arXiv:1209.2561v3 [hep-th] 30 Nov 2012

TIT/HEP-621 September 2012

Torsion and Supersymmetry in Ω-background

Katsushi Ito^1, Hiroaki Nakajima^2 and Shin Sasaki^3

1 Department of Physics, Tokyo Institute of Technology Tokyo, 152-8551, Japan

2 Department of Physics and Center for Theoretical Sciences, National Taiwan University Taipei, 10617, Taiwan, R.O.C.

3 Department of Physics, Kitasato University Sagamihara, 252-0373, Japan

Abstract

We study the dimensional reduction of ten-dimensional super Yang-Mills theory in curved backgrounds with torsion. We examine the parallel spinor conditions and the constraints for the torsion parameters which preserve supersymmetry and gauge symmetry in four dimensions. In particular we examine the ten-dimensional Ω-background with the torsion which is identified with the R-symmetry Wilson line gauge fields. After the dimensional reduction, we obtain the Ω-deformed N = 4 super Yang-Mills theory. Solving the parallel spinor conditions and the torsion constraints, we classify the deformed supersymmetry associated with the topological twist of N = 4 supersymmetry. We also study deformed supersymmetries in the Nekrasov-Shatashvili limit.

1 Introduction

The Ω-background [1] has been recognized as an interesting and useful deformation for studying non-perturbative effects in supersymmetric gauge theories via the localization technique [2, 3, 4]. This background can be embedded into superstrings and the instanton partition functions are extracted from the scattering amplitudes [5, 6, 7, 8, 9]. The microscopic deformed instanton effective action is also obtained from the D3/D(−1) brane system in the R-R 3-form backgrounds [10, 11].

The Ω-background is a curved geometry with the action of U(1) vector fields and is realized in higher dimensions. The background breaks the Poincaré symmetry and also supersymmetry in general. A part of the supersymmetries, however, can be recovered by introducing the R-symmetry Wilson line gauge fields. For example, the Ω deformation of N = 2 super Yang-Mills theory is obtained by the dimensional reduction of six-dimensional N = 1 theory in the geometry with U(1)^2-action and the SU(2) Rsymmetry Wilson line gauge fields. One can recover a scalar supersymmetry by choosing the appropriate Wilson lines, which is obtained by the topological twist of N = 2 supersymmetry. Using this equivariant scalar supercharge, we can apply the localization method to compute the instanton partition function [2].

In the previous paper [12], we have studied N = 1 super Yang-Mills theory in tendimensional Ω-background with the U(1)^6-action and the constant SU(4) R-symmetry Wilson line gauge fields. After the dimensional reduction to four dimensions, we have obtained the Ω-deformed N = 4 super Yang-Mills theory. This theory admits the deformed supersymmetry in some cases. For the self-dual Ω-background, the theory is invariant under the anti-chiral half of the N = 4 supersymmetry. For the ten-dimensional Ωbackground restricted to the six-dimensional Ω-background with the appropriate Wilson line gauge fields, it corresponds to the N = 2^∗ deformation of N = 4 theory. The explicit construction of the deformed supersymmetry transformations are however a very cumbersome task due to the complicated form of the deformed Lagrangian.

The purpose of the present work is to study systematically the supersymmetry of four-dimensional Ω-deformed N = 4 super Yang-Mills theory from the viewpoint of tendimensional N = 1 theory in a curved background. For the flat spacetime background the dimensional reduction of N = 1 supersymmetry leads to the N = 4 supersymmetry in four dimensions [13]. The supersymmetry for the N = 1 super Yang-Mills theory in a curved manifold leads to the parallel spinor conditions, which implies that the curved background has the Ricci-flat special holonomy. This was generalized into the curved spacetime with the Killing spinor conditions [14]. Recently the localizations of N = 4 and N = 2^∗ theories on the sphere have been studied with the help of the supersymmetry associated with the Killing spinor conditions [15, 16].

For supersymmetry in the Ω-background, it is necessary to introduce the R-symmetry Wilson line gauge fields, which is not realized by the deformation of the metric. In order to study this Wilson line deformation, we will investigate more general set-up, namely, N = 1 super Yang-Mills theory in a curved background with torsion. The parallel spinor conditions are modified due to the torsion, which relaxes the Ricci-flat conditions for the curved spacetime. Note that generic torsion is inconsistent with gauge invariance. We will consider a special class of torsion such that the resulting four-dimensional gauge theory is gauge invariant after the dimensional reduction. When we apply this formulation to the ten-dimensional Ω-background, we can identify the torsion with the R-symmetry Wilson line gauge fields. By solving the modified parallel spinor conditions we will find the constraints for the Ω-background parameters and the Wilson line gauge fields.

As in the N = 2 case, the deformed scalar supersymmetries can be constructed by the topological twist of the N = 4 supersymmetry, which is classified as follows: the halftwist, the Vafa-Witten twist and the Marcus twist [17]. We will construct the deformed supersymmetries for these twists. We will further study the Nekrasov-Shatashvili limit [18] of the deformed supersymmetry, where the supersymmetry is enhanced due to the partial recovery of the Poincaré invariance in two dimensions.

This paper is organized as follows: in section 2, we introduce the ten-dimensional N = 1 super Yang-Mills theory in a curved background with torsion. In section 3, we study the dimensional reduction to four dimensions and examine the conditions such that the reduced theory has the gauge symmetry and also supersymmetry, which becomes the parallel spinor conditions and the constraints for the torsion. In section 4, we study the Ωbackground with torsion, which is identified with the Wilson line gauge fields. We examine the parallel spinor conditions and the torsion constraints and obtain the conditions for the deformation parameters. We then construct the deformed supersymmetries associated with the various twists as well as the Nekrasov-Shatashvili limit. In the appendix, we summarize the Dirac matrices in four and six dimensions.

2 Ten-dimensional super Yang-Mills theory in curved background with torsion

In this section, we introduce ten-dimensional N = 1 super Yang-Mills theory in curved background with torsion and discuss supersymmetry in the background.

We first define ten-dimensional N = 1 super Yang-Mills theory with gauge group G in the flat spacetime. This theory contains a gauge field A_M (M = 0, 1, . . . , 9) and a Majorana-Weyl fermion Ψ, where both fields belong to the adjoint representation of G. The Lagrangian is

L_0 = 1 κg^2 Tr [ − 1 4 F^{MN} F_{MN} − i 2 Ψ̄Γ^M D_M Ψ ] , (2.1)

where g is the coupling constant, F_{MN} = ∂_M A_N − ∂_N A_M + i[A_M , A_N ] is the field strength of A_M . The gamma matrices Γ^M are defined by Γ^M Γ^N + Γ^N Γ^M = 2η^{MN} , where the flat metric η_{MN} is taken to be Lorentzian as η_{MN} = diag(−1, +1, . . . , +1). The gauge covariant derivative is defined by D_M ∗ = ∂_M ∗ + i[A_M , ∗]. We normalize the generators T^u (u = 1, . . . , dimG) of the gauge group G as Tr(T^uT^v) = κδ^{uv}.

The Lagrangian (2.1) is invariant up to a total derivative under the supersymmetry transformation [13]

δA_M = iζ̄ Γ_M Ψ, δΨ = − 1 2 F_{MN} Γ^{[M} Γ^{N]}ζ, (2.2)

where ζ is a constant Majorana-Weyl spinor. The square bracket in Γ^{[M} Γ^{N]} denotes the antisymmetrization of the indices in the product of two gamma matrices, defined by Γ^{[M} Γ^{N]} =^1_2 (Γ^M Γ^N − Γ^N Γ^M ). Γ^{[M1} Γ^{M2} · · · Γ^{Mn]} is similarly normalized by the factor 1/n!. The variation of the Lagrangian under (2.2) is

δL_0 = 1 κg^2 Tr [ − 1 2 Ψ̄Γ^M [Ψ̄Γ_M ζ, Ψ] + i 2 Ψ̄Γ^{[M} Γ^N Γ^{P ]}ζ (D_{[M} F_{NP ]}) − i 4 D_M (Ψ̄Γ^{[N} Γ^{P ]}Γ^M ζ F_{NP} ) ] . (2.3)

Since the first and the second terms vanish by the Fierz and the Bianchi identity, respectively and the third term is a total derivative, the action is invariant under (2.2).

