arXiv:1209.5216v3 [hep-th] 15 Nov 2012

Preprint typeset in JHEP style - HYPER VERSION

Mass Deformed L-BLG Theory From ABJ Theory

Tanay K. Dey

Institute of Physics^∗, Bhubaneswar 751 005, INDIA. E-mail: tanay.dey@gmail.com

Kamal L. Panigrahi

Department of Physics, Indian Institute of Technology Ropar, Rupnagar-140001, India and Department of Physics & Meteorology, Indian Institute of Technology Kharagpur, Kharagpur, 721 302, INDIA. E-mail: panigrahi@iitrpr.ac.in,panigrahi@phy.iitkgp.ernet.in

Abstract: We construct mass deformed SU(N) L-BLG theory together with U(M − N)_k Chern-Simons theory. This mass deformed L-BLG theory is a low energy world volume theory of a stack of N number of M2-brane far away from C^4/Z_k singularity. We carry out this by defining a special scaling limit of the fields of this theory and simultaneously sending the Chern-Simons level to infinity.

Keywords: Chern-Simons Theory, BLG theory.

∗Short term visitor

Contents

1. Introduction 1

2. A Brief Summary of ABJ Theory 3

3. Mass Deformed ABJ Theory 4

4. Scaling Limit of Mass Deformed ABJ Theory 5

5. Conclusion 15

1. Introduction

Since the last few years there has been a huge interest in constructing three dimensional low energy world volume theories of coincident M2-branes with the aim of finding out the dual boundary gauge theory of a 11-dimensional gravity theory with geometric structure AdS_4 × S^7. With this aim in view Bagger, Lambert [1, 2, 3] and Gustavsson [4, 5] (BLG) first constructed a Chern-Simons matter theory with N = 8 supersymmetry and SO(8) global symmetry based on 3-algebra. The gauge group of this theory is restricted to SO(4). By complexifying the matter fields, the BLG theory can be rewritten as a Chern-Simons gauge theory with the gauge group SU(2) × SU(2) generated by ordinary Lie algebra. One of the gauge groups is associated with Chern-Simons level, k and the other, with −k[6]. Immediately, it was discovered that the moduli space of BLG theory describes world volume theory of only two coincident M2-branes[6, 7, 8, 9, 10, 11, 12]. In order to go beyond this two brane theories, it was suggested in [10, 13, 14, 15, 16, 17, 18] to use a 3-algebra with a metric having indefinite Lorentzian signature. The resulting Lorentzian-BLG (L-BLG) theory still preserves N = 8 supersymmetry at the classical level, though its quantum version lacks proper interpretation.

Inspired by BLG theory and subsequent developments, Aharony, Bergman, Jafferis and Maldacena (ABJM) constructed the low energy effective theory for N number of multiple M2-branes sitting at the singularity of the C^4/Z_k orbifold [19]. Instead of the 3-algebra, this construction is fully based on an ordinary Lie algebra. The gauge group of this theory is U(N)_k × U(N)_{−k} with N = 6 explicit supersymmetry and SU(4)_R × U(1) global symmetries[20]. It has two parameters, N and k which take only integer values. The field content of the theory are N × N matrices transforming in the bi-fundamental representation of the gauge group. The dual gravity theory is the M theory living on AdS_4 × S^7/Z_k. Although it seems to be different from that of the original L-BLG theory, this gauge theory

– 1 – also admits a 3-algebra interpretation [21, 22].

In [23](also in [24]), a suggestion was put forword to produce the L-BLG theory from ABJM theory. According to their proposal, L-BLG theory can be obtained from the ABJM theory by sending the Chern-Simons level, k to infinity and set some of the fields of the theory to zero at the same time so that they decouple. In [25], the suggestion was more refined and it was pointed out that the scaling limit alone is not sufficient to produce the L-BLG theory correctly from ABJM theory. One needs to associate an extra ghost multiplet also with ABJM theory which is decoupled from the theory itself but effectively couples with it on redefinition of the fields. With the same spirit in [26], the extended L-BLG theory with two pairs of Lorentzian generators is derived by taking a scaling limit of several quiver Chern-Simons theories obtained from different orbifoldings of the ABJM action.

Shortly after ABJM theory, as a further generalization, another model is proposed by Aharony, Bergman, Jafferis[27]) named as the ABJ model. This model involves modification of ABJM gauge group U(N)_k × U(N)_{−k} to U(M)_k × U(N)_{−k} with M ≥ N, in the Chern-Simons matter fields kept unchanged . In the gravity picture, the brane construction is equivalent to the low energy (M − N) fractional M2-branes sitting at the C^4/Z_k singularity in one sector and N M2-branes freely moving around on the other. The geometric structure of the gravity theory remains same as that of the ABJM theory but with an additional torsion flux that takes values in H^4(S^7/Z_k, Z) = Z_k. Since ABJ theory is slightly more general than ABJM theory it deserves a similar study. More precisely, one should take the same scaling limit as taken in ABJM theory and check whether this theory also reproduces L-BLG theory. With this aim in view, a study is initiated in [28] with a redefined scaling limit of fields of the theory. This study was semi-complete, as it concentrated only in the massless sector. However in order to go towards a non-relativistic limit of this theory with some of the supersymmetries of the relativistic theory still preserved, we do require a mass term. The non-relativistic version of the 3-dimension L-BLG theory could be useful to study the strongly coupled condensed matter system. With this motivation, in this paper we extend the study further with the inclusion of mass term in the theory. Although our aim is to produce the mass deformed L-BLG theory in this work, one can also extend this study to construct the full non-relativistic version of the theory which we leave for future.

In this work, we begin with the Lagrangian of the ABJ theory and introduce a suitable supersymmetric mass deformation as in [29, 30, 31] and then take the appropriate scaling limit on the fields and at the same time send the Chern-Simons level, k to infinity. In this process, we get a mass deformed SU(N) L-BLG theory together with U(M − N)_k Chern- Simons theory. This L-BLG theory is a low energy world volume theory of N number of M2 branes stack far away from C^4/Z_k singularity.

The rest of this paper is organized as follows. In section-2, we briefly review the main aspects of the ABJ theory. In section-3, we introduce the maximally supersymmetric mass

– 2 – deformation term in to the theory. Section-4 is devoted to the scaling limits on the fields of the theory and sending the level k to infinity to finally arrive at the U(N) mass deformed L-BLG theory together with U(M − N)_k Chern-Simons theory. In section-5, we present our conclusions.

2. A Brief Summary of ABJ Theory

In this section we briefly recapitulate few basic facts about the ABJ theory. As mentioned in the introduction, the ABJ theory is the generalized version of the ABJM theory. The gauge group of this theory is U(M)_k ×U(N)_{−k} with SU(4) global symmetry. The quantum consistency demands |M −N| ≥ k [27]. Unlike the ABJM theory, which has two parameters, ABJ theory contains one extra parameter due to the addition of a fractional M2 brane. These parameters are M, N and k all of which take integer values. The field content of this theory are:

• two gauge fields, A^{(L)}_μ and A^{(R)}_μ associated with the groups U(M) and U(N) respectively,

• four complex scalar fields, Y^A(A = 1, 2, 3, 4) which are M ×N matrix valued, together with their hermitian conjugates, Y^†_A that are N × M matrix valued,

• M ×N matrix valued fermions ψ_A and their hermitian conjugates ψ^{A†} given by N ×M matrix.

