arXiv:1209.5232v3 [gr-qc] 7 Jan 2013

Light paths of normal and phantom Einstein-Maxwell-dilaton black holes

Mustapha Azreg-Aïnou Başkent University, Department of Mathematics, Bağlıca Campus, Ankara, Turkey

Abstract

Null geodesics of normal and phantom Einstein-Maxwell-dilaton black holes are determined analytically by the Weierstrass elliptic functions. The black hole parameters other than the mass enter, with the appropriate signs, the formula for the angle of deflection to the second order in the inverse of the impact parameter allowing for the identification of the nature of matter (phantom or normal). Such identification is also possible via the time delay formula and observation of relativistic images. Scattering experiences may favor black holes of Einstein-anti-Maxwell-dilatonic theory for their high relative discrepancy with respect to the Schwarzschild value. For the cases we restrict ourselves to, phantom black holes are characterized by the absence of many-world and two-world null geodesics.

PACS numbers: 04.20.Gz, 04.50.Gh, 04.70.–s, 04.70.Bw, 98.62.Sb, 04.20.Dw

1 Introduction

Most experimental settings for testing gravitational theories are designed to evaluate trajectories of light rays. Accuracy in this field is a growing interest. From this point of view, the leading experimental settings are aiming to achieve high accuracies beyond the known first order level and to reach a sensitivity of 1 part in 10^9 in measuring the Eddington parameter γ [1], which is an important parameter in post-Newtonian formalism.

On the theoretical front, workers have been striving to evaluate exactly light paths using (hyper)elliptic functions mainly the Weierstrass elliptic functions denoted by ℘[2,3]. On the one hand, this has provided answers to some open questions, for instance, whether the cosmological constant could be a cause of the Pioneer anomaly [4], has raised the question of whether lensing could be used as a test of the cosmic censorship (CC) [5] (much work on testing the CC has been done in [6–8]), and has lead to the discovery new light paths, the Pascal Limaçon trajectories for black holes with cosmological constant [9]. On the other hand, the analytical solutions derived so far, Refs. [10]- [26] to mention but a few, could be useful for any of the experimental settings aiming to test gravitational theories. Moreover, they provide new academic techniques for tackling the motion of massive and massless particles in the geometries of various gravitational fields, may serve as references for testing the accuracy of numerical methods [27] and provide unique benchmarks for testing and improving perturbation and decomposition methods [28]. For that purpose it is very helpful to have relatively simple solutions.

In case of spherical symmetry, one of the equations governing geodesic motion reduces to ( dr dϕ )_2 = P(r) (1.1)

where P(r) is a polynomial function of the radial variable r, the parameters of the solution and the constants of motion. Depending on the dimension of the space-time, P(r) may be reduced, as described in [19], to a polynomial of degree 3 or 5. We are interested in the former case and we assume that (1.1) is brought to ( dρ dΘ )_2 = 4ρ^3 − g_2ρ − g_3 (1.2)

by coordinate transformations. Here g_2,g_3 depend on the parameters of the solution and the constants of motion. So far no special terminology has been introduced to simplify notations and expressions. We introduce the following terminology to describe (1.2) and the related polynomial and coordinates. We shall call (1.2) Weierstrass differential equation, w(ρ) = 4ρ^3 − g_2ρ − g_3 Weierstrass polynomial and (ρ,Θ) Weierstrass coordinates.

We bring (1.1) to (1.2) by a series of coordinate transformations relating r to Weierstrass radial coordinate ρ where ρ(r) is a nontrivial and nonlinear transformation; however, Θ(ϕ) is a linear transformation and in many cases Θ = ϕ, where ϕ is the azimuthal angle.

Most workers prefer to use the effective potential approach by which they determine all planar trajectories [absorbed paths (captured photons), scattering paths, trapped or confined paths, (un)stable circular paths, spiral paths approaching the circular paths from above and/or below and some other special closed curves]. The method we shall apply is entirely based on the properties of the Weierstrass differential equation, and of its polynomial. We shall develop and use this method, which has been used in [12, 22] (and partially used in [9, 11]), leading to a systematic approach for all problems governed by (1.2). This will allow us to determine all types of trajectories.

None of the papers mentioned above has ever dealt with light paths of normal Einstein-Maxwell-dilaton (EMD) black holes. One of the purposes of this paper is to address this question; the other one is to extend the analysis to that of light paths of phantom black holes of EMD and to draw a comparison between the systems of trajectories for a given ratio of charge to mass squared (a^2 = q^2/M^2).

In a phantom gravitating field theory one or more of the matter fields appear in the action with an unusual sign of the kinetic term, so that they are coupled repulsively to gravity. In the case of “phantom EMD” theory, which is also a short term for the theory, we may have a number of ways the matter fields are coupled to gravity: Einstein-anti-Maxwell-anti-dilaton, Einstein-Maxwell-anti-dilaton, Einstein-Maxwell-dilaton and so on. The presence of phantom fields continues to receive support from both collected observational data [29] and theoretical models [30].

The static, spherically symmetric black hole solutions to EMD theory with phantom Maxwell and/or dilaton field were derived, and their causal structure was analyzed, among which one finds nine classes of asymptotically flat and two classes of nonasymptotically flat phantom black holes [31]. In a subsequent work [32], these solutions have been generalized to multicenter solutions of phantom EMD. Recently, their thermodynamic properties and stability were investigated too [33]. One of the remaining tasks is to investigate their null geodesics to see how phantom fields may affect the light paths, particularly the angles of deflection, the photon spheres and related lensing effects. Deviations of the angle of deflection from the Schwarzschild value are generally attributable to extensions in the theory (inclusion of Maxwell fields or scalar ones, cosmological constant and so on), departure from spherical symmetry or motion of the solution itself (mostly rotation). In this paper we examine the case due to the inclusion of (anti)- dilatonic and/or (anti)-Maxwell fields.

In Section 2 we consider the cosh and sinh black hole solutions of the generalized phantom EMD, which depend on three parameters (M,q,γ). We evaluate, and discuss, the angle of deflection δ ϕ to the second order of approximation in the inverse of the impact parameter as a function of the black hole three parameters. Figures, relying on exact formulas, depicting δ ϕ for phantom and normal black holes are plotted against the Schwarzschild angle of deflection for different values of the parameters. The relative discrepancy is discussed and plotted showing high values from some set of the parameters. The time delay is also evaluated.

In Section 3 we introduce the Weierstrass elliptic functions and use and develop the method based on the Weierstrass polynomial to determine exactly all kinds of null geodesics to any spherically symmetric geometry, provided the equation of (planar) motion of light rays may be brought to (1.2). Applications are considered in Section 3.4 and in Sections 4 and 5. In Subsection 3.4 we consider the strong field limit and relativistic images and derive an analytic reference equation for the log-formula for the angle of deflection, which applies to any geometry provided the light motion or a plane projection of it is described by (1.2). In Section 4 we consider the case γ = 1 and show that the problem of determining the null geodesics of normal Reissner-Nordström black holes by the method based on the Weierstrass polynomial, which was initiated in [22], is tractable analytically and extend the analysis to phantom Reissner-Nordström black holes upon applying the results of Section 3, and in Section 5 we consider the case γ = 0 and determine all the null geodesics of the phantom cosh and normal sinh EMD black holes by mere comparison to the work done in Section 3. In Sections 3 to 5, we do not aim to go into the details of each null geodesic motion; rather, we present a general procedure (Section 3) by which we discuss some type of null geodesic motions and the nature of existing divergencies and present exact reference and standard formulas for specific geodesics, the angle of deflection, the time delay, and the log-formula. The paper ends with a conclusion section and an two appendix sections.

2 The deflection angle of light paths in the cosh-sinh solutions of EMD

The action for EMD theory with phantom Maxwell and/or dilaton field reads

S = − ∫ d^4x √ −g [R − 2η_1g^{μν} ∂_μ φ∂_ν φ + η_2e^{2λ φ} F_{μν} F^{μν} ], (2.1)

where λ is the real dilaton-Maxwell coupling constant, and η_1 = ±1, η_2 = ±1. Normal EMD corresponds to η_2 = η_1 = +1, while phantom couplings of the dilaton field φ or/and Maxwell field F = dA are obtained for η_1 = −1 or/and η_2 = −1.

The metrics of the so-called cosh and sinh solutions, derived in [31], take the form

ds^2 = f_+ f^γ_−dt^2 − f^{−1}_+ f^{−γ}_− dr^2 − r^2 f^{1−γ}_− dΩ^2 (2.2)

F = − q r^2 dr ∧ dt , e^{−2λ φ} = f^{1−γ}_− , f_± = 1 − r_± r , γ = 1 − η_1λ^2 1 + η_1λ^2 η_2(1 + η_1λ^2) < 0 for cosh , η_2(1 + η_1λ^2) > 0 for sinh (2.3) γ ∈ (−∞,−1) ∪ [1,+∞) if η_1 = −1, γ ∈ (−1,+1] if η_1 = +1 (2.4)

where we have introduced the parameter γ following the notation of [33]^1.

These are asymptotically flat spherically symmetric black holes of mass M, electric charge q and event horizon r_+ > 0 related by [31] M = r_+ + γr_− 2 , q = ± √ 1 + γ 2 η_2r_+r_− (2.5)

where we have substituted, into the original formula of q, 1 + η_1λ^2 = 2/(1 + γ). Since q is real, r_− and η_2(1 + γ) must have the same sign. Using this fact in (2.3), we have r_− < 0 for the cosh solution and r_− > 0 for the sinh one.

As shown in Subsection 4.1 case 2. (d) of [31], r = 0 corresponds to a singularity for the cosh solution where geodesics terminate (a Penrose diagram is given in figure 1 of [31]). Similarly, in Subsection 4.3

1For the sinh solution the case η_2(1 + η_1λ^2) < 0, which would lead to r_− < 0, is not possible [31].

case 1. (a) (ii) of [31] it is established that, for generic values of 1 + η_1λ^2 as this is the case for γ = 0 (to which we restrict ourselves in Section 5), r = r_− is a null singularity for the sinh solution (a Penrose diagram is given in Figure 3 of [31]). The curvature scalar of (2.2) diverges at these two points for γ = 0 R = − r_−(r − r_+) 2r^3(r − r_−)^2 . Expressing (r_+,r_−) in terms of M and a^2 = q^2/M^2, one obtains

r_+ = 2M , r_− = η_2Ma^2 , if γ = 0 (2.6)

r_+ = M + M , r_− = M − M γ = 2η_2M^2a^2 (1 + γ)r_+

, M = M √ 1 − 2η_2γa^2 (1 + γ) , ∀γ ≠ −1. (2.7) [The limit γ → 0 in (2.7) leads to (2.6)].

Angle of deflection. The derivation of the angle of deflection is given in Appendix A by δ ϕ = 4M r_n + { − 2M[r_+ + r_−(2γ − 1)] + π 16 [15r^2_+ + 6r_−r_+(4γ − 1) + r^2_−(16γ^2 − 1)] } 1 r^2_n

+ O[1/r_n]^3 (2.8)

where u_n = 1/r_n is the point on the light scattering geodesic nearest the origin where^{du}_{dϕ} (u_n) = 0. Since the values of γ depend on η_1 according to (2.4) and the sign of r_− is that of η_2(1 + γ) by (2.5), the deflection angle depends on the type of EMD under investigation. From (2.6, 2.7) one sees that, for both cases γ = 0 and γ ≠ 0, the limit case q = 0 corresponds to r_− = 0 and r_+ = 2M. Thus in the limit q → 0, δ ϕ approaches the value δ ϕ(r_− = 0,r_+ = 2M), which is the Schwarzschild angle of deflection δ ϕ_S:

lim_{q→0} δ ϕ = δ ϕ(r_− = 0,r_+ = 2M) = δ ϕ_S = 4M r_n + (15π − 16)M^2 4 1 r^2_n

+ O[1/r_n]^3 . (2.9)

Using this along with (2.6, 2.7) in (2.8) we express δ ϕ in terms of the charges (M,q) and δ ϕ_S

δ ϕ = δ ϕ_S − πM^2a^2 16 [ η_2

4(3π − 8) π + a^2 ] 1 r^2_n

+ ··· , if γ = 0 (2.10)

δ ϕ = δ ϕ_S − η_2

[(γ − 1)[16γ − π(γ + 1)]M|M − M | + πγ(7γ − 1)q^2 8γ^2 ] 1 r^2_n + ··· , ∀γ ≠ −1 (2.11) = 4M r_n + { − 2M(M + M ) + η_2

4(1 − 2γ)a^2M^3 (1 + γ)(M + M )

(2.12) + π 16 [ 15(M + M )^2 +

4(16γ^2 − 1)a^4M^4 (1 + γ)^2(M + M )^2

+ η_2

12(4γ − 1)a^2M^2 1 + γ ]} 1 r^2_n + ··· , ∀γ ≠ −1 where we have made use of M − M = η_2|M − M | and (2.7). [The limit γ → 0 in (2.11) or in (2.12) leads to (2.10)]. Thus to the first order of approximation in 1/r_n all normal and phantom black holes deflect light paths in the same way with δ ϕ = 4M/r_n + ···. To the second order of approximation in 1/r_n, the added contribution to the Schwarzschild one [second terms in (2.10, 2.11)] does not depend on the sign of q but depends on the signs of (η_1,η_2).

