arXiv:1209.5386v2 [astro-ph.CO] 20 Nov 2012

Cosmic Dark Energy Emerging from Gravitationally Effective Vacuum Fluctuations

Bruno M. Deiss^∗ Institute for Theoretical Physics (ITP), Goethe-University, Max-von-Laue-Straße 1, D-60438 Frankfurt am Main, Germany

Astronomical observations indicate an accelerated cosmic expansion, the cause of which is explained by the action of ‘dark energy’. Here we show that in discrete expanding space-time, only a tiny fraction of the vacuum fluctuations can become gravitationally effective and act as a driving ‘dark’ agent. The analytically derived effective vacuum energy density is found to be closely related to the critical cosmic energy density, thus helping to solve the cosmological constant problem as well as the coincidence problem. The proposed model implies that in the present day universe only the vacuum field of the photon and that of the lightest neutrino contribute to the effective vacuum. This allows one to fix the neutrino masses within a narrow range. The model also implies that the (real) universe has to be considered as a thermodynamically open system which exchanges energy and momentum with the virtual reservoir of the vacuum.

PACS numbers: 95.36.+x, 98.80.-k, 04.60.-m, 14.60.Pq Keywords: dark energy theory, modified gravity, quantum cosmology

I. INTRODUCTION

Over the past decade, astronomical studies have converged toward a cosmic expansion history that involves a recent accelerated expansion (e.g. [1], [2], [3]). A widely accepted model is that of a dominant cosmic energy component (‘dark energy’) with negative pressure, which provides the dynamic mechanism for the acceleration.

In the present day universe dark energy accounts for nearly three quarters of the whole cosmic energy budget. Yet, compared to quantum field theoretical expectations, its density is about 120 orders of magnitude smaller, a challenge occasionally dubbed the (old) ‘cosmological constant problem’ [4]. Another challenge is the ‘cosmological coincidence problem’: obviously, we happen to live in a cosmic era where the densities of the matter and dark energy components are of the same order of magnitude, although one expects these quantities to behave very differently in the course of the cosmic evolution.

From a conceptual point of view, the simplest solution to the cosmic acceleration problem consists in the addition of a cosmological constant Λ to Einstein’s equations. This is formally equivalent to the introduction of a constant dark energy density ρ_{DE} = ρ_Λ = Λc^4/(8πG) with negative pressure. At present, the astronomical observations actually favour the ‘ΛCDM-model’ where one adopts, besides cold dark matter (CDM), a cosmological constant. The fraction Ω_{Λ,0} = ρ_Λ/ρ_{crit,0}, where ρ_{crit,0} = 3c^2H^2_0 /(8πG) denotes the local critical cosmic energy density, has been recently evaluated to be of [5]

Ω_{Λ,0} = 0.725 ± 0.016. (1)

Dispite the ΛCDM-model’s practical success, from a theoretical point of view it is somewhat unsatisfying to just introduce a new fundamental constant. Hence, a large number of theoretical concepts and physical models has been proposed in order to explain the origin and evolution of the dark energy

∗ deiss@em.uni-frankfurt.de

component [e.g. [6], [7], and references therein]. Yet, the proposed models often suffer from the need of fine-tuning of otherwise unexplained free parameters.

Vacuum energy would be the most natural explanation for such a constant energy contribution and it is actually one of the prime candidates for the solution of the dark energy problem. However, besides the above mentioned cosmological constant problem, it is even unclear today how the vacuum could gravitationally interact with space-time. It is the aim of the present paper to introduce a new perspective on this issue, which allows to construct a viable dark energy model.

The paper is organized as follows: In section II we propose a new gravitationally effective vacuum model, expound the underlying concepts and derive an analytic expression of the expected amplitude of the effective vacuum energy density. In section III we firstly estimate the resulting amplitude in the local universe. The inferred evolution of the cosmic expansion rate is then dealt with in section IV, where we assume a spatially homogeneous universe. In section V we consider the problem of energy conservation and the equation-of-state parameter of the effective vacuum component. In section VI we briefly discuss how spatial inhomogeneities would affect the amount of the effective energy density. Finally, section VII contains our conclusions.

II. GRAVITATIONALLY EFFECTIVE VACUUM ENERGY

General relativity (GR) postulates that gravitation couples universally to all forms of energy and momentum. Hence, in continuous space-time vacuum fluctuations of all lengthscales should gravitate; however, the respective total energy density would then diverge toward unphysical values. A widely accepted ‘solution’ to this problem is the assumption that, due to some unspecified symmetry, fluctuations of the vacuum fields actually do not couple to gravitation. Although violating the general relativistic postulate, this appears to be justified in view of the successful renormalization procedures performed in quantum field theory, where the energy density of the vacuum can be reset to zero.

Here we propose a different perspective, showing that vacuum fluctuations actually do gravitate; but that this happens to be the case essentially only for fluctuations within a naturally given limited range of energies, thus meeting the above mentioned postulate of general relativity. However, this is achieved at the cost of violating another GR-postulate, that of continuous space-time.

It appears that the cosmological constant problem emerges in some sense from a one-directional perspective: one only considers the action of the total sum of the vacuum fluctuations on the general relativistic space-time. Instead, we assert that it is essential to consider a back-reaction, as well; however, not on the total sum of the vacuum fluctuations, which would make no sense, but on each individual virtual particle.

To be more specific, we assume that virtual fluctuations, just as real photons, may be subjected to the overall expansion of space during their limited lifetime. In continous space-time this assumption alone does not yet suffice to solve the problem. Below we show that in process-related discrete spacetime, only particles within a limited energy range actually interact. Hence, in the absence of interaction, as it is in the case for virtual particles especially at energies of the highest level, there is basically no gravitational coupling.

