arXiv:1209.3207v3 [math-ph] 5 Nov 2012

SPECTRAL THEORY OF A MATHEMATICAL MODEL IN QUANTUM FIELD THEORY FOR ANY SPIN

JEAN-CLAUDE GUILLOT

Abstract. In this paper we use the formalism of S.Weinberg in order to construct a mathematical model based on the weak decay of hadrons and nuclei. In particular we consider a model which generalizes the weak decay the nucleus of the cobalt. We associate with this model a Hamiltonian with cutoffs in a Fock space. The Hamiltonian is self-adjoint and has an unique ground state. By using the commutator theory we get a limiting absorption principle from which we deduce that the spectrum of the Hamiltonian is absolutely continuous above the energy of the ground state and below the first threshold.

1. Introduction

This article initiates the study of mathematical models based on the Quantum Field Theory without any restriction concerning the spins of the involved particles.

Precisely, in this paper, we study a mathematical model which generalizes the weak decay of the nucleus^{60}_{27}Co of spin 5 into the nucleus^{60}_{28}Ni^∗ of spin 4, one electron and the antineutrino associated to the electron. This experiment by C.S.Wu and her collaborators showed that parity conservation is violated in the β decay of atomic nuclei. See [26]. The same approach can be applied to many examples of weak decays of hadrons and nuclei with both Fermi and Gamow-Teller transitions. See [37] and [26].

The mathematical model is based on the construction of free causal fields associated with two massive bosons of spins j_1 and j_2 respectively, a massive fermion of spin j_3 and a massless fermion of helicity −j_4 which is the antiparticle of a massless fermion of helicity j_4. These free causal fields are constructed according to the formalism described by S.Weinberg in [46, 47, 48, 49, 50, 51]( see also [42],[27]).

This construction depends on the unitary irreducible representations of the Poincaré group for massive and massless particles and on the finite dimensional representations of SL(2, C ). Relativistic covariance laws and microscopic causality conditions determine unique free causal fields up to over-all scales. Note that in this paper we only consider fields associated with irreducible finite dimensional representations of SL(2, C ) because we are only concerned with a weak decay for which parity is not conserved.

As it is well known, the construction of the unitary irreducible representations of the Poincaré group for massive particles of any spin and for massless ones with any finite helicity is based on the theory of E.P.Wigner and G.W.Mackey. We choose the realizations of the unitary irreducible representations of the Poincaré group given by E.P.Wigner because they are important from the physical point of view and because they allow a clear distinction between the canonical and helicity formalisms. 1

The interaction between particles is the one given by S.Weinberg in [51, chap 5]. As for the weak interactions we do not suppose that the interaction commutes with space inversion.

After introducing convenient cutoffs for the associated Hamiltonian the mathematical method used to study the spectral properties of the Hamiltonian is based on the one applied to a mathematical model associated with the weak decay of the intermediate vector bosons W^± into the family of leptons which has been recently developed by [9, 3]. The existence of a ground state and the proof that the spectrum of the Hamiltonian is absolutely continuous above the energy of the ground state and below the first threshold for a sufficiently small coupling constant are our main results. Our methods are largely taken from [4, 19, 13] and are based on [35, 2, 41, 21, 25, 23]. No infrared regularization is assumed.

In the framework of non-relativistic QED similar results have been successfully obtained for the massless Pauli-Fierz models (see [5, 6, 7, 22, 19, 20, 12] and references therein ).

For other mathematical models in Quantum Field Theory see, for example, [1, 8, 24] and for string-localized quantum fields see [38] and references therein.

The paper is organized as follows. In the next section we recall the realizations of the unitary irreducible representations of the Poincaré group obtained by E.P.Wigner. In section 3 we first introduce the Fock spaces and the creation and annihilation operators with their usual commutation or anticommutation relations for massive particles. We then recall the construction of the finite dimensional irreducible representations of SL(2, C ) and we give a very detailed review of the construction of free causal fields for a massive particle of any spin following the formalism of S.Weinberg and associated with a finite dimensional irreducible representation of SL(2, C ). Similarly in section 4 we recall the construction of free causal fields for massless particles of any finite helicity according to the same formalism as for the massive particles. In section 5 we describe the model for the weak decay of a massive boson into a massive boson, a massive fermion and a massless fermion which can be an antineutrino generalizing the model for the weak decay of the nucleus^{60}_{27}Co . In section 6 we associate a self-adjoint Hamiltonian in a Fock space with this model and in section 7 we finally give our main results concerning the spectrum of the self-adjoint Hamiltonian.

2. The Poincaré Group

Let us recall that the Minkowski space is R^4 equipped with the Lorentz inner product which is the bilinear form L defined by L(x, y) = x^0y^0 − x^1y^1 − x^2y^2 − x^3y^3 . (2.1) x^0 = ct, where t is the time coordinate and c the speed of light. (x^1, x^2, x^3) is a set of cartesian coordinates on R^3 .

From now on we choose units such that c = ℏ = 1. The Lorentz form L is associated with the metric ds^2 = g_{μν} dx^μdx^μ = g^{μν} dx_μdx_μ g_{μν} = g^{μν} = diag(1, −1, −1, −1) .

(2.2)

with μ, ν = 0, 1, 2, 3. and where we denote by x^μ ( resp.x_μ) the vector (x^0, x^1, x^2, x^3) ( resp.(x_0, x_1, x_2, x_3)). We use the Einstein summation convention.

A point x ∈ R^4 may be written as (x^0, x) where x = (x^1, x^2, x^3).

Note that x^μ = g^{μν} x_ν and x_μ = g_{μν} x^ν .

The restricted Lorentz group or proper Lorentz group, denoted by L, is the group of all linear real transformations Λ = (Λ^μ_ν ) such that

L(Λx, Λy) = L(x, y) (2.3) det Λ = 1 (2.4)

Λ^0 ≥ 1 . (2.5)

The rotation group SO(3) is the orthogonal subgroup of L that fixes the point (1, 0, 0, 0).

The inhomogeneous Lorentz group is the group of transformations of R^4 generated by L and the group of translations isomorphic to R^4 itself. The inhomogeneous group is the semi-direct product of L and R^4 , denoted by L ⋉ R^4 , with group law given by (Λ_1, a_1)(Λ_2, a_2) = (Λ_1Λ_2, a_1 + Λ_1a_2) . (2.6) where Λ_j ∈ L and a_j ∈ R^4 , j = 1, 2.

The action of (Λ, a) on R^4 is

(Λ, a)x = Λx + a . (2.7)

According to E.P.Wigner and V.Bargmann ( see [10],[43], [53] and [54] ), in relativistic quantum mechanics, every projective representation of the inhomogeneous Lorentz group has a lift to an unitary representation of the universal covering group of the inhomogeneous Lorentz group. It is well known that the universal covering group of the inhomogeneous Lorentz group is the semi-direct product of SL(2, C ) and of R^4 with the following law group (A, a)(B, b) = (AB, a + Λ(A)b) . (2.8) Recall that SL(2, C ) is the group of the 2 × 2 complex matrices A such that det(A) = 1 . Λ(A) is the image of A in the Lorentz group by the double covering of L by SL(2, C ) and is defined below.

The usual three Pauli matrices (σ_1, σ_2, σ_3) together with σ_0, the unit 2×2 matrix on C^2 , generate the 2 × 2 hermitian matrices. We set σ = (σ_1, σ_2, σ_3). We identify R^4 with a hermitian matrix by the map

p = (p^0, p) → p^μσ_μ = ( p^0 + p^3 p^1 − ip^2 p^1 + ip^2 p^0 − p^3 ) (2.9)

where μ = 0, 1, 2, 3.

Every A ∈ SL(2, C ) acts on p^μσ_μ by

p^μσ_μ → A(p^μσ_μ)A^∗ (2.10)

and there exists Λ(A) ∈ L such that

(Λ(A)p)^μσ_μ = A(p^μσ_μ)A^∗ (2.11)

with Λ(A)^μ_ν = 1 2 T r(σ_μAσ_ν A^∗) (2.12)

The map A → Λ(A) is a double covering of L by SL(2, C ) such that Λ(A) = Λ(−A).

From now on we call Poincaré group the universal covering group of the inhomogeneous Lorentz group with the law group defined by (2.8). The Poincaré group is denoted by P.

The subgroup SU(2) of 2×2 unitary matrices of SL(2, C ) is the universal covering group of SO(3). The covering map is the restriction of the one of SL(2, C ) to SU(2).

Let R(n, θ) be the rotation of axis n and angle θ in R^4 . We have

x^′ = (cos θ)x + (1 − cos θ)(x.n)n + sin θ(n ∧ x)

x^{′ 0} = x^0

(2.13)

where x.n = x^1n^1 + x^2n^2 + x^3n^3.

The following 2 × 2 matrix

A(n, θ) = cos θ 2 σ_0 − i sin θ 2 (n.σ) = e^{−iθn. σ2} (2.14)

is associated with R(n, θ) by the double covering of L by SL(2, C ). Thus R(n, θ) = Λ(A(n, θ).

Let L(χ, m) be the pure Lorentz transformation in L in the direction m = (m^1, m^2, m^3) and with rapidity v = tanh χ in the Minkowski space. We have

x^′ = x − (1 − cosh χ)(x.m)m + x^0(sinh χ)m

x^{′ 0} = (cosh χ)x^0 + (x.m) sinh χ

(2.15)

where x.m = x^1m^1 + x^2m^2 + x^3m^3.

In SL(2, C ) the following 2 × 2 matrix

A(χ, m) = cosh χ 2 σ_0 + sinh χ 2 (m.σ) = e^{χm. σ2} (2.16)

is associated with L(χ, m) by the double covering of L by SL(2, C ). Thus L(χ, m) = Λ(A(χ, m).

For R(n, θ),L(χ, m) and throughout this work we follow the active point of view of transformations. See, for example, [52].

Note that A(n, θ)A(χ, m) = A(χ, R(n, θ)m)A(n, θ) A(χ, m)A(n, θ) = A(n, θ)A(χ, R(n, θ)^{−1}m) (2.17)

In relativistic quantum mechanics elementary systems are associated with unitary irreducible representations of P. From this point of view elementary particles are elementary systems (see [53]). It can be also necessary to introduce the extended Poincaré group by considering discrete transformations such as space-inversion and time-reversal.

The description of irreducible unitary representations of P has been first accomplished by E.P.Wigner (see [54]). It is now treated as an application of the work of G.W. Mackey using induced representations.Many articles and books have been devoted to this theory. We only mention some of them. See [45], [11], [43], [18] and references therein.

We still keep the realization of the physical irreducible unitary representations of the P by E.P.Wigner because they are associated with spectral representations of maximal sets of commuting observables as the momenta, the spins or the helicities which are fundamental in dealing with kinematical problems for elementary particles.

We have to consider two cases in physics. First, the case of a positive mass m > 0 and a spin j, with j integer or half-integer, i.e.j ∈ N or j ∈ N +^1_2 . Second, the case of a mass m = 0 and a helicity j ∈ Z or j ∈ Z +^1_2 for which the spin is | j |. In both cases the energy has to be positive. 2.1. Positive mass and spin j.

Let Ω_m be the orbit corresponding to the mass m > 0. We have Ω_m = {p ∈ R^4 ; p_μp^μ = m^2, p^0 > 0} (2.18) Observe that p ∈ Ω_m if and only if p = (ω_p, p) where ω_p = √ | p |^2 +m^2. Here | p |= √ p^2_1 + p^2 + p^2_3.

The Lorentz invariant measure on Ω_m is^{d3p}_{2ωp} . Set k_m = (m, 0, 0, 0) (2.19) The little group of k_m is SU(2) which determines the spin of the particle.

The unitary irreducible representations of SU(2) are finite dimensional ones and they are well known . See, for example, [17], [39], [34], [36] and [44].

Let D^j (.) be the unitary irreducible representation of SU(2) defined on a Hilbert space of dimension 2j + 1 that, for simplicity, we suppose to be C^{2j+1} . The irreducible unitary representation of mass m > 0 and spin j is defined on the Hilbert space L^2(Ω_m,^{d3p}_{2ωp} , C^{2j+1} ) with the scalar product (F, G) = ∫ Ω_m F (p).G(p)_{2j+1} d^3p 2ω_p

(2.20)

where {F, G} −→ F (p).G(p)_{2j+1} is the scalar product in C^{2j+1} which is linear with respect to G and anti-linear with respect to F .

The unitary irreducible representation of P of mass m > 0 and spin j depends on a field of transformations of the restricted Lorentz group p −→ Λ(A_p) such that, for every p, Λ(A_p)k_m = p (2.21) Given the field p → Λ(A_p), the unitary irreducible representation of the P of mass m > 0 and spin j, denoted by U^{[m,j]}(A, a), is then (U^{[m,j]}(A, a)F )(p) = e^{ia.p}D^j (A^{−1}_p AA_{Λ(A)}−1_p)F (Λ(A)^{−1}p) . (2.22)

where a.p = a_μp^μ and F ∈ L^2(Ω_m,^{d3p}_{2ωp} , C^{2j+1} ) .

In physics one considers two interesting examples of the field p → Λ(A_p). 2.1.1. The canonical formalism. In that case Λ(A_p) is the pure Lorentz transformation in the direction^p_{|p|} . We then have

p = (sinh χ)m p |p| p^0 = (cosh χ)m

(2.23)

This pure Lorentz transformation is associated with the following element of SL(2, C ), denoted by A^C_p , by the double covering of L by SL(2, C ):

A^C_p = 1 2 ( √ p_0 + |p| m + √ p_0 − |p| m ) + 1 2 ( √ p_0 + |p| m − √ p_0 − |p| m )( p.σ |p| ) . (2.24)

An easy computation shows that

A^C_p =

(m + p_0)σ_0 + p.σ √ 2m(m + p_0)

. (2.25)

For the choice of A^C_p the corresponding formalism is called canonical. See [53].

2.1.2. The helicity formalism. In that case Λ(A_p) is the product of a pure Lorentz transformation Λ^H such that Λ^H k_m = (p^0, 0, 0, | p |) . (2.26) and a rotation R^H of axis k ∧^p_{|p|} and angle θ = (k,^p_{|p|} ) where k is the unit vector of the third axis.

R^hΛ^H is associated with the following element of SL(2, C ), denoted by A^H_p , by the double covering of L by SL(2, C ): ( √ 2m(m + p_0))A^H_p = ( α(p)e^{−i φ2} cos^θ_2 −β(p)e^{−i φ2} sin^θ_2 α(p)e^{i φ2} sin^θ_2 β(p)e^{i φ2} cos^θ_2 ) (2.27)

Here α(p) = (m + p^0 + |p|) and β(p) = (m + p^0 − |p|). Furthermore θ ( resp.φ) is the polar( resp.azimutal) angle of p with 0 ≤ θ ≤ π ( resp. 0 ≤ φ < 2π).

The corresponding formalism is called the helicity one. See [33], [50], [29] and [28].

Note that A^H_p is defined up to a rotation of axis k. For example we can also use the following 2 × 2 matrix for ( √ 2m(m + p_0))A^H_p : ( α(p) cos^θ_2 −β(p)e^{−iφ} sin^θ_2 α(p)e^{iφ} sin^θ_2 β(p) cos^θ_2 ) (2.28)

See [28].

2.2. Mass m=0 and helicity j.

Let Ω be the light cone:

Ω = {p^μp_μ = 0 ; p^0 > 0} . (2.29) Set k_0 = (1, 0, 0, 1) (2.30) The little group of k_0 is the spinorial group of the euclidean group in R^2 which is the group of rigid motions in R^2 denoted by E_2. E_2 is the set of motions (R(φ), a) in R^2 such that, for u , v and a ∈ R^2 , u = (R(φ))v + a . (2.31) Here R(φ) is a rotation of angle φ in R^2 whose center is the origin 0.

The law group of E_2 is

(R(φ_1), a_1)(R(φ_2), a_2) = (R(φ_1 + φ_2), a_1 + (R(φ_1)a_2) . (2.32) The spinorial group of E_2 is the following set of 2 × 2 matrices: {z, φ} = ( e^{−i φ2} z 0 e^{i φ2} ) (2.33)

where z ∈ C and φ ∈ R with the law group {z_1, φ_1}{z_2, φ_2} = {z_1e^{i φ22} + z_2e^{−i φ12} , φ_1 + φ_2} . (2.34)

The spinorial group of E_2 is a double covering of E_2. The 2 → 1 homomorphism of the spinorial group over E_2 is given by {z, φ} −→ (R(φ), a(ze^{i φ2} )) . (2.35) where a(ze^{i φ2} ) = (Re(ze^{i φ2} ), Im(ze^{iφ2} )) ∈ R^2 . (2.36) Note that {z, φ} and {−z, φ + 2π} correspond to the same element in E_2 The unitary irreducible representations of the spinorial group associated to a finite helicity are of dimension one. They are indexed by j ∈ Z or j ∈ Z +^1_2 . They are given by L^j ({z, φ}) = e^{−ijφ} (2.37) j is the helicity and |j| is the spin.

Remark 2.1. The spinorial group of E_2 is isomorphic to the group generated by the following set of 2 × 2 matrices: [ z, φ ] = ( e^{−i φ2} ze^{i φ2} 0 e^{i φ2} ) = ( 1 z 0 1 ) ( e^{−i φ2} 0

0 e^{i φ2} ) (2.38)

with the law group [ z_1, φ_1 ][ z_2, φ_2 ] = [ z_1 + z_2e^{−iφ1} , φ_1 + φ_2 ] . (2.39)

The unitary irreducible representation of P of m=0 and helicity j depends on a field of transformations of the restricted Lorentz group p → Λ(A_p) (A_p ∈ SL(2, C )) such that, for every p ∈ Ω, we have Λ(A_p)k_0 = p . (2.40) Given the field p → Λ(A_p) the unitary irreducible representation of P of m=0 and helicity j, denoted by U^{[j]}(A, a), is then

(U^{[j]}(A, a)G)(p) = e^{ia.p}L^j (A^{−1}_p AA_{Λ(A)}−1_p)G(Λ(A)^{−1}p) . (2.41)

where G(.) ∈ L^2(Ω,^{d3p}_{2|p|} ) . Recall that p = (|p|, p).

Two important choices of A_p are made in physics.

2.2.1. The canonical formalism. This formalism corresponds to the choice made by A.S.Wightman ( see [53] and [29]):

A^1_p = √_{|p|+p3} 2 0 p^1 +ip^2 √_{2(|p|+p3)} √_2 |p|+p^3 (2.42)

2.2.2. The helicity formalism. In that case A^2_p is the 2 × 2 matrix in SL(2, C ) corresponding to the product of a pure Lorentz transformation Λ^H (A^2_p) such that

Λ^H (A^2_p)k_0 = (|p|, 0, 0, |p|) . (2.43)

and of the same rotation R^h as the one defined for a positive mass. We then obtain

A^2_p = ( |p|^{12} e^{−i φ2} cos^θ_2 −|p|^{− 12} e^{−i φ2} sin^θ_2 |p|^{12} e^{i φ2} sin^θ_2 |p|^{− 12} e^{i φ2} cos^θ_2 ) (2.44)

θ(resp.φ) is the polar(resp.azimutal) angle of p with 0 ≤ θ ≤ π (resp.0 ≤ φ < 2π). See [47], [48], [29], [30] and [28] .

Remark 2.2. The helicity j is Lorentz invariant. Nevertheless note that photons and gravitons have helicity ±1 and ±2 respectfully because of the symmetry of space inversion of the electromagnetic and gravitational interactions. On the other hand it is well known that the weak interactions do not respect the symmetry of space inversion. Thus one has to distinguish the neutrinos with helicity −^1_2 from the antineutrinos with helicity^1_2 in the Standard Model. It is conventional to call a particle with helicity j > 0 right-handed and a particle with helicity −j left-handed.

2.3. The representations of the Poincaré group in L^2(R^3 , C^{2j+1} ) and in L^2(R^3 ).

For most applications to Quantum Field Theory it is more convenient to use the spaces L^2(R^3 , C^{2j+1} ) for m > 0 and L^2(R^3 ) for m = 0 instead of the spaces L^2(Ω_m,^{d3p}_{2ωp} , C^{2j+1} ) and L^2(Ω,^{d3p}_{2|p|} ) respectfully.

