arXiv:1209.2982v1 [math-ph] 13 Sep 2012

A MODULI SPACE OF THE QUATERNIONIC HOPF SURFACE ENCODES STANDARD MODEL PHYSICS

COLIN B. HUNTER

Abstract. The quaternionic Hopf surface, H_λ, is associated with a noncompact moduli space, M_λ, of stable holomorphic SLp2, Cq bundles. M_λ is open in M^c_λ, the corresponding compact moduli space of holomorphic SLp2, Cq bundles, and naturally fibers over an open set of the quaternionic projective line H P^1. We pull back to M_λ natural locally conformal kaehler and hyperkaehler structures from M^c_λ, and lift natural sub-pseudoriemannian and optical structures from H P^1. Unexpectedly, the holomorphic maps connecting these structures solve the the classical Dirac-Higgs equations of the unbroken Standard Model. These equations include: all observed fermionic and bosonic fields of all three generations with the correct color, weak isospin, and hypercharge values; a Higgs field coupling left and right fermion fields; and a pp-wave gravitational metric. We hypothesize that physics is essentially the geometry of M_λ, both algebraic (quantum) and differential (classical). We further show that the Yang-Mills equations with fermionic currents also naturally emerge, along with an induced action on the M_λ structure sheaf equivalent to the time-evolution operator of the associated quantum field theory.

Contents

1. Introduction 2 2. Structures on M_λ 4 2.1. LCK and LCHK Structures on M_λ 4 2.2. Sub-Pseudoriemannian and Optical Structures, Holomorphic Sections 8 3. Harmonic Maps and Dirac Equations 11 3.1. Tension Equation of Harmonic Maps 12 3.2. Dirac Equation Equivalent 13 3.3. Holonomy Representations of the Weyl Connection 16 3.4. Equations for Positive Sections 17 4. Dirac-Higgs Equations on Complexified and Quaternified Tangent Bundles 19 4.1. Holomorphic and Anti-holomorphic Tangent Bundles of M_λ 19 4.2. Hyperholomorphic Tangent Bundle of M_λ 20 4.3. Reduction of LCK Equations 21 4.4. Reduction of LCHK Equations to Distributions 25 5. Tensor Product Bundles and Equations 28 5.1. Tensor Product Bundles and Standard Model Fermions 28 5.2. Tensor Product Dirac-Higgs Equations 30 5.3. Derivation of Hypercharge 32

Date: September 13, 2012.

The author thanks Alexia, Allison, Morgan, Joanne and Joan for their encouragement and support. 1

6. Statement of the Hypothesis and Additional Support 35 6.1. Curvature Equations and Currents 37 6.2. Einstein Equations 39 6.3. Higgs Fields, Generations, and Mass Matrices 40 6.4. Algebraic Geometry of M_λ and Quantum Field Theory 41 7. Conclusions and Subjects for Future Work 45 7.1. Subjects for Further Research 45 7.2. Final Speculations 45 References 46

1. Introduction

Braam and Hurtubise constructed the moduli spaces of stable holomorphic SLp2, Cq bundles on elliptic Hopf surfaces [6]. These moduli spaces are indexed by the second Chern class of the bundles c2, (c1 “ 0, as the bundles have trivial determinant, since the structure group is SLp2, Cq.) The simplest of these moduli spaces has c2 “ 1 (the c2 “ 0 case is trivial).

For the “hyper-elliptic” quaternionic Hopf surface, H_λ, defined by

H zt0u{λ^n ; λ: q Ñ λq; λ P R ą 1, q P H

we shall call the associated (c2 “ 1) moduli space M_λ.

Both H_λ and M_λ are quite interesting mathematically. Firstly, H_λ is non- Kaehlerian and non-algebraic (as are all Hopf surfaces); in fact Hopf surfaces are the standard example of a non-Kaehlerian, non-algebraic manifold. Secondly, quaternionic Hopf surfaces are hypercomplex manifolds. (In fact, quaternionic Hopf surfaces are among the very few such hypercomplex four-manifolds [13]. Thirdly, H_λ is also a group manifold, inheriting the non-abelian algebraic structure of the quaternions, just as elliptic curves inherit the abelian group structure of the complex numbers. In fact, quaternionic Hopf surfaces are in many ways the best quaternionic equivalent of elliptic curves.

M_λ is also extremely interesting mathematically. Like H_λ, it is hypercomplex and hyperelliptic, but over an open set of C P^3_I . It also fibers naturally over an open set of H P^1. It is usually called the space of “instantons” over H_λ, since it is isomorphic to the moduli space of single instantons, i.e., anti-self-adjoint SUp2q connections. The literature on instantons is vast, especially since mathematicians began to apply them to problems in geometry in the late 1970s with great success (notably, Atiyah-Hitchin-Singer [2] and Donaldson [8]). The theorem that expresses the isomorphism of stable SLp2, Cq holomorphic bundles with anti-self-adjoint SUp2q connections evolved during the 1980s [32], but in its most general form it is often called the “Kobayashi-Hitchin Correspondance” [18].

Verbitsky showed [34] that, in the case of such bundles over hypercomplex fourmanifolds, the anti-self-adjointness criterion is equivalent to hyperholomorphicity: the bundles are holomorphic for all complex structures on the base. (Verbitsky actually used hyperkaehler surfaces, but Widdows [37] showed that hypercomplexity is sufficient.) Thus, M_λ is also the lowest-order non-trivial moduli space of hyperholomorphic H -line bundles. As such, it is kind of the quaternionic equivalent of the lowest moduli space of holomorphic C -line bundles over elliptic curves, that is, the

Picard variety of the torus. Thus, M_λ is a “generalized Jacobian” and should play a significant role in further explorations of quaternionic geometry. (We therefore employ “hyperholomorphic H -line bundle” basically as a suggestive synonym for stable holomorphic SLp2, Cq bundle.)

For the most part we will not discuss the mathematical interest in H_λ and M_λ, except for a few speculations in the final section. Instead, we will explore an unexpected connection between the geometry of M_λ and the fundamental equations of physics. Two natural sets of structures on M_λ, one pulled back from a natural compactification, the other lifted from the base of a natural fibration, are related by harmonic maps. We find that the classical unbroken Dirac-Higgs equations of the Standard Model, for all fermions of all generations and all gauge connections, and all known interaction charges (color, weak isospin, and hypercharge), are naturally isomorphic to the tension equation of these harmonic maps. In addition, a naturally induced sub-pseudoriemannian metric solves the Einstein equations for a plausible (unbroken fields) stress-energy tensor.

We therefore hypothesize that the Standard Model classical field theory is essentially the differential geometry of the moduli space M_λ. We show that the associated Yang-Mills equations (with currents) emerge from the Weyl connections curvature properties, as does the equation for the Higgs field. We define a structure sheaf for M_λ that captures both its hypercomplex and elliptic structure and show that the coupled equations induce a holomorphic flow on M_λ and thus an action on this sheaf. We propose that this action on the structure sheaf is the propagator on the state space of the associated quantum field theory, which is thus the corresponding algebraic geometry of M_λ.

In section 2, we will derive M_λ, using the graph technique of Braam-Hurtubise, then define two sets of structures on M_λ. First, we will define locally conformal kaehler (LCK) and locally conformal hyperkaehler (LCHK) structures on pulled back from M^c_λ, a compact moduli space in which M_λ is open. Then we will then define natural fibrations of M_λ over open sets of C P^3_I and H P^1, and a natural action by the I automorphism group SLp2, C_I q. We will use this natural action to define several structures on the base manifold, in particular a Lorentzian metric that supports a non-zero parallel SLp2, C_I q “ Spinp1, 3q spinor field, and an optical structure. We will also define a natural distribution on M_λ associated with this metric, and a natural lift of the Lorentzian structures and spinors to subpseudoriemannian structures on M_λ. We also define natural holomorphic sections of M_λ on the base.

In Section 3, we will show that these sections are also harmonic maps, meaning that they are critical points of a variation problem and solve Euler-Lagrange equations. In the harmonic map case, these define the tension equation, involving the Weyl connection of the LCK or LCHK structures. We will show, by tensoring parallel spinor fields, that the tension equation is equivalent to a Dirac equation. Then, we will investigate the irreducible holonomy representations of the Weyl connection on M_λ, in preparation for reducing the Dirac equations to a more familiar form.

In Section 4 we will examine the induced equations on the holomorphic, antiholomorphic, and hyperholomorphic tangent bundles. We will find that under reduction to natural distributions, these equations reduce to Dirac-Higgs equations for both the LCK and LCHK cases.

In Section 5, we will take natural tensor products of these holomorphic and hyperholomorphic bundles, derive the Dirac-Higgs equations induced on them from the tension equation, and find that they are equivalent to the unbroken classical Dirac-Higgs equations of the Standard Model. We find an SUp3qSUp2qUp1q interaction gauge group with:

‚ the observed fermion pattern of SUp3q color triplets and anti-triplets (quarks, anti-quarks), SUp3q color singlets and anti-singlets (lepton, anti-leptons), SUp2q weak doublets and singlets, linked correctly to chirality;

‚ the observed pattern of Up1q hypercharges for all fermions, both left and right, including fractional ones for quarks;

‚ the observed three generations; and ‚ an appropriate Higgs field coupling left and right spinor fields.

In Section 6 we will state our strong hypothesis, that physics is basically the geometry of the moduli space M_λ. We propose that the differential geometry of M_λ, defined by the structures and harmonic maps we investigated, is the classical theory of femionic and bosonic fields, i.e, the Standard Model unbroken classical field equations.

In this section, we also investigate several related topics in the differential geometric picture. First, we show that the Yang-Mills equations, with fermionic currents, emerge naturally when the curvature of the Weyl connection is evaluated on the sub-pseudoriemannian distribution. (Unexpectedly, the coupling constants of the Standard Model are replaced by an unbroken coupling field, analogous to the Higgs field, but derived from the Lorentzian metrics Levi-Civita connection form.) Second, we examine the Einstein equations solved by our Lorentzian metric. Third, we suggest that the Standard Model Higgs coupling and generation mass matrices are equivalent to our Higgs coupling structure.

Finally, we propose that the algebraic geometry of M_λ is the quantum version of our classical field theory. It is defined by the sheaf equations that correspond to the Dirac-Higgs equations. The sheaf equations describe a class of parallel holomorphic maps that collectively define a holomorphic flow on M_λ and induce sheaf homomorphisms on the structure sheaf. The new concept needed by QFT is a metric on sheaf sections, the vacuum expection value.

In Section 7, we will outline a number of topics for future research and allow ourselves some speculation.

2. Structures on M_λ

We will now derive M_λ, the moduli space of stable SLp2, Cq holomorphic bundles over the hyperelliptic Hopf surface, H_λ. Then we shall define two sets of structures on M_λ: structures pulled back from M^c_λ, a compact moduli space that contains M_λ as an open set; and structures lifted from an open set of H P^1, the quaternionic projective line, over which M_λ is naturally fibered.

2.1. LCK and LCHK Structures on M_λ. Let us define the hyper-elliptic quaternionic Hopf surface, H_λ, as

tH zt0u{λ^n ; λ: q Ñ λq; λ P R ą 1, q P H u

with hyper-elliptic meaning only that it is obviously an elliptic surface in all complex structures.

There are two natural quaternionic structures induced on X P T_xH zt0u – H by left and right multiplication by ti, j, ku:

Ī^´X :“ iX, J̄^´X :“ jX, K̄^´X :“ kX

Ī^`X :“ ´Xi, J̄^`X :“ ´Xj, K̄^`X :“ ´Xk

We will refer to these as the negative and positive quaternionic structures. Both are integrable for all I “ aĪ `bJ̄ `cK̄; a^2 `b^2 `c^2 “ 1, thus H zt0uhas two hypercomplex structures. Under the λ: q Ñ λq homotheties,both hypercomplex structures are preserved, so they descend to H_λ. Thus H_λis a hypercomplex manifold with two hypercomplex structures.

Notation 1. Since the effect on real vectors X of a change from negative to positive structures is simply to change I Ñ ´I, @I, we shall refer to Ī^´ as Ī, and Ī^` as ´Ī, bearing in mind that for the positive operators the multiplication rule is p´Jqp´Iq “ p´Kq.

Each complex structure I “ aĪ ` bJ̄ ` cK̄ on T H zt0u also reduces to T H_λ under the λ homotheties, and each one induces an isomorphism between H_λ and a conventionally defined complex Hopf surface:

H zt0u{λ^n – C^2_I zt0u{λ^n

Thus, for each I, there is a holomorphic elliptic fibration

H_λ Ñ C P^1_I

with fiber isomorphic to the elliptic curve

C_I zt0u{λ^n – C_I {t2πiZ ` ln λZu

Therefore, for each complex structure I, H_λ is elliptic.

Braam and Hurtubise [6], followed by Lubke and Teleman [18] constructed the moduli space of stable holomorphic SLp2, Cq bundles on an arbitrary elliptic Hopf surface as an open set of the moduli space, M^c_λ, of all (both stable and unstable) holomorphic SLp2, Cq bundles. In the case c2 “ 1, the compact moduli space, M^c_λ, is especially straightforward: it is a manifold with a natural complex structure and locally conformal kaehler (LCK) metric. Thus, in our c2 “ 1 case this construction leads to an open embedding of M_λ into M^c_λ and will let us pull back the LCK structure to the tangent bundle of M_λ. Since our particular Hopf surface, H_λ, is actually hypercomplex, we can also construct a hypercomplex structure on M^c_λ, and with it a naturally defined locally conformal hyperkaehler (LCHK) metric, and pull them also back to M_λ. Both metrics are homogeneous on M^c_λ, but under different groups, and both have associated standard connections. We shall keep track of both structures for the moment because they lead to different natural fibrations of M_λ, one coming from the LCHK structure, and one coming from a choice of a particular complex structure and associated LCK metric.

2.1.1. The Graph Technique for Constructing M_λ. Here is a brief sketch of the graph technique Braam and Hurtubise used to construct the moduli space of all stable holomorphic SLp2, Cq bundles on H_λ. After specifying a complex structure, I, their technique starts with the elliptic (holomorphic) fibration of H_λ as

T_{λI} Ñ H_λ Ñ C P^1_I with fiber the elliptic curve T_{λI} “ C_I zt0u{λ^n. Then they reduce each bundle to a family of holomorphic bundles over the curve, and then employ the Atiyah classification [1] of all holomorphic SLp2, Cq vector bundles on elliptic curves using P icpT_{λI} q, the Picard group of the torus, which classifies all holomorphic line bundles on T_{λI} . The result is to canonically associate with each holomorphic SLp2, Cq bundle E on H_λ a divisor (called a graph) in the product space P ^ C P^1_I , where P “ P ic^0pT_{λI} q{xi^0y. (P ic^0pT_{λI} q is the c1 “ 0 component of P icpT_{λI} q, and xi^0y is the involution L Ñ L^{´1} for all L P P ic^0pT_{λI} q.) Since P – C P^1_I , the graph of E is a divisor in C P^1_I ^ C P^1_I , and the set of all graphs is the linear system |Opn, 1q| – C P^{2n`1}_I where n “ c2pEq.

We are concerned with the c2 “ 1 case, so the set of graphs for the bundles in our M^c_λis |Op1, 1q| – C P^3. The complex structure on this C P^3 comes from the original elliptic fibration of H_λ, and thus from a particular complex structure I associated with the isomorphism H – C^2_I . We will call this space of graphs C P^3_I . It is the projective space of C^4_I zt0u. Each point in C P^3_I is associated with a set of holomorphic bundles in M^c_λand almost all of the points correspond to stable bundles. However, a real curve segment ζ Ă C P^3_I of points corresponds to unstable bundles. The fibers of the graph map Gr : M^c_λ Ñ C P^3_I are isomorphic to T_{λI} in the case of both stable and unstable bundles [18]. We can therefore define a complex structure on M^c_λ by using the structures on C P^3_I and T_{λI} , which both come from the original fibration and are the same as the complex structure on the C^4_I zt0u from which C P^3_I is constructed by projectivization. (M^c_λis topologically isomorphic to S^1_λ ^ S^7.) M_λ is the open set of M^c_λ defined by the stable fibers of the graph map.

The graph map is thus a holomorphic toric (principal) fibration over C P^3_I , depending on a particular complex structure of the original Hopf surface, with a natural action on each fiber by the torus group T_{λI} . This torus bundle is obviously covered by some holomorphic line bundle Opnq on C P^3_I . (In fact, we shall learn below that the line bundle in question is Op´2q.) The line bundle in turn is holomorphically covered by the tautological line bundle Op´1q, which is isomorphic (modulo the zero section) to the space C^4_I zt0u. Thus M^c_λ is covered by the kaehler manifold pC^4_I zt0u, eq, where e is the standard Euclidean metric.

2.1.2. Locally Conformal Kaehler (LCK) Structure. A Vaisman manifold, or generalized Hopf manifold, is basically a complex toric manifold covered by a kaehler manifold on which there is a discrete holomorphic homothetic action, i.e., a group of deck transformations. (See [9], ,[24], [22], [36], [23], and the notes therein, for more on Vaisman, LCK, and LCHK manifolds.) The map z Ñ λz that defines the torus T_{λI} is just such a holomorphic homothety, and thus M^c_λis a compact Vaisman manifold. These homothetic actions (dilations) are not isometries of the kaehler metric, so the Euclidean kaehler metric on C^4_I zt0u does not reduce to M^c_λ. But one may define another metric, b, on C^4_I zt0u that does reduce; it is called the Vaisman metric. On open sets of M^c_λ, it is locally conformal to a kaehler metric. The Vaisman metric has the properties dω_b “ ω_b ^ θ, dθ “ 0, ∇^{LC}_b θ “ 0 where ω is the kaehler form of b; the closed, parallel one-form θ is the Lee form; and ∇^{LC}_b is the Levi-Civita connection of b. Since M^c_λ is not kaehler, ∇^{LC}_b does not preserve the complex structure, but a related connection, ∇^w_b , called the Weyl connection, does preserve it. The Weyl connection and its properties will be covered in much more detail in section [?]. We shall primarily follow Dragomir-Ornea, [9], in the discussion of the properties of LCK manifolds that follows.

There is a natural association between a manifold with a toric fibration over C P^3_I , such as M^c_λ, and a 1-Sasakian structure Iθ^# on the seven dimensional real sphere, S^7. M^c_λ fibers over S^7 with S^1_λ fibers generated by the Lee field θ^#. S^7 then has its own Hopf fibration over C P^3_I , with S^1 fiber generated by the Iθ^# field [5]. In turn, a 1-Sasakian structure on S^7 implies a Vaisman structure on M^c_λ itself.

The LCK metric has the general form b “ θ b θ ` Iθ b Iθ ` k where k is kaehler on the dim_C “ 3 distribution T :“ kerpθ ` Iθq The Lee field θ^# and the complex structure I define another distribution that is vertical to the toric fibers of the graph map and also b-orthogonal to T :

V :“ xθ^#, Iθ^#y

Thus the graph map induces a natural mapping of T onto T C P^3_I , and k is the lift to T of the Fubini-Study metric on T C P^3_I . In addition, dIθ is the lift of the kaehler form of the Fubini-Study metric, which is the curvature the induced connection on the canonical complex line bundle K “ Op´4q. Thus the LCK metric b on M^c_λand the principal toric fibration M^c_λ Ñ C P^3_I induces a a kaehler metric k on T C P^3_I and an associated Up1q-connection, iIθ, on the line bundles Opnq over C P^3_I . The form θ itself is a flat connection on the trivial “weight” bundle on C P^3_I , since the curvature of θ is dθ “ 0. Both the complex structure, I, and the LCK metric, b, can be pulled back to M_λ from M^c_λ.

