arXiv:1209.3384v2 [astro-ph.CO] 17 Dec 2012

Prepared for submission to JCAP

CMB power spectra induced by primordial cross-bispectra between metric perturbations and vector fields

Maresuke Shiraishi,^a Shohei Saga^a and Shuichiro Yokoyama^b

aDepartment of Physics and Astrophysics, Nagoya University, Nagoya, Aichi, 464-8602, Japan bInstitute for Cosmic Ray Research, University of Tokyo, 5-1-5 Kashiwa-no-Ha, Kashiwa, Chiba, 277-8582, Japan

E-mail: mare@nagoya-u.jp, saga.shohei@nagoya-u.jp, shu@icrr.u-tokyo.ac.jp

Abstract. We study temperature and polarization anisotropies of the cosmic microwave background (CMB) radiation sourced from primordial cross-bispectra between metric perturbations and vector fields, which are generated from the inflation model where an inflaton and a vector field are coupled. In case the vector field survives after the reheating, both the primordial scalar and tensor fluctuations can be enhanced by the anisotropic stress composed of the vector fields during radiation dominated era. We show that through this enhancement the primordial cross-bispectra generate not only CMB bispectra but also CMB power spectra. In general, we can expect such cross-bispectra produce the non-trivial mode-coupling signals between the scalar and tensor fluctuations. However, we explicitly show that such mode-coupling signals do not appear in CMB power spectra. Through the numerical analysis of the CMB scalar-mode power spectra, we find that although signals from these crossbispectra are smaller than primary non-electromagnetic ones, these have some characteristic features such as negative auto-correlations of the temperature and polarization modes, respectively. On the other hand, signals from tensor modes are almost comparable to primary non-electromagnetic ones and hence the shape of observed B-mode spectrum may deviate from the prediction in the non-electromagnetic case. The above imprints may help us to judge the existence of the coupling between the scalar and vector fields in the early Universe.

Keywords: primordial magnetic fields, inflation, cosmological perturbation theory, CMBR theory

ArXiv ePrint: 1209.3384

Contents

1 Introduction 1

2 Nature of inflation coupled with the vector field 3 2.1 Evolutions of the fluctuations 4 2.2 Power spectrum of each mode 5

3 Primordial cross-bispectra 6 3.1 Electromagnetic-scalar bispectra; ⟨REE⟩ and ⟨RBB⟩ 7 3.2 Electromagnetic-tensor bispectra; ⟨hEE⟩ and ⟨hBB⟩ 9

4 CMB power spectra 10 4.1 Formulation 11 4.2 Numerical results 17

5 Summary and discussion 20

A Projection vectors and tensors 21

B Time-dependent mode function 23

C Specific expressions of K^{RY Y} and K^{hY Y} 23 C.1 ν = μ = 3/2 and α = 5/2 23 C.2 ν = μ = 3/2 and α = −3/2 25

1 Introduction

Owing to accurate observations and data treatments, it has turned out that galaxies and clusters of galaxies hold micro-gauss magnetic fields (e.g., [1–4]). Furthermore, studies on some astrophysical processes suggest that the strength of magnetic field in the inter-galactic medium is larger than O(10^{−15} − 10^{−20}) gauss [5–8]. What is the origin of these large-scale magnetic fields? It may be generated via an interaction between inflatons and some sort of vector fields, which breaks the conformal invariance, in the inflationary Universe (e.g., [9–13])^1 and such kind of model can generate nano-Gauss magnetic fields at the present Universe [12], which is comparable to upper limits from the power spectra [18–29], bispectra [30–37] and trispectra [38] of CMB anisotropies. However, the models with such coupling might suffer from some problems. One is that the energy density of the vector field spoils the inflationary background dynamics, so-called, backreaction problem, and another is that due to the time-dependence of the coupling the Universe enters strong coupling regime at the early stage of inflation, so-called strong coupling problem (e.g., see ref. [13]). Hence, it has been commonly understood that constructing a realistic model of generating primordial magnetic fields during inflation is quite difficult. There are also several works about universal

1Other than the inflationary origins, diverse generation and amplification mechanisms of the magnetic field have been proposed (e.g., [14–17]).

– 1 – bounds for the inflationary model from the current observations of the large scale magnetic fields [39–41].

Recently, such vector field and coupling have been also widely discussed beyond the context of magnetogenesis (e.g., [42–48]). Because, the interaction between the inflaton and the vector field can induce the cosmological three-point cross-correlation (cross-bispectrum) between the fluctuations of the scalar field, metric perturbations and electromagnetic fields and there must be some cosmological imprints of it.

In ref. [49, 50], although in the context of the generation of the magnetic field, the authors computed such a cross-bispectrum composed of one scalar field and two magnetic fields, and analyzed its shape dependence in the similar manner as the cases of non-Gaussianities without magnetic fields [51–53]. In refs. [54, 55], the authors developed the magnetic consistency relation similar to the consistency relation in the local-type non-Gaussianity. They suggested that this cross-bispectrum may be accessible through the cosmic microwave background (CMB) observations and a combined survey of large scale structure and Faraday rotation [56]. Therefore closely estimating CMB signals generated from the cross-bispectrum will be an interesting and important work for studying the early Universe. Furthermore, although refs. [49, 50] have not discussed, the cross-bispectra involving tensor perturbation or the electric field can also be generated and hence may create characteristic CMB fluctuations. In refs. [48, 57], the authors investigate the primordial fluctuations sourced from the vector field through the coupling during inflation and estimate the non-Gaussianity of the primordial curvature fluctuations.

This paper examines impacts of such electromagnetic-scalar and electromagnetic-tensor bispectra on CMB anisotropies. Electromagnetic fields, which are created during inflation, induce the anisotropic stress fluctuation (depending quadratically on electromagnetic fields) and affect the subsequent evolution of the CMB fluctuation of scalar, vector and tensor modes even during the radiation dominated era [19, 20, 24]. This implies that the electromagneticscalar and electromagnetic-tensor bispectra become sources of not only CMB bispectra but also CMB power spectra. Hence, first, we construct complete formulae for these crossbispectra and the power spectra of temperature and polarization anisotropies. In such case, since the scalar and tensor modes sourced from such anisotropic stress fluctuations have same origins, it could be readily imagined that the scalar-tensor mode coupling appears. However, we explicitly show that the CMB power spectra do not have such mode-coupling components. Then, we find that CMB power spectra from the electromagnetic-scalar and electromagnetic-tensor bispectra have characteristic features. In the power spectrum of the scalar modes, although these are subdominant contributions compared with the primary nonelectromagnetic signals [53], the auto-correlations of the temperature (intensity) and E-mode polarization have negative values, respectively. CMB power spectra induced from the tensor modes have almost the same amplitude of primary ones. In this sense, the effects on the B-mode spectrum might be quite interesting.

This paper is organized as follows. In the next section, we summarize some behaviors of the vector field and metric perturbations in the context of slow-roll inflation. In section 3, we present the formulae for the electromagnetic-scalar and electromagnetic-tensor bispectra. In section 4, we compute and analyze the CMB signals generated from these cross-bispectra. The final section is devoted to the summary and discussion of this paper.

Throughout this paper, we obey the definition of the Fourier transformation as f(x) ≡ ∫ d^3k (2π)^3 f̃(k)e^{ik·x} , (1.1)

– 2 – and the rule that the subscripts and superscripts of the Greek characters and alphabets run from 0 to 3 and from 1 to 3, respectively.

2 Nature of inflation coupled with the vector field

In this section, let us discuss some background and perturbative quantities in a simple inflationary model with the coupling between a scalar field (inflaton) and a vector field. The action is given by S = ∫ d^4x √ −g [ − M^2_{pl} 16π R − 1 2 g^{μν} ∂_μφ∂_ν φ − V (φ) ] + S_V , (2.1)

S_V = − ∫ d^4x 1 4 √ −gg^{μλ}g^{νσ} W (φ)F_{μν} F_{λσ} , (2.2) where φ is the inflaton, F_{μν} ≡ ∂_μA_ν − ∂_ν A_μ with A_μ being the vector field, and M_{pl} ≡ 1/ √ G is the Planck mass. For the dynamics of the vector field, only the time-dependence of the coupling function is important. Here, we simply impose the power-law type as W (η) = W_I ( a(η) a_I )_{2n} , (2.3)

where a(η) is the scale factor with η being the conformal time, and the subscript I means the value at the end of inflation, η = η_I . This power-law shape is often realized by an assumption of a dilaton-like coupling [50, 58]. Due to the time dependence of this coupling, the conformal invariance of the action (2.2) is broken and hence the vector field can be survive even in the inflationary expansion. In addition, let us consider the case that after the end of inflation, W = W_I is kept and the conformal invariance is restored. This seems to be natural assumption, since the coupling function W is, here, dependent on the inflaton and in general the inflaton falls into a stable state after the end of inflation. Owing to this condition, we do not need to consider the additional growth of the vector field at late stages, which is disfavored by observations. In the literature, to identify such the vector field with the observed magnetic field, the coupling function at the end of inflation W_I should be taken to be unity [9–13].

The evolution of the vector field strongly depends on the power-law index of the coupling function, n. In order not to spoil inflation due to the backreaction of the energy density of the vector field, we have a bound on the spectral tilt of the running coupling: |n| ≲ 2.1 (e.g., see [12, 13, 50]).

This type of magnetogenesis model has another problem. In case where n > 0 and W_I is taken to be unity, the running coupling constant, W (η), is so small at the beginning of inflation and it means that the gauge coupling at the beginning of inflation is quite large, that is, inflation starts at the strong coupling regime. In such regime, we can not treat the perturbation of the vector field as a free field any more. However, refs. [49, 50] pointed out the possibility to avoid such a strong coupling problem by the action arising from the UV completion and including the violation of the gauge invariance as described in theories with extra dimensions. On the other hand, in ref. [48], the authors mentioned another possibility that the vector field localizes in a hidden sector and generates real electromagnetic field through any hidden coupling. In the following discussions, although the solution of the strong

– 3 – coupling remains unclear, we shall admit the above treatments and continue to discuss about cosmological imprints of the vector field.

In this paper, we assume the single field slow-roll inflation model where the slow-roll parameters, ϵ ≡ −Ḣ/H^2 and δ ≡ φ̈/(Hφ̇), are almost constant and much less than unity. Here H is the Hubble parameter and ˙ ≡ ∂/∂t denotes the derivative with respect to the physical time. Furthermore, following refs. [49, 50], we obey the isotropic background metric and perturbatively evaluate impacts of the vector field. One can see comprehensive analyses of the inflationary perturbations on the anisotropic background in e.g., refs. [42, 44, 59]. Then, we have the relations between background quantities as η = − 1 aH 1 1 − ϵ , a a_I = ( η η_I )_{1/(ϵ−1)} . (2.4)

2.1 Evolutions of the fluctuations

Let us evaluate the evolution of curvature and tensor perturbations, and the fluctuation of the vector field, following ref. [50]. Using the Arnowitt-Deser-Misner formalism, each component of the scalar- and tensor-mode metric up to the first order is given by^2

g_{00} = −N^2 + g_{ij} N^iN^j , g_{0i} = g_{ij} N^j , g_{ij} = a^2[(1 + 2R)δ_{ij} + h_{ij} ] , (2.5)

with

N = 1 + Ṙ H , N^i = − ∂_iR aH + ϵ∂_i∇^{−2}Ṙ . (2.6)

Here, we obey the gauge, δφ = 0, and the transverse-traceless condition, ∂^ih_{ij} = h^i_i = 0. These metric perturbations and the vector field are quantized as R(x, η) = ∫ d^3k (2π)^3 [ R_k(η)e^{ik·x}β(k, 0) + h.c. ] , A_i(x, η) = ∫ d^3k (2π)^3 ∑ λ=±1 [ v_k(η)e^{ik·x}O^{(λ)}_i (k̂)β(k, λ) + h.c. ] ,

h_{ij} (x, η) = ∫ d^3k (2π)^3 ∑ λ=±2 [ h_k(η)e^{ik·x}O^{(λ)}_{ij} (k̂)β(k, λ) + h.c. ] , (2.7)

where β(k, λ) and β^†(k, λ) are respectively the annihilation and creation operators of R (λ = 0), A_i (λ = ±1) and h_{ij} (λ = ±2), and satisfy β(k, λ) |0⟩ = 0 and [β(k, λ), β^†(k^′, λ^′)] = (2π)^3δ_{λ,λ}′ δ(k−k^′). In terms of the vector field, we have adopted the Coulomb gauge ∂^iA_i = 0 and A_0 = 0. The explicit forms of the divergenceless vector, O^{(±1)}_i and transverse-traceless tensor, O^{(±2)}_{ij} , are shown in appendix A. Then, as the mode function of each perturbation, we have [50, 60] R_k(η) = R_{k∗}u_ν (−kη) , v_k(η) = v_{k∗}u_α(−kη) , h_k(η) = h_{k∗}u_μ(−kη) , (2.8)

2For decaying nature, we neglect the vector-mode metric perturbation.

