arXiv:1209.5159v1 [gr-qc] 24 Sep 2012

High frequency limit for gravitational perturbations of cosmological models in modified gravity theories

Keiki Saito^{1(a)} and Akihiro Ishibashi^{2(b)}

(a)Department of Particles and Nuclear Physics, The Graduate University for Advanced Studies (SOKENDAI), 1-1 Oho, Tsukuba, Ibaraki 305-0801, Japan (b)Department of Physics, Kinki University, Higashi-Osaka 577-8502, Japan

Abstract In general relativity, it has been shown that the effective gravitational stress-energy tensor for short-wavelength metric perturbations acts just like that for a radiation fluid, and thus, in particular, cannot provide any effects that mimic dark energy. However, it is far from obvious if this property of the effective gravitational stress-energy tensor is a specific nature held only in the Einstein gravity, or holds also in other theories of gravity. In particular, when considering modified gravity theories that involve higher order derivative terms, one may expect to have some non-negligible effects arising from higher order derivatives of short-wavelength perturbations. In this paper, we argue this is not the case at least in the cosmological context. We show that when the background, or coarse-grained metric averaged over several wavelengths has FLRW symmetry, the effective gravitational stressenergy tensor for metric perturbations of a cosmological model in a simple class of f(R) gravity theories, as well as that obtained in the corresponding scalar-tensor theory, takes a similar form to that in general relativity and is in fact traceless, hence acting again like a radiation fluid.

1 Introduction

Our observable universe appears to be homogeneous and isotropic on large scales, but highly inhomogeneous on small scales. It is therefore considerably interesting to consider whether the local inhomogeneities can have any effects on the global dynamics of our universe, in particular, any effect that corresponds to a positive cosmological constant or dark energy. A number of authors have explored this possibility of explaining the present cosmic accelerating expansion by some backreaction effects of the local inhomogeneities [1–18]. Such a backreaction effect may be described in terms of an effective stress-energy tensor arising from metric as well as matter perturbations.

In general relativity, a consistent expansion scheme for short-wavelength perturbations and the corresponding effective stress-energy tensor were largely developed by Isaacson [19, 20], in which the small parameter, say ϵ, corresponds to the amplitude and at the same time the wavelength of perturbations. Isaacson’s expansion scheme is called the high frequency limit or the short-wavelength approximation. In this expansion, the dominant order of the Einstein equation with respect to this parameter ϵ corresponds to the equations of motion for linearized gravitational waves in the ordinary perturbation theory, and is in fact divergent as ϵ^{−1}. The next order of the expansion of the Einstein equation provides the Einstein equation for the background metric with an effective stress-energy tensor, which is essentially given as minus the second-order Einstein tensor averaged over a spacetime region of several wavelengths of metric perturbations. Since taking a derivative of perturbations corresponds, roughly speaking, to multiplying the inverse of the smallness parameter (or the inverse of the wavelength of perturbations), the effective stress-energy tensor consisting of the square of derivatives of the first-order metric perturbations can have large effects on the background dynamics. Furthermore it can be shown that the effective stress-energy tensor thus constructed is gauge-invariant, hence has a physical meaning. If the effective stress-energy tensor had a term proportional to the background spacetime metric, then it would correspond to adding a cosmological constant to the effective Einstein equations for the background metric, thereby explaining possible origin of dark energy from local inhomogeneities. It has been shown, however, that this effective gravitational stress-energy tensor is traceless and satisfies the weak energy condition, i.e. acts like radiation [21, 22], and thus cannot provide any effects that imitate dark energy in general relativity.

However, it is far from obvious if this traceless property of the effective gravitational stress-energy tensor is a nature specific only to the Einstein gravity or is rather a generic property that can hold also in other types of gravity theories. The purpose of this paper is to address this question in a

1Email address: saitok@post.kek.jp 2Email address: akihiro@phys.kindai.ac.jp simple, concrete model in the cosmological context. Among many, one of the simplest of modified theories so far proposed is the so called f(R) theory, whose action is a generalization of the Einstein- Hilbert action to an arbitrary function, f(R), of the scalar curvature R. Since f(R) gravity contains higher order derivative terms, one can anticipate the effective gravitational stress-energy tensor to be generally modified in the high frequency limit.

Over the past decade, cosmological implications of f(R) gravity theories have extensively been studied especially in the quest of finding an alternative cosmology to Λ-CDM model. A viable class of the f(R) theories is summarized in [23–31]. Although it is desirable to examine all these cosmologically favored models, in the present paper, we will restrict our attention to the simplest model f(R) = R + cR^2 with an eye to applications to analyses of more generic cases, which are left for our future study. This model itself is not considered as a cosmologically favored modified gravity theory for describing the present accelerating universe, but has rather been introduced as a prototype of an inflationary universe model by Starobinsky [32]. However, this simple model can be viewed as the leading term truncation of a more generic class of f(R) theories that take an analytic form with respect to R around the vacuum solution R = 0 and therefore provides, as the first step toward this line of research, a good starting point of our analysis. It would also be interesting to check whether or not a once-excluded model can possibly revive as a cosmologically favored model, due to the inclusion of the backreaction effects of local inhomogeneities.