In other words, the principle adopted here is the following: gravity implies interaction; virtual fluctuations that do not interact remain literally virtual and decouple from gravity, while fluctuations that interact become ”real” in the sense that their energies contribute to what we refer to as the effective vacuum energy density. In the specific case of expanding space-time this becomes noticeable as cosmic dark energy. In order not to obscure the underlying concept, we focus in what follows on basic arguments.

A. Vacuum fluctuations

The vacuum ground state of a field i (e.g. photons, neutrinos, etc.) can be described by an ensemble of free harmonic oscillators of angular frequency ω and wavevector ⃗k, each with a zero-point energy of

E_i(ω) = ℏω_i/2. (2)

Summing the zero-point energies of all modes of all fields, the total vacuum energy density is given by

ρ_{vac} = ∑ i ρ_i = ∑ i g_i (2π)^3

∫_{k1, i}

k_{0, i}

(ℏω_i/2) d^3⃗k. (3)

In the following, we adopt the dispersion relation

ℏω_i = √ m^2_i c^4 + p^2c^2 = √ ( m_ic^2

)_2

+ (ℏck)^2, (4)

where m_i, p and ℏ = h/2π denote respectively the particle mass of species i, the momentum and the reduced Planck constant. In each term of the sum (3) the factor g_i accounts for the degrees of freedom (e.g. helicity) as well as the phase factor of the specific field under consideration. Hence, g_i is negative for fermionic fields, while positive for bosonic ones.

As is well-known, each integral in (3) diverges towards an unphysically large value unless the upper limit of integration is considerably reduced. The latter actually happens to be the case in process-related discrete space-time as is shown below; one then arrives at the effective vacuum energy density.

B. Interaction limit

The notion of discrete space-time is usually associated with the assumption that all physical length-scales are bound from below by a presumed minimal length (‘Planck limit’). Instead of this, we assert that the assumed discreteness primarily involves a lower limit of the changes of length-scales, ΔL, and of time-scales, ΔT , in the course of an interaction; the usual Planck limit is then an implicit corollary. Though this assertion appears to be self-evident, it has not, to the knowledge of the author, been explicitely considered in the literature so far. However, as is shown below, this seemingly minor modification establishes a conceptional shift that turns out to play a key role in order to tackle the well-known UV divergency problem. Hence, the scale differences ΔL and ΔT must fulfill the conditions

|ΔL| ≥ ηl_{Pl} and |ΔT | ≥ ηl_{Pl}/c, (5)

where l_{Pl} denotes the Planck length. The latter is related to the gravitational constant G by

l_{Pl} = ( ℏG/c^3

) 1_2 = 1.616 × 10^{−35}m. (6)

The factor η serves as a structure parameter which allows one to account for the possibility that the effective minimal length scale may be a multiple (e.g. η = √ 8π) of the Planck length.

The total energy change, ΔE_i, that a virtual particle of energy E_i experiences in the course of an interaction (in the present paper: due to the expansion of space-time considered in the reference frame where the cosmic microwave background is isotropic) is given by

|ΔE_i| = ℏ 2 |Δω_i| = ℏπ | | |Δ 1 T_i | | | = ℏπ

|ΔT_i| T^2_i = E^2_i πℏ |ΔT_i| , (7)

where ΔT_i denotes the respective change in period. From condition (5) and expression (7) one obtains the interaction limit (or, process-related coupling scale)

E^2_i ≤ πℏc|ΔE_i|/(ηl_{Pl}) = (π/η)E_{Pl}|ΔE_i| , (8)

where E_{Pl} = ℏc/l_{Pl} denotes the Planck energy. Hence, only virtual particles with energies below a given limit actually take part in the interaction. More energetic particles violate the constraints (5) and basically do not interact. It is widely believed that the presumed microscopic granularity of spacetime becomes important only when the physical scales approach the Planck scale. From (8), however, we conclude that the underlying process-related discrete structure actually affects macroscopic scales as well. And this happens to be the case especially in low-energy interactions where |ΔE_i| is small.

Note that constraints (5) and (8) imply a concept of the discret structure of space-time, which is quite different to its common notion. Whilst the latter is generally based on the assumption that space-time is granular at the Planck-scale (in the sense of Wheeler’s ”quantum foam” [9]), the proposed concept relies on the assumption that the microstructure is such that it only constrains physical processes. In a sense, the new notion represents a conceptual shift from being to becoming. Thus, the coupling scale (8) is basically and essentially process-related and the respective cutoff depends on the kind of interaction under consideration.

C. Expanding space time

In the following we apply condition (8) to the vacuum fluctuations in a large-scale homogeneous and isotropic universe which expands at a rate H = (da/dt)/a, where a represents the scale-length of the universe. In analogy to the cosmological redshift of photons, we assume that the spatial expansion also affects the energy and momentum of virtual particles within their limited lifetimes.

According to the assumptions (5), the expansion of space may also be considered as a quantized process, where on microscopic scales discrete space elements pop up stochastically at a specific rate. Here we confine ourselves to effects of lowest order. To this end, we consider H as a mean rate averaged over appropriate length and time scales. In a sense, this procedure is equivalent to that in thermodynamics, where macroscopic quantities emerge from coarse-graining of the atomic scales. In the same line of reasoning, and for the sake of simplicity, we consider only mean lifetimes, τ_i, of each species of the virtual particles.

In expanding space-time, the wavelength of each particle, real or virtual, becomes redshifted at a rate λ̇/λ = H. Within a short time interval, τ, this amounts to |Δλ| ≈ λHτ. The corresponding momentum change is given by

|Δp| = ℏ|Δk| = ℏ 2π |Δ(1/λ)| = ℏ 2π |Δλ|/λ^2 ≈ pHτ . (9)

Hence, the total momentum change a virtual particle experiences due to the expansion of space within its (energydependent) lifetime amounts to

|Δp_i| = pHτ_i = pHℏ/(2E_i), (10)

where the latter relation follows from Heisenberg’s uncertainty principle. Considering relations (2), (4) and (10) the respective total energy change is given by

|ΔE_i| = Hℏ p^2c^2/(8E^2_i ). (11)

Note that expression (11) is only meaningful for those particles that meet condition (8). From (8) and (11) we find that

E^2_i ≤ (pc/2) √ πE_{Pl}ℏH/(2η) ≡ (pc/2) D(H), (12)

where D(H) defines a new characteristic cosmic energy scale that depends on the expansion rate H.