– 4 – where we have defined the time-independent and time-dependent functions, respectively, as R_{k∗} = ie^{iπν/2+iπ/4}(1 − ϵ)2^ν Γ(ν) H_∗ √ ϵM_{pl} (−kη_∗)^{3/2−ν} k^{3/2} , (2.9) v_{k∗} = −ie^{iπα/2+iπ/4} 2^{α−1}Γ(α) π^{1/2}W^{1/2}_I (−kη_I )^{1/2−α} k^{1/2} , (2.10)

h_{k∗} = −2ie^{iπμ/2+iπ/4}(1 − ϵ)2^μΓ(μ) H_∗ M_{pl} (−kη_∗)^{3/2−μ} k^{3/2} , (2.11) and u_m(x) = iπx^m 2^mΓ(m)

H^{(1)}_m (x) , (2.12)

with Γ(m) and H^{(1)}_m (x) being the Gamma function and Hankel function of the first kind, respectively. Here, the subscript ∗ denotes the value at a given time after the scale of interest exits the horizon, η = η_∗. With the asymptotic form of u_m(x) at −kη → 0, we find that on superhorizon scales R_k(η) ≃ R_{k∗} and h_k(η) ≃ h_{k∗}. Properties of this function are described in appendix B. Subscripts of this function are determined by the slow-roll parameters and the spectral index of running coupling as μ = 3 2 + ϵ 1 − ϵ , α = 1 2 + n 1 − ϵ , ν = μ + ϵ + δ 1 − ϵ . (2.13)

2.2 Power spectrum of each mode By use of the above equations, the power spectra of these perturbative quantities are immediately calculated: ⟨ R(k, η)R(k^′, η^′) ⟩ = (2π)^3R_k(η)R^∗_k(η^′)δ(k + k^′) , ⟨ A_i(k, η)A_j (k^′, η^′) ⟩ = (2π)^3v_k(η)v^∗_k(η^′)P_{ij} (k̂)δ(k + k^′) , ⟨ h_{ij} (k, η)h_{kl}(k^′, η^′) ⟩ = (2π)^3h_k(η)h^∗_k(η^′)Π_{ij,kl}(k̂)δ(k + k^′) ,

(2.14)

with

P_{ij}(k̂) ≡ ∑ λ=±1 ϵ^{(λ)}_i (k̂)ϵ^{(−λ)}_j (k̂) = δ_{ij} − k̂_ik̂_j , Π_{ij,kl}(k̂) ≡ ∑ λ=±2 e^{(λ)}_{ij} (k̂)e^{(−λ)}_{kl} (k̂) .

(2.15)

One can find conventions of the polarization vector and tensor, ϵ^{(λ)}_i and e^{(λ)}_{ij} in appendix A.

The vector field can be decomposed into the electric and magnetic components as E_i(k, η) = −A^′_i(k, η) , B_i(k, η) = iη_{ijk}k_jA_k(k, η) , (2.16)

where^′ ≡ ∂/∂η denotes the derivative with respect to the conformal time and η_{abc} is the 3D antisymmetric tensor normalized as η_{123} = 1. Hence, the electric and magnetic power

– 5 – spectra outside the horizon at the end of inflation, namely, −kη_I ≪ 1, are respectively given by ⟨ E_i(k, η_I )E^j (k^′, η_I ) ⟩ = (2π)^3

P_E (k) 2 P_{ij} (k̂)δ ( k + k^′ ) , ⟨ B_i(k, η_I )B^j (k^′, η_I ) ⟩ = (2π)^3

P_B (k) 2 P_{ij} (k̂)δ ( k + k^′ ) , P_E (k) = 2

|v^′_k(η_I )|^2 a^4_I , P_B (k) = 2k^2

|v_k(η_I )|^2 a^4_I .

(2.17)

The magnetic component outside the horizon at the end of inflation re-enters the horizon at late stages and may become observed magnetic fields in case the vector fields can be considered as the direct seeds of the present magnetic fields. On the other hand, in such case the electric component quickly decays due to the large conductivity (see, e.g., [12]). According to ref. [50], with the WMAP results [53] and the assumption that ϵ = 0.01 and the instantaneous reheating, the strength of the magnetic field at the present time can be calculated as d d ln k ⟨ B^2_k ⟩ = k^3P_B (k)a^4_I 2π^2 ≃ 10^{−22.8−22.5nB} Γ (_{5−nB} 2 )_2

W_I Γ

(_5 2 )_2 ( k Mpc^{−1} )_{nB} Gauss^2 , (2.18)

where n_B ≡ 4 − 2n/(1 − ϵ). This equation expresses that the magnetic field is drastically suppressed as n_B increases. Hence, we can see that for n = 2.1, i.e., n_B = −0.2, and W_I = 1, the strongest magnetic field is produced as B_{1Mpc} ≃ 10^{−9}Gauss. This value is comparable to upper bounds obtained from current CMB observations [23, 26, 27, 29, 34–38] and hence we can expect that the electromagnetic-scalar and electromagnetic-tensor correlations also have detectable impacts on CMB fluctuations. Thus, in section 4, we focus on the analysis of CMB signals for n_B = −0.2, i.e., n = 2.1 and in order to treat more generic case we also study the effect of the electric component without considering the dilution of it.

3 Primordial cross-bispectra

In this section, we calculate the primordial cross-bispectra between two electromagnetic fields and one curvature perturbation (⟨REE⟩ and ⟨RBB⟩), and those between two electromagnetic fields and one gravitational wave (⟨hEE⟩ and ⟨hBB⟩)^3.

As a powerful tool to compute the higher-order correlation in the inflationary Universe, we utilize the in-in formalism [61, 62]. In this formalism, the expectation value of the timedependent operator in the interaction picture, O(t), is given by ⟨O(t)⟩ = ⟨ 0 | | | ( T e^{−i} ∫ H_{int}(t^′)dt^′ )_† O(t)T e^{−i} ∫ H_{int}(t^′)dt^′ | | | 0 ⟩ , (3.1)

3We do not deal with ⟨REB⟩ and ⟨hEB⟩ because these correlations do not generate the CMB signals as seen in section 4.

– 6 – where T and H_{int}(t) are the time-ordering operator and interaction Hamiltonian, respectively. To compute the tree-level bispectra of primordial fluctuations, it is only necessary to use the first-order expression as ⟨O(η)⟩ = −2Im ∫_η −∞ dη^′ ⟨ 0 | | : H_{int}(η^′) : O(η) | | 0⟩ , (3.2)

where : : denotes the normal product. In the following discussion, we equate ⟨REE⟩, ⟨RBB⟩, ⟨hEE⟩ and ⟨hBB⟩ to ⟨O(η)⟩. 3.1 Electromagnetic-scalar bispectra; ⟨REE⟩ and ⟨RBB⟩

Expanding the action (2.2) to linear order in R leads to

S^{(R)}_V = ∫ dηd^3xW (φ) {( 3R + R^′ aH ) ( 1 2 A^{′2}_i − 1 4 F^2_{ij} )

− [( R + R^′ aH ) A^{′2}_i − RF^2_{ij} − ∂_iR aH A^′_jF_{ij} + ϵ∂_i(∇^{−2}R^′)A^′_j F_{ij} ]} .(3.3)

Hence, the interaction Hamiltonian of the scalar part is derived as [50]

H^{(R)}_{int} (η_1) =

[_3 ∏ n=1 ∫ d^3k^′_n (2π)^3 ] (2π)^3δ

(_3 ∑ n=1 k^′_n ) × ( − W (η_1) 2 )

× {( R(k^′_1, η_1) −

R^′(k^′_1, η_1) a(η_1)H(η_1) )

× [ δ^{ij} A^′_i(k_2^′, η_1)A^′_j (k_3^′, η_1) − (δ^{ij} δ^{kl} − δ^{il}δ^{jk})k^′_{2k}k^′_{3l}A_i(k_2^′, η_1)A_j (k_3^′, η_1) ]

− R(k_1^′, η_1) a(η_1)H(η_1) k^′_{1k} [ k^′_{3l}(δ^{ij} δ^{kl} − δ^{il}δ^{jk})A^′_i(k_2^′, η_1)A_j (k_3^′, η_1) + (2 ↔ 3) ] } .

(3.4)

Here, we have neglected the terms of order ϵ. Note that this is equivalent to the interaction Hamiltonian in Ref. [55] containing the total time derivative term. Substituting equation (3.4) into equation (3.2) and overcoming somewhat complicated calculation, one obtain the explicit form of the electromagnetic-scalar bispectrum (Y = E, B) as ⟨ R(k_1, η)Y^i(k_2, η)Y_j (k_3, η) ⟩ = (2π)^3δ

(_3 ∑ n=1 k_n )

×A^{(R)}(k_1, k_2, k_3, η)

[_4 ∑ n=1 K^{RY Y}_n N^{Y (n)}_{ij} ] , (3.5)

where

A^{(R)}(k_1, k_2, k_3, η) = |R_{k1∗}|^2|v_{k2∗}|^2|v_{k3∗}|^2 a^4(η)

W_I (−k_1η_I )^{2n1−ϵ} . (3.6)

– 7 –

K^{RY Y} ’s and N^Y_{ij} ’s involve the time integrals and angular dependence arising from contractions, which are respectively given by

K^{REE}_1 (k_1, k_2, k_3) = −4k_1 Im u^∗_ν (−k_1η)u^{′∗}_α (−k_2η)u^{′∗}_α (−k_3η) × ∫_∞ τ dτ_1τ^− 2n 1−ϵ 1 ( 1 + (1 − ϵ)τ_1 d dτ_1 ) u_ν (τ_1) d dτ_1 u_α(x_2τ_1) d dτ_1 u_α(x_3τ_1) ,

K^{REE}_2 (k_1, k_2, k_3) = 2 k_2k_3 k_1

Im u^∗_ν (−k_1η)u^{′∗}_α (−k_2η)u^{′∗}_α (−k_3η) × ∫_∞ τ dτ_1τ^− 2n 1−ϵ 1 ( 1 + (1 − ϵ)τ_1 d dτ_1 ) u_ν (τ_1)u_α(x_2τ_1)u_α(x_3τ_1) ,

K^{REE}_3 (k_1, k_2, k_3) = 2 k_2k_3 k_1

Im u^∗_ν (−k_1η)u^{′∗}_α (−k_2η)u^{′∗}_α (−k_3η) × ∫_∞ τ dτ_1τ^{1−} 2n 1−ϵ 1 (1 − ϵ)u_ν (τ_1)u_α(x_2τ_1) d dτ_1 u_α(x_3τ_1) ,

K^{REE}_4 (k_1, k_2, k_3) = K^{REE}_3 (k_1, k_3, k_2) , K^{RBB}_1 (k_1, k_2, k_3) = −4k_1k_2k_3 Im u^∗_ν (−k_1η)u^∗_α(−k_2η)u^∗_α(−k_3η) × ∫_∞ −k_1η dτ_1τ^− 2n 1−ϵ 1 ( 1 + (1 − ϵ)τ_1 d dτ_1 ) u_ν (τ_1) d dτ_1 u_α(x_2τ_1) d dτ_1 u_α(x_3τ_1) ,

K^{RBB}_2 (k_1, k_2, k_3) = 2 k^2 k^2_3 k_1

Im u^∗_ν (−k_1η)u^∗_α(−k_2η)u^∗_α(−k_3η) × ∫_∞ −k_1η dτ_1τ^− 2n 1−ϵ 1 ( 1 + (1 − ϵ)τ_1 d dτ_1 ) u_ν (τ_1)u_α(x_2τ_1)u_α(x_3τ_1) ,

K^{RBB}_3 (k_1, k_2, k_3) = 2 k^2 k^2_3 k_1

Im u^∗_ν (−k_1η)u^∗_α(−k_2η)u^∗_α(−k_3η) × ∫_∞ −k_1η dτ_1τ^{1−} 2n 1−ϵ 1 (1 − ϵ)u_ν (τ_1)u_α(x_2τ_1) d dτ_1 u_α(x_3τ_1) ,

K^{RBB}_4 (k_1, k_2, k_3) = K^{RBB}_3 (k_1, k_3, k_2) ,

(3.7)

and N^{E(1)}_{ij} = − 1 2 P_{ik}(k̂_2)P_{jk}(k̂_3) ,

N^{E(2)}_{ij} = −k̂_2 · k̂_3P_{ik}(k̂_2)P_{jk}(k̂_3) + k̂_{2l}k̂_{3k}P_{ik}(k̂_2)P_{jl}(k̂_3) ,

N^{E(3)}_{ij} = − ( k_2 k_3

+ k̂_2 · k̂_3 ) P_{ik}(k̂_2)P_{jk}(k̂_3) + k̂_{2l}k̂_{3k}P_{ik}(k̂_2)P_{jl}(k̂_3) ,

N^{E(4)}_{ij} = − ( k_3 k_2

+ k̂_2 · k̂_3 ) P_{ik}(k̂_2)P_{jk}(k̂_3) + k̂_{2l}k̂_{3k}P_{ik}(k̂_2)P_{jl}(k̂_3) ,

N^{B(1)}_{ij} = 1 2 ( k̂_2 · k̂_3δ_{ij} − k̂_{2j}k̂_{3i} ) , N^{B(2)}_{ij} = (k̂_2 · k̂_3)^2δ_{ij} − k̂_2 · k̂_3k̂_{2j}k̂_{3i} + η_{imn}k̂_{2m}k̂_{3n}η_{jkl}k̂_{2k}k̂_{3l} ,

N^{B(3)}_{ij} = ( k̂_2 · k̂_3 + k^2

k_3 ) ( k̂_2 · k̂_3δ_{ij} − k̂_{2j}k̂_{3i} ) + η_{imn}k̂_{3m}k̂_{2n}η_{jkl}k̂_{3k}k̂_{2l} ,

N^{B(4)}_{ij} = ( k̂_2 · k̂_3 + k^3

k_2 ) ( k̂_2 · k̂_3δ_{ij} − k̂_{2j}k̂_{3i} ) + η_{imn}k̂_{2m}k̂_{3n}η_{jkl}k̂_{2k}k̂_{3l} .