2.1.3. Locally Conformal Hyperkaehler (LCHK) Structure. If the graph map of M_λ (and M^c_λ) is restricted to an individual projective line C P^1_I in C P^3_I , the result is isomorphic to the original Hopf surface [18], that is, to H zt0u{λ^n , which has a natural hypercomplex structure pĪ, J̄, K̄q defined by the left multiplication by the quaternions pi, j, kq. Thus there is a natural principal fibration of M^c_λ over H P^1, the quaternionic projective line defined by left quaternionic multiplication, with fiber isomorphic to the original Hopf-surface group manifold and a natural vertical distribution on M^c_λ defined by

S :“ xθ^#, Īθ^#, J̄θ^#, K̄θ^#y

This principal fibration allows us to extend the 1-Sasakian structure on S^7 to a 3-Sasakian structure. The 3-Sasakian structure is then is canonically associated with a locally conformal hyperkaeher (LCHK) structure on M^c_λ, which we will call pM^c_λ, Ī, J̄, K̄, hq, where h is the LCHK equivalent of b. Like H_λ, this manifold is hypercomplex, and it is covered by the hyperkaehler manifold pH^2 zt0u, Ī, J̄, K̄, eq, where again e is the Euclidean metric. (Clearly homothetic action by real λ preserves this hypercomplex structure and the LCHK metric h, but not the Euclidean metric e.)

We shall call the group of this principal bundle S^1_λSpp1q^´. This fibration of M^c_λis the so-called the (negative) Swann fibration of an LCHK manifold over the quaternionic manifold H P^1.) It is isomorphic to a compactification of the negative spinor bundle $^´ for the induced riemannian structure on H P^1 and is covered by the tautological H -line bundle on H P^1 [31]. (The tautological H -line bundle itself is sometimes called the associated bundle to a quaternionic kaehler manifold, as well as the negative spinor bundle.) The compatification is induced by the λ^n homotheties, and the covering map is holomorphic for all I. After a choice of I, this bundle fibers over C P^3_I and that fibration is isomorphic to Op´2q. Thus M^c_λis a λ^n-compactified Op´2q.

The LCHK metric h on M^c_λ has the following form: h “ θ b θ ` Īθ b Īθ ` J̄θ b J̄θ ` K̄θ b K̄θ ` q where q is quaternionic kaehler on the dim_H “ 1 distribution D “ kerpθ ` Īθ ` J̄θ ` K̄θq which under the Swann fibration is mapped onto T H P^1. Thus the induced riemannian metric on H P^1 is q.

Associated with the LCHK metric on M^c_λ is a Levi-Civita connection ∇^{LC}_h and a Weyl connection ∇^w_h . The Weyl connection preserves all the complex structures in the hypercomplex structure. It will also be discussed in section 3.

So we are left with two sets of structures that pull back to M_λ from M^c_λ, an LCHK structure and a LCK structure associated with a particular complex structure I. We also have associated with these structures Levi-Civita connections and Weyl connections on the tangent bundle. The Levi-Civita connections preserve the metrics, while the Weyl connections preserve complex or hypercomplex structures. With these pulled-back structures, M_λ becomes a (non-compact) LCK and LCHK manifold. It is clearly covered by a complex line bundle on C P^3_{Io} :“ C P^3_I ztζu, the open set of stable graphs in C P^3_I . Since M_λ is Vaisman, the total space of that line bundle is a kaehler manifold.

2.1.4. Quaternionic Twistor Fibration. We have defined two fibrations of M^c_λ: a toric fibration over C P^3_I , isomorphic to a compactified Op´2q, and a (negative) Swann fibration over H P^1, isomorphic to a compactified tautological bundle. Similarly, there are two fibrations of M_λ over open subsets of C P^3_I and HP^1: over C P^3_{Io} and over H P^1_o.

The induced fibrations

C P^3_I Ñ H P^1 C P^3_{Io} Ñ H P^1_o

of the complex contact manifold CP I^3 over the quaternionic manifold H P^1 is the ”quaternionic twistor fibration” associated to the Swann negative fibration by a choice of complex structure I. (See Salamon [27] for a clear exposition of the quaternionic twistor bundle.) The twistor fibration will play a key role in the next section.

2.2. Sub-Pseudoriemannian and Optical Structures, Holomorphic Sections. Let us now look at more closely at the effect of a few group actions on M_λ induced by corresponding natural group actions on H_λ. First, as we said earlier, H_λ is a group manifold, and there is a natural action of H_λ on itself defined by the action of H zt0u “ exppH q on itself by left quaternionic multiplication q_1q. This action on H_λ induces an action on M_λ that is vertical on the fibers of the negative Swann bundle and generated by the vector fields xθ^#, Īθ^#, J̄θ^#, K̄θ^#y. This action permutes the complex structures Ī, J̄, and K̄ [12] and induces a natural principal S^1_λSpp1q^´ bundle structure for the Swann bundle, M_λ, fibered over HP^1_o .

Similarly, right multiplication on H_λ induces an action on the fibers of the positive Swann bundle (itself derived from the compactification of the right spinor bundle).

Next, let us consider pH_λ, Iq as a complex manifold, where I is the complex structure on T H_λ induced by (left multiplication by) an imaginary unit quaternion of H . The automorphism group of pH_λ, Iq (that is, the group that preserves I) is equal to GLp2, C_I q{λ^n [6]. It induces a similar GLp2, C_I q{λ^n action on M_λ that preserves the H_λ fibers of the Swann bundle and one of their complex structures, namely I. This group acts in a familiar way on each fiber, as T_{λI} SLp2, C_I q, where T_{λI} is just the torus group in the toric fibration over C P^3_{Io}.

Thus the holomorphic automorphism group of C P^3_{Io} is SLp2, C_I q, which acts on the quaternionic twistor fibration C P^3_{Io} Ñ H P^1_o via Moebius transformations of the C P^1 fibers. There is also a conjugate action of SLp2, C_I q on C P^1_I fibers via the conjugate Moebius action. This is equivalent to the standard Moebius action of SLp2, C_{´I} q, that is to say of a reversed complex structure. These two Moebius actions on C P^1_I fibers are projectivizations of the left and right spinor representations of SLp2, C_I q. We shall see that they also correspond to the negative and positive Swann fibrations, and thus to left and right quaternionic multiplication. (The isomorphism Spp1q^´ – SUp2q_I ãÑ SLp2, C_I q, induced by a selection of the complex structure I, leads to the identification of the negative quaternionic twistor bundle, with the projectivization of the left SLp2, C_I q spinor bundle. A similar isomorphism, Spp1q^` – SUp2q_{´I} ãÑ SLp2, C_{´I} q identifies the positive twistor and projectivized right spinor fibrations.

2.2.1. Lorentzian Metric on H P^1_o. Let us focus on this SLp2, C_I q action on the negative quaternionic twistor bundle, the projectivization of the Spp1q^´-spinor bundle, which Swann identifies with the tautological H -line bundle on H P^1. The C^2_I fiber of this spinor bundle holds the spinor representation of the SUp2q_I – Spp1q^´ principal bundle over H P^1_o that we introduced in 2.1.3.

Normally, e.g. by Salamon, [27], this spinor bundle, $^´, is a chosen as the negative half-spinor representation of the Clifford bundle ClpH P^1_o, qq, defined by a riemannian metric q induced on H P^1_o by the LCHK metric on H^2 zt0u and an Spp1q^´Spp1q^` – Spinp4q spin frame bundle. (Actually, Salamon uses the positive spinor bundle) In this section, however, we will use the Moebius SLp2, C_I q action on the twistor fibers to interpret that same bundle as a left or right half-spinor representation, $^L or $^R, of the Clifford algebra ClpHP^1_o , gq, defined by a Lorentzian metric g and the SLp2, C_I q – Spinp3, 1q spin frame bundle. In this set up, we have two possible Spinp3, 1q spinor bundles: $^L and $^R.

A Lorentzian metric g on H P^1_o defines a Levi-Civita connection, ∇^{LC}_g , whose associated spin connection, ∇^{sp}_g , acts on sections of the spinor bundle, $. It also acts on chiral (half-spinor) sections of the spinor bundle, $ “ $^L ` $^R, that is, those that fall entirely within $^L or $^R. We have chosen $^L to be the (non-compact) negative spinor bundle, $^´, i.e., the tautological bundle of H P determined by the projective fibration H^2 zt0u Ñ H P^1, which means it covers M_λ.

So far, so good; but can we construct SLp2, C_I q metrics g canonically? In fact, from the geometry of Lorentzian manifolds we know that we can define a canonical class of Lorentzian metrics on H P^1_o that uniquely determine an associated spinor field and vector field. Locally, as we shall see in the next subsection, these metrics also determine an optical structure on H P^1_o and a class of local holomorphic maps to M_λ. Using these structures and maps, we can link the g metrics to pM_λ, bq in a very different way than is provided by the usual construction of q.

Let us require that the metric g support a non-zero, parallel parallel Dirac spinor, ψ_g P $zt0u, of the Clifford algebra of the metric. These metrics have been studied extensively, and are known as Brinkmann metrics or pp-wave metrics, see [7]. Canonically associated to the parallel spinor is a parallel non-zero null vector field called the Dirac current: N_g :“ xψ_g, e^μ ¨ ψ_g ye^μ

where x, y is an induced scalar product on $, ¨ is the Clifford multiplication, and e^μ are the frame vectors. The Dirac current field is Killing and integrates to a null directed flow.

The parallel spinor fields are chiral, that is, sections of either $^L or $^R. Sections of both chiralities exist for any such metric, each represented by a half-spinor field; and, most importantly, the spinor field is unique up to a constant. Let us call the unique parallel non-zero left spinor field ψ^L_g and the unique parallel non-zero right spinor field ψ^R_g . (In the p3, 1q signature, these fields can be represented by identical CI^2 sections, that is, pure SUp2q spinor fields, [19].)

The spinor fields and the Dirac current are canonically associated to the metric by the parallelism condition:

∇^{sp}_g ψ_g “ 0, ∇^{sp}_g ψ^L_g “ 0, ∇^{sp}_g ψ^R_g “ 0

∇^{LC}_g N_g “ 0 ||N_g ||_g “ 0

2.2.2. Optical Structure. Clearly a non-zero parallel left spinor field, ψ^L_g , determines a global section of the projective bundle Pp$^Lq. We will call these sections of the projective bundle, ψ̄^L_g . As we have defined it, Pp$^Lq is identical to the quaternionic twistor bundle Pp$^´q “: ZpH P^1_o, gq, so ψ̄^L_g is a section of the left Lorentzian twistor bundle. (Consult Leitner [16], for a discussion of Lorentzian twistor space realized as projective Lorentz left and right spinors.)

ZpH P^1_o, qq is the set of almost complex structures on the riemannian manifold pH P^1_o, qq, and thus a section ϕ of this twistor bundle would define an q-compatible almost complex structure I_ϕ on pH P^1_o, qq and thus an almost hermitian structure. (I_ϕ is defined at each point ϕpxq P ZpH P^1_o, qq by the action of the almost complex structure I on the ∇^{LC}_q -horizontal subspace of the tangent space of the twistor bundle ZpH P^1_o, qq. Since I is actually integrable on ZpH P^1_o, qq, q must be anti-self-dual [27]. If I_ϕ is parallel with respect to ∇^{LC}_q , then pH P^1_o, qq is kaehler.

But since g is Lorentzian instead of riemannian, a section ψ̄^L_g of the Spinp3, 1q twistor space Pp$^Lq “: ZpH P^1_o, gq instead determines a optical structure O_ψ, with the Lorenzian metric. (Optical structures on Lorentzian manifolds are very similar to hermitian structures on riemannian manifolds. See [16], [17], and [20], for more discussion of optical structures associated with Lorentzian manifolds via the Lorentzian twistor fibration.) Since ψ̄^L_g is parallel with respect to ∇^{LC}_g , so is O_ψ. (This is equivalent to the statement that pr, I_ϕq is kaehler in the hermitian case.) The riemannian requirement that q be anti-self-dual in the integrable case is replaced by a requirement that g be conformally flat [20]. So we shall require that our metric support non-zero parallel spinors and be conformally flat. (Pp-wave metrics meet that requirement.)

2.2.3. Local Holomorphic Sections. Since ψ^L_g is non-zero, it also defines a section ψ^´_{gλ} of M_λ itself, considered as the negative Swann bundle, covered by $^´ “ $^L. The differential dψ^´_{gλ} sends T H P^1_o into T M_λ.

Our ψ^´_{gλ} defines an entire equivalence class, |ψ^´_{gλ}|, of holomorphic sections of M_λ, with their differentials sending T H P^1_o into T M_λ. The elements of the class are γ ˝ ψ^´_{gλ} where γ is an element of the group S^1_λSUp2q_I . (SUp2q_I ãÑ SLp2, C_I qq. SUp2q_I acts on the fibers of the Lorentz twistor bundle with isotropy group Up1q_I . The isotropy action and the S^1_λ action combine to generate the toric action T_{λI} .) Each element of the class |ψ^´_{gλ}| is essentially the same as the original, because each is related to ψ^L_g by either scalar multiplication or a rotation of the basis of $^L which preserves the spinor inner product. The distribution of M_λ created by |ψ^´_{gλ}|, we will call E.

Lift the pseudoriemannian structure g to the distribution E. (By definition, E_z at any point z P M_λ is isomorphic to the tangent space at π^´pzq of H P^1_o under the differential of the negative Swann fibration dπ^´.) If g were positive definite, this structure on M_λ would be called sub-riemannian, but in our case it is sub-pseudoriemannian. With this structure we can construct a lifted Levi-Civita (sub)-connection, which we will also call ∇^{LC}_g and a lifted spin (sub)-connection ∇^{sp}_g , which will operate on lifted (sub)-spinors. See [19] for a description of subriemannian geometry (also called Carnot-Catheodory geometry).

By the definition of the twistor construction of the optical structure on HP^1_o , and since g is conformally flat, the differential, dψ^´_{gλ}, of each ψ^´_{gλ} in the class, also sends O_ψ on HP^1_o into a lifted optical structure of the image leaf of E, which is just the complex structure I on M_λ. Thus, I ˝ dψ^´_{gλ} “ dP L ˝ O_ψ, which is the definition of a holomorphic map from an optical manifold to a complex manifold [17]. Thus, ψ^´_{gλ} is a holomorphic map H P^1_o Ñ M_λ.

3. Harmonic Maps and Dirac Equations

Since ψ^´_{gλ} is holomorphic and, since pH P^1_o, g, O_ψq is the Lorentzian equivalent of kaehler and pM_λ, b, Iq is LCK, ψ^´_{gλ} is also harmonic [9]. Harmonic maps are often called “non-linear sigma models” in the physics literature. Needless to say, both the mathematical literature on harmonic maps, initially notably by Eells and his collaborators (e.g., [10]), and the physics literature on non-linear sigma models, e.g, [14], is vast. Our harmonic maps ψ^´_{gλ} are non-linear sigma models from a 4- dimensional Lorentzian manifold to an 8-dimensional non-compact moduli space with both LCK and LCHK structures.

We have defined two manifolds, pH P^1_o, g, O_ψq and pM_λ; b, I; h, Ī, J̄, K̄q and harmonic maps between them. We will now use this setup to derive the first of three important sets of equations of the classical (unbroken) Standard Model of physics: the Dirac-Higgs equations for fermions. The Yang-Mills equations, with currents along with the equations for the Higgs field, and the Einstein equations will be deferred until later sections.

The whole process begins with the definition of a harmonic map by the Euler- Lagrange equations associated with the critical points the integral of the map density, in the same way that the classical Standard Model equations are the Euler- Lagrange equations for the critical points of the integral of the Lagrangian density. Unlike the conventional formulation of the Lagrangian density, however, the usual expression of the energy density of the map is quite terse, with most of the information in the structures on the manifolds, such as the metrics. So while in physics it is usually sufficient to describe the Lagrangian, which can be incredibly elaborate (see [29] for the current best description of the Standard Model Lagrangian), in our theory it will be necessary to work out the equations in detail to show their equivalence to the physical ones.

3.1. Tension Equation of Harmonic Maps. Harmonic maps f : pM, gq Ñ pN, hq are smooth maps at the critical points in the map’s “energy” functional: Epfq “ ż M epfqdM epfq :“ ||df||^2_{gh} where the norm involves the both metrics g and h, and epfq is usually called the “energy density” in the mathematics literature. (The term “energy” annoys physicists, since it means something a little different in physics. Their preferred terms are “action” for the integral, and “Lagrangian density” for epfq.) The Euler-Lagrange equations of this variation problem define the harmonic maps as those with vanishing tension field:

τpfq :“ tr_g p∇^{LC}_h dfq “ 0 where the Levi-Civita connection of the target manifold is used, and the trace is taken using the metric of the source manifold [10]. We shall define the trace shortly.

Harmonic maps that arise from holomorphic maps into kaehler manifold targets (such as is the case for our spinor section ψ^L_g , which map to the kaehler cover of M_λ), use the Levi-Civita connection of the kaehler metric e:

τpψ^L_g q :“ tr_g p∇^{LC}_e dψ^L_g q “ 0

In the case of non-kaehler, but LCK, metrics, such as pM_λ, b, Iq, the Levi-Civita connection is simply replaced in the tension equation by ∇^w_b , the Weyl connection of the LCK metric, where ∇^w_b “ ∇^{LC}_b ` p1{2qpb b θ^# ´ θ b Id ´ Id b θq and ∇^{LC}_b is the ordinary Levi-Civita connection of the metric b, which does not preserve the complex structure I although it does of course preserve the metric b [9]. (Id is the identity operator on T M_λ.) Thus, on vector fields X and Y over M_λ, ∇^w_b acts as follows: ∇^w_{bX} Y “ ∇^{LC}_{bX} Y ` p1{2qpbpX, Y qθ^# ´ θpXqY ´ θpY qXq So the tension equation for our harmonic maps into pML, b, Iq is τpψ^´_{gλ} q :“ tr_g p∇^w_b dψ^´_{gλ}q “ 0

This trace equation is written as the trace (over the source metric) of a (vectorvalued) two-form. But dψ^´_{gλ} is a one-form on the source, while ∇^w_b is a one form on the target. So we need either to pull back ∇^w_b and the target tangent bundle to H P^1_o or lift dψ^´_{gλ} and g to the target. Normally, the approach for arbitrary harmonic maps between manifolds is to use pullbacks. Since our maps are sections of bundles with distributions E, we are able to pursue lifts. Lifting the form is fairly straightforward. On any X “ dψ^´_{gλ}peq in a leaf of E (for some e P ΓpT H P^1q), the lift, h^˚dψ^´_{gλ}, acts simply as the identity: ph^˚dψ^´_{gλ}qpXq “ IdpXq “ X “ dψ^´_{gλ}peq. But for this to work we need to have an image of e under dψ^´_{gλ} in each leaf of the distribution.