Fields with upper indices, as specified above, transform in the 4 of R symmetry SU(4) group and those with lower indices transform in the 4 representations. The Lagrangian for this fields has the following form [20]

L = −Tr(D^μY^†_AD_μY^A) − iTr(ψ^Aγ^μD_μψ_A) + V_{pot} + L_{CS} −i 2π k Tr(Y^†_AY^Aψ^Bψ_B − Y^AY^†_Aψ_B ψ^B ) + 2i 2π k Tr(Y^†_AY^B ψ^Aψ_B − Y^AY^†_Bψ_Aψ^B) +i 2π k ϵ_{ABCD}Tr(Y^Aψ^B Y^C ψ^D) − i 2π k ϵ^{ABCD}Tr(Y^†_Aψ_BY^†_C ψ_D). (2.1)

Where L_{CS} given in (2.1) is a Chern-Simons term and V_{pot} is a sextic scalar potential and they have the following forms L_{CS} = k 4π ϵ^{μνλ}Tr[A^{(L)}_μ ∂_ν A^{(L)}_λ + 2i 3 A^{(L)}_μ A^{(L)}_ν A^{(L)}_λ ] − k 4π ϵ^{μνλ}Tr[A^{(R)}_μ ∂_ν A^{(R)}_λ + 2i 3 A^{(R)}_μ A^{(R)}_ν A^{(R)}_λ ] , V_{pot} = 4π^2 3k^2

Tr[Y^AY^†_AY^B Y^†_BY^C Y^†_C + Y^†_AY^AY^†_BY^B Y^†_C Y^C

+4Y^AY^†_B Y^C Y^†_AY^BY^†_C − 6Y^AY^†_BY^B Y^†_AY^C Y^†_C ] . (2.2)

Further, the covariant derivatives for the scalars are defined as

D_μY^A = ∂_μY^A + iA^{(L)}_μ Y^A − iY^AA^{(R)}_μ , D_μY^†_A = ∂_μY^†_A − iY^†_AA^{(L)}_μ + iA^{(R)}_μ Y^†_A , (2.3)

– 3 – and that for fermions are defined as

D_μψ_A = ∂_μψ_A + iA^{(L)}_μ ψ_A − iψ_AA^{(R)}_μ , D_μψ^{†A} = ∂_μψ^{A†} − iψ^{†A}A^{(L)}_μ + iA^{(R)}_μ ψ^†_A . (2.4) The three dimensional gamma matrices are γ^0 = iσ^2, γ^1 = σ^1, γ^2 = σ^3, where the σ’s are the Pauli matrices.

In [21], the general form for the action for a three dimensional scale-invariant theory with N = 6 supersymmetry, SU(4) R symmetry and U(1) global symmetry was found by starting with a 3-algebra in which the triple product is not antisymmetric. The field content is the same as described above with the matter fields now taking values in the 3-algebra:

Y^A = T^αY^A_α ψ_A = T^αψ_{Aα} A_μ = A_{μαβ} T^α ⊗ T^β. (2.5) In what follows, we use the notation as in [32]. The complex scalar Y^A have explicit form (Y^A)^α_{α̂} ∈ (M, N) , (Y^†_A)^{α̂}_α ∈ (N, M) , (2.6) where α = 1, · · · , M , α̂ = 1, · · · , N. The gauge field (A^{(L)}_μ )^α_β and (A^{(R)}_μ )^{α̂}_{β̂} are hermitian matrices of U(M) and U(N) respectively. Then clearly (D_μY^A)^α_{α̂} = ∂_μ(Y^A)^α_{α̂} + i(A^{(L)}_μ )^α_β(Y^A)^β_{α̂} − i(Y^A)^α_{β̂}(A^{(R)}_μ )^{β̂}_{α̂} (D_μY^†_A)^{α̂}_α = ∂_μ(Y^†_A)^{α̂}_α − i(Y^†_A)^{α̂}_β(A^{(L)}_μ )^β_α + i(A^{(R)}_μ )^{α̂}_{β̂}(Y^†_A)^{β̂}_α. (2.7) So far we have not introduced the mass term in the theory. However, as mentioned in the introduction, one of the way to get to the non-relativistic limit of ABJ theory is the introduction of suitable mass term which preserves some of the supersymmetries of the original relativistic version. Though we are not going to study the non-relativistic theory in this paper, but we will introduce it in the next section to produce the mass deformed L-BLG theory from the mass deformed ABJ theory. This construction can be useful to construct the non-relativistic version of the theory which we leave for future work.

3. Mass Deformed ABJ Theory In order to introduce the mass term, we focus on maximally supersymmetric mass deformation. It turns out that the suitable form of this mass term is[29, 30, 31, 33]

V_{mass} = Tr(M^C_A M^B_C Y^†_B Y^A) + iTr(M^B_A ψ^Aψ_B ) − 4π k Tr(M^C_B Y^AY^†_AY^BY^†_C ) = m^2Tr(Y^†_AY^A) + imTr(ψ^aψ_a) − imTr(ψ^{a′} ψ_a′ ) − 4π k mTr(Y^aY^†_{[a}Y^bY_{b]} − Y^{a′} Y^†_{[a′} Y^{b′} Y^†_{b′]}). (3.1)

– 4 –

Here m is the mass parameter and the diagonal form of mass matrix M^A_B = m diag(1, 1, −1, −1). The matrix M^B_A satisfy the following constraints

M^† = M, TrM = 0 and M^2 = m^21 M^A_B Y^B = mY^a − mY^{a′} , M^B_A Y^†_B = mY^†_a − mY^†_{a′}

M^A_B ψ_A = mψ^b − mψ^{b′} , M^B_A ψ^A = mψ^b − mψ^{b′} (3.2)

The introduction of mass term breaks explicitly the original SU(4) × U(1) R-symmetry and down to SU(2)_L × SU(2)_R × U(1)[29, 30, 31]. We set A = (a, a^′), where a and a^′ are two SU(2) indices take values 1, 2 and 3, 4 respectively. We used the following convention:

X_{[a}X_{b]} = X_aX_b − X_bX_a.

In other words we can say that the mass term of the ABJ theory can be introduced in the same way as in the ordinary ABJM theory. On the other hand, our realization is that the gauge group is U(M) × U(N) makes impact on the structure of vacuum manifold.

4. Scaling Limit of Mass Deformed ABJ Theory

In this section we construct the mass deformed L-BLG theory from the mass deformed ABJ theory following the suggestions given in [23, 25]. Basically we take scaling limit of the fields of the ABJM theory. Therefore as the first step we presume that A^{(L)}_μ takes the following form

A^{(L)}_μ = ( A^{(L)}_{11μ} A^{(L)}_{12μ} A^{(L)}_{21μ} A^{(L)}_{22μ} ) . (4.1)

Here A^{(L)}_{11μ} is (M −N)×(M −N) matrix. A^{(L)}_{12μ} and A^{(L)}_{21μ} are (M −N)×N and N ×(M −N) matrices respectively. A^{(L)}_{22μ} is N × N square matrix. We further introduce the field, B_μ defined as A^{(L)}_{22μ} = A_μ − 1 2 B_μ , A^{(R)}_μ = A_μ + 1 2 B_μ . (4.2)

The significance of this notation is that the B_μ is an auxiliary field. To see this note that Chern-Simons term of (2.2) implies k 4π ∫ d^3xϵ^{μνλ}[Tr(A^{(L)}_μ ∂_ν A^{(L)}_λ ) − Tr(A^{(R)}_μ ∂_ν A^{(R)}_λ )] = k 4π ∫ d^3xϵ^{μνλ}[Tr(A^{(L)}_{11μ}∂_ν A^{(L)}_{11λ}) + 2Tr(A^{(L)}_{12μ}∂_ν A^{(L)}_{21λ}) − Tr(B_μ(∂_ν A_λ − ∂_λA_ν ))]