It is well-known that f(R) gravity is equivalent to a scalar-tensor theory, which contains the coupling of the scalar curvature R to a scalar field ϕ in a certain way [30, 33–35]. The Brans-Dicke theory [36] is one of the simplest examples. Therefore our analysis can be performed, in principle, either (i) by first translating a given f(R) theory into the corresponding scalar-tensor theory and then inspecting the stress-energy tensor for the scalar field ϕ, or (ii) by directly dealing with metric perturbations of the f(R) theory. One may expect that the former approach is much easier than the latter metric approach, as one has to deal with metric perturbations of complicated combinations of the curvature tensors in the latter case. Nevertheless we will take the both approaches. In fact, in the metric approach, by directly taking up perturbations of the scalar curvature R, the Ricci tensor R_{ab} and the Riemann tensor R^a_{bcd} involved in a given f(R) theory, we can learn how to generalize our present analysis of a specific class of f(R) gravity to analyses of other, different types of modified gravity theories that cannot even be translated into a scalar-tensor theory, such as the Gauss-Bonnet gravity.

The theory we consider in the present paper contains higher order derivative terms. As in the case of general relativity, we can consider short-wavelength metric perturbations with a small parameter ϵ and expand the field equations with respect to ϵ. In contrast to the Einstein gravity, the dominant part of the field equations for this theory is of order O(ϵ^{−3}). In O(ϵ^{−1}), we have equations of motion for linearized gravitational waves. In O (1) we obtain equations for the background metric with a source term arising from short-wavelength perturbations. This source term contains a number of higher order derivatives of metric perturbations. However, as one cannot have any meaningful notion of stress-energy for gravitational waves in a local sense (at least within a wavelength), we have to take a suitable spacetime average over several wavelengths. Also, since we are interested in backreaction effects on the cosmological dynamics, we assume that our background metric takes the form of the Friedmann-Lemaître-Robertson-Walker (FLRW) metric. We also impose that in the limit to the Einstein gravity, i.e., f(R) → R (as c → 0), the field equations for our f(R) theory reduce to those for the Einstein gravity in the corresponding order of the expansion parameter. At this point, a number of terms that involve higher order derivatives of metric perturbations vanish by the spacetime averaging procedure and the assumption of the background FLRW symmetry. Eventually, besides the terms corresponding to the Isaacson’s formula in the Einstein gravity, only a few terms that contain higher order derivatives of metric perturbations can remain in the effective stress-energy tensor for short-wavelength perturbations in our modified gravity. Furthermore, the resultant effective stress-energy tensor is shown to be traceless as in the Einstein gravity case.

We briefly comment on the previous work along the similar line. Since the effective stress-energy tensor can be used to measure energy flux carried out by gravitational radiation from astrophysical sources, such as inspiral binary systems, it can be used to test various modified gravity theories by the near future gravitational wave detectors [37–45]. For this purpose, the effective stress-energy tensor for gravitational radiation has been derived by Sopuerta and Yunes [46] by applying Isaacson’s scheme to the field equations of dynamical Chern-Simons theory. A more general formalism to compute the effective stress-energy tensor from the effective action, which can apply to a wide class of modified gravity theories, has been proposed by Stein and Yunes [47]. As a concrete example, the formula has been applied to dynamical Chern-Simons gravity as well as theories with dynamical scalar fields coupled to higher-order curvature invariants. It has been shown that in these modified theories the stress-energy tensor for gravitational radiations reduces, at future null infinity, to that in the Einstein gravity. Berry and Gair [48] also have derived the effective stress-energy tensor for gravitational waves in the f(R) gravity which is analytic around the vacuum R = 0. However, since the main concern in these studies is mainly to test alternative theories in the astrophysical context by using gravitational wave detectors, the formulas mentioned just above have been formulated for asymptotically flat spacetimes (as energy flux of gravitational waves needs to be evaluated at future null infinity) and therefore do not appear to apply to cosmological models. In contrast, our analysis will proceed by exploiting the cosmological setup that our background metric possesses the FLRW symmetry.

In the next section, before going into the effective stress-energy tensor in modified gravity theories, we will first briefly summarize the high frequency limit in general relativity. In Sec. 3, we consider the high frequency limit in f(R) gravity theory. Based on the Isaacson’s scheme we expand the field equations for f(R) = R + cR^2 theory and first derive the general expression of the effective stress-energy tensor for gravitational perturbations in our f(R) gravity. Then, assuming that our background metric has the FLRW symmetry and also that the resulting equations reduce to the corresponding equations for the Einstein gravity in the limit c → 0, we see that the effective stressenergy tensor whose expression is significantly simplified, is in fact traceless as in the Einstein gravity case. As briefly mentioned above, when a given f(R) gravity is translated into the corresponding scalar-tensor theory, the scalar field ϕ, which expresses an extra-degree of freedom in the f(R) theory, possess a non-trivial potential term. [Compare with the earlier work by Lee [49] on a computation of the effective stress-energy tensor in a scalar-tensor theory with vanishing potential term.] In Sec. 4, we will make sure that the effective stress-energy tensor in Brans-Dicke theory is consistent with that in our f(R) gravity. Sec. 5 is devoted to summary and points to future research.

Our signature convention for g_{ab} is (−, +, +, +). We define the Riemann tensor by R_{abc}^dω_d = 2∇_{[a}∇_{b]}ωc and the Ricci tensor by R_{ab} = R_{acb}^c as in Wald’s book [50].

2 High frequency limit in general relativity

In this section we introduce our notation by recapitulating Isaacson’s expansion scheme for shortwavelength gravitational perturbations in general relativity.