We next consider ten-dimensional curved spacetime background which is represented by the metric G_{MN} and the torsion T_{MN}^P (see, for example [19]). We use the calligraphic letters M, N , P, . . . ( = 0, 1, . . . , 9) for the indices of the curved spacetime coordinates. We also introduce the vielbein e^M, where the capital letters M, N, P , . . . are used for the indices of the tangent space coordinates. The metric is written in terms of the vielbein as G_{MN} = η_{MN} e^Me^N . The spin connection ^ω_{M,NP} is related to the vielbein and the torsion by Cartan’s first structure equation

T_{MN}^P = ∂_Me^P_N − ∂_N e^P_M + ^ω_{M,}^P_Q e^Q_N − ^ω_{N ,}^P_Q e^Q_M. (2.4)

Then ^ω_{M,NP} is expressed in terms of e^M and T_{MN}^P as ^ω_{M,NP} = ω_{M,NP} + K_{M,NP} , (2.5) ω_{M,NP} = 1 2 ( C_{MN,P} − C_{NP,M} + C_{P M,N} ) , (2.6) K_{M,NP} = − 1 2 ( T_{MN,P} − T_{NP,M} + T_{P M,N} ) , (2.7)

where C_{MN}^P are the Ricci rotation coefficients defined by

C_{MN}^P = ∂_Me^P_N − ∂_N e^P_M. (2.8)

The tensor K_{M,NP} is called the contorsion. The torsion is expressed in terms of the contorsion as

T_{MN}^P = −K_{M, N}^P + K_{N , M}^P . (2.9)

We also introduce the affine connection ^Γ_{MN}^P . Then the covariant derivative of the vielbein is ^∇_Me^P_N = ∂_Me^P_N − ^Γ_{MN}^P e^P + ^ω_{M,}^P_Q e^Q_N . (2.10)

Here ^∇_M denotes the spacetime covariant derivative including the torsion. We also denote the spacetime covariant derivative without the torsion as ∇_M. We relate the two connections by imposing the vielbein postulate ^∇_Me^P_N = 0. (2.11)

From (2.5) and (2.11), ^Γ_{MN}^P is decomposed into the torsion-independent part and the contorsion part as

^Γ_{MN}^P = Γ_{MN}^P + K_{M,}^P_N , (2.12)

where the first term is the usual Christoffel symbol (the Levi-Civita connection)

Γ_{MN}^P = 1 2 G^{PQ}(∂_MG_{N Q} + ∂_N G_{MQ} − ∂_QG_{MN} ). (2.13)

Now we introduce the Lagrangian in the curved spacetime background with the torsion by replacing all the derivative ∂_M in (2.1) to the spacetime covariant derivative ^∇_M and the appropriate contraction of the indices. For the vector field and the spinor field, ^∇_M acts as ^∇_MA_N = ∂_MA_N − ^Γ_{MN}^P A_P , ^∇_MΨ = ( ∂_M + 1 2 ^ω_{M,NP} Γ^{NP} ) Ψ, (2.14)

where Γ^{MN} =^1_2 Γ^{[M} Γ^{N]} is the ten-dimensional Lorentz generator. The field strength F_{MN} is replaced with ^F_{MN} defined by ^F_{MN} = ^∇_MA_N − ^∇_N A_M + i[A_M, A_N ] = F_{MN} − T_{MN}^P A_P . (2.15)

The gauge covariant derivative D_M is replaced with ^∇^{(G)}_M ∗ = ^∇_M ∗ + i[A_M, ∗] which is covariant with respect to both the gauge and the general coordinate transformation. Then the Lagrangian in the curved background with the torsion becomes ^L = 1 κg^2 Tr [ − 1 4 e ( e^M e^N ^F_{MN} )_2 − i 2 e Ψ̄e^M Γ^M ^∇^{(G)}_M Ψ ] , (2.16)

where e is the determinant of the vielbein and e^M is the inverse vielbein. We note that (2.16) is not gauge invariant when the torsion is nonzero, since the last term in (2.15) explicitly depends on the gauge field itself.

We discuss the invariance of the action under the supersymmetry transformation:

δA_M = ie^M ζ̄ Γ_M Ψ, δΨ = − 1 2 e^M e^N ^F_{MN} Γ^{[M} Γ^{N]}ζ. (2.17)

The variation of the Lagrangian (2.16) becomes δ ^L = 1 κg^2 Tr [ i 2 eΨ̄Γ^{[M}Γ^N Γ^{P]}ζ ( ^ ∇^{(G)}_{[M} ^F_{N P]} ) − i 4 e ^∇_M(Ψ̄Γ^{[N} Γ^{P]}Γ^Mζ ^F_{N P} ) + i 2 eΨ̄Γ^MΓ^{[N} Γ^{P]} ^F_{N P} ( ^∇_Mζ) ] , (2.18)

where we have used the Fierz identity. In the first term we will compute ^∇^{(G)}_{[M} ^F_{N P]}. From the Bianchi identity, we obtain

^∇^{(G)}_{[M} ^F_{N P]} = −(∂_QA_{[M})T_{N P]}^Q − (∂_{[M}T_{N P]}^R + T_{[MN}^QT_{P]Q}^R)A_R. (2.19)

In order that the first term of (2.19) vanishes, the torsion must be zero. In this case the second term in (2.18) becomes a total derivative. The last term in (2.18) becomes zero by requiring that ζ satisfies the parallel spinor condition

∇_Mζ = 0. (2.20)

Hence the Lagrangian (2.16) is neither invariant under the supersymmetry transformation (2.17) nor gauge invariant in ten dimensions, unless the torsion vanishes. It is related to the fact that bosonic and fermionic physical degrees of freedom are different since the gauge field becomes massive. This implies that the action is not supersymmetric. However, if we consider the dimensional reduction, the action becomes invariant under the gauge and supersymmetry transformations when the torsion satisfies certain conditions, as we will see in the next section.

3 Dimensional reduction and parallel spinor conditions

We now consider the dimensional reduction of the theory (2.16) to four dimensions. We also perform the Wick rotation x^0 = −ix^{10}. The local Lorentz group SO(10) is reduced to SU(2)_L × SU(2)_R × SU(4), where SU(2)_L × SU(2)_R is the Lorentz group in four dimensions and SU(4) becomes the R-symmetry of the reduced theory. After the dimensional reduction, the gauge field A_M is decomposed as A_M = (A_μ, φ_A), where A_μ (μ = 1, . . . , 4) is the gauge field and φ_A (A = 5, . . . , 10) are the scalar fields in four dimensions. The spinor field Ψ is also decomposed as Ψ = (Λ^A_α , Λ̄^{α̇}_A), where α, α̇ = 1, 2 are the SU(2)_L and SU(2)_R indices respectively. These indices are raised and lowered by the antisymmetric ε-symbol normalized as ε^{12} = −ε_{12} = 1. A = 1, . . . , 4 is the index for the vector representation of SU(4). The gamma matrices are decomposed as

Γ^M = ( −i ( 0 σ^m_{αα̇} σ̄^{mα̇α} 0 ) ⊗ 1_8, ( 1_2 0 0 −1_2 ) ⊗ ( 0 Σ^{aAB} Σ̄a_{AB} 0 )) , (3.1)

where we have decomposed the index M as M = (m, a) (m = 1, . . . , 4, a = 5, . . . , 10). 1_n denotes the n × n identity matrix. The conventions of four- and six-dimensional Dirac matrices σ^m, σ̄^m, Σ^a, Σ̄^a are given in the appendix.

The fields and the background do not depend on the internal coordinates x^A in the dimensional reduction. By setting ∂_A = 0 in (2.16), we obtain the four-dimensional Lagrangian as

^L_{4D} = 1 κg^2 Tr [ 1 4 e ( e^μ_me^ν_n ^F_{μν} + (e^μ_me^A_n − e^μ_ne^A_m) ^F_{μA} + e^A_me^B_n ^F_{AB} )_2

+ 1 2 e ( e^μ_me^ν_a ^F_{μν} + (e^μ_me^A_a − e^μ_a e^A_m) ^F_{μA} + e^A_me^B_a ^F_{AB} )_2

+ 1 4 e ( e^μ_a e^ν_b ^F_{μν} + (e^μ_a e^A_b − e^μ_b e^A_a ) ^F_{μA} + e^A_a e^B_b ^F_{AB}

)_2

+ e^μ_mΛ^{αA}σ^m_{αα̇}D_μΛ̄^{α̇}_A + ie^A_mΛ^{αA}σ^m_{αα̇}[φ_A, Λ̄^{α̇}_A] − 1 2 e^A_a Σ̄^a_{AB} Λ^{αA}[φ_A, Λ^B_α ] − 1 2 e^A_a Σ^{aAB}Λ̄_{α̇A}[φ_A, Λ^{α̇}_B] + i 2 e^μ_aΣ̄^a_{AB} Λ^{αA}D_μΛ^B_α + i 2 e^μ_a Σ^{aAB}Λ̄_{α̇A}D_μΛ̄^{α̇}_B + 1 4 ^ω_{m,np}Λ^Aϵ^{mnpq}σ_qΛ̄_A + i 4 (^ω_{a,mn} + 2^ω_{m,na})(Λ^Aσ^{mn}Σ̄^a_{AB} Λ^B + Λ̄_Aσ̄^{mn}Σ^{aAB}Λ̄_B ) + 1 2 (2^ω_{a,mb} − ^ω_{m,ab})Λ^Aσ^m(Σ̄^{ab})_A^BΛ̄_B − i 8 ^ω_{a,bc}(Λ^A(Σ̄^{[a}Σ^bΣ̄^{c]})_{AB} Λ^B + Λ̄_A(Σ^{[a}Σ̄^bΣ^{c]})^{AB} Λ_B) ] , (3.2)

where ϵ^{mnpq} is the totally antisymmetric tensor normalized as ϵ^{1234} = 1. σ^{mn}, σ̄^{mn} and Σ^{ab}, Σ̄^{ab} are the Lorentz generators in four and six dimensions respectively, which are defined in the appendix. ^F_{μν} , ^F_{μA}, ^F_{AB} are the components of the modified field strength