(4.3) and k 4π 2i 3 ∫ d^3xϵ^{μνλ}[Tr(A^{(L)}_μ A^{(L)}_ν A^{(L)}_λ − A^{(R)}_μ A^{(R)}_ν A^{(R)}_λ )] = k 4π 2i 3 ∫ d^3xϵ^{μνλ}Tr[A^{(L)}_{11μ}A^{(L)}_{11ν} A^{(L)}_{11λ} + 3A^{(L)}_{11μ}A^{(L)}_{12ν} A^{(L)}_{21λ}

+3A^{(L)}_{22μ}A^{(L)}_{21ν} A^{(L)}_{12λ} + A^{(L)}_{22μ}A^{(L)}_{22ν} A^{(L)}_{22λ} − A^{(R)}_μ A^{(R)}_ν A^{(R)}_λ ] (4.4)

– 5 – and together we obtain

L_{CS} = k 4π ϵ^{μνλ}Tr[A^{(L)}_{11μ}∂_ν A^{(L)}_{11λ} + 2i 3 A^{(L)}_{11μ}A^{(L)}_{11ν} A^{(L)}_{11λ}

+ 2A^{(L)}_{12μ}∂_ν A^{(L)}_{21λ} + 2i(A^{(L)}_{11μ}A^{(L)}_{12ν} A^{(L)}_{21λ} + A^{(L)}_{22μ}A^{(L)}_{21ν} A^{(L)}_{12λ})

− B_μ(∂_ν A_λ − ∂_λA_ν + i[A_ν , A_λ]) − i 6 B_μB_ν B_λ]. (4.5)

Since in the above form there is no kinetic term for B_μ field, it confirms the claim that B_μ is an auxiliary field. Note that the N × N matrix gauge field A_{22μ} is not decoupled from the massive N × (M − N) matrix gauge field A_{21μ} which is much needed to construct the mass deformed L-BLG theory on N number of M2-branes. To decouple this we consider the scaling limit as in undeformed ABJ theory[28]. The form of the scaling limit is

A^{(L)}_{11μ} = A^{(L)}_{11μ} , A^{(L)}_{12μ} = ϵ^2Ã_{12μ} , A^{(L)}_{21μ} = ϵ^2Ã_{21μ} ,

A^{(L)}_{22μ} = A_μ − 1 2 ϵB_μ , A^{(R)}_μ = A_μ + 1 2 ϵB_μ, (4.6)

where ϵ is the small parameter which controls the scaling limit and finally we take ϵ → 0. Note that A_μ and B_μ belong to the algebra of U(N).

We then plug in redefined gauge fields of (4.6) into the Chern-Simons Lagrangian of (4.5) and we get L_{CS} = k 4π ϵ^{μνλ}Tr(A^{(L)}_{11μ}∂_ν A^{(L)}_{11λ} + 2i 3 A^{(L)}_{11μ}A^{(L)}_{11ν} A^{(L)}_{11λ}

+ 2ϵ^4Ã_{12μ}∂_νÃ_{21λ} + 2iϵ^4A^{(L)}_{11μ}Ã_{12ν}Ã_{21λ} + 2iϵ^4A^{(L)}_{22μ}Ã_{21ν}Ã_{12λ}) + k 4π ϵ^{μνλ} [ − ϵB_μ(∂_ν A_λ − ∂_λA_μ + i[A_ν , A_λ]) + O(ϵ^3) ] ≡ L^{(1)} + L^{(2)}, (4.7)

where

L^{(1)} = k 4π ϵ^{μνλ}Tr(A^{(L)}_{11μ}∂_ν A^{(L)}_{11ρ} + 2i 3 A^{(L)}_{11μ}A^{(L)}_{11ν} A^{(L)}_{11λ})

+ 2ϵ^4Ã_{12μ}∂_νÃ_{21λ} + 2iϵ^4A^{(L)}_{11μ}Ã_{12ν}Ã_{21λ} + 2iϵ^4A^{(L)}_{22μ}Ã_{21ν}Ã_{12λ}) (4.8) and L^{(2)} = − kϵ 4π ϵ^{μνλ} [ TrB_μ(∂_ν A_ρ − ∂_λA_μ + i[A_ν , A_λ]) − O(ϵ^2) ] (4.9)

Notice that in order to decouple the massive states we should keep k unscaled in the first part of the Lagrangian, L^{(1)}. However, in the second part we should scale k =^1_ϵ k̃ and keep k̃ finite in the limit ϵ → 0 and sending k at infinity. Finally in the limit ϵ → 0 we end up with the following form

L^{(1)} = k 4π ϵ^{μνλ}Tr(A^{(L)}_{11μ}∂_ν A^{(L)}_{11λ} + 2i 3 A^{(L)}_{11μ}A^{(L)}_{11ν} A^{(L)}_{11λ}) ,

L^{(2)} = − k̃ 4π ϵ^{μνλ}TrB_μF_{νλ} , F_{νλ} = ∂_ν A_λ − ∂_λA_μ + i[A_ν , A_λ]. (4.10)

– 6 –

We now try to find out the physical interpretation of the above results. The gauge fields of the Lagrangian density, L^{(1)} are (M − N) × (M − N) matrices. Therefore, this Lagrangian should describe U(M − N)_k Chern-Simons theory living on the world-volume of fractional M2-branes that are localized at the origin of C^4/Z_k. On the other hand the fields of the Lagrangian density, L^{(2)} are N × N matrices. Thus we have U(N) Chern-Simons gauge theory for the N number of M2-brane stack far away from the C^4/Z_k. For further analysis of this theory we split B_μ and A_μ gauge fields into U(1) and SU(N) parts as

A_μ = A^0_μI_{N×N} + Ã_μ , TrÃ_μ = 0 , B_μ = ϵ^2B^0_μI_{N×N} + B̃_μ , TrB̃_μ = 0, (4.11)

and then rescale the U(1) part of B field with ϵ^2. L^{(2)} then looks like

L^{(2)} = − ϵ^2k̃N 4π ϵ^{μνλ}B^0_μF^0_{νλ} − k̃ 4π ϵ^{μνλ}TrB̃_μF̃_{νλ} = − k̃ 4π ϵ^{μνλ}TrB̃_μF̃_{νλ} . (4.12)

Which is precisely the gauge part of L-BLG theory for the identification of k̃ = π.

Inspired by the above result, we now consider the scaling limit of matter fields Y^A, ψ_A and scale them in the following way

Y^A = ( ϵ^2Z^A 1 ϵ Y^A_+ I_{N×N} + Ỹ^A ) , TrỸ^A = 0,

ψ_A = ( ϵ^2χ_A 1 ϵ ψ_{+A}I_{N×N} + θ_A ) , Trθ_A = 0, (4.13)

where Z^A, χ_A are M − N × N matrices and Ỹ^A, θ_A are N × N matrices. For analysing the kinetic term of the scalar field we first compute D_μY^A using the definition of the covariant derivative of (2.3).