First consider the special case γ = 0, which corresponds to η_1 = +1. In normal EMD (η_2 = +1) we have δ ϕ < δ ϕ_S. In phantom EMD (η_2 = −1), which is E-anti-MD theory, we have δ ϕ > δ ϕ_S provided we restrict ourselves to the physical case a^2 < 1 [4(3π − 8)/π ≃ 1.8]. Thus, in the presence of phantom

Figure 1: The relative discrepancy R_{δ ϕ} = (δ ϕ − δ ϕ_S)/δ ϕ_S, which defines the relative difference of the actual deflection angle

with respect to the Schwarzschild value, is sketched on its domain of definition against γ for fixed (M = 1,a^2 = 1/16,u_n = 0.05,η_2 = −1), r_n = 1/u_n is the point on the null geodesic nearest the origin. This is the E-anti-M-(anti)-D case (η_1 depends on γ). R_{δ ϕ} increases on its domain of definition and changes sign for some γ_0 between −0.1 and −0.05.

Figure 2: The relative discrepancy R_{δ ϕ} = (δ ϕ − δ ϕ_S)/δ ϕ_S, which defines the relative difference of the actual deflection angle

with respect to the Schwarzschild value, is sketched on its domain of definition against γ for fixed (M = 1,a^2 = 1/16,u_n = 0.05,η_2 = 1), r_n = 1/u_n is the point on the null geodesic nearest the origin. This is the EM-(anti)-D case (η_1 depends on γ). R_{δ ϕ} decreases on its domain of definition and changes sign for some γ_0 between −0.1 and −0.05.

fields, light rays are more deflected than in the normal case. Phantom fields cause light rays to bend with an angle (3π − 8)M^2a^2/(2r^2_n ) larger than the angle of deflection caused by normal fields. This difference is independent of the sign of q but depends on the mass of the black hole through r_n. Using (2.9) we obtain 3π − 8 2r^2_n

M^2a^2 ≃ 3π − 8 32 a^2(δ ϕ_S)^2 (2.13)

which is 0.22% of the Schwarzschild value δ ϕ_S if M = 1, a^2 = 1/4, u_n = 0.05 and 0.89% of it (the exact value is 1.03%) if M = 1, a^2 = 1, u_n = 0.05.

The case γ = 1 is phantom or normal Reissner-Nordström black hole. With

δ ϕ = δ ϕ_S − η_2

3πM^2a^2 4 1 r^2_n

+ ··· , if γ = 1 (2.14)

we confirm the previous conclusions: δ ϕ < δ ϕ_S for normal Reissner-Nordström black holes and δ ϕ > δ ϕ_S for phantom ones. A phantom Reissner-Nordström black hole deflects light with an angle 3πq^2/(2r^2_n)

Figure 3: The angle of deflection δ ϕ (Eq. (A.4)) in radians vs. u_n = 1/r_n (r_n is the point on the null geodesic nearest the

origin). In both plots the intermediate graph is the Schwarzschild value δ ϕ_S. δ ϕ ever increases and exceeds 2π, then diverges, as r_n decreases from ∞ to r_{ps} (the photon sphere). |δ ϕ − δ ϕ_S| decreases with r. (a): Phantom EMD cosh (η_1 = +1, η_2 = −1: upper plot) and normal EMD sinh (η_1 = +1, η_2 = +1: lower plot) black holes for γ = 0 > γ_0, M = 1 and a^2 = 1/4. (b): Phantom EMD cosh (η_1 = +1, η_2 = −1: upper plot) and normal EMD sinh (η_1 = +1, η_2 = +1: lower plot) black holes for γ = 0, M = 1 and a^2 = 1.

larger than the deflection angle caused by a normal Reissner-Nordström black hole 3π 2r^2_n

M^2a^2 ≃ 3π 32 a^2(δ ϕ_S)^2 (2.15)

which is 1.47% of the Schwarzschild value δ ϕ_S if M = 1, a^2 = 1/4, u_n = 0.05 and 5.89% of it (the exact value is 6.56%) if M = 1, a^2 = 1, u_n = 0.05.

Now, consider the case γ ≠ 0 and γ ≠ 1 (γ ≠ −1). Here again we confirm the previous conclusions: δ ϕ < δ ϕ_S for normal black holes and δ ϕ > δ ϕ_S for phantom ones provided |γ| is large enough. This is no longer true if γ is closer to −1 as the coefficient of 1/r^2_n becomes too large invalidating (2.12). The relative discrepancy function R_{δ ϕ} = (δ ϕ − δ ϕ_S)/δ ϕ_S is shown in Figures 1 and 2, which have been plotted using the exact formula (A.4). The Figures illustrate the existence of a zero γ_0 beyond which R_{δ ϕ} > 0 (δ ϕ > δ ϕ_S) for phantom black holes and R_{δ ϕ} < 0 (δ ϕ < δ ϕ_S) for normal ones.

Figures 1 and 2 have been plotted for fixed (M = 1,a^2 = 1/16) and a relatively large value of r_n (u_n = 0.05). Based on these and on some other figures (not shown in this paper) for small values of r_n up to the photon sphere (u_n = 0.3) and larger values of a^2 up to 1, we can draw a general conclusion: For fixed (M,a^2,u_n), there is always a root γ_0 in the interval (−0.2,0) to R_{δ ϕ} (γ) = 0. Otherwise, for some values of γ in the interval (−0.2,0), it seems there is always a critical value r_n = r_c, larger than the photon sphere, where R_{δ ϕ} = 0.

As γ → +∞, R_{δ ϕ} approaches the limit 2 δ ϕ_S ∫_1 0 e^{K−x} dx √ e^{K−} (1 − K_+) − x^2e^{K−x}(1 − K_+x) − π + δ ϕ_S δ ϕ_S K_± = Mu_n( √ 1 − 2η_2a^2 ± 1).

As Figures 3 to 6 reveal, the vertical spacing |δ ϕ − δ ϕ_S|, whenever defined, depends slightly on γ, which itself depends on η_1, and increases with a^2. In the extreme case (a^2 = 1), the winding number for phantom black holes with η_2 = −1 and γ > γ_0 (regardless of the sign of η_1) diverges near u_n ≃ 0.3, a value for which the angle of deflection for phantom (η_1 = −1) or normal (η_1 = +1) black holes with η_2 = +1 is less than a few radians. As we shall see later, this is a consequence of the fact that the photon

Figure 4: The angle of deflection δ ϕ (Eq. (A.4)) in radians vs. u_n = 1/r_n (r_n is the point on the null geodesic nearest the

origin). In both plots the intermediate graph is the Schwarzschild value δ ϕ_S. δ ϕ ever increases and exceeds 2π, then diverges, as r_n decreases from ∞ to r_{ps} (the photon sphere). |δ ϕ −δ ϕ_S| decreases with r. (a): Phantom Reissner-Nordström (η_2 = −1: upper plot) and normal Reissner-Nordström (η_2 = +1: lower plot) black holes for γ = 1 > γ_0, M = 1 and a^2 = 1/16. (b): Phantom Reissner-Nordström (η_2 = −1: upper plot) and normal Reissner-Nordström (η_2 = +1: lower plot) black holes for γ = 1, M = 1 and a^2 = 1.

Figure 5: The angle of deflection δ ϕ (Eq. (A.4)) in radians vs. u_n = 1/r_n (r_n is the point on the null geodesic nearest the origin).

δ ϕ ever increases and exceeds 2π, then diverges, as r_n decreases from ∞ to r_{ps} (the photon sphere). |δ ϕ − δ ϕ_S| decreases with r. (a): E-anti-M-anti-D (η_1 = −1, η_2 = −1: upper plot), δ ϕ_S for Schwarzschild black hole (intermediate plot) and EM-anti-D (η_1 = −1, η_2 = 1: lower plot) black holes for γ = 10 > γ_0, M = 1 and a^2 = 1/16. (b): E-anti-M-anti-D (η_1 = −1, η_2 = −1: upper plot) and δ ϕ_S for Schwarzschild black hole (lower plot) for γ = 10 > γ_0, M = 1 and a^2 = 1.

sphere for black holes with η_2 = −1 (black holes where the Maxwell field F is coupled repulsively to gravity) and γ > γ_0 is larger than 3M, which is the Schwarzschild limit, allowing photons to orbit the hole at larger, ever-decreasing, radii. The Schwarzschild limit 3M is larger than the photon sphere for black holes with η_2 = +1 and γ > γ_0. If γ < γ_0 and η_2γR_{δ ϕ} < 0, all that is true for black holes with η_2 = −1 (respectively, η_2 = +1) applies to black holes with η_2 = +1 (respectively, η_2 = −1).

It is useful to express δ ϕ in terms of the charges (M,q) and the impact parameter b = L/E. For that end we need to solve the equation E^2 = L^2g(u_n) (see Appendix A) for u_n = 1/r_n to the second order in 1/b. This equation is equivalent to b = r_n/ √ f_+(u_n) f_−(u_n)^{2γ−1}. We obtain

u_n = 1 b + r_+ + r_−(2γ − 1) 2 1 b^2

+ O[1/b]^3 .

Using this in (2.8) we derive the desired equation δ ϕ = 4M b + π 16 [15r^2_+ + 6r_−r_+(4γ − 1) + r^2_−(16γ^2 − 1)] 1 b^2

+ O[1/b]^3 . (2.16)

Figure 6: The angle of deflection δ ϕ (Eq. (A.4)) in radians vs. u_n = 1/r_n (r_n is the point on the null geodesic nearest the

origin). In both plots the intermediate graph is the Schwarzschild value δ ϕ_S. δ ϕ ever increases and exceeds 2π, then diverges, as r_n decreases from ∞ to r_{ps} (the photon sphere). |δ ϕ − δ ϕ_S| decreases with r. (a): EMD (η_1 = 1, η_2 = 1: upper plot), δ ϕ_S for Schwarzschild black hole (intermediate plot) and E-anti-MD (η_1 = 1, η_2 = −1: lower plot) black holes for γ = −1/2 < γ_0, M = 1 and a^2 = 1/16. (b): EMD (η_1 = 1, η_2 = 1: upper plot) and and δ ϕ_S for Schwarzschild black hole (lower plot) for γ = −1/2, M = 1 and a^2 = 1. These plots are different from those in Figures (3 to 5) in that δ ϕ for normal black holes exceeds that for phanton ones whenever the solution is defined.

In terms of the Schwarzschild value, δ ϕ_S = (4M/b) + [15πM^2/(4b^2)] + O[1/b]^3, b and (M,q), the expressions (2.10, 2.11, 2.14) become, respectively,

δ ϕ = δ ϕ_S − πq^2 16 [ 12η_2 + q^2 M^2 ] 1 b^2

+ ··· , if γ = 0 (2.17)

δ ϕ = δ ϕ_S − η_2

[(γ − 1)[16γ − π(γ + 1)]M|M − M | + [πγ(7γ − 1) + 16γ^2]q^2 8γ^2 ] 1 b^2 + ··· , ∀γ ≠ −1 (2.18)

δ ϕ = δ ϕ_S − η_2

(3π + 8)q^2 4 1 b^2

+ ··· , if γ = 1. (2.19)

Time delay. We evaluate the coordinate time T (U) required for light to travel from a point U = 1/R to u_n = 1/r_n in the plane θ = π/2. Using Eqs (A.1, A.2) along with E^2 = L^2g(u_n), we obtain

T (U) =

∫_{un} U √ g(u_n)du u^2 f_+(u) f_−(u)^γ √ g(u_n) − g(u) = 1 u_n

∫_1 X √ g(u_n) dx x^2 f_+(u_nx) f_−(u_nx)^γ √ g(u_n) − g(u_nx)

(2.20)

where we have set u = u_nx and X = U/u_n = r_n/R satisfies 0 < X < 1. An expansion in terms of powers of u_n leads to

T (U) = T_S + √ 1 − X^2 (1 + X)

(γ − 1)η_2M^2a^2 (γ + 1)(M + M )

+ O[u_n]^2 if γ ≠ −1 (2.21)

T (U) = T_S −

3η_2M^2a^2 2 (π 2 − arcsin X ) u_n + O[u_n]^3 if γ = 1 (2.22)

where T_S is the corresponding Schwarzschild value [34]

T_S = √ R^2 − r^2_n + M √ 1 − X^2 1 + X

+ 2M ln

[1 + √ 1 − X^2 X ]

+ M^2 [15 2 (π 2 − arcsin X ) − (4 + 5X) √ 1 − X^2 2(1 + X)^2 ] u_n + O[u_n]^3 .