(3.8)

– 8 –

Here, τ_1 ≡ −k_1η_1, x_2 ≡ k_2/k_1 and x_3 ≡ k_3/k_1. Note that unlike ref. [50], in equation (3.5), we do not perform the contraction between electromagnetic fields. It is because off-diagonal components of the electromagnetic-scalar bispectrum create significant signals on CMB anisotropies.

To see behaviors of these cross-bispectra at the end of inflation on superhorizon scales (−kη_I ≪ 1), let us focus on two specific cases: n = ±2, i.e., α = 5/2 and −3/2. Then, explicit forms of K^{RY Y} ’s are given in appendix C. Taking into account the η_I -dependence of K^{RY Y} ’s and A^{(R)}, we can find a fact: ⟨REE⟩_{n=2} ∝ (−kη_I )^{−2} , ⟨RBB⟩_{n=2} ∝ (−kη_I )^{−4} , ⟨REE⟩_{n=−2} ∝ (−kη_I )^{−4} , ⟨RBB⟩_{n=−2} ∝ (−kη_I )^{−2} . (3.9)

This implies that the electric (magnetic) contribution dominates over the cross-bispectrum for n = −2 (n = 2). Such inverted behavior between ⟨REE⟩ and ⟨RBB⟩ under the sign reversal of n may be observed for any n.

3.2 Electromagnetic-tensor bispectra; ⟨hEE⟩ and ⟨hBB⟩

In the same manner as the scalar case, expanding the action (2.2) to linear order in h_{ij} as

S^{(h)}_V = − ∫ dηd^3x W (φ) 2 [ h^{ij} A^′_iA^′_j − h^{ij} δ^{kl}(∂_iA_k∂_j A_l + ∂_kA_i∂_lA_j) + 2h^{ij} δ^{kl}∂_iA_k∂_lA_j ] , (3.10)

and transforming into the Fourier components, we gain the tensor-part interaction Hamiltonian:

H^{(h)}_{int} (η_1) =

[_3 ∏ n=1 ∫ d^3k^′_n (2π)^3 ] (2π)^3δ

(_3 ∑ n=1 k^′_n ) W (η_1) 2 × { h^{ij} (k^′_1, η_1)A^′_i(k_2^′, η_1)A^′_j (k^′_3, η_1) + [ δ^{ij} h^{kl}(k^′_1, η_1) + δ^{kl}h^{ij} (k^′_1, η_1) − 2δ^{il}h^{kj}(k^′_1, η_1) ] ×k^′_{2k}k^′_{3l}A_i(k^′_2, η_1)A_j (k^′_3, η_1) } . (3.11)

Substituting this Hamiltonian into equation (3.2), we have ⟨ h_{ij}(k_1, η)Y^k(k_2, η)Y_l(k_3, η) ⟩ = (2π)^3δ

(_3 ∑ n=1 k_n )

×A^{(h)}(k_1, k_2, k_3, η)

[_2 ∑ n=1 K^{hY Y}_n N^{Y (n)}_{ijkl} ] , (3.12)

where

A^{(h)}(k_1, k_2, k_3, η) ≡ |h_{k1∗}|^2|v_{k2∗}|^2|v_{k3∗}|^2 a^4(η)

W_I (−k_1η_I )^{2n1−ϵ} . (3.13)

– 9 –

In the tensor case, the time integrals and angular-dependent parts are summarized as

K^{hEE}_1 ≡ 2k_1 Im u^∗_μ(−k_1η)u^{′∗}_α (−k_2η)u^{′∗}_α (−k_3η) × ∫_∞ −k_1η dτ_1 τ^− 2n 1−ϵ 1 u_μ(τ_1) ∂ ∂τ_1 u_α(x_2τ_1) ∂ ∂τ_1 u_α(x_3τ_1) , K^{hEE}_2 ≡ 2 k_2k_3 k_1

Im u^∗_μ(−k_1η)u^{′∗}_α (−k_2η)u^{′∗}_α (−k_3η) × ∫_∞ −k_1η dτ_1 τ^− 2n 1−ϵ 1 u_μ(τ_1)u_α(x_2τ_1)u_α(x_3τ_1) ,

K^{hBB}_1 ≡ 2k_1k_2k_3 Im u^∗_μ(−k_1η)u^∗_α(−k_2η)u^∗_α(−k_3η) × ∫_∞ −k_1η dτ_1 τ^− 2n 1−ϵ 1 u_μ(τ_1) ∂ ∂τ_1 u_α(x_2τ_1) ∂ ∂τ_1 u_α(x_3τ_1) , K^{hBB}_2 ≡ 2 (k_2k_3)^2

k_1

Im u^∗_μ(−k_1η)u^∗_α(−k_2η)u^∗_α(−k_3η) × ∫_∞ −k_1η dτ_1 τ^− 2n 1−ϵ 1 u_μ(τ_1)u_α(x_2τ_1)u_α(x_3τ_1) ,

(3.14)

and N^{E(1)}_{ijkl} = −Π_{mn,ij} (k̂_1)P_{km}(k̂_2)P_{ln}(k̂_3) ,

N^{E(2)}_{ijkl} = −k̂_{2m}k̂_{3n}Π_{mn,ij} (k̂_1)P_{kr}(k̂_2)P_{lr}(k̂_3) − k̂_2 · k̂_3Π_{mn,ij}(k̂_1)P_{km}(k̂_2)P_{ln}(k̂_3)

+ Π_{mn,ij} (k̂_1) [ P_{kr}(k̂_2)P_{ln}(k̂_3)k̂_{2m}k̂_{3r} + P_{kn}(k̂_2)P_{lr}(k̂_3)k̂_{3m}k̂_{2r} ] , N^{B(1)}_{ijkl} = Π_{mn,ij} (k̂_1)η_{krm}η_{lqn}k̂_{2r}k̂_{3q} ,

N^{B(2)}_{ijkl} = Π_{mn,ij} (k̂_1)δ^{qr}k̂_{2s}k̂_{3t} × ( η_{ksq}η_{ltr}k̂_{2m}k̂_{3n} + η_{ksm}η_{ltn}k̂_{2q}k̂_{3r} − η_{ksq}η_{ltn}k̂_{2m}k̂_{3r} − η_{ksn}η_{ltq}k̂_{2r}k̂_{3m} ) .

(3.15)

In the same manner as the scalar case, we analyze the cases for n = ±2. From the combination of analytic expressions of K^{hY Y} ’s described in appendix C and A^{(T )}, we find the scaling relations as ⟨hEE⟩_{n=2} ∝ (kη_I )^{−2} , ⟨hBB⟩_{n=2} ∝ (kη_I )^{−4} , ⟨hEE⟩_{n=−2} ∝ (kη_I )^{−4} , ⟨hBB⟩_{n=−2} ∝ (kη_I )^{−2} . (3.16)

This dependence is identical to the scalar counterpart; hence for positive (negative) n, magnetic (electric) part dominates over the cross-bispectrum.

4 CMB power spectra

In this section, we discuss impacts of the electromagnetic-scalar (3.5) and electromagnetictensor (3.12) bispectra on CMB fluctuations. Then, notice that we do not deal with CMB bispectra but CMB power spectra because the CMB fluctuation arise quadratically from electromagnetic fields.

– 10 –

4.1 Formulation

CMB anisotropies are quantified by one intensity (X = I) and two linear polarization (E, B) fields for the scalar (Z = S), vector (V ) and tensor (T ) modes^4. These are expanded by the spherical harmonics as

ΔX^{(Z)}(n̂) X^{(Z)} = ∑ ℓm a^{(Z)}_{X,ℓm}Y_{ℓm}(n̂) . (4.1)

Then, each coefficient is expressed as [63, 64] a^{(Z)}_{X,ℓm} = 4π(−i)^ℓ ∫ k^2dk (2π)^3 T^{(Z)}_{X,ℓ} (k) ∑ λ [sgn(λ)]^{λ+x}ξ^{(λ)}_{ℓm} (k) ,

ξ^{(λ)}_{ℓm} (k) = ∫ d^2k̂_{−λ}Y^∗_{ℓm}(k̂)ξ^{(λ)}(k) ,

(4.2)

where λ denotes the helicity of each perturbation: λ = 0 (Z = S), ±1 (V ) and ±2 (T ), and x discriminates the parity of each field: x = 0 (X = I, E) and 1 (B), respectively. ξ^{(λ)} expresses the initial perturbation as ξ^{(0)} ≡ R and ξ^{(±2)} ≡ h^{(±2)} =^1_2 O^{(∓2)}_{ij} h_{ij} , and T^{(Z)}_{X,ℓ} is the transfer function derived from the line-of-sight integral.

As seen in equation (4.2), CMB anisotropies depend strongly on the magnitude of the initial fluctuations. Electromagnetic parts of the vector field also affect CMB anisotropies via the primordial perturbations as follows and those can generate both the scalar and the tensor modes. If electromagnetic fields exist in the radiation-dominated era, their anisotropic stresses act as sources of scalar and tensor metric perturbations. Due to this, on superhorizon scales logarithmically-growing metric perturbations arise prior to neutrino decoupling. After this, however, neutrino anisotropic stresses emerge and compensate for electromagnetic ones; therefore the enhancement of metric perturbations ceases. Consequently, we have [24, 37]

ξ^{(0)}_A (k) ≈ R_γ ln ( η_ν η_I ) 3 2 O^{(0)}_{ij} (k̂)Π_{Aij} (k) ,

ξ^{(±2)}_A (k) ≈ 6R_γ ln ( η_ν η_I ) 1 2 O^{(∓2)}_{ij} (k̂)Π_{Aij} (k) ,

(4.3)

where η_ν is the conformal time of neutrino decoupling, R_γ ≈ 0.6 is the ratio of the energy density between photons and all relativistic particles, and a subscript A denotes the quantity originated from electric and magnetic parts of the vector field. Π_{Aij} means the time-independent energy momentum tensor of the residual electromagnetic field after the end of inflation as

Π^i_{Aj} (k) = − W_I 4πρ_γ (η) ∫ d^3k^′ (2π)^3 ∑ Y =E,B Y^i(k^′, η)Y_j (k − k^′, η)

= − W_I a^4_I 4πρ_{γ,0} ∫ d^3k^′ (2π)^3 ∑ Y =E,B Y^i(k^′, η_I )Y_j(k − k^′, η_I ) , (4.4)

with ρ_γ and ρ_{γ,0} being the photon energy density and its present value, respectively. Note that due to Y^i ∝ W^{−1/2}_I , Π^i_{Aj} is independent of W_I . This induces the absence of W_I in

4Here, we neglect the circular polarization.

– 11 – ξ^{(λ)}_A . The metric perturbations outside the horizon behave as initial conditions of the CMB anisotropies of the scalar and tensor modes. Strictly speaking, electromagnetic fields also urge the modification of the transfer function. However, this change is negligible at large scales [24] and hence we use the transfer functions without depending on electromagnetic fields [64–66] in our numerical calculation.

On the other hand, electromagnetic fields also generate the CMB fluctuation of the vector mode because the vector-mode anisotropic stress equates to the Lorentz force and this supports the growth of the vorticity at recombination. Thus, the electromagnetic vector mode produces characteristic transfer function [19, 20, 35]. As the initial vector-mode perturbation, we adopt the fluctuation of the electromagnetic anisotropic stress as [37, 64, 67]

ξ^{(±1)}_A (k) ≈ 1 2 O^{(∓1)}_{ij} (k̂)Π_{Aij} (k) . (4.5)

Equations (4.3), (4.4) and (4.5) imply the quadratic dependence of the initial perturbations on electromagnetic fields. This means that ⟨REE⟩ , ⟨RBB⟩ , ⟨hEE⟩ and ⟨hBB⟩, which are given by equations (3.5) and (3.12), equate to the power spectra of the initial perturbations as ⟨ ξ^{(λ1)}ξ^{(λ2)}_A ⟩ , and therefore become sources of CMB power spectra.