D_μY^A = ( ϵ^2∂_μZ^A + iϵ^2A^{(L)}_{11μ}Z^A − Ziϵ^2A^{(R)}_μ + iϵ^2Ã_{12μ}(^1_ϵ Y^A_+ I_{N×N} + Ỹ^A) 1 ϵ ∂_μY^A_+ I_{N×N} + ∂_μỸ^A + i [ A_μ, Ỹ^A ] − iY^A_+ B_μ −^i_2 ϵ { B_μ, Ỹ^A } )

⇒ ( O(ϵ)_{(M−N)×N} 1 ϵ ∂_μY^A_+ I_{N×N} + ∂_μỸ^A + i [ A_μ, Ỹ^A ] − iY^A_+ (ϵ^2B^0_μI_{N×N} + B̃_μ) −^i_2 ϵ { B_μ, Ỹ^A } )

≡ ( O(ϵ)_{(M−N)×N} 1 ϵ ∂_μY^A_+ I_{N×N} + D̃_μỸ^A −^i_2 ϵ { B̃_μ, Ỹ A } ) . (4.14)

Here we have defined D̃_μỸ^A = ∂_μỸ^A + i[A_μ, Ỹ^A] − iY^A_+ B̃_μ . (4.15)

In the similar way we find that

D_μY^†_A = ( O(ϵ)_{N×(M−N)}^1_ϵ ∂_μY^†_{+A}I_{N×N} + (D̃_μỸ_A)^† +^{iϵ}_2 { B̃_μ, Ỹ^†_A } ) , (4.16)

– 7 – where (D̃_μY_A)^† = ∂_μỸ^†_A − i[Ỹ^†_A, A_μ] + iY^†_{A+}B̃_μ . (4.17)

Using equation (4.14) and (4.16), we rewrite the kinetic term for Y_A in the following form

Tr(D_μY^†_AD^μY^A) = N ϵ^2

∂_μY^†_{+A}∂^μY^A_+ + Tr(D̃_μỸ^†_AD̃^μỸ^A)

− i∂_μY^†_{+A}Tr(B̃^μỸ^A) + i∂_μY^A_+ Tr(B̃^μỸ^†_A). (4.18)

Note that the first term diverges in the limit ϵ → 0. Therefore it seems that the scaling limit is not complete. For this, following the suggestion given in [25], we add an extra ghost term for the bosonic fields in the ABJ Lagrangian. This ghost term is a U(1) multiplet containing four complex bosonic fields U^A. The form of this ghost term is

Tr(∂_μU^†_A∂^μU^A). (4.19)

Note that in (4.19) we have considered a “wrong” sign compared to the kinetic term since U^A is a ghost field. Following the argument as in [25] for the ABJM theory, it is natural to expect that the original ABJ action with similar “ghost” term reduces to L-BLG action. Addition of the ghost, results in an indefinite kinetic-term signature arising of a manifestly definite ABJ action through regular scaling limit. Although the extra ghost term is decoupled at the level of ABJ theory, it is effectively coupled through the following redefinition of the field:

U^A = − 1 ϵ Y^A_+ I_{N×N} + ϵ 1 N Y^A_− I_{N×N} (4.20)

in the process when we implement the scaling limit. Note also that we have introduced a new scalar field, Y^A_− through the redefinition of the field. It will turn out that this new field plays a pivotal role in L-BLG theory. Finally, using (4.20), the kinetic term (4.18) together with the ghost term (4.19) reduces to a finite value in the limit of ϵ → 0 and we get:

Tr(∂_μU^†_A∂^μU^A) − N ϵ^2

∂_μY^†_{+A}∂^μY^A_+ − Tr(D̃_μỸ^†_AD̃^μỸ^A)

+i∂_μY^†_{+A}Tr(B̃^μỸ^A) − i∂_μY^A_+ Tr(B̃^μỸ^†_A) = −∂_μY^A_+ ∂^μY^†_{−A} − ∂_μY^†_{+A}∂^μY^A_− − Tr(D̃_μỸ^†_AD̃^μỸ^A) +i∂_μY^†_{+A}Tr(B̃^μỸ^A) − i∂_μY^A_+ Tr(B̃^μỸ^†_A) (4.21)

In order to derive the kinetic term for the L-BLG theory which only contains real scalar field, we first split the complex scalar field of the ABJ theory in to two real scalar fields in the following way

Y^A_± = X^{2A−1}_± + iX^{2A}_± , Y^†_{A±} = X^{2A−1}_± − iX^{2A}_± , Ỹ^A = −X̃^{2A} + iX̃^{2A−1} , Ỹ^†_A = −X̃^{2A} − iX̃^{2A−1}. (4.22)

Note that the reality of the scalar fields, X^A_± implies X^{A∗}_± = X^A_± , X̃^{A†} = X̃^A. In the ABJ theory there are four complex fields denoted by gauge indices A running from 1 to 4. In

– 8 – our case, we have eight real scalar fields and we denote them by gauge index I which runs from 1 to 8. Finally using these relations we are able to reproduce the exact form of the kinetic term for the scalar filed of the L-BLG theory:

− 2∂_μX^I_+∂^μX^I_− − 2∂_μX^I_+Tr(B̃^μX̃^I ) − Tr[D_μX̃^I − B̃_μX^I_+]^2, (4.23) where we have defined D_μX̃^I = ∂_μX̃^I + i[A_μ, X̃^I ] . (4.24) We now consider the scaling limit of the kinetic term for fermions. We follow the same procedure as described in the scalar field. We insert (4.6), (4.13) and (4.11) into the kinetic term for fermion and take the limit ϵ → 0. This finally yields

− iTr(ψ^Aγ^μD_μψ_A) = − iN ϵ^2 ψ^A_+γ^μ∂_μψ_{A+} − iTr(θ^Aγ^μD̃_μθ_A) − ψ^A_+γ^μTr(B̃_μθ_A). (4.25) As in the case of scalar kinetic term, the first term again diverges in the limit ϵ → 0. We resolve this issue in a similar spirit as in the scalar case, by adding an extra ghost contribution in the ABJ Lagrangian of the form iTr(V^Aγ^μD̃_μV_A)). (4.26) Here V^A is fermionic field and we redefine this as V_A = − 1 ϵ ψ_{+A}I_{N×N} + ϵ N ψ_{−A}I_{N×N} . (4.27) Just like in the scalar case, we introduce a new fermion field ψ_{−A} through the redefinition of the fermionic ghost field. Finally, we find that the kinetic term for fermions with (4.26) taken into account which is now well defined even in the limit ϵ → 0 and it takes the form − iTr(θ^Aγ^μD̃_μθ_A) − ψ^A_+γ^μTr(B̃_μθ_A) − iψ^A_+γ^μ∂_μψ_{−A} − iψ^A_−γ^μ∂_μψ_{+A}. (4.28) In order to get to the form of the L-BLG theory we now write down the complex fermion field as a combination of two real fermion: ψ^A_± = Ψ_{±2A−1} + iΨ_{±2A} , ψ_{±A} = Ψ_{±2A−1} + iΨ_{±2A} , θ^A = −Ψ_{2A} − iΨ_{2A−1} , θ_A = −Ψ_{2A} + iΨ_{2A−1} . (4.29) Using the above relations, the expression of equation (4.28) can now be rewritten as −iTr(Ψ_I γ^μD_μΨ_I ) − 2iΨ_{+I} γ^μTr(B̃_μΨ_I ) − 2iΨ_{−I} γ^μ∂_μΨ_{+I} . (4.30) This final expression is exactly the SO(8) invariant fermionic kinetic term of L-BLG model.