Let g_{ab} be the metric with linear perturbation h_{ab}; it is described by g_{ab} = g^{(0)}_{ab} + h_{ab} with g^{(0)}_{ab} being the background metric including the backreaction from perturbations. The amplitude of h_{ab} is of order h_{ab} ∼ O (ϵ) with ϵ being the small parameter, which also corresponds to the wavelength λ of perturbations compared with the background characteristic curvature radius, L. The order of derivatives of h_{ab} are ∇a_1 ∇a_2 · · · ∇a_m h_{bc} ∼ O ( ϵ (λ/L)^m ) ∼ O ( ϵ^{1−m} ) , (2.1)

where ∇a denotes the covariant derivative with respect to g^{(0)}_{ab} , so that ∇ag^{(0)}_{bc} = 0. We may bear in mind perturbations of the form h ∼ ϵ sin(x/λ) and λ/L ∼ O (ϵ). In what follows we normalize L ∼ 1. The inverse metric takes the form g^{ab} = g^{(0)ab} − h^{ab} + h^ach^{cb} + · · ·, where h^{ab} ≡ g^{(0)ac}g^{(0)bd}h_{cd}.

There is the general relationship between the Ricci tensor of g_{ab} and that of g^{(0)}_{ab} , namely

R_{ab} = R_{ab}[g^{(0)}] + 2∇_{[c}C^c_{b]a} + 2C^c_{d[c}C^d_{b]a} , (2.2)

where C^a_{bc} ≡ Γ^a_{bc} −Γ^a_{bc}[g^{(0)}] = g^{ad} (∇_bg_{dc} + ∇cg_{bd} − ∇_dg_{bc}) /2. Since R_{ab} contains terms such as those schematically expressed as g^{−1}∇∇g, ∇g^{−1}∇g and g^{−1}g^{−1}∇g∇g, we can find

R^{(n)}_{ab} [h] ∼ O ( ϵ^{n−2} ) , (2.3)

where n is the number of h_{ab} included in R_{ab}. We also find

R^{(n)}[h] ∼ G^{(n)}_{ab} [h] ∼ O ( ϵ^{n−2} ) , (2.4)

where R ≡ g^{ab}R_{ab}, G_{ab} ≡ R_{ab} −g_{ab}R/2 is the Einstein tensor, and R^{(n)}[h] and G^{(n)}_{ab} [h] do not contain R_{ab}[g^{(0)}].

The Einstein equation is G_{ab} = R_{ab} − 1 2 g_{ab}R = κ^2T^{(0)}_{ab} , (2.5) where κ^2 = 8πG and T^{(0)}_{ab} is the stress-energy tensor for the background matter fields. In the following, for simplicity, we focus on metric perturbations and ignore perturbations of the matter fields in T^{(0)}_{ab} . We can find the dominant terms, O ( ϵ^{−1} ) , of the Einstein equation as

G^{(1)}_{ab} [h] = R^{(1)}_{ab} [h] − 1 2 g^{(0)}_{ab} R^{(1)}[h] = 0 ,

or simply R^{(1)}_{ab} [h] = 0 . (2.6) This is equivalent to the equation for linearized gravitational waves in the ordinary perturbation theory. Next, in the order of O (1), we find

G_{ab}[g^{(0)}] = κ^2T^{(0)}_{ab} + κ^2T^{eff}_{ab} , (2.7)

where the effective gravitational stress-energy tensor, T^{eff}_{ab} , is given by

κ^2T^{eff}_{ab} ≡ − ⟨ G^{(2)}_{ab} [h] ⟩

= − ⟨ R^{(2)}_{ab} [h] − 1 2 g^{(0)}_{ab} g^{(0)cd}R^{(2)}_{cd} [h] ⟩

= ⟨ 1 4 ∇ah^{TTcd}∇_bh^{TT}_{cd} ⟩ . (2.8)

Here and in the following ⟨· · ·⟩ denotes taking a spacetime average over several wavelengths of perturbations. Here the indices are raised and lowered with g^{(0)ab} and g^{(0)}_{ab} . For the expression of the third-line, the transverse-traceless gauge, ∇ch^ca = 0 = h^cc, denoted by h^{T T} , and (A.6) have been used (see also Appendix. A). We can check that T^{eff}_{ab} is traceless, i.e., it acts like radiation:

κ^2T^{effa}a = 0 , (2.9)

from (2.6) and (A.2). Thus, in particular, it cannot provide any effects that mimic dark energy in general relativity. For more mathematically rigorous treatments of short-wavelength perturbations and the effective stress-energy tensor, see [21, 22].

The effective stress-energy tensor (2.8) can be shown to be gauge-invariant [21]. In fact, the expression of the right-hand side of (2.8) is given by manifestly gauge-invariant part of h^{TT}_{ab} . For this purpose, one can introduce the polarization tensors ϵ^{(+,×)}_{ab} , as usual, and decompose the metric perturbation accordingly h^{TT}_{ab} = ϵ^{(+)}_{ab} h^{(+)} + ϵ^{(×)}_{ab} h^{(×)}. In the cosmological context, one is concerned with the Friedmann-Lemaître-Robertson-Walker (FLRW) metric,

ds^2 = −dt^2 + a(t)^2γij dx^idx^j (2.10)

with dσ^2 = γij dx^idx^j being the metric of 3-dimensional constant curvature space. So, it may be more convenient to impose the transverse-traceless condition with respect to this FLRW time-slicing, i.e., h^{TT}_{00} = 0, h^{TT}_{0i} = 0, ∇ah^{TTa}i = 0, h^{TTi}i = 0. This condition completely fix the gauge freedom and (2.8) is written by the gauge invariant variable h^{TT}_{ij} as

⟨_1 4 ∇ah^{TTij} ∇_bh^{TT}_{ij} ⟩ . 3 High frequency limit in f(R) gravity

The general action for the f(R) gravity is given by S = 1 2κ^2 ∫ d^4x √ −gf(R) + ∫ d^4xLM , (3.1)

where LM is the Lagrangian for matter fields, such as perfect fluid in the cosmological context. Varying this action with respect to the metric, we have the field equations G^{f (R)}_{ab} ≡ G_{ab} + F̂ R_{ab} − 1 2 g_{ab}f̂ − ∇a∇_bF̂ + g_{ab}g^{cd}∇c∇_dF̂ = κ^2T^{(0)}_{ab} , (3.2)

where f̂ ≡ f − R, F̂ ≡ df̂ /dR, and T^{(0)}_{ab} denotes the matter stress-energy tensor.