The following map

(V_mf)(p) = (2ω_p)^{− 12} f(ω_p, p) . (2.45)

is a unitary map from L^2(Ω_m,^{d3p}_{2ωp} , C^{2j+1} ) onto L^2(R^3 , C^{2j+1} ) and

(V_0f)(p) = (2ω_p)^{− 12} f(ω_p, p) . (2.46)

is a unitary map from L^2(Ω,^{d3p}_{2|p|} ) onto L^2(R^3 ).

We have for both cases (V^{−1}_. g)(p^0, p) = √ 2p^0g(p) . (2.47) where g(p) ∈ L^2(R^3 , C^{2j+1} ) when m > 0 with p^0 = ω_p and where g(p) ∈ L^2(R^3 ) when m = 0 with p^0 = |p|.

For any field p → Λ(A_p) of Lorentz transformations such that, for m > 0 and p ∈ Ω_m, Λ(A_p)k_m = p (2.48) one easily gets the form of the unitary irreducible representation of P corresponding the mass m > 0 and spin j in the space L^2(R^3 , C^{2j+1} ).

We obtain, for f(p) belonging to L^2(R^3 , C^{2j+1} ), {(V_mU^{[m,j]}(A, a)V^{−1}_m )f}(p) = ( ω_{pΛ(A)−1 p} ω_p

) 1_2 e^{ia.p}D^j (A^{−1}_p AA_{Λ(A)}−1_p)f(p_{Λ(A)}−1_p) .

(2.49)

Here p^0 = ω_p, i.e., p = (ω_p, p) and p_{Λ(A)}−1_p is the three-vector part of Λ(A)^{−1}p such that Λ(A)^{−1}p = (ω_{pΛ(A)−1 p} p_{Λ(A)}−1_p) (2.50) For any field of Lorentz transformations p → Λ(A_p) such that Λ(A_p)k_0 = p , p ∈ Ω. (2.51) we easily get in a similar way the unitary irreducible representations of P in the massless case for helicity j in the space L^2(R^3 ).

Thus we obtain, for g(p) belonging to L^2(R^3 ),

{(V_0U^{[j]}(A, a)V^{−1}_0 )g}(p) = (|p_{Λ(A)−1p}| |p| ) 1_2 e^{ia.p}L^j (A^{−1}_p AA_{Λ(A)}−1_p)g(p_{Λ(A)}−1_p) .

(2.52) where p = (|p|, p) and Λ(A)^{−1}p = (|p_{Λ(A)}−1_p|, p_{Λ(A)}−1_p).

We now set ~U^{[m,j]}(A, a) = V_mU^{[m,j]}(A, a)V^{−1}_m (2.53)

~U^{[j]}(A, a) = V_0U^{[j]}(A, a)V^{−1}_0 . (2.54)

Remark 2.3. In [47], [48], [49], [50] and [51] the irreducible representations of P are written down in the space of generalized eigenfunctions of momenta, spins and helicities denoted by Ψ_{p,σ} and Ψ_{p,j} respectively. From the mathematical point of view the corresponding space is a subspace of the space of distributions D^′(R^3 , C^{2j+1} ) for m > 0 and spin j and of D^′(R^3 ) for m = 0 and helicity j. From the knowledge of the representations ~U^{[m,j]} and ~U^{[j]} in the spaces L^2(R^3 , C^{2j+1} ) and L^2(R^3 ) respectively it is not difficult to get the corresponding representations in the spaces of distributions by duality. For simplicity we keep the same notations ~U^{[m,j]} and ~U^{[j]} for the representations in the spaces of distributions.

In the massive case we get ( ~U^{[m,j]}(A, a))Ψ_{p,σ} = ( ω_{pΛ(A)p} ω_p

) 1_2 e^{ia.Λ(A)p} ∑ −j≤σ^′ ≤j D^j_σ′_σ (A^{−1}_{Λ(A)p}AA_p)Ψ_{Λ(A)p,σ}′ .

(2.55)

In the massless case, we obtain

( ~U^{[j]}(A, a))Ψ_{p,j} = (|p_{Λ(A)p}| |p| ) 1_2 e^{ia.Λ(A)p}L^j (A^{−1}_{Λ(A)p}AA_p)Ψ_{Λ(A)p,j} . (2.56)

(2.55) and (2.56) are the representations of P given in [51, 2.5.23 and 2.5.42].

Remark 2.4. Let P = (P^1, P^2, P^3) be the components of the momentum operators and let J = (J^1, J^2, J^3) be the components of the angular momentum vector. Let us consider the massive case for a given spin j. In the canonical formalism we obtain a spectral representation of the maximal set of commuting self-adjoint operators generated by (P, S^3) where S^3 is J^3 in the rest frame of the particle generated by Λ((A^c_p)^{−1}). In the helicity formalism one gets a spectral representation of the maximal set of commuting self-adjoint operators generated by (P, H^3) where H^3 is the

helicity operator (√∑_3 i=1(P^i)^2 )_{−1} ( ∑_3 l=1 P^lJ^l). S^3 and H^3 have the same spectrum (−j, −j + 1, . . . , j − 1, j). 3. Free causal fields for a massive particle of any spin

In this chapter we now introduce the construction of unique free causal fields for particles with m > 0 and spin j. For that we follow the formalism of S.Weinberg as described in [47], [48], [49], [50] and [51, chapter 5]. See also [42].

3.1. Fock spaces for massive particles of any spin.

This is the most important case.Consider a particle with mass m > 0 and spin j. Set Z_j = (−j, −j + 1, . . . , j − 1, j) (3.1) and Σ_j = R^3 × Z_j (3.2) In the following (p, s) will be the quantum variables for a massive particle of spin j and for both the canonical and helicity formalisms. Here p ∈ R^3 and s ∈ Z_j.In the sequel,we will identify L^2(R^3 , C^{2j+1} ) with L^2(Σ_j ). For simplicity we keep the same notations ~U^{[m,j]} for the representations of P in these two Hilbert spaces. We shall sometimes use the notations ξ = (p, s) and ∫ Σ_j dξ = ∑ s∈Σ_j ∫ d^3p.

Let F^{[m,j]}s (resp.F^{[m,j]}a ) be the bosonic (resp. fermionic)Fock space for bosons(resp.fermions) of mass m > 0 and spin j. We have

F^{[m,j]}_s = ∞⨁ n=0 ⊗^n_s L^2(Σ_j ) . (3.3)

where ⊗^n_s denotes the symmetric n-th tensor product and ⊗^0_sL^2(Σ_j ) =C , and

F^{[m,j]}_a = ∞⨁ n=0 ⊗^n_a L^2(Σ_j ) . (3.4)

where ⊗^n_a denotes the antisymmetric n-th tensor product and ⊗^0_aL^2(Σ_j ) =C .

In the case where a massive particle has an antiparticle we introduce a Fock space for both the particles and antiparticles denoted by ~F^{[m,j]}s and ~F^{[m,j]}a respectively and defined by ~F^{[m,j]}_s = F^{[m,j]}_s ⊗ F^{[m,j]}_s , ~F^{[m,j]}_a = F^{[m,j]}_s ⊗ F^{[m,j]}_a .

(3.5)

In the case of N bosons and N fermions with masses (m_i)_{1≤i≤N} and spins (j_i)_{1≤i≤N} the corresponding Fock spaces, denoted by F^{(N)}_s and F^{(N)}_a respectively, are given by

F^{(N)}_s = N⨂ i=1 F^{[mi,ji]} s (3.6) and F^{(N)}_a = N⨂ i=1 F^{[mi,ji]} a (3.7)

When particles and antiparticles are involved the corresponding Fock spaces are denoted ~F^{(N)}s and ~F^{(N)}a respectively and defined by

~F^{(N)}_s =^N ⨂ i=1 ~F^{[m}i^{,j}i^] s ,

~F^{(N)}_a =^N ⨂ i=1 ~F^{[m}i^{,j}i^] a . (3.8)

The unitary irreducible representations ~U^{[m,j]} of P induce two unitary representations of P in F^{[m,j]}s and F^{[m,j]}a which are denoted by Γ( ~U^{[m,j]}) where Γ(.) is defined, for example, in [40, section X.7], [18, 4.53] and [16, 5.48].The unitary representation of P in ~F^{[m,j]}_s and ~F^{[m,j]}_a respectively is then Γ( ~U^{[m,j]} ⊗ ~U^{[m,j]}) .

We now introduce the creation and annihilation operators for bosons and fermions.

a_ϵ(ξ; m, j) (resp. a^∗_ϵ (ξ; m, j) ) is the annihilation (resp.creation) operator for a massive boson of mass m > 0 and spin j if ϵ = + and for the corresponding massive antiparticle if ϵ = −.

In the case where a particle is its own antiparticle a(ξ; m, j) (resp. a^∗(ξ; m, j) ) is the annihilation (resp. creation ) operator for the corresponding particle.

Similarly, b_ϵ(ξ; m, j) (resp. b^∗_ϵ (ξ; m, j) ) is the annihilation (resp.creation) operator for a massive fermion of mass m > 0 and spin j if ϵ = + and for the corresponding massive antiparticle if ϵ = −.

In the case where a particle is its own antiparticle b(ξ; m, j) (resp. b^∗(ξ; m, j) ) is the annihilation (resp. creation ) operator for the corresponding particle.

See [40, section X.7], [18, section 4.5], [9] and [16, section 5.4] for the definition of annihilation and creation operators.

The operators a_ϵ(ξ; m, j) and a^∗_ϵ (ξ; m, j) fulfil the usual commutation relations (CCR), whereas b_ϵ(ξ; m, j) and b^∗_ϵ (ξ; m, j) fulfil the canonical anticommutation relation (CAR). See [51]. Futhermore, the a^′s commute with the b^′s.

In addition, in the case where several fermions are involved, we follow the convention described in [51, sections 4.1 and 4.2]. This means that we will assume that fermionic annihilation and creation operators of different species of particles anticommute ( see [9, arXiv] for explicit definitions ).

Therefore, the following canonical anticommutation and commutation relations hold for a couple of massive particles with m > 0 and m^′ > 0 and spins j and j^′, {b_ϵ(ξ; m, j), b^∗_ϵ′ (ξ^′; m^′, j^′)} = δ_{ϵϵ}′ δ_{jj}′ δ_{mm}′ δ(ξ − ξ^′) , [a_ϵ(ξ; m, j), a^∗_ϵ′ (ξ^′; m^′, j^′)] = δ_{ϵϵ}′ δ_{jj}′ δ_{mm}′ δ(ξ − ξ^′) , {b_ϵ(ξ; m, j), b_ϵ′ (ξ^′; m^′, j^′)} = 0 , [a_ϵ(ξ; m, j), a_ϵ′ (ξ^′; m^′, j^′)] = 0 , [b_ϵ(ξ; m, j), a_ϵ′ (ξ^′; m^′, j^′)] = [b_ϵ(ξ; m, j), a^∗_ϵ′ (ξ^′; m^′, j^′)] = 0 .

(3.9)

where {b, b^′} = bb^′ + b^′b and [a, a^′] = aa^′ − a^′a.

We now introduce a_ϵ(m, j)(φ) = ∫ Σ_j a_ϵ(ξ; m, j)φ(ξ)dξ , a^∗_ϵ (m, j)(φ) = ∫ Σ_j a^∗_ϵ (ξ; m, j)φ(ξ)dξ , b_ϵ(m, j)(φ) = ∫ Σ_j b_ϵ(ξ; m, j)φ(ξ)dξ , b^∗_ϵ (m, j)(φ) = ∫ Σ_j b^∗_ϵ (ξ; m, j)φ(ξ)dξ . (3.10)

We recall that, for φ ∈ L^2(Σ_j ), the operators b_ϵ(m, j) and b^∗_ϵ (m, j) are bounded operators on F^{[m,j]}_a satisfying ‖b^♯_ϵ(m, j)(φ)‖ = ‖φ‖_L2 . (3.11) where b^♯ is b or b^∗.

We now study the transformation rules of the annihilation and creation operators by Γ( ~U^{[m,j]}).

By[15, Lemma 2.7](see also [14, thm 18] and [18, 4.54]) we obtain for f ∈ L^2(Σ_j ) Γ( ~U^{[m,j]}(A, a))a^∗_ϵ (m, j)(f)Γ( ~U^{[m,j]}(A, a))^{−1} = a^∗_ϵ (m, j)( ~U^{[m,j]}(A, a)f) (3.12) We now use the explicit notation (p, s) for ξ. Note that, for B ∈ SU(2) ,

D^j (B) = (D^j (B^{−1)}))^∗ (3.13) where T^∗ is the adjoint of the operator T .

By (3.10) and (3.12) we get Γ( ~U^{[m,j]}(A, a))a^∗_ϵ (m, j)(f)Γ( ~U^{[m,j]}(A, a))^{−1} = ∑ s ∫ ( Γ( ~U^{[m,j]}(A, a))a^∗_ϵ (p, s; m, j)Γ( ~U^{[m,j]}(A, a))^{−1} ) f_s(p)d^3p = ∑ s ∫ a^∗_ϵ (p, s; m, j) ( ~U^{[m,j]}(A, a)f ) s (p)d^3p .

(3.14)

By (2.49), (2.50), (3.13) and (3.14) we easily obtain Γ( ~U^{[m,j]}(A, a))a^∗_ϵ (p, s; m, j)Γ( ~U^{[m,j]}(A, a))^{−1} = ∑ s^′ (ω_{pΛ(A)p} ω_p

) 1_2 e^{ia.Λ(A)p}D^j_{ss}′ (A^{−1}_p AA_{Λ(A)p})a^∗_ϵ (p_{Λ(A)p}, s^′; m, j) . (3.15)

z is the complex conjugate of any number z .

By taking the adjoint of (3.15) we get Γ( ~U^{[m,j]}(A, a))a_ϵ(p, s; m, j)Γ( ~U^{[m,j]}(A, a))^{−1} = ∑ s^′ ( ω_{pΛ(A)p} ω_p

) 1_2 e^{−ia.Λ(A)p}D^j_{ss}′ (A^{−1}_p AA_{Λ(A)p})a_ϵ(p_{Λ(A)p}, s^′; m, j) . (3.16)

(3.16) and (3.15) are the equations (5.1.11) and (5.1.12) given in [51] written down with our choice of the space-time metric (2.2) instead of the one used by S.Weinberg in [51].

By [14, thm 18] we also have Γ( ~U^{[m,j]}(A, a))b^∗_ϵ (p, s; m, j)Γ( ~U^{[m,j]}(A, a))^{−1} = ∑ s^′ ( ω_{pΛ(A)p} ω_p

) 1_2 e^{ia.Λ(A)p}D^j_{ss}′ (A^{−1}_p AA_{Λ(A)p})b^∗_ϵ (p_{Λ(A)p}, s^′; m, j) . (3.17)

and Γ( ~U^{[m,j]}(A, a))b_ϵ(p, s; m, j)Γ( ~U^{[m,j]}(A, a))^{−1} = ∑ s^′ ( ω_{pΛ(A)p} ω_p

) 1_2 e^{−ia.Λ(A)p}D^j_{ss}′ (A^{−1}_p AA_{Λ(A)p})b_ϵ(p_{Λ(A)p}, s^′; m, j) . (3.18)

Note that, in (3.12),(3.14),(3.15), (3.16), (3.17) and (3.18), A_p is A^C_p or A^H_p depending on the formalism we consider. It is important to remark that the operators of creation and annihilation both in the canonical and helicity formalism depend on the formalism we consider.

We further note that

C ~U^{[m,j]}(A, a) = D^j (A^{C−1}_. A^H_. )^H ~U^{[m,j]}(A, a)D^j (A^{C−1}_. A^H_. )^{−1} (3.19)

In view of (2.17) we get A(χ, p |p| ) = A(k ∧ p |p| , θ)A(χ, k)A(k ∧ p |p| , θ)^{−1} (3.20)

In view of (2.27) we set

B^p_{|p|} = ( e^{−i φ2} cos^θ_2 −e^{−i φ2} sin^θ_2 e^{i φ2} sin^θ_2 e^{i φ2} cos^θ_2 ) (3.21)

Combining (3.20) with (3.19) we obtain a^{C∗}_ϵ (p, s; m, j) = ∑ s^′ D^j_s′_s ( (B^p_{|p|} )^{−1} ) a^{H∗}_ϵ (p, s^′; m, j) a^{H∗}_ϵ (p, s; m, j) = ∑ s^′ D^j_s′_s(B^p_{|p|} )a^{C∗}_ϵ (p, s^′; m, j) a^C_ϵ (p, s; m, j) = ∑ s^′ D^j_s′_s(B^p_{|p|} )a^H_ϵ (p, s^′; m, j) a^H_ϵ (p, s; m, j) = ∑ s^′ D^j_s′_s ( (B^p_{|p|} )^{−1} ) a^C_ϵ (p, s^′; m, j) .

(3.22)

and likewise for b^∗_ϵ (p, s; m, j) and b_ϵ(p, s; m, j).

In the following we will omit the superscripts C and H for a^♯ and b^♯ when the formalism that we are using is well determined.

The construction of free causal fields associated with a massive particle of spin j depends on the knowledge of the irreducible finite dimensional representations of SL(2, C ) that we now study.

3.2. The irreducible finite dimensional representations of SL(2, C ). These representations are well known. See, for example, [36] and [44]. Once again we shall follow the method used by S.Weinberg ( see [51, subsection 5.6] ) in order to construct such representations.

Let us recall the Lie algebra of SL(2, C ).

Let ~J_i, i = 1, 2, 3, be the generators of the rotations and let ~K_i, i = 1, 2, 3, be the generators of the pure Lorentz transformations.

We have [~J_i, ~J_j ] = iϵ_{ijk}~J_k .

[~J_i, ~K_j ] = iϵ_{ijk} ~K_k . [~K_i, ~K_j ] = −iϵ_{ijk}~J_k . (3.23)

where ϵ_{ijk} is totally antisymmetric with ϵ_{123} = +1 .

The generators ~J_i and ~K_j , (i, j = 1, 2, 3), satisfying (3.23) generate the Lie algebra of L and SL(2, C ).

In a given finite dimensional representation of the Lie algebra of SL(2, C ), e^{−iθ(∑3l=1 nlJl)} is the representation of a lift in SL(2, C ) of the rotation of axis n = (n^1, n^2, n^3) and angle θ and e^{−iχ(∑3l=1 mlKl)} is the representation of a lift in SL(2, C ) of the pure Lorentz transformation in the direction m = (m^1, m^2, m^3) and with rapidity v = thχ. Here J_l and K_l, l = 1, 2, 3, are the representations of ~J_l and ~K_l .

We now introduce ~M_{ij} = − ~M_{ji} = ϵ_{ijk}~J_k ~M_{i0} = − ~M_{0i} = ~K_i

~M_{00} = ~M_{ii} = 0.

(3.24)

Equations (3.23) and (3.24) then read [ ~ M_{μν} , ~M_{ρσ} ] = i ( g_{μσ} ~M_{νϱ} + g_{νρ} ~M_{μσ} − g_{νσ} ~M_{μρ} − g_{μρ} ~M_{νσ} ) . (3.25)

where μ,ν,ρ and σ run over the values 0,1,2,3.

Note that ~M_{μν} = − ~M_{νμ}. (3.26)

The generators ~M_{μν} , (μ, ν = 0, 1, 2, 3), satisfying (3.23) and (3.24) generate also the Lie algebra of SL(2, C ) .

Any A ∈ SL(2, C ) can be written down in the following form

A = e^{− i2 ωμν Mμν} (3.27) where ω^{μν} = −ω^{νμ} M_{ij} = −M_{ji} = ϵ_{ijk} σ_k 2 M_{i0} = −M_{0i} = i σ_i 2 . (3.28)

In the case of a lift in SL(2, C ) of a rotation of axis n and angle θ, we have ω^{ij} = ϵ^{ijk} n^kθ , ω^{i0} = 0. (3.29) and,in the case of a lift in SL(2, C ) of a pure Lorentz transformation in the direction m and with rapidity v = tanh χ, we have ω^{i0} = m^iχ , ω^{ij} = 0. (3.30) In view of (3.27) and (3.28) we have, for any A ∈ SL(2, C ),

J_i = σ_i 2 and K_i = i σ_i 2 A = e^{χ(∑3l=1 ml σl2 )}e^{−iθ(∑3l=1 nl σl2 )} (3.31)

We now introduce for j = (1, 2, 3) ,

A_j = 1 2 (~J_j + i~K_j ) .