Our equivalence class, |ψ^´_{gλ}|, of holomorphic sections, with their differentials targeting each leaf of the distribution E, 2.2.1, provides that image. We will then read the tension equation as taking the trace of ∇^w_b dψ^´_{gλ} over all elements of the equivalence class |dψ^´_{gλ}|, with the trace taken using the lifted metric on each leaf of E. We will therefore read that equation as the evaluation of an M_λ two-form on the symmetric two-vector g^˚ on M_λ, which is defined as the cometric in the sub-pseudoriemannian structure [19]. Thus, our tension equation links the LCK structure on M_λ with the sub-pseudoriemannian structure. On M_λ it has the form ∇^w_b pg^˚q ´ ∇^{LC}_g pg^˚q “ 0 where ∇^{LC}_g is now the lifted Levi-Civita connection of g. Essentially the tension equation says that the evaluation of the Weyl connection of b on the lifted two-vector g^˚ is equal to that same evaluation of g^˚ by the lifted Levi-Civita connection of g. If the target were kaehler, it would be an equation connecting two Levi-Civita connections.

By the definition of the trace, this equation is ÿ μν g_{μν} r∇^w_b pX^μ, X^ν q ´ ∇^{LC}_g pX^μ, X^ν qs “ 0

where X^μ is the image under the dψ^´_{gλ} mapping of a frame field e^μ on H P^1_o. We will normally use the Einstein summation convention and write this as

∇^w_{bX} μ pX^μq ´ ∇^{LC}_{gX} μ pX^μq “ 0

3.2. Dirac Equation Equivalent. We will now take a step that will be a recurring feature of our process throughout the rest of this paper, namely, to take a version of the tension equation an rewrite it as a Dirac equation by tensoring X^μ, or its equivalents, with a lifted parallel spinor field (either ψ_g , ψ^L_g or ψ^L_g ).

3.2.1. Jordan Multiplication and the Tensor Product. We can put the tension equation into the form of a Dirac equation by examining the structures we have defined on H P^1_o in the previous section. Along with the metric g, we defined its Clifford algebra ClpH P^1_o, gq Also associated with the Lorentzian metric is a “Jordan algebra of the Clifford type,” JpH P^1_o, gq, (also called a “spin factor”) [33]. At each point of H P^1_o this algebra is generated by a timelike basis vector s^0 and three orthonormal space-like basis vectors ts^j , j “ 1, 2, 3u. This algebra is isomorphic to the matrix algebra of 2 ^ 2 Hermitian matrices, with the (symmetric) algebra product defined as s^μ ¨ s^ν “ 1 2 ps^μs^ν ` s^ν s^μq

One convenient representation of the basis is

s^0 :“ σ^0 “ Id, s^j :“ σ^j ,

the identity matrix and the Pauli matrices. Clearly s^μ “ s^0 ¨ s^μ, since s^0 “ Id.

As a Clifford-compatible Jordan algebra, it also has a Jordan multiplication of Weyl spinors in $^L or $^R that is the same as the Clifford multiplication of Weyl spinors by Clps^j q. This Clifford algebra is the even sub-algebra Cl^0pH P^1_o, gq, of ClpH P^1_o, gq, and is generated by the space-like basis vectors, ts^j u. This mapping allows us to define a representation of the Jordan multiplication of Dirac spinors in $. The basis vectors of JpH P^1_o, gq map into elements of Cl^0pH P^1_o, gq, and hence of

ClpH P^1_o, gq. One straightforward representation of this mapping, using the Paulimatrix, σ^μ form of the JpM, gq basis, and the γ^μ representation of the ClpH P^1_o, gq generators, is

σ^μ Ñ γ^{μ0} :“ γ^μ ¨ γ^0 “ pId, γ^j ¨ γ^0q

(Notice that the image of σ^μ in ClpH P^1_o, gq, consists of the bivectors γ^{j0} :“ γ^j ¨ γ^0, plus the scalar γ^{00} :“ γ^0 ¨ γ^0.) Jordan multiplication of spinors by vectors maps into Clifford multiplication of spinors by the bivectors and scalars. All these Jordan and Clifford structures lift to the distribution E.

Moving from the basis vectors of the tangent space at a single point to the frame fields e^μ of T H P^1_o, using Jordan multiplication of vectors by vectors we can write the frame fields as

(1) e^μ “ e^0 ¨ e^μ

where ¨ represents Jordan multiplication, and e^0 is the unit timelike vector field. The lifted versions of these frame fields, X^μ :“ dψ^´_{gλ}pe^μq, can also be Jordan multiplied by lifted vector fields.

Notation 2. Beginning at this point, we will use σ^μ to represent lifted frame fields of the lifted Jordan bundle JpM, gq, when they act on vector fields by Jordan multiplication or on Weyl spinors by Jordan multiplication. Let us write X^μ “ X^0 ¨ σ^μ for the lifted version of equation 1.

Similarly, we will use γ^μ to represent the lifted generator fields of the lifted Clifford bundle ClpH P^1_o, gq, when they act on Dirac spinor fields by Jordan/Clifford multiplication. Thus we will write the lifted Jordan multiplication of Dirac spinor fields by these lifted generator fields as γ^μ ¨ ψ_g .

Now let us construct the lifted tensor product bundle dψ^´_{gλ}pT H P^1_oq b_J $, where $ also represents the lifted version of $ and b_J means the tensor product over the Jordan algebra. Sections of this bundle are vector-valued $-spinor fields. We can also construct a tensor product connection on the lifted product bundle as

∇^{ws}_{bg} :“ ∇^w_b b_J ∇^{sp}_g

and a section that is the tensor product of the lifted frame fields with the lifted parallel spinor field

X^μ b_J ψ_g

We can also apply Jordan multiplication within the tensor product, since it it is over the Jordan algebra:

X^μ b_J ψ_g “ pX^0 ¨ σ^μq b_J ψ_g “ X^0 b_J pγ^μ ¨ γ^0 ¨ ψ_g q “ X^0 b_J pγ^μ ¨ Ăψ_gq

where Ăψ_g “ γ^0 ¨ ψ_g is the “inverted” ψ_g field, that is, the ψ^L_g and ψ^R_g components are exchanged. Notice that Jordan multiplication of spinors sends $^L into $^R and vice versa (thus, γ^0 : ψ^L_g Ñ ψ^R_g ). In the chiral representation

ψ_g “ ^ ψ^R_g ψ^L_g ˙ Ăψ_g “ ^ ψ^L_g ψ^R_g ˙

3.2.2. The Tension Equation as Dirac Equation. Since the spinor field ψ_g is ∇^{LC}_g - parallel, we can write our tension equation as ∇^{ws}_{bgX} μ pX^0 b_J γ^μ ¨ Ăψ_g q ´ p∇^{LC}_{gX} μ X^μq b_J ψ_g “ 0 Clearly,

∇^{ws}_{bgX} μ pX^0 b_J γ^μ ¨ Ăψ_gq “ γ^μ ¨ p∇^{ws}_{bgX} μ pX^0 b_J Ăψ_gqq ` X^0 b_J p∇^{LC}_{gX} μ X^μ ¨ X^0 ¨ ψ_gq X^0 b_J p∇^{LC}_{gX} μ X^μ ¨ X^0 ¨ ψ_gq “ X^0 ¨ p∇^{LC}_{gX} μ X^μq b_J ψ_g “ ∇^{LC}_{gX} μ X^μ b_J ψ_g So, after expanding, the two terms in the tension equation involving ∇^{LC}_g cancel, leaving γ^μ ¨ ∇^{ws}_{bgX} μ pX^0 b_J Ăψ_g q “ 0 which is just the Dirac equation for the connection ∇^{ws}_{bg} and the vector-valued spinor field X^0 b_J Ăψ_g.

Since the ordering of ψ^L_g and ψ^R_g was arbitrary, and the parallel spinors are chiral in any case, we could have started with our tensor product defined as X^μ b_J Ăψ_g, and arrived at the Dirac equation: γ^μ ¨ ∇^{ws}_{bgX} μ pX^0 b_J ψ_g q “ 0 Notation 3. To avoid carrying the tilde marker so much, we will use the Dirac equation form with ψ_g instead of Ăψ_g . Also, since ψ_g (and Ăψ_g ) are ∇^{sp}_g parallel, we will drop the g subscript and the s superscript from the connections ∇^{ws}_{bg} , ∇^{ws}_{bg} , and ∇^{ws}_{hg} . (I realize that the passion for avoiding extra indices is seizing me rather late in the day.)

Our Dirac operator in this equation is γ^μ ¨ ∇^w_{bX} μ , where the Jordan/Clifford multiplication acts on the spinor components, while the Weyl connection acts on the vector components.

If we had started with the LCHK manifold pM_λ, h, Ī, J̄, K̄q as the target, but selected the same complex structure I in the two-sphere of complex structures S^2 :“ aĪ ` bJ̄ ` cK̄ a^2 ` b^2 ` c^2 “ 1 on M_λ in the definition of our holomorphic maps, we would arrive at a similar equation, but using the Weyl connection for h: γ^μ ¨ ∇^w_{hX} μ pX^0 b_J ψ_g q “ 0 To summarize: for harmonic maps ψ^´_{gλ} : pH P^1_o, gq Ñ pM_λ, bq: pH P^1_o, gq Ñ pM_λ, hq the lifted tension equations for the LCK and LCHK cases are: ∇^w_{bX} μ X^μ ´ ∇^{LC}_{gX} μ X^μ “ 0 ∇^w_{hX} μ X^μ ´ ∇^{LC}_{gX} μ X^μ “ 0 where X^μ “ dψ^´_{gλ}pe^uq. The equivalent Dirac equations for LCK and LCHK vectorvalued spinor fields are γ^μ ¨ ∇^w_{bX} μ pX^0 b_J ψ_g q “ 0 γ^μ ¨ ∇^w_{hX} μ pX^0 b_J ψ_g q “ 0

Finally, since our parallel spinor are chiral, that is, entirely in $^L, or $^R, it is sometimes convenient to write pairs of equations left or right parallel spinor fields, ψ^L_g and ψ^R_g . In the chiral representation of the γ^μ frame fields,

(2) γ^0 “ ^ 0 σ^0 σ^0 0 ˙ , γ^j “ ^ 0 σ^j ´σ^j 0 ˙

at a point x, the Jordan multiplication by frame fields are different on the left and right Weyl spinors:

σ^μ ¨ ψ^L_g :“ pσ^0, σ^j q ¨ ψ^L_g

σ^{μ˚} ¨ ψ^R_g :“ pσ^0, ´σ^j q ¨ ψ^R_g

So the independent left and right spinor field “Dirac-Weyl” equations are:

σ^μ ¨ ∇^w_{bX} μ pX^0 b_J ψ^L_g q “ 0

σ^{μ˚} ¨ ∇^w_{bX} μ pX^0 b_J ψ^R_g q “ 0

σ^μ ¨ ∇^w_{hX} μ pX^0 b_J ψ^L_g q “ 0

σ^{μ˚} ¨ ∇^w_{hX} μ pX^0 b_J ψ^R_g q “ 0

From time to time in the rest of the paper we will perform this process of taking a form of the tension equation and writing it as an equivalent Dirac equation, after tensoring a vector field with a lifted parallel spinor field.

The next few sections will deal with reducing these equations to a more transparent form on various distributions tied to the holonomy reduction of the Weyl connection component of our Dirac equations (the component acting on the vector field).

3.3. Holonomy Representations of the Weyl Connection. In this section we will show that the Weyl connection holonomy representation reduces on T M_λ, both in the LCK case and in the LCHK case. In the LCK case we have an SUp3q complex triplet and an SUp3q trivial complex singlet, while in the LCHK case we have an Spp1q non-trivial quaternionic singlet and an Spp1q trivial quaternionic singlet.

We know that the pb, Iq and ph, Ī, J̄, K̄, q structures on T M_λ are LCK and LCHK, respectively, and have Weyl connections with holonomy equal to the holonomy of the Levi-Civita connections of the kaehler and hyperkaehler metrics of covering spaces [24]. Since the holonomy group of the Levi-Civita connection of a symmetric space is just the isotropy group, to find holonomy we will first look at the homogeneity properties of the complex and hypercomplex structures and the metrics on the kaehler covering spaces C^4_I zt0u and H^2 zt0u. The homogeneity properties of C^4_I zt0u are well known; we will follow Joyce’s discussion [12] of homogeneous hypercomplex structures.

3.3.1. LCK Weyl Holonomy Reduction. pC^4_I zt0u, e, Iq is clearly orientable, and, after selecting an orientation, the isometry group of the kaehler metric is SUp4q_I , with isotropy group SUp3q_I . Consquently, the LCK metric Weyl connection’s holonomy group for M^c_λis also SUp3q_I . The isotropy representation of the group SUp3q_I on the (real) tangent space is reducible to

C^3 pV_1q ` C pV_0 q

Thus, this is also the Weyl connection’s holonomy reduction. (We are using the notation V_1 to refer to the complex defining representation of the group (SUp3q in this case), V_0 to refer to the trivial representation, and the complex structure on T M^c_λ to create an isomorphism between T pM^c_λ and C^4 .)

At each point of M_λ, V_1 and V_0 coincide with the distributions T “ kerpθ ` Iθq V “ xθ^#, Iθ^#y

where T is mapped by the graph map onto T C P^3_{Io}, and b is kaehler on it. V is the vertical distribution alone the graph map fibers. This holonomy reduction suggests that our LCK equations will take on a more transparent form when reduced to the distributions T and V .

3.3.2. LCHK Weyl Holonomy Reduction. As with the LCK case, the holonomy group of pM^c_λ, h, Ī, J̄, K̄q is defined by the isotropy subgroup of the isometery group of the hyperkaehler covering space pH^2 zt0u, e, Ī, J̄, K̄q. The isometry group of the latter is Spp2q, and thus the holonomy group is the Spp1q_{iso} isotropy group.

Like the distributions T and V , associate with the toric fibration, that we used in the previous subsection, in the LCHK case, we can define distributions associated with the (negative) Swann fibration D “ kerpθ ` Īθ ` J̄θ ` K̄θq S “ă θ^#, Īθ^#, J̄θ^#, K̄θ^# ą

where D is mapped by the Swann fibration onto T H P^1_o, and S is vertical to the fibers of the negative Swann fibration.

The isotropy group, Spp1q_{iso}, acts trivially on the vertical distribution S, and via the Spp1q defining representation V_1 on D, so the holonomy reduction is

H pV_1 q ` H pV_0 q.

where the hypercomplex structure pĪ, J̄, K̄q has been used to create an isomorphism T pM_λ – H^2 .

Again, this holonomy reduction suggests that our LCHK equations will take on a more transparent form when reduced to D and S.

3.4. Equations for Positive Sections. We defined the maps ψ^´_{gλ} using the nonzero parallel left spinors ψ^L_g , sections of $^L, which are also sections of $^´, the negative Swann fibration of the hyperkaehler cover, H^2 zt0u, of M_λ. We can also define similar maps ψ^`_{gλ} from non-zero parallel right spinors ψ^R_g , derived from sections of the positive Swann fibration $^`. These maps are also holomorphic (as we shall see), and thus harmonic, and solve the tension equation. We will show that the associated right and left Dirac equations are equivalent to the equations in physics that govern anti-fermion fields.

The new maps fields differ from the old ones in several ways. Since ψ^`_{gλ} is a section of the positive Swann fibration, this also means that the hypercomplex structure is the positive one, derived from right quaternionic multiplication on the fiber. This means that every complex structure is replaced by its negation, and composition of complex structure operators follows a different rule:

Ī Ñ ´Ī, J̄ Ñ ´J̄, K̄ Ñ ´K̄; I Ñ ´I; p´J̄qp´Īq “ ´K̄

However, we know that ´Ī is also an element of S^2 :“ aĪ `bJ̄ `cK̄; a^2 `b^2 `c^2 “ 1, so each negated complex structure is still part of the hypercomplex structure.

Changing $^´ Ñ $^` also changes the P p$^´q twistor space to the P p$^`q twistor space, and thus there is a parallel switch in the definition of the optical structure O_ψ, from a section of Pp$^´q into a section of Pp$^`q, so O_ψ Ñ ´O_ψ. Our maps ψ^`_{gλ} remain holomorphic however, since I P S^2 changes as well to ´I.

3.4.1. Positive Sections and LCK holonomy. In addition, changing Spp1q^´ to Spp1q^` changes the holonomy representations of both the LCK and LCHK Weyl connections. In the LCK case, changing the Swann fibration has an interesting effect on SUp3q holonomy representations. The holonomy representation of the connection preserves the isomorphism T_xM_λ – C^4_I induced by the complex structure. So changing the complex structure to ´I changes the representation to the complexconjugate defining representation:

C^3 pV^˚_1 q ` C pV^˚_0 q

The resulting distributions are conjugate to T and V , when I is used to define the map of T M_λ – C^4 , but on the real tangent bundle, they define the same distributions: T^˚ “ kerpθ ´ Iθq “ T V^˚ “ xθ^# ` Iθ^#y “ V

When we discuss the holomophic tangent bundle and holonomy representations there, we will find that the conjugate distributions are in the anti-holomorphic bundle.

3.4.2. Positive Sections and LCHK Holonomy. In the LCHK case, changing from negative to positive vibrations has even less effect. If we define new distributions, D^` and S^`, we will find that they too are equal to the original D andS on the real tangent bundle: D^` “ kerpθ ´ Īθ ´ J̄θ ´ K̄θq “ D S^` “ xθ^#, Ī^`θ^#, J̄^`θ^#, K̄^`θ^#y “ S

But, because for Spp1q – SUp2q, the complex conjugate defining representation and the defining representation are not distinct, these two fibrations support the same holonomy representations: H pV_1 q ` H pV_0 q.

So for both fibrations, the holonomy of the LCHK Weyl connection has V_1 holonomy on D and trivial holonomy on S. In the LCHK case, there are really only two types of Spp1q holonomy representations involved: V_1 and V_0, whereas in the LCK SUp3q case, there are four: V_1, V^˚_1 , V_0, V^˚_0 . Later, in section 5, when we tensor LCK and LCHK isotropy representations together, we will find that there are only eight distinct types of tensor products, corresponding to quark doublets, quark singlets, anti-quark doublets, anti-quark singlets, lepton doublets, lepton singlets, anti-lepton doublets, and anti-lepton singlets.

3.4.3. Positive Sections and Spinor Fields. There is, however, one additional effect of changing from positive to negative fibration, and that is on the parallel spinor field ψ_g . Since the change $^´ Ñ $^` is the same as $^L Ñ $^R, this change also changes ψ_g Ñ Ăψ_g.