In the local universe the characteristic ‘interaction scale’ D in (12) amounts to

D_0 ≡ D(H_0) = √ h_{100}/η ( 6.40 × 10^{−3}eV ) , (13)

where h_{100} = H_0/(100km/s/Mpc) denotes the normalized local Hubble parameter. Its observationally determined value is in the range of [e.g [5], [8], [10]]

h_{100} = 0.64 − 0.76 (14)

Note that the amount of D_0 (13) is of the order of the observed dark energy scale as well as of the conjectured neutrino mass scale [e.g. [11], [12]]. We emphasize that, as an important outcome of the proposed model, this ‘macroscopic’ cosmic energy scale naturally emerges from the presumed processrelated microscopic structure of space-time.

This characteristic scale is not a constant but evolves in the course of the cosmic history as

D(H) = D_0 √ H/H_0. (15)

Obviously, only wavenumbers of a finite range satisfy condition (12). Employing (2) and (4), the respective massdependent limits entering the integrals in the sum (3) are given by k_{1/0, i}(H) = D(H)/(ℏc) × [ 1 ± √ 1 − x^2_i (H) ] , (16)

where x_i denotes the relative mass defined by

x_i(H) = m_i c^2/D(H) < 1. (17)

Expression (16) exhibits an interesting relationship between the UV cutoff k_1 and an apparent IR cutoff L_H , defined by L_H ∝ 1/H, via the interaction scale D(H) ∝ √ E_{Pl}/L_H .

Deduced from more general reasons, a similar functional relationship that should hold in effective field theories has been proposed by Cohen et al. [13]. And it is one of the basic assumptions of the so-called holographic dark energy models discussed in the literature [e.g. [14], [15]]. The latter suggests a close but still to be examined relationship between the effective vacuum model proposed in the present paper and the holographic principle [16]. In some sense, the new notion of a process-related coupling scale (8) provides a physical explanation for the holographic principle.

Applying the wavenumber limits (16) to the integral (3) and substituting D (12) we obtain

ρ_{vac}(H) =

D^4(H) π^2ℏ^3c^3

W(H) = ℏH^2W(H) 4cη^2l^2_{Pl} = c^2H^2W(H) 4η^2G

, (18)

where the dimensionless quantity W(H) is defined by the sum

W(H) = ∑ i g_i f_i(H). (19)

Each function f_i(H) ≡ f (x_i(H)) can be regarded as a weighting function that, for a given expansion rate H, specifies the individual contribution of each field i with relative particle

FIG. 1. Specific weighting factor f (x_i) (A.2) as a function of relative particle mass x_i (17). Massive fields where x_i ≥ 1 do not contribute to the effective vacuum.

mass x_i (see Appendix). Figure 1 displays f_i as a function of x_i, showing that the contribution of a vacuum field monotonically decreases with increasing particle mass. The most important finding is that virtual particles with relative mass x_i ≥ 1, or, m_i ≥ D(H)/c^2, actually do not contribute to the effective vacuum, i.e., they decouple from expanding spacetime.

Expression (18) can be recast to

ρ_{vac}(H) = 2π 3η^2

W(H) ρ_{crit}(H) , (20) or, Ω_{vac}(H) ≡ ρ_{vac}(H)/ρ_{crit}(H) = 2π 3η^2

W(H) , (21)

showing the close relation to the cosmic critical energy density. For a given expansion rate H the function W(H) (18) is a finite sum over weighted numbers g_i whose absolute values are each of order unity. Thus one expects that the effective vacuum energy density and the critical energy density are both of the same order of magnitude. Note that the total weighting function W(H), therefore also ρ_{vac}(H), can alter their signs in the course of the evolution of the expansion rate H.

Identifying ρ_{vac}(H) in (20) with the cosmic dark energy density ρ_{DE} provides an interesting constraint between the evolution of the cosmological quantities ρ_{DE} and H, the structure parameter η and the elementary particle parameters g_i and m_i. Vice versa, this constraint may serve as a critical test for the proposed model. In the following sections we demonstrate that a consistent and surprisingly simple model can be constructed.

III. LOCAL UNIVERSE

As a first crucial test for the reliability of the proposed model we evaluate the resulting present day effective vacuum energy density

Ω_{vac,0} = 2π 3η^2

W(H_0) ≡ 2π 3η^2

W_0. (22)

Assuming that the structure parameter η (5) is of order unity, the characteristic local interaction scale D_0 (13) is within the range of the neutrino mass scale, as noted above. Other hypothetical elementary particles like axions or sterile neutrinos with masses of the order of D_0 might exist. Here, however, we confine ourselves to considering only free elementary particles that are so far experimentally verified. Within the range of D_0 these are comprised of photons and the three neutrino flavours and mass eigenstates. We also disregard massless gluon fields as these vacuum fields are relevant presumably only within hadrons.

The experimentally determined larger (atmospheric) and smaller (solar) mass-squared differences of the neutrino masses are respectively | |Δm^2_A | | = (2.43 ± 0.13) × 10^{−3}(eV/c^2)^2 and Δm^2_S = 7.50(−0.20/+0.19)×10^{−5}(eV/c^2)^2 [e.g. [17], and references therein]. Compared with (13), one finds | |Δm^2_A | | ≫ (D_0/c^2)^2 and even Δm^2_S > (D_0/c^2)^2. In view of the limit (17) this implies that besides photons only the vacuum field of the lightest neutrino can, if at all, contribute to the present day dark energy density, irrespective of the neutrino mass hierarchy. Hence, the local value of the total weighting function is given by

W_0 = g_{ph} − |g_ν| f_{ν, l, 0}, (23)

where respectively g_{ph} and g_ν refer to the photon and neutrino field and the index ‘l’ stands for the lightest neutrino species.