B_j = 1 2 (~J_j − i~K_j ) .

(3.32)

We have [A_i, A_j ] = iϵ_{ijk}A_k . [B_i, B_j ] = iϵ_{ijk} B_k . [A_i, B_j ] = 0 .

(3.33)

By (3.33) the irreducible finite dimensional representations of SL(2, C ) are characterized by a couple of two positive integers and/or half-integers (J_1, J_2) representing the spins of two uncoupled particles.The generators of the spin J_1 are denoted by J^{(1)}_1 , J^{(1)}_2 , J^{(1)}_3 and likewise for the spin J_2. The associated representation of SL(2, C ) will be denoted D^{[J1,J2]}(.) where D^{[J1,J2]}(A) is a matrix defined on C^{(2J1 +1)(2J2+1)}.

J^{(1)}_. are represented by the standard spin matrices for spin J^1. We have

(J^{(1)}_3 )_{M1 ,M} ′_1 = M_1δ_{M1 ,M} ′_1

(J^{(1)}_1 ± iJ^{(1)}_2 )_{M1 ,M} ′_1 = δ_{M1 ,M} ′_{1±1} √ J_1(J_1 + 1) − M^′_1(M^′_1 ± 1) .

(3.34)

where M_1, M^′_1 ∈ (−J_1, −J_1 + 1, . . . , J_1 − 1, J_1) and likewise for J^{(2)}_. .

The matrices of A_. and B_. with respect to the tensor product of the canonical basis for the spins J_1 and J_2 are now given by (A_.)_{M1 M2 ,M} ′_{1M} ′_2 = δ_{M2 ,M} ′_2 (J^{(1)}_. )_{M1 ,M} ′_1 , (B_.)_{M1 M2,M} ′_{1 M} ′_2 = δ_{M1 ,M} ′_1 (J^{(2)}_. )_{M2 ,M} ′_2 .

(3.35)

We have

(~J_.)_{M1 M2 ,M} ′_{1 M} ′_2 = δ_{M2 ,M} ′_2 (J^{(1)}_. )_{M1 ,M} ′_1 + δ_{M1 ,M} ′_1 (J^{(2)}_. )_{M2 ,M} ′_2 . (~K_.)_{M1 M2 ,M} ′_{1M} ′_2 = −iδ_{M2,M} ′_2 (J^{(1)}_. )_{M1 ,M} ′_1 + iδ_{M1 ,M} ′_1 (J^{(2)}_. )_{M2 ,M} ′_2 .

(3.36)

Note that, for B ∈ SU(2), we have D^{[J1,J2]} M_1M_2 ,M^′_1 M^′_2 (B) = D

J_1 M_1,M^′_1 (B)D

J_2 M_2 ,M^′_2 (B) . (3.37)

3.2.1. Computation of D^{[J1,J2]}(A^C_p ). It follows from (2.16),(2.23),(2.25),(3.27), (3.28),(3.30) and (3.31) that D^{[J1,J2]}(A^C_p ) = D^{[J1,J2]}(e^{−iχ}

∑_3 l=1 pl |p| ~K_l ) = D^{[J1,J2]}(e^{−χ}

∑_3 l=1 pl |p| (A_l−B_l)) . (3.38)

where, by (2.23), we have e^χ =^{p0}_m +^{|p|}_m =^{|p|+ωp}_m .

By (3.35) and (3.38) we now get D^{[J1,J2]} M_1M_2 ,M^′_1M^′_2 (A C p ) = (e^{−(Ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(1)}_l ) M_1 M^′_1 (e

(Ln^{|p|+ωp}_m )

∑_3 l=1 pl |p| J^{(2)}_l ) M_2 M^′_2 .

(3.39)

3.2.2. Computation of D^{[J1,J2]}(A^H_p ). Recall that B^p_{|p|} , given by (3.21), is a lift in SL(2, C ) of the rotation of axis k ∧^p_{|p|} and angle θ=(k,^p_{|p|} ) where k is the unit vector of the third axis. By (2.14), (3.27), (3.28) and (3.29) we have B^p_{|p|} = e^{−i arccos p} 3 |p| (−^{p2}_{|p|}^{σ1}_2 +^{p1}_{|p|}^{σ2}_2 ). (3.40)

According to the helicity formalism we have A^H_p = B^p_{|p|} A^C_{(p}0_{,0,0,|p|)} (3.41) By (3.34) and (3.39) we get D^{[J1,J2]} M_1M_2 M^′_1 M^′_2 (A C (p^0 ,0,0,|p|)) = (

|p| + ω_p m )^{M ′2 −M ′1} δ_{M1 M} ′_1 δ_{M2M} ′_2 . (3.42) By (3.37), (3.41) and (3.42) we finally get D^{[J1,J2]} M_1M_2 ,M^′_1 M^′_2 (A H p ) = D^{J1}_{M1,M} ′_1 (B^p_{|p|} )D^{J2}_{M2 ,M} ′_2 (B^p_{|p|} )(

|p| + ω_p m )^{M ′2 −M ′1} . (3.43)

where D^{Jl} (B^p_{|p|} ) = e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(l)}_1 +^{p1}_{|p|} J^{(l)}_2 ) , l = 1, 2. (3.44)

3.3. Free causal fields for a massive particle of spin j.

Consider a particle of mass m > 0 and spin j. Let (J_1, J_2) be two spins such that |J_1 − J_2| ≤ j ≤ J_1 + J_2 . (3.45)

One can prove the existence of unique causal free fields denoted by (_♯ Ψ^{[J1,J2]ϵ} M_1M_2 (x) ) M_1 M_2

,where

M_1 ∈ (−J_1, −J_1 + 1, . . . , J_1 − 1, J_1) and M_2 ∈ (−J_2, −J_2 + 1, . . . , J_2 − 1, J_2) and where ♯=C or H and ϵ = ±, involving particles and antiparticles. Set ~V^{[m,j]}(A, a) = ~U^{[m,j]}(A, a) ⊕ ~U^{[m,j]}(A, a) (3.46) The causal free fields have to satisfy the two fundamental conditions: (a)The relativistic covariance law: ( Γ( ~V^{[m,j]}(A, a)) ) (^♯Ψ^{[J1,J2]ϵ}

M_1M_2 )(x) ( Γ( ~V^{[m,j]}(A, a)) )_{−1} = ∑ M^′_1M^′_2 D^{[J1,J2]} M_1M_2 M^′_1 M^′_2 (A

−1)(^♯Ψ^{[J1,J2]ϵ}

M^′_1M^′_2 )(Λ(A)x + a) .

(3.47)

where x ∈ R^4 .

(b)The microscopic causality in the bosonic case:

[^♯Ψ^{[J1,J2]ϵ}

M_1 M_2 (x), ♯ Ψ^{[J1,J2]ϵ} M^′_1 M^′_2 (y)] =

= [^♯Ψ^{[J1,J2]ϵ}

M_1M_2 (x), ♯ Ψ^{[J1,J2]ϵ†} M^′_1M^′_2 (y)] = 0 ,

(3.48) and (c)The microscopic causality in the fermionic case: {^♯Ψ^{[J1,J2]ϵ} M_1 M_2 (x), ♯ Ψ^{[J1,J2]ϵ} M^′_1 M^′_2 (y)} =

= {^♯Ψ^{[J1,J2]ϵ}

M_1M_2 (x), ♯ Ψ^{[J1,J2]ϵ†} M^′_1M^′_2 (y)} = 0 .

(3.49)

for x-y space-like.

From now on we restrict ourselves to the case of a massive boson of spin j. We suppose that the massive boson is not its own antiparticle.The case of a massive fermion is strictly similar and we shall omit the details.Moreover when a particle is its own antiparticle the results are an easy consequence of what it follows.

Mimicking [51, chapter5] we set

(^♯_1Υ^{[J1,J2]ϵ}

M_1M_2 )(x) = ∑ s ∫ d^3p(^♯u^{[J1,J2]}_{M1 M2} )(x; p, s; m, j)a_ϵ(p, s; m, j) .

(3.50)

and (^♯_2Υ^{[J1,J2]ϵ′}

M_1M_2 )(x) = ∑ s ∫ d^3p(^♯v^{[J1,J2]}

M_1 M_2 )(x; p, s; m, j)a ∗ ϵ^′ (p, s; m, j) . (3.51)

Here ϵ ≠ ϵ^′.

(^♯_1Υ^{[J1,J2]ϵ}

M_1M_2 )(x) and ( ♯ 2Υ^{[J1,J2]ϵ′} M_1M_2 )(x) are supposed to satisfy (3.47).

For simplicity we now omit the superscripts [J_1, J_2]ϵ, [J_1, J_2]ϵ^′ and [J_1, J_2]. We will finally give the complete formulae later.

Combining (3.15) and (3.16) with (3.46), (3.47) and (3.50) we obtain ( p0 (Λ(A)p)^0

) 1_2 ∑

M^′_1M^′_2

D_{M1M2 M} ′_{1 M} ′_2 (A)(e^{−ia.Λ(A)p})(^♯u_M ′_{1M} ′_2 )(x; p, s; m, j) = ∑ s^′ D^j_s′_s(A^{♯−1}_{Λ(A)p)}AA^♯_p)(^♯u_{M1 M2} )(Λ(A)x + a; p_{Λ(A)p}, s^′; m, j) .

(3.52)

and ( p0 (Λ(A)p)^0

) 1_2 ∑

M^′_1 M^′_2

D_{M1 M2 M} ′_{1M} ′_2 (A)(e^{ia.Λ(A)p})(^♯v_M ′_{1 M} ′_2 )(x; p, s; m, j) = ∑ s^′ (D^j_s′_s(A^{♯−1}_{Λ(A)p)}AA^♯_p))(^♯v_{M1 M2} )(Λ(A)x + a; p_{Λ(A)p}, s^′; m, j) .

(3.53)

By (3.52) and (3.53) with A = 1 and for any a ∈ R^3 ,^♯u_{M1M2} (x; p, s; m, j) and ♯v_{M1 M2} (x; p, s; m, j) have the form e^{−ia.x}(^♯u_{M1M2} )(p, s; m, j) and e^{ia.x}(^♯v_{M1 M2} )(p, s; m, j) respectively .

Following the convention in Physics we set (see [51, chapter5])

(^♯u_{M1M2} )(x; p, s; m, j) = ( 2π )_{−3/2} e^{−ip.x}(^♯u_{M1M2} )(p, s; m, j) (3.54) (^♯v_{M1 M2} )(x; p, s; m, j) = ( 2π )_{−3/2} e^{ip.x}(^♯v_{M1 M2} )(p, s; m, j) . (3.55) This, together with (3.52) and (3.53), yields ( p0 (Λ(A)p)^0

) 1_2 ∑

M^′_1 M^′_2

D_{M1 M2M} ′_{1 M} ′_2 (A)(^♯u_M ′_{1M} ′_2 )(p, s; m, j) = ∑ s^′ D^j_s′_s(A^{♯−1}_{Λ(A)p)}AA^♯_p)(^♯u_{M1M2} )(p_{Λ(A)p}, s^′; m, j) .

(3.56)

and ( p0 (Λ(A)p)^0

) 1_2 ∑

M^′_1M^′_2

D_{M1M2 M} ′_{1 M} ′_2 (A)(^♯v_M ′_{1 M} ′_2 )(p, s; m, j) = ∑ s^′ (D^j_s′_s(A^{♯−1}_{Λ(A)p)}AA^♯_p))(^♯v_{M1 M2} )(p_{Λ(A)p}, s^′; m, j) .

(3.57)

Letting p = k_m, where k_m is defined in (2.19), and A = A^♯_p with p ∈ Ω_m in (3.56) and (3.57) one easily shows that (^♯u^{[J1,J2]}

M_1M_2 )(p, s; m, j) = ( m p^0

) 1_2 ∑

M^′_1 M^′_2 D^{[J1,J2]} M_1 M_2M^′_1 M^′_2 (A ♯ p)(^♯u^{[J1,J2]} M^′_1 M^′_2 )(0, s; m, j) .

(3.58)

and

(^♯v^{[J1,J2]}

M_1 M_2 )(p, s; m, j) = ( m p^0

) 1_2 ∑

M^′_1 M^′_2 D^{[J1,J2]} M_1 M_2M^′_1 M^′_2 (A ♯ p)(^♯v^{[J1 ,J2]}

M^′_1 M^′_2 )(0, s; m, j) .

(3.59)

where we have introduced the superscript [J_1, J_2] again and where ♯=C or H .

By using (3.56) and (3.57) with p = 0 and A ∈ SU(2) S.Weinberg shows that ( see [51, section5.7])

(^♯u^{[J1,J2]}

M_1 M_2 )(0, s; m, j) = ( 1 2m ) 1_2

(J_1J_2js|J_1M_1J_2M_2) (3.60)

(^♯v^{[J1,J2]}

M_1 M_2 )(0, s; m, j) = (−1)

j+s(^♯u^{[J1,J2]}_{M1M2} )(0, −s; m, j) . (3.61)

where (J_1J_2js|J_1M_1J_2M_2) is the Clebsch-Gordan coefficient in the notation of A.R.Edmonds ( see [17]) .The Clebsch-Gordan coefficient vanishes unless s = M_1 + M_2 so that we have

(J_1J_2js|J_1M_1J_2M_2) = (J_1J_2js|J_1M_1J_2M_2)δ_{s,M1 +M2} . (3.62)

j is of the same type, integer or half-integer, as J_1 + J_2 and |J_1 − J_2|.

It follows from (3.39), (3.58), (3.59), (3.60) and (3.61) that, for the canonical formalism,

(^C u^{[J1,J2]}

M_1M_2 )(p, s; m, j) = 1 √ 2ω_p ∑ M^′_1M^′_2 ( (e^{−(ln |p|+ωpm ) ∑3l=1 pl|p| J (1)l} )_{M1 M} ′_1 (e^{ln |p|+ωpm ) ∑3l=1 pl|p| J (2)l} )_{M2 M} ′_2

× (J_1J_2js|J_1M^′_1J_2M^′_2) ) . (3.63) and (^C v^{[J1,J2]}

M_1 M_2 )(p, s; m, j) = (−1)

j+s(^C u^{[J1,J2]}_{M1M2} )(p, −s; m, j) . (3.64)

By (3.43) we now get for the helicity formalism

(^H u^{[J1,J2]}

M_1M_2 )(p, s; m, j) = 1 √ 2ω_p ∑ M^′_1 M^′_2 ( D^{J1}_{M1 M} ′_1 (B^p_{|p|} )D^{J2}_{M2M} ′_2 (B^p_{|p|} )

× ( |p| + ω_p m )^{M ′2 −M ′1} (J_1J_2js|J_1M^′_1J_2M^′_2) ) . (3.65)

and (^H v^{[J1,J2]}

M_1 M_2 )(p, s; m, j) = (−1)

j+s(^H u^{[J1,J2]}_{M1M2} )(p, −s; m, j) . (3.66)

Together with (3.50), (3.51), (3.54), (3.55), (3.63), (3.64), (3.65) and (3.66) we now set ♯Ψ^{[J1,J2]ϵ} M_1M_2 (.) = α( ♯ 1Υ^{[J1,J2]ϵ} M_1 M_2 (.)) + β( ♯ 2Υ^{[J1,J2]ϵ} M_1M_2 (.)) (3.67)

♯Ψ^{[J1,J2]ϵ} M_1 M_2 (x) satisfies the relativistic covariance law given by (3.47). In order to

verify the microscopic causality condition given by (3.48) S.Weinberg has carefully shown that one must have |α| = |β| with

β = (−1)^{2J2} γα , |γ| = 1 (3.68)

γ is the same for every field for a given particle.

α and γ can be eliminated so that we finally obtain in the bosonic case when j ∈ N and in the case of the canonical formalism

C Ψ^{[J1,J2]ϵ} M_1 M_2 (x)

= (2π)^{− 32} ∑ s ∫ d^3p ( 1 √ 2ω_p ( ∑ M^′_1 M^′_2

(e^{−(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(1)}_l ) M_1 ,M^′_1

(e^{(ln |p|+ωpm ) ∑3l=1 pl|p| J (2)l} )_{M2 ,M} ′_2 (J_1J_2js|J_1M^′_1J_2M^′_2) ) × e^{−ip.x}a_ϵ(p, s; m, j) + (−1)^{2J2+j+s} 1 √ 2ω_p ( ∑ M^′_1M^′_2

(e^{−(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(1)}_l ) M_1 ,M^′_1

(e^{(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(2)}_l ) M_2 ,M^′_2 × (J1J2j(−s)|J1M ′ 1J_2M^′_2) ) × e^{ip.x}a^∗_ϵ′ (p, s; m, j) ) .

(3.69)

We also have C Ψ^{[J1,J2]ϵ} M_1M_2 (x)

= (2π)^{− 32} ∑ s ∫ d^3p 1 √ 2ω_p ( ∑ M^′_1M^′_2

(e^{−(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(1)}_l ) M_1 M^′_1

× (e^{(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(2)}_l ) M_2 M^′_2 (J1J2js|J1M ′ 1J_2M^′_2) ) (e^{−ip.x}a_ϵ(p, s; m, j) + (−1)^{2J2+j−s}e^{ip.x}a^∗_ϵ′ (p, −s; m, j)).

(3.70)

On the other hand we obtain in the case of the helicity formalism

H Ψ^{[J1,J2]ϵ} M_1 M_2 (x)

= (2π)^{− 32} ∑ s ∫ d^3p ( 1 √ 2ω_p ( ∑ M^′_1 M^′_2

D^{J1}_{M1 ,M} ′_1 (B^p_{|p|} )D^{J2}_{M2,M} ′_2 (B^p_{|p|} )

( |p| + ω_p m )^{M ′2 −M ′1} (J_1J_2js|J_1M^′_1J_2M^′_2) ) e^{−ip.x}a_ϵ(p, s; m, j) + (−1)^{2J2+j+s} 1 √ 2ω_p ( ∑ M^′_1 M^′_2

D^{J1}_{M1,M} ′_1 (B^p_{|p|} )D^{J2}_{M2 ,M} ′_2 (B^p_{|p|} )

( |p| + ω_p m )^{M ′2 −M ′1} (J_1J_2j(−s)|J_1M^′_1J_2M^′_2) ) e^{ip.x}a^∗_ϵ′ (p, s; m, j) ) .

(3.71)

We also obtain H Ψ^{[J1,J2]ϵ} M_1M_2 (x)

= (2π)^{− 32} ∑ s ∫ d^3p 1 √ 2ω_p ( ∑ M^′_1 M^′_2 ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(1)}_1 +^{p1}_{|p|} J^{(1)}_2 )) M_1M^′_1 ( e^{−i arccos p3|p| (− p2|p| J (2)1 + p1|p| J (2)2 )} ) M_2 M^′_2 (

|p| + ω_p m )^{M ′2 −M ′1} (J_1J_2js|J_1M^′_1J_2M^′_2) ) (e^{−ip.x}a_ϵ(p, s; m, j) + (−1)^{2J2+j−s}e^{ip.x}a^∗_ϵ′ (p, −s; m, j)). (3.72)

Similarly, in the fermionic case when j ∈ N + 1/2, we obtain in the case of the canonical formalism C ~Ψ^{[J1,J2]ϵ} M_1M_2 (x)

= (2π)^{− 32} ∑ s ∫ d^3p ( 1 √ 2ω_p ( ∑ M^′_1 M^′_2

(e^{−(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(1)}_l ) M_1 ,M^′_1

(e^{(ln |p|+ωpm ) ∑3l=1 pl|p| J (2)l} )_{M2 ,M} ′_2 (J_1J_2js|J_1M^′_1J_2M^′_2) ) e^{−ip.x}b_ϵ(p, s; m, j) + (−1)^{2J2+j+s} 1 √ 2ω_p ( ∑ M^′_1M^′_2

(e^{−(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(1)}_l ) M_1 ,M^′_1

(e^{(ln |p|+ωpm ) ∑3l=1 pl|p| J (2)l} )_{M2 ,M} ′_2 (J_1J_2j(−s)|J_1M^′_1J_2M^′_2) ) e^{ip.x}b^∗_ϵ′ (p, s; m, j) ) . (3.73)

We also get C ~Ψ^{[J1,J2]ϵ} M_1 M_2 (x)

= (2π)^{− 32} ∑ s ∫ d^3p ( 1 √ 2ω_p ( ∑ M^′_1 M^′_2

(e^{−(ln |p|+ωpm ) ∑3l=1 pl|p| J (1)l} )_{M1 M} ′_1

× (e^{(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(2)}_l ) M_2 M^′_2 (J1J2js|J1M ′ 1J_2M^′_2) )

(e^{−ip.x}b_ϵ(p, s; m, j) + (−1)^{2J2+j−s}e^{ip.x}b^∗_ϵ′ (p, −s; m, j)) ) .