(2.15), which are obtained as ^F_{μν} = F_{μν} − T_{μν}^ρA_ρ − T_{μν}^Aφ_A, ^F_{μA} = D_μφ_A − T_{μA}^ρA_ρ − T_{μA}^Bφ_B, ^F_{AB} = i[φ_A, φ_B] − T_{AB}^ρA_ρ − T_{AB}^C φ_C . (3.3) The Lagrangian (3.2) does not have the gauge invariance since ^L_{4D} depends on A_μ explicitly. However the gauge invariance is recovered by setting T_{MN}^ρ = (T_{μν}^ρ, T_{μA}^ρ, T_{AB}^ρ) = 0. (3.4) Next we examine the supersymmetry in the dimensionally reduced theory under the gauge invariance condition (3.4). We use the notation in ten dimensions for convenience. The condition for supersymmetry is that (2.18) becomes a total derivative. (2.19) vanishes due to (3.4) and the reduction ∂_A = 0. The second and the third terms become zero by imposing the condition ∂_{[M}T_{N P]}^R + T_{[MN}^QT_{P]Q}^R = 0. (3.5) The second term in the variation (2.18) does not become a total derivative. We have e ^∇_MV^M = ∂_M(e V^M) + e T_{MN}^MV^N , (3.6) where the vector V^M is given by V^M = 1 κg^2 Tr [ − i 4 Ψ̄Γ^{N P} Γ^Mζ ^F_{N P} ] . (3.7) Hence we have the traceless condition such that the second term in (3.6) vanishes as T_{MN}^M = 0. (3.8) The last term in (2.18) becomes zero when ζ satisfies the parallel spinor condition modified by the torsion as ^∇_Mζ = 0. (3.9) Therefore the dimensionally reduced theory from (2.16) is invariant under the supersymmetry transformation (2.17) generated by the parallel spinor ζ satisfying (3.9) when the torsion T_{MN}^P satisfies the conditions (3.4), (3.5) and (3.8). After the dimensional reduction, the supersymmetry transformation (2.17) becomes

δA_μ = −e^m_μ ζ^Aσ_mΛ̄_A − e^m_μ ζ̄^Aσ̄_mΛ_A + ie^A_μ ζ^AΣ̄_{aAB} Λ^B − ie^A_μ ζ̄_AΣ^{AB}_a Λ̄_B , δΛ^A = σ^{mn}ζ^A ( e^μ_me^ν_a ^F_{μν} + (e^μ_me^A_n − e^μ_ne^A_m) ^F_{μA} + e^A_me^B_n ^F_{AB} )

+ iΣ^{aAB} σ^mζ̄_B ( e^μ_me^ν_a ^F_{μν} + (e^μ_me^A_a − e^μ_a e^A_m) ^F_{μA} + e^A_me^B_a ^F_{AB} )

+ (Σ^{ab})^A_B ζ^B ( e^μ_a e^ν_b ^F_{μν} + (e^μ_a e^A_b − e^μ_b e^A_a ) ^F_{μA} + e^A_a e^B_b ^F_{AB} ) , δΛ̄_A = σ̄^{mn}ζ̄_A ( e^μ_me^ν_a ^F_{μν} + (e^μ_me^A_n − e^μ_ne^A_m) ^F_{μA} + e^A_me^B_n ^F_{AB} )

+ iΣ̄^a_{AB}σ̄^mζ^B ( e^μ_me^ν_a ^F_{μν} + (e^μ_me^A_a − e^μ_a e^A_m) ^F_{μA} + e^A_me^B_a ^F_{AB} )

+ (Σ̄^{ab})_A^Bζ̄_B ( e^μ_a e^ν_b ^F_{μν} + (e^μ_a e^A_b − e^μ_b e^A_a ) ^F_{μA} + e^A_a e^B_b ^F_{AB} ) , δφ_A = −e^m_A ζ^Aσ_mΛ̄_A − e^m_Aζ̄^Aσ̄_mΛ_A + ie^a_Aζ^AΣ̄_{aAB} Λ^B − ie^a_Aζ̄_AΣ^{AB}_a Λ̄_B , (3.10) where we decomposed ζ as ζ = (ζ^A_α , ζ̄_{α̇A}).

Here we consider the case of the flat spacetime and that the constant torsion is turned only in the six-dimensional direction as an example. In the Lagrangian (3.2), the torsion gives the mass terms for the fermions and scalars. The supersymmetry conditions restrict the form of the mass terms. From (3.5) the constant torsion satisfies T_{[ab}^dT_{c]d}^e = 0, which implies that the torsion can be regarded as the structure constant of a Lie algebra T and forms the adjoint representation of T . The dimension of T is equal to or less than six, where the latter case is possible when the components of the torsion are not linearly independent. The traceless condition T_{ab}^a = 0 from (3.8) must be also satisfied.

If the torsion is totally antisymmetric, the traceless condition is satisfied. Moreover, from (2.7) the contorsion is proportional to the torsion as K_{a,bc} = −^1_2 T_{ab,c}. In this case T becomes a subalgebra of SU(4). The parallel spinor condition (3.9) becomes

T_{ab,c}(Σ^{bc})^A_B ζ^B_α = 0, T_{ab,c}(Σ̄^{bc})_A^Bζ̄_{α̇B} = 0. (3.11)

Since the matrices acting on the parallel spinors in (3.11) are the Hermitian conjugate to each other, we have the same number of the left-handed and the right-handed parallel spinors. The number of supersymmetries depends on the choice of T and how T is embedded into SU(4). We summarize the relation between T and the number of supersymmetry in table 1.

T ♯ of SUSY SU(2) × SU(2), SU(2) × U(1)^2, U(1)^3 N = 0 SU(2) × U(1), U(1)^2 N = 1 SU(2), U(1) N = 2 Table 1: Torsion algebra T ∈ SU(4) and the number N of supersymmetry. The embedding of T is chosen such that N becomes maximal.

As an example, we consider the case T = U(1)^2. If T is embedded into SU(4) appropriately, the parallel spinor condition (3.11) has the form

0 0 0 0 0 t_{1a} 0 0 0 0 t_{2a} 0 0 0 0 t_{3a}

A

B ζ^B = 0, t_{1a} + t_{2a} + t_{3a} = 0, t_{1a}, t_{2a}, t_{3a} ≠ 0. (3.12)

The similar condition for ζ̄_A holds. The solution to (3.12) is ζ^A = (ζ^1, 0, 0, 0)^T . Then we have N = 1 supersymmetry. We can check that it corresponds to the N = 1^∗ deformation [20]. The mass term for the fermions takes the form of

L_m = m_{AB} Λ^AΛ^B + m̄^{AB}Λ̄_AΛ̄_B , (3.13)

where the two mass matrices m_{AB} and m̄^{AB} are defined by m_{AB} = i 16 (Σ̄^{[a}Σ^bΣ̄^{c]})_{AB}T_{ab,c}, m̄^{AB} = i 16 (Σ^{[a}Σ̄^bΣ^{c]})^{AB}T_{ab,c}. (3.14)

When the parallel spinor condition becomes the form of (3.12), we can show that each mass matrix has one zero eigenvalue. This is the N = 1^∗ deformation. Similarly, in the case of T = U(1) we obtain the N = 2^∗ deformation.

4 Ω-background and Deformed Supersymmetry

In this section, we study the four-dimensional N = 4 super Yang-Mills theory in the Ωbackground with torsion. We solve the parallel spinor and the torsion conditions obtained in the previous section and classify the supersymmetries.