In the LCK case, this leads to the negative and positive tensor products:

pV_1 ` V_0q b_J ψ_g “ V_1 b_J ψ^L_g ` V_1 b_J ψ^R_g ` V_0 b_J ψ^R_g ` V_0 b_J ψ^R_g

pV^˚_1 ` V^˚_0 q b_J Ăψ_g “ V^˚_1 b_J ψ^R_g ` V^˚_1 b_J ψ^L_g ` V^˚_1 b_J ψ^R_g ` V^˚_1 b_J ψ^L_g

and the change from negative to positive sections, sends each component of the negative tensor product into the complementary one in the positive. Notice that all eight components are distinct.

The LCHK case is more interesting. Since both negative and positive holonomy representations are the same, pV_1 ` V_0q, there are only four distinct components in the tensor product:

pV_1 ` V_0q b_J ψ_g “ V_1 b_J ψ^L_g ` V_1 b_J ψ^R_g ` V_0 b_J ψ^R_g ` V_0 b_J ψ^R_g

pV_1 ` V_0q b_J Ăψ_g “ V_1 b_J ψ^R_g ` V_1 b_J ψ^L_g ` V_1 b_J ψ^R_g ` V_1 b_J ψ^L_g

and switching from negative to positive sections doesn’t change the total tensor product, although it does permute the components.

So our Dirac equations in the LCK and LCHK cases for the positive maps ψ^`_{gλ} are γ^μ ¨ ∇^w_{bX} μ pX^0 b_J Ăψ_g q “ 0

γ^μ ¨ ∇^w_{hX} μ pX^0 b_J Ăψ_g q “ 0

where X^0 is the image of the time-like frame vector field under the map dψ^`_{gλ}, which is the same as the image under dψ^´_{gλ}, since the chiral parallel spinor fields have the same representation as C^2_I sections.

∇^w_b refers to the Weyl connection whose holonomy group, SUp3q, uses the complex-conjugate representation on pT M_λ, b, Iq. We also introduce Ăψ_g to indicate that the spinor field changes when the map is positive. This will be especially important in section 5.2.

4. Dirac-Higgs Equations on Complexified and Quaternified Tangent Bundles

Starting from the tension equation for (positive and negative) harmonic maps, we have derived Dirac equations, and Dirac-Weyl equations on the real tangent bundle of M_λ, in both the LCK and LCHK cases, for both positive and negative sections. We will now extend our analysis to holomorphic and anti-holomorphic bundles, in the LCK case, and to the “hyperholomorphic” tangent bundle in the LCHK case.

4.1. Holomorphic and Anti-holomorphic Tangent Bundles of M_λ. Clearly, simply complexifying the tangent bundle, C b_R T M_λ, does not affect the trace equation, but we would like to define equations for sections on the holomorphic and anti-holomorphic bundles T^{1,0}_I and T^{0,1}_I , because we know that ∇^w_b preserves I. So the trace in the lifted tension equation vanishes separately on the holomorphic and anti-holomorphic tangent bundles. With this starting point, we can map our T M_λ vector fields derived from negative sections into the holomorphic bundle, T^{1,0}_I , using the map 1 ´ iI, which is preserved by the Weyl connection, and replay the construction in subsection 3.2. In the LCK case, the resulting Dirac equation on the holomorphic tangent bundle is

γ^μ ¨ p∇^w_{bZ}μ Z^0 b_J ψ_g q “ 0

where γ^μ is still the lifted Clifford generator operating by Clifford multiplication of Dirac spinors, but the (tangent) Jordan bundle is now complexified. Now Z^μ is the canonical projection of X^μ onto the holomorphic tangent bundle, i.e., Z^μ “ X^μ ´ iIX^μ.

The equation for positive sections naturally maps to the anti-holomorphic bundle, T^{0,1}_I , since, as we saw in the previous section, right spinor fields as defined lead to a change in the definition of I to ´I. Thus, the map 1 ´ iI changes to 1 ´ ip´Iq “ 1 ` iI and Z P T^{1,0}_I changes to Z̄ P T^{0,1}_I . So in the LCK case, the Dirac equation for positive sections is

γ^μ ¨ p∇^w_b¯_ZμZ̄^0 b_J Ăψ_g q “ 0

Notice that since X^μ P E, Z^μ P E :“ p1 ´ iIqE Ă T^{1,0}_I , where we use E for the distribution of the holomorphic tangent bundle. Similarly, Z̄^μ P Ē :“ p1 ` iIqE Ă T^{0,1}_I .

4.2. Hyperholomorphic Tangent Bundle of M_λ. Likewise, quaternifying the tangent bundle H b_R T M_λ does not affect the trace equation, but finding the right expressions for equivalents of the holomorphic and anti-holomorphic tangent bundles is much trickier. Widdows’ 2006 Oxford dissertation [37], supervised by Joyce, contains probably the best explication of the issues. The basic problem is that, while complexified bundles naturally split into two equal-dimensional bundles, each with the same real dimension as the original tangent space, quaternified tangent bundles split into two bundles, one of which has three times the number of dimensions as the other. Widdows calls these bundles A and B. (Actually, he calls the cotangent equivalent A and B.) At each point x, A_x and B_x are quaternionic vector spaces defined as follows:

A_x :“ à JPS^2 H b_{Cj} T^{1,0}_{Jx} B_x :“ č JPS^2 H b_{Cj} T^{0,1}_{Jx} We can also define complementary spaces Ā_x and B̄_x that also sum to H b_R T M_λ, but represent a different split into subbundles:

Ā_x :“ à JPS^2 H b_{Cj} T^{0,1}_{Jx} B̄_x :“ č JPS^2 H b_{Cj} T^{1,0}_{Jx} where in both case T^{1,0}_{Jx} and T^{0,1}_{Jx} are subspaces of H b_R T_x defined by the embedding

C b_R T_x – C_j b_R T_x :“ pR ` jRq Ă H b_R T_x

J “ aĪ ` bJ̄ ` cK̄ j “ aī ` bj̄ ` ck̄ 1 “ a^2 ` b^2 ` c^2 Clearly JT^{1,0}_J “ jT^{1,0}_J @J, j Note that the complex structures J and ´J are both elements of the same hypercomplex structure defined by the two-sphere S^2 “ aĪ ` bJ̄ ` cK̄; a^2 ` b^2 ` c^2 “ 1.

The bundles AM_λ and ĀM_λ have six quaternionic dimensions, and are isomorphic to twelve-dimensional complex bundles.

A splits naturally into the sum of three two-quaternionic-dimensional bundles, A¯_I , A¯_J , A¯_K , where at each point the subspaces can be defined by the mappings

α_n : T M_λ Ñ A_nM_λ; ᾱ_n : T M_λ Ñ Ā_nM_λ pn P tĪ, J̄, K̄uq

α¯_I :“ 1 ´ īĪ, α¯_J :“ 1 ´ j̄J̄, α¯_K :“ 1 ´ k̄K̄

ᾱ¯_I :“ 1 ` īĪ, ᾱ¯_J :“ 1 ` j̄J̄, ᾱ¯_K :“ 1 ` k̄K̄

and in general

α_J “ p1 ´ jJq, ᾱ_J “ p1 ` jJq j “ aī ` bj̄ ` ck̄ J “ aĪ ` bJ̄ ` cK̄

As was discussed in section 3.4, in the LCHK case, the positive and negative sections of M_λ lead to the same X^μ vectors, and the positive complex structures are in the same S^2 as the negative complex structures, but with different sign. Thus the equivalent of the maps 1 ´ iI; 1 ` iI, which send X^μ Ñ Z^μ; Z̄^μ is, in the LCHK case, the two triplet of maps, α_n; ᾱ_n:

α_n : X^μ Ñ pQ^μ_Ī , Q^μ_{J̄} , Q^μ_{K̄} q ᾱ_n : X^μ Ñ pQ̄^μ_Ī , Q̄^μ_{J̄} , Q̄^μ_{K̄} q

So the hypercomplex form of our negative equations is actually a triplet of equations, one for each A_n, all with the same structure. The connection ∇^w_h preserves the A_n bundles, since it preserves the hypercomplex structure Ī, J̄, K̄. Thus, in the LCHK case, the Dirac equation for negative sections is:

γ^μ ¨ p∇^w_{hQ}μ_n Q^0_n b_J ψ_gq “ 0

where Q^0_n P tQ^0_Ī , Q^0_{J̄} , Q^0_{K̄} u P A_n.

In the LCK holomorphic case, switching from $^´ to $^` led us to exchange I for ´I, and thus to require equations for the holomorphic and anti-holomorphic bundles. In the LCHK case, this leads us to switch α_n Ñ ᾱ_n, and thus A_n Ñ Ā_n. So, when we apply our maps in the positive case we have the following triplet of Dirac equations for the positive sections:

γ^μ ¨ p∇^w_{hQ̄}μ_nQ̄^0_n b_J Ăψ_g q “ 0.

Notice that the connection, ∇^w_h does not change. This is consistent with the fact that the holonomy representation of ∇^w_h is exactly the same in the positive and negative cases.

4.3. Reduction of LCK Equations. Our equations on T^{1,0}_I , T^{0,1}_I and A are unsatisfactory as they sit, because neither Weyl connection preserves the associated metric, b or h, so the holonomy representations are not unitary. To compare our equations with physics, we would like to find connections that both preserve the holomorphic structure and the metric. In other words, we would like to find hermitian connections (see, [11], for example).

We will examine the LCK case first. Our Dirac LCK equations for negative and positive sections are

γ^μ ¨ p∇^w_{bZ}μ Z^0 b_J ψ_g q “ 0

γ^μ ¨ p∇^w_b¯_ZμZ̄^0 b_J Ăψ_g q “ 0

First, we will expand the Weyl connection in terms of the Levi-Civita connection (which preserves the metric), and then attempt to reduce the equations to distributions on which the induced metric is kaehler, and thus on which the Levi-Civita connection also preserves the complex structure.

4.3.1. Expanding the Weyl Connection. Limiting ourself initially to negative sections, and thus to the holomorphic bundle, and using the definition of the Weyl connection from section 3, we get

γ^μ ¨ p∇^{LC}_{bZ}μ ´^1_2 θ_Zμ qpZ^0 b_J ψ_g q ´^1_2 γ^μ ¨ pθ_Z0 Z^μ b_J ψ_g q

Let us examine the last term carefully. The Clifford generator, γ^μ¨ is acting by multiplication on the spinor component ψ_g, but since the tensor product is defined over the Jordan algebra, we can re-write this term as 1 2 pθ_Z0 Z^μ b_J pγ^μ ¨ γ^0 ¨ Ăψ_g qq “^1_2 θ_Z0 pZ^μ ¨ σ^μq b_J Ăψ_g q “ θ_Z0 pZ^0 b_J Ăψ_g q

Notice, we have expanded ψ_g “ γ^0 ¨ Ăψ_g , then moved the bivector γ^μ ¨ γ^0 across the tensor product to become σ^μ, multiplying vectors. Since Z^μ “ Z^0 ¨ σ^μ and ř μ σ^μ ¨ σ^μ “ 2, we are left with the final expression.

The other term involving the Lee form, ´^1_2 θ_Zμ is equivalent to ´^1_2 iIθ_Zμ , where iIθ is the Up1q lifted connection of the canonical bundle K on C P^3_{Io} that we introduced in section 2.1.2.

We can perform the same expansion for positive sections and the anti-holomorphic bundle, at which point our Dirac equations for positive and negative sections now have the form:

γ^μ ¨ p∇^{LC}_{bZ}μ ´^1_2 iIθ_{Zu}qZ^0 b_J ψ_g “ θ_Z0 Z^0 b_J Ăψ_g

γ^μ ¨ p∇^{LC}_b¯_Zμ `^1_2 iIθ¯_Zμ qZ̄^0 b_J Ăψ_g “ θ¯_Z0Z̄^0 b_J ψ_g

Notice that since b is not kaehler, the Levi-Civita connections do not preserve the T^{1,0}_I and T^{0,1}_I bundles inside the complexified tangent bundle (although the Weyl connection it is associated with does). We will remedy this problem in the next subsection.

4.3.2. Reducing Connections to a Kaehler Distribution. We will employ the holomorphic and anti-holomorphic distributions of T^{1,0}_I and T^{0,1}_I , defined by T “ kerpθ ` iIθq T̄ “ kerpθ ´ iIθq V “ xθ^# ´ iIθ^#y V̄ “ xθ^# ` iIθ^#y

to reduce our Dirac equations into derived equations operating independently on the distributions, based on connections that do preserve the holomorphic or antiholomorphic character of the distributions.

The important fact about T and T̄ is that, when reduced to them, the LCK metric b is kaehler. In addition, the distributions V, V̄ are integrable, and their integral manifolds are just the torus fibers T_{λI} of the original toric fibration of the graph map. There is a natural isomorphism from T to the holomorphic tangent bundle of C P^3_{Io} defined by the differential of the original graph map Gr : M_λ Ñ C P^3_{Io}. In addition, from our distribution E, associated with the map ψ^´_{gλ} and the metric g, we can define horizontal projections t, t̄ to T, T̄ , and vertical projections v, v̄ to V, V̄ . (See Chapter 5 of Dragomir-Ornea for more details on distributions on LCK manifolds [9].)

Let us look at the properties of the g-trace of the Levi-Civita connection of b, ∇^{LC}_{bZ}μ Z^μ, a key element in the expansion of the original tension equation, and see how it reduces on the distributions T and V . If we write the vector fields Z^μ as Z^μ “ T^μ ` V^μ, where T^μ and V^μ are the horizontal and vertical projections of Z^μ, we have: ∇^{LC}_{bT} μ T^μ ` ∇^{LC}_{bT} μ V^μ ` ∇^{LC}_{bV} μ T^μ ` ∇^{LC}_{bV} μ V^μ The first term is isomorphic to the Levi-Civita connection of a kaehler metric on C P^3_{Io} acting on the holomorphic tangent bundle T^{1,0}_I C P^3:

∇^{LC}_{bT} μ T^μ “ ∇^{LC}_{kT} μ T^μ `^1_2 VrT^μ, T^μs “ ∇^{LC}_{kT} μ T^μ

where ∇^{LC}_{kT} μ T^μ is the Levi-Civita connection of the kaehler metric on T [4, 240].

The second term is just B_T μ V^μ, since ∇^{LC}_b pθ^# ´ iIθ^#q “ 0 and θ^# has constant length [9]. However, it is isomorphic to a Up1q connection, ∇^{Up1q}, on the line bundle over C P^3_{Io} that is isomorphic to V , namely Op´2q.

Now, in section 2.2.3, when we constructed the equivalence class |ψ^´_{gλ}| of holomorphic sections, we composed with the toric group T_{λI} , so the toric action preserves Z^μ. Thus the vertical component V^μ is Killing and the horizontal component T^μ has vanishing Lie derivative with respect to θ^# ´ iIθ^#. Therefore, the third term in our expression vanishes, since

∇^{LC}_{bV} μ T^μ “ ∇^{LC}_{bT} μ V^μ ` rV^μ, T^μs “ d_T μ V^μ ´ d_T μ V^μ

as does the fourth term, since ∇^{LC}_{bV} μ V^μ “ ´^1_2 rV^μ, V^μs “ 0. We are left with just ∇^{LC}_{bZ}μ Z^μ “ ∇^{LC}_{bT} μ T^μ ` B_T μ V^μ, which looks like two connection forms on C P^3_{Io}, acting on sections of different two different bundles. The first is acting on sections of the holomorphic tangent bundle, T^{1,0}_I C P^3_{Io}; the second on sections of the the line bundle Op´2q.

So let us use the horizontal projection t of Z^μ to write ∇^{LC}_b as the sum of two connections that are pulled back from T along the horizontal projection:

∇^{LC}_{bZ}μ Z^μ “ t^˚∇^{LC}_{kZ}μ T^μ ` t^˚∇^{Up1q}_Zμ V^μ

:“ ∇^{LC}_{kphZ}μ_qT^μ ` ∇^{Up1q}_{phZμq}V^μ

Clearly t^˚∇^{LC}_k as defined preserves k, the kaehler metric on T^{1,0}_I C P^3_{Io}, as well as I acting in T , and T^{1,0}_I C P^3_o. Similarly, t^˚∇^{Up1q} preserves I acting in V , which as we saw in section 2.1.3 is isomorphic to Op´2q on CP^3_{Io}. We will use this new representation of the Levi-Civita connection to re-write our Dirac equations into a more familiar form. We get two independent equations for negative sections and two for positive sections:

γ^μ ¨ pt^˚∇^{LC}_{kZ}μ ´^1_2 iIθ_Zμ T^0 b_J ψ_g q “ θ_Z0 pT^0 b_J Ăψ_g q

γ^μ ¨ pt^˚∇^{Up1q}_Zμ ´^1_2 iIθ_Zμ V^0 b_J ψ_g q “ θ_Z0 pV^0 b_J Ăψ_g q

γ^μ ¨ pt^˚∇^{LC}_k¯_Zμ `^1_2 iIθ¯_ZμT̄^0 b_J Ăψ_g q “ θ¯_Z0 pT^0 b_J ψ_g q

γ^μ ¨ pt^˚ ¯∇^{Up1q}_{Z̄μ} `^1_2 iIθ¯_ZμV̄^0 b_J Ăψ_g q “ θ¯_Z0 pV^0 b_J ψ_g q

where we have used the same symbol, t, for the horizontal maps E Ñ T and Ē Ñ T̄ . Notice that, since ψ_g and Ăψ_g are composed of ψ^L_g and ψ^R_g , these four Dirac-Higgs equations are equivalent to eight coupled Dirac-Weyl-Higgs equations (which I will refrain from writing down), and that all eight are distinct.

4.3.3. A Comparison with Physics. At this point it is convenient to compare our Dirac equations with the form they take in physics. Our equations are defined on distributions E and Ē of the complex tangent spaces T^{1,0}_I M_λ and T^{0,1}_I M_λ. They have been derived from a lifted tension equation of the form ∇^w_b pg^˚q´∇^{LC}_g pg^˚q “ 0, where the connections and the cometic, g^˚ are both defined on M_λ. The equations of physics, on the other hand, describe sections of arbitrary (non-tangent) complex vector bundles over real four-dimensional space-time manifolds.

We can, however, pull back all connections and forms from M_λ to the original Lorentzian base manifold H P^1_o, along the maps ρ :“ p1 ´ iIq ˝ ψ^´_{gλ} and ρ̄ :“ p1` iIq ˝ ψ^`_{gλ}. The connections now are acting on pullback bundles. The result is

γ^μ ¨ pt^˚∇^{LC}_{ke}μ ´^1_2 iIθ_eμ qpT^0 b_J ψ_gq “ θ_Z0 pT^0 b_J Ăψ_gq γ^μ ¨ pt^˚∇^{Up1q}_eμ ´^1_2 iIθ_eμ qpV^0 b_J ψ_gq “ θ_Z0 pV^0 b_J Ăψ_g q

γ^μ ¨ pt^˚∇^{LC}_{ke}μ `^1_2 iIθ_eμ qpT̄^0 b_J Ăψ_gq “ θ¯_Z0 pT^0 b_J ψ_gq γ^μ ¨ pt^˚ ¯∇^{Up1q}_eμ `^1_2 iIθ_eμ qpV̄^0 b_J Ăψ_gq “ θ¯_Z0 pV^0 b_J ψ_g q

Notation 4. We have not changed the symbols for the connections and forms or fields, even though the connections and forms now represent pulled back versions, via ρ^˚ and ρ̄^˚, and Z^0 P ρ^˚T^{1,0}_I , Z̄^0 P ρ̄^˚T^{0,1}_I and ψ_g , Ăψ_g P $ are now sections of pulled back bundles. This follows our general policy of usually not distinguishing between the original and lifted forms of other structures.