(3.74)

and in the case of the helicity formalism H ~Ψ^{[J1,J2]ϵ} M_1M_2 (x) = (2π)

−^3_2 ∑ s ∫ d^3p ( 1 √ 2ω_p ( ∑ M^′_1M^′_2

D^{J1}_{M1,M} ′_1 (B^p_{|p|} )D^{J2}_{M2 ,M} ′_2 (B^p_{|p|} )

× ( |p| + ω_p m )^{M ′2 −M ′1} (J_1J_2js|J_1M^′_1J_2M^′_2) ) e^{−ip.x}b_ϵ(p, s; m, j) + (−1)^{2J2+j+s} 1 √ 2ω_p ( ∑ M^′_1 M^′_2

D^{J1}_{M1 ,M} ′_1 (B^p_{|p|} )D^{J2}_{M2,M} ′_2 (B^p_{|p|} )

× ( |p| + ω_p m )^{M ′2 −M ′1} (J_1J_2j(−s)|J_1M^′_1J_2M^′_2) ) e^{ip.x}b^∗_ϵ′ (p, s; m, j) ) . (3.75)

We also have H ~Ψ^{[J1,J2]ϵ} M_1M_2 (x)

= (2π)^{− 32} ∑ s ∫ d^3p 1 √ 2ω_p ( ∑ M^′_1 M^′_2 ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(1)}_1 +^{p1}_{|p|} J^{(1)}_2 )) M_1M^′_1 ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(2)}_1 +^{p1}_{|p|} J^{(2)}_2 )) M_2 M^′_2 (

|p| + ω_p m )^{M ′2 −M ′1} (J_1J_2js|J_1M^′_1J_2M^′_2) ) (e^{−ip.x}b_ϵ(p, s; m, j) + (−1)^{2J2+j−s}e^{ip.x}b^∗_ϵ′ (p, −s; m, j)). (3.76)

Remark 3.1. Note that the construction of the fields^♯Ψ^{[J1,J2]ϵ}_{M1M2} (x) involves an irreducible representation of SL(2, C ) of finite dimension.From a physical point of view, in particular in the case of an interaction invariant by space inversion, it can be more convenient to construct such fields associated to a direct sum of irreducible representations of finite dimension.For example the Dirac field for a particle of spin 1/2 is based on the representation [^1_2 , 0] ⊕ [0,^1_2 ].In particular the two cases [j, 0] and [0, j] are important(see [46]).

3.4. Two particular cases: [j,0] and [0,j].

In the bosonic case when J_1 = j ∈ N and J_2 = 0 we have (j0js|js^′00) = δ_{s,s}′ for the Clebsch-Gordan coefficient and from (3.68) and (3.70) we obtain

C Ψ^{[j,0]ϵ}_s (x) = (2π)^{− 32} ∑ s^′ ∫ d^3p ( 1 √ 2ω_p

(e^{−(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(j)}_l ) ss^′ e^{−ip.x}a_ϵ(p, s^′; m, j) + 1 √ 2ω_p (e^{−(ln |p|+ωpm ) ∑3l=1 pl|p| J (j)l} )_{s(−s}′_) (−1)^{j+s′} e^{ip.x}a^∗_ϵ′ (p, s^′; m, j)) ) . (3.77)

where ( J^{(j)}_l ) , l = 1, 2, 3, are the generators of the rotations in the representation D^j (.) of SU(2).

We also have

C Ψ^{[j,0]ϵ}_s (x)

= (2π)^{− 32} ∑ s^′ ∫ d^3p 1 √ 2ω_p

(e^{−(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(j)}_l ) ss^′ ( e^{−ip.x}a_ϵ(p, s^′; m, j) + (−1)^{j−s′} e^{ip.x}a^∗_ϵ′ (p, −s^′; m, j) ) . (3.78)

and H Ψ^{[j,0]ϵ}_s (x) = (2π)^{− 32} ∑ s^′ ∫ d^3p ( 1 √ 2ω_p ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(j)}_1 +^{p1}_{|p|} J^{(j)}_2 )) ss^′ ( |p| + ω_p m )_{−s}′ e^{−ip.x}a_ϵ(p, s^′; m, j) + 1 √ 2ω_p ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(j)}_1 +^{p1}_{|p|} J^{(j)}_2 )) s(−s^′ ) ( |p| + ω_p m )_s′ (−1)^{j+s′} e^{−ip.x}a^∗_ϵ (p, s^′; m, j) ) . (3.79)

We also get

H Ψ^{[j,0]ϵ}_s (x)

= (2π)^{− 32} ∑ s^′ ∫ d^3p 1 √ 2ω_p ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(j)}_1 +^{p1}_{|p|} J^{(j)}_2 )) ss^′ ( |p| + ω_p m )_{−s}′ ( e^{−ip.x}a_ϵ(p, s^′; m, j) + (−1)^{j−s′} e^{ip.x}a^∗_ϵ′ (p, −s^′; m, j) ) . (3.80)

In the fermionic case when j ∈ N + 1/2 we obtain

C ~Ψ^{[j,0]ϵ}_s (x) = (2π)^{− 3}2 ∑ s^′ ∫ d^3p ( 1 √ 2ω_p

(e^{−(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(j)}_l ) ss^′ e^{−ip.x}b_ϵ(p, s^′; m, j) + 1 √ 2ω_p

(e^{−(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(j)}_l ) s(−s^′ ) (−1)^{j+s′} e^{ip.x}b^∗_ϵ′ (p, s^′; m, j)) ) . (3.81)

We also get C ~Ψ^{[j,0]ϵ}_s (x) = (2π)^{− 32} ∑ s^′ ∫ d^3p 1 √ 2ω_p

(e^{−(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(j)}_l ) ss^′ (e^{−ip.x}b_ϵ(p, s^′; m, j) + (−1)^{j−s′} e^{ip.x}b^∗_ϵ′ (p, −s^′; m, j)). (3.82)

and

H ~Ψ^{[j,0]ϵ}_s (x) = (2π)^{− 3}2 ∑ s^′ ∫ d^3p ( 1 √ 2ω_p ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(j)}_1 +^{p1}_{|p|} J^{(j)}_2 )) ss^′ ( |p| + ω_p m )_{−s}′ e^{−ip.x}b_ϵ(p, s^′; m, j) + 1 √ 2ω_p ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(j)}_1 +^{p1}_{|p|} J^{(j)}_2 )) s(−s^′ ) ( |p| + ω_p m )_s′ (−1)^{j+s′} e^{−ip.x}b^∗_ϵ (p, s^′; m, j) ) . (3.83)

Also H ~Ψ^{[j,0]ϵ}_s (x) = (2π)^{− 32} ∑ s^′ ∫ d^3p 1 √ 2ω_p ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(j)}_1 +^{p1}_{|p|} J^{(j)}_2 )) ss^′ ( |p| + ω_p m )_{−s}′ ( e^{−ip.x}b_ϵ(p, s^′; m, j) + (−1)^{j−s′} e^{ip.x}b^∗_ϵ′ (p, −s^′; m, j) ) . (3.84)

In the bosonic case when J_2 = j ∈ N and J_1 = 0 we have (0jjs|00js^′) = δ_{s,s}′ for the Clebsch-Gordan coefficient and from (3.68) and (3.70) we obtain

C Ψ^{[0,j]ϵ}_s (x) = (2π)^{− 32} ∑ s^′ ∫ d^3p ( 1 √ 2ω_p

(e^{(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(j)}_l ) ss^′ e^{−ip.x}a_ϵ(p, s^′; m, j) + 1 √ 2ω_p

(e^{(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(j)}_l ) s(−s^′ ) (−1)^{3j+s′} e^{ip.x}a^∗_ϵ′ (p, s^′; m, j)) ) . (3.85)

We also have

C Ψ^{[0,j]ϵ}_s (x)

= (2π)^{− 32} ∑ s^′ ∫ d^3p 1 √ 2ω_p

(e^{(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(j)}_l ) ss^′ (e^{−ip.x}a_ϵ(p, s^′; m, j) + (−1)^{3j−s′} e^{ip.x}a^∗_ϵ′ (p, −s^′; m, j)). (3.86)

and H Ψ^{[0,j]ϵ}_s (x) = (2π)^{− 32} ∑ s^′ ∫ d^3p ( 1 √ 2ω_p ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(j)}_1 +^{p1}_{|p|} J^{(j)}_2 )) ss^′ ( |p| + ω_p m )_s′ e^{−ip.x}a_ϵ(p, s^′; m, j) + 1 √ 2ω_p ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(j)}_1 +^{p1}_{|p|} J^{(j)}_2 )) s(−s^′) ( |p| + ω_p m )_{−s}′ (−1)^{3j+s′} e^{−ip.x}a^∗_ϵ (p, s^′; m, j) ) . (3.87)

We also have

H Ψ^{[0,j]ϵ}_s (x)

= (2π)^{− 32} ∑ s^′ ∫ d^3p 1 √ 2ω_p ( e^{−i arccos p3|p| (− p2|p| J (j)1 + p1|p| J (j)2 )} ) ss^′ ( |p| + ω_p m )_s′ (e^{−ip.x}a_ϵ(p, s^′; m, j) + (−1)^{3j−s′} e^{ip.x}a^∗_ϵ′ (p, −s^′; m, j)). (3.88)

In the fermionic case for when j ∈ N + 1/2 we obtain

C ~Ψ^{[0,j]ϵ}_s (x) = (2π)^{− 3}2 ∑ s^′ ∫ d^3p ( 1 √ 2ω_p (e^{(ln |p|+ωpm ) ∑3l=1 pl|p| J (j)l} )_{ss}′ e^{−ip.x}b_ϵ(p, s^′; m, j) + 1 √ 2ω_p

(e^{(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(j)}_l ) s(−s^′ ) (−1)^{3j+s′} e^{ip.x}b^∗_ϵ′ (p, s^′; m, j)) ) . (3.89)

We also obtain C ~Ψ^{[0,j]ϵ}_s (x) = (2π)^{− 32} ∑ s^′ ∫ d^3p 1 √ 2ω_p

(e^{(ln |p|+ωpm )}

∑_3 l=1 pl |p| J^{(j)}_l ) ss^′ (e^{−ip.x}b_ϵ(p, s^′; m, j) + (−1)^{3j−s′} e^{ip.x}b^∗_ϵ′ (p, −s^′; m, j)). (3.90) and H ~Ψ^{[0,j]ϵ}_s (x) = (2π)^{− 3}2 ∑ s^′ ∫ d^3p ( 1 √ 2ω_p ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(j)}_1 +^{p1}_{|p|} J^{(j)}_2 )) ss^′ ( |p| + ω_p m )_s′ e^{−ip.x}b_ϵ(p, s^′; m, j) + 1 √ 2ω_p ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(j)}_1 +^{p1}_{|p|} J^{(j)}_2 )) s(−s^′ ) ( |p| + ω_p m )_{−s}′ (−1)^{3j+s′} e^{−ip.x}b^∗_ϵ (p, s^′; m, j) ) . (3.91)

and also H ~Ψ^{[0,j]ϵ}_s (x) = (2π)^{− 32} ∑ s^′ ∫ d^3p 1 √ 2ω_p ( e^{−i arccos p3|p| (− p2|p| J (j)1 + p1|p| J (j)2 )} ) ss^′ ( |p| + ω_p m )_s′ (e^{−ip.x}b_ϵ(p, s^′; m, j) + (−1)^{3j−s′} e^{ip.x}b^∗_ϵ′ (p, −s^′; m, j)). (3.92)

4. Free causal fields for a massless particle of any finite helicity

In this chapter we introduce the construction of free causal fields for massless particles of helicity j by still following the formalism of S.Weinberg in [47],[48] and [51, section 5.9]. Note that the construction of free fields for photons and gravitons is not included in this approach. See [49]. Photons and gravitons are properly associated with potentials instead of fields. The approach that we now follow will be adapted to massless fermions as neutrinos and antineutrinos in the Standard model.

Let F^{[j]}_s (resp.F^{[j]}_a ) be the bosonic (resp. fermionic)Fock space for massless bosons(resp.massless fermions) of helicity j. We have

F^{[j]}_s = ⨂ ( ⊕^∞_{n=0} ⊗^n_s L^2(R^3 ) ) . (4.1)

where ⊗^n_s denotes the symmetric n-th tensor product and ⊗^0_sL^2(Σ_j ) =C , and

F^{[j]}_a = ⨂ ( ⊕^∞_{n=0} ⊗^n_a L^2(R^3 ) ) . (4.2)

where ⊗^n_a denotes the antisymmetric n-th tensor product and ⊗^0_aL^2(Σ_j ) =C .

In the case of N bosons and N fermions with helicities (j_i)_{1≤i≤N} the corresponding Fock spaces, denoted by ~F^{(N)}a and ~F^{(N)}s respectively, are given by

~F^{(N)}_s =^N ⨂ i=1 F^{[ji]}_s (4.3) and ~F^{(N)}_a =^N ⨂ i=1 F^{[ji]}_a (4.4)

The unitary irreducible representations ~U^{[j]} of P induce two unitary representations of P in F^{[j]}s and F^{[j]}a . Each representation is Γ( ~U^{[j]}).

a_ϵ(p, j) (resp. a^∗_ϵ (p, j) ) is the annihilation (resp.creation) operator for a massless boson of helicity j if ϵ = + and for a antiparticle of helicity j if ϵ = − .

Similarly, b_ϵ(p, j) (resp. b^∗_ϵ (p, j) ) is the annihilation (resp.creation) operator for a massless fermion of helicity j if ϵ = + and for a antiparticle of helicity j if ϵ = −.

The operators a_ϵ(p, j) and a^∗_ϵ (p, j) fulfil the usual commutation relations (CCR), whereas b_ϵ(p, j) and b^∗_ϵ (p, j) fulfil the canonical anticommutation relation (CAR). See [51]. Futhermore, the a^′s commute with the b^′s.

In addition, in the case where several fermions are involved we follow the convention described in [51, sections 4.1 and 4.2]. This means that we will assume that fermionic annihilation and creation operators of different species of particles anticommute for both massive and massless fermions.

Therefore, the following canonical anticommutation and commutation relations hold for a couple of massless particles with helicities j and j^′ ≠ j together with a massive particle with m > 0 and spin ~j. {b_ϵ(p, j), b^∗_ϵ′ (p^′, j)} = δ_{ϵϵ}′ δ(p − p^′) , [a_ϵ(p, j), a^∗_ϵ′ (p^′, j)] = δ_{ϵϵ}′ δ(p − p^′) ,

{b^♯_ϵ(p, j), b^♯_ϵ′ (p^′, j^′)} = 0 , {b^♯_ϵ(ξ; m, ~j), b^♯_ϵ′ (p, j^′)} = 0 , [a^♯_ϵ(p, j), a^♯_ϵ′ (p^′, j^′)] = 0 ,

[b^♯_ϵ(p, j), a^♯_ϵ′ (p^′, j^′)] = 0 , [b^♯_ϵ(ξ; m, ~j), a^♯_ϵ′ (p^′, j)] = 0 .

(4.5)

where a^♯(resp.b^♯) is a(resp.b) or a^∗(resp.b^∗). We now introduce

a_ϵ(j)(φ) = ∫ R^3

a_ϵ(p, j)φ(p)d^3p , a^∗_ϵ (j)(φ) = ∫ R^3

a^∗_ϵ (p, j)φ(p)d^3p ,

b_ϵ(j)(φ) = ∫ R^3

b_ϵ(p, j)φ(p)d^3p , b^∗_ϵ (j)(φ) = ∫ R^3

b^∗_ϵ (p, j)φ(p)d^3p .

(4.6)

Moreover, for φ ∈ L^2(R^3 ), the operators b_ϵ(j) and b^∗_ϵ (j) are bounded operators on F^j_a satisfying ‖b^♯_ϵ(j)(φ)‖ = ‖φ‖_L2 . (4.7) From now on we only consider the helicity formalism because it is very useful in Physics.

Furthermore we restrict ourselves to the case of a massless fermion of helicity j and we suppose that the massless fermions we consider are not their own antiparticles.

In that case S.Weinberg (see [47, 48],[49, (2.15),(2.16)] and [51]) has shown that, if we construct a causal field for a massless particle of helicity j by mimicking the construction for a massive particle of spin j, the associated causal field can be constructed only with the annihilation for the massless particle of helicity j and the creation operator for the antiparticle with helicity −j. Moreover only the representations (J_1, J_2) of SL(2, C ) such that j = J_2 − J_1 are involved in the construction.

It follows that, if a massless fermion of helicity j is not its own antiparticle, the helicity of the antiparticle is −j.

The massless fermion of helicity j is associated to the unitary irreducible representation ~U^{[j]} and its antiparticle to the unitary irreducible representation ~U^{[−j]}. Let ~U^{[|j|]} = ~U^{[j]} ⊕ ~U^{[−j]} (4.8)

Let (J_1, J_2) be two spins. For every M_1 ∈ (−J_1, −J_1 + 1, . . . , J_1 − 1, J_1) and for every M_2 ∈ (−J_2, −J_2 + 1, . . . , J_2 − 1, J_2) we look for causal free fields, denoted by ( Φ^{[J1,J2]ϵ} M_1M_2 (x) ) M_1M_2

, involving particles and antiparticles and satisfying the two fundamental conditions:

(a)The relativistic covariance law:

Γ( ~U^{[|j|]}(A, a))(Φ^{[J1 ,J2]ϵ}_{M1 M2} )(x)Γ( ~U^{[|j|]}(A, a))^{−1} = ∑ M^′_1M^′_2 D^{[J1,J2]} M_1M_2 M^′_1 M^′_2 (A

−1)(Φ^{[J1 ,J2]ϵ}

M^′_1 M^′_2 )(Λ(A)x + a) ,

(4.9)

where x ∈ R^4 . and (b)The microscopic causality {Φ^{[J1,J2]ϵ} M_1M_2 (x), Φ

[J_1 ,J_2]ϵ M^′_1 M^′_2 (y)} = {Φ

[J_1,J_2]ϵ M_1M_2 (x), Φ [J_1,J_2]ϵ,† M^′_1 M^′_2 (y)} = 0 . (4.10)

for x-y space-like.

As in [48, 3.47] and [51, section 5.9] we set (Φ^{[J1,J2]ϵ} M_1 M_2 )(x) = ( 1 2π )^{32} ∫ d^3p ( α(u^{[J1,J2]} M_1 M_2 )(p, j)e −ip.xb ϵ(p, j) + β(v^{[J1 ,J2]} M_1 M_2 )(p, −j)e ip.xb∗ ϵ^′ (p, −j) ) . (4.11)

where ϵ ≠ ϵ^′.

We now study the transformation rules of the annihilation and creation operators by Γ( ~U^{[|j|]}). By [48] and [51, section 5.9] we easily get

Γ( ~U^{[j]}(A, a) ⊕ I)b_ϵ(p , j)Γ( ~U^{[j]}(A, a) ⊕ I)^{−1} = (|p_{Λ(A)p}| |p| ) 1_2 e^{−ia.Λ(A)p}L^{−j} ( (A^2_{Λ(A)p})^{−1}AA^2_p ) b_ϵ(p_{Λ(A)p} , j) .