Having the analysis on kinetic terms, we now consider the scaling limit in the potential terms in (2.1) and (2.2). In order to take the scaling limit we follow the same approach as in [23]. The extra job in our case, due to our convention, is that we have to explicitly show

– 9 – that the modes Z^A decouple in the scaling limit. For an example, consider the following term of the bosonic potential (2.2), 1 k^2

Tr(Y^BY^†_B Y^C Y^†_C Y^AY^†_A) . (4.31)

By then using the scaling limit of scalar fields of equation (4.13), we compute 1 k^2

Tr(Y^B Y^†_BY^C Y^†_C Y^AY^†_A) = ϵ^2 k̃2 Tr( ( ϵ^4Z^B Z^†_B ϵZ^BY^†_{+B}I_{N×N} + ϵ^2Z^BỸ^†_B ϵY^B_+ Z^†_B + ϵ^2Ỹ^B Z^†_B^1_{ϵ2} Y^B_+ Y^†_{+B} I_{N×N} +^1_ϵ (Y^B_+ Ỹ^†_B + Ỹ^BY^†_{+B} ) + Ỹ^BỸ^†_B

)_3

= ϵ^2 k̃2 Tr( 1 ϵ^2

Y^A_+ Y^†_{+A}I_{N×N} + 1 ϵ (Y^A_+ Ỹ^†_A + Ỹ^AY^†_{+A}) + Ỹ^AỸ^†_A)^3 + O(ϵ^4). (4.32)

Note that the modes Z^A really decouple in the limit ϵ → 0. Further, the final expression is exactly in the same form as in the potential of U(N) × U(N) ABJM theory and diverges as usual in the limit ϵ → 0. Again we can resolve this issue following the analysis of [23]. We write the potential as a sum of V^{(n)}_B , V_B =

∑_6 n=0 V^{(n)}_B . Where V^{(n)}_B contains n Y_+ fields and (6 − n) Ỹ fields and also V^{(n)}_B scales as ϵ^{2−n} in the limit ϵ → 0. Then it is obvious that potential terms with n < 2 vanish in the limit ϵ → 0 and to avoid the divergences the coefficients of the terms, V^{(n)}_B should vanish for n ≥ 3. Therefore, finally the non-zero contribution comes only from the V^{(2)}_B part of the potential and these contributing terms combine as

4π^2 3k̃^2

Tr[Y^A_+ Y^†_{+A}Ỹ^BỸ^†_BỸ^CỸ^†_C + Y^B_+ Y^†_{+B}Ỹ^CỸ^†_CỸ^AỸ^†_A + Y^C_+ Y^†_{+C}Ỹ^AỸ^†_AỸ^BỸ^†_B

+(Y^A_+ Ỹ^†_A + Ỹ^AY^†_{+A})(Y^B_+ Ỹ^†_B + Ỹ^B Y^†_{+B})Ỹ^CỸ^†_C + (Y^C_+ Ỹ^†_C + Ỹ^C Y^†_{+C} )(Y^A_+ Ỹ^†_A + Ỹ^AY^†_{+A})Ỹ^BỸ^†_B +(Y^B_+ Ỹ^†_B + Ỹ^B Y^†_{+B})(Y^C_+ Ỹ^†_C + Ỹ^C Y^†_{+C} )Ỹ^AỸ^†_A +Y^†_{+A}Y^A_+ Ỹ^†_BỸ^BỸ^†_CỸ^C + Y^†_{+B} Y^B_+ Ỹ^†_CỸ^CỸ^†_AỸ^A + Y^†_{+C} Y^C_+ Ỹ^†_AỸ^AỸ^†_BỸ^B +(Y^†_{+A}Ỹ^A + Ỹ^†_AY^A_+ )(Y^†_{+B}Ỹ^B + Ỹ^†_B Y^B_+ )Ỹ^†_CỸ^C + (Y^†_{+C}Ỹ^C + Ỹ^†_C Y^C_+ )(Y^†_{+A}Ỹ^A + Ỹ^†_AY^A_+ )Ỹ^†_BỸ^B +(Y^†_{+B}Ỹ^B + Ỹ^†_BY^B_+ )(Y^†_{+C}Ỹ^C + Ỹ^†_C Y^C_+ )Ỹ^†_AỸ^A +4(Y^A_+ Y^†_{+B}Ỹ^CỸ^†_AỸ^BỸ^†_C + Y^C_+ Y^†_{+A}Ỹ^BỸ^†_CỸ^AỸ^†_B + Y^B_+ Y^†_{+C}Ỹ^AỸ^†_BỸ^CỸ^†_A +(Y^A_+ Ỹ^†_B + Ỹ^AY^†_{+B} )(Y^C_+ Ỹ^†_A + Ỹ^C Y^†_{+A})Ỹ^BỸ^†_C + (Y^B_+ Ỹ^†_C + Ỹ^B Y^†_{+C} )(Y^A_+ Ỹ^†_B + Ỹ^AY^†_{+B})Ỹ^CỸ^†_A +(Y^C_+ Ỹ^†_A + Ỹ^C Y^†_{+A})(Y^B_+ Ỹ^†_C + Ỹ^B Y^†_{+C} )Ỹ^AỸ^†_B −6[Y^A_+ Y^†_{+B}Ỹ^BỸ^†_AỸ^CỸ^†_C + Y^B_+ Y^†_{+A}Ỹ^CỸ^†_CỸ^AỸ^†_B + Y^C_+ Y^†_{+C}Ỹ^AỸ^†_BỸ^BỸ^†_A +(Y^A_+ Ỹ^†_B + Ỹ^AY^†_{+B} )(Y^B_+ Ỹ^†_A + Ỹ^B Y^†_{+A})Ỹ^CỸ^†_C + (Y^C_+ Ỹ^†_C + Ỹ^C Y^†_{+C} )(Y^A_+ Ỹ^†_B + Ỹ^AY^†_{+B})Ỹ^BỸ^†_A +(Y^B_+ Ỹ^†_A + Ỹ^B Y^†_{+A})(Y^C_+ Ỹ^†_C + Ỹ^C Y^†_{+C} )Ỹ^AỸ^†_B]. (4.33)

As earlier, by decomposing the complex scalar fields into two real scalar fields by using equation (4.22) we can get to the form of the L-BLG theory. This analysis has already

– 10 – been done in [23] for ABJM. We are not going to repeat this here but write down the final form of this sextic potential: V_{pot} = 1 12 Tr(X^I_+[X^J , X^K ] + X^J_+[X^K , X^I ] + X^K_+ [X^I , X^J ])^2. (4.34)

In the same way, we can also analyze the potential terms in (2.1) that contain both fermions and bosons. Let us start with the expression 2π k Tr(ψ^Aψ_AY^†_B Y^B − ψ_B ψ^BY^AY^†_A). (4.35)

Then using the scaling of (4.13) and k =^1_ϵ k̃ we obtain that in the limit ϵ → 0 (4.35) reduces to 2π k Tr(ψ^Aψ_AY^†_B Y^B − ψ_B ψ^BY^AY^†_A) → 2π k̃ϵ3 Tr(ψ A +I_{N×N} + ϵθ^A) × (ψ_{+A}I_{N×N} + ϵθ_A) × (Y^†_{+B} I_{N×N} + ϵỸ^†_B )(Y^B_+ I_{N×N} + ϵỸ^B ) − 2π k̃ϵ3 Tr(ψ^{+B} I^{N×N} + ϵθ^B)(ψ B +I_{N×N} + ϵθ^B )(Y^A_+ I_{N×N} + ϵỸ^A)(Y^†_{+A}I_{N×N} + ϵỸ^†_A) = 2π k̃ϵ3 Tr(ψ A +ψ_{+A}Y^B_+ Y^†_{+B}I_{N×N} − ψ_{+B} ψ^B_+Y^A_+ Y^†_{+A}I_{N×N} ) + 2π k̃ϵ2 Tr(· · ·). (4.36)

The term proportional to^1_{ϵ3} vanishes due to the fermionic nature of ψ. In the same way we can show that all terms containing ψ^A_+ψ_{A+} vanish. Terms proportional to^1_{ϵ2} vanish due to the fact that Tr(· · ·) is zero since it contains either θ or Ỹ . The coefficient of the term proportional to^1_ϵ is also zero because this term contains two traceless fields. Therefore the only non-zero terms are proportional to ϵ^0. In fact, this analysis is the same as in [23] and again we will not repeat the same here. We just write down the potential term that contains both bosons and fermions. This looks like

V^{scale}_f = Ψ_{+L}X^I [X^J , Γ_{IJ} Ψ_L] − Ψ_LX^I_+[X^J , Γ_{IJ} Ψ_L] (4.37)

The Γ matrices are the 8 × 8 matrices and are constructed from the direct product of γ^μ. The form of this gamma matrices is also given in [23].