Notice that the correction, which has been added to the Schwarzschild value in (2.21), vanishes for Reissner-Nordström black holes (γ = 1), and a second order correction is needed for these black holes as shown in (2.22). Since the sign of (γ − 1)/(γ + 1) is, by (2.4), that of −η_1, we conclude from (2.21) that T (U) > T_S if η_1η_2 < 0 (E-anti-MD or ED-anti-M) and that T (U) < T_S if η_1η_2 > 0 (EMD or E-anti- D-anti-M). For Reissner-Nordström black holes the time T (U) is such that T (U) > T_S for E-anti-M and T (U) < T_S for EM.

The time delay ΔT or the excess in time is the difference between the time required for light to travel from the source located at the point U_s = 1/R_s through the point u_n = 1/r_n to the observer located at the point U_o = 1/R_o and the time needed for light to travel from U_s to U_o in the absence of gravity (and any field that may cause light to deflect). As shown in [8] the time delay may be positive, zero or negative.

Using the same notation as in Figures 1 of [35,36], the axis joining the observer O and the black hole (the lens or deflector L) is the optic axis. The angle ^LOS is β and the angle ^LOI is θ where I is the image of the source S on the same side as the latter. D_s and D_d are the distances of the source and the lens from the observer (measured along the optic axis) and D_{ds} = D_s − D_d represents the projected distance on the optic axis from the lens to the source. With these notations we have

ΔT = T (U_s) + T(U_o) − D_s sec β .

Far away from the lens, for large values of the impact parameter, one may expand ΔT in powers of ε = θ_E /(4D) where θ_E is a good estimate of the angular radius of the Einstein ring of Schwarzschild lensing θ^2_E = 4M

D_{ds} D_d D_s

, D =

D_{ds} D_s . For γ ≠ −1 we have

ΔT = 2M { 1 + β^2 − θ^2 θ^2_E

− ln

[D_dθ^2 4D_{ds} ] + (γ − 1)η_2Ma^2 (γ + 1)(M + M ) } + O[ε]^3 , (γ ≠ −1) (2.23)

[with 2M = (8D_d D_{ds}/D_s)ε^2], where the terms independent of γ correspond to the Schwarzschild value ΔT_S. For γ = 1, the last term in (2.23) vanishes and a term proportional to ε^3 is needed. Expanding θ = θ_0 + θ_1ε + O[ε]^2, we obtain^2

ΔT = ΔT_S − 6π

D_dD_{ds}

D_s η_2a^2θ_E θ_0 ε^3 + O[ε]^4 , (γ = 1) (2.24)

where ΔT_S is the Schwarzschild value up to ε^3 as derived in [34].

3 Determination of geodesics by Weierstrass elliptic functions: general procedure

Any differential equation of the form (1.2) has a unique solution in terms of the Weierstrass elliptic function of the form [2, 3] ρ = ℘(Θ +C)

where C is generally a complex constant.

2In (2.23) we only needed θ = θ_0 + O[ε].

℘(Θ) is an even single-valued doubly periodic function with half periods (ω,ω^′) chosen in such a way that Im(ω^′/ω) > 0. When the Weierstrass polynomial w(ρ) = 4ρ^3 −g_2ρ −g_3 = 4(ρ −e_1)(ρ −e_2)(ρ −e_3) has three real roots (e_3,e_2,e_1), there are three half periods (ω_1,ω_2,ω_3) depending on (ω,ω^′) such that

℘(ω_k) = e_k , (k = 1,2,3). (3.1)

To have e_3 < e_2 < e_1 we choose the three half periods (ω_1,ω_2,ω_3) to satisfy [2]

ω_1 ≡ ω > 0, ω_3 ≡ ω^′ (with − iω^′ > 0), ω_2 ≡ −ω − ω^′ = −ω_1 − ω_3 . (3.2)

The expression of ω_2 is a consequence of e_1 + e_2 + e_3 = 0.

3.1 Three distinct real roots

The Weierstrass polynomial w(ρ) will have three real roots if

g_2 > 0 and Δ ≡ g^3_2 − 27g^2_3 > 0. (3.3)

We parametrize the (real) roots by the angle 0 ≤ η ≤ π as follows:

e_3 = − √ g_2 3 cos ( π − η 3 ) < 0, e_2 = − √ g_2 3 cos (π + η 3 ) , e_1 = √ g_2 3 cos (η 3 ) > 0 (3.4)

cos η =

9g_3 √ 3g^3_2

, sin η = √ Δ g^3_2 > 0.

The signs of e_3 < 0, e_1 > 0, and sin η > 0 are well defined, e_3 < e_2 < e_1, and the sign of e_2 depends on g_3:

e_2 · g_3 < 0 and e_2 = 0 if g_3 = 0 (g_3 = 4e_1e_2e_3). (3.5)

Motion is possible where w(ρ) ≥ 0:

e_3 ≤ ρ ≤ e_2 or ρ ≥ e_1 . (3.6)

Conversely, we can reverse (3.1) and express the half periods (ω_1,ω_2,ω_3) in terms of the roots^3 [2].

ω_1 = ∫_∞ e_1 dρ √ w(ρ) = ∫_{e2}

e_3 dρ √ w(ρ)

(3.7)

ω_3 = ∫_∞ e_3 dρ √ w(ρ) = i ∫_{e1}

e_2 dρ √ −w(ρ) . (3.8)

Let ρ_∞, ρ_0 be the values of ρ corresponding to r = +∞, r = 0, respectively, and let ρ_+, ρ_− correspond to r = r_+, r = r_−, if there are any^4. A singularity is denoted by ρ_{sing} (r_{sing}), which may be any of ρ_0, ρ_− depending on the theory. In a general physical situation (ρ_∞,ρ_0,ρ_+,ρ_−,... ,e_3,e_2,e_1) are functions^5 of the vector of parameters ⃗p = (charges, constants of motion) = (M,q,... ,E,L,...) so that the locations of these points on the ρ-axis change with ⃗p. We shall represent (e_3,e_2,e_1) at the same locations on the ρ-axis while (ρ_∞,ρ_0,ρ_+,ρ_−,...) appear on different locations depending on ⃗p.

3There is a third expression for ω_3 that appears with a misprinted sign in [3, 22]. The correct expression is ω_3 = +i ∫ e_3 −∞ dρ √_{−w(ρ)} .

4In case of wormhole solutions, one introduces ρ_a corresponding to the radius a of the throat. 5Some of which may be constants as in the case of Schwarzschild solution where e_3 < ρ_∞ = −1/12 < e_2 and ρ_0 = +∞.

To determine all types of geodesic motion in a given geometry, one has to consider all allowed possible locations of (ρ_∞,ρ_0,ρ_+,ρ_−,...) with respect to (e_3,e_2,e_1). Once this is done, any geodesic motion that can be brought to (1.2) is integrated by mere comparison with the work done in this section. We shall provide some examples in this section and in the next two we apply the procedure to phantom and normal Reissner-Nordström and EMD black holes. To illustrate the procedure, we shall envisage only some locations of (ρ_∞,ρ_0,ρ_+,ρ_−,...) with respect to (e_3,e_2,e_1), most of which are related to phantom and normal Reissner-Nordström and EMD black holes.

3.1.1 Scattering and trapped paths

We consider four possible situations.

e_3 < ρ_∞ < e_2 < e_1 < ρ_0 = ρ_{sing} e_3 < ρ_∞ < e_2 < e_1 < ρ_0 = ρ_{sing}. As light scatters from r = +∞ → r_n → r = +∞, the corresponding point on the ρ-axis moves from ρ_∞ → e_2 → ρ_∞, if ρ(r) is a decreasing function of r, or from ρ_∞ → e_3 → ρ_∞, if ρ(r) is an increasing function of r. We consider the former case throughout this section, which is also going to be the case for the next two sections. The solution to (1.2) is

ρ(r) = ℘(Θ(ϕ) +C).

To fix C we may assume Θ = 0 at ρ_n = e_2, corresponding to r_n, or assume Θ = 0 at ρ_∞. The former case looks simpler leading to e_2 = ℘(C) and thus, by (3.1), C = ω_2 or C = −ω_2 (℘ is an even function!). We choose the latter solution so that by (3.2) C = ω_1 + ω_3 and

ρ(r) = ℘(Θ(ϕ) + ω_1 + ω_3). (3.9)

The angles Θ and ϕ are related by a linear formula that may be put on the form Θ = κϕ. The angle of deflection is then given by δ ϕ = 2 |κ| ∫_{e2} ρ_∞ dρ √ w(ρ) − π = 2 |κ| ( ∫_{e2}

e_3 − ∫_{ρ∞} e_3 ) dρ √ w(ρ) − π = 2 |κ| ω_1 − 2 |κ| ∫_{ρ∞} e_3 dρ √ w(ρ)

− π (3.10)

where we have used the second formula in (3.7).

The other possible motion, the so-called trapped or terminating bound path, is in the region between e_1 and ρ_0 where w(ρ) ≥ 0. If the path starts from the singularity ρ_0 = ρ_{sing} (r = 0), it reaches the farthest point ρ_f = e_1 (r = r_f ) and then returns to ρ_0. Again choosing Θ = 0 at the farthest point, the solution is

ρ(r) = ℘(Θ(ϕ) +C), with C = ω_1 (or C = −ω_1). (3.11)

e_3 < ρ_∞ < e_2 < e_1 < ρ_+ < ρ_0 < ρ_− = +∞ e_3 < ρ_∞ < e_2 < e_1 < ρ_+ < ρ_0 < ρ_− = +∞. If ρ_0 is a singularity, then this case is identical to (a) with a scattering path from ρ_∞ → e_2 → ρ_∞ given by (3.9) and a trapped path between e_1 and ρ_0 given by (3.11).

If ρ_− is a singularity but ρ_0 is not, then there is a trapped path between e_1 and ρ_− given by (3.11). If neither ρ_0 nor ρ_− is a singularity, the path is a many-world periodic bound orbit [19] in that the path, after crossing the inner horizon at r = r_−, emerges in another copy of the space-time then in another copy of it and so on. If we choose Θ = 0 at ρ = e_1, then the solution will be given by (3.11).

e_2 < ρ_0 < e_1 < ρ_∞ < ρ_+ < ρ_− = +∞ e_2 < ρ_0 < e_1 < ρ_∞ < ρ_+ < ρ_− = +∞. Since w(ρ) < 0 for ρ ∈ (e_2,e_1), there are no paths that can reach or emanate from the origin.

There is a path that extends from spatial infinity (ρ_∞) to the inner horizon (ρ_−). This is not a spiral path since the integral ∫_∞

const≥ρ_∞ dρ/ √ w(ρ)

converges (Θ remains finite). If ρ_− is not a singularity, the path is called a two-world scattering orbit in that the path emerges, after crossing the inner horizon at r = r_−, in another copy of the space-time and back to spatial infinity. If ρ_− is a singularity, we have an absorbed path from spatial infinity to the singularity. The solution is again ρ(r) = ℘(Θ(ϕ) +C). Since there is no farthest or nearest point on the path, we choose Θ = 0 at ρ_∞ leading to ρ_∞ =℘(C). Using the inverse function to ℘, C = ∫_∞ ρ_∞ dρ/ √ w(ρ) and ρ(r) = ℘(Θ(ϕ) +C), with C = ∫_∞ ρ_∞ dρ/ √ w(ρ). (3.12)

ρ_0 < e_3 < ρ_∞ < e_2 < e_1 < ρ_− = +∞ ρ_0 < e_3 < ρ_∞ < e_2 < e_1 < ρ_− = +∞. Here again no paths that can reach or emanate from the origin.

We have a scattering path from ρ_∞ → e_2 → ρ_∞, and the solution is again given by (3.9) but with different ⃗p.

There is another path from r = r_1 (ρ = e_1) to r = r_− (ρ = ρ_−). Since in this case r_1 is finite (ρ_∞ < e_1 ⇒ r_1 < +∞), the path is a many-world periodic bound orbit if ρ_− is not a singularity or a trapped path if ρ_− is a singularity. If we choose Θ = 0 at ρ = e_1, then the solution will be given by (3.11).

3.1.2 Absorbed and circular paths

Absorbed paths extend from spatial infinity (ρ_∞) to the (nearest) singularity (ρ_{sing}). Such paths exist if both points ρ_∞, ρ_{sing} are in [e_3,e_2] or in [e_1,+∞). [There are no such paths in the Schwarzschild case when w(ρ) has three distinct real roots.] It is clear that there are no circular paths when w(ρ) has three distinct real roots.

3.2 Two distinct real roots

The Weierstrass polynomial w(ρ) will have two real roots if

g_2 > 0 and Δ ≡ g^3_2 − 27g^2_3 = 0. (3.13)

This happens when one of the local extreme values of w(ρ) is zero. The second condition in (3.13) splits into two cases.