(4.12)

Γ( ~U^{[j]}(A, a) ⊕ I)b^∗_ϵ (p , j)Γ( ~U^{[j]}(A, a) ⊕ I)^{−1} = (|p_{Λ(A)p}| |p| ) 1_2 e^{ia.Λ(A)p}L^j ( (A^2_{Λ(A)p})^{−1}AA^2_p ) b^∗_ϵ (p_{Λ(A)p} , j) .

(4.13)

Γ(I ⊕ ~U^{[−j]}(A, a))b^∗_ϵ′ (p , −j)Γ(I ⊕ ~U^{[−j]}(A, a))^{−1} = ( |p_{Λ(A)p}| |p| ) 1_2 e^{ia.Λ(A)p}L^{−j} ( (A^2_{Λ(A)p})^{−1}AA^2_p ) b^∗_ϵ′ (p_{Λ(A)p} , −j) . (4.14) and Γ(I ⊕ ~U^{[−j]}(A, a))b_ϵ′ (p , −j)Γ(I ⊕ ~U^{[−j]}(A, a))^{−1} = ( |p_{Λ(A)p}| |p| ) 1_2 e^{−ia.Λ(A)p}L^j ( (A^2_{Λ(A)p})^{−1}AA^2_p ) b_ϵ′ (p_{Λ(A)p} , −j) . (4.15)

From now on we omit the superscript [J_1, J_2]. We shall introduce it again later on. By (4.9), (4.11) and (4.12) we obtain, for A ∈ SL(2, C ), ∑ M^′_1 M^′_2 ( |p| |p_{Λ(A)p}| ) 1_2

D_{M1M2 M} ′_{1 M} ′_2 (A)u_M ′_{1 M} ′_2 (p , j) = L^j ( (A^2_{Λ(A)p})^{−1}AA^2_p ) u_{M1 M2} (p_{Λ(A)p} , j) .

(4.16)

and by (4.9), (4.11) and (4.14) we get ∑ M^′_1M^′_2 ( |p| |p_{Λ(A)p}| ) 1_2

D_{M1 M2M} ′_{1 M} ′_2 (A)v_M ′_{1 M} ′_2 (p , −j) = L^j ( (A^2_{Λ(A)p})^{−1}AA^2_p ) v_{M1 M2} (p_{Λ(A)p} , −j) .

(4.17)

Setting p=k_0 we then get

u_{M1M2} (p, j) = (|p|)^{− 12} ∑ M^′_1 M^′_2

D_{M1 M2 M} ′_{1M} ′_2 (A^2_p)u_M ′_{1 M} ′_2 (k_0, j) ,

v_{M1 M2} (p, −j) = (|p|)^{− 12} ∑ M^′_1 M^′_2

D_{M1M2 M} ′_{1 M} ′_2 (A^2_p)v_M ′_{1 M} ′_2 (k_0, −j) .

(4.18)

Recall that A^2_p is given by (2.44) .

4.1. Computation of u_{M1M2} (k_0, j) and v_{M1 M2} (k_0, −j).

Let A_φ be the following rotation

A_φ = ( e^{−i φ2} 0 0 e^{i φ2} ) (4.19)

We have

Λ(A_φ)k_0 = k_0 , (A^2_{Λ(Aφ )k0} )^{−1}A_φA^2_{k0} = A_φ , A_φ = e^{−iφ σ32} .

(4.20)

Combining this with (3.27), (3.28), (3.31), (3.34), (3.37), (4.16) and (4.17) we easily get

e^{−ijφ}u_{M1M2} (k_0, j) = e^{−iφ(M1 +M2)}u_{M1 M2} (k_0, j) , e^{−ijφ}v_{M1 M2} (k_0, −j) = e^{−iφ(M1 +M2 )}v_{M1 M2} (k_0, −j) .

(4.21)

This proves that u_{M1M2} (k_0, j) and v_{M1 M2} (k_0, −j) are different from zero if and only if M_1 + M_2 = j (4.22) Let A_z be the following transformation

A_z = ( 1 z 0 1 ) (4.23)

We have

Λ(A_z)k_0 = k_0 , (A^2_{Λ(Az )k0} )^{−1}A_z A^2_{k0} = A_z .

(4.24)

We get, for z = λ + iμ,

Λ(A_z) =

1 +^{|z|2}_2 λ −μ −^{|z|2}_2 λ 1 0 −λ −μ 0 1 μ |z|^2 2 λ −μ 1 −^{|z|2}_2 (4.25)

By (3.27) A_z is the transformation e^{−i} (_{λ(M10+M13 )−μ(M20+M23 )}) (4.26) Here M_{10}, M_{13}, M_{20} and M_{23} are given in (3.28). This yields A_z = e^i (_{λ( σ2} 2 −i^{σ1}_2 )+μ(^{σ1}_2 +i^{σ2}_2 ) ) (4.27) It follows from (2.37), (4.16), (4.17) and (4.24) that

u_{M1M2} (k_0, j) = ∑ M^′_1M^′_2 D^{[J1,J2]} M_1M_2 M^′_1 M^′_2 (Az)uM^′1 M^′2 (k0, j) ,

v_{M1 M2} (k_0, −j) = ∑ M^′_1 M^′_2 D^{[J1,J2]} M_1 M_2M^′_1 M^′_2 (Az )vM^′1 M^′2 (k0, −j) .

(4.28)

By (3.24) and (3.32) we have in the representation associated with D^{[J1,J2]} M_{10} + M_{13} = −i(A_1 − B_1) − (A_2 + B_2) , M_{20} + M_{23} = −i(A_2 − B_2) + (A_1 + B_1) .

(4.29)

By (4.26), (4.28) and (4.29) we have ∑ M^′_1 M^′_2 ( − i(A_1 − B_1) − (A_2 + B_2) ) M_1M_2 M^′_1 M^′_2 uM^′1M^′2 (k0, j) = 0 (4.30) ∑ M^′_1 M^′_2 ( − i(A_2 − B_2) + (A_1 + B_1) ) M_1M_2 M^′_1 M^′_2 uM^′1M^′2 (k0, j) = 0 (4.31)

By (3.34) and (3.35) we get from (4.30) and (4.31) ∑ M^′_1 ( (J^{(1)}_2 + iJ^{(1)}_1 )_{M1 M} ′_1 u_M ′_{1M2} (k_0, j)+ ∑ M^′_2

(J^{(2)}_2 − iJ^{(2)}_1 )_{M2 M} ′_2 u_{M1M} ′_2 (k_0, j) ) = 0 .

(4.32)

∑ M^′_1 ( (−J^{(1)}_1 + iJ^{(1)}_2 )_{M1 M} ′_1 u_M ′_{1M2} (k_0, j)+ ∑ M^′_2

(−J^{(2)}_1 − iJ^{(2)}_2 )_{M2 M} ′_2 u_{M1M} ′_2 (k_0, j) ) = 0 .

(4.33)

It follows from (4.32) and (4.33) that ∑ M^′_1

(J^{(1)}_1 − iJ^{(1)}_2 )_{M1 M} ′_1 u_M ′_{1M2} (k_0, j) = 0 . (4.34) ∑ M^′_2

(J^{(2)}_1 + iJ^{(2)}_2 )_{M2 M} ′_2 u_{M1M} ′_2 (k_0, j) = 0 . (4.35)

In view of (3.34), (4.34) and (4.35) u_{M1M2} (k_0, j) is equal to zero unless M_1 = −J_1, M_2 = J_2 . (4.36) By (4.28) the same is true for v_M ′_{1 M} ′_2 (k_0, −j) and by (4.22) we must have j = J_2 − J_1 (4.37) We finally set by applying the normalization used in Physics

u_{M1 M2} (k_0, j) = v_M ′_{1 M} ′_2 (k_0, −j) = δ_{M1 ,−J1} δ_{M2 ,J2} 2^{J1+J2−1/2} (4.38) This, together with (4.18), yields

u_{M1M2} (p, j) = v_{M1 M2} (p, −j) = (2|p|)^{− 12} D^{[J1,J2]}_{M1 M2 −J1J2} (A^2_p) . (4.39) In view of (2.43) and (2.44) we obtain in the representation D^{[J1,J2]}(.) D^{[J1,J2]}(A^2_p) = D^{[J1,J2]}(B^p_{|p|} e^{−i ln |p|( ~K3)}) (4.40) where B^p_{|p|} is given by (3.40) .

This, together with (3.34), (3.36) and (3.37), yields D^{[J1,J2]} M_1M_2 (−J_1)J_2 (A 2 p) = |p|^{J1+J2} (D^{J1}_{M1(−J1)}(B^p_{|p|} )D^{J2}_{M2J2} (B^p_{|p|} )) . (4.41) Combining this with (3.44) and (4.39) we then get u^{[J1,J2]} M_1M_2 (p, j) = v

[J_1,J_2] M_1 M_2 (p, −j) = (2|p|)

J_1+J_2−1/2 ( e^{−i arccos p3|p| (− p2|p| J (1)1 + p1|p| J (1)2 )} ) M_1(−J_1) ( e^{−i arccos p3|p| (− p2|p| J (2)1 + p1|p| J (2)2 )} ) M_2J_2 .

(4.42)

In [47] two particular cases are considered. For a left-handed particle with helicity j < 0 one can choose J_2 = 0 and J_1 = −j = |j| and we have u^{[−j,0]+} s (p, j) = (2|p|)^{|j|−1/2} ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(−j)}_1 +^{p1}_{|p|} J^{(−j)}_2 ))

sj . (4.43) where s = (−|j|, −|j| + 1, · · · , |j| − 1, |j|). For a right-handed particle with helicity j > 0 one can choose J_1 = 0 and J_2 = j.

We then get u^{[0,j]+} s (p, j) = (2|p|)^{j−1/2} ( e^{−i arccos p3|p| (− p2|p| J (j)1 + p1|p| J (j)2 )} ) sj . (4.44) where s = (−j, −j + 1, · · · , j − 1, j). This gives for a neutrino u^{[−1/2,0]+} s (p, −1/2) = ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(1/2)}_1 +^{p1}_{|p|} J^{(1/2)}_2 )) s(−1/2) . (4.45)

where s = −1/2, 1/2. and for an antineutrino u^{[0,1/2]+} s (p, 1/2) = ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(1/2)}_1 +^{p1}_{|p|} J^{(1/2)}_2 )) s(1/2) . (4.46)

where s = −1/2, 1/2.

In order to satisfy the microscopic condition (4.10) with u^{[J1,J2]}_{M1 M2} (p, j) and v^{[J1,J2]}_{M1 M2} (p, −j) given by (4.42) S.Weinberg has shown in [51, section 5.9] that we must have |α| = |β| and that we can choose α = β.

Thus, up to an over-all scale of the field, we finally get (Φ^{[J1,J2]ϵ} M_1 M_2 )(x) = ( 1 2π )^{32} ∫ d^3p(2|p|)^{J1 +J2−1/2} ( e^{−i arccos p3|p| (− p2|p| J (1)1 + p1|p| J (1)2 )} ) M_1 (−J_1) ( e^{−i arccos p3|p| (− p2|p| J (2)1 + p1|p| J (2)2 )} ) M_2 J_2 ( e^{−ip.x}b_ϵ(p, j) + e^{ip.x}b^∗_ϵ′ (p, −j) ) . (4.47)

where J_2 − J_1 = j.

For a left-handed particle of helicity j < 0 we get

(Φ^{[−j,0]+} s )(x) = ( 1 2π )^{32} ∫ d^3p(2|p|)^{−j−1/2} ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(−j)}_1 +^{p1}_{|p|} J^{(−j)}_2 )) sj ( e^{−ip.x}b_+(p, j) + e^{ip.x}b^∗_−(p, −j) ) . (4.48) where s = (−|j|, −|j| + 1, · · · , |j| − 1, |j|) For a right- handed particle of helicity j > 0 we obtain

(Φ^{[0,j]+}_s )(x) = ( 1 2π )^{32} ∫ d^3p(2|p|)^{j−1/2} ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|} J^{(j)}_1 +^{p1}_{|p|} J^{(j)}_2 )) sj ( e^{−ip.x}b_+(p, j) + e^{ip.x}b^∗_−(p, −j) ) . (4.49) where s = (−j, −j + 1, · · · , j − 1, j) For a neutrino we get

(Φ^{[−1/2,0]+} s )(x) = ( 1 2π )^{32} ∫ d^3p ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|}^{σ1}_2 +^{p1}_{|p|}^{σ2}_2 )) s(−1/2) ( e^{−ip.x}b_+(p, −1/2) + e^{ip.x}b^∗_−(p, 1/2) ) . (4.50)

and for an antineutrino we obtain

(Φ^{[0,1/2]+} s )(x) = ( 1 2π )^{32} ∫ d^3p ( e^{−i arccos p} 3 |p| (−^{p2}_{|p|}^{σ1}_2 +^{p1}_{|p|}^{σ2}_2 )) s(1/2) ( e^{−ip.x}b_+(p, 1/2) + e^{ip.x}b^∗_−(p, −1/2) ) . (4.51)

Here s = (1/2, −1/2).

5. Definition of the model

We consider a model which is a generalization of the weak decay of the nucleus 60 27Co into the nucleus^{60}_{28}Ni^∗ , e^− and ν_e. 60 27Co →^{60}_{28} Ni^∗ + e^− + ν_e (5.1) Spin(^{60}_{27}Co) = 5 and Spin(^{60}_{28}Ni^∗) = 4. In this decay parity is not conserved.

Our model involves four particles : two bosons of mass m_1 > 0 and spin j_1 and of mass m_2 > 0 and spin j_2 respectively, a fermion of mass m_3 > 0 and spin j_3 and a massless fermion of helicity −j_4 which is the antiparticle of a massless fermion of helicity j_4 < 0 as it follows from the conservation of the leptonic number.

Set ξ_i = (p_i, s_i) for each i = 1, 2, 3, i.e., for the massive bosons and fermion.We have, for each i = 1, 2, 3, ∫ dξ_i = ∑ s_i ∫ d^3p_i.

For the massless fermion we set ξ_4 = (p_4, j_4) and ~ξ_4 = (p_4, −j_4) with ∫ dξ_4 = ∫ d^3p_4.

The Fock space of the system is

F = F^{[m1,j1 ]} s ⊗ F^{[m2,j2 ]}_s ⊗ F^{[m3,j3]}_a ⊗ F^{[−j4]}_a (5.2)

Ω shall denote the vacuum in F. The free Hamiltonian H_0 is given by

H_0 = 2∑ i=1 ∫ w^i(ξ_i)a^∗_+(ξ_i; m_i, j_i)a_+(ξ_i; m_i, j_i)dξ_i+ ∫ w^3(ξ_3)b^∗_+(ξ_3; m_3, j_3)b_+(ξ_3; m_3, j_3)dξ_3 + ∫ w^4(ξ_4)b^∗_−(~ξ_4)b_−(~ξ_4)dξ_4 (5.3)

The free relativistic energies of the massive bosons and fermion and of the massless fermion are given by

w^i(ξ_i) = (|p_i|^2 + m^2_i )^{1/2}, i = 1, 2, 3 (5.4) w^4(ξ_4) = |p_4| (5.5)

From now on we suppose that m_1 > m_2 > m_3 m_1 > m_2 + m_3 .

(5.6)

H_0 is a self-adjoint operator in F.

In the interaction representation the formal interaction,denoted by H_I (t), is given by H_I (t) = ∫ d^3xH(t, x) (5.7)

The S-matrix will be Lorentz-invariant if

Γ(U(A, a))H(x)Γ(U(A, a))^{−1} = H(Λ(A)x + a) (5.8) [H(x), H(y)] = 0, (x − y)^2 ≤ 0 . (5.9)

The general form of of H(x) in terms of the causal free fields is given in [51, (5.1.9) and (5.1.10)].

By (3.63) and (3.65) we get for each i = 1, 2, 3

(^C u^{[J i1,J i2]} M^i_1M^i_2 )(ξi; mi, ji)

= (2π)^{−3/2} 1 √ 2ω_{pi} ∑ M^{i′}_1 M^{i′}_2 ( e^{−(ln} |pi|+ωpi m ) ∑_3 l=1 pli |pi| J (i,1) l )_M i_{1 M} i′_1

(e^{ln} |pi |+ωpi m ) ∑_3 l=1 pli |pi| J (i,2) l )_M i_{2 M} i′_2 .(J^i_1J^i_2j_is_i|J^i_1M^i_1J^i_2M^{i′}_2 ) ) . (5.10)

(^H u^{[J i1,J i2]} M^i_1M^i_2 )(ξi; mi, ji) = (2π) −3/2 1 √ 2ω_{pi} ( ∑ M^{i′}_1 M^{i′}_2 ( |p_i| + ω_{pi} m )^{M i′2 −M i′1} ( e^{−i arccos p} 3 i |pi| (− p2i |pi| J (i,1) 1 +^{p1i}_{|pi|} J^{(i,1)}_2 ))

M^i_1 M^{i′}_1 ( e^{−i arccos p} 3 i |pi| (− p2i |pi| J (i,2) 1 +^{p1i}_{|pi |} J^{(i,2)}_2 ))

M^i_2 M^{i′}_2 (J i 1J^i_2j_is_i|J^i_1M^{i′}_1 J^i_2M^{i′}_2 ) ) . (5.11)

Here J^i_. and M^i_. are associated to the spin of the particle i. J^{(i,.)}_. are the

generators of the rotations in the representation D^{J i.} (.).

For the massless fermion we only consider the helicity formalism and, by (4.42), we set

u^{[J 41 ,J 42 ]}

M^4_1 M^4_2 (ξ4) = (2|p4|)

J^4_1 +J^4_2 −1/2(e−i arccos^p 3 4 |p4| (− p24 |p4| J (4,1)

1 +^{p14}_{|p4|} J^{(2,1)}_2 ))

M^2_1 (−J^2_1 ) ( e^{−i arccos p} 3 2 |p2 | (− p2 |p2 | J (2,2)

1 +^{p14}_{|p4 |} J^{(4,2)}_2 ))

M^4_2 J^4_2 . (5.12)

where J^4_. and M^4_. are associated to the spin of the massless fermion.

J^{(4,.)}_. are the generators of the translations in the representation D^{J 4.} (.). By (3.70) we now set for the massive bosons, i = 1, 2, ♯ 1Φ^{[J i1,J i2]} M^i_1 M^i_2 (x) = (2π)

−^3_2 ∫ dξ_i(^♯u^{[J i1,J i2]} M^i_1 M^i_2 )(ξi; mi, ji)e −ip_3 .xa +(ξ_i; m_i, j_i). (5.13)

and, by (3.76), for the massive fermion ♯ 1Ψ^{[J 31 ,J 32 ]}

M^3_1 M^3_2 (x) = (2π)

−^3_2 ∫ dξ_3(^♯u^{[J 31 ,J 32 ]}

M^3_1 M^3_2 )(ξ3; m3, j3)e −ip_3 .xb +(ξ_3; m_3, j_3). (5.14)

Finally, by (4.47), for the massless fermion we let

(_2Ψ^{[J 41 ,J 42 ]}

M^4_1 M^4_2 )(x) = ( 1 2π )^{32} ∫ dξ_4u^{[J 41 ,J 42 ]}

M^4_1 M^4_2 (ξ4)e ip_4 .xb∗ −( ~ξ_4). (5.15)

Let us now write down the formal interaction,denoted by V_I , of the three particles and antiparticles in the Schrödinger representation.We have

V_I = ( V^{(1)}_I + V^{(2)}_I + ~V^{(1)}_I + ~V^{(2)}_I ) (5.16)

V^{(1)}_I is given by

V^{(1)}_I = ∫ d^3x ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2 ( g^{(1)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} ( 2Ψ^{[J 41 ,J 42 ]}

M^4_1 M^4_2 ) (0, x) (_♯ 1Ψ^{[J 31 ,J 32 ]}

M^3_1 M^3_2

)_*

(0, x) (_♯ 1Φ^{[J 21 ,J 22 ]}

M^2_1 M^2_2

)_*

(0, x) (_♯ 1Φ^{[J 11 ,J 12 ]}

M^1_1 M^1_2 ) (0, x) ) . (5.17)

V^{(2)}_I is given by

V^{(2)}_I = ∫ d^3x ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2 ( g^{(1)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} (_♯ 1Φ^{[J 11 ,J 12 ]}

M^1_1 M^1_2

)_*

(0, x) (_♯ 1Φ^{[J 21 ,J 22 ]}

M^2_1 M^2_2 ) (0, x) (_♯ 1Ψ^{[J 31 ,J 32 ]}

M^3_1 M^3_2 ) (0, x) )( 2Ψ^{[J 41 ,J 42 ]}

M^4_1 M^4_2

)_*

(0, x) ) . (5.18) and we have

~V^{(1)}_I = ∫ d^3x ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2 ( g^{(2)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} ( 2Ψ^{[J 41 ,J 42 ]}

M^4_1 M^4_2 ) (0, x) (_♯ 1Ψ^{[J 31 ,J 32 ]}

M^3_1 M^3_2

)_*

(0, x) (_♯ 1Φ^{[J 21 ,J 22 ]}

M^2_1 M^2_2

)_* (0, x) (_♯ 1Φ^{[J 11 ,J 12 ]}

M^1_1 M^1_2

)_*

(0, x) ) . (5.19)

and ~V^{(2)}_I = ∫ d^3x ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2 ( g^{(2)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} (_♯ 1Φ^{[J 11 ,J 12 ]}

M^1_1 M^1_2 ) (0, x) (_♯ 1Φ^{[J 21 ,J 22 ]}

M^2_1 M^2_2 ) (0, x) (_♯ 1Ψ^{[J 31 ,J 32 ]}

M^3_1 M^3_2 ) (0, x) )( 2Ψ^{[J 41 ,J 42 ]}

M^4_1 M^4_2

)_*

(0, x) ) . (5.20)

V_I is formally self adjoint.