From here, let us focus on a formulation of the CMB power spectra, which is expressed as ⟨_2 ∏ n=1 a^{(Zn)}_{Xn,ℓnmn} ⟩ = 2∏ n=1 4π(−i)^{ℓn} ∫ k^2_ndk_n (2π)^3 T^{(Zn)}_{Xn,ℓn} (k_n) ∑ λ_n [sgn(λ_n)]^{λn +xn} × ⟨ ξ^{(λ1)}_{ℓ1m1} (k_1)ξ^{(λ2)}_{A,ℓ2m2} (k_2) ⟩ . (4.6)

At first, we should reduce the initial angular power spectra obtained from equations (3.5), (3.12), (4.3), (4.4) and (4.5) as ⟨ ξ^{(λ1)}_{ℓ1m1} (k_1)ξ^{(λ2 )}_{A,ℓ2m2} (k_2) ⟩ = C^′_{−λ2} ( − W_I a^4_I 4πρ_{γ,0} ) (−1)^{ℓ2+λ2} ∫ d^2k̂_{1−λ1} Y^∗_{ℓ1m1} (k̂_1)_{λ2} Y^∗_{ℓ2m2} (k̂_1) × ∫ k^{′2}_2 dk^′_2 ∫ k^{′2}_3 dk^′_3 ∫ d^2k̂^′_2 ∫ d^2k̂^′_3F_{λ1λ2} (k_1, k^′_2, k^′_3)

×δ(k_1 + k^′_2 + k^′_3) δ(k_1 − k_2) k^2_1

, (4.7)

with

F_{0,λ2} (k_1, k^′_2, k^′_3) ≡ A^{(R)}(k_1, k^′_2, k^′_3, η_I ) × ∑ Y =E,B 4∑ n=1 K^{RY Y}_n (k_1, k^′_2, k^′_3)O^{(λ2 )}_{ij} (k̂_1)N^{Y (n)}_{ij} (k̂^′_2, k̂^′_3) ,

F_{±2,λ2} (k_1, k^′_2, k^′_3) ≡ A^{(h)}(k_1, k^′_2, k^′_3, η_I ) × ∑ Y =E,B 2∑ n=1 K^{hY Y}_n (k_1, k^′_2, k^′_3) 1 2 e^{(−λ1 )} ij (k̂_1)O^{(λ2)}_{kl} (k̂_1)N^{Y (n)}_{ijkl} (k̂_1, k̂^′_2, k̂^′_3) ,

C^′_{−λ2} ≡ 3 2 R_γ ln (η_ν /η_I ) (λ_2 = 0) 1 2 (λ_2 = ±1) 3R_γ ln (η_ν /η_I ) (λ_2 = ±2) .

(4.8)

– 12 –

Here, we have decomposed the delta function into

δ(k_1 + k_2) = δ(k_1 − k_2)

k^2_1 δ(k̂_1 + k̂_2) . (4.9)

For performing the angular integrals in the Fourier space, it is convenient to expand all angular dependent parts by the spin spherical harmonics. Then, the delta function is given by δ(k_1 + k^′_2 + k^′_3) = 8 ∫_∞ 0 y^2dy ∑ L_1L_2L_3 M_1M_2M_3

(−1)^{L1 +L2+L32} j_{L1} (k_1y)j_{L2} (k^′_2y)j_{L3} (k^′_3y)

×Y^∗_{L1M1} (k̂_1)Y^∗_{L2M2} (k̂^′_2)Y^∗_{L3M3} (k̂^′_3)I^{0 0 0}_{L1L2L3} ( L_1 L_2 L_3 M_1 M_2 M_3 ) , (4.10)

where j_L(x) is the spherical Bessel function and the I symbol is defined by I^{s1s2s3} l_1l_2l_3 ≡ √ (2l_1 + 1)(2l_2 + 1)(2l_3 + 1) 4π ( l_1 l_2 l_3 s_1 s_2 s_3 ) . (4.11)

F_{λ1λ2} ’s also involve the angular dependence. Taking the contractions by use of the conventions shown in appendix A and refs. [64, 68], we have:

F_{0,λ2} = C_{λ2} A^{(R)} ∑ L^′L^{′′} ∑ Y =E,B 3∑ n=1 K^{RY Y}_n (k_1, k^′_2, k^′_3)V^{Y (n)}_{L′L′′}

× ∑ MM^′M^{′′} −λ_2 Y ∗ 2M (k̂_1)Y^∗_L′_M ′ (k̂^′_2)Y^∗_L′′_M ′′ (k̂^′_3) ( 2 L^′ L^{′′} M M^′ M^{′′} ) ,

F_{±2,λ2} = C_{λ2} A^{(h)} ∑ LL^′L^{′′} ∑ Y =E,B 2∑ n=1 K^{hY Y}_n (k_1, k^′_2, k^′_3)V^{Y (n)}_{LL′L′′} I^{−λ1λ2−s} 2 2 L × (−1)^{s+L+L′+L′′} ∑ MM^′M^{′′} −sY^∗_{LM} (k̂_1)Y^∗_L′_M ′ (k̂^′_2)Y^∗_L′′_M ′′ (k̂^′_3) ( L L^′ L^{′′} M M^′ M^{′′} ) ,

(4.12)

where s ≡ λ_2 − λ_1 and

C_{λ2} ≡ −2 (λ_2 = 0) 2 √ 3λ_2 (λ_2 = ±1) 2 √ 3 (λ_2 = ±2)

. (4.13)

New functions for λ_1 = 0 and ±2 are respectively given by

K^{RY Y}_1 = − 1 2 K^{RY Y}_1 − k_2 k_3 K^{RY Y}_3 − k_3 k_2

K^{RY Y}_4 , (4.14)

K^{RY Y}_2 = −K^{RY Y}_2 − K^{RY Y}_3 − K^{RY Y}_4 , (4.15) K^{RY Y}_3 = −K^{RY Y}_2 , (4.16)

V^{E(1)}_{L′L′′} = −4I^{01−1}_{211} ( 4π 3 )_3

I^{01−1}_{L′11} I^{01−1}_{L′′11} ( δ_L′_{,0} + δ_L′_{,2} ) ( δ_L′′_{,0} + δ_L′′_{,2} ) { 2 L^′ L^{′′} 1 1 1 } , (4.17)

– 13 –

V^{E(2)}_{L′L′′} = 4I^{01−1}_{211} ( 4π 3 )_4 ∑

p_2,p_3=0,2

I^{01−1}_{p211} I^{01−1}_{p311} I^{000}_{1p2L}′ I^{000}_{1p3L}′′ { 2 p_2 p_3 1 1 1 } { 2 L^′ L^{′′} 1 p_3 p_2 } ,(4.18)

V^{E(3)}_L′_L′′ = 4I^{01−1}_{211} ( 4π 3 )_4 ∑

p_2,p_3=0,2

I^{01−1}_{p211} I^{01−1}_{p311} I^{000}_{1p2L}′ I^{000}_{1p3L}′′ 2 L^′ L^{′′} 1 p_2 1 1 1 p_3

, (4.19)

V^{B(1)}_{L′L′′} = I^{01−1}_{211} ( 4π 3 )_2

δ_L′_{,1}δ_L′′_{,1} , (4.20)

V^{B(2)}_{L′L′′} = −I^{01−1}_{211} ( 4π 3 )_3

I^{000}_{11L}′ I^{000}_{11L}′′ { 2 L^′ L^{′′} 1 1 1 } , (4.21)

V^{B(3)}_{L′L′′} = −6I^{01−1}_{211} ( 4π 3 )_3

I^{000}_{11L}′ I^{000}_{11L}′′ 2 L^′ L^{′′} 1 1 1 1 1 1

, (4.22)

and

V^{E(1)}_{LL}′_L′′ = −8 √ 3 ( I^{01−1}_{211}

)_2 ( 4π 3 )_4 (−1)^{L+L′+L′′}

×(δ_L′_{,0} + δ_L′_{,2})(δ_L′′_{,0} + δ_L′′_{,2})I^{01−1}_{L′11} I^{01−1}_{L′′11} L L^′ L^{′′} 2 1 1 2 1 1

, (4.23)

V^{E(2)}_{LL′L′′} = 8 √ 3 ( I^{01−1}_{211}

)_2 ( 4π 3 )_5 ∑

p_2,p_3=0,2

I^{01−1}_{p211} I^{01−1}_{p311} { 2 p_2 p_3 1 1 1 } I^{000}_{1p2L}′ I^{000}_{1p3L}′′ L L^′ L^{′′} 2 p_2 p_3 1 1 1 +8 √ 3 ( I^{01−1}_{211}

)_2 (4π 3 )_5 ∑

p_2,p_3=0,2

I^{01−1}_{p211} I^{01−1}_{p311}

L p_2 p_3 2 1 1 2 1 1 ×I^{000}_{1p2L}′ I^{000}_{1p3L}′′ (−1)^{L′+L′′} { L L^′ L^{′′} 1 p_3 p_2 }

−8 √ 3 ( I^{01−1}_{211}

)_2 ( 4π 3 )_5 ∑

p_2,p_3

I^{−110}_{1p2L′} I^{10−1}_{11p2} (δ_L′_{,1} + δ_L′_{,3})I^{−110}_{1p3L′′} I^{10−1}_{11p3} (δ_L′′_{,1} + δ_L′′_{,3})

× [ 1 + (−1)^{p2+p3} ] { 2 p_2 p_3 1 1 1 } L L^′ L^{′′} 2 p_2 p_3 2 1 1

, (4.24)

V^{B(1)}_{LL′L′′} = −2 √ 3 ( I^{01−1}_{211}

)_2 (4π 3 )_3 6 L 1 1 2 1 1 2 1 1 δ_L′_{,1}δ_L′′_{,1} , (4.25)

V^{B(2)}_{LL′L′′} = −2 √ 3 ( I^{01−1}_{211}

)_2 (4π 3 )_4

I^{000}_{11L}′ I^{000}_{11L}′′ L L^′ L^{′′} 2 1 1 2 1 1 +2 √ 3 ( I^{01−1}_{211}

)_2 (4π 3 )_4

6(−1)^LI^{000}_{11L}′ I^{000}_{11L}′′

L 1 1 2 1 1 2 1 1 { L L^′ L^{′′} 1 1 1 }

– 14 –

+2 √ 3 ( I^{01−1}_{211}

)_2 ( 4π 3 )_5 4 ( δ_L′_{,0} + δ_L′_{,2} ) I^{1−10}_{111} I^{000}_{11L}′′

× ∑ L_p=1,2 I^{10−1}_{Lp11} I^{1−10}_{Lp1L′} L L_p 1 2 1 1 2 1 1 { L L^′ L^{′′} 1 1 L_p }

+2 √ 3 ( I^{01−1}_{211}

)_2 (4π 3 )_5 4 ( δ_L′′_{,0} + δ_L′′_{,2} ) I^{1−10}_{111} I^{000}_{11L}′ (−1)^L

× ∑ L_p=1,2 I^{10−1}_{Lp11} I^{1−10}_{Lp1L′′} L L_p 1 2 1 1 2 1 1 { L L^′ L^{′′} 1 L_p 1 } . (4.26)

For calculating the tensor mode, we have used equation (A.5). By the Wigner symbols, the integrals of these spin spherical harmonics reduce to ∫ d^2k̂_1Y^∗_{ℓ1m1 λ2} Y^∗_{ℓ2m2 −λ2} Y^∗_{2M} Y^∗_{L1M1} = ∑ L^{′′′}M^{′′′} I^{0 0 0}_{ℓ1L1L}′′′ I^{−λ2λ20} ℓ_2 2 L^{′′′} × (−1)^{M ′′′} ( ℓ_1 L_1 L^{′′′} m_1 M_1 M^{′′′} ) ( ℓ_2 2 L^{′′′} m_2 M −M^{′′′} ) , ∫ d^2k̂_{1−λ1} Y^∗_{ℓ1m1 λ2} Y^∗_{ℓ2m2 −s}Y^∗_{LM} Y^∗_{L1M1} = ∑ L^{′′′}M^{′′′} I^{λ10−λ1} ℓ_1L_1L^{′′′} I −λ_2sλ_1 ℓ_2 L L^{′′′} × (−1)^{M ′′′} ( ℓ_1 L_1 L^{′′′} m_1 M_1 M^{′′′} ) ( ℓ_2 L L^{′′′} m_2 M −M^{′′′} ) , ∫ d^2k̂^′_2Y^∗_{L2M2} Y^∗_L′_M ′ = (−1)^{M ′} δ_{L2,L}′ δ_{M2,−M} ′ , ∫ d^2k̂^′_3Y^∗_{L3M3} Y^∗_L′′_M ′′ = (−1)^{M ′′} δ_{L3,L}′′ δ_{M3,−M} ′′ .

(4.27)

Furthermore, the summations of Wigner symbols over azimuthal quantum numbers result in ∑ M^′M^{′′} ∑ M_2M_3 ( L L^′ L^{′′} M M^′ M^{′′} ) ( L_1 L_2 L_3 M_1 M_2 M_3 ) (−1)^{M ′+M ′′} δ_{L2,L}′ δ_{M2,−M} ′ δ_{L3,L}′′ δ_{M3,−M} ′′ = 1 2L + 1 (−1)^M δ_{L1,L}δ_{M1,−M} (−1)^{L+L′ +L′′} δ_{L2,L}′ δ_{L3,L}′′ , ∑ M^{′′′}MM_1 (−1)^{M+M ′′′} ( ℓ_1 L_1 L^{′′′} m_1 M_1 M^{′′′} ) ( ℓ_2 L L^{′′′} m_2 M −M^{′′′} ) δ_{L1,L}δ_{M1,−M}

= (−1)^{ℓ1+L+L′′′} 2ℓ_1 + 1 δ_{L1,L}(−1)^{m1} δ_{ℓ1,ℓ2} δ_{m1 ,−m2} .