3.2.1 Stable circular and bound paths: g_3 = (g_2/3) √ g_2/3 > 0 g_3 = (g_2/3) √ √ The local maximum value of w(ρ), which is at ρ_{max} = −(1/2) √ g_2/3, is zero. We have

e_3 = e_2 = − 1 2 √ g_2 3 , e_1 = √ g_2 3 [η = 0 in (3.4)]. (3.14)

Since at ρ_{max} = −(1/2) √ g_2/3, w(ρ) has a local maximum, the polynomial P(r) in (1.1) has a local maximum too at the corresponding point r_{max}. But since P(r) ∝ E^2 −V (r) [compare with (A.2)], the potential V (r) has there a local minimum. Thus

ρ ≡ ρ_{max} = e_3 = −(1/2) √ g_2/3 (3.15) is a stable circular path.

Paths in the region ρ ≥ e_1 are periodic: They include the periodic bound and the so-called terminating bound (trapped) and many-world periodic bound orbits [19]. No matter the location of ρ_∞ with respect to e_1 is, the equation of motion can be integrated directly. Let t = √ ρ − e_1 and k^2 = e_1 −e_3 = (3/2) √ g_2/3 > 0, and then (1.2) reads dΘ = dρ 2(ρ − e_3) √ ρ − e_1 = dt t^2 + k^2 leading to √ ρ − e_1 = k tan[k(Θ −C)] or ρ − e_3 =

2(e_1 − e_3) 1 + cos[2k(Θ −C)]

. (3.16)

For the Schwarzschild black hole ρ = M/(2r) − 1/12 [22], Θ = ϕ, g_2 = 1/12, g_3 = 1/216, e_3 = e_2 = −1/12, e_1 = 1/6, k = 1/2, and the second formula in (3.16) is just Eq. (10) of [22].

For the phantom (η_2 = −1) and normal (η_2 = +1) Reissner-Nordström black holes we derive in Section 4.2 from the first formula in (3.16) the following orbit tan [ϕ −C 2 ] = √ r_+ − r r − r_−

(3.17)

which is a trapped path for the phantom black hole (r_+ > r > 0) and a many-world periodic bound path for the normal black hole (r_+ > r > r_−). Using the double-angle formula for tan we rewrite it as

tan(ϕ −C) =

M − r √ 2Mr − η_2q^2 − r^2

, (3.18)

which is the correct form of the misprinted Eq. (64) of [22].

3.2.2 Unstable circular and spiral paths: g_3 = −(g_2/3) √ g_2/3 < 0 g_3 = −(g_2/3) √ √ The local minimum value of w(ρ), which is at ρ_{min} = +(1/2) √ g_2/3, is zero. We have

e_2 = e_1 = + 1 2 √ g_2 3 , e_3 = − √ g_2 3 [η = π in (3.4)]. (3.19)

Since at ρ_{min} = +(1/2) √ g_2/3, w(ρ) has a local minimum, the potential V (r) has there a local maximum [compare with (A.2)]. Thus ρ ≡ ρ_{min} = e_1 = +(1/2) √ g_2/3 (3.20)

is an unstable circular path.

Paths in the regions e_3 ≤ ρ ≤ e_2 and ρ ≥ e_1 depend on the location of ρ_∞. Here we consider the case e_3 < ρ_∞ < e_2. There are two spiral paths approaching the circle ρ = e_1 = +(1/2) √ g_2/3 from 1) ρ_∞ or from 2) ρ_0 (ρ_0 > e_1 in this case). The paths end orbiting the center at an ever 1) decreasing or 2) increasing radii r without, however, reaching the unstable circular path at r = r_1 corresponding to ρ = e_1. The equation of motion can be integrated directly. Let s = √ ρ − e_3 and k^2 = e_1 − e_3 = (3/2) √ g_2/3 > 0.

Then (1.2) reads dΘ = dρ 2|ρ − e_1| √ ρ − e_3 = ds |s^2 − k^2| and Θ, as well as the angle of deflection, diverge as ln |ρ − e_1| as ρ → e_1, which is a general behavior in the strong field limit valid for all spherically symmetric solutions [36–38]. Integration leads to 1) √ ρ − e_3 = −k coth[k(Θ −C)] and 2) √ ρ − e_3 = −k tanh[k(Θ −C)] (3.21) or ρ − e_1 = −

2(e_1 − e_3) 1 ∓ cosh[2k(Θ −C)]

, [− → 1), + → 2)]. (3.22)

For the Schwarzschild black hole ρ = M/(2r) − 1/12 [22], Θ = ϕ, g_2 = 1/12, g_3 = −1/216, e_3 = −1/6, e_1 = e_2 = 1/12 and k = 1/2 we obtain the solutions (11) of [22].

3.3 One real root

The Weierstrass polynomial w(ρ) will have one real root with multiplicity 1 if

Δ ≡ g^3_2 − 27g^2_3 < 0. (3.23)

The sign of the real root e_r

e_r = 1 2 · 9^{1/3}

[(9g_3 + √ 3 √ −Δ)^{1/3} + (9g_3 − √ 3 √ −Δ)^{1/3}] (3.24)

is related to that of g_3 by e_r · g_3 > 0 and e_r = 0 if g_3 = 0. (3.25)

Motion is possible for ρ ≥ e_r.

Absorbed paths exist if the range e_r ≤ ρ < ∞ includes r_{sing} < r < ∞. In that case, we will have e_r ≤ ρ_∞ < ρ_{sing} and the solution will be given by (3.12) where the upper limit of integration “∞” is replaced by “ρ_{sing}”.

If ρ_∞ < e_r < ρ_{sing}, the solution is a trapped path given by (3.11).

One can envisage other situations as ρ_{sing} < e_r and so on. However, we are giving examples that are more or less related to EMD and Reissner-Nordström black holes.

The case g_2 = g_3 = 0 implies e_r = 0 [this is the only case where the three real roots of w(ρ) = 0 are equal]. This is no different from the two cases discussed above for the generic case. However, if ρ(r) were an increasing function of r and ρ_∞ > e_r = 0, the angle Θ would diverge as Θ −C = ∫_{er =0} ρ dρ^′ √ 4ρ^{′3}

∝ lim_{ρ ′→0+} 1 √ ρ^′ for paths approaching e_r = 0 from the right. This is not a logarithmic behavior as the one we have seen earlier. These spiral paths would approach, without reaching, the unstable circular path at ρ = e_r = 0.

3.4 Application: Strong field limit and relativistic images

Because of the orbiting effect [23,39] geodesics may orbit many times around the deflector before escaping to infinity. In the case of light paths, images that are formed because of geodesic deflection by more than 3π/2 are called relativistic images [35]. As we have seen in Subsection 3.2, such an orbiting effect happens in the strong field region and takes place as the nearest point r_n (to the origin) approaches (but remains larger than) the radius of the photon sphere r_{ps}. The limit r_n → r_{ps} leads to spiral paths approaching endlessly the photon sphere. This provides the most common definition of the photon sphere [40]^6. In the context of Weierstrass elliptic functions, we have established that photon spheres are the unstable circular paths with two equal positive roots of the Weierstrass polynomial, e_1 = e_2 > 0, and a negative root, e_3 = −2e_1.

6An alternative equivalent definition of the photon sphere has been formulated in [41] along with an energy condition for a black hole, in a static spherically symmetric spacetime, to be surrounded by it.

In the strong field limit, all relations governing the light trajectory as well as the determination of the angular positions of images and related entities form a set of transcendental, analytically nontractable, equations and inequations. Numerical solutions to the case of a Schwarzschild black hole exit and have led to the following conclusions [42]: 1) Observations of relativistic images would mean high accuracy in the determinations of masses and distances of massive deflectors at the centers of galaxies, and 2) the ratio mass to differential time delay for the two outermost relativistic images is almost constant with respect to changes in (β ,D_d ,D_{ds}).

In the hope that these numerical solutions would be extended to other massive deflectors, some authors resorted to analytic approximate solutions [23,24,36–38]. In the case of relativistic images these methods are valid if the angular position θ of the image is small enough to allow for series expansions. This has been done in [36–38] for the Schwarzschild, Reissner-Nordström, and other black holes and has resulted, among other derivations, in the determination of a log-formula for the angle of deflection and the angular position of the image. Very recently, the method used in [38] has been applied to gravitational lensing by phantom black holes [43].

In the following we will derive an approximate analytic reference equation for the log-formula for the angle of deflection, which applies to any geometry provided the light motion or a plane projection of it is described by (1.2). We assume that a photon sphere r_{ps} exits. The corresponding Weierstrass radial coordinate is denoted by ρ_{ps}, and ρ_n corresponds to r_n. Since we are assuming ρ(r) to be a decreasing function of r, a scattering case corresponds to e_3 < ρ_∞ < e_2 = ρ_n and e_2 < ρ_{ps} < e_1. In the strong field limit, as r_n → r_{ps}, both e_2 and e_1 approach ρ_{ps}. If we set^7 ρ_{ps} − ρ_n = ε̄ > 0, then to the relevant first order of approximation we have e_1 −ρ_{ps} = ε̄ +O[ε̄]^2, where ε̄ is assumed to be small in order to have relativistic images. With e_1 = ρ_{ps} + ε̄ + O[ε̄]^2, e_2 = ρ_n = ρ_{ps} − ε̄, and e_3 = −2ρ_{ps} + O[ε̄]^2 the first equation (3.10) takes the form δ ϕ = 1 |κ| ∫_{ρps−ε̄} ρ_∞ dρ √ (ρ_{ps} + ε̄ − ρ)(ρ_{ps} − ε̄ − ρ)(ρ + 2ρ_{ps})

− π . (3.26)

We introduce the variable z = (ρ_n − ρ)/(ρ_n − ρ_∞). Following [38] we obtain δ ϕ = − 1 |κ| √ 3ρ_{ps} ln [(√3ρ_{ps} + √2ρ_{ps} + ρ_∞)2

24ρ_{ps}(ρ_{ps} − ρ_∞) ε̄ ] − π + ··· . (3.27) The final step is to express δ ϕ in terms of ε: r_n − r_{ps} = 2Mε. We have

ε̄ = ρ_{ps} − ρ_n = ρ(r_{ps}) − ρ(r_{ps} + 2Mε) = −2Mρ^′(r_{ps})ε + O[ε]^2

where ρ^′(r_{ps}) = (dρ/dr) | r=r_{ps} . Substituting in (3.27), we arrive at δ ϕ = − 1 |κ| √ 3ρ_{ps} ln [(√3ρ_{ps} + √2ρ_{ps} + ρ_∞)2

12ρ_{ps}(ρ_∞ − ρ_{ps})

Mρ^′(r_{ps})ε ] − π + ··· (3.28)

which is valid whether ρ is increasing or decreasing. As we mentioned earlier, this formula applies to all relativistic images of light paths governed by (1.2). The formula looks much easier to handle analytically than that given in [38]. Using an expansion of b in powers of ε, one can determine the positions of the relativistic images if these are too small to allow for series expansions as shown in the following example.

7Had we assumed ρ(r) increasing, a scattering case would correspond to ρ_n = e_1 < ρ_∞. In the strong field limit we set ρ_n − ρ_{ps} = ε̄ > 0 leading to ρ_{ps} − e_2 = ε̄ + O[ε̄]^2. Eq. (3.26) would read δ ϕ = 1 |κ| ∫ ρ_∞ ρ_{ps}+ε̄ dρ √ (ρ − ρ_{ps} − ε̄)(ρ − ρ_{ps} + ε̄)(ρ + 2ρ_{ps}) − π .

For the Schwarzschild black hole we have seen that [22] ρ = M/(2r) − 1/12, κ = 1, ρ_{ps} = 1/12, and ρ_∞ = −1/12. We obtain ε̄ = M/(2r_{ps}) − M/(2r_n) = ε/9 + ···, where we have used r_{ps} = 3M, and finally

δ ϕ = −2ln

[2 + √3 18 ε ] − π + ··· which is the same as in [36, 37]. For small angular positions of the source and its image, the impact parameter b and θ are related by b = D_d θ. Using an expansion of b in powers of ε: b = 3 √ 3M + 2 √ 3Mε^2 + ···, we arrive at δ ϕ = −ln [ D_d θ 3 √ 3M − 1 ] + ln[216(7 − 4 √ 3)] − π + ··· as in [38]. The position of the relativistic image of order n in terms of β (the angular position of the source) is determined as in [36–38].

4 Phantom and Normal Reissner-Nordström black holes

It is difficult or impossible to reduce (A.3) to (1.2) for any γ . For γ = ±2 and probably for some other values, the problem can be tackled semianalytically in a similar way to what is done in [4,9,19]: Limits to the analytical treatment are 1) lack of “compact” solutions to the polynomial equation (or its polynomial reduced form) P(r) = 0 and/or 2) lack of solutions to the generally nonpolynomial equation Δ ≡ g^3_2 − 27g^2_3 = 0. All that does not apply to the cases γ = 1 and γ = 0, which can be entirely analytically solved. In this section we investigate the former case and in the next one we tackle the latter case.

Setting γ = 1 in (2.5, 2.7, A.3) with ε = 0 we obtain M = r_+ + r_− 2 , q = ± √ η_2r_−r_+ , r_− = η_2|r_−|, r_−r_+ = η_2q^2 (4.1)

r_± = M ± √ M^2 − η_2q^2 = M(1 ± √ 1 − η_2a^2) (4.2) ( du dϕ )_2

= ℓ − u^2 + 2Mu^3 − η_2q^2u^4 (4.3)

where ℓ = E^2/L^2 = 1/b^2 ≥ 0.