After finishing the discussion on undeformed part of the Lagrangian, we now move to the scaling limit of the mass deformed part of the Lagrangian with the aim of getting contribution for the mass deformed L-BLG theory. The mass term we consider here is;

V_{mass} = m^2Tr(Y^†_AY^A) + imTr(ψ^aψ_a) − imTr(ψ^{a′} ψ_a′ ) − 4π k mTr(Y^aY^†_{[a}Y^bY^†_{b]} − Y^{a′} Y^†_{[a′} Y^{b′} Y^†_{b′]}). (4.38)

By performing the scaling limit in the first term we find

V_{sc.mass} = m^2Tr(Y^†_AY^A) = m^2 ϵ^2

NY^†_{+A}Y^A_+ + m^2Tr(Ỹ^†_AỸ^A). (4.39)

– 11 –

We see that in the same way as in case of kinetic term here also we need to add the ghost contribution to cancel the divergence of the scalar mass term. The ghost contribution is of the form V^{ghost} sc.mass = −m 2Tr(U^†_AU^A) = − N ϵ^2 m^2Y^†_{+A}Y^A + m^2(Y^A_+ Y^†_{−A} + Y^†_{+A}Y^A_− ). (4.40) Finally mass term with the addition of ghost term looks like V_{sc.mass} = m^2Tr(Ỹ^†_AỸ^A) + m^2(Y^A_+ Y^†_{−A} + Y^†_{+A}Y^A_− ). (4.41) Using the redefinition of the fields introduced in equation (4.22), we find, V_{sc.mass} can be rewritten in the form of scalar mass term of L-BLG theory: m^2Tr(Ỹ^†_AỸ^A) + m^2(Y^A_+ Y^†_{−A} + Y^†_{+A}Y^A_− ) = 2m^2(X^{2A−1}_+ X^{2A−1}_− + X^{2A}_+ X^{2A}_− ) + m^2Tr(X̃^{2A}X̃^{2A} + X̃^{2A−1}X̃^{2A−1}) = 2m^2(X^I_+X^I_−) + m^2Tr(X̃^IX̃^I ). (4.42) In case of the fermion mass term we find imTr(ψ^aψ_a) = iN ϵ^2 mψ^a_+ψ_{+a} + imTr(θ^aθ_a) (4.43) and the same for ψ_a′ . Clearly again we have to add ghost contribution to the Lagrangian to get a finite contribution. The form of this ghost is L_{m.g.f.} = −imTrV^aV_a + imV^{a′} V_a′ = −im N ϵ^2 ψ^a_+ψ_{+a} + im(ψ^a_+ψ_{−a} + ψ^a_−ψ_{+a}) +im N ϵ^2 ψ^{a′}_+ ψ_{+a}′ − im(ψ^{a′}_+ ψ_{−a}′ + ψ^{a′}_− ψ_{+a}′ ). (4.44) Clearly, terms proportional to^1_{ϵ2} cancel and we end up with the finite result V_{f.mass} = imTr(θ^aθ_a − θ^{a′} θ_a′ ) + im(ψ^a_+ψ_{−a} + ψ^a_−ψ_{+a}) − im(ψ^{a′}_+ ψ_{−a}′ + ψ^{a′}_− ψ_{+a}′ ). (4.45) As in the previous cases, we would again redefine the ψ and θ fields as in equation (4.29) and finally we are able to write down V_{f.mass} as the mass term of L-BLG theory. V_{f.mass} = imTr(Ψ_AΨ_A − Ψ_A′ Ψ_A′ ) + 2im(Ψ_{+A}Ψ_{−A} − Ψ_{+A}′ Ψ_{−A}′ ). (4.46) Here A runs from 1 to 4 and A^′ runs from 5 to 8.

As the next step we analyze the first term of mass deformed potential with the following expression V_{d.pot1} = − 4π k Tr(Y^aY^†_{[a}Y^bY^†_{b]}) = − 4π k̃ [ N ϵ^3

Y^a_+Y^†_{+[a}Y^b_+Y^†_{+b]} + 1 ϵ Tr(Y^a_+Y^†_{+[a}Ỹ^bỸ^†_{b]} + Ỹ^aỸ^†_{[a}Y^b_+Y^†_{+b]} +(Y^a_+Ỹ^†_{[a} + Ỹ^aY^†_{+[a})(Y^b_+Ỹ^†_{b]} + Ỹ^bY^†_{+b]})) +Tr((Y^a_+Ỹ^†_{[a} + Ỹ^aY^†_{+[a})Ỹ^bỸ^†_{b]} + Ỹ^aỸ^†_{[a}(Y^b_+Ỹ^†_{b]} + Ỹ^bY^†_{+b]}))]. (4.47)

– 12 –

Now the first term vanishes:

Y^a_+Y^†_{+[a}Y^b_+Y^†_{+b]} = Y^a_+Y^†_{+a}Y^b_+Y^†_{+b} − Y^a_+Y^†_{+b}Y^b_+Y^†_{+a} = Y^a_+Y^†_{+a}Y^b_+Y^†_{+b} − Y^a_+Y^†_{+a}Y^b_+Y^†_{+b} = 0. (4.48) Let us now analyze the contributions proportional to^1_ϵ

Tr(Y^a_+Y^†_{+[a}Ỹ^bỸ^†_{b]} + Ỹ^aỸ^†_{[a}Y^b_+Y^†_{+b]} + (Y^a_+Ỹ^†_{[a} + Ỹ^aY^†_{+[a})(Y^b_+Ỹ^†_{b]} + Ỹ^bY^†_{+b]}) = Tr(2Y^a_+ Y^†_{+[a}Ỹ^bỸ^†_{b]} − Y^a_+Y^†_{+a}Ỹ^bỸ^†_b + Y^a_+Y^†_{+b}Ỹ^bỸ^†_a − (Y^a_+Y^†_{+a}Ỹ^bỸ^†_b − Y^a_+Y^†_{+b}Ỹ^bỸ^†_a )) = Tr(2Y^a_+ Y^†_{+[a}Ỹ^bỸ^†_{b]} − 2Y^a_+ Y^†_{+[a}Ỹ^bỸ^†_{b]}) = 0 (4.49) using

Y^a_+Ỹ^†_{[a}Y^b_+Ỹ^†_{b]} = Y^a_+Ỹ^†_a Y^b_+Ỹ^†_b − Y^a_+Ỹ^†_b Y^b_+Ỹ^†_a = Y^a_+Y^b_+Ỹ^†_a Ỹ^†_b − Y^a_+Y^b_+Ỹ^†_a Ỹ^†_b = 0. (4.50) Then we find the the finite contribution to the potential; V_{d.pot1} = − 4π k̃ mTr(Y^{a+}

Ỹ^†_a Ỹ^bỸ^†_b − Y^a_+Ỹ^†_b Ỹ^bỸ^†_a + Ỹ^aY^†_{+a}Ỹ^bỸ^†_b − Ỹ^aY^†_{+b}Ỹ^bỸ^†_a ) +Ỹ^aỸ^†_a Y^b_+Ỹ^†_b − Ỹ^aỸ^†_b Y^b_+Ỹ^†_a + Ỹ^aỸ^†_a Ỹ^bY^†_{+b} − Ỹ^aỸ^†_b Ỹ^bY^†_{+a}) = − 4π k̃ mTr(Y^{a+}