To proceed, we adopt g_{ph} = 2 according to the two possible directions of photon polarization. The fermionic neutrinos could in principle exhibit four degrees of freedom (Dirac particles). This would imply a lower bound of the mass of the lightest neutrino of m_{ν,l} ≳ D_0/c^2, since f_{ν, l, 0} in (23) must then be very small or even vanish. However, experimental findings indicate that neutrinos and anti-neutrinos each come along with only one spin helicity (mutually oppositely orientated), suggesting that neutrinos are Majorana particles. This shows that, in principle, the proposed model can offer valuable clues to this issue. In the present paper, however, we refrain from further consideration of this important question of neutrino physics but simply refer to the current observations which imply g_ν = −2 in eq. (23). Adopting this, the local Ω-parameter of dark energy finally becomes

Ω_{DE,0} ≡ Ω_{vac,0} = 4π/(3η^2) × ( 1 − f_{ν, l, 0} ) . (24)

Hence, two free parameters are left to adjust (24) to the observations: the structure parameter, η, and the relative mass of the lightest neutrino, x_{ν, l, 0} = m_{ν,l} c^2/D_0, which determines the value of the specific weighting factor f_{ν, l, 0}.

Within the frame of the adopted simplifications, from (24) one can draw a first interesting conclusion: even the lightest neutrino mass must be non-zero, otherwise f_{ν, l, 0} = 1 and Ω_{DE,0} would vanish.

If on the other hand the lightest neutrino were more massive than D_0/c^2 (13), f_{ν, l, 0} would vanish. One then infers a lower limit for the structure parameter of η ≥ √ 4π/(3) ≈ 2.4, as Ω_{vac,0} should not exceed unity. In the intermediate case, i.e., 0 < m_{ν,l} < D_0/c^2, the structure parameter η can also be

FIG. 2. The local effective vacuum energy density parameter Ω_{vac,0} (24) as a function of the relative mass of the lightest neutrino x_{ν,l,0} = m_{ν,l} c^2/D_0. The structure parameter (5) is chosen to be η = 1.

smaller than 2.4. Vice versa, assuming a certain value of η constrains the mass of the lightest neutrino from above.

This allows, at least in principle, to use the proposed effective vacuum model as a phenomenological test for the structure parameter η. However, since we do not aim to perform extended parameter studies in the present paper, we simply adopt η = 1 in what follows. That means, we assume that the Planck length itself represents the presumed effective processrelated minimal length-scale of space-time.

Figure 2 displays the amount of the local effective vacuum energy density parameter, Ω_{vac,0}, as a function of the relative mass of the lightest neutrino x_{ν, l, 0}. If Ω_{vac,0} is taken to be identical to the observationally determined dark energy parameter, Ω_{DE,0}, a reliable amplitude range is given by 0.5 ≤ Ω_{vac,0} ≤ 1. This in turn confines the relative neutrino mass to be 0.40 ≤ x_{ν,l,0} ≤ 0.56. Considering the observationally given span of the Hubble parameter (14), one then infers that the amount of the lightest neutrino mass is constrained by the rather narrow interval 2.3 ≲ m_{ν,l} ≲ 3.2 meV/c^2.

In order to estimate an upper limit of the respective summed neutrino mass M_ν = m_{ν,l} + m_{ν,2} + m_{ν,3}, we adopt m_{ν,l} = 3.2 meV/c^2 and an inverted mass ordering. From this and the measured mass-squared differences, we find M_ν ≲ 0.11 eV/c^2, a value well below current upper bounds determined by neutrino oscillation experiments and by observational cosmology [e.g. [17], [18], [19], [20]]. This shows that the proposed gravitationally effective vacuum concept provides a consistent model to resolve the (old) cosmological constant problem.

In addition, the model predicts that the mass of the heaviest neutrino is 0.05 meV/c^2 at the most. Hence, the KATRIN experiment [21] with its sensitivity of 0.2 meV/c^2 may serve as a crucial experiment for the proposed model.

IV. COSMIC EVOLUTION

The amplitude of the derived effective vacuum energy density parameter Ω_{vac}(H) (21) depends on the value of the cosmic expansion rate H which itself affects the cosmic evolution. At present, the astronomical data point to a cosmic history that can be reliably represented by a simple ΛCDMmodel [5]. Therefore, in the following we choose the ΛCDMmodel as a reference.

To this end, we confine ourselves to considering a homogeneous, isotropic and spatially flat universe whose total cosmic energy budget comprises of only matter and dark energy. Depending on the considered model, the latter is represented either by a cosmological constant or by the effective vacuum energy.

The density of the matter component, assumed to be pressureless and energetically isolated from the dark energy component, scales with redshift z = (a_0 − a)/a as ρ_m(z)/ρ_{crit,0} = Ω_{m,0}(1 + z)^3. In a flat universe the local matter and dark energy components are related by Ω_{m,0} + Ω_{DE,0} = 1. Regarding the reference ΛCDM-model, the Friedmann-Robertson- Walker (FRW) equation is then given by

E^2(z) = (1 − Ω_{Λ,0})(1 + z)^3 + Ω_{Λ,0} , (25)

where E(z) ≡ H(z)/H_0 denotes the expansion rate normalized to its local value. The respective FRW-equation of the effective vacuum model can be written as

E^2(z) =

(1 − Ω_{vac,0}) 1 − Ω_{vac,0} W(E(z))/W_0

(1 + z)^3 , (26)

where (21) and (22) have been used.

Note that the explicite value of the local Hubble rate h_{100} does not enter into expression (26): The local amplitude Ω_{vac,0} (22) only depends on the relative mass of the lightest neutrino and in general on the structure parameter η; the normalized total weighting function W(z)/W_0 is just a function of the ratio H(z)/H_0 and depends on the relative mass x_i and the degrees of freedom g_i via the sum (19).

