + m^2_R ) , (A17)

I^{(2)}_3 = 1 2Z^3_m [( 1 + m^2_R Λ^2_R ) ( 1 + 5 m^2_R Λ^2_R ) tan^{−1} ( ϵ m_R ) + 2m_Rϵ^3 3Λ^4_R − m_Rϵ Λ^2_R ( 1 + m^2_R Λ^2_R ) ( 4 + Λ^2_R + m^2_R ϵ^2 + m^2_R )] , (A18)

I^{(3)}_3 = m_R 6Z^3_m [( 1 + m^2_R Λ^2_R ) ( 1 + 3 m^2_R Λ^2_R ) log ( ϵ^2 m^2_R + 1 ) + ϵ^4 2Λ^4_R − ϵ^2 Λ^2_R ( 1 + m^2_R Λ^2_R ) ( 2 + Λ^2_R + m^2_R ϵ^2 + m^2_R )] . (A19)

According to the equality the coefficient for I_2 is given by

I^{(0)}_2 = 2ϵ (_{(Λ2}

R+m^2_R)^2 ϵ^2+m^2_R + 2m 2 R + Λ^2_R ) − 6m_R (Λ^2_R + m^2_R) tan^{−1} (_ϵ m_R ) Λ^4_RZ^2_m

, (A20)

I^{(1)}_2 = ϵ^2

(_{2(Λ2}

R+m^2_R)^2 ϵ^2+m^2_R + 2m 2 R + Λ^2_R ) − (Λ^2_R + 4m^2_R) (Λ^2_R + m^2_R) log (_{ϵ2} m^2_R + 1 ) Λ^4_RZ^2_m

, (A21)

I^{(2)}_2 = 1 3Λ^4_RZ^2_m [ 3m_R(Λ^2_R + m^2_R)(2Λ^2_R + 5m^2_R) tan^{−1} ( ϵ m_R )

−ϵ ( 3(Λ^2_R + m^2_R) { Λ^2_R + 4m^2_R + m^2_R

Λ^2_R + m^2_R ϵ^2 + m^2_R } − ϵ^2(Λ^2_R + 2m^2_R) )] . (A22)

4. Integrals of eigenvalue density with fractional power

If we consider the fractional power for the eigenvalue density with γ > 0 the eigenvalue integral

I^{(γ)}_{2k−1} = m_R Z^{2k−1}_m ∫_ϵ 0 dλ λ^γ 2g^k_0 (λ^2) (λ^2 + m^2_R)^k

(A23)

is given in terms of the hyper geometric function as

I^{(γ)}_1 =

2ϵ^{γ+1} ( (γ + 3)_2F_1 ( 1,^{γ+1}_2 ;^{γ+3}_2 ; −^{ϵ2}_{m2R} ) − ϵ^2 Λ^2_R

(γ + 1)_2F_1 ( 1, γ + 3 2 ; γ + 5 2 ; − ϵ^2 m^2_R ))

(γ + 1)(γ + 3)Z_mm_R , (A24)

I^{(γ)}_3 = ϵ^{γ+1} m^3_RZ^3_m [ m^2_R ϵ^2 + m^2_R g_0(ϵ^2)^2 − γ − 1 γ + 1^2

F_1 ( 1, γ + 1 2 ; γ + 3 2 ; − ϵ^2 m^2_R )

− 2ϵ^2 Λ^2_R γ + 1 γ + 3^2

F_1 ( 1, γ + 3 2 ; γ + 5 2 ; − ϵ^2 m^2_R ) − ϵ^4 Λ^4_R γ + 3 γ + 5^2

F_1 ( 1, γ + 5 2 ; γ + 7 2 ; − ϵ^2 m^2_R )] , (A25)

where_2F_1 is the Gaussian hyper-geometric function given by 2F_1(α, β, γ; z) = Γ(γ) Γ(α)Γ(β) ∞∑ n=1 Γ(α + n)Γ(β + n) Γ(γ + n) z^n n! . (A26)

Performing an expansion for m_R/ϵ ≪ 1 we have

I^{(γ)}_1 = m_R ϵ ϵ^γ Γ (_{γ−1} 2 ) − ϵ^2 Λ^2_R Γ (_{γ+1} 2 )_2 Γ (_{γ+3} 2 ) Z_mΓ

(_{γ+1} 2 ) + O (( m_R ϵ )_3)

+ (m_R ϵ )_γ [ 2ϵγ Γ (_1

2 −^γ_2 ) Γ (_γ 2 +^3_2 ) (1 + γ)Z_m + O (( m_R ϵ )_2)] , (A27)