4.1 N = 4 super Yang-Mills theory in Ω-background

The Lagrangian of the four-dimensional N = 4 super Yang-Mills theory in the Ωbackground is obtained by the dimensional reduction of the ten-dimensional N = 1 super Yang-Mills theory in the spacetime with the metric: ds^2 = (dx^m + Ω^m_adx^a)^2 + (dx^a)^2, Ω^m_a = Ω^{mn}_ax_n, Ω^{mn}_a = −Ω^{nm}_a,

(4.1)

where x^m and x^a are the coordinates of the four- and six-dimensional spaces. The antisymmetric matrices Ω_{mna} are parameterized as

Ω_{mna} =

0 ϵ_{1a} 0 0 −ϵ_{1a} 0 0 0 0 0 0 −ϵ_{2a} 0 0 ϵ_{2a} 0

, (4.2)

where ϵ_{1a}, ϵ_{2a} are real parameters. These matrices commute with each other

Ω_m^p_aΩ_{pnb} − Ω_m^p_bΩ_{pna} = 0. (4.3)

The vielbein is given by

e^M_M = ( e^m_μ e^a_μ e^m_A e^a_A ) = ( δ^m_μ 0 δ^a_AΩ^m_a δ^a_A ) ,

e^M_M = ( e^μ_m e^A_m e^μ_a e^A_a ) = ( δ^μ_m 0 −δ^μ_mΩ^m_a δ^A_a ) . (4.4)

We introduce the constant torsion along the internal directions, which is consistent with the dimensional reduction. We want to study the supersymmetry conditions in this setup. Another way to recover parts of supersymmetry is to introduce the constant Wilson line gauge field A_a by gauging the SU(4) R-symmetry [4, 12]. From the expression of the covariant derivative (2.14) in the general curved background, we find that the SU(4) R-symmetry Wilson line gauge field is identified with the contorsion through the following relation, K_{A,bc} = −iδ^a_A(A_a)^A_B (Σ_{bc})^B_A, (4.5) or equivalently (A_a)^A_B = i 4 δ^A_a (Σ_{bc})^A_B K_{A,bc}. (4.6) The other components except K_{A,bc} are zero. From (2.9), the non-trivial components of the torsion are given by

T_{AB}^μ = −δ^a_Aδ^b_B(K_{a,b}^c − K_{b,a}^c)Ω^μ_c , (4.7) T_{AB}^C = −δ^a_Aδ^b_Bδ^C_c (K_{a,b}^c − K_{b,a}^c). (4.8) The non-zero components of the spin and affine connections are evaluated as ^ω_{A,mn} = δ^a_AΩ_{mna}, ^ω_{A,bc} = K_{A,bc}, (4.9) ^Γ_{μA}^ν = Ω^ν_{μA}, (4.10) ^Γ_{AB}^μ = Ω^μ_{ρA}Ω^ρ_B − δ^b_BΩ^μ_cK_{A,}^c_b, (4.11) ^Γ_{AB}^C = δ^b_Bδ^C_c K_{A,}^c_b. (4.12)

The gauge invariance condition (3.4) reads

T_{AB}^μ = 0. (4.13)

Using this condition and substituting the vielbein (4.4) and the torsion (4.7), (4.8) into the Lagrangian (3.2), we obtain

L_{(Ω,A)} = 1 κg^2 Tr [ 1 4 F^{mn}F_{mn} + Λ^Aσ^mD_mΛ̄_A + 1 2 ( D_mφ_a − F_{mn}Ω^n_a )_2

− 1 2 (Σ_a)^{AB}Λ̄_A[φ_a, Λ̄_B] − 1 2 (Σ̄_a)_{AB} Λ^A[φ_a, Λ^B] − 1 4 ( [φ_a, φ_b] + iΩ^m_a D_mφ_b − iΩ^m_b D_mφ_a − iF_{mn}Ω^m_a Ω^n_b − 1 2 ( (Σ_bΣ̄_c)^A_Bφ_c(A_a)^B_A − (Σ_aΣ̄_c)^A_B φ_c(A_b)^B_A ))2 − i 2 Ω^m_a ( (Σ_a)^{AB}Λ̄_AD_mΛ̄_B + (Σ̄_a)_{AB}Λ^AD_mΛ^B ) + i 4 Ω_{mna} ( (Σ_a)^{AB}Λ̄_Aσ̄^{mn}Λ̄_B + (Σ̄_a)_{AB} Λ^Aσ^{mn}Λ^B ) + 1 2 (Σ_a)^{AB}Λ̄_AΛ̄_D(A_a)^D_B − 1 2 (Σ̄_a)_{AB} Λ^A(A_a)^B_DΛ^D ] . (4.14)

This Lagrangian indeed coincides with the Ω-deformed one with the R-symmetry Wilson line obtained in [12].

4.2 Supersymmetry conditions in Ω-background

Now we examine the supersymmetry and gauge invariance conditions for the Lagrangian (4.14). We first write down the parallel spinor condition (3.9) in the Ω-background with the torsion. Then, we consider the constraints on the torsion (3.4), (3.5) and (3.8).

4.2.1 Parallel spinor condition

The parallel spinor condition (3.9) in the Ω-background with the torsion is given by

^∇_μζ = ∂_μζ = 0, (4.15) ^∇_Aζ = 1 4 δ^a_A(Ω_{mna}Γ^{mn} + K_{a,bc}Γ^{bc})ζ = 0. (4.16)

From the condition (4.15), the parameter ζ becomes constant. When the Ω-background matrices Ω_{mna} are anti-self-dual or self-dual, and the torsion is zero, the condition (4.16) is satisfied for the chiral or anti-chiral parameters ζ^A_α , ζ̄^{α̇}_A respectively. In these cases, all the torsion conditions (3.4), (3.8) and (3.5) are trivially satisfied and half of the N = 4 supersymmetries are preserved [12]. However, when Ω_{mna} is not (anti-)self-dual, the condition (4.16) can not be satisfied in general.

In following, we consider Ω_{mna} which is not (anti-)self-dual. Since Γ^{mn} and Γ^{ab} are generators of four- and six-dimensional rotations, Ω_{mna} and K_{a,bc} are rotational parameters of SO(4) and SO(6). Since the matrices Ω_{mna} commute with each other, they are the rotational parameters of the U(1)_L × U(1)_R Cartan subgroup of the four-dimensional Lorentz group SO(4) ≃ SU(2)_L × SU(2)_R. For the six-dimensional rotation group, we consider the subgroup SO(2)^′ × SO(4)^′ ≃ U(1)^′ × SU(2)_L′ × SU(2)_R′ of SO(6). We decompose the six-dimensional vector index a into a = (a^′, â) (a^′ = 5, 6, â = 7, 8, 9, 10), associated with the SO(2)^′ and SO(4)^′ rotations respectively. We cancel parts of the component in Ω_{mna}Γ^{mn} and K_{a,bc}Γ^{bc} by identifying U(1) charges of the Lorentz group with that of six dimensions. This is done by identifying SU(2)’s in the Lorentz group with those in the R-symmetry group. These identifications correspond to the topological twist of the four-dimensional N = 4 supersymmetry [17]. Then the components of the contorsion K_{a,bc} are the parameters of the Cartan subgroup U(1)_L′ × U(1)_R′ of SU(2)_L′ × SU(2)_R′ ,

U(1)_L U(1)_R U(1)_L′ U(1)_R′ ζ^{A′}_α ±^1_2 0 0 ±^1_2 ζ^Â_α ±^1_2 0 ±^1_2 0 ζ̄ α̇_{A′} 0 ±^1_2 0 ±^1_2 ζ̄ α̇_Â 0 ±^1_2 ±^1_2 0

Table 2: U(1)_X charges of spinors.

where K_{a,}^_{bĉ} are non-zero and

K_{a,b}′_c′ = K_{a,b}′_ĉ = 0. (4.17)

The condition (4.16) becomes

(Ω_{mna}Γ^{mn} + K_{a,}^_{bĉ}Γ^{b̂ĉ})ζ = 0. (4.18)

Now we determine the U(1) charges of the spinor parameter ζ = (ζ^A_α , ζ̄^{α̇}_A). The representations 4 and ¯4 of SU(4) are decomposed into the representation of U(1)^′ × SU(2)_L′ × SU(2)_R′ :

4 = (2, 1)_{1/2} + (1, 2)_{−1/2}, ¯4 = (2, 1)_{−1/2} + (1, 2)_{1/2}, (4.19)

where the first and the second components in the parenthesis are the representations of SU(2)_L′ and SU(2)_R′ respectively. The subscript ±1/2 denotes the U(1)^′ charge and 2, 1 are the two-dimensional and the trivial representation of each SU(2). Then we have the following decomposition of spinors,

ζ^A_α = (ζ^{A′}_α , ζ^Â_α ), ζ̄^{α̇}_A = (ζ̄^{α̇}_A′ , ζ̄^{α̇}_Â), A^′ = 1, 2, Â = 3, 4. (4.20)

Spinors that have A^′ = 1, 2 are 2 representation of SU(2)_R′ while that have Â = 3, 4 are 2 representation of SU(2)_L′ . The generators of SO(4)^′ for the spinors ζ^{A′}_α , ζ̄^{α̇}_A′ and ζ^α_Â, ζ̄^{α̇}_Â are (Σ_{ab})_A′^{B′} = −(Σ̄_{ab})^{B′}_A′ and (Σ_{ab})_Â^{B̂} = −(Σ̄_{ab})^{B̂}_Â. We are interested in the U(1)_X (X = L, R, L^′, R^′) charges of spinors associated with the Cartan subgroups of SU(2)_X . We summarize the U(1) charges for each spinor in table 2.