Regarding the structure parameter η, let us assume for a moment that even the mass of the lightest neutrino was much greater than the local energy scale D_0/c^2. This would imply that for a wide redshift range, z ≤ 1.5 for instance, only the vacuum field of the photons would contribute, i.e., W(E) = W_0 = g_{ph}. As has been discussed in section III, we then could still match the resulting effective vacuum energy density Ω_{vac,0} with Ω_{Λ,0} (1) assuming that the structure parameter is η > 2.4. However, if only the photon field was relevant, one would have W(E(z))/W_0 = 1 in (26) and therefore E^2(z) = (1 + z)^3. This is equivalent to a FRW-equation which describes the evolution of a Einstein-de Sitter (EdS) universe. However, the EdS-model is apparently not compatible with current observations [Frieman et al. ([1])]. Within the frame of the present model, this contradiction indicates that the mass of the lightest neutrino is actually below the scale D_0/c^2 and that the structure parameter is η < 2.4. This finding supports our presumption made in section III, namely that η = 1. Thus, in the remainder of this paper we confine ourselves to considering this constant value.

As shown below, the (normalized) expansion rate E(z), given by expression (26), increases with growing redshift z. This implies that the characteristic energy scale D(E) (15) increases as well and that the relative mass of each elementary particle x_i ∝ D^{−1} becomes smaller. So, the higher the redshift

FIG. 3. Amplitude of the normalized total weighting function W(E(z))/W_0 as a function of redshift. In models A - C inverted neutrino mass ordering has been adopted (see table I).

TABLE I. Effective vacuum models. In all models the structure parameter (5) is chosen to be η = 1.

Model x_{ν, l,0} Mass Order g_ν Ω_{vac,0} w_0 w_A H_0T_{age}(0) A 0.476 inv. -2 0.725 -0.93 0.13 0.933 B 0.500 inv. -2 0.803 -0.94 0.12 1.015 C 0.518 inv. -2 0.864 -0.95 0.11 1.109 D 0.476 normal -2 0.725 -0.93 0.13 1.086 E 0.500 normal -2 0.803 -0.94 0.12 1.167 F 0.518 normal -2 0.864 -0.95 0.11 1.262

the more vacuum fields gradually become gravitationally effective and therefore have to be taken into account in the sum W(E) (19). Especially, if the expansion rate H(z) is so high that all three neutrino mass eigenstates contribute to the effective vacuum, the sum W(E) amounts to

W(E) = g_{ph} − |g_ν| ( f_{ν, l} (E) + f_{ν, 2} (E) + f_{ν, 3} (E) ) , (27)

where we again adopt g_{ph} = 2 and |g_ν| = 2.

The precise redshift values at which the second and third neutrino fields successively become relevant in (27), i.e., where the respective specific weighting factors f_i become nonzero, depend on the ordering of the neutrino mass eigenstates. Yet, the neutrino mass ordering is still an open question [e.g. Bilenky ([17])]. So we have to consider in the following normal as well as inverted mass ordering.

In the frame of the present model, inverted mass ordering appears to be particularly interesting: The masses of the second and third neutrino fields are then at least ( | |Δm^2_A | |)^{1/2} ≈ 0.05 eV. Comparing with D_0 (13) and considering (15) and (17) this implies that the two heavier neutrino mass eigenstates first come into play, if the expansion rate is as large as H ≳ 80 H_0. Below that value, only the vacuum fields of the photon and of the lightest neutrino prevail, as is the case in the local universe. This has an important consequence: Starting from its local value, the neutrino weighting factor f_{ν, l} (E) in (27) grad-

FIG. 4. Normalized expansion rate E(z) = H(z)/H_0 as a function of redshift in the effective vacuum models A - C (inverted mass ordering; cf. table I) and in the ΛCDM model (solid line), for comparison.

ually approaches unity for increasing E ensuing that the ratio W/W_0 becomes quite small at high z (see figure 3). Thus, for sufficiently high redshift, in both the ΛCDM and the effective vacuum model the relative expansion rates E(z) [cf. eqs. (25) and (26)] are then predominantly governed by the evolution of the mass density. Figures 4 and 5 display the normalized expansion rate versus redshift for three effective vacuum models A - C (see table I) and the ΛCDM-model for comparison. Figures 6 and 7 depict the respective normalized comoving distance H_0 d_C(z)/c, where d_C(z) is defined by

d_C(z) = c H_0

∫_z 0 dz^′ E(z^′)

. (28)

In model A we constrained the lightest relative neutrino mass x_{ν,l,0} such that the amplitude of the local effective vacuum energy density Ω_{vac,0} matches with (1). However, compared to the ΛCDM-model, one would then find a slightly too strong expansion rate within the redshift range z ≤ 2. But at even higher redshifts (figure 5), the expansion rates of both models behave more or less identically. Due to the enhanced expansion rate, the comoving distance in model A is slightly smaller than that given by the ΛCDM-model (figsures 6 and 7). In model B we choose a value of the relative neutrino mass such that within the observationally important redshift range z ≤ 2 the evolution of the comoving distance (figure 6) becomes nearly indistinguishable from that of the reference model. However, one would then derive a local effective vacuum energy density of Ω_{vac,0} = 0.80. Model C demonstrates how sensitively the effective vacuum model reacts on even smallest changes of the relative neutrino mass.

If the expansion rate is so high that the two other neutrino mass eigenstates come into play, the expansion history deviates strongly from that in a ΛCDM-model (figure 8). The value of the total weighting function W(E) (27) and hence the effective vacuum energy density (20) then become negative. This ensues a considerably smaller expansion rate compared to that in the ΛCDM-model. Nevertheless, even in the ef-

FIG. 5. Normalized expansion rate E(z) = H(z)/H_0 as a function of redshift in the effective vacuum models A - C (inverted mass ordering; cf. table I) and in the ΛCDM model (solid line), for comparison. Same as figure 4 but for an extended redshift range.