I^{(γ)}_3 =

(γ + 3)ϵ^{γ−2}Γ (_{γ−1} 2 ) ( m_R ϵ ) 4(γ − 3)Z^3_mΓ

(_{γ+5} 2 ) [ (γ + 1)(γ − 1) −

2ϵ^2 Λ^2_R

(γ + 1)(γ − 3) + ϵ^4 Λ^4_R

(γ − 1)(γ − 3) ]

+ O (( m_R ϵ )_2) + ( m_R ϵ )_{γ−2} [ (1 − γ)ϵγ−2Γ (_{1−γ} 2 ) Γ (_{1+γ} 2 ) 2Z^3_m + O (( m_R ϵ )_2)] . (A28)

5. General correlation functions in large volume limit Here we consider the leading volume scaling of the general correlation functions made of S_a’s and P_a’s.

At the given order N = 2(k_1 + k_2 + k_3) + n_4, there are two types of parity-even and chiral symmetric operators, O^N_1 = O_{2k1,2k2,2k3,n4} , O^N_2 = O_{2k1+1,2k2+1,2k3+1,n4−3}. (A29) For O^N_1 , the integration over the fermion fields in the large volume limit is given by ⟨O^N_1 ⟩_F ≃ ⟨P^{2k1}_a ⟩_F ⟨S^{2k2}_a ⟩_F ⟨P^{2k3}_0 ⟩_F ⟨S_0⟩^{n4}_F

∼ ⟨P^2_a ⟩^{k1}_F ⟨S^2_a ⟩^{k2}_F ⟨P^2_0 ⟩^{k3}_F ⟨S_0⟩^{n4}_F , (A30) where each ⟨O⟩_F gives an O(V ) contribution. An overall constant coming from combinatorial factors is omitted here and hereafter. Therefore the leading contribution is O(V^{k1+k2+k3+n4} ) for O^N_1 .

Similarly we have ⟨O^N_2 ⟩_F ∼ ⟨P_aS_a⟩_F ⟨P^2_a ⟩^{k1}_F ⟨S^2_a ⟩^{k2}_F ⟨P^{2k3+1}_0 ⟩_F ⟨S_0⟩^{n4−3}_F , (A31) where ⟨P^{2k3+1}

0 ⟩_F ∼ ⟨P_0⟩_F ⟨P^{2k3}_0 ⟩_F ∼ ⟨P_0⟩_F ⟨P^2_0 ⟩^{k3}_F . (A32) Since ⟨P_aS_a⟩_F and ⟨P_0⟩_F are proportional to Q(A) and is therefore O( √ V ), the leading volume dependence of O^N_2 is O(V^{k1+k2+k3+n4−2}).

Appendix B: Structure of Ward-Takahashi identities for scalar and pseudo-scalar operators

In this appendix, we summarize the general structures of WT identities among the scalar and pseudo-scalar operators, O_{n1,n2,n3,n4} = P^{n1}_a S^{n2}_a P^{n3}_0 S^{n4}_0 .

In this work, we study the relation between three operator sets below,

O^{(N)}_a ≡ {O_{n1,n2,n3,n4} | n_1 + n_2 = odd, n_1 + n_3 = odd, ∑ i n_i = N}, (B1) O^{(N)}_0 ≡ {O_{n1,n2,n3,n4} | n_1 + n_2 = even, n_1 + n_3 = odd, ∑ i n_i = N}, (B2) O^{(N)} ≡ {O_{n1,n2,n3,n4} | n_1 + n_2 = even, n_1 + n_3 = even, ∑ i n_i = N}. (B3)

Note that the only O^{(N)} can have a non-zero expectation value in QCD with 2 degenerate quarks.

Since

δ_aO^{(N)}_a ≡ {δ_aO|O ∈ O^{(N)}_a } ∈ O^{(N)}, δ_0O^{(N)}_0 ≡ {δ_0O|O ∈ O^{(N)}_0 } ∈ O^{(N)}, (B4)

our goal of this paper is to understand constraints from the SU(2)_L × SU(2)_R symmetry restoration, ⟨δ_aO^{(N)}_a ⟩ = 0, and to examine whether δ_0O^{(N)}_0 can have a non-zero expectation value, which means that the U(1)_A is still broken. For simplicity, hereafter we denote n = (n_1n_2n_3n_4) instead of O_{n1,n2,n3,n4} to represent an operator.