There are three topological twists called the half twist [17], the Vafa-Witten twist [21] and the Marcus twist [22].

Half twist In the half twist, SU(2)_R′ and SU(2)_R are identified while the SU(2)_L′ and SU(2)_L are left intact. The new Lorentz group is defined as SU(2)_L × [SU(2)_R′ × SU(2)_R]_{diag} where [SU(2)_R′ × SU(2)_R]_{diag} denotes the diagonal subgroup of SU(2)_R′ × SU(2)_R. Spinors ζ^{A′}_α , ζ̄^{α̇}_A′ can be decomposed under the new Lorentz group as

ζ_α^{A′} = (σ^m)_{αB}′ ϵ^{A′B′} ζ_m, ζ̄^{α̇}_A′ = δ^{α̇}_A′ζ̄ + (σ̄^{mn})^{α̇}_A′ζ̄_{mn}, (4.21)

where ζ_m, ζ̄ and ζ̄_{mn} are vector, scalar and anti-self-dual tensor respectively.

Vafa-Witten twist In the Vafa-Witten twist, SU(2)_L′ × SU(2)_R′ in the R-symmetry and SU(2)_R in the Lorentz symmetry is identified. The new Lorentz group is defined as SU(2)_L × [SU(2)_L′ × SU(2)_R′ × SU(2)_R]_{diag}. Spinors are decomposed as

ζ_α^{A′} = (σ^m)_{αB}′ ϵ^{A′B′} ζ_m, ζ̄^{α̇}_A′ = δ^{α̇}_A′ζ̄ + (σ̄^{mn})^{α̇}_A′ζ̄_{mn}, (4.22) ζ_α^Â = (σ^m)_α^_B ϵ^{ÂB̂} ζ^′_m, ζ̄^{α̇}_Â = δ^{α̇}_Âζ̄^′ + (σ̄^{mn})^{α̇}_Âζ̄^′_{mn}. (4.23)

Marcus twist In the Marcus twist, SU(2)_L′ and SU(2)_L, SU(2)_R′ and SU(2)_R are identified. The new Lorentz group is defined as [SU(2)_L′ × SU(2)_L]_{diag} × [SU(2)_R′ × SU(2)_R]_{diag}. Spinors are decomposed as

ζ_α^{A′} = (σ^m)_{αB}′ ϵ^{A′B′} ζ_m, ζ̄^{α̇}_A′ = δ^{α̇}_A′ζ̄ + (σ̄^{mn})^{α̇}_A′ζ̄_{mn}, (4.24) ζ_α^Â = δ_α^Âζ + (σ^{mn})_α^Âζ_{mn}, ζ̄^{α̇}_Â = (σ̄^m)^{α̇B̂}ϵ_{ÂB̂}ζ̄_m. (4.25)

4.2.2 Torsion conditions We have obtained the parallel spinor condition (4.18). Now we write down the conditions on the torsion (3.4), (3.5) and (3.8) in the Ω-background. The gauge invariance condition (3.4) reads

(K_{a,b}^c − K_{b,a}^c)Ω_{mnc} = 0. (4.26)

The condition (3.5) becomes

T_{[ab}^dT_{c]d}^e = 0, (4.27) while the condition (3.8) is reduced to T_{ab}^a = −K_{a,b}^a = 0. (4.28) We first consider the condition (4.26). From (4.17), the condition (4.26) becomes K_a′_{,b̂}^ĉΩ_{mnĉ} = 0, (4.29) (K_{â,b̂}^ĉ − K_{b̂,â}^ĉ)Ω_{mnĉ} = 0. (4.30) Since these conditions are independent of Ω_{mna}′ , we assume that the parameters ϵ_{1a}′ , ϵ_{2a}′ are non-zero without loss of generality.

Next, the condition (4.27) becomes T_a′_b′^{d̂}T_{ĉd̂}^ê + T_b′_ĉ^{d̂}T_a′^_d^ê + T_{ĉa}′^{d̂}T_b′^_d^ê = 0, (4.31) T_a′_{b̂}^{d̂}T_{ĉd̂}^ê + T_{b̂ĉ}^{d̂}T_a′_{d̂}^ê + T_{ĉa}′^{d̂}T_{b̂d̂}^ê = 0, (4.32) T_{âb̂}^{d̂}T_{ĉd̂}^ê + T_{b̂ĉ}^{d̂}T_{âd̂}^ê + T_{ĉâ}^{d̂}T_{b̂d̂}^ê = 0. (4.33) Using (2.9), the conditions (4.31) and (4.32) are rewritten as K_b′_{,ĉ}^{d̂}K_a′_{,d̂}^ê − K_a′_{,ĉ}^{d̂}K_b′_{,d̂}^ê = 0, (4.34) K_a′_{,b̂}^{d̂}T_{ĉd̂}^ê + K_a′_{,ĉ}^{d̂}T_{b̂d̂}^ê − K_a′^ê_{d̂}T_{b̂ĉ}^{d̂} = 0. (4.35) The first equation (4.34) is the commuting condition of the contorsion matrices K_a′_{,b̂}^ĉ. Then K_a′_{,b̂ĉ} are parameters of U(1)_L′ × U(1)_R′ . Finally, the condition (4.28) becomes K_{â,b̂}^â = 0. (4.36) In the following we solve the parallel spinor condition and the conditions on the torsion in each twist separately.

4.3 Solutions to the conditions

4.3.1 Half twist First we consider the half twist. The supercharges Q^{A′}_α and Q̄^{α̇}_A′ are decomposed into Q̄, Q_m, Q̄_{mn}. The parameters ζ^{A′}_α , ζ̄^{α̇}_A′ are decomposed in the same way. The parallel spinor condition (4.18) for ζ̄, ζ̄_{mn} and ζ_m are [ δ^{β̇}_A′ Ω_{mna}(σ̄^{mn})^{α̇}˙_β + δ^{α̇}_B′ K_{a,b̂ĉ}(Σ̄^{b̂ĉ})_A′^{B′} ] ζ̄ = 0, (4.37) [ δ^{γ̇}_A′ Ω_{mna}(σ̄^{mn})^{α̇}˙_β (σ̄^{pq})^{β̇}_{γ̇} + δ^{β̇}_B′ K_{a,b̂ĉ}(Σ̄^{b̂ĉ})_A′^{B′} (σ̄^{pq})^{α̇}˙_β ] ζ̄_{pq} = 0, (4.38) [ δ^{γ̇}_C′ Ω_{mna}(σ^{mn})_α^β(σ^p)_{βγ̇} ϵ^{A′C′} + δ^{β̇}_C′ K_{a,b̂ĉ}(σ^p)_α˙_β ϵ^{B′C′} (Σ^{b̂ĉ})^{A′}_B′ ] ζ_p = 0. (4.39)

In order that the scalar supersymmetry is preserved, the U(1)_R and U(1)_R′ charges must be identified as δ^{α̇}_B′ K_{a,}^_{bĉ}(Σ̄^{b̂ĉ})_A′^{B′} = −δ^{β̇}_A′ Ω_{mna}(σ̄^{mn})^{α̇}˙_β. (4.40) We then find that the scalar and one component of the tensor supersymmetries are preserved and the others are broken under the condition (4.40)^1.

We then solve the constraints on the torsion. The anti-self-dual part of K_{a,}^_{bĉ} and Ω_{mna} are identified by the relation (4.40). Then the anti-self-dual part of K_a′_{,b̂ĉ} is nonzero since ϵ_{1a}′ and ϵ_{2a}′ are non-zero. Therefore we find that Ω_{mnĉ} = 0 from (4.29) and (4.30) is satisfied automatically for any K_{â,}^_{bĉ}. Using (4.40), the anti-self-dual part of K_{â,}^_{bĉ} becomes zero. Since the U(1)_L′ × U(1)_R′ K_a′_{,b̂ĉ} charge of T_{âb̂}^ĉ is non-zero, the condition (4.35) implies T_{âb̂}^ĉ = 0. Then, using the relation (2.7) the self-dual part of K_{â,b̂ĉ} is zero. The conditions (4.33) and (4.36) are satisfied automatically. The self-dual part of K_a′_{,b̂ĉ} belongs to U(1)_L′ . In summary, we have the following conditions on the Ω-background parameters Ω_{mna} and the contorsion K_{a,bc} for the scalar supersymmetry generated by Q̄:

δ^{α̇}_B′ K_a′_{,b̂ĉ}(Σ̄^{b̂ĉ})_A′^{B′} = −δ^{β̇}_A′ Ω_{mna}′ (σ̄^{mn})^{α̇}˙_β,

K_a′_{,b̂ĉ}(Σ^{b̂ĉ})^Â_{B̂} = −4iM_a′^Â_{B̂}, M_a′^Â_{B̂} = ( m_a′ 0 0 −m_a′ ) , Ω_{mnâ} = K_{â,b̂ĉ} = K_{a,b}′_c′ = K_{a,b̂c}′ = 0, (4.41)

where m_a′ are real parameters. The theory has N = (0, 2) supersymmetry^2 under the conditions (4.41). The explicit form of the supersymmetry transformation of fields are obtained by substituting (4.41) into (3.10). The result coincides with the transformation obtained in [12].