Let u_r = 1/r_r be any real root of the polynomial in the r.h.s of (4.3):

ℓ − u^2_r + 2Mu^3_r − η_2q^2u^4_r = 0 [ℓ = η_2q^2u^2_r (u_r − u_−)(u_r − u_+) ≥ 0]. (4.4)

Since ℓ ≥ 0, all the real roots of the polynomial are either greater than u_− > u_+ > 0 or smaller that u_+ for η_2 = +1 and they are all between u_− < 0 and u_+ > 0 for η_2 = −1 (Figure 7).

If ℓ ≠ 0 (ℓ > 0), we have necessarily u_r ≠ u_+, u_r ≠ u_−, and u_r ≠ 0: It is not possible to find solutions with ℓ ≠ 0 and r_r = r_+ [22, Eqs. (65, 66)].

If u_r is a root with multiplicity 1, following the general procedure, we introduce the radial coordinate y = u − u_r followed by z = 1/y, and finally ρ = 3C_1z +C_2 12 = C_1 4(u − u_r) + C_2 12 = − C_1 4 r_rr r − r_r + C_2 12 , Θ = ϕ (4.5)

with

C_1 ≡ 2u_r(3Mu_r − 1 − 2η_2q^2u^2_r ) = 2u_r(1 − Mu_r) − 4ℓ/u_r (4.6) C_2 ≡ 6Mu_r − 1 − 6η_2q^2u^2_r = 5 − 6Mu_r − 6ℓ/u^2_r . (4.7)

Figure 7: Plots of Y = ℓ − u^2 + 2Mu^3 − η_2q^2u^4 with ℓ ≥ 0. The roots are (u_r,u_3,u_2,u_1). M_r is the point with coordinate

(u_r,0). (a): The phantom Reissner-Nordström black hole(η_2 = −1). To perform the reduction of (4.3) to (1.2) we choose u_r to be the lowest root of ℓ − u^2 + 2Mu^3 + q^2u^4 = 0 with u_− < u_r. (b): The normal Reissner-Nordström black hole(η_2 = +1). To perform the reduction of (4.3) to (1.2) we choose u_r to be the largest root of ℓ − u^2 + 2Mu^3 − q^2u^4 = 0 with u_− < u_r. For both plots, (u_+,u_−) are the intersections of the graphs of Y = −u^2 + 2Mu^3 − η_2q^2u^4 with the u-axis, which are the same graphs as those shown here but shifted downward ℓ units.

Eqs. (4.5) reduce (4.3) to (1.2) with

g_2 = 1 12 − ℓQ^2 , (Q^2 = η_2q^2) (4.8)

g_3 =

1 − 54ℓM^2 + 36ℓQ^2 216 (4.9)

Δ = ℓ[M^2(1 + 36ℓQ^2) − 27ℓM^4 − Q^2(1 + 4ℓQ^2)^2]/16 (4.10) = −Q^6ℓ(ℓ − ℓ_−)(ℓ − ℓ_+) = −η_2q^6ℓ(ℓ − ℓ_−)(ℓ − ℓ_+)

where we have used (4.4) to eliminate u_r from the expressions of g_2, g_3. The new parameters (ℓ_−,ℓ_+) are defined by

q^2ℓ_± = η_2

−27 + 36η_2a^2 − 8a^4 ± (9 − 8η_2a^2)^{3/2} 32a^4

. (4.11)

In the physical case a^2 = q^2/M^2 < 1, 0 < ℓ_+ < ℓ_− for the phantom black hole and ℓ_− < 0 < ℓ_+ for the normal one.

The transformation (4.5) “splits” the point r = r_r into r^+_r and r^−_r (corresponding to u^−_r and u^+_r , respectively). If C_1 < 0, then r^+_r and r^−_r are sent to ρ = ρ_r = +∞ and ρ = −∞, respectively, and if C_1 > 0 the latter limits are reversed. As we shall see in Appendix B, it is always possible to choose the real root u_r so that C_1 < 0: We choose u_r to be the smallest root for phantom black holes and the largest root for normal ones. The points ρ_∞, ρ_0 and ρ_± (corresponding to r = +∞, r = 0, and r = r_±) on the ρ-axis are given by

ρ_∞ = ℓ 2u^2_r − 1 12 , ρ_0 =

C_2 12 = 5 12 − ℓ 2u^2_r − Mu_r 2 (4.12)

ρ_± =

C_1 4(u_± − u_r) + C_2 12 (4.13)

which depend on u_r whose analytic expression in terms of (M,q^2,ℓ) is sizable.

4.1 Three distinct real roots for w(ρ) = 0w(ρ) = 0w(ρ) = 0 For the phantom case, we derive in Appendix B [Eq. (B.2)] the following order relations for the ρparameters:

e_3 < ρ_∞ < e_2 < e_1 < ρ_+ < ρ_0 < ρ_− < ρ_r = +∞. (4.14) The only possible paths are scattering ones from ρ_∞ to e_2 given by (3.9, 4.5) or trapped ones from any point e_1 ≤ ρ ≤ ρ_+ to the singularity at ρ_0 [from any point r_+ ≤ r ≤ r_1 = 1/u_1, where u_1 < u_+ is the largest root of ℓ − u^2 + 2Mu^3 + q^2u^4 = 0 [Figure 7 (a)], to r = 0]. If the trapped path starts from ρ = e_1 its equation is given by (3.11, 4.5).

For the normal case, Eq. (B.6) of Appendix B reads

ρ_0 < e_3 < ρ_∞ < e_2 < e_1 < ρ_+ < ρ_− < ρ_r = +∞. (4.15)

The only possible paths are scattering ones from ρ_∞ to e_2 given by (3.9, 4.5) or many-world ones from any point e_1 ≤ ρ ≤ ρ_+ to ρ = +∞ (from any point r_+ ≤ r ≤ r_1 = 1/u_1 to r_r = 1/u_r where u_r > u_− is the largest root of ℓ − u^2 + 2Mu^3 − q^2u^4 = 0 and u_1 < u_+ is the second largest root [Figure 7 (b)]). If the many-world path starts from ρ = e_1 its equation is given by (3.11, 4.5).

4.2 Two distinct real roots for w(ρ) = 0w(ρ) = 0w(ρ) = 0 This corresponds to [Eq. (3.13)] 1 12 − ℓη_2q^2 > 0 and (ℓ = 0, ℓ = ℓ_− or ℓ = ℓ_+). (4.16)

4.2.1 Case ℓ = 0ℓ = 0ℓ = 0.

As we do and explain in Appendix B we choose u_r = u_−, which is the smallest (largest) root for the phantom (normal) solution when ℓ = 0. In this case C_1 < 0 and ρ(r) is a decreasing function of r [as r → r^+_− (from the right), ρ → +∞]. The order relations as given in (B.3, B.7) read

η_2 = −1 : e_3 = e_2 = ρ_∞ = − 1 12 < e_1 = ρ_+ = 1 6 < ρ_0 < ρ_− = +∞ (4.17)

η_2 = +1 : ρ_0 < e_3 = e_2 = ρ_∞ = − 1 12 < e_1 = ρ_+ = 1 6 < ρ_− = +∞. (4.18)

Since ρ_0 is a singularity for the phantom black hole, there is a trapped path for this hole from ρ_+ → ρ_0 given by (3.17, 3.18) with η_2 = −1.

There is a many-world periodic path for the normal black hole from ρ_+ → ρ_− given by (3.16, 4.5). Using (4.5) with u = 1/r, u_r = u_−, C_1 = −(r_+ − r_−)/r^2_−, and C_2 = (2r_− − 3r_+)/r_− we have

4(ρ − e_1) = r_+ − r r − r_− = (r_+ − r)^2 2Mr − η_2q^2 − r^2

(η_2 = +1) (4.19)

then using the first equation (3.16) with k = √ e_1 − e_3 = 1/2 leads to (3.17, 3.18).

Had we chosen u_r = u_+, instead of u_r = u_−, we would reach the same conclusions concerning the nature of the paths. In this case, we would have C_1 = 2u_+(1 − Mu_+) > 0, and ρ(r) is an increasing function of r [as r → r^−_+ (from the left), ρ → +∞] and

η_2 = −1 : e_3 = e_2 = ρ_∞ = − 1 12 < e_1 = ρ_− = 1 6 < ρ_0 < ρ_+ = +∞ (4.20)

η_2 = +1 : e_3 = e_2 = ρ_∞ = − 1 12 < ρ_0 < e_1 = ρ_− = 1 6 < ρ_+ = +∞. (4.21)

But instead of (4.19) we would obtain

4(ρ − e_1) = r − r_− r_+ − r = 2Mr − η_2q^2 − r^2

(r_+ − r)^2 and tan [ϕ −C 2 ] = √ r − r_− r_+ − r

. (4.22)

4.2.2 Cases ℓ = ℓ_±ℓ = ℓ_±ℓ = ℓ_±.

Now we consider the cases ℓ = ℓ_±. Note that in this case g_2, g_3 are, by (4.11), functions of (a^2,η_2) only and that M^2ℓ_± are also functions of (a^2,η_2) only,

M^2ℓ_± = η_2

−27 + 36η_2a^2 − 8a^4 ± (9 − 8η_2a^2)^{3/2} 32a^6

(4.23)

leading to lim_{a2→0} ℓ_− = +∞ (η_2 = −1) and lim_{a2→0} ℓ_+ = 1 27M^2

(η_2 = ±1).

With b = √ 1/ℓ, the last two limits are the Schwarzschild limit for the impact parameter (3 √ 3M) allowing photons to orbit endlessly the hole around the photon sphere without reaching it.

ℓ = ℓ_+ ℓ = ℓ_+. If ℓ = ℓ_+ and η_2 = −1, g_2 > 0 and g_3 < 0. A similar case has been treated in Eqs. (3.19) to (3.22). There is a root with multiplicity 2 at ρ = e_1 = e_2 = (1/2) √ g_2/3. The corresponding root u = u_1 is such that the r.h.s of (4.3) reads: ℓ_+ − u^2 + 2Mu^3 + q^2u^4 = q^2(u − u_1)^2(u − u_r)(u − u_3) where u = u_3 corresponds to ρ = e_3 = −2e_1. This is the case where the point M_1 is on the u-axis [Figure 7 (a)]. The order relations are given in (B.4):

e_3 < ρ_∞ < e_1 = e_2 < ρ_+ < ρ_0 < ρ_− < ρ_r = +∞. (4.24)

There is an unstable circular path at

ρ_{ps} = e_1 = √ (9 − 8η_2a^2)(9 − 4η_2a^2 − 3 √ 9 − 8η_2a^2) 24 √ 2a^2

(4.25)

(with η_2 = −1) corresponding to r = r_1 = 1/u_1 (the photon sphere) with^8

r_1 = r_{ps} = √ 9 − 8η_2a^2 + 3 2 M > 3M > r_+ (4.26)

and spiral paths from r = +∞ (ρ = ρ_∞) to r = r_1 (ρ = e_1) and from r = r_+ (ρ = ρ_+) to r = r_1 (ρ = e_1) given by (3.22) and (4.5) with k = √ 3e_1. There is also a trapped path from r = r_1 (ρ = e_1) to r = 0 (ρ = ρ_0) given by (3.22) with the + sign. In the limit a^2 → 0, r_1 → 3M, which is the Schwarzschild limit.

If ℓ = ℓ_+ and η_2 = +1, g_2 > 0 and g_3 < 0. There is a root with multiplicity 2 at ρ = e_1 = e_2 = (1/2) √ g_2/3. The corresponding root u = u_1 is such that the r.h.s of (4.3) reads ℓ_+ − u^2 + 2Mu^3 − q^2u^4 = q^2(u−u_1)^2(u−u_r )(u−u_3), where u = u_3 corresponds to ρ = e_3 = −2e_1. This is the case where the point M_3 is on the u-axis [Figure 7 (b)]. The order relations are given in (B.8):

ρ_0 < e_3 < ρ_∞ < e_1 = e_2 < ρ_+ < ρ_− < ρ_r = +∞. (4.27)

8u_1 is the largest root of ℓ_+ − u^2 + 2Mu^3 + q^2u^4 = 0 when M_1 is on the u-axis (Figure 7 (a)).