By [51, 5.1.10] the constants g^{(i)}_. ,i = 1, 2, have to satisfy the following condition for i = 1, 2, and for every A ∈ SL(2, C )

g^{(i)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} = ∑ M^{1′}_1 M^{1′}_2 M^{2′}_1 M^{2′}_2 M^{3′}_1 M^{3′}_2 M^{4′}_1 M^{4′}_2

D^{[J 11 ,J 12 ]}

M^{1′}_1 M^{1′}_2 M^1_1 M^1_2 (A

−1)D^{[J 21 ,J 22 ]}

M^{2′}_1 M^{2′}_2 M^2_1 M^2_2 (A −1)

D^{[J 31 ,J 32 ]}

M^{3′}_1 M^{3′}_2 M^3_1 M^3_2 (A

−1)D^{[J 41 ,J 42 ]}

M^{4′}_1 M^{4′}_2 M^4_1 M^4_2 (A

−1)g^{(i)}_{M 1}′_{1 M 1}′_{2 M 2}′_{1 M 2}′_{2 M 3}′_{1 M 3}′_{2 M 4}′_{1 M 4}′_2 . (5.21)

The coefficients g^{(i)}_. ,i = 1, 2, are associated with the coupling of the spins J^1_1 ,J^2_1 , J^3_1 and J^4_1 and with the coupling of the spins J^1_2 ,J^2_2 , J^3_2 and J^3_1 to make scalars.See [51, section5],[46] and [50].

After integrating with respect to x we obtain

V^{(1)}_I =

(2π)^{−3} ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2

g^{(1)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} ∫ dξ_1dξ_2dξ_3dξ_4

δ^3(p_1 − p_2 − p_3 − p_4) ( u^{[J 41 ,J 42 ]}

M^4_1 M^4_2 (ξ4)b ∗ −( ~ξ_4)^♯u^{[J 31 ,J 32 ]}

M^3_1 M^3_2 )(ξ3; m3, j3)b ∗ +(ξ_3; m_3, j_3) ) × (^♯u^{[J 21 ,J 22 ]}

M^2_1 M^2_2 )(ξ2; m2, j2)a ∗ +(ξ_2; m_2, j_2)^♯u^{[J 11 ,J 12 ]}_{M 11 M 12} )(ξ_1; m_1, j_1)a_+(ξ_1; m_1, j_1) ) . (5.22) and V^{(2)}_I =

(2π)^{−3} ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2

g^{(1)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} ∫ dξ_1dξ_2dξ_3dξ_4

δ^3(p_1 − p_2 − p_3 − p_4) (_♯ u^{[J 11 ,J 12 ]}

M^1_1 M^1_2 (ξ1; m1, j1)a ∗ +(ξ_1; m_1, j_1)^♯u^{[J 21 ,J 22 ]}_{M 21 M 22} (ξ_2; m_2, j_2)a_+(ξ_2; m_2, j_2) ) × (_♯ u^{[J 31 ,J 32 ]}

M^3_1 M^3_2 (ξ3; m3, j3)b+(ξ3; m3, j3)

♯u^{[J 41 ,J 42 ]}

M^4_1 M_2 (ξ4)b−(

~ξ_4)) . (5.23) together with

~V^{(1)}_I =

(2π)^{−3} ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2

g^{(2)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} ∫ dξ_1dξ_2dξ_3dξ_4

δ^3(p_1 + p_2 + p_3 + p_4) ( u^{[J 41 ,J 42 ]}

M^4_1 M^4_2 (ξ4)b ∗ −( ~ξ_4)^♯u^{[J 31 ,J 32 ]}

M^3_1 M^3_2 )(ξ3; m3, j3)b ∗ +(ξ_3; m_3, j_3) ) × (^♯u^{[J 21 ,J 22 ]}

M^2_1 M^2_2 )(ξ2; m2, j2)a ∗ +(ξ_2; m_2, j_2)^♯u^{[J 11 ,J 12 ]}_{M 11 M 12} )(ξ_1; m_1, j_1)a^∗_+(ξ_1; m_1, j_1) ) . (5.24) and

~V^{(2)}_I = (2π)^{−3} ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2

g^{(2)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} ∫ dξ_1dξ_2dξ_3dξ_4

δ^3(p_1 + p_2 + p_3 + p_4) (_♯ u^{[J 11 ,J 12 ]}

M^1_1 M^1_2 (ξ1; m1, j1)a+(ξ1; m1, j1)

♯u^{[J 21 ,J 22 ]}

M^2_1 M^2_2 (ξ2; m2, j2)a+(ξ2; m2, j2) ) × (_♯ u^{[J 31 ,J 32 ]}

M^3_1 M^3_2 (ξ3; m3, j3)b+(ξ3; m3, j3)

♯u^{[J 41 ,J 42 ]}

M^4_1 M_2 (ξ4)b−(

~ξ_4)) . (5.25)

In the Fock space F the interaction V_I is a highly singular operator due to the δ-distributions that occur in the (V^{(*)}_I )^′s and the ( ~V^{(*)}_I )^′s and because of the ultraviolet behavior of the functions u^{[J (.)1 ,J (.)2 ]}(.) involved.

In order to get well defined operators in F we have to substitute smoother kernels F^{(α)}(ξ_1, ξ_2), G^{(α)}(ξ_3) and ~G^{(α)}(ξ_4), where α = 1, 2, for the δ-distributions.

We then obtain a new operator denoted by H_I and defined as follows in the Schrödinger representation.

H_I = H^{(1)}_I + (H^{(1)}_I )^* + H^{(2)}_I + (H^{(2)}_I )^* (5.26)

Remark 5.1. For the fermionic part of the interaction one could consider a kernel G^{(α)}(ξ_3, ξ_4) which is not split. Nevertheless this kernel should satisfy implicit conditions or should be very regular. It is better to consider a split kernel because the conditions that the split parts will have to satisfy will be more explicit and general.

We have

H^{(1)}_I =

(2π)^{−3} ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2

g^{(1)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} ∫ dξ_1dξ_2dξ_3dξ_4

F^{(1)}(ξ_1, ξ_2)G^{(1)}(ξ_3) ~G^{(1)}(ξ_4) ( u^{[J 41 ,J 42 ]}

M^4_1 M^4_2 (ξ4)b ∗ −( ~ξ_4)^♯u^{[J 31 ,J 32 ]}

M^3_1 M^3_2 )(ξ3; m3, j3)b ∗ +(ξ_3; m_3, j_3) ) × (^♯u^{[J 21 ,J 22 ]}

M^2_1 M^2_2 )(ξ2; m2, j2)a ∗ +(ξ_2; m_2, j_2)^♯u^{[J 11 ,J 12 ]}_{M 11 M 12} )(ξ_1; m_1, j_1)a_+(ξ_1; m_1, j_1) ) . (5.27)

(H^{(1)}_I )^* =

(2π)^{−3} ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2

g^{(1)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} ∫ dξ_1dξ_2dξ_3dξ_4

F^{(1)}(ξ_1, ξ_2)G^{(1)}(ξ_3) ~G^{(1)}(ξ_4) (_♯ u^{[J 11 ,J 12 ]}

M^1_1 M^1_2 (ξ1; m1, j1)a ∗ +(ξ_1; m_1, j_1)^♯u^{[J 21 ,J 22 ]}_{M 21 M 22} (ξ_2; m_2, j_2)a_+(ξ_2; m_2, j_2) ) × (_♯ u^{[J 31 ,J 32 ]}

M^3_1 M^3_2 (ξ3; m3, j3)b+(ξ3; m3, j3)

♯u^{[J 41 ,J 42 ]}

M^4_1 M_2 (ξ4)b−(

~ξ_4)) . (5.28)

H^{(2)}_I =

(2π)^{−3} ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2

g^{(2)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} ∫ dξ_1dξ_2dξ_3dξ_4

F^{(2)}(ξ_1, ξ_2)G^{(2)}(ξ_3) ~G^{(2)}(ξ_4) ( u^{[J 41 ,J 42 ]}

M^4_1 M^4_2 (ξ4)b ∗ −( ~ξ_4)^♯u^{[J 31 ,J 32 ]}

M^3_1 M^3_2 )(ξ3; m3, j3)b ∗ +(ξ_3; m_3, j_3) ) × (^♯u^{[J 21 ,J 22 ]}

M^2_1 M^2_2 )(ξ2; m2, j2)a ∗ +(ξ_2; m_2, j_2)^♯u^{[J 11 ,J 12 ]}_{M 11 M 12} )(ξ_1; m_1, j_1)a^∗_+(ξ_1; m_1, j_1) ) . (5.29)

(H^{(2)}_I )^* = (2π)^{−3} ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2

g^{(2)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} ∫ dξ_1dξ_2dξ_3dξ_4

F^{(2)}(ξ_1, ξ_2)G^{(2)}(ξ_3) ~G^{(2)}(ξ_4) (_♯ u^{[J 11 ,J 12 ]}

M^1_1 M^1_2 (ξ1; m1, j1)a+(ξ1; m1, j1)

♯u^{[J 21 ,J 22 ]}

M^2_1 M^2_2 (ξ2; m2, j2)a+(ξ2; m2, j2) ) × (_♯ u^{[J 31 ,J 32 ]}

M^3_1 M^3_2 (ξ3; m3, j3)b+(ξ3; m3, j3)

♯u^{[J 41 ,J 42 ]}

M^4_1 M_2 (ξ4)b−(

~ξ_4)) . (5.30)

The total Hamiltonian is then H = H_0 + H_I (5.31) We now give the conditions that the kernels F^α(., .), G^{(α)}(.), ~G^{(α)}(.) and the couplings constants g^{(α)}_. have to satisfy in order to associate with the formal operator H a well defined self-adjoint operator in F.

6. A self-adjoint Hamiltonian

Let D denote the set of smooth vectors in F for which only a finite number of components are different from zero and each component is smooth with a compact support. See [9] for a careful definition. H_0 is essentially self-adjoint on D. The spectrum of H_0 is [0, ∞) and 0 is a simple eigenvalue with Ω as eigenvector.

The set of thresholds of H_0, denoted by T , is given by

T = {p m_1 + q m_2 + r m_3; (p, q, r) ∈ N^3 and p + q + r ≥ 1} , (6.1) For each causal field concerning the massive particles we can choose either the canonical formalism or the helicity one. Nevertheless, from the physical point of view, the helicity formalism is very important and from now on we restrict ourselves to this formalism for each particle. For any other choice of formalisms our results will the same because we can apply the same proof. Only constants and smallness conditions on the couplings constants would vary. We omit the details.

Thus, from now on, we omit the superscript H in the formulae. We now need to estimate the functions (u^{[J i1,J i2]}_{M i1M i2} )(ξ_i; m_i, j_i) ,where i = 1, 2, 3, and

u^{[J 41 ,J 42 ]}

M^4_1 M^4_2 (ξ4).

By (5.11) and one easily shows that there exist two constants C^i for i = 1, 2, 3 such that

|(u^{[J i1,J i2]} M^i_1 M^i_2 )(ξi; mi, ji)| ≤ C i( 1 + |p_i|

)_J i_{1+J} i_{2 −1/2} (6.2)

Remark that C^i depends on J^i_1, J^i_2 and j_i. By (5.12) we obtain

|u^{[J 41 ,J 42 ]}

M^4_1 M^4_2 (ξ4)| ≤ (2|p4|)

J^4_1 +J^4_2 −1/2 (6.3)

The estimate (6.3) is verified in the case of neutrinos and antineutrinos in the Standard Model.

From now on the kernels F^{(α)}(ξ_1, ξ_2),G^{(α)}(ξ_3) and ~G^{(α)}(ξ_4) are supposed to satisfy the following hypothesis

Hypothesis 6.1. For α = 1, 2 we assume (i) ∏ β=1,2, ( 1 + |p_β |

)_J^β_{1 +J}^β_{2 −1/2} F^{(α)}(., .) ∈ L^2(Σ_{j1} × Σ_{j2} ) (ii) ( 1 + |p_3|

)_J 3_{1 +J} 3_{2 −1/2} G^{(α)}(.) ∈ L^2(Σ_{j3} )

(iii) |p_4|^{J 41 +J 42 −1/2} ~G^{(α)}(.) ∈ L^2(R^3 ) Set

1F^{(1)}(ξ_1, ξ_2) = u^{[J 21 ,J 22 ]}_{M 21 M 22} (ξ_2; m_2, j_2)u^{[J 11 ,J 12 ]}_{M 11 M 12} )(ξ_1; m_1, j_1)F^{(1)}(ξ_1, ξ_2). (6.4)

2F^{(1)}(ξ_1, ξ_2) = u^{[J 21 ,J 22 ]}_{M 21 M 22} (ξ_2; m_2, j_2)u^{[J 11 ,J 12 ]}_{M 11 M 12} )(ξ_1; m_1, j_1)F^{(1)}(ξ_1, ξ_2). (6.5)

1F^{(2)}(ξ_1, ξ_2) = u^{[J 21 ,J 22 ]}_{M 21 M 22} (ξ_2; m_2, j_2)u^{[J 11 ,J 12 ]}_{M 11 M 12} )(ξ_1; m_1, j_1)F^{(2)}(ξ_1, ξ_2). (6.6)

2F^{(2)}(ξ_1, ξ_2) = u^{[J 21 ,J 22 ]}_{M 21 M 22} (ξ_2; m_2, j_2)u^{[J 11 ,J 12 ]}_{M 11 M 12} )(ξ_1; m_1, j_1)F^{(2)}(ξ_1, ξ_2). (6.7)

For every Ψ ∈ D we have

‖ ∫ dξ_1dξ_2(_1F^{(1)}(ξ_1, ξ_2))a^∗_+(ξ_2; m_2, j_2)a_+(ξ_1; m_1, j_1)Ψ‖

≤ C^1C^2‖ ( ∏ β=1,2 (1 + |p_β |)^{J β1 +J β2 −1/2} ) F^{(1)}(., .)‖_L2_{(Σj1 ×Σj2 )} × ( ( 1 m_1 + 1 m_2

)‖H_0Ψ‖ + 1 2 ‖Ψ‖ ) (6.8)

‖ ∫ dξ_1dξ_2(_2F^{(1)}(ξ_1, ξ_2))a^∗_+(ξ_1; m_1, j_1)a_+(ξ_2; m_2, j_2)Ψ‖

≤ C^1C^2‖ ( ∏ β=1,2 (1 + |p_β |)^{J β1 +J β2 −1/2} ) F^{(1)}(., .)‖_L2_{(Σj1 ×Σj2 )} × ( ( 1 m_1 + 1 m_2

)‖H_0Ψ‖ + 1 2 ‖Ψ‖ ) (6.9)

‖ ∫ dξ_1dξ_2(_1F^{(2)}(ξ_1, ξ_2))a^∗_+(ξ_2; m_2, j_2)a^∗_+(ξ_1; m_1, j_1)Ψ‖

≤ C^1C^2‖ ( ∏ β=1,2 (1 + |p_β |)^{J β1 +J β2 −1/2} ) F^{(2)}(., .)‖_L2_{(Σj1 ×Σj2 )} × ( ( 1 m_1 + 1 m_2

)‖H_0Ψ‖ + ‖Ψ‖ ) (6.10)

‖ ∫ dξ_1dξ_2(_2F^{(2)}(ξ_1, ξ_2))a_+(ξ_1; m_1, j_1)a_+(ξ_2; m_2, j_2)Ψ‖

≤ C^1C^2‖ ( ∏ β=1,2 (1 + |p_β |)^{J β1 +J β2 −1/2} ) F^{(2)}(., .)‖_L2_{(Σj1 ×Σj2 )} × ( 1 m_1 + 1 m_2

)‖H_0Ψ‖ (6.11)

The estimates (6.8) − (6.11) are examples of N_τ estimates.The proof is similar to the one of [8, Proposition 3.7] and details are omitted. Set W (p_1, p_2, p_3, p_4) = ( |p_4|^{J 41 +J 4−1/2} ∏ β=1,2,3 ( 1 + |p_β|

)_J^β_{1 +J}^β_{2 −1/2}) (6.12)

C = (2π)^{−3}C^1C^2C^3

(^3∏ β=1 (1+2J^β_1 )^2(1+2J^β_2 )^2 ) 2^{J 41 +J 42 −1/2}(1+2J^4_1 )(1+2J^4_2 ) (6.13)

g = sup_α sup

M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2

|g^{(α)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} | (6.14) and b = m_1m_2 2(m_1 + m_2)

(6.15)

By (3.11), (4.7), (5.26) − (5.30) and (6.8) − (6.11) we finally get for every Ψ ∈ D ‖H_I Ψ‖ ≤ 2gC( 1 m_1 + 1 m_2 )× ∑ α=1,2 ‖W (p_1, p_2, p_3, p_4)F^{(α)}(., .)G^{(α)}(.) ~G^{(α)}(.)‖_L2_{(Σj1 ×Σj2 ×Σj3 ×R}3_)

× (‖H_0Ψ‖ + b‖Ψ‖) . (6.16)

We then have the following theorem

Theorem 6.2. Let g_1 > 0 be such that

2Cg_1( 1 m_1 + 1 m_2 ) ∑ α=1,2 ( ∫ ( W (p_1, p_2, p_3, p_4)

)_2

|F^{(α)}(ξ_1, ξ_2)|^2|G^{(α)}(ξ_3)|^2| ~G^{(α)}(ξ_4)|^2dξ_1dξ_2dξ_3dξ_4 )_{1/2} < 1 . (6.17)

Then, for every g satisfying g ≤ g_1, H is a self-adjoint operator in F with domain D(H_0) and D is a core for H.

By (6.16) the proof of the theorem follows from the Kato-Rellich theorem.

7. Main results

We now wish to give statements about the existence of an unique ground state for the Hamiltonian H together with the location of its spectrum and of its absolutely continuous spectrum. This is our first main result.

As in [9] and [3] our second main result is the proof that the spectrum of H is absolutely continuous in any interval (inf σ(H), inf σ(H) + m_1 − δ] for δ < m_1 and for g sufficiently small whose smallness depends on δ.

We shall now make the following additional assumptions on the kernels ~G^{(α)}(ξ_4) . Hypothesis 7.1. There exist K( ~G) and ~K( ~G) such that for α = 1, 2, i, l = 1, 2, 3, and σ ≥ 0, (i) ( |p_4|^{J 41 +J 42 −3/2} ) ~ G^{(α)}(ξ_4) ∈ L^2(R^3 ) .