1We will discuss the tensor supersymmetries in section 4.4 2The notation N = (m, n) means that the theory has m chiral, n anti-chiral supercharges.

The R-symmetry Wilson line (A_a′ )^Â_{B̂} and the contorsion K_a′_{,b̂ĉ} are related by (4.6). The conditions on the contorsion in (4.41) are rewritten as

4iδ^{α̇}_B′ (A)_A′^{B′} = δ^{β̇}_A′ Ω_{mn}(σ̄^{mn})^{α̇}˙_β, 4iδ^{α̇}_B′ (Ā)_A′^{B′} = δ^{β̇}_A′Ω̄_{mn}(σ̄^{mn})^{α̇}˙_β,

(A)^Â_{B̂} = ( m 0 0 −m ) , (Ā)^Â_{B̂} = ( m̄ 0 0 −m̄ ) , Ω_{mnâ} = (A_â)^A_B(Σ_{b̂ĉ})^B_A = (A_a)^A_B(Σ_b′_c′ )^B_A = (A_a)^A_B (Σ_{b̂c}′ )^B_A = 0,

(4.42)

where A =^{1√}_2 (A_5 − iA_6) , Ā =^{1√}_2 (A_5 + iA_6) and m, m̄, Ω_{mn}, Ω̄_{mn} are defined similarly. (A)^Â_{B̂} , (Ā)^Â_{B̂} are identified with the mass matrices of the hypermultiplet in the N = 2^∗ theory [4, 12]. The mass of the hypermultiplet is √ mm̄. Mass perturbations in twisted N = 4 theory are discussed in [23].

4.3.2 Vafa-Witten twist

We next consider the Vafa-Witten twist. The supercharges Q^{A′}_α , Q̄^{α̇}_A′ and the parameters ζ^{A′}_α , ζ̄^{α̇}_A′ are decomposed as in the case of the half twist. The supercharges Q^Â_α , Q̄^{α̇}_Â are decomposed into Q̄^′, Q̄^′_{mn} and Q̄^′_{mn}. The parameters ζ^Â_α , ζ̄^{α̇}_Â are decomposed in the same way. The parallel spinor conditions for ζ̄, ζ̄_{mn} and ζ_m are (4.37)–(4.39). The conditions for ζ̄^′, ζ̄^′_{mn} and ζ^′_m are [ δ^{β̇}_ÂΩ_{mna}(σ̄^{mn})^{α̇}˙_β + δ^{α̇}_{B̂} K_{a,b̂ĉ}(Σ̄^{b̂ĉ})_Â^{B̂} ] ζ̄^′ = 0, (4.43) [ δ^{γ̇}_ÂΩ_{mna}(σ̄^{mn})^{α̇}˙_β(σ̄^{pq})^{β̇}_{γ̇} + δ^{β̇}_{B̂} K_{a,}^_{bĉ}(Σ̄^{b̂ĉ})_Â^{B̂}(σ̄^{pq})^{α̇}˙_β ] ζ̄^′_{pq} = 0, (4.44) [ δ^{γ̇}_Ĉ Ω_{mna}(σ^{mn})_α^β(σ^p)_{βγ̇} ϵ^{ÂĈ} + δ^{β̇}_Ĉ K_{a,b̂ĉ}(σ^p)_α˙_β ϵ^{B̂Ĉ} (Σ^{b̂ĉ})^Â_{B̂} ] ζ^′_p = 0. (4.45)

The condition on the torsion for the scalar supersymmetry ζ̄^′ is

δ^{α̇}_{B̂} K_{a,b̂ĉ}(Σ̄^{b̂ĉ})_Â^{B̂} = −δ^{β̇}_ÂΩ_{mna}(σ̄^{mn})^{α̇}˙_β. (4.46)

The condition (4.46) together with (4.40) implies that the rank of the contorsion matrices K_a′_{b̂ĉ} reduces by two and K_a′_{b̂ĉ} can be of the form

K_a′_{,b̂ĉ} = 0 −k_a′ 0 0 k_a′ 0 0 0 0 0 0 0 0 0 0 0

, (4.47) where k_a′ are non-zero parameters. Therefore, two matrices within Ω_{mnâ} (â = 7, 8, 9, 10) remain non-zero from the condition (4.29). From the representation of the Σ-matrices in the appendix, we can take Ω_{mn9}, Ω_{mn10} as non-zero matrices and Ω_{mn7} and Ω_{mn8} as zero. Then from (4.40) and (4.46) we get K_{â,b̂ĉ} = 0 except K_{â,78} (â = 9, 10) and the condition (4.30) is satisfied automatically. The condition (4.34) holds since the contorsion and the Ω-background matrices are identified by the relations (4.46) and (4.40), and the matrices Ω_{mna} commute with each other. We find that the condition (4.35) is satisfied and the (4.33) reduces to the commutative relation of Ω_{mn7} and Ω_{mn8}. The last condition (4.36) holds when the conditions (4.29), (4.30), (4.34) and (4.35) are satisfied.

We obtain the following conditions on the Ω-background parameters Ω_{mna} and the contorsion K_{a,bc} for the scalar supersymmetries generated by Q̄, Q̄^′:

δ^{α̇}_B′ K_a′_{,b̂ĉ}(Σ̄^{b̂ĉ})_A′^{B′} = −δ^{β̇}_A′ Ω_{mna}′ (σ̄^{mn})^{α̇}˙_β, δ^{α̇}_{B̂}K_a′_{,b̂ĉ}(Σ̄^{b̂ĉ})_Â^{B̂} = −δ^{β̇}_ÂΩ_{mna}′ (σ̄^{mn})^{α̇}˙_β, (a^′ = 5, 6) δ^{α̇}_B′ K_{â,b̂ĉ}(Σ̄^{b̂ĉ})_A′^{B′} = −δ^{β̇}_A′ Ω_{mnâ}(σ̄^{mn})^{α̇}˙_β , δ^{α̇}_{B̂}K_{â,b̂ĉ}(Σ̄^{b̂ĉ})_Â^{B̂} = −δ^{β̇}_ÂΩ_{mnâ}(σ̄^{mn})^{α̇}˙_β, (â = 9, 10) Ω_{mn7} = Ω_{mn8} = K_{7,b̂ĉ} = K_{8,b̂ĉ} = K_{a,b}′_c′ = K_{a,b̂c}′ = 0.

(4.48)

In terms of the R-symmetry Wilson line, these become

4iδ^{α̇}_B′ (A_a′ )_A′^{B′} = −δ^{β̇}_A′ Ω_{mna}′ (σ̄^{mn})^{α̇}˙_β, 4iδ^{α̇}_{B̂}(A_â)_Â^{B̂} = −δ^{β̇}_ÂΩ_{mna}′ (σ̄^{mn})^{α̇}˙_β, (a^′ = 5, 6) 4iδ^{α̇}_B′ (A_a′ )_A′^{B′} = −δ^{β̇}_A′ Ω_{mnâ}(σ̄^{mn})^{α̇}˙_β, 4iδ^{α̇}_{B̂}(A_â)_Â^{B̂} = −δ^{β̇}_ÂΩ_{mnâ}(σ̄^{mn})^{α̇}˙_β, (â = 9, 10), (A_7)^A_B (Σ_{b̂ĉ})^B_A = (A_8)^A_B(Σ_{b̂ĉ})^B_A = (A_a)^A_B (Σ_b′_c′ )^B_A = (A_a)^A_B (Σ_{b̂c}′ )^B_A = 0, Ω_{mn7} = Ω_{mn8} = 0.

(4.49)

As in the case of the half twist, two components of the tensor supersymmetries are preserved when the conditions (4.48), (4.49) are satisfied. Therefore the theory has N = (0, 4) supersymmetry.