1. WTI’s at odd N

As shown in Section IV, we can show that ⟨δ_0O^{(N)}_0 ⟩ = 0 if ⟨δ_aO^{(N)}_a ⟩ = 0 when N is odd. This follows from the fact that |O^{(N)}_a | = |O^{(N)}_0 | = |O^{(N)}|, where |O| means a number of independent operators in O. Here we give a proof for this equality for general odd N = 2k+1.

At k = 0, we have only one operator for each set: n_A = (1000) for O^{(N)}_a , n_B = (0010) for O^{(N)}_0 , and n_C = (0001) for O^{(N)}. Thus, |O^{(N)}_a | = |O^{(N)}_0 | = |O^{(N)}| = 1 for k = 0.

At k = 1, we can create the operators by adding to the above n_X (X = A, B, C) a pair of the same operators, namely, adding 2 to one element of n_X . Since each n_X has 4 elements, we have 4 operators for each set. We should, however, note that there is one additional type of operators for each set: n̄_A = (0111) ∈ O^{(N)}_a , n̄_B = (1101) ∈ O^{(N)}_0 , and n̄_C = (1110) ∈ O^{(N)}. Therefore, |O^{(N)}_a | = |O^{(N)}_0 | = |O^{(N)}| = 5 in total. For example, we have (1002), (1020), (1200), (3000), and (0111) in O^{(N)}_a .

In fact, every operator at higher k can be generated by adding 2 to one element of n_X k times or adding 2 to one element of n̄_X k − 1 times. A number of independent operators at a given k, therefore, is obtained by a number of selecting k (or k − 1) numbers from 1, 2, 3, 4, which is_{k+3}C_3 (_{k+2}C_3). In total we have

k+3C_3 +_{k+2} C_3 =

(k + 2)(k + 1)(2k + 3) 3! , (B5)

for each set. This completes the proof for |O^{(N)}_a | = |O^{(N)}_0 | = |O^{(N)}| at an arbitrary odd number N.

2. WTI’s at even N We next consider the case with N = 2k. We have n_A(n_B ) = 0110(0011) and n̄_A(n̄_B ) = 1001(1100) at k = 1 for O^{(N)}_a (O^{(N)}_0 ), while n_C = 0000 at k = 0 and n̄_C = 1111 at k = 2 for O^{(N)}. As before, it is easy to count a number of independent operators for each case. There are 2 × (_{k+2}C_3) operators for O^{(N)}_a and O^{(N)}_0 , while there are_{k+3}C_3 +_{k+1}C_3 for O^{(N)}. From this, it is easy to see that |O^{(N)}| − |O^{(N)}_{a,0} | =_{k+3}C_3 +_{k+1}C_3 − 2 × (_{k+2}C_3) = (k + 1) > 0, (B6) which means that |O^{(N)}| > |O^{(N)}_a | = |O^{(N)}_0 | at N = 2k. Therefore δ_aO^{(N)}_0 = 0 is not equivalent to δ_0O^{(N)}_0 = 0.

3. Explicit WTI’s at small N = 2k

a. k = 1 In this case two non-singlet WTI is given by (0020) − (0200) = 0, (2000) − (0002) = 0, (B7) while the singlet ones give δ^0(0011) = (0020) − (0002), (B8) δ^0(1100) = (2000) − (0200) = (0002) − (0020) = −δ^0(0011). (B9) Therefore, one non-trivial U(1)_A rotation can remain. For simplicity, we omit the bracket of ⟨(n_1n_2n_3n_4)⟩ here.

b. k = 2 In this case, 8 non-singlet WTI’s read (2020) − (2200) − 2(1111) = 0, (4000) − 3(2002) = 0, (B10) (2200) − (0202) + 2(1111) = 0, 3(0220) − (0400) = 0, (B11) (2020) − (0022) − 2(1111) = 0, (0040) − 3(0220) = 0, (B12) (0022) − (0202) + 2(1111) = 0, 3(2002) − (0004) = 0, (B13) which can be reduced to

(4000) = (0004) = 3(2002), (0400) = (0040) = 3(0220), (B14) (2020) = (0202), (2200) = (0022), 2(1111) = (0202) − (0022). (B15)

Note that these are symmetric under n_1 ↔ n_4, n_2 ↔ n_3.