Ỹ^†_b (Ỹ^†_a Ỹ^b − Ỹ^bỸ^†_a ) + Y^†_{+a}Ỹ^†_b (Ỹ^aỸ^b − Ỹ^bỸ^a) +Y^b_+Ỹ^a(Ỹ^†_a Ỹ^†_b − Ỹ^†_b Ỹ^†_a ) + Y^†_{+a}Ỹ^b(Ỹ^†_b Ỹ^a − Ỹ^aỸ^†_b )). (4.51) We now again redefine the field Y^′s in the previous way as in equation (4.22) and with these redefinition we can write the above expression as −4iX^{2a−1}_+ X̃^{2b}[X̃^{2b−1}, X̃^{2a}] − 4iX^{2a}_+ X̃^{2b−1}[X̃^{2b}, X̃^{2a−1}] −4iX^{2a−1}_+ X̃^{2b−1}[X̃^{2a}, X̃^{2b}] − 4iX^{2a}_+ X̃^{2b}[X̃^{2a−1}, X̃^{2b−1}]. (4.52) Let us now analyze these expressions. The expressions on the first term of the first line give −4iX^{2a−1}_+ Tr(X̃^{2b}[X̃^{2b−1}, X̃^{2a}]) for a = b : −4iTr(X̃^{2b−1}X̃^{2b}X̃^{2b} − X̃^{2b−1}X̃^{2b}X̃^{2b}) = 0 , for a = 1, b = 2 : −4iX^1_+Tr(X̃^4[X̃^3, X̃^2]) , for a = 2, b = 1 : −4iX^3_+Tr(X̃^2[X̃^1, X̃^4]) (4.53) and the expression on the last term of the first line gives −4iX^{2a}_+ Tr(X̃^{2b−1}[X̃^{2b}, X̃^{2a−1}]) for a = b : 0 for a = 1 , b = 2 : −4iX^2_+Tr(X̃^3[X̃^4, X̃^1]) , for a = 2 , b = 1 : −4iX^4_+Tr(X̃^1[X̃^2, X̃^3]). (4.54)

– 13 –

On the other hand the expressions on the second line give

−4iX^{2a−1}_+ Tr(X̃^{2b−1}[X̃^{2a}, X̃^{2b}]) − 4iX^{2a}_+ Tr(X̃^{2b}[X̃^{2a−1}, X̃^{2b−1}]) for a = b : 0 for a = 1, b = 2 : −4iX^1_+Tr(X̃^3[X̃^2, X̃^4]) − 4iX^2_+Tr(X̃^4[X̃^1, X̃^3]) for a = 2, b = 1 : −4iX^3_+Tr(X̃^1[X̃^4, X̃^2]) − 4iX^4_+Tr(X̃^2[X̃^3, X̃^1]). (4.55)

All together we have

−8iX^1_+Tr(X̃^3[X̃^2, X̃^4]) − 8iX^2_+Tr(X̃^4[X̃^1, X̃^3]) −8iX^3_+Tr(X̃^1[X̃^4, X̃^2]) − 8iX^4_+Tr(X̃^2[X̃^3, X̃^1]) (4.56)

We can write

−6iX^1_+Tr(X̃^3[X̃^2, X̃^4]) = iϵ_{1324}X^1_+Tr(X̃^3[X̃^2, X̃^4]) + iϵ_{1342}X^1_+Tr(X̃^3[X̃^4, X̃^2]) +iϵ_{1243}X^1_+Tr(X̃^2[X̃^4, X̃^3]) + iϵ_{1234}X^1_+Tr(X̃^2[X̃^3, X̃^4]). +iϵ_{1423}X^1_+Tr(X̃^4[X̃^2, X̃^3]) + iϵ_{1432}X^1_+Tr(X̃^4[X̃^3, X̃^2]) (4.57)

In the same way we can proceed for expressions with primed quantities and in summary, we obtain the scaling limit of the deformed potential in the form V_{d.pot} = −i 16π 3k̃ mϵ_{ABCD}Tr(X^A_+X̃^B [X̃^C , X̃^D]) + i 16π 3k̃ mϵ_A′_B′_C′_D′ Tr(X^{A′}_+ X̃^{B′} [X̃^{C′} , X̃^{D′} ]) (4.58) Finally we would like to sum up all the terms of the mass deformed ABJ Lagrangian with the scaling limit defined and the sum gives us:

L_{BLG} = −2∂_μX^I_+∂^μX^I_− − 2∂_μX^I_+Tr(B^μX^I ) − Tr[D_μX^I − B_μX^I_+]^2 −iTr(Ψ_I γ^μD_μΨ_I ) − 2iΨ_{+I} γ^μTr(B_μΨ_I ) − 2iΨ_{−I} γ^μ∂_μΨ_{+I} − 1 4 ϵ^{μνλ}Tr(B_μF_{νλ}) + 1 12 (X^I_+[X^J , X^K ] + X^J_+[X^K , X^I ] + X^K_+ [X^I , X^J ])^2 +Ψ_{+L}X^I [X^J , Γ_{IJ} Ψ_L] − Ψ_LX^I_+[X^J , Γ_{IJ} Ψ_L] +2m^2(X^I_+X^I_−) + m^2Tr(X^I X^I ) + imTr(Ψ_AΨ_A − Ψ_A′ Ψ_A′ ) +2im(Ψ_{+A}Ψ_{−A} − Ψ_{+A}′ Ψ_{−A}′ ) − 16 3 imϵ_{ABCD}Tr(X^A_+ X^B [X^C , X^D]) + 16 3 imϵ_A′_B′_C′_D′ Tr(X^{A′}_+ X^{B′} [X^{C′} , X^{D′} ]), (4.59)

where we have done away with the tilde over the fields for notational simplicity. So starting from a mass deformed ABJ theory, we finally arrived at the world volume theory of a stack of N number of M2-branes by taking the proper scaling limit on the fields and simultaneously sending Chern-Simons level, k at infinity. These N number of branes are sitting far away from the C^4/Z_k singularity. The final expression of the Lagrangian matches exactly with the mass deformed L-BLG theory formulated based on 3-algebra.

– 14 –

5. Conclusion

In this paper we have started with the undeformed ABJ theory and then added suitable mass terms which preserve the supersymmetry of the theory. Our motivation to add those mass terms was to obtain the mass deformed L-BLG theory. In our construction we have introduced two new parameters, ϵ and k̃. These two parameters are related to the Chern- Simons term when k̃ = ϵk, where we kept k̃ at fixed value π by taking ϵ → 0 at the end of the computation and at the same time sending k to infinity. We have further dropped some of the fields of the ABJ theory due the fact that they are of the order ϵ → 0 . On top of these two new parameters, we also have added an extra ghost term of U(1) multiplet in the ABJ theory. Eventhough the ghost term decoupled at the level of ABJ theory, it is effectively coupled at the level of L-BLG theory by the redefinitions of the fields. Finally we have successfully constructed the mass deformed L-BLG theory. One can extend the present analysis to write down the full non-relativistic ABJ theory and also for L-BLG theory. Further one can take the same scaling limit, as we have taken to produce the mass deformed L-BLG theory, on non-relativistic ABJ theory and check whether this theory also reproduces the non-relativistic L-BLG theory. We wish to return to this problem in future.