The field equations in the f(R) gravity have terms consisting of higher order derivatives of R, and the order of those derivatives are higher than that of R:

∇a_1 ∇a_2 · · · ∇a_m R^{(n)}[h] ∼ O ( ϵ^{n−2−m} ) . (3.3)

Therefore it is expected that the effect of the short-wavelength approximation would be enhanced. In order to see whether this is the case, from now on we restrict our attention to the following concrete model f(R) = R + cR^2 , (3.4) where c is a constant. This model has been considered for the first time in the context of inflationary universe [32]. The field equations are G^{f (R)}_{ab} ≡ G_{ab} + 2c ( RR_{ab} − 1 4 g_{ab}R^2 − ∇a∇_bR + g_{ab}g^{cd}∇c∇_dR ) = κ^2T^{(0)}_{ab} . (3.5)

As in Isaacson’s formula reviewed in the previous section, we expand the above equations with respect to the small parameter ϵ. Then, the dominant part is of the order O ( ϵ^{−3} ) , in which we have the following equations ∇a∇_bR^{(1)}[h] − g^{(0)}_{ab} □R^{(1)}[h] = 0 . (3.6) By contracting with g^{(0)ab}, we immediately have

∇a∇_bR^{(1)}[h] = 0 . (3.7)

Next, for the order O ( ϵ^{−2} ) , we have

R^{(1)}[h]R^{(1)}_{ab} [h] − 1 4 g^{(0)}_{ab} ( R^{(1)}[h]

)_2

− ∇a∇_bR^{(2)}[h] + g^{(0)}_{ab} □R^{(2)}[h] = 0 . (3.8)

By dotting with g^{(0)ab}, we have

□R^{(2)}[h] = 0 , (3.9)

∇a∇_bR^{(2)}[h] = R^{(1)}[h]R^{(1)}_{ab} [h] − 1 4 g^{(0)}_{ab} ( R^{(1)}[h]

)_2 . (3.10)

Note that since we are working in the short-wavelength approximation, we find g^{(0)ab}R^{(1)}_{ab} [h] = R^{(1)}[h] in O ( ϵ^{−1} ) , which is different from calculation in ordinary perturbation theory, where in general g^{(0)ab}R^{(1)}_{ab} [h] ≠ R^{(1)}[h]. For O ( ϵ^{−1} ) , we have

R^{(1)}_{ab} [h] − 1 2 g^{(0)}_{ab} R^{(1)}[h] + 2c {( R[g^{(0)}] + R^{(2)}[h] ) R^{(1)}_{ab} [h] + R^{(1)}[h] ( R_{ab}[g^{(0)}] + R^{(2)}_{ab} [h] )}

− c 2 { 2g^{(0)}_{ab} ( R[g^{(0)}] + R^{(2)}[h] ) R^{(1)}[h] + h_{ab} ( R^{(1)}[h]

)_2}

−2c ( ∇a∇_bR^{(3)}[h] − R_{cd}[g^{(0)}]∇a∇_bh^{cd} )

+2c { g^{(0)}_{ab} ( □R^{(3)}[h] − R_{cd}[g^{(0)}]□h^{cd} ) − g^{(0)}_{ab} h^{cd}∇c∇_dR^{(2)}[h] } = 0 . (3.11)

Again, by dotting with g^{(0)ab}, we have

R^{(1)}[h] + c 2 h^aa ( R^{(1)}[h]

)_2 − 6c ( □R^{(3)}[h] − R_{cd}[g^{(0)}]□h^{cd} ) + 8ch^{ab}∇a∇_bR^{(2)}[h] = 0 . (3.12)

In order O (1), as in Isaacson’s formula in general relativity, we have the field equations for the background metric with the backreaction source term: G^{f (R)}_{ab} [g^{(0)}] = κ^2T^{(0)}_{ab} + κ^2T^{eff}_{ab} , where

κ^2T^{eff}_{ab} ≡ − ⟨ R^{(2)}_{ab} [h] − 1 2 ( g^{(0)}_{ab} R^{(2)}[h] + h_{ab}R^{(1)}[h] )

+2c { R^{(1)}[h]R^{(3)}_{ab} [h] + R[g^{(0)}]R^{(2)}_{ab} [h]

+R^{(2)}[h] ( R_{ab}[g^{(0)}] + R^{(2)}_{ab} [h] ) + ( R^{(3)}[h] − h^{cd}R_{cd}[g^{(0)}] ) R^{(1)}_{ab} [h] }

− c 2 [ g^{(0)}_{ab} { 2R^{(1)}[h]R^{(3)}[h] − 2R^{(1)}[h]h^{cd}R_{cd}[g^{(0)}] + 2R[g^{(0)}]R^{(2)}[h] + ( R^{(2)}[h]

)_2}

+2h_{ab} ( R[g^{(0)}] + R^{(2)}[h] ) R^{(1)}[h] ]

+2c {( −g^{(0)}_{ab} h^{cd} + h_{ab}g^{(0)cd} ) ( ∇c∇_dR^{(3)}[h] − R_{ef} [g^{(0)}]∇c∇_dh^{ef} )

+ ( g^{(0)}_{ab} h^ceh^{ed} − h_{ab}h^{cd} ) ∇c∇_dR^{(2)}[h] }⟩ . (3.13)

This is the expression of the stress-energy tensor for short-wavelength metric perturbations on the generic background metric g^{(0)}_{ab} in our f(R) gravity.