(4.28)

Here, the scalar-mode counterpart corresponds to the case where L = 2. By the selection rules of Wigner symbols [64, 68], we can simplify the summations over L^{′′′} for λ_1 = 0 and ±2, respectively, as ∑ L^{′′′} I^{0 0 0}_{ℓ12L}′′′ I^{−λ2λ20} ℓ_12L^{′′′} =

5(2ℓ_1 + 1) 4π δ_{λ2,0} , I^{−λ1λ2−s} 2 2 L_1 ∑ L^{′′′} (−1)^{L′′′} I^{λ10−λ1} ℓ_1L_1L^{′′′} I −λ_2sλ_1 ℓ_1L_1L^{′′′} = δλ1,λ2 I −λ_1λ_10 2 2 L_1 (−1) ℓ_1+L_1 ∑ L^{′′′} ( I^{λ10−λ1} ℓ_1L_1L^{′′′} )_2 . (4.29)

– 15 –

These results ensure that the couplings between different circular modes, such as ⟨ ξ^{(0)}ξ^{(±1,±2)} A ⟩ , vanish. Due to this fact, the CMB power spectrum of the vector mode does not arise from the electromagnetic-scalar and electromagnetic-tensor bispectra. From the above treatments, the initial angular power spectra for λ_1 = 0 and ±2 (4.7) can respectively reduce to ⟨ ξ^{(0)}_{ℓ1m1} (k_1)ξ^{(λ2)}_{A,ℓ2m2} (k_2) ⟩ = (−1)^{m1} δ_{ℓ1,ℓ2} δ_{m1 ,−m2} δ_{λ2,0}(−3)R_γ ln ( η_ν η_I ) ( − a^4_I 4πρ_{γ,0} ) (−1)^{ℓ1} × ∫_∞ 0 y^2dyj_2(k_1y) 2 π δ(k_1 − k_2) k^2_1 ∑ L_2L_3

(−1)^{2+L2+L32} I^{0 0 0}_{2L2L3}

× [_3 ∏ n=2 ∫ k^{′2}_n dk^′_nj_{Ln} (k^′_ny) ] W_I A^{(R)}(k_1, k^′_2, k^′_3, η_I )

× ∑ Y =E,B 3∑ n=1 K^{RY Y}_n (k_1, k^′_2, k^′_3)V^{Y (n)}_{L2L3}

, (4.30) ⟨ ξ^{(λ1)}_{ℓ1m1} (k_1)ξ^{(λ2)}_{A,ℓ2m2} (k_2) ⟩ = (−1)^{m1} δ_{ℓ1,ℓ2} δ_{m1 ,−m2} δ_{λ1,λ2} 6 √ 3R_γ ln ( η_ν η_I ) ( − a^4_I 4πρ_{γ,0} ) (−1)^{ℓ1} × ∑ L_1=0,2,4 I^{−λ1λ10} 2 2 L_1 [ ∑ L^{′′′} ( I^{λ10−λ1} ℓ_1L_1L^{′′′} )_2 ] 1 (2L_1 + 1)(2ℓ_1 + 1) ×8 ∫_∞ 0 y^2dyj_{L1} (k_1y) δ(k_1 − k_2) k^2_1 ∑ L_2L_3

(−1)^{L1+L2+L32} I^{0 0 0}_{L1L2L3}

× [_3 ∏ n=2 ∫ k^{′2}_n dk^′_nj_{Ln} (k^′_ny) ] W_I A^{(h)}(k_1, k^′_2, k^′_3, η_I )

× ∑ Y =E,B 2∑ n=1 K^{hY Y}_n (k_1, k^′_2, k^′_3)V^{Y (n)}_{L1L2L3}

. (4.31)

Note that (−1)^{m1} δ_{ℓ1,ℓ2} δ_{m1,−m2} enforces the rotational invariance of the initial and CMB power spectrum.

In order to convert into CMB power spectra, we substitute these equations into equation (4.6). As a result, we obtain final formulae for CMB power spectra of the scalar and tensor modes, respectively, as

⟨_2 ∏ n=1 a^{(Zn)}_{Xn,ℓnmn} ⟩ = C^{(Z1Z2)}

X_1X_2,ℓ_1 (−1) m_1 δ

ℓ_1,ℓ_2 δm_1 ,−m_2 , (4.32) C^{(SZA)} X_1X_2,ℓ_1 = δS,ZA δx2,0(−3)Rγ ln ( η_ν η_I ) ( − a^4_I 4πρ_{γ,0} )

× ∫_∞ 0 y^2dy 2 π ∫ k^2_1 dk_1j_2(k_1y)T^{(S)}_{X1,ℓ1} (k_1)T^{(S)}_{X2,ℓ1} (k_1) × ∑ L_2L_3

(−1)^{2+L2+L32} I^{0 0 0}_{2L2L3}

[_3 ∏ n=2 ∫ k^{′2}_n dk^′_n 2π^2 j_{Ln} (k^′_ny) ]

– 16 –

×W_I A^{(R)}(k_1, k^′_2, k^′_3, η_I ) ∑ Y =E,B 3∑ n=1 K^{RY Y}_n (k_1, k^′_2, k^′_3)V^{Y (n)}_{L2L3}

, (4.33)

C^{(T ZA)} X_1X_2,ℓ_1 = δT,ZA (δx1,0δx2,0 + δx1,1δx2,1)6 √ 3R_γ ln ( η_ν η_I ) ( − a^4_I 4πρ_{γ,0} )

× ∑ L_1=0,2,4

2I^{−220}_{22L1} [ ∑ L^{′′′} ( I^{2 0 −2} ℓ_1L_1L^{′′′} )_2 ] 1 (2L_1 + 1)(2ℓ_1 + 1) ×8 ∫_∞ 0 y^2dy ∫ k^2_1dk_1j_{L1} (k_1y)T^{(T )}_{X1,ℓ1} (k_1)T^{(T )}_{X2,ℓ1} (k_1) × ∑ L_2L_3

(−1)^{L1+L2+L32} I^{0 0 0}_{L1L2L3}

[_3 ∏ n=2 ∫ k^{′2}_n dk^′_n 2π^2 j_{Ln} (k^′_ny) ]

×W_I A^{(h)}(k_1, k^′_2, k^′_3, η_I ) ∑ Y =E,B 2∑ n=1 K^{hY Y}_n (k_1, k^′_2, k^′_3)V^{Y (n)}_{L1L2L3} . (4.34)

In the derivation of equation (4.34), we have performed the summation over λ_1 = ±2 and λ_2 as 2∏ n=1 ∑ λ_n [sgn(λ_n)]^{λn+xn} δ_{λ1,λ2} I^{−λ1λ10} 2 2 L_1 ( I^{λ10−λ1} ℓ_1L_1L^{′′′} )_2

= 2I^{−220}_{22L1} ( I^{2 0 −2} ℓ_1L_1L^{′′′} )_2

(x_1 + x_2 + L_1 = even)

0 (x_1 + x_2 + L_1 = odd)

. (4.35)

From these expressions, we can see that due to A^{(R,h)} ∝ W^{−1}_I , CMB power spectra are independent of W_I . Therefore, the behaviors and amplitudes of CMB power spectra are determined by only the spectral tilt of the running coupling, n, except some inflationary parameters.

4.2 Numerical results

Here, we analyze CMB signals through the numerical computation of CMB power spectra, which are given by (4.33) and (4.34). Let us consider the case where the strength of the magnetic part is maximized without spoiling inflation, namely, n = 2.1. As mentioned in section 2, the CMB signals for this case may be enhanced to the level we can observe. Considering the standard single field slow-roll inflation, the slow-roll parameters are small, i.e., ϵ, δ ≪ 1, and the tensor-to-scalar ratio denoted by r can be related with the slow-roll parameter as r = 16ϵ. Neglecting the slow-roll corrections, we fix the parameters as α = 2.6 and ν = μ = 3/2 and hence we have

W_I A^{(R)}(k_1, k^′_2, k^′_3, η_I ) = 224.575

H^2_∗ ϵM^2_{pl}

H^{4.2}_I a^{0.2}_I k^{1.2}_1 k^{′−5.2}_2 k^{′−5.2}_3 , (4.36)

W_I A^{(h)}(k_1, k^′_2, k^′_3, η_I ) = r 4 W_I A^{(R)}(k_1, k^′_2, k^′_3, η_I ) . (4.37)

– 17 –

For explicitly obtaining the CMB power spectra, we also need concrete forms of K^{RY Y} ’s and K^{hY Y} ’s. However, calculation of these for α = 2.6 is so complicated that we here substitute the expressions for α = 5/2. In appendix C, these analytical forms are provided and we found that K^{REE} and K^{hEE} are negligible compared with K^{RBB} and K^{hBB} due to the suppression by (−kη_I )^2. In addition, we notice that in K^{RBB} ’s and K^{hBB} ’s, only K^{RBB}_2 , K^{RBB}_3 and K^{hBB}_2 involve the terms which grow logarithmically outside the horizon as ln(−ωη_I ) with ω ≡ k_1 + k^′_2 + k^′_3. Considering the contributions on the interesting scales to calculate the CMB signals, namely, 10^{−6} ≲ k × Mpc ≲ 0.1, ln(−ωη_I ) is just identical to the e-folding number and it is about −60 ∼ −50. On the other hand, the other terms in K^{RBB}_2 , K^{RBB}_3 and K^{hBB}_2 have the power-law dependence on k and their coefficients are order of unity. Therefore, we believe that the logarithmic terms dominate over K^{RBB}_2 , K^{RBB}_3 and K^{hBB}_2 . Following this concept, we use such approximate forms as K^{RBB}_2 = −K^{RBB}_3 ≃ − 160k^{′2}_2 k^{′2}_3 k_1 , K^{hBB}_2 ≃ 40k^{′2}_2 k^{′2}_3

k_1 , (4.38)

and neglect other K’s and K’s.

Figure 1 shows the CMB II (left top panel), IE (right top one), EE (left bottom one) and BB (right bottom one) power spectra generated from ⟨RY Y ⟩ (red solid curves) and ⟨hY Y ⟩ (green dashed ones) respectively given by equations (4.33) and (4.34) (hereafter referred to as the SS_A and T T_A cases, respectively). For comparison, we also plot the CMB power spectra induced by the scalar (blue dotted curves) and tensor (magenta dot-dashed ones) auto-correlations, which are formulated as C^{(SS)}_{X1X2,ℓ1} = 2 π ∫ k^2_1dk_1P_R(k_1)T^{(S)}_{X1,ℓ1} (k_1)T^{(S)}_{X2,ℓ1} (k_1) , (4.39)

C^{(T T )}_{X1X2,ℓ1} = 2 π ∫ k^2_1dk_1P_h(k_1)T^{(T )}_{X1,ℓ1} (k_1)T^{(T )}_{X2,ℓ1} (k_1) , (4.40)

(hereafter referred to as the SS and T T cases, respectively). Here, P_R(k) = |R_{k∗}|^2 and P_h(k) = 2|h_{k∗}|^2 are power spectra of primordial curvature perturbations and primordial gravitational waves on the superhorizon scales, respectively. To obtain these spectra, we used the modified version of the Boltzmann Code for Anisotropies in the Microwave Background (CAMB) [20, 69] and the Common Mathematical Library SLATEC [70].

In this figure, comparing the red solid curves with the blue dotted ones, we can see that the overall behaviors of C_ℓ’s for the SS_A case are in good agreement with those for the SS case. This may be due to the same transfer functions of both cases. As seen in equations (4.33) and (4.39), both cases have completely different dependence on multipoles. Nevertheless, the transfer functions strongly impact on the shapes of the CMB power spectra. Although the tensor modes are not as clear as the scalar modes, similar behaviors can be observed in the T T_A and T T cases.

In contrast, there are differences of the amplitudes between the SS_A and SS cases. From this figure, we can see C^{(SSA)}_{X1X2,ℓ}/C^{(SS)}_{X1X2,ℓ} ∼ 0.01. This value can be understood by the naive estimation of the magnitudes of primordial perturbations. By using equations (2.14), (2.18), (4.36), and observational values of the cosmological parameters [53], we gain ⟨ ξ^{(0)}ξ^{(0)} ⟩ ∼ 2.4× 10^{−9} and ⟨ ξ^{(0)}ξ^{(0)}_A ⟩ ∼ 3.3 × 10^{−11}. As seen in the previous sections, since C^{(SSA)}_{X1X2,ℓ} is indepen-

– 18 –

Figure 1. Absolute values of CMB power spectra of the II (left top panel), IE (right top one), EE (left bottom one) and BB (right bottom one) modes. Red solid (SS_A), green dashed (T T_A), blue dotted (SS) and magenta dot-dashed (T T ) curves correspond to the spectra sourced from the electromagnetic-scalar bispectra (4.33), electromagnetic-tensor correlation (4.34), scalar auto-correlation (4.39) and tensor auto-correlation (4.40), respectively. Here, we have adopted H_I = 5 × 10^{13}GeV, a_I = 10^{−29} and r = 16ϵ = 0.26. The other cosmological parameters have been fixed to the mean values reported in ref. [53].

dent of W_I , it can be believed that C^{(SSA)}_{X1X2,ℓ}/C^{(SS)}_{X1X2,ℓ} ∼ ⟨ ξ^{(0)}ξ^{(0)}_A ⟩ / ⟨ ξ^{(0)}ξ^{(0)} ⟩ is a good approximation. Hence, we can get the consistent result. In the same manner, from equation (4.37), the magnitudes of primordial tensor perturbations are evaluated as ⟨ ξ^{(±2)}ξ^{(±2)} ⟩ ∼ 1.6×10^{−10} and ⟨ ξ^{(±2)}ξ^{(±2)}_A ⟩ ∼ 1.3 × 10^{−11}. Therefore, we see that at large scales, in particular, a naive

estimation, i.e., C^{(T TA)}_{X1X2,ℓ}/C^{(T T )}_{X1X2,ℓ} ∼ ⟨ ξ^{(±2)}ξ^{(±2)}_A ⟩ / ⟨ ξ^{(±2)}ξ^{(±2)} ⟩ ∼ 0.1, is consistent with fig-

ure 1. A fact that C^{(T TA)}_{X1X2,ℓ}/C^{(T T )}_{X1X2,ℓ} is about ten times larger than C^{(SSA)}_{X1X2,ℓ}/C^{(SS)}_{X1X2,ℓ} is due to the difference of the metric perturbations induced by electromagnetic fields between the scalar and tensor modes as shown in equation (4.3). Unfortunately, the SS case dominate over the CMB power spectra and the SS_A signals are subdominant components. Regardless of it, the above fact may help us to differentiate the SS_A signals from the SS ones, respectively. On the other hand, at small scales, the T T_A spectra is comparable to the T T spectra. This enhancement can be observed in the BB mode since there are no noise of the SS spectra unlike in the II, IE and EE modes.