There is an unstable circular path at ρ = e_1, given by (4.25) taking η_2 = +1, which corresponds to r_{ps} = r_1 = 1/u_1 (the photon sphere)^9. The latter is given by (4.26) taking η_2 = +1, leading to r_+ < r_{ps} < 3M. There are spiral paths from r = +∞ (ρ = ρ_∞) to r = r_1 (ρ = e_1) and from r = r_+ (ρ = ρ_+) to r = r_1 (ρ = e_1) given by (3.22) and (4.5) with k = √ 3e_1. There is also a many-world periodic bound path from r > r_+ through r = r_− to r = r_r > 0, which emerges in another copy of the space-time after crossing r = r_−. This is also given by (3.22) with the + sign. In the limit a^2 → 0, r_1 → 3M, which is the Schwarzschild limit. ℓ = ℓ_− ℓ = ℓ_−. We have necessarily η_2 = −1 since ℓ_− < 0 for the normal Reissner-Nordström black hole. In this case, the r.h.s of (4.3), ℓ_− − u^2 + 2Mu^3 + q^2u^4, has only one real root^{10} u_1 = −[ √ 9 + 8a^2 + 3]/(4a^2M) < 0 with multiplicity 2 and two complex roots^{11}. Thus, the r.h.s of (4.3) is always positive with only absorbed paths from spatial infinity to the singularity at r = 0 given by (3.12) and (4.5).

4.3 One real root for w(ρ) = 0 w(ρ) = 0

This corresponds to [Eq. (3.23)]

27 + 36a^2 + 8a^4 − (9 + 8a^2)^{3/2}

32M^2a^6 < ℓ < 27 + 36a^2 + 8a^4 + (9 + 8a^2)^{3/2} 32M^2a^6

(η_2 = −1) (4.28) ℓ > 36a^2 − 27 − 8a^4 + (9 − 8a^2)^{3/2} 32M^2a^6

(η_2 = +1). (4.29)

For the phantom solution (η_2 = −1), this is the case where the point M_1 is above the u-axis and M_3 is below it [Figure 7 (a)]. The two real roots (u_r < u_3) of ℓ − u^2 + 2Mu^3 + q^2u^4 = 0 are negative and (u_1,u_2) are now complex roots, so (e_1,e_2) no longer exist . Eqs. (B.1, B.2) become

u_− < u_r < u_3 < 0 < u_+ e_3 < ρ_∞ < ρ_+ < ρ_0 < ρ_− < ρ_r = +∞ (4.30)

with only absorbed paths from spatial infinity to the singularity at r = 0 given by (3.12) and (4.5).

For the normal solution (η_2 = +1), this is the case where the point M_3 is above the u-axis [Figure 7 (b)]. The two real roots of ℓ − u^2 + 2Mu^3 − q^2u^4 = 0 satisfy u_3 < 0 and u_r > u_− > 0 is the largest one. (u_1,u_2) are now complex roots, so (e_1,e_2) no longer exist. Eqs. (B.5, B.6) become

u_3 < 0 < u_+ < u_− < u_r ρ_0 < e_3 < ρ_∞ < ρ_+ < ρ_− < ρ_r = +∞. (4.31)

The only existing paths are two-world scattering paths from spatial infinity to r = r_r = 1/u_r > 0 given by (3.12) and (4.5).

The log-formula for the deflection angle is easily determined using (3.28) with ρ_∞, M^2ℓ_+, and ρ_{ps} given by (4.12, 4.23, 4.25), respectively, κ = 1, and U_r = Mu_r is the lowest root (if η_2 = −1) or largest one (if η_2 = +1) of M^2ℓ_+ −U^2 + 2U^3 − η_2a^2U^4 = 0.

9u_1 is the smallest positive root of ℓ_+ − u^2 + 2Mu^3 − q^2u^4 = 0 when the point M_3 is on the u-axis (Figure 7 (b)). 10u_1 is the only real root of ℓ_− − u^2 + 2Mu^3 + q^2u^4 = 0 when the point M_3 is on the u-axis (Figure 7 (a)). 11In this case the reduction of (4.3) does not lead to (1.2); rather, it leads to a similar equation with an irreducible quadratic form on the r.h.s., a polynomial of degree 2 with complex roots.

5 Null geodesics of phantom and normal EMD

In this section we restrict ourselves to the case γ = 0, which corresponds to η_1 = +1, and then (2.3) implies η_2 = −1 for the cosh solution and η_2 = +1 for the sinh one. Thus we will be considering E-anti- MD for the cosh solution and normal EMD for the sinh one.

Instead of u = (1/r_−) − ( f_−/r_−), we use f_− as a radial coordinate. This way we reduce (A.3) for light paths (ε = 0) to ( d f_− dϕ )_2

= [α f^3_− − (3α + 1) f^2_− + (3α + β + 2) f_− − (α + 1)] f_− (5.1)

where, using (2.6), α ≡ − r_+ r_−

= −η_2

2M^2 q^2

= −η_2 2 a^2 , β ≡ r^2_−E^2 L^2 = q^4E^2 M^2L^2 = q^4 M^2b^2

≥ 0. (5.2)

In the physical case a^2 < 1, to which we restrict ourselves, α is constrained by

α > 2 if η_2 = −1, α < −2 ifη_2 = +1 (5.3)

for the phantom cosh and normal sinh solutions, respectively.

The next step is to introduce the variable R = 1/( f_− − f_0) where f_0 is a zero of the fourth order polynomial in f_− on the r.h.s of (5.1). We choose f_0 = 0, leading to ( dR dϕ )_2

= α − (3α + 1)R + (3α + β + 2)R^2 − (α + 1)R^3 .

The final steps consist in eliminating the term in R^2 and rescaling ϕ by introducing the Weierstrass coordinates (ρ,Θ) defined by

R = −

4^{1/3} (α + 1)^{1/3} ρ + 3α + β + 2 3(α + 1)

(5.4)

dΘ = −η_2

(α + 1)^{1/3} 4^{1/3} dϕ , (dϕ · dΘ > 0) (5.5)

and dϕ · dΘ > 0 by (5.3). The reduced equation is (1.2): (dρ/dΘ)^2 = 4ρ^3 − g_2ρ − g_3 with

g_2 =

4^{1/3} 3 1 + 2(2 + 3α)β + β^2 (1 + α)^{4/3}

(5.6)

g_3 =

2 − 3(5 + 12α + 9α^2)β − 6(2 + 3α)β^2 − 2β^3 27(1 + α)^2

. (5.7)

Note that, if α is restricted by (5.3), ρ(r) is a decreasing function of r for all η_2. ρ(r) and its inverse function are given by ρ = (β − 1)r − (3α + β + 2)r_− 3 · 4^{1/3}(1 + α)^{2/3}(r − r_−) and r = r_−[3α + β + 2 − 3 · 4^{1/3}(1 + α)^{2/3}ρ] β − 1 − 3 · 4^{1/3}(1 + α)^{2/3}ρ

(5.8)

so that, using r_− = η_2|r_−| and α +1 = −η_2|α +1|, we arrive at dρ/dr = −|r_−||α +1|^{1/3}/[4^{1/3}(r −r_−)^2].

In the limit r → r_−, ρ → −3r_−(α + 1)/(r − r_−) = 3|r_−||α + 1|/(r − r_−) for all η_2. Thus the transformation (5.8) “splits” the point r_− into r^− and r^+_− and sends the point r^− to ρ = −∞ and the point r^+_− to ρ = ρ_− = +∞. The points ρ_∞, ρ_0, and ρ_+ (corresponding to r = +∞, r = 0, and r = r_+) on the ρ-axis are given by ρ_∞ = β − 1 3 · 4^{1/3}(α + 1)^{2/3}

, ρ_0 =

3α + β + 2 3 · 4^{1/3}(α + 1)^{2/3}

, ρ_+ = β + 2 3 · 4^{1/3}(1 + α)^{2/3}

(5.9)

and ρ_0 > 0 for phantom black holes. If (e_1,e_2,e_3) are real, the order relations of these roots with respect to (ρ_∞,ρ_0,ρ_+) depend on (α,β ) = ⃗p. This will be done for each case (phantom or normal) separately.

Ordering (ρ_∞,ρ_0,ρ_+) is also done separately as follows. For the phantom cosh black hole we have r^+_− < 0 < r_+ < +∞, which leads to [ρ(r) is always decreasing]

ρ_∞ < ρ_+ < ρ_0 < ρ_− = +∞. (5.10)

For the normal sinh black hole we have 0 < r^− < r^+_− < r_+ < +∞. But since ρ(r) is always decreasing, if one moves on the r-axis along the path r = +∞ → r_+ → r^+_− → r^− → 0, the corresponding point on the ρ-axis moves along the path ρ_∞ → ρ_+ → ρ_− = +∞ → (in a circular rotation) −∞ → ρ_0. Thus

ρ_0 < ρ_∞ < ρ_+ < ρ_− = +∞. (5.11)

Let (β_1,β_2,β_3,β_4) be the following α functions:

β_{1,2} = −(2 + 3α) ∓ √ 3(1 + α)(1 + 3α) (1 → −, 2 → +) (5.12)

β_{3,4} =

1 − 18α − 27α^2 ± (1 + 9α) √ (1 + α)(1 + 9α) 8α (3 → +, 4 → −) (5.13)

in terms of which we have

g_2 =

4^{1/3} 3 (β − β_1)(β − β_2)

(1 + α)^{4/3}

(5.14)

Δ ≡ g^3_2 − 27g^2_3 = β [4 + (1 − 18α − 27α^2)β − 4αβ^2] (1 + α)^2 = −4αβ (β − β_3)(β − β_4) (1 + α)^2 . 5.1 The phantom cosh black hole: α > 2, η_2 = −1 α > 2, η_2 = −1 In this case g_2 > 0 for all β ≥ 0 (Eq. (5.2)), β_4 < 0 and β_3 > 0.

5.1.1 Three distinct real roots for w(ρ) = 0w(ρ) = 0w(ρ) = 0

This corresponds to (Eq. (3.3)): 0 < β < β_3 which leads, using (3.4, 5.9, 5.10), to

e_3 < ρ_∞ < e_2 < e_1 < ρ_+ < ρ_0 < ρ_− = +∞ (ρ_∞ < 0). (5.15)

To order (ρ_∞,ρ_0,ρ_+) with respect to (e_1,e_2,e_3), as done in (5.15), we may use different methods as plotting the surfaces ρ_+ − e_1 and so on or simply evaluate the Weierstrass polynomial and its derivatives w^′ = 12ρ^2 − g_2 and w^{′′} = 24ρ at (ρ_∞,ρ_0,ρ_+). For instance, w(ρ_+) > 0, w^′(ρ_+) > 0 and w^{′′}(ρ_+) > 0.

This case has been treated in Subsection 3.1.1 case (b). Since ρ_0 is a singularity for the cosh black hole, there is a trapped path from e_1 to ρ_0 given by (3.11, 5.5, 5.8). The scattering path from ρ_∞ → e_2 → ρ_∞ is given by (3.9, 5.5, 5.8).

5.1.2 Two distinct real roots for w(ρ) = 0w(ρ) = 0w(ρ) = 0

This corresponds to [Eq. (3.13)] β = 0 or β = β_3 . (5.16)

For β = 0, ρ_+ = e_1 and g_3 > 0 so that g_3 = (g_2/3) √ g_2/3. The relations (5.15) are still valid, in the limit we have e_3 = ρ_∞ = e_2. This case has been treated in Eqs. (3.14) to (3.16). Since ρ_0 is a singularity for the cosh black hole, there is a trapped or terminating bound path from ρ_+ = e_1 (r = r_+) to ρ_0 (r = 0) given by (3.16, 5.5, 5.8) with e_1 = −2e_3 = −2e_2 = −2ρ_∞ = 2^{1/3}/[3(1 + α)^{2/3}]:

2^{2/3}(1 + α)^{2/3}ρ = 2 3 + tan^2 [ Θ −C 2^{1/3}(1 + α)^{1/3} ] . Substituting β = 0 into (5.6) and then into (3.15) and the second equation (5.8), we obtain the radius of the stable circular path at r = ∞, as in the Schwarzschild case.

For β = β_3, g_3 < 0 so that g_3 = −(g_2/3) √ g_2/3. This case has been treated in Eqs. (3.19) to (3.22).

The relations (5.15) remain valid with 2e_1 = 2e_2 = −e_3 = √ g_2(β_3)/3. There are spiral paths given by (3.22, 5.5, 5.8) which approach the unstable circular path at ρ = e_1 from above(ρ_∞)/below(ρ_0). The radii ρ_{ps} = e_1 and r_{ps} = r_1 of the unstable circular path (photon sphere) are given by

ρ_{ps} = 1 24 {(1 + 9α)[1 + 9α 2 − η_2√A + α(2 + 3η_2√A)]

2^{1/3}α^2(1 + α)^{1/3} }_{1/2} (5.17)

r_{ps} =

8r_+(1 + 3α)

1 − η_2 √ A − α(10 + 27α + 9η_2 √ A) − η_2 √ 2A √ 1 − η_2 √ A + α(2 + 9α + 3η_2 √ A) (5.18)

(with η_2 = −1 and α > 2) where A = (1 + α)(1 + 9α) and r_+ = 2M. The limit q^2 → 0 corresponds to α → +∞. The radius r_{ps}, as given by (5.18), decreases from (5 + √ 57)r_+/8 to the Schwarzschild limit 3r_+/2 as α increases from 2 → +∞.