The pullback connections are complex Lie Algebra-valued forms on H P^1_o that act on sections of the pull-back bundles. The forms are now complex-valued, so they act on the complex pull-back bundles by complex multiplication. By these pullbacks we are treating T^{1,0}_I and T^{0,1}_I simply as complex vector bundles over H P^1_o.

Let us define Dirac operators as follows, using the Dirac “slash” notation: {∇_k :“ γ^μ ¨ pt^˚∇^{LC}_k q_eμ {∇_1 :“ γ^μ ¨ pt^˚∇^{Up1q}q_eμ

{∇_k :“ γ^μ ¨ pt^˚∇^{LC}_k q_eμ {∇_1 :“ γ^μ ¨ pt^˚ ¯∇^{Up1q}q_eμ

Let us also define the “dotted” theta connection, equivalent to “slashed”. (We use dotted, because slashed is very hard to read.) 1 2 iI 9θ :“^1_2 iIγ^μ ¨ θ_X μ Then, the Dirac operator form of the pulled back equations is:

p {∇_k ´^1_2 iI 9θqpT^0 b_J ψ_g q “ θ_Z0 pT^0 b_J Ăψ_g q p {∇_1 ´^1_2 iI 9θqpV^0 b_J ψ_g q “ θ_Z0 pV^0 b_J Ăψ_g q p {∇_k `^1_2 iI 9θqpT̄^0 b_J Ăψ_g q “ θ¯_Z0 pT̄^0 b_J ψ_g q p {∇_1 `^1_2 iI 9θqpV̄^0 b_J Ăψ_g q “ θ¯_Z0 pV̄^0 b_J ψ_g q

The pulled-back form of the equations is certainly familiar from physics. We have vector bundles over a four-dimensional Lorentzian manifold acted upon by Dirac operators associated with an SUp3q-connection. The bundles hold irreducible unitary representations of SUp3q, which thus acts as a “gauge group.” We will thus identify the pulled back T bundle, containing SUp3q triplets with quarks, T̄ with anti-quarks. The pulled back V bundle, containing SUp3q singlets, we will identify with leptons; V̄ with anti-leptons. (All the pulled back forms are complex valued since they still take values in in the complex pulled back bundles.)

In each case, we have a Dirac operator for a gauge connection. For quarks and anti-quarks the connection tensors an Up3q “ SUp3qUp1q-holonomy connection, t^˚∇^{LC}_k , pulled back from T – T^{1,0}_I C P^3_o, with another connection, ´^1_2 iIθ, associated with the Up1q gauge group of the Op´2q line bundle on C P^3_{Io}. For leptons we just have the Up1q gauge group connection t^˚∇^{Up1q} tensored with the Up1q theta connection, ´^1_2 iIθ.

Because we will often be comparing our equations with physics, it is convenient to think of the symbol {∇_k ´^1_2 iI 9θ as standing for the Dirac operator of an SUp3q connection tensored with a Up1qUp1q connection. We will identify the remnant SUp3q-gauge connection as the color interaction, while the Up1qUp1q product connection ∇^{Up1q} b ´^1_2 iIθ we will call the hypercolor interaction.

All fields are Dirac-spinors. The equations couple ψ_g spinors with Ăψ_g spinors. As is well-known in physics, each such equation is equivalent to two coupled equations: left-spinors, ψ^L_g , coupled to right-spinors, ψ^R_g . Thus in terms of left and right spinors, we have eight equations: left quarks are coupled to right quarks, left antiquarks with right anti-quarks, left leptons with right leptons, left anti-leptons with right anti-leptons.

The coupling field, θ_Z0 , θ¯_Z0 , we will identify with part of the the Higgs field. Later, we will show how our hypercolor and Higgs coupling are part of the Standard Model.

4.4. Reduction of LCHK Equations to Distributions. Let us turn now to our triplets of Dirac equations in the LCHK case

γ^μ ¨ p∇^w_{hQ}μ_n Q^0_n b_J ψ_gq “ 0

γ^μ ¨ p∇^w_{hQ̄}μ_nQ̄^0_n b_J Ăψ_gq “ 0

where at any point Q^μ_n P A_nM_λ; Q̄^μ_n P Ā_nM_λ.

We would like to perform the same reduction on these equations that we did in the LCK case, namely, to expand them in terms of the Levi-Civita connection, and then use distributions in in A_n with special properties to create independent equations that preserve the distributions. In the LCK case we used to good effect the kaehler properties of the distribution T along with the Killing properties of vector fields in the vertical distribution V . We shall find similar distributions in the LCHK case.

4.4.1. Expanding the Weyl Connection. After working through the same steps that we did in section 4.3.1, and bearing in mind that there is no distinction in the LCHK case between the connections for positive and negative sections, we arrive at the following expanded Dirac-Higgs LCHK equations for negative and positive sections:

γ^μ ¨ p∇^{LC}_{hQ}μ_n ´^1_2 i_nĪ_nθ_{Qu}qQ^0_n b_J ψ_g “ θ_Q0_n Q^0_n b_J Ăψ_g

γ^μ ¨ p∇^{LC}_{hQ}μ_n ´^1_2 i_nĪ_nθ_{Qu}qQ^0_n b_J Ăψ_g “ θ_Q0_n Q^0_n b_J ψ_g

γ^μ ¨ p∇^{LC}_{hQ̄}μ_n ´^1_2 i_nĪ_nθ_{Qu}qQ̄^0_n b_J Ăψ_g “ θ_Q0_n Q^0_n b_J ψ_g

γ^μ ¨ p∇^{LC}_{hQ̄}μ_n ´^1_2 i_nĪ_nθ_{Qu}qQ̄^0_n b_J ψ_g “ θ_Q0_n Q^0_n b_J Ăψ_g

where i_n P tī, j̄k̄u and Ī_n P tĪ, J̄, K̄u and the forms take quaternion values when evaluated on vector fields.

4.4.2. Reducing Connections to Quaternionic Distributions. We now want to follow the same procedure that we did in section 4.3.2, for the LCK case, this time using distributions in A_n with special quaternionic properties, just as T and V had special properties in T^{1,0}_I .

In section 3.3.2 we introduced real distributions D and S on T M_λ that were tied to the holonomy of the LCHK Weyl connection. D “ kerpθ ` Īθ ` J̄θ ` K̄θq S “ă θ^#, Īθ^#, J̄θ^#, K̄θ^# ą

There are some differences between D and the T of the LCK case. Most importantly, the reduction of the metric h to D is a quaternionic kaehler metric q, not a hyperkaehler metric. This means that the Levi-Civita connection preserves the whole S^2 sphere of complex structures in EndpDq, but not any one complex structure. (In physics terms, the distinction between “upness” and “downness” is not preserved, although the distinction between “doubletness” and “singleness” is. We will see later, that selecting a particular complex structure I, leads to the preservation of a particular “up” and “down” distinction.)

These distributions can be mapped to the hyperholomorphic bundles A_n, Ā_n easily, by the definitions:

D_n :“ α_npDq S_n :“ α_npSq D̄_n :“ ᾱ_npDq S̄_n :“ ᾱ_npSq

We can follow our LCK procedure and split

Q^μ_n “ D^μ_n ` S^μ_n Q̄^μ_n “ D̄^μ_n ` S̄^μ_n

Then, after evaluating ∇^{LC}_h on these distributions, we can write it, as we did in the LCK case, as the sum of two connections:

∇^{LC}_{hQ}μ_n Q^μ_n “ du^˚∇^{LC}_{qQ}μ_n D^μ_n ` du^˚∇^{Spp1q}_Qμ_n S^μ_n ∇^{LC}_{qQ̄}μ_nQ̄^μ_n “ du^˚∇^{LC}_{qQ̄}μ_nD̄^μ_n ` du^˚∇^{Spp1q}_{Q̄}μ_n S̄^μ_n

where ∇^{LC}_q is the Levi-Civita connection of the quaternionic-kaehler metric q on H P^1_o, and ∇^{Spp1q} is the Spp1q connection on the H -line bundle on H P^1_o isomorphic to S_n, which is, of course, the tautological H bundle. We have uses du for the horizontal projection to both D and D̄.

Based on this representation of ∇^{LC}_h , we can rewrite the Dirac-Higgs equations in the LCHK case for positive and negative sections as:

γ^μ ¨ pdu^˚∇^{LC}_{qQ}μ_n ´^1_2 i_nĪ_nθ_Q^μ_n D^0_n b_J ψ_gq “ θ_Q0_n pD^0_n b_J Ăψ_g q

γ^μ ¨ pdu^˚∇^{Spp1q}_Qμ_n ´^1_2 i_nĪ_nθ_Q^μ_n S^0_n b_J ψ_gq “ θ_Q0_n pS^0_n b_J Ăψ_gq

γ^μ ¨ pdu^˚∇^{LC}_{qQ̄}μ_n `^1_2 i_nĪ_nθ¯_Qμ_nD̄^0_n b_J Ăψ_gq “ θ¯_Q0_n pD^0_n b_J ψ_g q

γ^μ ¨ pdu^˚∇^{Spp1q}_{Q̄}μ_n `^1_2 i_nĪ_nθ¯_Qμ_nS̄^0_n b_J Ăψ_gq “ θ¯_Q0_n pS^0_n b_J ψ_gq

4.4.3. A Comparison with Physics. We can also compare these equations with physics, by pulling the four distinct LCHK equations back to the Lorentzian manifold pH P^1_o, gq, as we did in the LCK case. This time, the map we are pulling back along is κ_n :“ p1 ´ i_nĪ_nq ˝ ψ^´_{gλ}, and the resulting equations are:

γ^μ ¨ pdu^˚∇^{LC}_{qe}μ ´^1_2 i_nĪ_nθ_eμ D^0_n b_J ψ_gq “ θ_Q0_n pD^0_n b_J Ăψ_g q

γ^μ ¨ pdu^˚∇^{Spp1q}_eμ ´^1_2 i_nĪ_nθ_eμ S^0_n b_J ψ_gq “ θ_Q0_n pS^0_n b_J Ăψ_gq

γ^μ ¨ pdu^˚∇^{LC}_{qe}μ `^1_2 i_nĪ_nθ_eμD̄^0_n b_J Ăψ_gq “ θ¯_Q0_n pD^0_n b_J ψ_g q

γ^μ ¨ pdu^˚∇^{Spp1q}_eμ `^1_2 i_nĪ_nθ_eμS̄^0_n b_J Ăψ_gq “ θ¯_Q0_n pS^0_n b_J ψ_gq Using the Dirac operator slash notation from the previous section,, with the following addition: {∇_2 :“ γ^μ ¨ pt^˚∇^{Spp1q}q_eμ we can write the LCHK equivalent equations as:

p {∇_q ´^1_2 i_nĪ_n 9θqpD^0_n b_J ψ_g q “ θ_Q0_n pT^0 b_J Ăψ_gq

p {∇_2 ´^1_2 i_nĪ_n 9θqpS^0_n b_J ψ_g q “ θ_Q0_n pV^0 b_J Ăψ_g q

p {∇_q `^1_2 i_nĪ_n 9θqpD̄^0_n b_J Ăψ_g q “ θ¯_Q0_n pD̄^0_n b_J ψ_g q

p {∇_2 `^1_2 i_nĪ_n 9θqpS̄^0_n b_J Ăψ_g q “ θ¯_Q0_n pS̄^0_n b_J ψ_g q The pulled-back form of these equations are also familiar from physics. The bundles hold irreducible representations of Spp1q, which is the gauge group. We identify the pulled-back D_n bundles, containing the Spp1q_{iso} non-trivial representations, with weak doublets of all three generations. The pulled back S_n bundles, containing Spp1q_{iso} trivial representations, we will identify with weak singlets. The D̄_n and S̄_n bundles represent anti-fermions.

The bundles D_n are acted upon by the Levi-Civita connection, ∇^{LC}_q , of the quaternionic kaehler metric q and by the quaternionic theta connection i_nI_n 9θ, while the bundles S_n are acted upon by the tautological H -line bundle connection, {∇_2 and the theta connection.

In each case, we have a Dirac operator for a gauge connection. For weak doublets the connection combines an Spp1q_{iso}Spp1q-holonomy connection t^˚∇^{LC}_h , pulled back from D_n – T H P^1_o, with the theta connection, ´^1_2 i_nĪ_nθ, associated with the Spp1q gauge group of the tautological H -line bundle isomorphic with S. For weak singlets, we just have the Spp1q gauge group connection t^˚∇^{Spp1q} tensored with the Spp1q theta connection.

To compare with physics, it is convenient to think of the symbol {∇_2 ´^1_2 i_nĪ_n 9θ as standing for the Dirac operator of an Spp1q_{iso} connection tensored with an

Spp1qSpp1q connection. We will identify the remnant Spp1q_{iso}-gauge connection as the weak interaction, while the Spp1qSpp1q product connection ∇^{Spp1q} b ´^1_2 i_nI_nθ we will call the hyperspin interaction.

These equations also couple ψ_g spinors with Ăψ_g spinors.The coupling field, θ_Q0_n , θ¯_Q0_n , we will again identify with part of the the Higgs field. Later, we will show how our hyperspin and Higgs coupling match the Standard Model.

5. Tensor Product Bundles and Equations

Through this point in our analysis of M_λand its structures, we have treated the complex and hypercomplex structures relatively independently, although we have made use from time to time of important links between them (for example, between the choice of Swann fibration and the switch I Ñ ´I). Motivated by the striking similarities between our transformed tension equations and the Dirac-Higgs equation of physics, we will now introduce a construction that combines the LCK and LCHK structures into one.

Our analysis has shown that the holonomy group SUp3q of the LCK Weyl connection ∇^w_b has a role in our equations that is very similar to the role of the color interaction gauge group of the classical field equations of the Standard Model. Similarly, the holonomy group Spp1q of the LCHK Weyl connection ∇^w_h has role similar to that of the weak-isospin gauge group. In physics, the combined action of color and weak-isospin is by a combined connection for a product gauge group SUp3qSpp1q acting on fields with different indices for their color and weak-isospin components. In other words, these classical fields are represented as tensors, sections of the tensor product of a color representation bundle and a weak isospin representation bundle. In fact, as we shall see in this section, these fields look exactly like sections of the tensor products T^{1,0}_I b_C A_n (three generations of fermions) and T^{0,1}_I b_C A_n (three generations of anti-fermions).

From a mathematical perspective, taking such a tensor product seems to be a little unusual, but it has the advantage of displaying the holomorphicity properties of the complex structure (which led to the harmonic map in the first place) and the quaternionic character of the hypercomplex structure in one bundle.

5.1. Tensor Product Bundles and Standard Model Fermions. Let us closely examine the bundles we will be tensoring.

Throughout this paper, we have re-written the tension equation of our harmonic map as a Dirac equation or Dirac-Higgs equation, by tensoring $ “ $^L ` $^R spinor bundles to the tangent bundles. We will now do that with the above tensor product tangent bundles. Our equations will then involve tensor-products of the connections we used earlier, which were themselves tensor product connections of LCK or LCHK Weyl connections with the Lorentz spin connection. The somewhat tricky part is defining the tensor triple product bundles so that the associated connections behave “properly,” that is, so that the associated Dirac-Higgs equations reduce to the equations we have already derived on the double product bundles.

Let us consider our sets of negative and positive LCK Dirac Higgs equations. The connections and Dirac operators are defined on double product bundles, pT `V qb_J $ and pT̄ ` V̄ q b_J $:

p {∇_k ´^1_2 iI 9θqpT^0 b_J ψ_g q “ θ_Z0 pT^0 b_J Ăψ_g q

p {∇_1 ´^1_2 iI 9θqpV^0 b_J ψ_g q “ θ_Z0 pV^0 b_J Ăψ_g q

p {∇_k `^1_2 iI 9θqpT^0 b_J Ăψ_g q “ θ¯_Z0 pT^0 b_J ψ_g q

p {∇_1 `^1_2 iI 9θqpV̄^0 b_J Ăψ_g q “ θ¯_Z0 pV^0 b_J ψ_g q

On the left-hand side of the equations, the SUp3q triplet field, T^0 is tensored with ψ_g “ ψ^L_g ` ψ^R_g in the negative section and Ăψ_g “ ψ^R_g ` ψ^L_g , in the positive section, as is the singlet field, V^0.

Now consider the sets of negative and positive LCHK equations. The connections and Dirac operators are defined on the double product bundles, pD_n ` S_nq b_J $ and pD̄_n ` S̄_nq b_J $:

p {∇_q ´^1_2 i_nĪ_n 9θqpD^0_n b_J ψ_g q “ θ_Q0_n pT^0 b_J Ăψ_gq

p {∇_2 ´^1_2 i_nĪ_n 9θqpS^0_n b_J ψ_g q “ θ_Q0_n pV^0 b_J Ăψ_g q

p {∇_q `^1_2 i_nĪ_n 9θqpD̄^0_n b_J Ăψ_g q “ θ¯_Q0_n pD̄^0_n b_J ψ_g q

p {∇_2 `^1_2 i_nĪ_n 9θqpS̄^0_n b_J Ăψ_g q “ θ¯_Q0_n pS̄^0_n b_J ψ_g q

We need to define triple product bundles in such a way that their Dirac-Higgs equations for sections reduce to these equations on sections of these double product product bundles. We will take tensor products over the complex numbers C_i Ă H ; i “ aī ` bj̄ ` ck̄. Let us begin with the obvious products:

pT ` V q b_{Ci} pD_n ` S_nq b_J ψ_g “ pT ` V q b_{Ci} pD_n b_J ψ^L_g ` S_n b_J ψ^L_g ` D_n b_J ψ^R_g ` S_n b_J ψ^R_g q

pT̄ ` V̄ q b_{Ci} pD̄_n ` S̄_nq b_J Ăψ_g “ pT̄ ` V̄ q b_{Ci} pD̄_n b_J ψ^R_g ` S̄_n b_J ψ^R_g ` D̄_n b_J ψ^L_g ` S̄_n b_J ψ^L_g q

Our equations contain sections from all sixteen of these triple product half-spinor bundles. However, by taking a clue from physics, we can halve the number of triple product bundles we have to deal with, and cut the number of bundles down to eight.

Our equations, in both the LCK and LCHK case, couple $^L fields with $^R fields in the same vector bundle. That is, T b_J $^L with T b_J $^R, D̄ b_J $^L with D̄ b_J $^R, and so on. Since D_n and S_n are both one-dimensional quaternionic sub-bundles of Q_n, there is a straightforward way to change the coupling of D_n with D_n to a coupling of D_n with S_n. If our equations are rewritten in this way, we only need one copy each of D_n and S_n in our tensor products, in order to include all the sections in our equations, since D_n b_J $^L will couple to S_n b_J $^R instead of D_n b_J $^R, and so on. We only need the following tensor products:

pT ` V q b_{Ci} pD_n ` S_nq b_J ψ_g “ pT ` V q b_{Ci} pD_n b_J ψ^L_g ` S_n b_J ψ^R_g q

pT̄ ` V̄ q b_{Ci} pD̄_n ` S̄_nq b_J Ăψ_g “ pT̄ ` V̄ q b_{Ci} pD̄_n b_J ψ^R_g ` S̄_n b_J ψ^L_g q

In the section 5.2.1, we will cover how to rewrite our Dirac-Higgs equations in such a manner that they couple D_n to S_n.