Furthermore, interestingly, the II and EE modes for the SS_A cases have negative signals. More precisely, the SS_A signals are opposite in sign to the SS ones in the II, IE and EE

– 19 – modes. This is a consequence of the fact that the SS_A signals are generated from the crossbispectrum of two electromagnetic fields and one curvature perturbation and hence can take negative values. This may also become a clue as to the existence of the interaction between the scalar and vector fields (2.2).

There may remain a concern about the contributions of CMB power spectra sourced from ⟨Y Y Y Y ⟩. However, in the similar manner as the above discussion, from equation (4.3), these amplitudes are evaluated as C^{(SASA)} X_1X_2,ℓ /C (SS) X_1X_2,ℓ ∼ ⟨ ξ^{(0)}_A ξ^{(0)}_A ⟩ / ⟨ ξ^{(0)}ξ^{(0)} ⟩ ∼ 10^{−4} , (4.41) and C^{(TATA)} X_1X_2,ℓ /C (T T ) X_1X_2,ℓ ∼ ⟨ ξ^{(±2)}_A ξ^{(±2)}_A ⟩ / ⟨ ξ^{(±2)}ξ^{(±2)} ⟩ ∼ 10^{−2} , (4.42)

and thus we believe that total CMB signals do not drastically change.

5 Summary and discussion

In this paper, we studied the impacts of primordial cross-bispectra between the vector fields and metric perturbations on the CMB anisotropies. In the previous study [50], only the cross-bispectrum between one curvature perturbation and two magnetic fields is analyzed. However, the kinetic term of the vector field (2.2) also induces the cross-bispectra composed of electric fields and tensor perturbation. For the sake of completeness, we first formulated the primordial cross-bispectra: ⟨REE⟩ , ⟨RBB⟩ , ⟨hEE⟩ and ⟨hBB⟩. Then, we found that ⟨REE⟩ and ⟨hEE⟩ (⟨RBB⟩ and ⟨hBB⟩) dominate ⟨RBB⟩ and ⟨hBB⟩ (⟨REE⟩ and ⟨hEE⟩) if n = −2 (n = 2). The contributions of electric and magnetic parts seem to turn over depending on the sign of n. We also confirmed that like the magnetic-scalar case [50], the cross-bispectra include the term, which expresses the logarithmic growth as ln[−(k_1 + k_2 + k_3)η_I ] and produces significant signals.

The anisotropic stress, which consists of the square of the electromagnetic parts of the vector field, acts as a source of the CMB anisotropy. Hence, ⟨REE⟩ , ⟨RBB⟩ , ⟨hEE⟩ and ⟨hBB⟩ induce not CMB bispectra but CMB power spectra. From formulation of such CMB power spectra, it was confirmed that they do not have the mode-coupling components, e.g., the scalar-vector correlation, and are independent of the coupling constant in the kinetic term of the vector field (2.2).

In numerical analysis for the case where the magnetic part is maximized, we observed that C_ℓ’s generated from the electromagnetic-scalar and electromagnetic-tensor bispectra have similar shapes to those induced by the auto-correlations of the primary nonelectromagnetic scalar and tensor perturbations, respectively. With respect to the amplitudes, the electromagnetic-scalar spectra are about 1% of the scalar auto-correlated spectra. Interestingly, the former signals have opposite signs of the latter ones. In the tensor modes, although the signs are not flipped, the ratio between the electromagnetic-tensor and tensor auto-correlated spectra is improved to more than 10%. Especially, at small scales, the signals are enhanced and therefore the shape of the BB mode changes compared with the primary non-electromagnetic case. The above characteristic behaviors may inform us of the existence of the coupling between the scalar and vector fields (2.2).

In this paper, we focused on the case where CMB signals are maximized, i.e., n = 2.1. However, their scale dependence and magnitudes are sensitive to n. This value directly

– 20 – reflects the model of megnetogenesis; hence detailed probes with actual observational data remain as a future issue.

Acknowledgments

We would like to thank to Kiyotomo Ichiki for useful discussion. This work was supported in part by a Grant-in-Aid for JSPS Research under Grant Nos. 22-7477 (MS) and 24-2775 (SY), and Grant-in-Aid for Nagoya University Global COE Program “Quest for Fundamental Principles in the Universe: from Particles to the Solar System and the Cosmos”, from the Ministry of Education, Culture, Sports, Science and Technology of Japan. We also acknowledge the Kobayashi-Maskawa Institute for the Origin of Particles and the Universe, Nagoya University, for providing computing resources useful in conducting the research reported in this paper.

A Projection vectors and tensors

Here, let us summarize the conventions of the projection tensors based on refs. [37, 64, 67, 68]. To calculate actual CMB power spectra, we shall fix the definition of a unit vector, a normalized divergenceless vector and a transverse-traceless tensor. These are respectively given by

k̂_a = ∑ m α^m_a Y_{1m}(k̂) ,

ϵ^{(±1)}_a (k̂) = ∓ ∑ m α^m_{a ±1}Y_{1m}(k̂) ,

e^{(±2)}_{ab} (k̂) = √ 2ϵ^{(±1)}_a (k̂)ϵ^{(±1)}_b (k̂) ,

(A.1)

with

α^m_a ≡ √ 2π 3 −m(δ_{m,1} + δ_{m,−1}) i (δ_{m,1} + δ_{m,−1}) √ 2δ_{m,0} . (A.2)

Here, the contraction of α^m_a ’s is easily calculated as

α^m_a α^{m′}_a = 4π 3 (−1)^mδ_{m,−m}′ , α^m_a α^{m′∗}_a = 4π 3 δ_{m,m}′ . (A.3) A divergenceless vector and a transverse-traceless tensor obey

k̂^aϵ^{(±1)}_a (k̂) = 0 , ϵ^{(±1)∗} a (k̂) = ϵ^{(∓1)}_a (k̂) = ϵ^{(±1)}_a (−k̂) , ϵ^{(λ)}_a (k̂)ϵ^{(λ′)}_a (k̂) = δ_{λ,−λ}′ (for λ, λ^′ = ±1) , e^{(±2)}_{aa} (k̂) = k̂_ae^{(±2)}_{ab} (k̂) = 0 , e^{(±2)∗} ab (k̂) = e^{(∓2)}_{ab} (k̂) = e^{(±2)}_{ab} (−k̂) , e^{(λ)}_{ab} (k̂)e^{(λ′ )}_{ab} (k̂) = 2δ_{λ,−λ}′ (for λ, λ^′ = ±2) .

(A.4)

– 21 –

By a divergenceless vector and an antisymmetric tensor, a unit vector is also expressed as

k̂_c = iη_{abc}ϵ^{(+1)}_a (k̂)ϵ^{(−1)}_b (k̂) , (A.5)

which is used in calculation of equation (4.12).

Obeying these notations, we define the projection vectors and tensors of the scalar, vector and tensor modes, respectively, as

O^{(0)}_a (k̂) ≡ ik̂_a , O^{(±1)}_a (k̂) ≡ −iϵ^{(±1)}_a (k̂) ,

(A.6) and O^{(0)}_{ab} (k̂) ≡ −k̂_ak̂_b + 1 3 δ_{ab} = −2I^{01−1}_{211} ∑ Mm_am_b Y^∗_{2M} (k̂)α^{ma}_a α^{mb}_b ( 2 1 1 M m_a m_b ) , O^{(±1)}_{ab} (k̂) ≡ k̂_aϵ^{(±1)}_b (k̂) + k̂_bϵ^{(±1)}_a (k̂)

= ±2 √ 3I^{01−1}_{211} ∑ Mm_am_b ∓1Y^∗_{2M} (k̂)α^{ma}_a α^{mb}_b ( 2 1 1 M m_a m_b ) , O^{(±2)}_{ab} (k̂) ≡ e^{(±2)}_{ab} (k̂) = 2 √ 3I^{01−1}_{211} ∑ Mm_am_b ∓2Y^∗_{2M} (k̂)α^{ma}_a α^{mb}_b ( 2 1 1 M m_a m_b ) ,

(A.7)

where I^{01−1}_{211} =

√_3

8π is given by equation (4.11). These decompose arbitrary physical vector and tensor such as the velocity, the metric and the anisotropic stress into the scalar, vector and tensor components:

ω_a(k) = ω^{(0)}(k)O^{(0)}_a (k̂) + ∑ λ=±1 ω^{(λ)}(k)O^{(λ)}_a (k̂) ,

χ_{ab}(k) = − 1 3 χ_{iso}(k)δ_{ab} + χ^{(0)}(k)O^{(0)}_{ab} (k̂) + ∑ λ=±1 χ^{(λ)}(k)O^{(λ)}_{ab} (k̂) + ∑ λ=±2 χ^{(λ)}(k)O^{(λ)}_{ab} (k̂) .

(A.8)

From equation (A.4), we have the inverse formulae as

ω^{(0)}(k) = −O^{(0)}_a (k)ω_a(k) , ω^{(±1)}(k) = −O^{(∓1)}_a (k)ω_a(k) ,

χ^{(0)}(k) = 3 2 O^{(0)}_{ab} (k̂)χ_{ab}(k) ,

χ^{(±1)}(k) = 1 2 O^{(∓1)}_{ab} (k̂)χ_{ab}(k) ,

χ^{(±2)}(k) = 1 2 O^{(∓2)}_{ab} (k̂)χ_{ab}(k) .

(A.9)

– 22 –

B Time-dependent mode function

Here, we explain properties of the time-dependent part of the mode functions, u_m(x), given by equation (2.12).

For specific m, we have the analytic formulae as

u_{5/2}(x) = − 1 3 (−3 + 3ix + x^2)e^{ix} , (B.1)

u_{3/2}(x) = (1 − ix)e^{ix} , (B.2)

u_{−3/2}(x) = − 3 x^3

(i + x)e^{ix} . (B.3)

The derivative with respect to x is given by the recurrence formula as du_m(x) dx = 2m x [u_m(x) − u_{m+1}(x)] . (B.4)

In particular, we have d dx u_{5/2}(x) = − 1 3 x (−1 + ix) e^{ix} , (B.5) d dx u_{−3/2}(x) = 3 ( 3i x^4 + 3 x^3 − i x^2 ) e^{ix} . (B.6)

At the limit: x → 0, these asymptotically behave as

u_m(x → 0) =

1 (m > 0) 0 (m = 0) 4^{−m}π(i−cot mπ) Γ(m)Γ(m+1) x

2m (m < 0)

, (B.7) ( du_m(x) dx ) x→0 = {_1 2(m−1) x (m > 1 2 ) 2^{1−2m} π(i−cot mπ) Γ(m)^2 x 2m−1 (m ≤ 1 2 ) . (B.8)

C Specific expressions of K^{RY Y} and K^{hY Y}

C.1 ν = μ = 3/2 and α = 5/2 The time-integlas in equations (3.7) and (3.14) are ∫_∞ −k_1η dτ_1τ^{−4}_1 u_{3/2}(τ_1) ( d dτ_1 u_{5/2}(x_2τ_1) ) ( d dτ_1 u_{5/2}(x_3τ_1) )

= k^2k^2_3 9(−k_1η)k^4_1

+ iJ^{(1a)}_{5/2} + O(−k_1η) , (C.1) ∫_∞ −k_1η dτ_1τ^{−4}_1 ( τ_1 d dτ_1 u_{3/2}(τ_1) ) ( d dτ_1 u_{5/2}(x_2τ_1) ) ( d dτ_1 u_{5/2}(x_3τ_1) )

= iJ^{(1b)}_{5/2} + O(−k_1η) , (C.2) ∫_∞ −k_1η dτ_1τ^{−4}_1 u_{3/2}(τ_1)u_{5/2}(x_2τ_1)u_{5/2}(x_3τ_1)

– 23 –

= 1 3(−k_1η)^3 + 3k^2_1 + k^2 + k^2_3 6(−k_1η)k^2_1 + π 6 + iJ^{(2a)}_{5/2} + O(−k_1η) , (C.3) ∫_∞ −k_1η dτ_1τ^{−4}_1 ( τ_1 d dτ_1 u_{3/2}(τ_1) ) u_{5/2}(x_2τ_1)u_{5/2}(x_3τ_1) = 1 (−k_1η) + π 2 + iJ^{(2b)}_{5/2} + O(−k_1η) , (C.4) ∫_∞ −k_1η dτ_1τ^{−4}_1 u_{3/2}(τ_1)u_{5/2}(x_2τ_1) ( τ_1 d dτ_1 u_{5/2}(x_3τ_1) )