Using the above conditions, we have two independent quantities

(0022) − (2002), (0022) − (0220), (B16)

with which to examine the U(1)_A chiral symmetry.

c. k = 3

We have 20 WTI’s from the non-singlet chiral symmetry:

(4020) − (4200) − 4(3111) = 0, (6000) − 5(4002) = 0, (B17) (2400) − (0402) + 4(1311) = 0, (0600) − 5(0420) = 0, (B18) 3(2220) − (2400) − 2(1311) = 0, (4200) − 3(2202) + 2(3111) = 0, (B19) (2040) − 3(2220) − 2(1131) = 0, (4020) − 3(2022) − 2(3111) = 0 (B20)

plus equations derived from the above by n_1 ↔ n_4, n_2 ↔ n_3, and

(2022) − (2202) − 2(1113) + 2(3111) = 0, 3(4002) − 3(2004) = 0, (B21) (2220) − (0222) + 2(1131) − 2(1311) = 0, 3(0240) − 3(0420) = 0. (B22)

The above conditions are summarized as

(4002) = (2004), (0240) = (0420), (4020) = (0204), (4200) = (0024), (2400) = (0042), (0402) = (2040), (6000) = (0006) = 5(2004), (0600) = (0060) = 5(0420), 6(2220) = 6(0222) = (0042) + (2040), 6(2202) = 6(2022) = (0204) + (0024), 4(3111) = 4(1113) = (0204) − (0024), 4(1311) = 4(1131) = (2040) − (0042). (B23)

In this case, there remain 4 non-trivial chiral U(1)_A rotations as

(0024) − (2004), (2040) − (0204), (0420) − (0042), (0042) − (0024). (B24)

[1] R. D. Pisarski and F. Wilczek, Phys. Rev. D 29, 338 (1984). [2] E. V. Shuryak, Comments Nucl. Part. Phys. 21, 235 (1994) [hep-ph/9310253]. [3] T. D. Cohen, nucl-th/9801061.

[4] C. W. Bernard, T. Blum, C. E. Detar, S. A. Gottlieb, U. M. Heller, J. E. Hetrick, K. Rummukainen and R. Sugar et al., Phys. Rev. Lett. 78, 598 (1997) [hep-lat/9611031].

[5] S. Chandrasekharan, D. Chen, N. H. Christ, W. -J. Lee, R. Mawhinney and P. M. Vranas, Phys. Rev. Lett. 82, 2463 (1999) [hep-lat/9807018].

[6] H. Ohno, U. M. Heller, F. Karsch and S. Mukherjee, PoS LATTICE 2011, 210 (2011) [arXiv:1111.1939 [hep-lat]].

[7] A. Bazavov et al. [HotQCD Collaboration], Phys. Rev. D 86, 094503 (2012) [arXiv:1205.3535 [hep-lat]].

[8] T. G. Kovacs and F. Pittler, PoS LATTICE 2011, 213 (2011) [arXiv:1111.3524 [hep-lat]]. [9] G. Cossu, S. Aoki, S. Hashimoto, T. Kaneko, H. Matsufuru, J. -i. Noaki and E. Shintani, PoS LATTICE 2011, 188 (2011) [arXiv:1204.4519 [hep-lat]].

[10] H. Neuberger, Phys. Lett. B 417, 141 (1998) [arXiv:hep-lat/9707022]. [11] H. Neuberger, Phys. Lett. B 427, 353 (1998) [arXiv:hep-lat/9801031]. [12] M. Luscher, Phys. Lett. B 428, 342 (1998) [arXiv:hep-lat/9802011]. [13] P. H. Ginsparg and K. G. Wilson, Phys. Rev. D 25, 2649 (1982).

[14] P. Hasenfratz, V. Laliena and F. Niedermayer, Phys. Lett. B 427, 125 (1998) [arXiv:heplat/9801021].

[15] T. Banks and A. Casher, Nucl. Phys. B 169 (1980) 103. [16] T. D. Cohen, Phys. Rev. D 54, 1867 (1996) [hep-ph/9601216]. [17] S. H. Lee and T. Hatsuda, Phys. Rev. D 54, 1871 (1996) [hep-ph/9601373]. [18] N. J. Evans, S. D. H. Hsu and M. Schwetz, Phys. Lett. B 375, 262 (1996) [hep-ph/9601361]. [19] F. Basile, A. Pelissetto and E. Vicari, JHEP 0502, 044 (2005) [hep-th/0412026]. [20] F. Basile, A. Pelissetto and E. Vicari, PoS LAT 2005, 199 (2006) [hep-lat/0509018].

[21] E. Vicari, PoS LAT 2007, 023 (2007) [arXiv:0709.1014 [hep-lat]].