Acknowledgements: We would like to thank Josef Kluson for participation at an early stage of this work. It is a pleasure to thank Souvik Benerjee, Shankhadeep Chakrabortty, Sudipta Paul Choudhury, Sumit Das and Sudipta Mukherji for the fruitful discussions. T.K.D would like to thank Institute of Physics, Bhubaneswar for the hospitality where part of this work was done.

References

[1] J. Bagger and N. Lambert, “Modeling Multiple M2’s,” Phys. Rev. D 75, 045020 (2007) [hep-th/0611108].

[2] J. Bagger and N. Lambert, “Gauge symmetry and supersymmetry of multiple M2-branes,” Phys. Rev. D 77, 065008 (2008) [arXiv:0711.0955 [hep-th]].

[3] J. Bagger and N. Lambert, “Comments on multiple M2-branes,” JHEP 0802 (2008) 105 [arXiv:0712.3738 [hep-th]].

[4] A. Gustavsson, “Algebraic structures on parallel M2-branes,” Nucl. Phys. B 811, 66 (2009) [arXiv:0709.1260 [hep-th]].

[5] A. Gustavsson, “Selfdual strings and loop space Nahm equations,” JHEP 0804, 083 (2008) [arXiv:0802.3456 [hep-th]].

[6] M. Van Raamsdonk, “Comments on the Bagger-Lambert theory and multiple M2-branes,” JHEP 0805, 105 (2008) [arXiv:0803.3803 [hep-th]].

[7] M. A. Bandres, A. E. Lipstein and J. H. Schwarz, “N = 8 Superconformal Chern-Simons Theories,” JHEP 0805, 025 (2008) [arXiv:0803.3242 [hep-th]].

[8] G. Papadopoulos, “M2-branes, 3-Lie Algebras and Plucker relations,” JHEP 0805, 054 (2008) [arXiv:0804.2662 [hep-th]].

– 15 –

[9] J. P. Gauntlett and J. B. Gutowski, “Constraining Maximally Supersymmetric Membrane Actions,” JHEP 0806, 053 (2008) [arXiv:0804.3078 [hep-th]].

[10] J. Gomis, G. Milanesi and J. G. Russo, “Bagger-Lambert Theory for General Lie Algebras,” JHEP 0806, 075 (2008) [arXiv:0805.1012 [hep-th]].

[11] P. De Medeiros, J. M. Figueroa-O’Farrill and E. Mendez-Escobar, “Lorentzian Lie 3-algebras and their Bagger-Lambert moduli space,” JHEP 0807, 111 (2008) [arXiv:0805.4363 [hep-th]].

[12] P. de Medeiros, J. M. Figueroa-O’Farrill and E. Mendez-Escobar, “Metric Lie 3-algebras in Bagger-Lambert theory,” JHEP 0808, 045 (2008) [arXiv:0806.3242 [hep-th]].

[13] S. Benvenuti, D. Rodriguez-Gomez, E. Tonni and H. Verlinde, “N=8 superconformal gauge theories and M2 branes,” JHEP 0901, 078 (2009) [arXiv:0805.1087 [hep-th]].

[14] P. -M. Ho, Y. Imamura and Y. Matsuo, “M2 to D2 revisited,” JHEP 0807, 003 (2008) [arXiv:0805.1202 [hep-th]].

[15] M. A. Bandres, A. E. Lipstein and J. H. Schwarz, “Ghost-Free Superconformal Action for Multiple M2-Branes,” JHEP 0807, 117 (2008) [arXiv:0806.0054 [hep-th]].

[16] J. Gomis, D. Rodriguez-Gomez, M. Van Raamsdonk and H. Verlinde, “Supersymmetric Yang-Mills Theory From Lorentzian Three-Algebras,” JHEP 0808, 094 (2008) [arXiv:0806.0738 [hep-th]].

[17] B. Ezhuthachan, S. Mukhi and C. Papageorgakis, “D2 to D2,” JHEP 0807, 041 (2008) [arXiv:0806.1639 [hep-th]].

[18] H. Verlinde, “D2 or M2? A Note on Membrane Scattering,” arXiv:0807.2121 [hep-th].

[19] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, “N=6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals,” JHEP 0810 (2008) 091 [arXiv:0806.1218 [hep-th]].

[20] M. Benna, I. Klebanov, T. Klose and M. Smedback, “Superconformal Chern-Simons Theories and AdS(4)/CFT(3) Correspondence,” JHEP 0809, 072 (2008) [arXiv:0806.1519 [hep-th]].

[21] J. Bagger and N. Lambert, “Three-Algebras and N=6 Chern-Simons Gauge Theories,” Phys.

Rev. D 79, 025002 (2009) [arXiv:0807.0163 [hep-th]].

[22] M. Schnabl and Y. Tachikawa, “Classification of N=6 superconformal theories of ABJM type,” JHEP 1009, 103 (2010) [arXiv:0807.1102 [hep-th]].

[23] Y. Honma, S. Iso, Y. Sumitomo and S. Zhang, “Scaling limit of N=6 superconformal Chern-Simons theories and Lorentzian Bagger-Lambert theories,” Phys. Rev. D 78, 105011 (2008) [arXiv:0806.3498 [hep-th]].

[24] Y. Honma, S. Iso, Y. Sumitomo, H. Umetsu and S. Zhang, “Generalized Conformal Symmetry and Recovery of SO(8) in Multiple M2 and D2 Branes,” Nucl. Phys. B 816, 256 (2009) [arXiv:0807.3825 [hep-th]].

[25] E. Antonyan and A. A. Tseytlin, “On 3d N=8 Lorentzian BLG theory as a scaling limit of 3d superconformal N=6 ABJM theory,” Phys. Rev. D 79, 046002 (2009) [arXiv:0811.1540 [hep-th]].

[26] Y. Honma and S. Zhang, “Quiver Chern-Simons Theories, D3-branes and Lorentzian Lie 3-algebras,” Prog. Theor. Phys. 123, 449 (2010) [arXiv:0912.1613 [hep-th]].

– 16 –

[27] O. Aharony, O. Bergman and D. L. Jafferis, “Fractional M2-branes,” JHEP 0811 (2008) 043 [arXiv:0807.4924 [hep-th]].

[28] J. Kluson, “Remark About Scaling Limit of ABJ Theory,” JHEP 0904, 112 (2009) [arXiv:0902.4122 [hep-th]].

[29] K. Hosomichi, K. -M. Lee, S. Lee, S. Lee and J. Park, “N=4 Superconformal Chern-Simons Theories with Hyper and Twisted Hyper Multiplets,” JHEP 0807, 091 (2008) [arXiv:0805.3662 [hep-th]].

[30] K. Hosomichi, K. -M. Lee, S. Lee, S. Lee and J. Park, “N=5,6 Superconformal Chern-Simons Theories and M2-branes on Orbifolds,” JHEP 0809, 002 (2008) [arXiv:0806.4977 [hep-th]].

[31] J. Gomis, D. Rodriguez-Gomez, M. Van Raamsdonk and H. Verlinde, “A Massive Study of M2-brane Proposals,” JHEP 0809, 113 (2008) [arXiv:0807.1074 [hep-th]].

[32] M. A. Bandres, A. E. Lipstein and J. H. Schwarz, “Studies of the ABJM Theory in a Formulation with Manifest SU(4) R-Symmetry,” JHEP 0809, 027 (2008) [arXiv:0807.0880 [hep-th]].

[33] O-K. Kwon, P. Oh, C. Sochichiu and J. Sohn, “Enhanced Supersymmetry of Nonrelativistic ABJM Theory,” JHEP 1003, 092 (2010) [arXiv:1001.1598 [hep-th]].

– 17 –