We can identify sections of these tensor product bundles with the fermion fields of physics:

T b_{Ci} pD_n b_J $^L ` S_n b_J $^Rq q^L_n , q^R_n left and right quarks V b_{Ci} pD_n b_J $^L ` S_n b_J $^Rq l^L_n , l^R_n left and right leptons T̄ b_{Ci} pS̄_n b_J $^L ` D̄_n b_J $^Rq q̄^L_n , q̄^R_n left and right anti-quarks V̄ b_{Ci} pS̄_n b_J $^L ` D̄_n b_J $^Rq l̄^L_n , l̄^R_n left and right anti-leptons

5.2. Tensor Product Dirac-Higgs Equations. By assembling the following tensor product fields in these bundles, we can derive Dirac-Higgs equations for the classical fermion fields of physics that will reduce to our existing equations.

q^L_n :“ T^0 b_{Ci} D^0_n b_J ψ^L_g q^R_n :“ T^0 b_{Ci} S^0_n b_J ψ^R_g l^L_n :“ V^0 b_{Ci} D^0_n b_J ψ^L_g l^R_n :“ V^0 b_{Ci} S^0_n b_J ψ^R_g q̄^L_n :“ T̄^0 b_{Ci} S̄^0_n b_J ψ^L_g q̄^R_n :“ T̄^0 b_{Ci} D̄^0_n b_J ψ^R_g l̄^L_n :“ V̄^0 b_{Ci} S̄^0_n b_J ψ^L_g l̄^R_n :“ V̄^0 b_{Ci} D̄^0_n b_J ψ^R_g Next, we define the tensor product Dirac-Weyl operators that are associated with these tensor product bundles. First, the Dirac-Weyl operators for quarks and anti-quarks:

{∇^L_{kq} :“ σ^μ ¨ rpt^˚∇^{LC}_k q b_{Ci} pdu^˚∇^{LC}_q qs_X μ {∇^R_{k2} :“ σ^{μ˚} ¨ rpt^˚∇^{LC}_k q b_{Ci} pdu^˚∇^{Spp1q}qs_X μ {∇^L_{k2} :“ σ^μ ¨ rpt^˚∇^{LC}_k q b_{Ci} pdu^˚∇^{Spp1q}qs_X μ {∇^R_{kq} :“ σ^{μ˚} ¨ rpt^˚∇^{LC}_k q b_{Ci} pdu^˚∇^{LC}_q qs_X μ Then, the Dirac-Weyl operators leptons and anti-leptons: {∇^L_{1q} :“ σ^μ ¨ rpt^˚∇^{Up1q}q b_{Ci} pdu^˚∇^{LC}_q qs_X μ {∇^R_{12} :“ σ^{μ˚} ¨ rpt^˚∇^{U1q}q b_{Ci} pdu^˚∇^{Spp1q}qs_X μ ¯{∇^L_{12} :“ σμ ¨ rpt˚ ¯∇Up1qq b_{Ci} pdu˚∇Spp1qqs_{X μ}

{∇^R_{1q} :“ σ^{μ˚} ¨ rpt^˚ ¯∇^{Up1q}q b_{Ci} pdu^˚∇^{LC}_q qs_X μ We will also use the “dotted‘ theta connections that we defined earlier, which again correspond to “slashed”, but are somewhat easier to read. 1 2 iI 9θ^L :“^1_2 iIσ^μ ¨ θ_X μ 1 2 i_nI_n 9θ^L :“^1_2 i_nI_nσ^μ ¨ θ_X μ 1 2 iI 9θ^R :“^1_2 iIσ^{μ˚} ¨ θ_X μ 1 2 i_nI_n 9θ^R :“^1_2 i_nI_nσ^{μ˚} ¨ θ_X μ Let us now examine the final pulled-back Dirac-Higgs equations that result for each of these four types of tensor-product fermions, after we expand the tensor product Dirac operators into a form with the covariant operator associated with the connection written out in full:

Quarks and Leptons:

p {∇^L_{kq} ´^1_2 iI 9θ^L ´^1_2 i_nĪ_n 9θ^Lqq^L_n “ pθ_Z0 ` θ_Q0_n qpT^0 b_{Ci} D^0_n b_J ψ^R_g q

p {∇^R_{k2} ´^1_2 iI 9θ^R ´^1_2 i_nĪ_n 9θ^Rqq^R_n “ pθ_Z0 ` θ_Q0_n qpT^0 b_{Ci} S^0_n b_J ψ^L_g q

p {∇^L_{1q} ´^1_2 iI 9θ^L ´^1_2 i_nĪ_n 9θ^Lql^L_n “ pθ_Z0 ` θ_Q0_n qpV^0 b_{Ci} D^0_n b_J ψ^R_g q

p {∇^R_{12} ´^1_2 iI 9θ^R ´^1_2 i_nĪ_n 9θ^Rql^R_n “ pθ_Z0 ` θ_Q0_n qpV^0 b_{Ci} S^0_n b_J ψ^L_g q

Anti-quarks and Anti-leptons:

p {∇^L_{k2} `^1_2 iI 9θ^L `^1_2 i_nĪ_n 9θ^Lqq̄^L_n “ pθ_Z0 ` θ_Q0_n qpT̄^0 b_{Ci} S^0_n b_J ψ^R_g q

p {∇^R_{kq} `^1_2 iI 9θ^R `^1_2 i_nĪ_n 9θ^Rqq̄^R_n “ pθ_Z0 ` θ_Q0_n qpT̄^0 b_{Ci} D^0_n b_J ψ^L_g q

p ¯{∇^L_{12} `^1_2 iI 9θ^L `^1_2 i_nĪ_n 9θ^Lql̄^L_n “ pθ_Z0 ` θ_Q0_n qpV̄^0 b_{Ci} S^0_n b_J ψ^R_g q

p {∇^R_{1q} `^1_2 iI 9θ^R `^1_2 i_nĪ_n 9θ^Rql̄^R_n “ pθ_Z0 ` θ_Q0_n qpV̄^0 b_{Ci} D^0_n b_J ψ^L_g q

Notice that in this form, the D_n b_J $^L sections are still coupled to D_n b_J $^R sections, via a Higgs field that is the product of the complex scalar function θ^C_X 0 with quaternionic function θ^H_{X 0} . We will remedy that in the next section.

The Higgs fields of physics is represented here by the product of the Higgs field “connections”, θ^C_{Z0} and θ^H_{Q0n} .

5.2.1. The Higgs “Field”. As we discussed in the previous subsection, by only using half as many bundles, we give up immediate coupling of equations. The vectorvalued spinor fields on the right sides of the equations are not in the tensor product bundles, so they are not in our collection of fermion fields. (The basic issue is that on the right side, the D^0_I and S^0_I components of the tensor product fields would have to be switched for the product field to be in one of our product bundles.) To accomplish this, we need to digress a little to discuss the way the Higgs field enters the Standard Model.

In the physics literature, the pullbacks of S_I and D_I are not conceived of as subbundles of a single bundle, but rather as independent bundles, where S_I is trivial. Sections of the two trivial complex one-dimensional subbundles of S_I are conceived of simply as scalar complex-valued functions. Under this perspective, the only true vector bundle is the pullback of D_n, and the only vector-valued field is D^0_n. Consequently, in the physics literature, the switch from D^0_n to S^0_n is seen as turning a vector field into a pair of scalar fields, by taking inner products of D^0_n with a Higgs doublet field. The reverse process of switching from S^0_n to D^0_n is seen as multiplying complex scalar fields by the same Higgs doublet field. So the end result is that our first equation is interpreted as that the {∇^L_{kq} connection turns a D_n vector field into another D_n vector field, namely, the Higgs field, multiplied by a scalar field (the section of S_n). The expressions to accomplish this task are quite involved [NOTE].

A simpler approach, which we will adopt here, is to define the switch operator Sw. It sends a quaternionic D_n one-vector into the quaternionic S_n one-vector with the same quaternionic magnitude. In terms of the local basis pS^0_n{||S^0_n||, D^0_n{||D^0_n||q

at a point p of M_λ, Sw has the representation ^ 0 1 1 0 ˙ . Clearly Sw^{´1} “ Sw. 31

Thus:

D^0_n “ pq_{nd}qpq_{ns}sq^{´1}SwS^0_n S^0_n “ pq_{ns}qpq_{nd}q^{´1}SwD^0_n where the q_{nd}, q_{ns} quaternion-valued functions are the quaternionic magnitudes of the D^0_n and S^0_n fields at each point. Since our Higgs field is just another quaternionvalued function itself, it can be multiplied with the re-scaling factors. Thus: θ^H_Q0_n D^0_n “ pq^θ_nqpr_nqSwS^0_n θ^H_Q0_n S^0_n “ pq^θ_nqpr^{´1}_n qSwD^0_n

where q^θ_n is the quaternionic value of θ^H_{Q0n} , and r_n “ pq_{nd}qpq_{ns}q^{´1}.

The result is that we get new Dirac-Weyl-Higgs equations for the fermion fields: Quarks and Leptons:

p {∇^L_{kq} ´^1_2 iI 9θ^L ´^1_2 iI 9θ^Lqq_L “ pθ_Z0 ` θ_Q0_n r_nSwqq_R

p {∇^R_{k2} ´^1_2 iI 9θ^R ´^1_2 iI 9θ^Rqq_R “ pθ_Z0 ` θ_Q0_n r^{´1}_n Swqq_L

p {∇^L_{1q} ´^1_2 iI 9θ^L ´^1_2 iI 9θ^Lql_L “ pθ_Z0 ` θ_Q0_n r_nSwql_R

p {∇^R_{12} ´^1_2 iI 9θ^R ´^1_2 iI 9θ^Rql_R “ pθ_Z0 ` θ_Q0_n r^{´1}_n Swql_L Anti-quarks and Anti-leptons:

p {∇^L_{k2} `^1_2 iI 9θ^L `^1_2 iI 9θ^Lqq̄_L “ pθ_Z0 ` θ_Q0_n r^{´1}_n Swqq̄_R

p {∇^R_{kq} `^1_2 iI 9θ^R `^1_2 iI 9θ^Rqq̄_R “ pθ_Z0 ` θ_Q0_n r_nSwqq̄_L

p ¯{∇^L_{12} `^1_2 iI 9θ^L `^1_2 iI 9θ^Lql̄_L “ pθ_Z0 ` θ_Q0_n r^{´1}_n Swql̄_R

p {∇^R_{1q} `^1_2 iI 9θ^R `^1_2 iI 9θ^Rql̄_R “ pθ_Z0 ` θ_Q0_n r_nSwql̄_L We now have pairs of coupled equations with all terms confined to the tensor product. We shall now show that this is isomorphic to the Standard Model Dirac- Higgs equations for quarks and leptons, with the physical hypercharge connection, Higgs field and mass matrices. The first step is to derive the Standard Model hypercharge from our tensor product of theta connections.

5.3. Derivation of Hypercharge. So far, we have derived Dirac-Higgs equations from our harmonic map tension equation that are very similar to their Standard Model equivalents, but we have only analyzed the irreducible representations of the SUp3qSpp1q part of the gauge connections. The Standard Model gauge group is SUp3qSUp2qUp1q, where Up1q defines what the physicists call hypercharge. In this section we will show how our hypercolor operator and hyperspin operator tensor together to produce the hypercharge Up1q gauge interaction.

5.3.1. Hypercolor. We already know quite a bit about the {∇_1 b^1_2 iI 9θ hypercolor operator. Its Up1qUp1q – Up1q holonomy action is on V – Op´2q_{CP}3 via the V_{´2} representation of Up1q. Let us therefore define the hypercolor Y_C of the line bundle Opn{2q representations of {∇_1 b^1_2 iI 9θ as n{2. So the hypercolor of the V component of any tensor is Y_C pV q “ ´2. Switching to V̄ – Op`2q, leads to a hypercolor of Y_C pV̄ q “ `2.

The operator {∇_1 b^1_2 iI 9θ also acts on T^{1,0}_I C P^3_o – T via a representation of Up1q. If we say that it acts the same on all subspaces of the tangent space, the lie algebra representation has the form of a pure imaginary number multiplied by the 3x3 identity matrix, say¨ ˝ a 0 0 0 a 0 0 0 a

˛ ‚ The trace of this number is the hypercolor of the operator on the particular line bundle associated with the tangent bundle by the mapping of T Ñ T^{1,0}_I C P^3_{Io} and V Ñ Op´2q. Since, as we shall learn in the next section on hyperspin, this same map defines a complex contact bundle Op`2q, on C P^3_{Io}, that associated bundle must be Op`2q, whose hypercolor is obviously `2. So, clearly 3a “ `2, a “ `2{3, and thus Y_C pT q “ `2{3 Clearly also Y_C pT̄ q “ ´2{3.

5.3.2. Hyperspin. The hyperspin operator {∇_2 b^1_2 i_nI_n 9θ is quaternion-valued. In order to understand its releationship to hypercharge, we need to reduce its quaternionic action on the quaternionic line bundle S_n to that of a complex connection two different complex line bundles. In order to do this, we need to single out a complex structure, I. This will allow us to fiber over C P^3_{Io}, as we did in the LCK case, instead of over H P^1_o. This will have the effect of reducing the Spp1qSpp1q hyperspin operators to complex-valued Up1qUp1q operators similar to the hypercolor: {∇_1 b^1_2 iI_n 9θ, with only the different complex structures I_n to differentiate it from hypercolor.

This specification of a particular I is accomplished by the tensor product. Tensoring A_n b_{Ci} T^{1,0}_I and Ā_n b_{Ci} T^{0,1}_I singles out a particular i P S^2 in the onedimensional quaternionic subspaces at each point defined by S_x, D_x, making each subspace isomorphic to C^2 . Thus it defines one complex structure I P S^2 in the hypercomplex structure on M_λ. The Spp1q_{iso} holonomy group can be identified with SUp2q_I . Under this isomorphism

A_nM_λ – T^{1,0}_I M_λ Ā_nM_λ – T^{0,1}_I M_λ

Using I, we can define several additional distributions on A_n and Ā_n, besides the standard distributions S_n, S̄_n, D_n, D̄_n. We use the mappings p1 ´ iIq, p1 ` iIq to map the distributions T “ kerpθ ` Iθq and V “ xθ^#, Iθ^#y into holomorphic and antiholomorphic distributions:

T_{nI} , T̄_{nI} :“ p1 ¯ iI_nqT V_{nI} , V̄_{nI} :“ p1 ¯ iI_nqV

Since T_{nI} holomorphically maps onto T^{1,0}_I C P^3_o, we can use D_n to define a complex contact distribution on C P^3_{Io}. The contact line bundle of this complex contact structure is then isomorphic to a one-complex dimensional subdistribution of S_{nI} that we will call L_{nI} . According to Salamon, for any complex structure, this contact line bundle on C P^3_I is Op`2q [27]. Thus, the complex structure, I, is determined by the tensor product with LCK bundles, but the complex contact structure on T_{nI} – T^{1,0}_I C P^3_o is determined by the rest of the hypercomplex structure, which defines D_{nI} , S_{nI} . Clearly, T_{nI} “ D_{nI} ` L_{nI}

Also, note that S_{nI} “ V_{nI} ` L_{nI} Thus we can redo our LCHK reduction, this time going to the complex distributions T_{nI} and V_{nI} , instead of the quaternionic S_n and D_n. This means that the effect on the pullback equations of reducing the LCHK equation to T , that is, to T^{1,0}_I C P^3_o, is to split the quaternionic bundle S_nI into two complex line bundles V_{nI} and L_{nI} . This is equivalent to reducing the Spp1qSpp1q gauge group of {∇_2 b^1_2 i_nI_n 9θ into a Up1qUp1q gauge group of {∇_1 b^1_2 iI_n 9θ. (Notice the analogy with reducing the Up1qSUp2q electro-weak interaction group to a Up1qUp1q group generated by the hypercharge and the third isospin component, T_3.)

Since the Weyl connection preserves the hypercomplex structure, it also preserves this complex contact structure. The key difference, when reduced to the tangent bundle of C P^3_{Io}, between the LCK Weyl connection and the LCHK Weyl connection, is that the LCHK holonomy preserves the complex contact structure, whereas the LCK holonomy does not. The holonomy group differences between the LCK and LCHK cases can be seen to be the result of the different homogeneous space realizations of C P^3 as either SUp4q{Up3q or Spp2q{Up2q, with well-understood implications for homogeneous kaehler metrics. The holonomy of the hyperspin connection is intimately bound up with the complex contact structure.

The holonomy representations of the connections on T_{nI} “ D_{nI} ` L_{nI} can be understood by considering the decomposition of the isotropy representation of Spp1qUp1q on the homogeneous complex contact space C P^3_I “ Spp2q{SUp2qUp1q, with an Op`2q contact line bundle, namely:

D_{nI} ` V_{nI} “ V_1pSpp1qq b V_0pUp1qq ` V_0pSpp1qq b V_2pUp1qq

That is, the SUp2q connection acts via the V_1 representation on D^{1,0}_I , while the Up1q connection is trivial (V_0). The SUp2q connection is trivial on V^{1,0}_I , while the Up1q connection acts via V_2.

We will define the Up1q – Up1qUp1q representation of {∇_1 b^1_2 iI_n 9θ as the hyperspin, Y_S . SinceV_{nI} – Op´2q, for all n, and L_{nI} – Op`2q, for all n, the effect of D b^1_2 iI_n 9θ on these line bundles is the same as D b^1_2 iI 9θ:

Y_S pV_{nI} q “ ´2, Y_S pL_{nI} q “ `2, Y_S pV̄_{nI} q “ `2; Y_S pL̄_{nI} q “ ´2.

Since D b^1_2 iI_n 9θ is trivial on D_{nI} , that means that Y_S pD_{nI} q “ 0, and also Y_S pD̄_{nI} q “ 0. The term hyperspin is chosen as a deliberate nod to the Standard Model term “third component of weak isospin,” T_3, Hyperspin is not defined the same way as T_3, but it has exactly the opposite effect, since iI_nθ_H is the third component, not of weak isospin, which is the isotropy group Spp1q_{iso}, but of the other Spp1q subgroup of Spp2q. Hyperspin is trivial on Spp1q_{iso} doublets, but nontrivial on Spp1q_{iso} trivial singlets.

5.3.3. Hypercharge and a Comparison with Physics. The tensor product connection ∇_{Up1q} b iIθ b iI_nθ, combining the hypercolor connections and the hyperspin connection, can be computed straightforwardly. In this case, the hyperspin and hypercolor quantum numbers can add together to produce a single number.