From now on, we consider in the cosmological context. We assume that our background is spatially homogeneous and isotropic, that is, our background metric possesses the FLRW symmetry and therefore takes the form of (2.10). Then, thanks to this background symmetry we can explicitly solve equations of the form ∇a∇_bS(t, ⃗x) = 0, such as (3.7) (see Appendix. B). Equation (3.7) (the equations of motion of O ( ϵ^{−3} ) ) is solved to yield

R^{(1)}[h] = const . (3.14)

Taking the average, we find R^{(1)}[h] = const. = ⟨const.⟩ = ⟨ R^{(1)}[h] ⟩ = 0 . (3.15)

Then, the equations (3.10) (those of O ( ϵ^{−2} ) ) become

∇a∇_bR^{(2)}[h] = 0 . (3.16)

Again using the result in Appendix. B, we find

R^{(2)}[h] ≡ S1 = const . (3.17)

By using (3.15) and (3.16), the equation (3.12) (of O ( ϵ^{−1} ) ) immediately yields

□R^{(3)}[h] − R_{ab}[g^{(0)}]□h^{ab} = 0 , (3.18)

and the equations (3.11) (of O ( ϵ^{−1} ) ) reduce to ( 1 + 2cR[g^{(0)}] + 2cS1 ) R^{(1)}_{ab} [h] = 2c ( ∇a∇_bR^{(3)}[h] − R_{cd}[g^{(0)}]∇a∇_bh^{cd} ) . (3.19)

The effective stress-energy tensor (3.13) is then expressed as

κ^2T^{eff}_{ab} = − ⟨ ( 1 + 2cR[g^{(0)}] ) R^{(2)}_{ab} [h] − 1 2 g^{(0)}_{ab} S1 +2c {( R^{(3)}[h] − h^{cd}R_{cd}[g^{(0)}] ) R^{(1)}_{ab} [h] + S1 ( R_{ab}[g^{(0)}] + R^{(2)}_{ab} )}

− c 2 g^{(0)}_{ab} ( 2R[g^{(0)}] + S1 ) S1 +2c ( −g^{(0)}_{ab} h^{cd} ) ( ∇c∇_dR^{(3)}[h] − R_{ef} [g^{(0)}]∇c∇_dh^{ef} ) ⟩ . (3.20)

Since the effective stress-energy tensor in the R^2 model should reduce to that in general relativity when c = 0, we choose S1 (= R^{(2)}[h]) to be 0. Then, (3.20) becomes

κ^2T^{eff}_{ab} = − ⟨ ( 1 + 2cR[g^{(0)}] ) R^{(2)}_{ab} [h] + 2c ( R^{(3)}[h] − h^{cd}R_{cd}[g^{(0)}] ) R^{(1)}_{ab} [h]

−g^{(0)}_{ab} ( 1 + 2cR[g^{(0)}] ) h^{cd}R^{(1)}_{cd} [h] ⟩

= − ⟨ ( 1 + 2cR[g^{(0)}] ) R^{(2)}_{ab} [h] + 2c ( R^{(3)}[h] − h^{cd}R_{cd}[g^{(0)}] ) R^{(1)}_{ab} [h] ⟩ , (3.21)

where we have used (3.19) in the first equality above, and ⟨ h^{cd}R^{(1)}_{cd} [h] ⟩ = 0 (3.22)

in the second equality so as to make the above expression compatible with that of general relativity in the c = 0 case. The expression, (3.21), is our main result of this section. From R^{(2)}[h] = 0 and (3.22), we see ⟨ g^{(0)ab}R^{(2)}_{ab} [h] ⟩ = ⟨ R^{(2)}[h] + h^{ab}R^{(1)}_{ab} [h] ⟩ = 0 . (3.23)

Then using this and R^{(1)}[h] = 0, we can find that κ^2T^{eff}_{ab} is in fact traceless:

κ^2T^{effa}a = 0 . (3.24)

4 The high frequency limit in scalar-tensor theory

In the previous section, the scalar curvature R and the Ricci tensor R_{ab} are taken up directly in the metric formalism of the f(R) gravity. It is well-known that any f(R) gravity theory is included in Brans-Dicke theory, which is one of the simplest examples of scalar-tensor theory [30, 33–35]. In this section, we will see that the results obtained in the previous section are indeed consistent with those obtained within the corresponding scalar-tensor theory.

The action of Brans-Dicke theory [36] is S = 1 κ^2 ∫ d^4x √ −g { 1 2 ϕR − ωBD 2ϕ ∇^aϕ∇aϕ − V (ϕ) } + ∫ d^4xLM , (4.1)

where ωBD is a constant called the Brans-Dicke parameter and ϕ is a dimensionless scalar field, and LM denotes the Lagrangian for matter fields, which can in general couple to the metric g_{ab} as well as the scalar field ϕ. Then the equations of motion for ϕ and g_{ab} are, respectively, obtained as □ϕ + ϕ 2ωBD ( − ωBD ϕ^2 ∇^aϕ∇aϕ + R − 2∂_ϕV (ϕ) ) = κ^2T^{(0)}_{ϕ ab} ,(4.2) ϕG_{ab} − ωBD ϕ ( ∇aϕ∇_bϕ − g_{ab} 2 ∇^cϕ∇cϕ ) − ∇a∇_bϕ + g_{ab} ( g^{cd}∇c∇_dϕ + V (ϕ) ) = κ^2T^{(0)}_{ab} , (4.3)

where T^{(0)}_{ϕ ab} and T^{(0)}_{ab} are the stress-energy tensor for matter fields obtained by taking variations of ϕ and g_{ab}, respectively.