= k^2_3 3(−k_1η)k^2_1

+ iJ^{(3a)}_{5/2} + O(−k_1η) , (C.5) ∫_∞ −k_1η dτ_1τ^{−4}_1 u_{3/2}(τ_1) ( τ_1 d dτ_1 u_{5/2}(x_2τ_1) ) u_{5/2}(x_3τ_1) = k^2 3(−k_1η)k^2_1

+ iJ^{(3b)}_{5/2} + O(−k_1η) , (C.6)

where

J^{(1a)}_{5/2} = k^2k^2_3 9k^5_1 ω^2 [ ω^3 + (k_2 + k_3)(k_2k_3 − ω^2) + ω(k^2 + k^2_3) ] , (C.7)

J^{(1b)}_{5/2} = k^2k^2_3 9k^3_1 ω^3 [ ω^2 + ω(k_2 + k_3) + 2k_2k_3 ] , (C.8)

J^{(2a)}_{5/2} = − 1 3 [γ + ln(−ωη)] + 1 9k^3_1 ω^2 [ k^2 k^2_3(k_1 + ω) − 3ωk_2k_3(ω^2 − k_1ω + k^2_1 ) + 3k_1ω^3(2k_1 − ω) + ω^5 ] ,(C.9)

J^{(2b)}_{5/2} = − [γ + ln(−ωη)] + 1 9k_1ω^3 [ 9ω^4 − 3ω^2(k^2 + 4k_2k_3 + k^2_3 ) + 3ωk_1k_2k_3 − 2k^2 k^2_3 ] , (C.10)

J^{(3a)}_{5/2} = k^2_3 9k^3_1 ω^3 [ 3ω^4 − 3(k_2 + k_3)ω^3 + (k^2 + 3k^2_3 )ω^2

+k_2(k^2 + k_2k_3 + 3k^2_3 )ω + 2k^2 k_3(k_2 + k_3) ] , (C.11) J^{(3b)}_{5/2} = J^{(3a)}_{5/2} (k_2 ↔ k_3) . (C.12)

The other parts are expanded as

u^∗_{3/2}(−k_1η)u^∗_{5/2}(−k_2η)u^∗_{5/2}(−k_3η)

= 1 + 1 6 ( 3k^2_1 + k^2 + k^2_3 ) η^2 − i 3 (−k_1η)^3 + O((−k_1η)^4) , (C.13) u^∗_{3/2}(−k_1η)u^{′∗}_{5/2}(−k_2η)u^{′∗}_{5/2}(−k_3η) = k^2 k^2_3 η^2 9 [ 1 + 1 2 (k^2_1 + k^2 + k^2_3 )η^2 + i 3 (k^3_1 + k^3_2 + k^3 )η^3 ] + O((−k_1η)^6) . (C.14)

Picking up the leading-order terms in the combinations of these equations, we can reach the final expressions of K^{RY Y} ’s and K^{hY Y} ’s at the end of inflation on the superhorizon scales

– 24 –

(−kη_I ≪ 1): K^{REE}_1 (α = 5/2) = − 4 9 k_1k^2 k^2_3η^2_I ( J^{(1a)}_{5/2} + J^{(1b)}_{5/2} ) , (C.15)

K^{REE}_2 (α = 5/2) =

2k^3_2 k^3 η^2_I

9k_1 ( J^{(2a)}_{5/2} + J^{(2b)}_{5/2} − k^3_1 + k^3_2 + k^3

9k^3_1 ) , (C.16)

K^{REE}_3 (α = 5/2) =

2k^3_2 k^3 η^2_I

9k_1

J^{(3a)}_{5/2} , (C.17)

K^{REE}_4 (α = 5/2) =

2k^3_2 k^3 η^2_I

9k_1

J^{(3b)}_{5/2} , (C.18)

K^{RBB}_1 (α = 5/2) = −4k_1k_2k_3 ( J^{(1a)}_{5/2} + J^{(1b)}_{5/2} ) , (C.19)

K^{RBB}_2 (α = 5/2) = 2 k^2 k^2_3 k_1 ( J^{(2a)}_{5/2} + J^{(2b)}_{5/2} − 1 9 ) , (C.20)

K^{RBB}_3 (α = 5/2) = 2 k^2 k^2_3 k_1

J^{(3a)}_{5/2} , (C.21)

K^{RBB}_4 (α = 5/2) = 2 k^2 k^2_3 k_1

J^{(3b)}_{5/2} , (C.22) and K^{hEE}_1 (α = 5/2) = 2 9 k_1k^2 k^2_3η^2_I J^{(1a)}_{5/2} , (C.23)

K^{hEE}_2 (α = 5/2) =

2k^3_2 k^3 η^2_I

9k_1 ( J^{(2a)}_{5/2} − k^3_1 + k^3_2 + k^3 9k^3_1 ) , (C.24)

K^{hBB}_1 (α = 5/2) = 2k_1k_2k_3J^{(1a)}_{5/2} , (C.25)

K^{hBB}_2 (α = 5/2) = 2 k^2 k^2_3 k_1 ( J^{(2a)}_{5/2} − 1 9 ) . (C.26)

C.2 ν = μ = 3/2 and α = −3/2 The time integrals and the product of the mode functions are resectively expanded as ∫_∞ −k_1η dτ_1τ^4_1 u_{3/2}(τ_1) ( d dτ_1 u_{−3/2}(x_2τ_1) ) ( d dτ_1 u_{−3/2}(x_3τ_1) )

= − 27k^6_1 k^3_2 k^3(−k_1η)^3 − 27k^4_1 (3k^2_1 + k^2 + k^2_3 ) 2k^3_2 k^3(−k_1η) − 27πk^6_1 2k^3_2 k^3

+ iJ^{(1a)}_{−3/2} + O(−k_1η) , (C.27) ∫_∞ −k_1η dτ_1τ^4_1 ( τ_1 d dτ_1 u_{3/2}(τ_1) ) ( d dτ_1 u_{−3/2}(x_2τ_1) ) ( d dτ_1 u_{−3/2}(x_3τ_1) )

= − 81k^6_1 k^3_2 k^3(−k_1η) − 81πk^6_1 2k^3_2 k^3

+ iJ^{(1b)}_{−3/2} + O(−k_1η) , (C.28) ∫_∞ −k_1η dτ_1τ^4_1 u_{3/2}(τ_1)u_{−3/2}(x_2τ_1)u_{−3/2}(x_3τ_1) = − 9k^6_1 k^3_2 k^3(−k_1η)

+ iJ^{(2a)}_{−3/2} + O(−k_1η) , (C.29) ∫_∞ −k_1η dτ_1τ^4_1 ( τ_1 d dτ_1 u_{3/2}(τ_1) ) u_{−3/2}(x_2τ_1)u_{−3/2}(x_3τ_1) = iJ^{(2b)}_{−3/2} + O(−k_1η) , (C.30)

– 25 –

∫_∞ −k_1η dτ_1τ^4_1 u_{3/2}(τ_1)u_{−3/2}(x_2τ_1) ( τ_1 d dτ_1 u_{−3/2}(x_3τ_1) )

= 27k^6_1 k^3_2 k^3 (−k_1η)

+ iJ^{(3a)}_{−3/2} + O(−k_1η) , (C.31) ∫_∞ −k_1η dτ_1τ^4_1 u_{3/2}(τ_1) ( τ_1 d dτ_1 u_{−3/2}(x_2τ_1) ) u_{−3/2}(x_3τ_1) = 27k^6_1 k^3_2 k^3 (−k_1η)

+ iJ^{(3b)}_{−3/2} + O(−k_1η) , (C.32)

with

J^{(1a)}_{−3/2} =

9k^6_1 k^3_2 k^3

[3[γ + ln(−ωη)] − 4 − 1 k^3_1 { (3k^2_1 + k^2 )k_3 + k^3 + k_1k^2 ω^2

(k_1 + k_2)^2 + k_2 ω (3k^3_1 + 2k^2_1 k_2 + k^3_2 ) }] , (C.33)

J^{(1b)}_{−3/2} =

9k^6_1 k^3_2 k^3 [ 9[γ + ln(−ωη)] − 9ω k_1 + 1 k_1ω^3

{3k^2 (k_1 + k_2)^2 + 9k_2(k_1 + k_2)(k_1 + 2k_2)k_3

+(3k^2_1 + 27k_1k_2 + 32k^2 )k^2_3 + 6(k_1 + 3k_2)k^3 + 3k^4_3 } ] , (C.34)

J^{(2a)}_{−3/2} = −

9k^6_1 k^3_2k^3 [ k_3 k_1 + k_2 ω^2

(k_1 + k_2) + k^2_1 + k^2 k_1ω ] , (C.35)

J^{(2b)}_{−3/2} = −

9k^7_1 k^3_2k^3 ω^3

[k^2_1 + 3k_1(k_2 + k_3) + 2(k^2 + 3k_2k_3 + k^2_3)] , (C.36)

J^{(3a)}_{−3/2} =

9k^6_1 k^3_2 k^3 [ 3k_2 k_1 + 2k^2_3 ω^3

(k_1 + k_3) + k_3 k_1ω^2

(3k^2_1 + k_1k_3 + k^2_3 ) +

3k^2_1 + k^2_3 k_1ω ] , (C.37)

J^{(3b)}_{−3/2} = J^{(3a)}_{−3/2}(k_2 ↔ k_3) , (C.38) and u^∗_{3/2}(−k_1η)u^∗_{−3/2}(−k_2η)u^∗_{−3/2}(−k_3η) = − 9 k^3_2k^3 η^6 [ 1 + 1 2 (k^2_1 + k^2 + k^2_3)η^2 + i 3 (k^3_1 + k^3_2 + k^3)η^3 ] + O((−k_1η)^{−2}) ,(C.39)

u^∗_{3/2}(−k_1η)u^{′∗}_{−3/2}(−k_2η)u^{′∗}_{−3/2}(−k_3η) = − 81 k^3_2k^3 η^8 [ 1 + 1 6 (3k^2_1 + k^2 + k^2_3 )η^2 − i 3 (−k_1η)^3 ] + O((−k_1η)^{−4}) . (C.40)

In the same manner as the above case, we can gain

K^{REE}_1 (α = −3/2) =

324k_1 k^3_2 k^3 η^8_I [ J^{(1a)}_{−3/2} + J^{(1b)}_{−3/2} +

9k^6_1 k^3_2 k^3 ] , (C.41)

K^{REE}_2 (α = −3/2) = − 162 k_1k^2k^2_3 η^8_I ( J^{(2a)}_{−3/2} + J^{(2b)}_{−3/2} ) , (C.42)

– 26 –

K^{REE}_3 (α = −3/2) = − 162 k_1k^2k^2_3 η^8_I

J^{(3a)}_{−3/2} , (C.43)

K^{REE}_4 (α = −3/2) = − 162 k_1k^2k^2_3 η^8_I

J^{(3b)}_{−3/2} , (C.44)

K^{RBB}_1 (α = −3/2) =

36k_1 k^2 k^2_3 η^6_I [ J^{(1a)}_{−3/2} + J^{(1b)}_{−3/2} +

9k^3_1 k^3_2 k^3

(k^3_1 + k^3_2 + k^3 ) ] , (C.45)

K^{RBB}_2 (α = −3/2) = − 18 k_1k_2k_3η^6_I ( J^{(2a)}_{−3/2} + J^{(2b)}_{−3/2} ) , (C.46)

K^{RBB}_3 (α = −3/2) = − 18 k_1k_2k_3η^6_I

J^{(3a)}_{−3/2} , (C.47)

K^{RBB}_4 (α = −3/2) = − 18 k_1k_2k_3η^6_I

J^{(3b)}_{−3/2} , (C.48) and K^{hEE}_1 (α = −3/2) = −

162k_1 k^3_2 k^3η^8_I ( J^{(1a)}_{−3/2} +

9k^6_1 k^3_2k^3 ) , (C.49)

K^{hEE}_2 (α = −3/2) = − 162 k_1k^2k^2_3 η^8_I

J^{(2a)}_{−3/2} , (C.50)

K^{hBB}_1 (α = −3/2) = −

18k_1 k^2 k^2_3η^6_I [ J^{(1a)}_{−3/2} +

9k^3_1 k^3_2k^3

(k^3_1 + k^3_2 + k^3) ] , (C.51)

K^{hBB}_2 (α = −3/2) = − 18 k_1k_2k_3η^6_I

J^{(2a)}_{−3/2} . (C.52)

References

[1] P. P. Kronberg et. al., A Global Probe of Cosmic Magnetic Fields to High Redshifts, Astrophys.

J. 676 (2008) 70–79, [arXiv:0712.0435].

[2] M. L. Bernet, F. Miniati, S. J. Lilly, P. P. Kronberg, and M. Dessauges-Zavadsky, Strong magnetic fields in normal galaxies at high redshifts, Nature 454 (2008) 302–304, [arXiv:0807.3347].

[3] A. M. Wolfe, R. A. Jorgenson, T. Robishaw, C. Heiles, and J. X. Prochaska, An 84 microGauss Magnetic Field in a Galaxy at Redshift z=0.692, Nature 455 (2008) 638, [arXiv:0811.2408].

[4] A. Fletcher, R. Beck, A. Shukurov, E. Berkhuijsen, and C. Horellou, Magnetic fields and spiral arms in the galaxy M51, arXiv:1001.5230.

[5] A. Neronov and I. Vovk, Evidence for strong extragalactic magnetic fields from Fermi observations of TeV blazars, Science 328 (2010) 73–75, [arXiv:1006.3504].