5.1.3 One real root for w(ρ) = 0 w(ρ) = 0

This case corresponds to [Eq. (3.23)]: β > β_3 leading to

ρ_∞ < e_r < ρ_+ < ρ_0 < ρ_− = +∞ (5.19)

where e_r is the real given by (3.24). For α > 2 it is not possible to have g_2 = 0 and g_3 = 0, so there is no solution e_r = 0 with multiplicity 3. Since ρ_0 is a singularity for the cosh black hole, there is a trapped path from e_r to ρ_0 for the generic case β > β_3 given by (3.11, 5.5, 5.8).

5.2 The normal sinh black hole: α < −2, η_2 = +1 α < −2, η_2 = +1

In this case 0 < β_4 < β_1 < β_2 < β_3. Thus, the condition Δ > 0 [Eq. (5.14)] ensures g_2 > 0.

5.2.1 Three distinct real roots for w(ρ) = 0w(ρ) = 0w(ρ) = 0

This corresponds to [Eq. (3.3)]: 0 < β < β_4 or β > β_3, which leads, using (3.4, 5.9, 5.11), to

ρ_0 < e_3 < ρ_∞ < e_2 < e_1 < ρ_+ < ρ_− = +∞ if 0 < β < β_4 (ρ_∞ < 0) (5.20) e_3 < e_2 < ρ_0 < e_1 < ρ_∞ < ρ_+ < ρ_− = +∞ if β > β_3 . (5.21)

For the case 0 < β < β_4, which has been treated in Section 3.1.1 case (d), the solution for the scattering path from ρ_∞ → e_2 → ρ_∞ (r = ∞ → r_2 → r = ∞) is given by (3.9, 5.5, 5.8). There is another path from r = r_1 (ρ = e_1) to r = r_− (ρ = ρ_−), which is a trapped path where ρ_− is a null singularity for the sinh black hole. If we choose Θ = 0 at ρ = e_1, then the solution is given by (3.11, 5.5, 5.8).

The case β > β_3 has been treated in Section 3.1.1 case (c). Since ρ_− is a singularity, we have an absorbed path from spatial infinity to the singularity. The solution is given by (3.12, 5.5, 5.8).

5.2.2 Two distinct real roots for w(ρ) = 0w(ρ) = 0w(ρ) = 0

This corresponds to [Eq. (3.13)]: β = 0, β = β_4 or β = β_3.

The discussion of the case β = 0 for the normal sinh black hole is similar to that for the phantom cosh one. The information in the first paragraph following (5.16) applies to this case if we replace “ρ_0” by “ρ_−”, “r = 0” by “r = r_−” and “cosh” by “sinh”. Thus, there is a trapped path from ρ_+ to the singularity ρ_− given by (3.16, 5.5, 5.8).

For β = β_4, g_3 < 0 so that g_3 = −(g_2/3) √ g_2/3. This case corresponds to the case β = β_3 of the phantom cosh black hole; the discussion in the second paragraph following (5.16) applies and the radii of the unstable circular path (photon sphere) are obtained from (5.17, 5.18) taking η_2 = +1 (α < −2). The limit q^2 → 0 corresponds to α → −∞. The radius r_{ps} increases from (7 + √ 17)r_+/8 > r_+ to the Schwarzschild limit 3r_+/2 as |α| increases from 2 → +∞ (α decreases from −2 → −∞).

For β = β_3, g_3 > 0 so that g_3 = +(g_2/3) √ g_2/3. In this case e_3 = e_2 = −2e_1 [Eq. (3.14)], and all remaining inequalities in (5.21) are still valid. Since ρ_− is a singularity, we have an absorbed path from spatial infinity to the singularity. The solution is given by (3.12, 5.5, 5.8). The value r_3 = r_2 corresponding to e_3 = e_2, which should give the radius of the stable circular path, is such that 0 < r_3 = r_2 < r_− = r_{sing}.

5.2.3 One real root for w(ρ) = 0 w(ρ) = 0

This case corresponds to [Eq. (3.23)]: β_4 < β < β_3 leading to

ρ_0 < e_r < ρ_∞ < ρ_+ < ρ_− = +∞ (5.22)

where e_r is the real root given by (3.24). For α < −2 it is not possible to have g_2 = 0 and g_3 = 0, so there is no solution e_r = 0 with multiplicity 3. In the generic case β_1 ≤ β ≤ β_2 and g_3 ≠ 0 there is an absorbed path from ρ_∞ to the singularity at ρ = ρ_− = +∞ given by (3.12, 5.5, 5.8).

The log-formula for the deflection angle is easily determined using (3.28) with ρ_∞ and ρ_{ps} given by (5.9, 5.17), respectively, and |κ| = |α + 1|^{1/3}/4^{1/3}.

6 Conclusion

To the first order of approximation, all black holes of phantom and normal EMD deflect light in the same manner. If we restrict ourselves to physical conditions [a^2 ≤ 1 for η_2 = −1 and a^2 ≤ (1 + γ)/(2γ) for η_2 = +1], then 1) for γ larger than some γ_0, which is likely in (−0.2,0) and depending on the parameters of the black hole, black holes of E-anti-M-(anti)-D theory (regardless of the sign of η_1) cause light rays to deflect with larger angles than black holes of EM-(anti)-D. The difference in the angles and the relative discrepancy ever increase with a^2 for fixed (u_n,γ). For fixed (a^2,γ), they increase with 1/r_n and diverge as r_n approaches the photon sphere of E-anti-M-(anti)-D black holes. 2) For γ < γ_0 and η_2γR_{δ ϕ} < 0 light is more deflected by the black holes of EMD than by those of E-anti-MD; the relative discrepancy for larger values of the impact parameter is, however, much larger for the black holes of E-anti-MD.

Time delay and relativistic images are other ingredients, besides deflection, allowing for the determination of the nature of matter. From this point of view a very useful log-formula for the positions of the images has been determined.

The method based on the Weierstrass polynomial to integrate geodesic motion and determine exact solutions is equivalent to other methods using potential barriers and can be applied systematically. The advantage of using the method based on the Weierstrass polynomial is that motion is allowed in at most two regions: In between the smallest root of the polynomial and the intermediate one and/or for values greater than the largest root. This highly simplifies the problem. Some of the systematic resolutions consist as follows: 1) The angle of deflection and the log-formula have standard expressions for all problems that can be brought to Weierstrass differential equation. 2) If the smallest and intermediate roots of the Weierstrass polynomial are equal for some value of the vector of parameters, there should be a stable circular path for the corresponding radial coordinate r if the latter is within accessible limits to observers. 3) If the largest and intermediate roots are equal for some value of the vector of parameters, there should be an unstable circular path (photon sphere) for the corresponding radial coordinate r if the latter is within accessible limits to observers. 4) Existence of spiral paths, which approach endlessly the photon spheres, is a consequence of 3). 5) Existence and identification of divergencies for the angle of deflection: a logarithmic one if 3) holds or a power law one (to the power −1/2) if the three real roots are zero. 6) Ordering of the parameters expressing spatial infinity, singularity, horizons and so on on the Weierstrass axis is derived by circular rotation (from their given order relations on the r-axis) in the one or the other way depending on the coordinate transformation relating the Weierstrass radial coordinate to the spherical radial one (increasing or decreasing).

Phantom Reissner-Nordström black holes are characterized by the existence of trapped and absorbed null paths that do not exist for normal Reissner-Nordström black holes. Their other noncommon paths include many-world (periodic bound) and two-world paths that exist only for normal Reissner-Nordström black holes. Their common paths include scattering, spiral (existence of logarithmic divergencies), and unstable circular paths with radii approaching the Schwarzschild limit from above for phantom black holes and from below for normal ones.

Both phantom cosh and normal sinh black holes of EMD theory are characterized by the presence of scattering, trapped, and unstable circular paths, thus spiral paths and the existence of logarithmic divergencies. The photon spheres are larger or smaller than the Schwarzschild one, respectively, and approach it in the limit of no electric charge. The phantom solution has no absorbed path while the normal one does.

Acknowledgments

Thanks are due to Gérard Clément (LAPTH) for helpful correspondence.

Appendix A: Geodesic equations and angle of deflection

Related to the two Killing vectors (∂_t ,∂_ϕ ) are the two constants of motion (E,L) given by

f_+ f^γ_− dt dτ = E , r^2 sin^2 θ f^{1−γ}_− dϕ dτ = L. (A.1)

Since (2.2) is endowed with spherical symmetry, the motion happens in a plane through the origin. Letting the plane be θ = π/2 and inserting (A.1) into the line element (2.2), we bring it to (with ε = 1, 0 for massive, massless particles, respectively) ( dr dτ )_2

= E^2 − f_+ f^γ_− [ ε + L^2 r^2 f^{1−γ}_− ] . (A.2)

For scattering states E^2 − ε > 0. Eliminating τ in (A.1, A.2) and using u = 1/r we arrive at ( du dϕ )_2 = f^{2(1−γ)} − L^2 [ E^2 − f_+ f^γ_− [ ε + L^2u^2 f^{1−γ}_− ]] . (A.3)

From now on we take ε = 0 so that the condition for light scattering is E^2 > 0. Now, let g(u) := u^2 f_+ f^{2γ−1}_− and u_n = 1/r_n be the point on the light scattering geodesic nearest the origin where^{du}_{dϕ} (u_n) = 0. Since E^2 = L^2g(u_n), the angle of deflection, which is twice the variation of ϕ minus π, takes the form

δ ϕ = 2

∫_{un} 0 du f^{1−γ}_− (u) √ g(u_n) − g(u)

− π = 2

∫_1 0 u_n √ 1 − x^2 f^{1−γ}_− (u_nx) √ g(u_n) − g(u_nx) dx √ 1 − x^2

− π (A.4)

where u = u_nx. If u_n ≪ 1, corresponding to scattering with large values of the impact parameter (b = L/E),

u_n √ 1 − x^2 f^{1−γ}_− (u_nx) √ g(u_n) − g(u_nx)

= 1 + [ [(γ − 1)r_− + 2M] 2 1 − x^3 1 − x^2

− (γ − 1)r_−x ] u_n + 1 8(1 + x)^2 { 3r^2_+(1 + x + x^2)^2 + 2r_−r_+[2γ − 1 + 2γx + (6γ − 1)x^2 + 2x^3 + x^4]

+ r^2_−[4γ^2 − 1 + 6(2γ − 1)x + (8γ^2 + 1)x^2 + 6x^3 + 3x^4] } u^2_n + O[u_n]^3

where we have used (2.5): r_+ + γr_− = 2M. Performing the integrations over x we obtain (2.8).

Appendix B: Order relations for the phantom and normal Reissner-Nordström black holes

The phantom case η_2 = −1 η_2 = −1 In the case where all four roots of ℓ − u^2 + 2Mu^3 + 2q^2u^4 = 0 have multiplicity 1 we can choose any root to perform the reduction of (4.3) to (1.2). For the phantom Reissner-Nordström black hole we choose u_r to be the smallest root as shown in Figure 7 (a)

u_− < u^−_r < u^+_r < u_3 < 0 < u_2 < u_1 < u_+ < +∞. (B.1)

As defined in the first expressions of Eqs. (4.6, 4.7), (C_1,C_2) are proportional to the first and second derivatives of ℓ − u^2 + 2Mu^3 + q^2u^4 at u = u_r, respectively. At the point M_r(u_r,0) of Figure 7 (a), the function is decreasing and concave up (convex), thus C_1 < 0, C_2 > 0, and ρ is an increasing function of u (a decreasing function of r).

Since C_1 < 0, the coordinate transformation (4.5) “splits” the point u_r into u^+_r and u^−_r , which correspond to ρ = −∞ and ρ = +∞, respectively. If one starts to move on the u-axis from the right to the left: from u = +∞ (r = 0) to u_+ to u_1 to ··· to u^+_r to u^−_r and finally to u_−. Since ρ is an increasing function of u, the corresponding point on the ρ-axis starts to move from ρ_0 to ρ_+ to e_1 to ··· to ρ = −∞ and then back in a circular rotation to ρ = +∞ and finally to ρ_−. Thus, we have the following order relations for the ρ-parameters:

− ∞ < e_3 < ρ_∞ < e_2 < e_1 < ρ_+ < ρ_0 < ρ_− < ρ_r = +∞. (B.2)

(Of course, this ordering can be derived by algebraic methods).

If ℓ = 0 (M_2 on the u-axis), then u_r = u_−, u_2 = u_3 = 0, and u_1 = u_+ (ρ_r = +∞, e_2 = e_3, and e_1 = ρ_+). Using (3.14, 4.6, 4.7, 4.8, 4.9, 4.12, 4.13) we obtain 12ρ_0 = 5−[6η_2(1+ √ 1 − η_2a^2)/a^2] (with η_2 = −1), and thus e_3 = e_2 = ρ_∞ = − 1 12 < e_1 = ρ_+ = 1 6 < ρ_0 < ρ_− = +∞. (B.3)

If ℓ = ℓ_+, then u_1 = u_2 (M_1 on the u-axis) and (B.2) becomes

− ∞ < e_3 < ρ_∞ < e_2 = e_1 < ρ_+ < ρ_0 < ρ_− < ρ_r = +∞. (B.4)

If ℓ = ℓ_−, then u_r = u_3 (M_3 on the u-axis) and the root u_r has multiplicity 2.