The f(R) gravity of the metric formalism, (3.1), can be cast into the form of the above Brans-Dicke theory by setting ϕ = F (R) ≡ df(R) dR , ωBD = 0 , V = F (R)R − f(R) 2 . (4.4)

In this case, as one can find R − 2∂_ϕV = 0, the equations of motion for ϕ and g_{ab} just given above become respectively □ϕ − 1 2ϕ ∇^aϕ∇aϕ = κ^2T^{(0)}_{ϕ ab} , (4.5) G^{ST}_{ab} ≡ ϕ ( R_{ab} − 1 2 g_{ab}R ) − ∇a∇_bϕ + g_{ab} ( g^{cd}∇c∇_dϕ + V (ϕ) ) = κ^2T^{(0)}_{ab} . (4.6)

From now we consider short-wavelength perturbations for ϕ: ϕ = ϕ0 + δϕ. We also assume that there is no coupling of matter fields with the second-order derivatives of ϕ, so that there are no non-vanishing terms of order O(ϵ^{−1}) in the stress-energy tensor for matter fields. Then, the equation of motion for ϕ of O ( ϵ^{−1} ) is □δϕ = 0 , (4.7) and the equations of motion for g_{ab} of O ( ϵ^{−1} ) are ϕ0 ( R^{(1)}_{ab} [h] − 1 2 g^{(0)}_{ab} R^{(1)}[h] ) = ∇a∇_bδϕ − g^{(0)}_{ab} □δϕ . (4.8) Contracting with g^{(0)ab}, we have R^{(1)}[h] = 3 ϕ0 □δϕ = 0 , (4.9)

where we have used (4.7). From this equation, we can immediately find

R^{(1)}_{ab} [h] = 1 ϕ0 ∇a∇_bδϕ . (4.10) The equations of motion in O (1) are given by G^{ST}_{ab} [g^{(0)}, ϕ0] = κ^2T^{(0)}_{ab} + κ^2T^{eff}_{ab} , where

κ^2T^{eff}_{ab} ≡ − ⟨ ϕ0R^{(2)}_{ab} [h] + δϕR^{(1)}_{ab} [h] − g^{(0)}_{ab} h^{cd}∇c∇_dδϕ ⟩ . (4.11)

Here we would like to emphasise that so far we have made no assumptions concerning the form of f(R) or the symmetry of our background metric g^{(0)}_{ab} ; the above expression, (4.11), applies to the generic f(R) theory with an arbitrary background metric.

If we restrict the form of f(R) to be (3.4), then by inspecting the expansions ϕ = ϕ0 + δϕ + · · · and F (R) = 1 + 2cR = ( 1 + 2cR[g^{(0)}] ) + 2c ( R^{(3)}[h] − h^{cd}R_{cd}[g^{(0)}] ) + · · · , we find

ϕ0 = 1 + 2cR[g^{(0)}] , δϕ = 2c ( R^{(3)}[h] − h^{cd}R_{cd}[g^{(0)}] ) . (4.12)

Using these and (4.10), we have

κ^2T^{eff}_{ab} = − ⟨( 1 + 2cR[g^{(0)}] ) R^{(2)}_{ab} [h] + 2c ( R^{(3)}[h] − h^{cd}R_{cd}[g^{(0)}] ) R^{(1)}_{ab} [h] − g^{(0)}_{ab} ϕ0h^{cd}R^{(1)}_{cd} [h] ⟩ .(4.13)

Now we work on the cosmological situation so that the background metric has the FLRW symmetry. Provided that the limit c → 0 should reproduce results in the case of the Einstein gravity, we finally obtain

κ^2T^{eff}_{ab} = − ⟨( 1 + 2cR[g^{(0)}] ) R^{(2)}_{ab} [h] + 2c ( R^{(3)}[h] − h^{cd}R_{cd}[g^{(0)}] ) R^{(1)}_{ab} [h] ⟩ , (4.14)

where we have used (3.22), derived under the FLRW symmetry in Sec. 3. We see that the expression (4.14) above is precisely the same as (3.21) derived within the metric formalism of the f(R) gravity. This verifies our methods of Sec. 3 for dealing with short-wavelength perturbations of the f(R) gravity within the metric formalism.

5 Summary

We have addressed the effective gravitational stress-energy tensor for short-wavelength perturbations in the simple class of f(R) gravity of R^2 type in the cosmological context. As in the Isaacson’s formula for the Einstein gravity reviewed in Sec. 2, we have obtained the field equations for the background metric with a backreaction source term T^{eff}_{ab} in order O(1) of the small parameter ϵ. Reflecting the fact that our f(R) theory contains higher order derivative terms, the source term or the effective stress-energy tensor T^{eff}_{ab} takes, as given in (3.13), quit a complex form that contains, in principle, terms of fourth order derivatives, schematically expressed as ⟨∇h∇h∇h∇h⟩. The resultant expression, (3.13), of the effective stress-energy tensor, in fact, applies to any background metric g^{(0)}_{ab} ; Until this point, no symmetry assumption on the background metric has been used. Then, by imposing that our background has the FLRW symmetry, we have derived our effective stress-energy tensor for short-wavelength metric perturbations in cosmological models. At this point, thanks to the background FLRW symmetry and the spacetime averaging over several wavelengths, the expression of our effective stress-energy tensor has been significantly reduced to have the simple form, (3.21). We have also shown that the obtained effective stress-energy tensor is traceless, so that it acts like a radiation fluid as in the Einstein gravity case and thus, in particular, cannot mimic dark energy.