(ii) ( ∫ |p_4|≤σ ( |p_4|^{2(J 41 +J 42 )−1}| ~G^{(α)}(ξ_4)|^2dξ_4 )_{1/2} ≤ K( ~G)σ . (iii − a) ( |p_4|^{J 41 +J 42 −1/2} )( (p_4 · ∇_{p4} ) ~ G^{(α)} ) (ξ_4) ∈ L^2(R^3 ) .

(iii − b) ( ∫ |p_4 |≤σ |p_4|^{2(J 41 +J 42 )−1}| ( (p_4 · ∇_{p4} ) ~G^{(α)} ) (ξ_4)|^2dξ_4 )_{1/2} ≤ ~K( ~G)σ .

(iii − c) ∫ R^3

|p_4|^{2(J 41 +J 42 )−1}(p^i_2)^2(p^l_2)^2 | | | | | ∂^2 ~G^{(α)} ∂p^i_4∂p^l_4 (ξ_4) | | | | | 2 dξ_4 < ∞ .

The first main result is concerned with the existence of an unique ground state for H and with the location of the spectrum of H and of its absolutely continuous spectrum.

Theorem 7.2. Assume that the kernels F^{(α)}, G^{(α)} and ~G^{(α)}, α = 1, 2, satisfy Hypothesis (6.1) and Hypothesis (7.1(i)). Then there exists g_2 ∈ (0, g_1] such that H has an unique ground state for g ≤ g_2. Furthermore, setting E = inf σ(H) we have σ(H) = σ_{ac}(H) = [E, ∞) with E ≤ 0 .

In order to prove theorem 7.2 we first need to get an important result about the spectrum of the Hamiltonians with infrared cutoff.

Let us first define the cutoff operators which are the Hamiltonians with infrared cutoff with respect to the momentum of the massless fermion.

For that purpose, let χ_0(.) ∈ C^∞(R, [0, 1]) with χ_0 = 1 on (−∞, 1] and χ_0 = 0 on [2, ∞]. For σ > 0 and p ∈ R^3 , we set χ_σ(p) = χ_0(|p|/σ) , χ̃^σ(p) = 1 − χ_σ (p) .

(7.18)

The operator H_{I,σ} is the interaction given by (5.26)-(5.30) associated with the kernel χ̃^σ (p_4) ~G^{(α)}(ξ_4) instead of ~G^{(α)}(ξ_4).

We then set H_σ = H_0 + gH_{I,σ} . (7.19) We now introduce Σ_{4,σ} = R^3 ∩ {|p_4| < σ} , Σ^σ_4 = R^3 ∩ {|p_4| ≥ σ} F_{4,σ} = F_a(L^2(Σ_{4,σ} )) , F^σ_4 = F_a(L^2(Σ^σ_4 )) .

(7.20)

F_{4,σ} ⊗ F^σ is the Fock space for the massless fermion. Now, we set F^σ = F^{[m1,j1 ]} s ⊗ F^{[m2,j2 ]}_s ⊗ F^{[m3,j3]}_a ⊗ F^σ_4 and F_σ = F_{4,σ} . (7.21) and we have F ≃ F^σ ⊗ F_σ . (7.22) We further set

H^i_0 = ∫ w^i(ξ_i)a^∗_+(ξ_i)a_+(ξ_i)dξ_i , i=1,2,

H^3_0 = ∫ w^3(ξ_3)b^∗_+(ξ_3)b_+(ξ_3)dξ_3 ,

H^4_0 = ∫ w^4(ξ_4)b^∗_−( ~ξ_4)b_−( ~ξ_4)dξ_4 .

(7.23)

and H^{4,σ}_0 = ∫ |p_4|>σ w^4(ξ_4)b^∗( ~ξ_4)b( ~ξ_4)dξ_4 ,

H^4_{0,σ} = ∫ |p_4 |≤σ w^4(ξ_4)b^∗( ~ξ_4)b( ~ξ_4)dξ_4 .

(7.24)

Then, on F^σ ⊗ F_σ , we have H^4_0 = H^{4,σ}_0 ⊗ 1_σ + 1^σ ⊗ H^4_{0,σ} , (7.25) where 1^σ (resp. 1_σ ) is the identity operator on F^σ (resp. F_σ).

Using the definitions H^σ = H_σ |_F σ and H^σ_0 = H_0|_Fσ , we get H^σ = H^1_0 + H^2_0 + H^3_0 + H^{4,σ}_0 + gH_{I,σ} on F^σ , (7.26) and H_σ = H^σ ⊗ 1_σ + 1^σ ⊗ H^4_{0,σ} on F^σ ⊗ F_σ . (7.27) Now, for δ ∈ R with 0 < δ < m_3, we define the sequence (σ_n)_{n≥0} by σ_0 = 2m_3 + 1 ,

σ_1 = m_3 − δ 2 , σ_{n+1} = γσ_n for n ≥ 1 ,

(7.28)

where γ = 1 − δ 2m_3 − δ

. (7.29) For n ≥ 0, we then define the cutoff operators on F^n = F^{σn} by H^n = H^{σn} , H^n_0 = H^{σn}_0 , (7.30) and we denote, for n ≥ 0, E^n = inf σ(H^n). (7.31) We also define the cutoff operators on F by

H_n = H_{σn} , H_{0,n} = H_{0,σn} , (7.32) and we denote, for n ≥ 0, E_n = inf σ(H_n). (7.33) Note that E^n = E_n (7.34) One easily shows that, for g ≤ g_1, |E^n| = |E_n| ≤ gbK(F, G, ~G) 1 1 − g_1K(F, G, ~G) (7.35)

See [9, 3] for a proof.

We now set K(F, G, ~G) = 2C( 1 m_1 + 1 m_2 )× ∑ α=1,2 ‖W (p_1, p_2, p_3, p_4)F^{(α)}(., .)G^{(α)}(.) ~G^{(α)}(.)‖_L2_{(Σj1 ×Σj2 ×Σj3 ×R}3_) . (7.36)

K_1(F, G, ~G) = 1 1 − g_1K(F, G, ~G) K_2(F, G, ~G) = b ( 1 − g_1K(F, G, ~G) )_2

(7.37)

~K(F, G) = 2C( 1 m_1 + 1 m_2 )× ∑ α=1,2 ‖ ( ∏ β=1,2,3 (1 + |p_β |)^{J β1 +J β2 −1/2} ) F^{(α)}(., .)G^{(α)}(.)‖_L2_{(Σj1 ×Σj2 ×Σj3 )} . (7.38)

~D_δ(F, G, ~G) = max { 4(2m_3 + 1)γ 2m_3 − δ , 2 } × ~K(F, G)(2m_3K_1(F, G, ~G) + K_2(F, G, ~G)) (7.39) Let g^{(1)}_δ be such that

0 < g^{(1)}_δ < min { 1, g_1, γ − γ^2 3 ~D_δ(F, G, ~G) } . (7.40)

and let g_3 = 1 4K(F, G, ~G) (7.41)

Setting g^{(2)}_δ = inf{g_3, g^{(1)}_δ } (7.42) and applying the same method as the one used for proving proposition 4.1 in [3] we finally get the following result

Proposition 7.3. Suppose that the kernels F^{(α)}(., .), G^{(α)}(.) and ~G^{(α)}(.), α = 1, 2, satisfy Hypothesis 6.1 and 7.1(ii) . Then, for g ≤ g^{(2)}_δ , E^n is a simple eigenvalue of H^n for n ≥ 1, and H^n does not have spectrum in the interval (E^n, E^n + (1 − 3g^{~Dδ (F,G, ~G)}_γ )σ_n). 7.0.1. Proof of theorem 7.2.

We adapt the proof of theorem 3.3 in [9]. By Proposition 7.3 H^n has an unique ground state, denoted by ϕ^n, in F^n such that

H^nϕ^n = E^nϕ^n, ϕ^n ∈ D(H^n), ‖ϕ^n‖ = 1, n ≥ 1 . (7.43)

Therefore H_n has an unique normalized ground state in F, given by ϕ̃_n = ϕ^n ⊗ Ω_n, where Ω_n is the vacuum state in F_n,

H_nϕ̃_n = E^nϕ̃_n, ϕ̃_n ∈ D(H_n), ‖ϕ̃_n‖ = 1, n ≥ 1 .

Let H_{I,n} be the interaction H_{I,σn} . It follows from the pull-through formula that

(H_0+H_{I,n})b_−( ~ξ_4)ϕ̃_n = E_nb_−( ~ξ_4)ϕ̃_n −w^4(ξ_4)b_−( ~ξ_4)ϕ̃_n − ( V^1_n (ξ_4)+V^2_n (ξ_4) )~ ϕ_n (7.44)

where

V^1_n (ξ_4) =

(2π)^{−3} ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2

g^{(1)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} ∫ dξ_1dξ_2dξ_3

F^{(1)}(ξ_1, ξ_2)G^{(1)}(ξ_3)χ̃^{σn} (p_4) ~G^{(1)}(ξ_4) ( u^{[J 41 ,J 42 ]}

M^4_1 M^4_2 (ξ4)u

[J^3_1 ,J^3_2 ] M^3_1 M^3_2 )(ξ3; m3, j3)b ∗ +(ξ_3; m_3, j_3) ) (u^{[J 21 ,J 22 ]}

M^2_1 M^2_2 )(ξ2; m2, j2)a ∗ +(ξ_2; m_2, j_2)u^{[J 11 ,J 12 ]}_{M 11 M 12} )(ξ_1; m_1, j_1)a_+(ξ_1; m_1, j_1) ) . (7.45) and V^2_n (ξ_4) =

(2π)^{−3} ∑ M^1_1 M^1_2 M^2_1 M^2_2 M^3_1 M^3_2 M^4_1 M^4_2

g^{(2)}_{M 11 M 12 M 21 M 22 M 31 M 32 M 41 M 42} ∫ dξ_1dξ_2dξ_3

F^{(2)}(ξ_1, ξ_2)G^{(2)}(ξ_3)χ̃^{σn} (p_4) ~G^{(2)}(ξ_4) ( u^{[J 41 ,J 42 ]}

M^4_1 M^4_2 (ξ4)u

[J^3_1 ,J^3_2 ] M^3_1 M^3_2 )(ξ3; m3, j3)b ∗ +(ξ_3; m_3, j_3) ) (u^{[J 21 ,J 22 ]}

M^2_1 M^2_2 )(ξ2; m2, j2)a ∗ +(ξ_2; m_2, j_2)u^{[J 11 ,J 12 ]}_{M 11 M 12} )(ξ_1; m_1, j_1)a^∗_+(ξ_1; m_1, j_1) ) . (7.46)

We obtain ‖ ( V^1_n (ξ_4) + V^2_n (ξ_4) )~ ϕ_n‖ ≤ gC|p_4|^{J 41 +J 42 −1/2} ∑ α=1,2 | ~G^{(α)}(ξ_4)| ( ‖ ∏ β=1,2,3 (1 + |p_β|)^{J β1 +J β2 −1/2}F^{(α)}(., .)G^{(α)}(.)‖_L2_{(Σj1 ×Σj2 ×Σj3 )} ) ( ( 1 m_1 + 1 m_2

)‖H_0ϕ̃_n‖ + 3/2 ) (7.47)

It follows from (6.16) and (7.35) that, for every g ≤ g_1, ‖H_{I,n}ϕ̃_n‖ ≤ gK(F, G, ~G)(‖H_0ϕ̃_n‖ + b) (7.48) This yields ‖H_0ϕ̃_n‖ ≤ |E_n| + gK(F, G, ~G)(‖H_0ϕ̃_n‖ + b) (7.49) By (7.35) and (7.37) we get ‖H_0ϕ̃_n‖ ≤ gbK(F, G, ~G) ( K_2(F, G, ~G) + K_1(F, G, ~G) ) (7.50) uniformly with respect to n. Setting M = g_1bK(F, G, ~G) ( K_2(F, G, ~G) + K_1(F, G, ~G) ) we obtain

‖b_−( ~ξ_4)ϕ̃_n‖ ≤ gC|p_4|^{J 41 +J 42 −3/2} ∑ α=1,2 | ~G^{(α)}(ξ_4)| ( ‖ ∏ β=1,2,3 (1 + |p_β|)^{J β1 +J β2 −1/2}F^{(α)}(., .)G^{(α)}(.)‖_L2_{(Σj1 ×Σj2 ×Σj3 )} ) ( ( 1 m_1 + 1 m_2

)M + 3/2 ) (7.51)

Thus by Hypothesis 6.1 and 7.1(i) and from (7.51) there exists a constant O(F, G, ~G) > 0 such that ∫ ‖b_−( ~ξ_4)ϕ̃_n‖^2dξ_4 ≤ g^2O(F, G, ~G) (7.52)

uniformly with respect to n.

Since ‖ϕ̃_n‖ = 1, there exists a subsequence (n_k)_{k≥1}, converging to ∞ such that (ϕ̃_{nk} )_{k≥1} converges weakly to a state ϕ̃ ∈ F. By adapting the proof of theorem 4.1 in [8, 1] it follows from (7.52) that ϕ̃ ≠ 0 for g sufficiently small, i.e.,g ≤ g_2 ≤ g^{(2)}_δ and is a ground state of H.

By using the method developed in [32] (see [32, corollary 3.4]) we prove that this normalized ground state is unique( up to a phase).

The result about σ(H) is the consequence of the existence of a ground state for H and of the existence of asymptotic Fock representations for the CCR and CAR associated with the a^♯_+(ξ_i)^′s, i = 1, 2 , the b^♯_+(ξ_3)^′s and the b^♯_−( ~ξ_4)^′s.

For f^i ∈ C^∞_0 (Σ_{ji} ), i = 1, 2, 3, and for f^4 ∈ C^∞_0 (R^3 ) one defines on D(H_0) the operators

a^{♯,t}_+ (f_i) = e^{itH} e^{−itH0} a^♯_+(f_i)e^{itH0} e^{itH} (7.53)

b^{♯,t}_+ (f_3) = e^{itH} e^{−itH0} b^♯_+(f_3)e^{itH0} e^{itH} (7.54) b^{♯,t}_− (f_4) = e^{itH} e^{−itH0} b^♯_−(f_4)e^{itH0} e^{itH} . (7.55)

By adapting the proof given in [31] we prove that the strong limits of a^{♯,t}_+ (f_i), i = 1, 2, b^{♯,t}_+ (f_3) and b^{♯,t}_− (f_4) when t → ±∞ exist for every ψ ∈ D(H_0):

lim t→±∞ a^{♯,t}_+ (f_i) := a^{♯,±}_+ (f_i) (7.56) lim t→±∞ b ♯,t + (f_3) := b^{♯,±}_+ (f_3) (7.57) lim t→±∞ b^{♯,t}_− (f_4) := b^{♯,±}_− (f_4) . (7.58)

The operators a^{♯,±}_+ (f_i), i = 1, 2, satisfy the CCR and the operators b^{♯,±}_+ (f_3) and b^{♯,±}_− (f_4) satisfy the CAR and we have

a^{♯,±}_+ (f_i)~ϕ = 0 (7.59)

b^{♯,±}_+ (f_3)~ϕ = 0 (7.60)

b^{♯,±}_− (f_4)~ϕ = 0 . (7.61)

where ~ϕ is the normalized ground state of H.

By adapting [31] it follows from (7.56) − (7.61) that the absolutely continuous spectrum of H is [inf σ(H), ∞). We omit the details.

This concludes the proof of theorem 7.2.

Our second main result is devoted to the study of spectrum above the energy of the ground state.

Let p be the operator in L^2(R^3 ) associated to the position of the neutrinos and antineutrinos: p = i∇_{p2} , and set ⟨p⟩ = (1 + |p|^2)^{1/2} The second quantized version dΓ(⟨p⟩) is a self-adjoint operator in F_a(L^2(R^3 ).

We then define the position operator P for the neutrinos and antineutrinos in F by

P = 1 ⊗ 1 ⊗ dΓ(⟨p⟩) ⊗ 1 ⊗ 1 ⊗ 1 + 1 ⊗ 1 ⊗ 1 ⊗ dΓ(⟨p⟩) ⊗ 1 ⊗ 1 . (7.62)

We then have our second main result devoted to the spectrum above the energy of the ground state and below the first threshold.

Theorem 7.4. Suppose that the kernels F^{(α)}(., .), G^{(α)}(.) and ~G^{(α)}(.), α = 1, 2, satisfy Hypothesis 6.1 and 7.1. For any δ > 0 satisfying 0 < δ < m_3 there exists g_δ > 0 for 0 < g ≤ g_δ:

(i) The spectrum of H in (E, E + m_3 − δ] is absolutely continuous. (ii) For s > 1/2, φ and ψ ∈ F the limits

lim_{ϵ→0} ( φ, ⟨P ⟩^{−s}(H − λ ± iϵ)^{−1}⟨P ⟩^{−s}ψ ) exist uniformly for λ in every compact subset of (E, E + m_3 − δ].

(iii) For s ∈ (1/2, 1) the map λ → ⟨P ⟩^{−s}(H − λ ± i0)^{−1}⟨P ⟩^{−s} is locally Hölder continuous of degree s − 1/2 in (E, E + m_1 − δ].

(iv) For s ∈ (1/2, 1) and f ∈ C^∞_0 ( (E, E + m_1 − δ) ) we have

‖(P + 1)^{−s}e^{−itH} f(H)(P + 1)^{−s}‖ = O ( t^{−(s−1/2)} ) . 7.0.2. Proof of theorem 7.4.

Proof. .The following proposition will be fundamental for the proof of theorem 7.4. A straightforward but lengthy computation shows the following fundamental estimates

Proposition 7.5. There exists C(J^4_1 , J^4_2 ) > 0 such that we have |p^i_4| | | | | | ∂u^{[J 41 ,J 42 ]}

M^4_1 M^4_2 ∂p^i_4 (ξ_4) | | | | | ≤ C(J^4_1 , J^4_2 )|p_4|^{J 41 +J 42 −1/2}

|p^i_4||p^l_4| | | | | | ∂^2u^{[J 41 ,J 42 ]}

M^4_1 M^4_2 ∂p^i_4∂p^l_4 (ξ_4) | | | | | ≤ C(J^4_1 , J^4_2 )|p_4|^{J 41 +J 42 −1/2}

for i, l = 1, 2, 3.

In the proof of proposition 7.5 we explicitly use the norm of the operators J^{(2,.)}_. associated with the l^2-norm of C^{(2J 2 +1)}.

We now introduce a strict Mourre inequality. Let us set τ = 1 − δ 2(2m_3 − δ)

. (7.63)

We now introduce χ^{(τ )} ∈ C^∞(R, [0, 1]) be such that

χ^{(τ )}(λ) = { 1 for λ ∈ (−∞, τ] , 0 for λ ∈ [1, ∞) . (7.64) and we set, for all p_4 ∈ R^3 and n ≥ 1,

χ^{(τ )}_n (p_4) = χ^{(τ )} ( |p_4| σ_n ) , (7.65)

a^{(τ )}_n = χ^{(τ )}_n (p_4) 1 2 ( p_4 · i∇_{p4} + i∇_{p4} · p_4 ) χ^{(τ )}_n (p_4) , (7.66) and A^{(τ )}_n = 1 ⊗ 1 ⊗ 1 ⊗ dΓ(a^{(τ )}_n ) , (7.67) The operators a^{(τ )}_n and A^{(τ )}_n are self-adjoint and we also have

a^{(τ )}_n = 1 2 ( χ^{(τ )}_n (p_4)^2p_4 · i∇_{p4} + i∇_{p4} · p_4 χ^{(τ )}_n (p_4)^2 ) . (7.68)

Let now N be the smallest integer such that Nγ ≥ 1 . (7.69) Let us define

ϵ_γ = min { 1 2N ( 1 − 3g ~D_δ(F, G, ~G) γ − γ ) , τ − γ 4 } , (7.70)

and choose f ∈ C^∞_0 (R) such that 0 ≤ f ≤ 1 and f(λ) = 1 if λ ∈ [(γ − ϵ_γ )^2, γ + ϵ_γ ] , 0 if λ > γ + 2ϵ_γ , 0 if λ < (γ − 2ϵ_γ )^2 .