FIG. 6. Normalized comoving distance (28) as a function of redshift in the effective vacuum models A - C (inverted mass ordering; cf. table I) and in the ΛCDM model (solid line), for comparison.

fective vacuum model the expansion rate increases with rising redshift. As long as one only considers photons and neutrinos, the normalized total weighting function W(E)/W_0 in the denominator of the rhs of expression (26) eventually approaches the constant value of (g_{ph} − 3 |g_ν| /W_0), which is about −10. This involves that at very high redshift, z ≳ 60, the expansion rate still develops proportionally to (1 + z)^{3/2}, but in a way as if the mass density was effectively reduced by a certain factor. Compared to the findings in a ΛCDM-model the resulting expansion rate is then diminished by a factor of approximately 1/ √ 1 + 10Ω_{vac,0} ≈ 0.35.

Of course, this inferred reduction factor of the expansion rate is based on our simplifying assumption that besides photons and neutrinos no other elementary particle fields, e.g. bosonic axions, become relevant according to (17). The lat-

FIG. 7. Normalized comoving distance (28) as a function of redshift in the effective vacuum models A - C (inverted mass ordering; cf. table I) and in the ΛCDM model (solid line), for comparison. Same as figure 6 but for an extended redshift range.

FIG. 8. Normalized expansion rate E(z) = H(z)/H_0 as a function of redshift in the effective vacuum models A - C (inverted mass ordering; cf. table I) and in the ΛCDM model (solid line), for comparison. Same as figure 5 but for an extended redshift range.

ter would happen if the mass of those particles were smaller than the characteristic cosmic energy scale D(H) at a given expansion rate. The expansion rate at the era of recombination is of special interest. The corresponding redshift is z_{rec} ≈ 1100, which involves E(z_{rec}) ≈ 6700 if only photons and neutrinos are taken into account. From (15) one then obtains D(z_{rec}) ≈ 0.45 eV. Thus, if no other elementary particles with masses below that scale actually exist, only the vacuum fields of the photons and neutrinos contribute to the effective vacuum density at least back until the recombination era. However, this finding certainly can not be true for much earlier cosmic times. Otherwise one would infer a too low expansion rate in the early universe which implies that the universe was much older at the time of recombination than in the ΛCDM-model. This would presumably conflict with

FIG. 9. Normalized expansion rate E(z) = H(z)/H_0 as a function of redshift in the effective vacuum models D - F (normal mass ordering; cf. table I) and in the ΛCDM model (solid line), for comparison.

the observed fluctuation spectrum of the cosmic microwave background (CMB) [5]. So, in the framework of the present model, one would conclude that bosonic particles must exist within the considered low mass range. In principle, the CMB can offer important clues to this issue; a further consideration of this question is, however, beyond the scope of the present paper.

The graphs in figure 8 exhibit a peculiar behaviour: Whenever the expansion rate is such that the energy scale D(E) (15) matches the mass energy of a specific neutrino mass eigenstate, the evolution of the expansion rate exhibits a sudden change. However, this sudden change of the gradient is the consequence of just the mathematically lowest-order treatment of the proposed model. This rather unphysical effect would vanish in a more thorough analysis, where one should account for, e.g., the probabilistic nature of the lifetime of the virtual particles leading to a softening of the sharp cutoff of the specific weighting function f_i at x_i = 1 (see figure 1). Yet, the general structure of the function E = E(z) would persist.

So far, we considered inverted neutrino mass ordering. Figure 9 displays the resulting development of the expansion rate for normal mass ordering (models D - F) where we adopted, except for the mass ordering, the same model parameters as in figure 8. It clearly shows that the deviation to smaller expansion rates as discribed above now already occurs at much smaller redshifts (z ≈ 2). The reason for this lies in the fact that the mass of the second massive neutrino is now close to that of the lightest one.

Hence, in the case of normal mass ordering the expansion rate is found to be much smaller than the respective outcome in the ΛCDM-model already within the redshift range z ≲ 10 . This in turn considerably enlarges the inferred age of the universe, T_{age}(z). For z ≲ 10 a reliable approximation of T_{age}(z) is given by

T_{age}(z) ≈ 1 H_0

∫_{zrec} z dz^′ (1 + z^′)E(z^′)

, (29)

FIG. 10. Normalized age of the universe (29) as a function of redshift in the effective vacuum models D - F (normal mass ordering; cf. table I) and in the ΛCDM model (solid line), for comparison.

FIG. 11. Normalized age of the universe (29) as a function of redshift in the effective vacuum models A - C (inverted mass ordering; cf. table I) and in the ΛCDM model (solid line), for comparison.

where we assume that up to redshift z_{rec} the effective vacuum energy density is governed only by the vacuum fields of the photons and the neutrinos. The inferred normalized present day age of the universe, H_0T_{age}(z = 0), in the effective vacuum models is given in the last column of table I. The respective value in the ΛCDM-model is 0.988.

Figure 10 displays the normalized age as a function of redshift in models D - F. One then derives that at z = 4 the age was about twice as high as in the ΛCDM-model. This could help to alleviate the cosmic age problem from which the ΛCDMmodel is supposed to suffer, as it apparently fails to reconcile the age of an old quasar [22], [23]. In this respect, models D - F (normal mass ordering) might be more advantageous than models A - C (inverted mass ordering). The evolution of the respective normalized age in the latter models is shown in figure 11, for comparison. On the other hand, a too low expansion rate in the range z ≲ 10 could conflict with the usually adopted successful concept of cosmic structure formation. A further consideration of this important question, however, needs a more thorough treatment and has to be deferred to later work (see also section VI).