Since any f(R) gravity theory is known to be equivalent to a scalar-tensor theory, we have cast our f(R) theory into the corresponding scalar-tensor theory. Then, within the scalar-tensor theory, we have derived the effective stress-energy tensor for short-wavelength perturbations of the scalar field and checked consistency with the stress-energy tensor obtained within the metric perturbations of the original f(R) theory.

Although we have focused on the R^2 model especially about the FLRW background, in Sec. 4 we have pushed forward our calculations with a general f(R) gravity about an arbitrary background as far as possible, and have not used the property of the R^2 model about the FLRW background, up to (4.11). We can immediately note that (4.11) does not involve any terms of fourth order derivatives but has only terms of the square of first order derivatives of perturbations h_{ab} and δϕ. This result obtained within the framework of the scalar-tensor theory indicates that the higher order derivatives could vanish also in the metric framework of general f(R) gravity theory for a generic background. However, to see whether this is indeed the case needs further involved calculation, and is beyond the scope of this paper. This is left open for future study.

Our formulas derived in Sec. 3 deal directly with the scalar curvature R and the Ricci tensor R_{ab}, and therefore should be able to apply to similar analyses of other modified gravity theories which contain higher order curvature terms composed of R, R_{ab}, and R^a_{bcd} and which cannot even be cast in the form of a scalar-tensor theory. It would be interesting to consider an extension of our present work to a wide class of modified gravity theories with high-rank curvatures.

Acknowledgements

We would like to thank Hideo Kodama, Hirotaka Yoshino, Robert M. Wald, and Stephen R. Green for useful discussions and comments. This work was supported in part by a Grant-in-Aid for JSPS Fellows under Grant No. 23-4465 (KS) and by the JSPS Grant-in-Aid for Scientific Research (C)No. 22540299 (AI) and by the Barcelona Supercomputing Center (BSC) under Grant No. AECT-2012- 2-0005.

A Perturbation formulas in Transverse-Traceless gauge

The conditions of transverse-traceless waves are ∇ah^{TTa}_b = h^{TTa}a = 0. The Ricci tensors for h^{TT}_{ab} are C^{a(1)}_{ab} [h^{TT}] = 0 , (A.1) R^{(1)}_{ab} [h^{TT}] = ∇cC^{c(1)}_{ba} [h^{TT}] , = − 1 2 □h^{TT}_{ab} (A.2)

R^{(2)}_{ab} [h^{TT}] = 2∇_{[c}C^{c(2)}_{b]a} [h^{TT}] − C^{c(1)}_{db} [h^{TT}]C^{d(1)}_{ca} [h^{TT}] = − 1 2 h^{TTcd}∇c ( ∇_bh^{TT}_{da} + ∇ah^{TT}_{bd} − ∇_dh^{TT}_{ba} )

+ 1 2 ∇_b { h^{TTcd} ( ∇ch^{TT}_{da} + ∇ah^{TT}_{cd} − ∇_dh^{TT}_{ca} )}

− 1 4 ( ∇_dh^{TTc}_b + ∇_bh^{TT}_d^c − ∇^ch^{TT}_{db} )( ∇ch^{TTd}a + ∇ah^{TT}c^d − ∇^dh^{TT}_{ca} ) , (A.3)

and the scalar curvatures for h^{TT}_{ab} are

R^{(1)}[h^{TT}] = g^{(0)ab}R^{(1)}_{ab} [h^{TT} ] = 0 , (A.4) R^{(2)}[h^{TT}] = g^{(0)ab}R^{(2)}_{ab} [h^{TT} ] − h^{TTab}R^{(1)}_{ab} [h^{TT}] = 3 4 ∇^ah^{TTbc}∇ah^{TT}_{bc} − 1 2 ∇^ah^{TTbc}∇ch^{TT}_{ab} + h^{TTab}□h^{TT}_{ab} , (A.5)

where we have used [∇a, ∇_b]h^{TT}_{cd} = R^e_{c ab}[g^{(0)}]h^{TT}_{ed} + R^e_{d ab}[g^{(0)}]h^{TT}_{ce} = O (ϵ). From (2.6) and (A.2), we find □h^{TT}_{ab} = 0. Using these we find ⟨ R^{(2)}_{ab} [h^{TT} ] ⟩ = − 1 4 ∇ah^{TTcd}∇_bh^{TT}_{cd} , (A.6) ⟨ R^{(2)}[h^{TT} ] ⟩ = 0 . (A.7)

B Solution of ∇_a∇_bS(t, ⃗x) = 0

We solve the equation ∇a∇_bS(t, ⃗x) = 0 , (B.1) such as (3.7), in the FLRW background spacetime:

ds^2 = −dt^2 + a^2(t)γij dx^idx^j . (B.2)

Since we are interested in the expanding universe, in what follows we assume that the scale factor a(t) is dynamical, i.e., a(t) ≠ const. The (0, 0), (0, i) and (i, j) components of (B.1) are