The normal case η_2 = +1 η_2 = +1

In the case where all four roots of ℓ − u^2 + 2Mu^3 − 2q^2u^4 = 0 have multiplicity 1 we can choose any root to perform the reduction of (4.3) to (1.2). For the normal Reissner-Nordström black hole we choose u_r to be the largest root as shown in Figure 7 (b)

u_3 < 0 < u_2 < u_1 < u_+ < u_− < u^−_r < u^+_r < +∞. (B.5)

At the point M_r(u_r,0) of the (b) plot the function is decreasing and concave down (concave), and thus C_1 < 0, C_2 < 0, and ρ is an increasing function of u (a decreasing function of r). Since C_1 < 0, the coordinate transformation (4.5) splits the point u_r into u^+_r and u^−_r , which correspond to ρ = −∞ and ρ = +∞, respectively. If one starts to move on the u-axis from the right to the left, from u = +∞ (r = 0) to u^+_r to u^−_r to u_− to ··· to u_2 to u_3 and finally to u = −∞. Since ρ is an increasing function of u, the corresponding point on the ρ-axis starts to move from ρ_0 to ρ = −∞ and then back in a circular rotation to ρ = +∞ to ρ_− to ··· to e_2 to e_3 and finally to ρ_0 again. Thus, we have the following order relations for the ρ-parameters:

− ∞ < ρ_0 < e_3 < ρ_∞ < e_2 < e_1 < ρ_+ < ρ_− < ρ_r = +∞. (B.6)

If ℓ = 0 (M_2 on the u-axis), then u_r = u_−, u_2 = u_3 = 0 and u_1 = u_+ (ρ_r = +∞, e_2 = e_3 and e_1 = ρ_+). Using (3.14, 4.6, 4.7, 4.8, 4.9, 4.12, 4.13) we obtain 12ρ_0 = 5−[6η_2(1+ √ 1 − η_2a^2)/a^2] (with η_2 = +1), thus − ∞ < ρ_0 < e_3 = e_2 = ρ_∞ = − 1 12 < e_1 = ρ_+ = 1 6 < ρ_− = +∞. (B.7)

If ℓ = ℓ_+, then u_1 = u_2 (M_3 on the u-axis) and (B.6) becomes

− ∞ < ρ_0 < e_3 < ρ_∞ < e_2 = e_1 < ρ_+ < ρ_− < ρ_r = +∞. (B.8)

If ℓ = ℓ_− < 0, there is still one real root u_+ < u_r = u_1 < u_− (M_1 on the u-axis). This case is excluded, however, if it were possible for a photon to move with a negative energy, it could do it on a confined stable circle with radius r_− < r = M(3 − √ 9 − 8a^2)/2 < r_+ which shrinks to zero as a^2 = q^2/M^2 approaches zero.

References

[1] S.G. Turishev, Tests of Relativistic Gravity from Space in Relativity in Fundamental Astronomy:

Dynamics, Reference Frames, and Data Analysis, eds. S.A. Klioner, P.K. Seidelmann, M.H. Soffel, pp. 204-208, Cambridge University Press, (2010), [arXiv:0906.2520v2[gr-qc]]

[2] Z.X. Wang and D.R. Guo, Special Functions, Chap.8 and pp. 526-527 of Chap. 9, World Scientific, Singapore (1989)

[3] E.T. Whittaker and G.N. Watson, A Course of Modern Analysis, Chap. XX, Cambridge University Press, Cambridge 4^{th} Ed. (1927), [http://archive.org/details/ACourseOfModernAnalysis]

[4] E. Hackmann and C. Lämmerzahl, Geodesic equation in Schwarzschild-(anti-)de Sitter spacetimes:

Analytical solutions and applications, Phys. Rev. D 78 (2008) 024035

[5] K.S. Virbhadra, D. Narasimba and S.M. Chitre, Role of the scalar field in gravitational lensing, Astron. Astrophys. 337 (1998) 1

[6] K.S. Virbhadra, Naked singularities and Seifert’s conjecture, Phys. Rev. D 60 (1999) 104041,

[7] M.C. Werner and A.O. Petters, Magnification relations for Kerr lensing and testing Cosmic Censorship, Phys. Rev. D 76 (2007) 064024, [arXiv:0706.0132v2[gr-qc]]

[8] K.S. Virbhadra and C.R. Keeton, Time delay and magnification centroid due to gravitational lensing by black holes and naked singularities, Phys. Rev. D 77 (2008) 124014

[9] N. Cruz, M. Olivares, J. Saavedra and J. R. Villanueva, Null geodesics in the Reissner-Nordström Anti-de Sitter black holes, [arXiv:1111.0924[gr-qc]]

[10] Y. Hagihara, Theory of relativistic trajectories in a gravitational field of Schwarzschild, Japan. J.

Astron. Geophys. 8 (1931) 67

[11] S. Grunau and V. Kagramanova, Geodesics of eletcrically and magnetically charged test particles in the Reissner-Nordström space-time: Analytical solutions, Phys. Rev. D 83 (2011) 044009 [arXiv:1011.5399v1[gr-qc]]

[12] A.J. Brizard, A prime on elliptic functions with applications in classical mechanics, Eur. J. Phys. 30 (2009) 729 [arXiv:0711.4064v1[physics.class-ph]]

[13] M.J. Jaklitsch, C. Hellaby and D.R. Matravers, Particle motion in the spherically symmetric vacuum solution with positive cosmological constant, Gen. Relativ. Grav. 21 (1989) 941

[14] Z. Stuchlík and M. Calvani, Null geodesics in black hole metrics with non-zero cosmological constant, Gen. Relativ. Grav. 23 (1991) 507

[15] G.V. Kraniotis, Precise relativistic orbits in Kerr and Kerr(anti) de Sitter spacetimes, Class. Quantum Grav. 21 (2004) 4743 [arXiv:0405095v5[gr-qc]]

[16] E. Hackmann and C. Lämmerzahl, Complete analytic solution of the geodesic equation in Schwarzschild(Anti-)de Sitter spacetimes, Phys. Rev. Lett. 100 (2008) 171101

[17] Z. Stuchlík and P. Slany, Equatorial circular orbits in the Kerr-de Sitter spacetimes, Phys. Rev. D 69 (2004) 064001 [arXiv:0307049v2[gr-qc]]

[18] D. Pugliese, H. Quevedo and R. Ruffini, Motion of charged test particles in Reissner-Nordström spacetime, Phys. Rev. D 83 (2011) 104052 [arXiv:1103.1807[gr-qc]]

[19] E. Hackmann, V. Kagramanova, J. Kunz and C. Lämmerzahl, Analytic solutions of the geodesic equation in higher dimensional static spherically symmetric spacetimes, Phys. Rev. D 78 (2008) 124018 [Erratum-ibid. 79 (2009) 029901], [arXiv:0812.2428v1[gr-qc]]

[20] E. Hackmann and C. Lämmerzahl, Observables for bound orbital motion in axially symmetric space-times, [arXiv:1107.5250v3[gr-qc]]

[21] G.W. Gibbons, C.M. Warnick and M.C. Werner, Light-bending in Schwarzschild-de-Sitter: Projective geometry of the optical metric, Class. Quantum Grav. 25 (2008) 245009, [arXiv:0808.3074[grqc]]

[22] G.W. Gibbons and M. Vyska, The application of Weierstrass elliptic functions to Schwarzschild null geodesics, Class. Quantum Grav. 29 (2012) 065016, [arXiv:1110.6508v2[gr-qc]]

[23] M. Azreg-Aïnou and G. Clément, The geodesics of the Kaluza-Klein wormhole soliton, Gen. Relativ.

Grav. 22 (1990) 1119

[24] K. Aït-Moussa and G. Clément, Geodesic motion and scattering in the field of a Kaluza-Klein dyon, J. Math. Phys. 32 (1991) 717

[25] L. Chetouani and G. Clément, Geometrical optics in the Ellis geometry, Gen. Relativ. Grav. 16 (1984) 111

[26] D.V. Gal’tsov and E. Masar, Geodesics in spacetimes containing cosmic strings, Class. Quantum Grav. 6 (1989) 1313

[27] M.H. Holmes, Introduction to Numerical Methods in Differential Equations, Texts in Applied Mathematics, Vol. 52, Springer (2007)

[28] G. Adomian, Solving Frontier Problems of Physics: The Decomposition Method, Kluwer Academic, Dordrecht (1994);

A.M. Wazwaz, A reliable modification of Adomian Decomposition Method, Appl. Math. Comput. 102 (1999) 77;

J.-S. Duan and A.-P. Guo, Reduced polynomials and their generation in Adomian Decomposition Methods, CMES: Computer Modeling in Engineering & Sciences, 60 (2010) 139; M. Azreg-Aïnou, Developed Adomian method for quadratic Kaluza-Klein relativity, Class. Quantum Grav. 27 (2010) 015012, [arXiv:0912.3106v1[gr-qc]]

[29] E. Komatsu et al., Seven-year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Cosmological Interpretation, Astrophys. J. Suppl. 192 (2011) 18, [arXiv:1001.4538v3[astro-ph]]; S. Perlmutter et al., Measurements of Ω and Λ from 42 High-Redshift Supernovae, Ap. J. 517 (1999) 565;

A. G. Riess et al., The Farthest Known Supernova: Support for an Accelerating Universe and a Glimpse of the Epoch of Deceleration, Ap. J. 560 (2001) 49;

J. P. Blakeslee et al., Discovery of Two Distant Type Ia Supernovae in the Hubble Deep Field-North with the Advanced Camera for Surveys, Ap. J. 589 (2003) 693, [arXiv:0302402v1[astro-ph]]

[30] S. M. Carroll, M. Hoffman and M. Trodden, Can the dark energy equation-of-state parameter w be less than -1?, Phys. Rev. D 68 (2003) 023509, [arXiv:0301273v2[astro-ph]]; P. Singh, M. Sami and N. Dadhich, Cosmological dynamics of a phantom field, Phys. Rev. D 68 (2003) 023522, [arXiv:0305110v2[hep-th]]

[31] G. Clément, J.C. Fabris and M.E. Rodrigues, Phantom black holes in Einstein-Maxwell-dilaton theory, Phys. Rev. D 79 (2009) 064021, [arXiv:0901.4543[hep-th]]

[32] M. Azreg-Aïnou, G. Clément, J.C. Fabris and M.E. Rodrigues, Phantom black holes and sigma models, Phys. Rev. D 83 (2011) 124001, [arXiv:1102.4093[hep-th]]

[33] M.E. Rodrigues and Z.A.A. Oporto, Thermodynamics of phantom black holes in Einstein-Maxwell-dilaton theory, Phys. Rev. D 85 (2012) 104022, [arXiv:1201.5337v3[gr-qc]]

[34] C.R. Keeton and A.O. Petters, Formalism for testing theories of gravity using lensing by compact objects: Static, spherically symmetric case, Phys. Rev. D 72 (2005) 104006, [arXiv:0511019v1[grqc]]

[35] K.S. Virbhadra and G.F.R. Ellis, Schwarzschild black hole lensing, Phys. Rev. D 62 (2000) 084003, [arXiv:9904193v2[astro-ph]]

[36] V. Bozza, S. Capozziello, G. Iovane and G. Scarpetta, Strong field limit of black hole gravitational lensing, Gen. Relativ. Grav. 33 (2001) 1535, [arXiv:0102068v1[gr-qc]]

[37] E.F. Eiroa, G.E. Romero, and D.F. Torres, Reissner-Nordström black hole lensing, Phys. Rev. D 66 (2002) 024010, [arXiv:0203049v3[gr-qc]]

[38] V. Bozza, Gravitational lensing in the strong field limit, Phys. Rev. D 66 (2002) 103001, [arXiv:0208075v3[gr-qc]]

[39] K.W. Ford and J.A. Wheeler, Semiclassical description of scattering, Ann. Phys. (N.Y.) 7 (1959) 259; R.G. Newton, Scattering theory of waves and particles, 2^{nd} Ed. Springer-Verlag, New York (1982)

[40] K.S. Virbhadra and G.F.R. Ellis, Gravitational lensing by naked singularities, Phys. Rev. D 65 (2002) 103004

[41] C.-M. Claudel, K.S. Virbhadra and G.F.R. Ellis, The geometry of photon surfaces, J. Math. Phys. 42 (2001) 818, [arXiv:0005050v2[gr-qc]]

[42] K.S. Virbhadra, Relativistic images of Schwarzschild black hole lensing, Phys. Rev. D 79 (2009) 083004, [arXiv:0810.2109v1[gr-qc]]

[43] G.N. Gyulchev and I.Zh. Stefanov, Gravitational lensing by phantom black holes, [arXiv:1211.3458v1[gr-qc]]