Of course, the current unknowns of elementary particle physics enter into the present model as (still) free parameters. Yet, the considerations of this section demonstrate that the gravitationally effective vacuum model of dark energy allows the construction of a consistent model that describes a cosmic expansion history which is largly identical to the one given by the ΛCDM-model. That means that the proposed model can be regarded to be, at least in principle, in accord with current observational data.

V. ENERGY CONSERVATION

In this section we consider the energy conservation of the effective vacuum component and its equation-of-state (EOS) parameter, w ≡ P/ρ, where P denotes the pressure.

As is well-known, a non-zero cosmological constant Λ may be regarded as the action of a constant dark energy density with a specific EOS parameter of

w_Λ = −1. (30)

At present, the observational data are consistent with a constant w-parameter of this value [e.g. [5]], hence apparently supporting the ΛCDM-model.

It is commonly suggested that a value of w = −1 characterizes the (constant) vacuum state. This relies on the ansatz d(ρ_{vac}a^3) + p_{vac}d(a^3) = 0 describing energy conservation of the vacuum ‘fluid’ in an expanding volume. In this respect it becomes clear why the cosmological constant, Λ, is usually associated with the otherwise unspecified action of the vacuum. From that point of view, it is tempting to consider the proposed effective vacuum model just as another variant of a specific class of ΛCDM-models, namely of those models that allow for a time varying Λ(t). However, as we would like to stress, the effective vacuum model is essentially different from all ΛCDM-models. Indeed, its underlying concepts make it different to most of the cosmological models proposed in the literature as we try to expound in the following.

The problem centres on the issue of energy conservation. One commonly begins with the ansatz d ( ρ_{tot} a^3 ) /dt + P_{tot} da^3/dt = 0, (31)

where ρ_{tot} and P_{tot} denote the total energy density and pressure of all cosmic constituents like matter, radiation and dark energy. For the sake of simplicity, we assume again

ρ_{tot} = ρ_m + ρ_{DE}, and P_{tot} = P_m + P_{DE}. (32)

From (31) and (32) one finds, in general, d ( ρ_ma^3 ) /dt + P_m d ( a^3 ) /dt = −Ṡ , (33) and d ( ρ_{DE}a^3 ) /dt + P_{DE} d ( a^3 ) /dt = Ṡ . (34)

Note that for non-relativistic matter (luminous and dark), the pressure term in (33) can be neglected. In (33) and (34), Ṡ represents a possible net energy exchange rate between the matter and the dark energy components which cannot be excluded from the outset. Employing the definition w_{DE} ≡ P_{DE}/ρ_{DE}, the latter equation can be written as

ρ̇_{DE} + 3Hρ_{DE}(1 + w_{DE}) = Ṡ a^{−3}, (35)

where the over-dot denotes the derivative with respect to time.

If one demands energy conservation for each component separately, i.e., Ṡ = 0, the evolution of the dark energy density (35) is completely governed by the EOS parameter, w_{DE}, which, in general, can itself develop in the course of the cosmic evolution. Such an ansatz is employed, for instance, in quintessence models [e.g. [6], and references therein]. In the case of the ΛCDM-model, where w_{DE} = w_Λ = −1 is a constant, one yields the aforementioned constancy of the dark energy density.

On the other hand, in time varying Λ(t)CDM-models one still puts w_{DE} = −1 in eq. (35). But in order to accomplish the modelling of an evolving dark energy density one has to allow for an, otherwise unspecified, energy exchange with the matter component; that means, one puts Ṡ (a) � 0 on the rhs of (33) and (35) [e.g. [24]].

None of these procedures appear to be viable for the effective vacuum model: An energy exchange between the effective vacuum and the matter component does not make sense, since the vacuum fluctuations are supposed to be affected only by the expansion of space but not by couplings to some other fields. This would involve Ṡ = 0 and w_{DE} � −1 in (35). Though one could formally derive a w-parameter function

w_{DE}(z) = −1 − ρ̇_{DE}(z)/(3Hρ_{DE}(z)), (36)

one would be then faced with the unphysical result that w_{DE}(z) diverges to infinity as ρ_{vac}(z) (20) becomes zero at some particular redshift. This is not a mere technical problem but a consequence of the underlying conceptual inconsistency.

However, this inconsistency resolves when recalling that the effective vacuum energy, becoming noticible as dark energy, is only part of the enormous reservoir of the total vacuum with which the effective component exchanges energy. To be more specific: The effective vacuum energy arises from the virtual vacuum by virtue of the presumed interaction with expanding space. In a sense, the energy content of the effective vacuum can be regarded as though it is generated from ‘nothing’; so there is no need for energy exchange with any other component, like matter, radiation and so forth . This also implies that the total net rate at which the amplitude of the effective vacuum component may change in time is basically defined by ρ̇_{vac} itself.

Thus, we propose the following point of view: Whilst the matter component is a closed, energy conserving subsystem, i.e., Ṡ = 0 in (33), the effective vacuum component couples with the virtual reservoir via a net energy exchange rate Ṡ_{vac}. As pointed out above, this rate is necessarily given by Ṡ_{vac} = ρ̇_{vac} a^3. Hence, eq. (35) can be written as

ρ̇_{vac} + 3Hρ_{vac}(1 + w_{vac}) = Ṡ_{vac} a^{−3} = ρ̇_{vac}. (37)

From (37), we deduce a constant EOS parameter of

w_{vac} = −1. (38)

For reasons of energy conservation, one could formally supplement eq. (37) by

ρ̇_{vir} + 3Hρ_{vir}(1 + w_{vir}) = −ρ̇_{vac} = ρ̇_{vir}, (39)

where ρ_{vir} denotes the remaining virtual part of the total vacuum energy density. The latter relation in (39) follows from the presumption that the total vacuum energy density is a constant. Again, one would derive a constant EOS parameter of w_{vir} = −1. The sum of eqs. (37) and (39) would then describe conservation of energy of the complete vacuum sector. Yet, in the real physical world only the effective vacuum component (37) becomes noticable as dark energy, whilst the virtual component (39) does literally not appear. Hence, in reality one necessarily deals with only a subsystem. This has the important consequence that the universe, as it is usually considered to comprise of matter, radiation, dark energy and so forth, is essentially a (thermodynamically) open system which exchanges energy (and as well momentum) with the immense reservoir of the virtual vacuum.