4.3.3 Marcus twist

Finally, we consider the Marcus twist. The supercharges Q^{A′}_α , Q̄^{α̇}_A′ and Q^Â_α , Q̄^{α̇}_Â are decomposed into Q, Q̄, Q_{mn}, Q̄_{mn} and Q_m, Q̄_m. The parameters ζ^{A′}_α , ζ̄^{α̇}_A′ and ζ^Â_α , ζ̄^{α̇}_Â are decomposed similarly. The parallel spinor conditions for ζ̄, ζ̄_{mn} and ζ_m are (4.37)–(4.39). The condition (4.18) for ζ, ζ_{pq} and ζ̄_p are [ δ_β^ÂΩ_{mna}(σ^{mn})_α^β + δ_α^{B̂} K_{a,b̂ĉ}(Σ^{b̂ĉ})^Â_{B̂} ] ζ = 0, (4.50) [ δ_α^ÂΩ_{mna}(σ^{mn})_α^β(σ^{pq})_β^α + δ_β^{B̂} K_{a,}^_{bĉ}(σ^{pq})_α^β(Σ^{b̂ĉ})^Â_{B̂} ] ζ_{pq} = 0, (4.51) [ δ_γ^Ĉ Ω_{mna}(σ̄^{mn})^{α̇}˙_β(σ^p)^{β̇γ} ϵ_{ÂĈ} + δ_β^Ĉ K_{a,b̂ĉ}(Σ̄^{b̂ĉ})_Â^{B̂} (σ^p)^{α̇β}ϵ_{B̂Ĉ} ] ζ̄_p = 0. (4.52)

We examine the conditions on the two scalar supersymmetries generated by Q, Q̄. The condition on the torsion for the parallel spinor ζ is

δ_α^{B̂} K_{a,b̂ĉ}(Σ^{b̂ĉ})^Â_{B̂} = −δ_β^ÂΩ_{mna}(σ^{mn})_α^β. (4.53)

Using the relation (4.53) together with (4.40), the condition (4.29) implies that the matrices Ω_{mnĉ} vanish. Then the condition (4.30) holds automatically. The condition (4.34) is satisfied by using the relation (4.53). Similarly K_{â,b̂ĉ} is shown to be zero from Ω_{mnĉ} = 0. Then the conditions (4.35), (4.34) and (4.36) are satisfied.

We get the following conditions on the Ω-background parameters Ω_{mna} and the contorsion K_{a,bc} for the scalar supersymmetries generated by Q, Q̄: δ^{α̇}_B′ K_a′_{,b̂ĉ}(Σ̄^{b̂ĉ})_A′^{B′} = −δ^{β̇}_A′ Ω_{mna}′ (σ̄^{mn})^{α̇}˙_β, δ_α^{B̂}K_a′_,^_{bĉ}(Σ^{b̂ĉ})^Â_{B̂} = −δ_β^ÂΩ_{mna}′ (σ^{mn})_α^β, Ω_{mnâ} = K_{â,b̂ĉ} = K_{a,b}′_c′ = K_{a,b̂c}′ = 0. (4.54)

In terms of the R-symmetry Wilson line, the conditions become

4iδ^{α̇}_B′ (A_a′ )_A′^{B′} = −δ^{β̇}_A′ Ω_{mna}′ (σ̄^{mn})^{α̇}˙_β, 4iδ_α^{B̂}(A_a′ )^Â_{B̂} = −δ_β^ÂΩ_{mna}′ (σ^{mn})_α^β, Ω_{mnâ} = (A_â)^A_B(Σ_{b̂ĉ})^B_A = (A_a)^A_B (Σ_b′_c′ )^B_A = (A_a)^A_B (Σ_{b̂c}′ )^B_A = 0.

(4.55)

In addition to the scalar supersymmetries, two components of the tensor supersymmetries are preserved when the conditions (4.54), (4.55) are satisfied. Therefore the theory has N = (2, 2) supersymmetry.

4.4 Nekrasov-Shatashvili limit

We have examined the scalar supersymmetries of the N = 4 super Yang-Mills theory in the Ω-background with the torsion. In this subsection, we study supersymmetries of the theory in the Nekrasov-Shatashvili limit of the Ω-background [18]. It is defined by the limit where ϵ_{2a} (or ϵ_{1a}) → 0 and keeping ϵ_{1a} (or ϵ_{2a}) finite. In this limit, the super Poincaré symmetry of the two-dimensional subspace in four-dimensional spacetime is recovered. We will study how supersymmetry is enhanced in each topological twist.

Half twist First, we consider the half twist where the contorsion and the Ω-background matrices are related by (4.40). We examine the parallel spinor conditions for the tensor and the vector supersymmetries (4.38), (4.39).

For the vector supersymmetry, by eliminating the contorsion in (4.39), we get [ Ω_{mna}(σ^{mn})_α^β(σ^p)_β˙_βε^{β̇A′} + (σ^p)_{αα̇}ε^{α̇B′} Ω_{mna}(σ̄^{mn})_B′^{A′} ] ζ_p = 0. (4.56)

This equation (4.56) is written in terms of ϵ_{1a}, ϵ_{2a} as

ϵ_{1a}(σ^4ζ_1 − σ^3ζ_2) + ϵ_{2a}(σ^2ζ_3 − σ^1ζ_4) = 0. (4.57)

In the Nekrasov-Shatashvili limit, ϵ_{2a} → 0 (a = 5, 6), the parameters ζ_3, ζ_4 satisfy the parallel spinor condition. In the limit ϵ_{1a} → 0 (a = 5, 6), the parameters ζ_1, ζ_2 satisfy the condition.

We next consider parallel spinor condition for ζ̄_{pq}. Using the relation (4.40), the condition is rewritten as [ Ω_{mna}(σ̄^{mn})^{α̇}˙_β(σ̄^{pq})^{β̇}_A′ − (σ̄^{pq})^{α̇}˙_βΩ_{mna}(σ̄^{mn})^{β̇}_A′ ] ζ̄_{pq} = 0. (4.58)

This is the commutative relation between the matrices Ω_{mna}(σ̄^{mn}) and ζ̄_{pq}(σ̄^{pq}),

[Ω_{mna}σ̄^{mn}, ζ̄_{pq}σ̄^{pq}] = 0. (4.59)

Since we have Ω_{mna}(σ̄^{mn}) = i(ϵ_{1a} + ϵ_{2a})τ_3, the parameter ζ̄_{12} satisfies (4.59) as mentioned in section 4.3.1 and ζ̄_{13} = ζ̄_{14} = 0. Therefore N = (2, 2) supersymmetry is preserved in the Nekrasov-Shatashvili limit. The conserved supercharges of the N = (2, 2) supersymmetry in the half twist case is summarized in table 3.

Supercharge Scalar Tensor Vector ϵ_{1a} → 0 (a = 5, 6) Q̄ Q̄_{12} Q_1, Q_2 ϵ_{2a} → 0 (a = 5, 6) Q̄ Q̄_{12} Q_3, Q_4 Table 3: Conserved supercharges in the half twist.

Supercharge Scalar Tensor Vector ϵ_{1a} → 0 (a = 5, 6, 7, 8) Q̄, Q̄^′ Q̄_{12}, Q̄^′_{12} Q_1, Q_2, Q^′_1, Q^′_2 ϵ_{2a} → 0 (a = 5, 6, 7, 8) Q̄, Q̄^′ Q̄_{12}, Q̄^′_{12} Q_3, Q_4, Q^′_3, Q^′_4 Table 4: Conserved supercharges in the Vafa-Witten twist.

Vafa-Witten twist . The parallel spinor conditions for ζ̄^′_{mn} and ζ^′_m are the same as those for ζ̄_{mn} and ζ_m in the half twist. Therefore N = (4, 4) supersymmetry is preserved in the Nekrasov-Shatashvili limit. The conserved supercharges are found in table 4.

Marcus twist The parallel spinor conditions for ζ̄_{pq}, ζ_p have been written down. The parallel spinor condition for ζ_{pq} is obtained by replacing σ̄_{mn} with σ_{mn} in (4.59). Then ζ_{12} satisfies the equation (4.59) and ζ_{13} = ζ_{14} = 0. The condition for ζ̄_p is

ϵ_{1a}(σ^2ζ̄_3 − σ^1ζ̄_4) + ϵ_{2a}(σ^4ζ̄_1 − σ^3ζ̄_2) = 0. (4.60)

Therefore N = (4, 4) supersymmetry is preserved in the Nekrasov-Shatashvili limit. The conserved supercharges are summarized in table 5.

5 Conclusions and Discussion

In this paper we studied ten-dimensional N = 1 super Yang-Mills theory in the curved background with the torsion. We investigated the dimensional reduction to four dimensions where the torsion is introduced along the internal space such that four-dimensional gauge invariance is preserved. Requiring supersymmetry, it has been shown that the torsion obeys the constraints and also modifies the parallel spinor conditions. In particular we have studied the torsion in the ten-dimensional Ω-background, where we can identify the R-symmetry Wilson line gauge field with the torsion. We solved the modified parallel

Supercharge Scalar Tensor Vector ϵ_{1a} → 0 (a = 5, 6) Q̄, Q Q̄_{12}, Q_{12} Q_1, Q_2, Q̄_1, Q̄_2 ϵ_{2a} → 0 (a = 5, 6) Q̄, Q Q̄_{12}, Q_{12} Q_3, Q_4, Q̄_3, Q̄_4 Table 5: Conserved supercharges in the Marcus twist.

spinor conditions for the topological twists (the half-twist, the Vafa-Witten twist and the Marcus twist) of N = 4 supersymmetry. We found the solutions of the deformation parameters of the Ω-background and the Wilson line gauge fields. We obtained the preserved supersymmetries for these twists.