[6] K. Dolag, M. Kachelriess, S. Ostapchenko, and R. Tomas, Lower limit on the strength and filling factor of extragalactic magnetic fields, Astrophys.J. 727 (2011) L4, [arXiv:1009.1782].

[7] F. Tavecchio, G. Ghisellini, L. Foschini, G. Bonnoli, G. Ghirlanda, et. al., The intergalactic magnetic field constrained by Fermi/LAT observations of the TeV blazar 1ES 0229+200, Mon.Not.Roy.Astron.Soc. 406 (2010) L70–L74, [arXiv:1004.1329].

[8] K. Takahashi, M. Mori, K. Ichiki, and S. Inoue, Lower Bounds on Intergalactic Magnetic Fields from Simultaneously Observed GeV-TeV Light Curves of the Blazar Mrk 501, Astrophys.J.Lett. 744 (Jan., 2012) L7, [arXiv:1103.3835].

[9] D. Grasso and H. R. Rubinstein, Magnetic fields in the early universe, Phys.Rept. 348 (2001) 163–266, [astro-ph/0009061].

– 27 –

[10] K. Bamba and J. Yokoyama, Large scale magnetic fields from inflation in dilaton electromagnetism, Phys.Rev. D69 (2004) 043507, [astro-ph/0310824].

[11] K. Bamba and M. Sasaki, Large-scale magnetic fields in the inflationary universe, JCAP 0702 (2007) 030, [astro-ph/0611701].

[12] J. Martin and J. Yokoyama, Generation of Large-Scale Magnetic Fields in Single-Field Inflation, JCAP 0801 (2008) 025, [arXiv:0711.4307].

[13] V. Demozzi, V. Mukhanov, and H. Rubinstein, Magnetic fields from inflation?, JCAP 0908 (2009) 025, [arXiv:0907.1030].

[14] L. M. Widrow, Origin of Galactic and Extragalactic Magnetic Fields, Rev. Mod. Phys. 74 (2002) 775–823, [astro-ph/0207240].

[15] M. Giovannini, The Magnetized universe, Int.J.Mod.Phys. D13 (2004) 391–502, [astro-ph/0312614].

[16] K. Ichiki, K. Takahashi, H. Ohno, H. Hanayama, and N. Sugiyama, Cosmological Magnetic Field: a fossil of density perturbations in the early universe, Science. 311 (2006) 827–829, [astro-ph/0603631].

[17] E. Fenu, C. Pitrou, and R. Maartens, The seed magnetic field generated during recombination, Mon.Not.Roy.Astron.Soc. 414 (2011) 2354–2366, [arXiv:1012.2958].

[18] R. Durrer, T. Kahniashvili, and A. Yates, Microwave Background Anisotropies from Alfven waves, Phys. Rev. D58 (1998) 123004, [astro-ph/9807089].

[19] A. Mack, T. Kahniashvili, and A. Kosowsky, Vector and Tensor Microwave Background Signatures of a Primordial Stochastic Magnetic Field, Phys. Rev. D65 (2002) 123004, [astro-ph/0105504].

[20] A. Lewis, CMB anisotropies from primordial inhomogeneous magnetic fields, Phys. Rev. D70 (2004) 043011, [astro-ph/0406096].

[21] D. G. Yamazaki, K. Ichiki, T. Kajino, and G. J. Mathews, Effects of a Primordial Magnetic Field on Low and High Multipoles of the CMB, Phys.Rev. D77 (2008) 043005, [arXiv:0801.2572].

[22] D. Paoletti, F. Finelli, and F. Paci, The full contribution of a stochastic background of magnetic fields to CMB anisotropies, Mon. Not. Roy. Astron. Soc. 396 (2009) 523–534, [arXiv:0811.0230].

[23] F. Finelli, F. Paci, and D. Paoletti, The Impact of Stochastic Primordial Magnetic Fields on the Scalar Contribution to Cosmic Microwave Background Anisotropies, Phys.Rev. D78 (2008) 023510, [arXiv:0803.1246].

[24] J. R. Shaw and A. Lewis, Massive Neutrinos and Magnetic Fields in the Early Universe, Phys.Rev. D81 (2010) 043517, [arXiv:0911.2714].

[25] D. G. Yamazaki, K. Ichiki, T. Kajino, and G. J. Mathews, New Constraints on the Primordial Magnetic Field, Phys. Rev. D81 (2010) 023008, [arXiv:1001.2012].

[26] J. R. Shaw and A. Lewis, Constraining Primordial Magnetism, arXiv:1006.4242.

[27] D. Paoletti and F. Finelli, CMB Constraints on a Stochastic Background of Primordial Magnetic Fields, Phys.Rev. D83 (2011) 123533, [arXiv:1005.0148].

[28] A. P. Yadav, L. Pogosian, and T. Vachaspati, Probing Primordial Magnetism with Off-Diagonal Correlators of CMB Polarization, arXiv:1207.3356.

[29] D. Paoletti and F. Finelli, Constraints on a Stochastic Background of Primordial Magnetic Fields with WMAP and South Pole Telescope data, arXiv:1208.2625.

[30] T. R. Seshadri and K. Subramanian, CMB bispectrum from primordial magnetic fields on large

– 28 – angular scales, Phys. Rev. Lett. 103 (2009) 081303, [arXiv:0902.4066].

[31] C. Caprini, F. Finelli, D. Paoletti, and A. Riotto, The cosmic microwave background temperature bispectrum from scalar perturbations induced by primordial magnetic fields, JCAP 0906 (2009) 021, [arXiv:0903.1420].

[32] P. Trivedi, K. Subramanian, and T. R. Seshadri, Primordial Magnetic Field Limits from Cosmic Microwave Background Bispectrum of Magnetic Passive Scalar Modes, Phys. Rev. D82 (2010) 123006, [arXiv:1009.2724].

[33] R.-G. Cai, B. Hu, and H.-B. Zhang, Acoustic signatures in the Cosmic Microwave Background bispectrum from primordial magnetic fields, JCAP 1008 (2010) 025, [arXiv:1006.2985].

[34] M. Shiraishi, D. Nitta, S. Yokoyama, K. Ichiki, and K. Takahashi, Cosmic microwave background bispectrum of vector modes induced from primordial magnetic fields, Phys. Rev. D82 (2010) 121302, [arXiv:1009.3632].

[35] M. Shiraishi, D. Nitta, S. Yokoyama, K. Ichiki, and K. Takahashi, Computation approach for CMB bispectrum from primordial magnetic fields, Phys. Rev. D83 (2011) 123523, [arXiv:1101.5287].

[36] M. Shiraishi, D. Nitta, S. Yokoyama, K. Ichiki, and K. Takahashi, Cosmic microwave background bispectrum of tensor passive modes induced from primordial magnetic fields, Phys. Rev. D83 (2011) 123003, [arXiv:1103.4103].

[37] M. Shiraishi, D. Nitta, S. Yokoyama, and K. Ichiki, Optimal limits on primordial magnetic fields from CMB temperature bispectrum of passive modes, JCAP 1203 (2012) 041, [arXiv:1201.0376].

[38] P. Trivedi, T. Seshadri, and K. Subramanian, Cosmic Microwave Background Trispectrum and Primordial Magnetic Field Limits, Phys.Rev.Lett. 108 (2012) 231301, [arXiv:1111.0744].

[39] V. Demozzi and C. Ringeval, Reheating constraints in inflationary magnetogenesis, JCAP 1205 (2012) 009, [arXiv:1202.3022].

[40] T. Suyama and J. Yokoyama, Metric perturbation from inflationary magnetic field and generic bound on inflation models, Phys.Rev. D86 (2012) 023512, [arXiv:1204.3976].

[41] T. Fujita and S. Mukohyama, Universal upper limit on inflation energy scale from cosmic magnetic field, JCAP 1210 (2012) 034, [arXiv:1205.5031].

[42] A. Gumrukcuoglu, C. R. Contaldi, and M. Peloso, Inflationary perturbations in anisotropic backgrounds and their imprint on the CMB, JCAP 0711 (2007) 005, [arXiv:0707.4179].

[43] S. Kanno, J. Soda, and M.-a. Watanabe, Anisotropic Power-law Inflation, JCAP 1012 (2010) 024, [arXiv:1010.5307].

[44] M.-a. Watanabe, S. Kanno, and J. Soda, The Nature of Primordial Fluctuations from Anisotropic Inflation, Prog.Theor.Phys. 123 (2010) 1041–1068, [arXiv:1003.0056].

[45] L. Sorbo, Parity violation in the Cosmic Microwave Background from a pseudoscalar inflaton, JCAP 1106 (2011) 003, [arXiv:1101.1525].

[46] N. Barnaby and M. Peloso, Large Nongaussianity in Axion Inflation, Phys.Rev.Lett. 106 (2011) 181301, [arXiv:1011.1500].

[47] N. Barnaby, R. Namba, and M. Peloso, Phenomenology of a Pseudo-Scalar Inflaton: Naturally Large Nongaussianity, JCAP 1104 (2011) 009, [arXiv:1102.4333].

[48] N. Barnaby, R. Namba, and M. Peloso, Observable non-gaussianity from gauge field production in slow roll inflation, and a challenging connection with magnetogenesis, Phys.Rev. D85 (2012) 123523, [arXiv:1202.1469].

[49] R. R. Caldwell, L. Motta, and M. Kamionkowski, Correlation of inflation-produced magnetic

– 29 – fields with scalar fluctuations, Phys.Rev. D84 (2011) 123525, [arXiv:1109.4415].

[50] L. Motta and R. R. Caldwell, Non-Gaussian features of primordial magnetic fields in power-law inflation, Phys.Rev. D85 (2012) 103532, [arXiv:1203.1033].

[51] D. Babich, P. Creminelli, and M. Zaldarriaga, The shape of non-Gaussianities, JCAP 0408 (2004) 009, [astro-ph/0405356].

[52] E. Komatsu, Hunting for Primordial Non-Gaussianity in the Cosmic Microwave Background, Class. Quant. Grav. 27 (2010) 124010, [arXiv:1003.6097].

[53] WMAP Collaboration, E. Komatsu et. al., Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Cosmological Interpretation, Astrophys. J. Suppl. 192 (2011) 18, [arXiv:1001.4538].

[54] R. K. Jain and M. S. Sloth, A Magnetic Consistency Relation, arXiv:1207.4187.

[55] R. K. Jain and M. S. Sloth, On the non-Gaussian correlation of the primordial curvature perturbation with vector fields, arXiv:1210.3461.

[56] F. Stasyszyn, S. Nuza, K. Dolag, R. Beck, and J. Donnert, Measuring cosmic magnetic fields by rotation measure-galaxy cross-correlations in cosmological simulations, arXiv:1003.5085.

[57] N. Barnaby, J. Moxon, R. Namba, M. Peloso, G. Shiu, et. al., Gravity waves and non-Gaussian features from particle production in a sector gravitationally coupled to the inflaton,

arXiv:1206.6117.

[58] S. Kanno, J. Soda, and M.-a. Watanabe, Cosmological Magnetic Fields from Inflation and Backreaction, JCAP 0912 (2009) 009, [arXiv:0908.3509].

[59] A. Gumrukcuoglu, B. Himmetoglu, and M. Peloso, Scalar-Scalar, Scalar-Tensor, and Tensor-Tensor Correlators from Anisotropic Inflation, Phys.Rev. D81 (2010) 063528, [arXiv:1001.4088].

[60] E. D. Stewart and D. H. Lyth, A More accurate analytic calculation of the spectrum of cosmological perturbations produced during inflation, Phys.Lett. B302 (1993) 171–175, [gr-qc/9302019].

[61] J. M. Maldacena, Non-Gaussian features of primordial fluctuations in single field inflationary models, JHEP 05 (2003) 013, [astro-ph/0210603].

[62] S. Weinberg, Effective Field Theory for Inflation, Phys. Rev. D77 (2008) 123541, [arXiv:0804.4291].

[63] M. Shiraishi, S. Yokoyama, K. Ichiki, and K. Takahashi, Analytic formulae of the CMB bispectra generated from non- Gaussianity in the tensor and vector perturbations, Phys. Rev. D82 (2010) 103505, [arXiv:1003.2096].

[64] M. Shiraishi, Probing the Early Universe with the CMB Scalar, Vector and Tensor Bispectrum,

arXiv:1210.2518.

[65] M. Zaldarriaga and U. Seljak, An All-Sky Analysis of Polarization in the Microwave Background, Phys. Rev. D55 (1997) 1830–1840, [astro-ph/9609170].

[66] W. Hu and M. J. White, CMB Anisotropies: Total Angular Momentum Method, Phys. Rev.

D56 (1997) 596–615, [astro-ph/9702170].

[67] M. Shiraishi, Parity violation of primordial magnetic fields in the CMB bispectrum, JCAP 1206 (2012) 015, [arXiv:1202.2847].

[68] M. Shiraishi, D. Nitta, S. Yokoyama, K. Ichiki, and K. Takahashi, CMB Bispectrum from Primordial Scalar, Vector and Tensor non-Gaussianities, Prog. Theor. Phys. 125 (2011) 795–813, [arXiv:1012.1079].

[69] A. Lewis, A. Challinor, and A. Lasenby, Efficient Computation of CMB anisotropies in closed

– 30 –

FRW models, Astrophys. J. 538 (2000) 473–476, [astro-ph/9911177]. [70] “Slatec common mathematical library.” http://www.netlib.org/slatec/.

– 31 –