The distributions T and D_{nI} are both in T^{1,0}_I M_λ, and V and V_{nI} have both been identified as isomorphic to Op´2q over C P^3_I . Similarly, we established that

F ermion T ensor Y_C Y_S 2Y 4T_3 Q pd{uq_L T D_{nI} `2{3 0 `2{3 p´2, `2q ´1{3, `2{3 pe{νq_L V D_{nI} ´2 0 ´2 p´2, `2q ´1, 0

d_R, u_R T V_{nI} , T L_{nI} `2{3 p´2, `2q ´4{3, `8{3 0 ´1{3, `2{3 e_R, ν_R V V_{nI} , V L_{nI} ´2 p´2, `2q ´4, 0 0 ´1, 0

d̄_L, ū_L T̄ V̄_{nI} , T̄ L̄_{nI} ´2{3 p`2, ´2q ´4{3, `8{3 0 `1{3, ´2{3

ē_L, ν̄_L V̄ V̄_{nI} , V̄ L̄_{nI} `2 p`2, ´2q ´4, 0 0 `1, 0

pd̄{ūq_R T̄ D̄_{nI} ´2{3 0 ´2{3 p`2, ´2q `1{3, ´2{3

pē{ν̄q_R V̄ D̄_{nI} `2 0 ´2 p`2, ´2q `1, 0

Table 1. Hypercharge 2Y = Hypercolor Y_C + Hyperspin Y_S

L_{nI} – Op`2q. The tensor products of line bundles are easy to compute, e.g

V b_{Ci} V_{nI} – Op´2qOp´2q “ Op´4q V b_{Ci} L_{nI} – Op´2qOp`2q “ Op0q

So if we define the connection ∇_{Up1q} b iIθ_C b iI_nθ_H on these product bundles, the product representations will be parameterized by 2Y :“ Y_C ` Y_S , where Y is the Standard Model hypercharge. Hypercharge is thus the tensor product of the two theta connections.

Thus by employing the standard definition of electromagnetic charge Q “ T ´3` 1{2Y we get Table 5.3.3, containing the fermion hypercharges and charges derived by our model. It is identical to the corresponding hypercharges and charges of the Standard Model for each generation.

6. Statement of the Hypothesis and Additional Support

At this point, let us pause and take stock. We have been examining the geometry of M_λ, the moduli space of hyperholomorphic H - line bundles on the hyper-elliptic Hopf surface. Such Hopf surfaces are like “hyperelliptic quaternionic curves” and are in many ways the quaternionic analogues of elliptic curves in complex geometry. The moduli space itself is the quaternionic analogue of the Picard variety of an elliptic curve, a very important structure in the study of the properties of these curves. Thus we are studying a moduli space that should be very important for the study of four-dimensional manifolds in general, since quaternions seem to play a role in the very unusual properties of four dimensions.

Now, one four-dimensional manifold is the space-time of classical field theory. So one might expect M_λ to have some relevance to physics. But the results we have obtained are quite extraordinary. The two complementary aspects of the Hopf surface, its quaternionicity and its ellipticity led to quaternionic constructions, such as the LCHK structure and Swann fibration, and also to complex constructions, such as the LCK structure and SLp2, Cq spin connection. These have led us to unique holomorphic sections of the fiber bundle M_λ Ñ H P^1_o, each defined by one of a very restricted class of Lorentzian metrics on H P^1_o. Because of the natural structures we have defined, these sections are harmonic maps from H P^1_o Ñ M_λ, and thus solve Euler-Lagrange equations. These Euler-Lagrange equations (the tension equation), turn out to be identical to the unbroken Standard-Model Dirac- Higgs equations for all known fermion fields, all known interactions, the precise quantum numbers for the interactions.

One is led to suspect that there is something profoundly important to physics about M_λ. We will therefore propose the following very strong hypothesis:

Hypothesis. Physics is the geometry of M_λ: classical field theory is its differential geometry; quantum field theory is its algebraic geometry.

In this section 6, we shall provide some additional support for this hypothesis. First, in section 6.1, we will examine the other half of the equations that comprise the Standard Model, namely, the Yang-Mills equations solved by the curvatures of the interaction connections, which couple to currents constructed from the fermionic fields. We will find that, here too, M_λ provides exact counterparts to the Standard Model. We will also show that the equation solved by the Higgs field is itself a form of Yang-Mills equation for a curvature, and this will illuminate the role of the Higgs mass parameter as another interaction coupling constant. We will find that all four coupling constants (including the Higgs mass) are derived from an unbroken coupling field consisting of the Levi-Civita connection form of the Lorentzian metric.

The remaining subsections are quite brief. Each deals with a very large topic and is meant to provide only a sketch of an argument that supports our hypothesis.

In section 6.2, we will examine some of the implications of this construction for the Lorentzian metric itself. We will find that since all constant-parameter quadratic terms have been removed, all fields are massless and the metric is conformally flat. Thus, the unbroken equations (which presumable describe a very high-temperature regime indeed!), describe a metric of the sort proposed by Penrose for the very early universe.

In section 6.3, we will revisit the Higgs field, fermion generations, and the mass matrices. We will find that the 20 components of the mass matrices, CKM matrix, and PMNS matrix, plus the four components of the Higgs field itself, are consistent with defining the orientation of E relative to D_n and S_n, and thus of the original choice of Lorentzian metric g, and thus spinor ψ_g, complex structure I, and section ψ^´_{gλ}.

In section 6.4, we will look at quantization. As is typical in non-linear sigma models, we treat the sections ψ^´_{gλ} : H P^1_o Ñ M_λ as the coordinate functions of M_λ. We then construct a state space by taking symmetric (in the LCHK case, antisymmetric) local products of these coordinates. Since our maps are holomorphic, this state space is equivalent to the sheaf of holomorphic functions on M_λ in the LCK case, and a somewhat more elaborate sheaf in the LCHK case. The harmonic maps act as coordinate fields, while the Z^0 and Q^0_n fields act as derivation operators on this sheaf. When we tensor together the fields, the resulting field operators obey the standard commutation and anti-commutation rules of quantum field theory. In addition, the original Dirac field on H P^1_o, defined by the parallel spinors of the Lorentz metric, lifts to define a holomorphic flow on M_λ. The QFT version of that flow defines sheaf homomorphisms of state space sheaf that are consistent with the QFT time evolution operator.

6.1. Curvature Equations and Currents. So far, we have taken the Weyl connections on M_λ as fixed and asked how their configuration governed the harmonic sections ψ^´_{gλ}. In the terminology of physics, we have assumed an external force field. The Standard Model, however, has the interaction connection and the fermion fields coupled together. Just as the fermion fields solve the connection-defined Dirac- Higgs equations, so the connections (their curvatures, actually) solve the Yang-Mills equations which couple them to “currents” constructed from the fermion fields. Physicists say that the fermion fields generate the gauge (curvature) fields, just as the gauge (connection) fields reciprocally control the fermion field’s behavior.

We can interpret the tension equation as describing how the distribution E looks in terms of structures on M_λ. The Yang-Mills approach is the opposite: to describe how the structures on M_λ look in terms of the distribution E. The Yang-Mills equations have the general form

tr_g p∇ ˝ F^∇q “ c_∇jpψ_f q

where tr_g is the same trace operator that we encountered in the tension equation, F^∇ is the curvature of the connection ∇, jpψ_f q is the lie-algebra-valued current associated with the fermion field ψ_f , and c_∇ is the “coupling constant” associated with the “interaction” ∇. Since ∇^w_b , ∇^w_h are defined on M_λ, while g exists on H P^1_o, we have to use the lifted cometric g˚ on the distribution E in order to perform the trace, as before. Since the lifted (sub)metric g is (sub)kaehler on E, we know that

tr_g p∇ ˝ F^∇q “ ∇pF^1pg^˚qq

where F^{1∇} is the pullback to E of the curvature tensor F , and we take a Ricci-style trace, except that the result is a Lie Algebra-valued function, instead of a scalarvalued two-tensor. (Kobayashi discusses F^1pg^˚q, which he calls the mean curvature tensor, and the Ricci tensor in depth in [15], and shows their equivalence on kaehler manifolds. Besse [4] discusses exchanging tr_g and ∇ for kaehler metrics.)

The connections we defined in previous sections were pulled back to E from connections on M_λ that were themselves lifted (after our reduction process) from various standard vector bundle connections on the kaehler manifold C P^3_{Io}. All these connections are themselves pulled back from connections that are homogenous under the isometry groups of the kaehler symmetric space C P^3_I .

The bundles involved are isomorphic to the tangent bundles T^{1,0}_I C P^3_I , T^{0,1}_I C P^3_I and the line bundles Op´2q, Op`2q. In what follows, we shall use the symbol, ∇, for any one of the many connections on these bundles that we defined in previous sections and pulled back to E and to H P^1_o.

We know from Opferman and Papadopoulos [21], that in the homogeneous case the curvature form and symmetric curvature tensors of these homogeneous connections take on a very simple form:

F^∇ “^1_2 Y^iprY^is_{mn}dx^m ^ dx^nq

F^{1∇} “^1_2 Y^iprY^is_{mn}dx^m b dx^nq

where Y^i are the generators of the lie algebra of the isotropy group of the homogeneous connection (which is the holonomy group), and dx^m is a co-frame of forms onC P^3_I . After combining our expressions from above, and writing the g-trace on E explicitly, we get:

tr_g p∇F^{1∇}q “ ∇p^1_2 Y^iprY^is_{mn}dx^mpX^μq b dx^npX^μqqq

“ Y^iprY^is^{mn}dx^mp∇^{LC}_g X^μq b dx^npX^μqq

where ∇^{LC}_g is the Levi-Civita connection for g, and we know that on symmetric spaces ∇pF^∇q “ 0.

We will be looking at tensor products of vector fields with parallel spinors, of course, so we will have to evaluate that expression carefully. The expression on the right is a lie-algebra-valued symmetric 2 form, so the trace of the comparable form for the curvature of our connections on M_λ, e.g., ∇^w_b , tensored with the Lorentz spin connection, ∇^{sp}_g , includes a hermitian inner product, x, y, on spinors:

“ Y^iprY^is_{mn}dx^mp∇^{LC}_g X^μq, dx^npX^μqxψ^L_g , ψ^L_g y

where, as always, ψ^L_g is a parallel spinor, left in this case. Continuing:

“ Y^iprY^is_{mn}dx^mp∇^{LC}_g X^μq, X^0qxψ^L_g , σ^μψ^L_g y

where we have use the properties of Jordan multiplication to move X^μ to the spinor side. Moreover, by the definition of the Levi-Civita connection acting on the frame fields X^μ, we have:

“ a_X Y^idx^μprY^is_{mn}dx^mpX^0q, dx^npX^0qqxψ^L_g , X^μ.ψ^L_g y

where the real scalar field a_X is defined as

a_X :“ ÿ vk X^ν Γ^0_{νκ}X^κ

where Γ^μ_{νκ} are the Christoffel symbols for ∇^{LC}_g .

We will call a_X , the unbroken coupling field. It corresponds to the coupling constants g, g_2, g_1 of the Standard Model, which at high energy would then converge to a single value. In this theory, the coupling field is derived from the gravitational connection on the distribution E. If the pp-wave gravitational metric, g, has a non-zero minimum-energy solution, as the Higgs field has, then at “low” temperatures, the coupling field could freeze out as a coupling constant. This observation would seem to reinforce the notion that our Dirac-Higgs equations describe a hightemperature regime.

Writing our currents in a more compact form, here are a few representative samples:

a_X xq_R, rY^isσ^μ ¨ q_Ry right-quark color current

a_X xl_L, rY^j sσ^μ ¨ l_Ly left-lepton weak current

where rY^is, rY^j s are the generators of the SUp3q, Spp1q groups, and we have only shown the coordinate representation of the currents. The hypercharge currents are the sum of hypercolor and hyperspin currents, each of whose lie algebra is generated by i.

Clearly the quaternionic Higgs field as we have defined it, θ^{Q0n} , is part of the LCHK Weyl connection, and thus has a curvature

d_X μ ´ θ_Q0_n θ_Q0_n where the action of θ_Q0_n on itself is by quaternionic multiplication. Some of the currents associated with this curvature are

a_X xl_R, rY^j sσ^μ ¨ l_Ly leptonic Higgs current

a_X xq̄_R, rY^j sσ^μ ¨ q̄_Ly anti-quark Higgs current

The dimensionless mass coupling constant of the Higgs interaction^1_2 pm_h{vq^2 is clearly the parameter that corresponds to g, g_1, g_2 in the other curvature equations. In our theory, it too is our coupling field a_X .

This examination of curvature and currents has shown that the M_λ equations are essentially identical to the Yang-Mills equations for gauge fields (curvatures) with interacting with currents and a coupling field. We also suggest that the Higgs coupling to currents is also such a Yang-Mills equation. Our strong hypothesis seems to be well supported.

6.2. Einstein Equations. We defined our Lortentzian metric g as supporting parallel spinors. This implies that it is a pp-wave or Brinkmann metric. In addition, by requiring that the complex structure on the twistor space be integrable, we are implying that g is conformally flat. Conformally flat, pp-wave metrics are known to provide exact solutions to the Einstein gravitational equations, but they are socalled null dust solutions, meaning that they describe a universe with only massless fields and gravity.

At first this may seem like an unreasonable assumption to make about the universe, but in the case of our equations, it makes sense. Our coupled equations are completely massless. All the mass and coupling Lagrangian parameters (the ones that break conformal symmetry) have been replaced by scalar fields. So the equations do describe a conformally flat universe filled with massless fields and gravity.

Penrose suggested that such conformally flat metric might describe the early universe just after the Big Bang [25]. We suggest that our unbroken equations, with non-minimum coupling and Higgs fields, describes a very high-temperature conditions, and that at lower temperatures, the Higgs and coupling fields freeze out to their minimal energy values, and the observed universe takes on its familiar form. One could also say that these equations describe a very high-energy situation in general. When we discuss quantization, in section 6.4, we will revisit some of these issue.

Our harmonic maps solve a minimization problem that includes both g and the M_λ metrics, so that minimization problem must be equivalent to one including our version of the fully unbroken classical Standard Model along with the ppwave gravitational metric. Thus the Eells-Lemaire stress-energy two-tensor of the harmonic map [10] is S_ψ “ e_ψgψ^˚_{gλ}b where e_ψ is the energy density of the map, and ψ^˚_{gλ} is the pullback of the LCK or LCHK metric. Since we know that the Einstein equation works for pp-wave metrics, the traceless Ricci tensor (or Einstein tensor) must be proportional to S_ψ, with the proportionality constant G, namely the gravitational constant. Since the Einstein tensor includes g, this suggests that

e^{´1}_ψ S_ψ “ g ´ e^{´1}_ψ ψ^˚_{gλ}b “ g ´ ψ^˚_{gλ}b{tr_gpψ^˚_{gλ}bq is GS_ψ in the Einstein equations. (We have used the shorthand tr_g pψ^˚_{gλ}bq for ||dψ^´_{gλ}||^2_{bg} , because it shows more clearly the relationship of the energy density to g and b. And we have neglected h in this discussion, but it is there also in the complete expression.)

Thus, in this model G “ e^{´1}_ψ that is, the gravitational constant is just the inverse of the local energy density the harmonic map that defines our particular universe. Obviously, this value may vary very slowly, so it may appear constant, but in this theory can vary.

The hypothesis still holds up pretty well, although in its classical unbroken form it seems to describe only the hot, very early universe or very high-energy interactions.

6.3. Higgs Fields, Generations, and Mass Matrices. When we left the Higgs, field in section 5.2.1, it had the form

θ_Z0 ` θ_Q0_n r_nSw

where at any point

θ^C_Z0 pxq :“ θpZ^0qpxq “ θpX^0 ´ iIX^0qpxq P C

θ^H_Q0_n pxq :“ θpQ^0_nqpxq “ θpX^0 ´ i_nI_nX^0qpxq P H^3

r_npxq :“ pq_{nd}qpxqpq_{ns}q^{´1}pxq P H^3

where q_{nd}, q_{ns} are the quaternionic magnitudes of the fields D^0_n, S^0_n. Neglecting Sw, whose form is fixed by the frame, as described in 5.2.1, and for the moment also the complex Higgs field θpZ^0q, the quaternionic Higgs field and the r_n field each have twelve real parameters (three quaternionic parameters each).

It is plausible that the twelve r_n parameters are related to the twelve real mass values in the diagonal mass matrices of the Standard Model. Each generation has four mass matrix values: m_ν , m_e, m_u, m_d, which would then represent a single quaternion. In the Standard Model these values are fixed, in this model, they constitute a field that specifies at any point the quaternionic orientation of the E distribution in AM_λ. The Standard Model 3 x3 real mass matrices for each particle type would then be combined into a single 3 x3 quaternionic matrix.

In the Standard model, the other twelve real values associated with the Higgs field, are (a) two complex numbers specifying the Higgs doublet, (b) four real values for the CKM matrix, and (c) four real values for the PMNS matrix. We hypothesize that these three values are each quaternionic, and are represented in this model by θpQ^0_nq, the quaternionic Higgs field. In other words, in this model, the Higgs field is tri-quaternionic and includes the CKM and PMNS values.

The complex Higgs field, θpZ^0q, measures the complex magnitude of the V^0 field, in other words, the leptonic component. Presumably, it enters the picture by inducing the split between the CKM (quark) matrix and the PMNS (lepton) matrix.

In the Standard Model, the Higgs field has all four degrees of freedom at high temperatures, but freezes to single fixed value at a transition temperature. On the other hand, in the Standard Model, the mass, CKM, and PMNS matrices are fixed. Presumably, if this model is correct, then either the parameters are very slowly changing and reflect the local orientation of E, or else they have frozen out at some even higher temperature. There is thus a parallel between our treatment of the quaternionic Higgs field, the coupling field, and the gravitational constant.

6.4. Algebraic Geometry of M_λ and Quantum Field Theory. Since M_λ, is a manifold, it is a pair, pM_λ, Sq, where M_λ is the underlying topological space and S is the structure sheaf of functions over open sets of M_λ. Basically, the structure sheaf is generated by the coordinate functions of the manifold, so for complex manifolds, say, the holomorphic coordinate functions generate the structure sheaf, O_{Mλ} , of holomorphic functions on M_λ. The great insight of algebraic geometry is that the geometric properties of the manifold M_λ can be derived from the algebraic properties of its structure sheaf. We will now begin to apply this insight to our model, finding very quickly that the result is to “quantize” our classical field theory.

The idea that the quantum version of a classical geometry is based on the set of functions on the manifold, instead of maps into the manifold, is by now fairly common. Berger’s monumental tome from 2003 [3], for example, analyzes Riemannian manifolds from two viewpoints: as quantum mechanical worlds, via spectral geometry, and as dynamical systems, meaning classical worlds, via geodesics. Witten, in his influential paper on Morse theory [38], pointed to the close similarity between the ideas of quantum field theory and the properties of Morse functions on manifolds. And of course the theory of geometric quantization uses the sections of a line bundle over the symplectic manifold of classical states to quantize Hamiltonian mechanics. We will be focussing specifically on the structure sheaves of functions of M_λ that define its complex structure and hypercomplex structure.