S̈(t, ⃗x) = 0, (B.3) ∂iṠ(t, ⃗x) − ȧ(t) a(t) ∂iS(t, ⃗x) = 0, (B.4) ∂i∂j S(t, ⃗x) − a(t)ȧ(t)γijṠ(t, ⃗x) − Γ^{k(3)}_{ij} ∂_kS = 0, (B.5) where the dot denotes the derivative with respect to the cosmic time. The solution of (B.3) is S(t, ⃗x) = c1(⃗x)t + c2(⃗x) , (B.6) where c1(⃗x) and c2(⃗x) are arbitrary functions of ⃗x. Since ȧ ≠ 0, Equation (B.4) becomes ( a(t) ȧ(t) − t ) ∂ic1(⃗x) = ∂ic2(⃗x) . (B.7) Therefore, either c1, c2 = const. (B.8) or ∂ic2/∂ic1 = const.. In the latter case, by shifting t → t − const., we have ȧ/a = 1/t, and therefore have a(t) ∝ t; the behavior of the background FLRW universe is determined. This is, in our present context, too restrictive, and for this reason, we should take the former case; c1, c2 = const.. Then, equation (B.5) for i = j becomes a(t)ȧ(t)γij c1 = 0 , (B.9) which immediately implies c1 = 0 . (B.10) Therefore we find the solution of (B.1) to be S = const. (B.11) References

[1] S. Rasanen, JCAP 0402, 003 (2004).

[2] E. W. Kolb, S. Matarrese, A. Notari and A. Riotto, Phys. Rev. D 71, 023524 (2005). [3] E. W. Kolb, S. Matarrese and A. Riotto, New J. Phys. 8, 322 (2006). [4] C. M. Hirata and U. Seljak, Phys. Rev. D 72, 083501 (2005). [5] P. Martineau and R. H. Brandenberger, Phys. Rev. D 72, 023507 (2005). [6] A. Ishibashi and R. M. Wald, Class. Quant. Grav. 23, 235 (2006). [7] T. Buchert, Class. Quant. Grav. 23, 817 (2006).

[8] T. Buchert, J. Larena and J. M. Alimi, Class. Quant. Grav. 23, 6379 (2006). [9] S. Rasanen, JCAP 0611, 003 (2006).

[10] V. Marra, E. W. Kolb, S. Matarrese and A. Riotto, Phys. Rev. D 76, 123004 (2007). [11] M. Kasai, H. Asada and T. Futamase, Prog. Theor. Phys. 115, 827 (2006). [12] M. Kasai, Prog. Theor. Phys. 117, 1067 (2007). [13] D. L. Wiltshire, New J. Phys. 9, 377 (2007).

[14] J. Behrend, I. A. Brown and G. Robbers, JCAP 0801, 013 (2008). [15] A. Paranjape, Phys. Rev. D 78, 063522 (2008).

[16] J. Larena, J. Alimi, T. Buchert, M. Kunz and P. S. Corasaniti, Phys. Rev. D 79, 083011 (2009). [17] M. Gasperini, G. Marozzi and G. Veneziano, JCAP 0903, 011 (2009). [18] E. W. Kolb, V. Marra and S. Matarrese, Gen. Rel. Grav. 42, 1399 (2010). [19] R. A. Isaacson, Phys. Rev. 166, 1263 (1968). [20] R. A. Isaacson, Phys. Rev. 166, 1272 (1968). [21] G. A. Burnett, J. Math. Phys. 30, 90 (1989).

[22] S. R. Green and R. M. Wald, Phys. Rev. D 83, 084020 (2011). [23] W. Hu and I. Sawicki, Phys. Rev. D 76, 064004 (2007). [24] A. A. Starobinsky, JETP Lett. 86, 157 (2007). [25] S. Tsujikawa, Phys. Rev. D 77, 023507 (2008). [26] S. A. Appleby and R. A. Battye, Phys. Lett. B 654, 7 (2007). [27] E. V. Linder, Phys. Rev. D 80, 123528 (2009).

[28] L. Amendola, R. Gannouji, D. Polarski and S. Tsujikawa, Phys. Rev. D 75, 083504 (2007). [29] B. Li and J. D. Barrow, Phys. Rev. D 75, 084010 (2007). [30] A. De Felice and S. Tsujikawa, arXiv:1002.4928. [31] S. Tsujikawa, arXiv:1004.9493.

[32] A.A. Starobinsky, Phys. Lett. B, 99-102 (1980). [33] V. Faraoni, Phys. Rev. 75, 067302 (2007). [34] T. Chiba, Phys. Lett. B 575, 1-3 (2003).

[35] M. Capone and M. L. Ruggiero, Class. Quantum Grav. 27, 125006 (2010). [36] C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961).

[37] LIGO, www.ligo.caltech.edu. [38] VIRGO, www.virgo.infn.it. [39] Lcgt, gw.icrr.u-tokyo.ac.jp/lcgt/.

[40] N. Seto, S. Kawamura and T. Nakamura, Phys. Rev. Lett. 87, 221103 (2001). [41] S. Kawamura et al., Class. Quant. Grav. 28, 094011 (2011). [42] E. S. Phinney et al., Big Bang Obsever Mission Concept Study (NASA) (2003). [43] B. F. Schutz, Class. Quant. Grav. 28, 125023 (2011). [44] K. Danzmann and A. Rudiger, Class. Quant. Grav. 20, S1 (2003). [45] T. Prince, American Astronomical Society Meeting 202, 3701 (2003). [46] C. F. Sopuerta and N. Yunes, Phys. Rev. D 80, 064006 (2009). [47] L. C. Stein and N. Yunes, Phys. Rev. D 83 064038 (2011). [48] C. P. L. Berry and J. R. Gair, Phys. Rev. D 83, 104022 (2011). [49] D. L. Lee, Phys. Rev. D 10, 2374 (1974).

[50] R.M. Wald, General Relativity. Chicago: University of Chicago Press (1984)