In order to construct the deformed topological field theory associated with the twists, it is necessary to extend the deformed scalar supersymmetry to the off-shell supersymmetry. In a subsequent paper [24], we will discuss the off-shell structure of the twisted deformed theories and their instanton effective action.

One can consider the curved background admitting the (conformal) Killing spinor associated with super(conformal)symmetry transformations. In the case without the torsion, the parallel spinor conditions lead to the Ricci-flatness of the geometry. For the case with the Killing spinor, the associated geometries have been classified in [14]. The conformal Killing spinor in S^4 [15, 16] and other geometries [25, 26, 27] are used to discuss the localization. It would be interesting to introduce the torsion for the geometry admitting (conformal) Killing spinor conditions and examine the deformed super(conformal)symmetry.

It would also be an interesting problem to understand the ten-dimensional deformed theory in superstring theory. The stringy realization of the Ω-background allows us to analyze the various dimensional system [28, 29, 30, 31, 32, 33]. From the dimensional reduction to various dimensions, we can obtain the Ω-deformed gauge theories other than four dimensions in a systematic way. One can also study their Nekrasov-Shatashvili limit, where the various Ω-deformed BPS states exist in the deformed theories [34, 35, 36, 37]. From the supersymmetry constructed in this work, one can compute the central charges for the BPS states, which are important to understand the integrability structure of the deformed theory.

Acknowledgements

We would like to thank T. Saka for collaboration in an early stage of the work. The work of K. I. is supported in part by Grant-in-Aid for Scientific Research from the Japan Ministry of Education, Culture, Sports, Science and Technology. The work of H. N. is supported in part by National Science Council and National Center for Theoretical Sciences, Taiwan, R.O.C.

Appendix Dirac matrices in four and six dimensions

In this appendix, we present our conventions of the Dirac matrices in four- and sixdimensional spaces with the Euclidean signature. The Dirac matrices σ^m_{αα̇} and σ̄^{mα̇α} in four dimensions are defined by

σ^m = ( iτ^1, iτ^2, iτ^3, 1_2 ) , σ̄^m = ( −iτ^1, −iτ^2, −iτ^3, 1_2 ) , (A.1)

where τ^i (i = 1, 2, 3) are the Pauli matrices and 1_2 denotes the 2 × 2 identity matrix. We define the Lorentz generators σ^{mn} and σ̄^{mn} by σ^{mn} = 1 4 ( σ^mσ̄^n − σ^nσ̄^m ) , σ̄^{mn} = 1 4 ( σ̄^mσ^n − σ̄^nσ^m ) . (A.2)

The Dirac matrices Σ^{aAB} and Σ̄^a_{AB} in six dimensions are defined by

Σ^5 = ( iτ^2 0 0 iτ^2 ) , Σ^6 = ( τ^2 0 0 −τ^2 ) , Σ^7 = ( 0 −τ^3 τ^3 0 ) ,

Σ^8 = ( 0 i1_2 −i1_2 0 ) , Σ^9 = ( 0 −τ^1 τ^1 0 ) , Σ^{10} = ( 0 τ^2 τ^2 0 ) ,

Σ̄^5 = ( −iτ^2 0 0 −iτ^2 ) , Σ̄^6 = ( τ^2 0 0 −τ^2 ) , Σ̄^7 = ( 0 τ^3 −τ^3 0 ) ,

Σ̄^8 = ( 0 i1_2 −i1_2 0 ) , Σ̄^9 = ( 0 τ^1 −τ^1 0 ) , Σ̄^{10} = ( 0 τ^2 τ^2 0 ) , (A.3)

The Lorentz generators Σ^{ab} and Σ̄^{ab} are defined by

Σ^{ab} = 1 4 ( Σ^aΣ̄^b − Σ^bΣ̄^a ) , Σ̄^{ab} = 1 4 (¯ Σ^aΣ^b − Σ̄^bΣ^a ) . (A.4)

References

[1] G. W. Moore, N. Nekrasov and S. Shatashvili, Commun. Math. Phys. 209 (2000) 97 [hep-th/9712241].

[2] N. A. Nekrasov, Adv. Theor. Math. Phys. 7 (2004) 831 [hep-th/0206161]. [3] A. S. Losev, A. Marshakov and N. A. Nekrasov, In *Shifman, M. (ed.) et al.: From fields to strings, vol. 1* 581-621 [hep-th/0302191].

[4] N. Nekrasov and A. Okounkov, hep-th/0306238.

[5] H. Awata and H. Kanno, JHEP 0505 (2005) 039 [hep-th/0502061]. [6] A. Iqbal, C. Kozcaz and C. Vafa, JHEP 0910 (2009) 069 [hep-th/0701156]. [7] M. -x. Huang and A. Klemm, arXiv:1009.1126 [hep-th].

[8] I. Antoniadis, S. Hohenegger, K. S. Narain and T. R. Taylor, Nucl. Phys. B 838 (2010) 253 [arXiv:1003.2832 [hep-th]].

[9] Y. Nakayama and H. Ooguri, Nucl. Phys. B 856 (2012) 342 [arXiv:1106.5503 [hepth]].

[10] M. Billo, M. Frau, F. Fucito and A. Lerda, JHEP 0611 (2006) 012 [hep-th/0606013]. [11] K. Ito, H. Nakajima, T. Saka and S. Sasaki, JHEP 1011 (2010) 093 [arXiv:1009.1212 [hep-th]].

[12] K. Ito, H. Nakajima, T. Saka and S. Sasaki, Nucl. Phys. B 860 (2012) 267 [arXiv:1111.6709 [hep-th]].

[13] L. Brink, J. H. Schwarz and J. Scherk, Nucl. Phys. B 121 (1977) 77. [14] M. Blau, JHEP 0011 (2000) 023 [hep-th/0005098].

[15] V. Pestun, Commun. Math. Phys. 313 (2012) 71 [arXiv:0712.2824 [hep-th]]. [16] T. Okuda and V. Pestun, JHEP 1203 (2012) 017 [arXiv:1004.1222 [hep-th]].

[17] J. P. Yamron, Phys. Lett. B213 (1988) 325.

[18] N. A. Nekrasov and S. L. Shatashvili, arXiv:0908.4052 [hep-th]. [19] D. Z. Freedman and A. Van Proeyen, “Supergravity,” Cambridge Univ. Pr. (2012). [20] N. Dorey, T. J. Hollowood, V. V. Khoze and M. P. Mattis, Phys. Rept. 371 (2002) 231 [arXiv:hep-th/0206063].

[21] C. Vafa and E. Witten, Nucl. Phys. B 431 (1994) 3 [hep-th/9408074]. [22] N. Marcus, Nucl. Phys. B 452 (1995) 331 [hep-th/9506002].

[23] J. M. F. Labastida and C. Lozano, Nucl. Phys. B 518 (1998) 37 [hep-th/9711132]. [24] K. Ito, H. Nakajima and S. Sasaki, work in progress.

[25] G. Festuccia and N. Seiberg, JHEP 1106 (2011) 114 [arXiv:1105.0689 [hep-th]]. [26] T. T. Dumitrescu, G. Festuccia and N. Seiberg, JHEP 1208 (2012) 141 [arXiv:1205.1115 [hep-th]].

[27] N. Hama and K. Hosomichi, arXiv:1206.6359 [hep-th]. [28] D. L. Jafferis, arXiv:0705.2250 [hep-th].

[29] H. Awata and H. Kanno, JHEP 0907 (2009) 076 [arXiv:0905.0184 [hep-th]]. [30] N. Nekrasov, Japan. J. Math. 4 (2009) 63.

[31] M. Billo, L. Ferro, M. Frau, L. Gallot, A. Lerda and I. Pesando, JHEP 0907 (2009) 092 [arXiv:0905.4586 [hep-th]].

[32] F. Fucito, J. F. Morales and R. Poghossian, JHEP 0910 (2009) 041 [arXiv:0906.3802 [hep-th]].

[33] M. Billo, L. Gallot, A. Lerda and I. Pesando, JHEP 1011 (2010) 041 [arXiv:1008.5240 [hep-th]].

[34] K. Ito, S. Kamoshita and S. Sasaki, JHEP 1104 (2011) 023 [arXiv:1103.2589 [hepth]].

[35] K. Ito, S. Kamoshita and S. Sasaki, Phys. Lett. B 710 (2012) 240 [arXiv:1110.1455 [hep-th]].

[36] S. Hellerman, D. Orlando and S. Reffert, JHEP 1207 (2012) 061 [arXiv:1204.4192 [hep-th]].

[37] K. Bulycheva, H. -Y. Chen, A. Gorsky and P. Koroteev, arXiv:1207.0460 [hep-th].