(7.71)

We now define, for n ≥ 1,

f_n(λ) = f ( λ σ_n ) , (7.72)

Let P^n denote the ground state projection of H^n and let H^4_{0,n} denote H^4_{0,σn} . It follows from Proposition 7.3 that, for n ≥ 1 and g ≤ g^{(2)}_δ , f_n(H_n − E_n) = P^n ⊗ f_n(H^4_{0,n}) . (7.73) For E = inf σ(H) and any interval Δ, let E_Δ(H − E) be the spectral projection for the operator (H − E) onto Δ. Consider, for n ≥ 1, Δ_n = [(γ − ϵ_γ )^2σ_n, (γ + ϵ_γ )σ_n] . (7.74) Now, by adapting the proof of theorem 5.1 (Mourre inequality) in [3] and by applying proposition 7.5 together with Hypothesis 6.1 and Hypothesis 7.1(ii), (iiia) and (iii-b), we prove the existence of a constant ~C_δ (F, G, ~G) > 0 such that for every g ≤ inf ( g_2, g^{(2)}_δ ) we have

f_n(H − E)[H, iA^{(τ )}_n ]f_n(H − E) ≥ γ^2 N^2 σ_nf_n(H − E)^2 − gσ_nC̃_δ (F, G, ~G) . (7.75)

Multiplying both sides of (7.75) with E_{Δn} (H − E) we obtain

E_{Δn} (H − E)[H, iA^{(τ )}_n ]E_{Δn} (H − E) ≥ ( γ^2 N^2 − gC̃_δ(F, G, ~G) ) σ_nE_{Δn} (H − E) . (7.76) Choosing a constant g^{(3)}_δ such that

g^{(3)}_δ < min { g_2, g^{(2)}_δ , γ^2 N^2 1 C̃_δ (F, G, ~G) } , (7.77)

we finally get the following strict Mourre inequality for every g ≤ g^{(3)}_δ and for n ≥ 1 E_{Δn} (H − E) [H, iA^{(τ )}_n ] E_{Δn} (H − E) ≥ C_δ (F, G, ~G) γ^2 N^2 σ_n E_{Δn} (H − E) . (7.78)

where C_δ (F, G, ~G) = (1 − N^2C̃_δ (F, G, ~G)g^{(3)}_δ /γ^2) > 0 . (7.79) After proving a strict Mourre inequality it remains to prove that H is of class C^2 ( A^{(τ )}_n ) in order to apply the commutator theory. See [35, 2, 41, 21, 25, 23].

In fact, according to [41], it suffices to prove that H is locally of class C^2 ( A^{(τ )}_n ) in (−∞, m_3 − δ/2).

This means that, for any φ ∈ C^∞_0 (−∞, m_3 −δ/2), φ(H) is of class C^2 ( A^{(τ )}_n ) , i.e., t → e^{−iA(τ )n t}φ(H)e^{iA(τ )n t}ψ is twice continuously differentiable for all φ ∈ C^∞_0 (−∞, m_3− δ/2) and ψ ∈ F. Set A^{(τ )}_{n,t} = e^{−iA(τ )n t} − 1 t (7.80)

By using the proof given in [9] H is locally of class C^2 ( A^{(τ )}_n ) in (−∞, m_3 − δ/2) if we show that sup 0<|t|≤1 ‖, [A^{(τ )}_{n,t} , [A^{(τ )}_{n,t} , H]](H + i)^{−1}‖ < ∞ (7.81)

The operator a^{(τ )}_n is associated to the following C^∞- vector field in R^3 : V^{(τ )}_n (p_4) = χ^{(τ )}_n (p_4)^2p_4 (7.82)

Let ϕ^{(τ )}_{n,t} (.) : R^3 → R^3 be the corresponding flow generated by V^{(τ )}_n (p_4): d dt ϕ^{(τ )}_{n,t} (p_4) = V^{(τ )}_n ( ϕ_{n,t}(p_4) ) ϕ^{(τ )}_{n,0}(p_4) = p_4

(7.83)

We have e^{−|t|}|p_4| ≤ |ϕ^{(τ )}_{n,t} (p_4)| ≤ e^{|t|}|p_4| (7.84) ϕ^{(τ )}_{n,t} (p_4) induces a one-parameter group of unitary operators U^{(τ )}_n (t) in L^2(R^3 ) defined by ( U^{(τ )}_n (t)f ) (p_4) = ( det ∇ϕ^{(τ )}_{n,t} (p_4)

) 1_2 f(ϕ^{(τ )}_{n,t} (p_4)). (7.85)

a^{(τ )}n is the generator of U^{(τ )}n (t), i.e.,

U^{(τ )}_n (t) = e^{−ia(τ )n t} (7.86) We have,for every ψ ∈ D(H) [A^{(τ )}_{n,t} , [A^{(τ )}_{n,t} , H]]ψ = 1 t^2 e^{2iA(τ )n t} ( e^{−2iA(τ )n t}He^{2iA(τ )n t} − 2e^{−iA(τ )n t}He^{iA(τ )n t} + H ) ψ (7.87) In particular we get

[A^{(τ )}_{n,t} , [A^{(τ )}_{n,t} , H_0]]ψ = 1 t^2 e^{2iA(τ )n t} ( dΓ(|ϕ^{(τ )}_{n,2t}(p_4)| − 2|ϕ^{(τ )}_{n,t} (p_4)| + |p_4|) ) ψ . (7.88)

We note that 1 t^2 | | ||ϕ^{(τ )}_{n,2t}(p_4)| − 2|ϕ^{(τ )}_{n,t} (p_4)| + |p_4| | | | ≤ sup_{|s|≤2|t|} | | | ∂^2 ∂s^2 |ϕ_{n,s}(p_4)| | | | , (7.89)

There exists a constant c_n > 0 such that | | | ∂^2 ∂s^2 |ϕ_{n,s}(p_4)| | | | ≤ c_n|ϕ^{(τ )}_{n,t} (p_4)| ≤ c_n|p_4| (7.90)

This yields sup 0≤|t|≤1 ‖[A^{(τ )}_{n,t} , [A^{(τ )}_{n,t} , H_0]] (H_0 + 1)^{−1} ‖ ≤ c_ne^2 (7.91) Let G^{(α)}(p_4) = u^{[J 41 ,J 42 ]}_{M 41 M 42} (ξ_4) ~G^{(α)}(ξ_4) (7.92) and G^{(α)}_t (p_4) = ( e^{−ia(τ )n t}G^{(α)} ) (p_4) (7.93)

It follows from (5.26) − (5.30) that we can write

H_I = ∑ α=1,2 H_I (F^{(α)}, G^{(α)}, G^{(α)}) (7.94)

We then have, for every ψ ∈ D(H)

[A^{(τ )}_{n,t} , [A^{(τ )}_{n,t} , H_I ]]ψ = ∑ α=1,2 1 t^2 e^{2iA(τ )n t} ( H_I (F^{(α)}, G^{(α)}, G^{(α)}_{2t} ) − 2H_I (F^{(α)}, G^{(α)}, G^{(α)}_t ) + H_I (F^{(α)}, G^{(α)}, G^{(α)}) ) ψ (7.95)

By (6.16),(7.36) and (7.38) we get

‖[A^{(τ )}_{n,t} , [A^{(τ )}_{n,t} , H_I ]]ψ‖ ≤ g ~K(F, G) ( 1 t^2 ∑ α=1,2 ‖G^{(α)}_{2t} (.) − 2G^{(α)}_t (.) + G^{(α)}(.)‖_L2_{(R}3_) )_{1/2} (‖H_0ψ‖ + b‖ψ‖) . (7.96) Note that, for 0 ≤ |t| ≤ 1,

( 1 t^2 ∑ α=1,2 ‖G^{(α)}_{2t} (.) − 2G^{(α)}_t (.) + G^{(α)}(.)‖_L2_{(R}3_) )_{1/2}

≤ sup 0<|s|≤2 ( ∑ α=1,2 ‖ ‖ ‖ ∂^2 ∂s^2 G^{(α)}_s (.) ‖ ‖ ‖ 2

L^2(R^3) )_{1/2} . (7.97)

with ( ∂^2 ∂s^2 (e^{−ia(τ )n s}G^{(α)}) ) (p_4) = 1 4 ( e^{−ia(τ )n s}((divV^{(τ )}_n (p_4))^2G^{(α)}) ) (p_4) + 1 2 ( e^{−ia(τ )n s}((divV^{(τ )}_n (p_4))V^{(τ )}_n (p_4) · ∇_{p4} G^{(α)}) ) (p_4) + 1 2 e^{−ia(τ )}n^s( 3∑ i,j=1 (V^{(τ ),i}_n (p_4)(

∂^2 ∂p^i_4∂p^j_4 V^{(τ ),j}_n (p_4)))G^{(α)})

(p_4)

+ 1 2 e^{−ia(τ )}n^s( 3∑ i,j=1 V^{(τ ),i}_n (p_4) ∂V^{(τ ),j}n ∂p^i_4 (p_4) ∂ ∂p^j_4 G^{(α)})

(p_4)

+ 1 2 e^{−a(τ )}n^s( 3∑ i,j=1 V^{(τ ),i}_n (p_4)V^{(τ ),j}_n (p_4)

∂^2 ∂p^i_4∂p^j_4 G^{(α)})

(p_4) .

(7.98)

Combining the properties of the C^∞ field V^{(τ )}n (p_4) with Hypothesis 6.1 and 7.1 together with Proposition 7.5 and by mimicking the proof of theorem 5.1 in [9] we finally prove (7.81). It follows H is locally of class C^2 ( A^{(τ )}_n ) in (−∞, m_3 − δ/2).

By applying the commutator theory (see [35, 2, 41, 21, 25, 23]), we then get the following Limiting Absorption Principle Theorem 7.6. Suppose that the kernels F^{(α)}(., .),G^{(α)}(.) and ~G^{(α)}(.), α = 1, 2, satisfy Hypothesis 6.1 and Hypothesis 7.1. Then, for any δ > 0 satisfying 0 < δ < m_3, there exists g_δ > 0 such that, for 0 < g ≤ g_δ, for s > 1/2, φ, ψ ∈ F and for n ≥ 1, the limits lim_{ϵ→0}(φ, ⟨A^{(τ )}_n ⟩^{−s}(H − λ ± iϵ)⟨A^{(τ )}_n ⟩^{−s}ψ) exist uniformly for λ ∈ Δ_n. Moreover, for 1/2 < s < 1, the map λ → ⟨A^{(τ )}_n ⟩^{−s}(H − λ ± i0)^{−1}⟨A^{(τ )}_n ⟩^{−s} is Hölder continuous of degree s − 1/2 in Δ_n.

Here g_δ = g^{(3)}_δ .

Note that there exists a constant d_n > 0 such that |a^{(τ )}_n |^2 ≤ d_n⟨b⟩^2 (7.99) and ( A^{(τ )}_n

)_2

≤ d_nP^2 (7.100)

Now,by adapting the proof of theorem 3.3 in [3], we deduce theorem 7.4 from theorem 7.6 and from the following lemma

Lemma 7.7. Suppose that s ∈ (1/2, 1) and that for some n, f ∈ C^∞_0 (Δ_n). Then, ‖ ‖⟨A^{(τ )}_n ⟩^{−s}e^{−itH} f(H)⟨A^{(τ )}_n ⟩^{−s} ‖ ‖ = O ( t^{−(s− 12 )} ) . We omit the details. □

Acknowledgements

J.-C. G. acknowledges W. Aschbacher,J.-M Barbaroux and J. Faupin for helpful discussions.

References

[1] L. Amour, B. Grébert and J.-C. Guillot. A mathematical model for the Fermi weak interactions, Cubo, 9(2), (2007), 37–57.

[2] W. O. Amrein, A. Boutet de Monvel and V. Georgescu. C_0-groups, commutator methods and spectral theory of N-body Hamiltonians, volume 135 of Progress in Mathematics, Birkhäuser Verlag, Basel, 1996.

[3] W.H. Aschbacher,J.-M. Barbaroux,J. Faupin and J.-C. Guillot. Spectral theory for a mathematical model of the weak interaction: The decay of the intermediate vector bosons W^±. II, Ann. Henri Poincaré,12, (2011),1539–1570, and arXiv:1105.2247.

[4] V. Bach, J. Fröhlich and A. Pizzo. Infrared-finite algorithms in QED: the groundstate of an atom interacting with the quantized radiation field, Comm. Math. Phys., 264(1), (2006), 145–165.

[5] V Bach,J. Fröhlich and I.M. Sigal. Quantum electrodynamics of confined non-relativistic particles, Adv.in Math.,137, (1998),205–298 and 299–395.

[6] V Bach,J. Fröhlich and I.M. Sigal. Spectral analysis for systems of atoms and molecules coupled to the quantized radiation field, Commun.Math.Phys.,207, (1999),249–290.

[7] V Bach,J. Fröhlich,I.M. Sigal and A.Soffer. Positive commutateurs and spectrum of Pauli- Fierz Hamiltonian of atoms and molecules, Commun.Math.Phys.,207, (1999),557–587.

[8] J.-M. Barbaroux,M. Dimassi and J.-C. Guillot. Quantum electrodynamics of relativistic bound states with cutoffs, J. Hyperbolic Differ.Equ.,1(2), (2004),271–314.

[9] J.-M. Barbaroux and J.-C. Guillot. Spectral theory for a mathematical model of the weak interaction: The decay of the intermediate vector bosons W^±. I, Advances in Mathematical Physics, ID 978903, (2009), and arXiv:0904.3171.

[10] V. Bargmann. On unitary ray representations of continuous groups, Ann.Math., 59, (1954), 1–46.

[11] A.O. Barut and R. Raczka. Theory of Group Representations and Applications, World Scientific, Singapore, 1986.

[12] J.-F. Bony and J. Faupin. Resolvent smoothness and local decay at low energies for the standard model of non-relativistic QED, J.Funct.Anal.,262, (2012),850–888.

[13] T. Chen, J. Faupin, J. Fröhlich and I.M. Sigal. Local decay in non-relativistic QED, Commun.Math.Phys.,309, (2012), 543–583.

[14] J. Dereziński. Introduction to Representations of Canonical Commutation and Anticommutation Relations, Large Coulomb Systems-QED,Lecture Notes in Physics 695, Springer 2006.

[15] J. Dereziński and C. Gérard. Asymptotic completeness in quantum field theory. Massive Pauli-Fierz Hamiltonians, Rev. Math. Phys., 11(4), (1999), 383–450.

[16] J. Dimock. Quantum Mechanics and Quantum Field Theory.A mathematical primer, Cambridge University Press, Cambridge, 2011.

[17] A.R. Edmonds. Angular Momentum in Quantum Mechanics, Princeton University Press, 1957.

[18] G.B. Folland. Quantum Field Theory. A Tourist Guide for Mathematicians, Mathematical Surveys and Monographs. Vol 149, American Mathematical Society 2008.

[19] J. Fröhlich, M. Griesemer and I. M. Sigal. Spectral theory for the standard model of nonrelativistic QED, Comm. Math. Phys., 283(3), (2008), 613–646.

[20] J. Fröhlich, M. Griesemer and I. M. Sigal. Spectral renormalization group and limiting absorption principle for the standard model of non-relativistic QED, Rev.Math.Phys., 23, (2011), 179–209.

[21] V. Georgescu and C. Gérard. On the virial theorem in quantum mechanics, Comm. Math.

Phys., 208, (1999), 275–281.

[22] V. Georgescu, C. Gérard and J. S. Møller. Spectral theory of massless Pauli-Fierz models.

Comm. Math. Phys., 249(1), (2004), 29–78.

[23] C. Gérard. A proof of the abstract limiting absorption principles by energy estimates, J.

Funct. Anal., 254, (2008), no. 11, 2707–2724.

[24] C. Gérard and A.Panati. Spectral and scattering theory for space-cutoff P (φ)_2 models with variable metric, Ann. Henri Poincaré, 9 , (2008),1575–1629.

[25] S. Golénia and T. Jecko. A new look at Mourre’s commutator theory, Complex and Oper.

Theory, 1, (2007), no 3, 399–422.

[26] W. Greiner and B. Müller. Gauge Theory of Weak Interactions, Springer, 1996. [27] D.R. Grigore. On the construction of free fields in relativistic quantum mechanics, J.Math.Phys.,36,(1995), 3931–3939.

[28] J.C. Guillot. Observables d’une particule libre et changements de reprsentations spectrales, Helv.Phys.Acta.,41,(1968), 5–53.

[29] J.C. Guillot and J.L. Petit. Nouvelles formes des reprsentations unitaires irrductibles du groupe de Poincar.I, Helv.Phys.Acta.,39,(1966), 281–299.

[30] J.C. Guillot and J.L. Petit. Nouvelles formes des reprsentations unitaires irrductibles du groupe de Poincar.II, Helv.Phys.Acta.,39,(1966), 300–324.

[31] F. Hiroshima. Ground states and spectrum of quantum electrodynamics of non-relativistic particles Trans. Amer. Math. Soc. , 353, 4497–4598, 2001.

[32] F. Hiroshima. Multiplicity of ground states in quantum field models: application of asymptotic fields J. Funct. Anal., 224(2), 431–470, 2005.

[33] M. Jacob and G.C. Wick. On The General Theory of Collisions for Particles with Spin, Ann.Phys.,7,(1959), 404-428 [34] G.Ya. Liubarski. The Application of Group Theory in Physics, Pergamon, New York, 1960. [35] E. Mourre. Absence of singular continuous spectrum for certain selfadjoint operators, Comm.

Math. Phys., 78(3),391–408, 1980/81.

[36] M.A. Naimark. Linear Representations of the Lorentz Group Macmillan, New York,1964. [37] D.H. Perkins. Introduction to High Energy Physics. Third Edition Addison-Wesley,1987. [38] M.Plascheke and J.Yngvason. Massless, String localized quantum fields for any helicity, arXiv:1111.5164v2 [Math-ph], 2012 [39] M.E. Rose. Elementary Theory of Angular Momentum, John Wiley and Sons, 1957. [40] M. Reed and B. Simon. Methods of modern mathematical physics. II. Fourier analysis, selfadjointness, Academic Press, New York, 1975.

[41] J. Sahbani. The conjugate operator method for locally regular Hamiltonians, J. Operator Theory, 38(2), (1997), 297–322.

[42] R.F. Streater and A.S. Wightman. PCT, Spin and Statistics and all that, A.Benjamin Inc.

New York, 1964.

[43] B. Thaller. The Dirac Equation. Texts and Monographs in Physics, Springer Verlag, Berlin, 1992.

[44] B.L. van der Waerden. Group Theory and Quantum Mechanics, Springer Verlag, Berlin, 1974. [45] V.S. Varadarajan. The Geometry of Quantum Theory. Vol. II, Van Nostrand Reinhold, New York, 1970.

[46] S. Weinberg. Feynman Rules for Any Spin, Phys.Rev.,133,(1964), B1318–B1332. [47] S. Weinberg. Feynman Rules for Any Spin.II. Massless Particles, Phys.Rev.,134,(1964), B882– B896.

[48] S. Weinberg. The Quantum Theory of Massless Particles, Lectures on Particles and Field Theory. Vol.II,p.405–485. Prentice-Hall, Englewood Cliffs, N.J.,1964.

[49] S. Weinberg. Photons and Gravitons in Perturbation Theory: Derivation of Maxwell’s and Einstein’s Equations, Phys.Rev.,138,(1965), B988–B1002.

[50] S. Weinberg. Feynman Rules for Any Spin.III, Phys.Rev.,181,(1969), 1893–1899. [51] S. Weinberg. The quantum theory of fields. Vol. I:Foundations, Cambridge University Press, Cambridge, 1995.

[52] J. Werle. Relativistic Theory of Reactions, North-Holland publishing Company, Amsterdam, 1966.

[53] A.S. Wightman. L’invariance dans la mécanique relativiste, Relations de dispertion et particules élémentaires, Lecture at Summer School (Grenoble 1960), Hermann,Paris.

[54] E.P. Wigner. On Unitary Representations of the Inhomogeneous Lorentz Group, Ann.Math.,40,(1939), 149–204.

(J.-C. Guillot) Centre de Mathématiques Appliquées, UMR 7641, École Polytechnique - C.N.R.S, 91128 Palaiseau Cedex, France

E-mail address: Jean-Claude.Guillot@polytechnique.edu