We will find that the germs of functions in these sheaves represent quantum states, and that our classical fields naturally act as operators on these germs in the precise fashion that Standard Model field operators act on the states of the associated quantum field theory. We will also find that the most important operator on quantum states, the interaction propagator (also called the “time-evolution operator of the interacting field theory” [26]), is induced by a natural holomorphic flow on M_λ defined by our classical equations. By contrast to some previous theories, our model does not require the construction of state spaces over infinite dimensional manifolds of classical solutions. Instead, we will only use sheaves over the finite-dimensional manifold M_λ.

6.4.1. Complex Structure Sheaf on M_λ. Since M_λ is a complex manifold, it is also a complex analytic space, with structure sheaf of holomorphic functions, O_{Mλ} . These functions are generated by the holomorphic coordinate functions z^i : M_λ Ñ C . At each point p of M_λ the stalk O_p of the sheaf is comprised of the germs of holomorphic functions at p.

Since O_{Mλ} is a commutative ring, the individual stalks are also commutative rings, thus germs can be multiplied by each other and added together. Since the coordinate functions themselves are elements of the sheaf (linear functions), germs of the coordinate functions act as operators on stalks by germ multiplication, which is symmetric in this case. In fact, the entire stalk, O_p, is generated by the germs of the coordinate functions at p, through symmetric multiplication and addition.

As germs of linear functions they are representatives of cosets in m_p{m^2, where m_p is a maximal ideal of O_{Mλ} , consisting of the holomorphic functions that vanish at p. The space m_p{m^2 is defined as the cotangent space to M_λ at p. There are thus natural mappings from germs of coordinate functions into both covectors and operators on O_p.

Similarly, tangent vectors are defined as derivation operators on O_p, that is sheaf homomorphisms that follow the Leibnitz rule.Thus derivation operators on germs ϕ_p, β_p at p are defined by D_ppϕ_p ¨ β_pq “ pD_pϕ_pq ¨ β_p ` ϕ_p ¨ pD_pβ_pq where we use ¨ to represent ring multiplication in the stalk. Thus, both the germs of holomorphic coordinate functions z^i_p : M_λ Ñ C and the holomorphic tangent basis vectors at a point, Z^i_p act as operators on the stalk O_p.

6.4.2. Hypercomplex Structure Sheaf on M_λ. M_λ is also a hypercomplex manifold, but there has been very little written on the appropriate structure sheaf to use for a hypercomplex manifold. Verbitsky [35], following a suggestion by Simpson and Deligne [30], defined a hypercomplex variety, M, as a variety having a sheaf of complex differentials, Ω^1pO_M q with three separate complex structures and thus a natural SUp2q action on the sheaf.

We will take a leaf from Widdows’ [37], and define the structure sheaf of a hypercomplex manifold by reference to the three bundles of complex differentials we used earlier, 5.3.2.

Ω^1_n :“ ΓpM_λ, Λ^{1,0}_n q :“ ΓpM_λ, p1 ` iI_nqT^˚q Widdows noted that the three Λ^{1,0}_n spaces represent a single spp1q “ sup2q-valued Λ^{1,0} space, with Spp1q “ SUp2q acting via the adjoint representation on spp1q. So with that as a suggestion, we will define the coordinate functions of the hypercomplex manifolds as the following functions on the atlas tU_αu

q^i_n : U_α Ă M_λ Ñ C b spp1q and construct the full sheaf by successive ring multiplications and additions of the coordinate functions, as we did with O_{Mλ} . Multiplication will involve ordinary complex multiplication in the C component, combined with the lie algebra bracket operation in the spp1q component. The new element is that this multiplication is anti-commutative: q^i_n ¨ q^j_m “ ´q^j_m ¨ q^i_n We will call the resulting sheaf A_{Mλ} . As with O_{Mλ} , both germs of coordinate functions, q^i_{np} and tangent vectors, Q^i_{np} act as operators on the stalks A_p.

6.4.3. Classical and Quantum States, Fields and Field Operators. We will define a “classical state,” as a pair

pp, pZ b_C Q_nq_pq P pM_λ, T^{1,0}_I M_λ b_C A_nM_λq For every classical state there is a stalk pO b Aq_p of germs, and all the germs in the stalk are “quantum states” that are associated with that classical state. Note that quantum states at different points can be related to each other by taking global section of the sheaf. However, as is well known, the problem of finding global sections of a sheaf over a manifold is usually non-trivial and always intimately related to the geometry of the manifold.

Let us define the germs of the constant sheaf

C_{Mλ} b_C C_{Mλ} Ă O_{Mλ} b_C A_{Mλ} as the “vacuum state” on each stalk, pO b_C Aq_p.

“Multi-particle states”, are then constructed from the vacuum by the “creation operators” z^i bq^j_n. For example the z^i bq^j_nC are “one particle states.” This process can continue until the entire pO b Aq_p stalk is generated by repeated multiplications and additions and scalar multiplications. Similarly, operations by vectors, the “annihilation operators”, subtract one particle from the state. For example Z^ipz^iC q “ C , Z^iC “ 0. Depending on which pair of creation operators is chosen, we can obviously create all our particle types: quark and anti-quark doublets and singlets, lepton and anti-lepton doublets and singlets, of all generations.

On stalks pO bAq_p, of the sheaf, these two operator types satisfy the (symmetric or anti-symmetric ) quantum commutation relations:

rz^i_p, Z^j_psϕ_p “ δ^{ij} ϕ_p rz^i_p, z^j_psϕ_p “ 0 “ rZ^i_p, Z^j_psϕ_p

tq^k_mp, Q^l_npuϕ_p “ δ^{kl}δ^{mn}ϕ_p tq^k_p , q^l_puϕ_p “ 0 “ tQ^k_mp, Q^l_npuϕ_p

where, as usual, { , } indicates the anti-commutor. Also, on open sets containing both points, p ‰ r, all the operators either commute or anti-commute with each other.

(Since our product creation/annihilation operators tensor a symmetric operator with an anti-symmetric operator, their overall behavior is anti-symmetric, so they obey Fermi-Dirac statistics. By contrast, the SUp3q, Spp1q, Up1q connection forms only operate on one of the sheaves, either O_{Mλ} , for SUp3q and Up1q_{YC} , or A_{Mλ} , for Spp1q and Up1q_{YS} . Thus, since an operator is the product of a vector space and its dual, the connection forms are symmetric b_{Ci} symmetric or anti-symmetric b_{Ci} antisymmetric, and the product is alway symmetric. So connection forms (interactions) obey Bose-Einstein statistics.)

Now we introduce our maps ψ^´_{gλ}: they associate points, x, in the space-time manifold, H P^1_o, and vectors at each point, e^0_x, with points and vectors on M_λ.

ψ^´_{gλ} : px, e^0_xq ÞÑ pψ^´_{gλ} b_{Ci} pψ^´_{gλ}q_npxq, Z^0 b_{Ci} Q^0_nq_ppxqq

The image points have coordinates ψ_λpxq^i b ψ_λpxq^j_n; the image vectors have components pZ^0q^i b pQ^0_nq^j . Clearly ψ_λpxq^i b ψ_λpxq^j_n and pZ^0q^i b pQ^0_nq^j operate on the stalk O_{ψpxq} b A_{ψpxq}. We will call ψ_λpxq^i b ψ_λpxq^j_n and pZ^0q^i b pQ^0_nq^j , in their capacity as operators on O_{ψpxq} b A_{ψpxq}, “field operators”.

6.4.4. The Time-Evolution Operator. The basic process in a quantum field theory experiment is that a set of states (the “initial states”) is associated with a position x on the space-time manifold. Then the Lagrangian density of the Standard Model is used to construct an operator on states called the time evolution operator (sometimes called the “propagator of the interacting fields”), that sends the initial states into a different set of states, the “final states,” that are now associated with another location in space-time, which is causally connected to the first position. The final step requires us to have an inner product on the states at each point, so that the final states at point two can be compared with a set of test states at that point. The scalar results are called “expectation values.” The propagator is required to preserve the inner product. (Notice that even if the points are not causally connected, there may be non-zero expectation values. Classically, of course, non-causally connected points cannot influence each other.)

As we have defined quantum states in our sheaf, the propagator associates a curve in space-time from px, e^0_xq to py, e^0_yq in H P^1_o, with another curve in classical state space, from

ppψ^´_{gλ} b pψ^´_{gλ}q_nqpxq, pZ^0 b Q^0_nqpxqq to

ppψ^´_{gλ} b pψ^´_{gλ}q_nqpxq, pZ^0 b Q^0_nqpyqq

and then with a sheaf homomorphism

pO b Aq_{ψpxq} Ñ pO b Aq_{ψpyq}

In order to generate causal curves that preserve the optical structure on H P^1_o, we need a causal flow on H P^1_o, that is parallel with respect to ∇^{LC}_g . For that we need a causal, ∇^{LC}_g -parallel vector field to integrate. The Dirac vector field, N_g, introduced in section 2.2.1, and uniquely determined by the metric g, is just such a causal parallel vector field that integrates to a flow.

Under the differential of all elements of the class |ψ^´_{gλ}|, N_g maps to a vector field in every leaf of E, and thus to a vector field on M_λ. This vector field holomorphic and integrable on M_λ. It therefore integrates to a holomorphic flow on M_λ, that is, one that preserves I, and thus the sheaf O_{Mλ} . Thus, each Lorentzian metric g on H P^1_o with a parallel spinor field is associated with a holomorphic flow on M_λ generated by dψ^´_{gλ}pN_gq|, @ψ^´_{gλ} P |ψ^´_{gλ}|. This holomorphic flow is an element of the set of all automorphisms of M_λ.

We know that these automorphisms can be regularly represented on the sheaf sections OpUq over open sets U containing both ψ_λpxq and ψ_λpyq. But such global sections may be hard to find. This is where quantum field theory comes in handy. The classical hamiltonian can be used to define the flow on the distribution E, using sub-pseudoriemannian theory. This classical hamilton is expressed in terms of the various fields we have defined. When we replace the fields with field operators on the sheaf, as we have defined them, we automatically get a representation of the flow as a sheaf homomorphism, without reference to global sections. This representation is the quantum field time evolution operator or propagator.

The classical propagator operates within one leaf of the distribution E. Let us call that one “classical parallel universe”. However, since the sheaf is defined on open sets of M_λ, germs of the sheaf, and hence quantum states touch an infinite number of parallel classical universes. Thus, the quantum field propagator, which sends germs to germs will affect more than just one leaf of a distribution. This is why in quantum field theory there can be non-causal influences, for example.

6.4.5. Expectation Values and Comments on QFT. The final step of a quantum field theory experiment is to calculate expectation values, that is inner products between final states and some test states, perhaps the vacuum state. These expectation values are the actual predictions of the theory. This step requires us to define an inner product on states. Previous efforts to geometrize quantum field theory have found this step difficult, because it usually requires the use of global sections and some kind of L^2 metric, based on an M_λ measure. Such a metric can indeed be defined, but in this theory it is unnecessary, since we only use germs for states. As a result, we can make do with an l^2 inner product on the stalks, which is easy for germs of holomorphic functions.

As a final comment on quantum field theory: our examination has shown that the algebraic geometry of M_λ, based on the structure sheaf O_{Mλ} bA_{Mλ} is plausibly the quantum field theory equivalent of the differential geometry of M_λ embodied in our classical field equations. Specifically, the different choices of g on the differential side define automorphisms of M_λ which, on the algebraic side, are represented by homomorphisms of the structure sheaf .

7. Conclusions and Subjects for Future Work

The very strong hypothesis that we asserted in section 6, seems to be remarkably well supported. M_λ seems to define a multiverse, with each choice of Brinkmann metric g, and associated parallel spinors defining a new class of closely related maps |ψ^´_{gλ}|, that together define an equivalence class of parallel classical universes with the same physical parameters. A different g will bring a different class of parallel universes with different physical parameters. Presumably, each value of λ defines a different multiverse, with λ affecting some physical parameter, perhaps the minimal energy values for the Higgs and coupling fields. The quantum field theory seems to be defining representations of M_λ-automorphisms on a specific structure sheaf for M_λ, which is therefore defined over an entire equivalence class of parallel classical universes.

7.1. Subjects for Further Research. Despite the progress, much work remains to be done. Here are just a few short descriptions of important issues for future research:

‚ Does our particular pp-wave Einstein equation support a non-zero minimum energy solution for the gravitational connection?

‚ Does our conclusion that G “ e^{´1} conflict with observations of G? ‚ Can our analysis of the Higgs field, mass matrix, and CKM, and PMNS matrices as fields be shown to be equivalent to the very elaborate Standard Model Higgs sector?

‚ Can this model be shown to be renormalizable?

7.2. Final Speculations. What would it mean if the hypothesis were true?

There is a very long-lasting intellectual tradition in Western philosophy that holds that pure geometry underlies nature, that mathematics is more than just a useful tool for understanding the world, that, somehow, the universe is mathematical. Kepler and Copernicus and Ptolemy, despite their differences, agreed that planetary orbits must be conic sections of some sort, not just irregular paths. They represented a tradition in physics, going back through Plato, to Parmenides, and ultimately to Pythagoras, that we can learn about about the universe itself just by examining geometric structures through contemplation.

In the last few hundred years we have gone very far in another, Copernican direction. We have learned that the earths orbit is not a perfect conic section; and that neither the earth, nor the sun, nor the galaxy, have mathematically interesting locations in the universe. This tradition holds that we humans are the important things in the universe, and that many of the universe’s properties exist simply because without them we would not exist to observe them. This “anthropic” perspective sees the Pythagorean alternative as mystical hogwash, and believe that the only way we can get reliable information about a universe with many, possibly infinitely many, arbitrary parameters is to experiment and observe.

If the hypothesis we have advanced is true, both traditions will derive some support. On the Copernican side, the mass matrices and other constants will specify the orientation of E relative to S_n and D_n. So some, maybe even most, of the properties of our particular observed universe will be defined by the selection of the original Brinkmann metric g.

But for the Pythagorean side, we note that the multiverse itself, M_λ, the “quaternionic Picard variety of the quaternionic elliptic curve”, seems to be very central to the geometry of four dimensions, which as we now know to be “a dimension like no other” [28]. And while the selection of an E orientation, and thus a particular universe, is arbitrary, the overall geometry of M_λ is very specific, and we can learn a lot about our particular universe simply by studying M_λ.

References

[1] M.F. Atiyah. Vector bundles over an elliptic curve. Proc. London Math. Soc., 3(7):414–452, 1957.

[2] M.F. Atiyah, N.J. Hitchin, and I.M. Singer. Self-duality in four-dimensional riemannian geometry. Proc. R. Soc. Lond. A., 362:425–461, 1978.

[3] Marcel Berger. A Panoramic View of Riemannian Geometry. Springer, 2003. [4] Arthur L. Besse. Einstein Manifolds. Springer, 1987.

[5] C. P. Boyer and K. Galicki. Sasakian geometry. Oxford University Press, 2008. [6] Peter J. Braam and Jacques Hurtubise. Instantons on hopf surfaces and monopoles on solid tori. Math., 400:146–172, 1989.

[7] Robert L. Bryant. Pseudo-riemannian metrics with parallel spinor fields and vanishing ricci tensor. arxiv:math/0004073v1, 2000.

[8] S.K. Donaldson and P.B. Kronheimer. The Geometry of Four-Manifolds. Oxford University Press, 1990.

[9] Sorin Dragomir and Liviu Ornea. Locally Conformal Kaehler Geometry. Birkhaeuser, 1998. [10] James Eells and Luc Lemaire. Selected Topics in Harmonic Maps. AMS, 1983. [11] Paul Gauduchon. Hermitian connections and direct operators. Bollettino U.M.I., 7(11- B):257–288, 1997.

[12] Dominic Joyce. Compact hypercomplex and quaternionic manifolds. J. Differ. Geom., 35:743– 761, 1992.

[13] Ma. Kato. Compact differentiable 4-folds with quaternionic structures. Math. Ann. 248, 248:79–96, 1980.

[14] Sergei V. Ketov. Quantum Non-linear Sigma Models. Springer, 2000. [15] Shoshichi Kobayashi. Differential Geometry of Complex Vector Bundles. Princeton University Press, 1987.

[16] Felipe Leitner. The twistor space of a lorentzian manifold.

ftp://www-sfb288.math.tu-berlin.de/pub/Preprints/preprint314.ps.gz, 1998.

[17] Felipe Leitner. The Twistor Equation in Lorentzian Spin Geometry. PhD thesis, Humboldt University, Berlin, 2001.

[18] Martin Luebke and Andrei Teleman. The Kobayashi-Hitchin Correspondence. World Scientific Publishing Co., 1995.

[19] Richard Montgomery. A Tour of Subriemannian Geometries, Their Geodesics and Applications. AMS, 2002.

[20] Pavel Nurowski. Optical geometries and related structures. Journal of Geometry and Physics, 18:335–348, 1996.

[21] A. Opfermann and G. Papadopoulos. Homogeneous hkt and qkt manifolds.

arxiv:math-ph/9807026v1, 1998.

[22] Liviu Ornea. Locally conformally khler manifolds. a selection of results.

arxiv:math/0411503v1, 2004.

[23] Liviu Ornea and Misha Verbitsky. Structure theorem for compact vaisman manifolds.

arxiv:math-ph/0305259v1, 2003.

[24] Liviu Ornea and Misha Verbitsky. Topology of locally conformal kahler manifolds with potential. Int. Math. Res. Not., (4):717–726, 2010.

[25] Roger Penrose. Singularities and time-asymmetry. General Relativity: an Einstein centenary survey, 1:581–638, 1979.

[26] Michael E. Peskin and Daniel V. Schroeder. An Introduction to Quantum Field Theory.

Westview, 1995.

[27] Simon Salamon. Quaternionic kaehler manifolds. Invent. Math, 67:143–171, 1982. [28] Alexandru Scorpan. The Wild World of 4-Manifolds. AMS, 2005. [29] J. A. Shifflett. Standard model lagrangian. http://einstein-schodinger.com, 2012. [30] C. T. Simpson. Nonableian hodge theory. In Proceedings of the International Congress of Mathematicians, pages 747–756. Math. Soc. Japan, 1991.

[31] Andrew Swann. Hyperkaehler and quaternionic kaehler geometry. Math. Ann., 289:421–450, 1991.

[32] K. Uhlenbeck and S.T. Yau. On the existence of hermitian-yang-mills connections in stable vector bundles. Comm. Pure Appl. Math., 39:257–293, 1986.

[33] Harald Upmeier. Jordan Algebras in Analysis, Operator Theory, and Quantum Mechanics.

AMS, 1987.

[34] Mikhail Verbitsky. Hyperholomorphic bundles over a hyperkaehler manifold. J. Algebraic Geom., 5:633–669, 1996.

[35] Misha Verbitsky. Hypercomplex varieties. arxiv:alg-geom/9703016v1, 1997. [36] Misha Verbitsky. Vanishing theorems for locally conformal hyperkaehler manifolds.

arxiv:math/0302219v4, 2003.

[37] Dominic Widdows. Quaternion Algebraic Geometry. PhD thesis, Oxford, 2000. [38] Edward Witten. Supersymmetry and morse theory. J. Differ. Geom., 17:661–692, 1982.

E-mail address: colinh@alumni.stanford.edu