This becomes more clear considering the time derivative of the FRW equation. If one assumes adiabaticity (cf. eq. 31), one usually arrives at ä a = 8πG 3c^2 [ − 1 2 ρ_m(z) − 1 2 ρ_{DE}(z) (1 + 3w_{DE}) ] . (40)

But adopting (37), characterized by its non-vanishing source term, we obtain ä a = 8πG 3c^2 [ − 1 2 ρ_m(z) + ρ_{vac}(z) + 1 2H ρ̇_{vac}(z) ] , (41)

where (38) has been employed. The last term in the brackets stems from the coupling with the virtual vacuum. It is this dissipative term that makes the effective vacuum model different to not only the Λ(t)CDM-model but to basically all adiabatic models. It vanishes in the special case of constant expansion rate, since the amplitude of the effective vacuum energy density is then a constant. In the local universe, where the expansion rate changes slowly, the value of this extra energy contribution is indeed non-zero but much smaller than the amplitudes of the other energy components. However, in a situation where the cosmic expansion rate evolves on short time-scales, all energy contributions could be of the same order of magnitude; this might have been the case, for instance, in the early universe.

Note that due to the thermodynamic openness, the amplitude of the effective vacuum energy density ρ_{vac}(z) evolves in the course of the cosmic expansion history, though its EOS parameter is w_{vac} = −1. From an observational point of view, the evolution of ρ_{vac}(z) can be regarded to mimic an effective w-parameter w_{DE}(z) � −1 given by (36). However, as mentioned above, such a derived w_{DE}(z) would not behave physically meaningfully at any redshift value. Yet, regarding the local universe, it allows to test the expected outcome of the proposed model by comparing it with observational findings. In observational cosmology, the most commonly used phenomenological description of dark energy consists in a linear parameterization of [25], [26]

w(a) = w_0 + w_A(1 − a/a_0), (42)

where w_0 and w_A are constants. In order to evaluate these quantities in terms of the effective vacuum model, we apply an expansion of w_{DE}(a) about a = a_0 up to first order. That means, we write

w_{DE}(a) ≈ w_{DE}(a_0) + dw_{DE}(a) d(1 − a/a_0) | | |_{a=a0} (1 − a/a^0). (43)

Identifiying the expansion parameters in (43) with the respective quantities in (42) and employing (36), one obtains the relations

w_0 = −1 + (1/3) ρ^′_{DE}(z = 0)/ρ_{DE,0} (44) and w_A = −3(1 + w_0)^2 + w_0 + 1 + (1/3) ρ^{′′}_{DE}(z = 0)/ρ_{DE,0} , (45)

where the prime denotes the derivative with respect to z. Finally, we numerically determine the derivatives of ρ_{vac}(z) at z = 0 and insert these numbers into (44) and (45). The resulting values of w_0 and w_A are given in table I. The numbers show that within the frame of the effective vacuum model one expects w_0 ≳ −1 and a small (positive) value of w_A of one tenth. This appears to be in good agreement with recent observational determinations which point to values w_0 = −0.93 ± 0.13 and w_A = −0.4 ± 0.7 [5]. Though this agreement should not be over-estimated, it at least demonstrates that also in respect to the w-parameter the proposed model is consistent with current observations.

VI. INHOMOGENEITIES

So far we considered the evolution of a homogeneously distributed effective vacuum energy density. However, as has already been argued by Caldwell et al. [27], a spatially uniform but time-evolving cosmic energy component is ill-defined and unphysical.

In terms of the present model, we actually expect the amplitude of ρ_{vac}(H) to fluctuate, since the rate of expansion of space is presumably inhomogeneous due to the lumpiness of the matter component. Within gravitationally stable configurations, like clusters of galaxies, space expansion is supposedly considerably diminished, thus reducing the amount of ρ_{vac}(H) within these regions.

Yet, another reason for spatial inhomogeneities of the effective vacuum energy density exists, the analysis of which goes far beyond the scope of the present paper: In section II C we assumed that the energy and momentum of the virtual particles are affected by the expansion of space. More generally speaking, we assumed that the virtual particles are affected by a specific deviation from Minkowskian space-time. In this sense, we assert that any deviation from Minkowskian spacetime generates a non-zero amplitude of the effective vacuum energy and momentum density. This implies that in a spatially inhomogeneous situation, all components of the respective effective vacuum energy-momentum tensor might be non-zero.

In the special case where the deviation from Minkowskian space-time is caused by a potential gradient, ∇ϕ, we expect each term of the tensor components to show basically the same structure as that of ρ_{vac}(H) given in (18), but where H is replaced by the rate (∇ϕ)/c. Of course, these additional components would cause a backreaction on the evolution of spacetime and might as well affect the process of cosmic structure formation; and, in respect to the latter, they might also help to alleviate the dark matter problem. A further consideration of this issue is postponed to later work.

VII. CONCLUSIONS

We conclude that the proposed gravitationally effective vacuum model has the potential to solve the (old) cosmological constant problem. The same holds for the coincidence problem: Since the expected effective vacuum energy density (20) is closely related to the cosmic critical density, it is a natural outcome of this model that one expects both to be of the same order of magnitude.

The model provides important constraints between cosmological parameters and elementary particle parameters. It gives a natural explanation for the observed intriguing coincidence between the cosmic dark energy scale and the scale of the neutrino mass. Based on the outcomes of the model, we predict that the mass of even the most massive neutrino is 0.05 eV/c^2 at the most. This value is still below the sensitivity of 0.2 eV/c^2 of the KATRIN experiment [21].

The model is based on the assertion that the assumed discreteness of space-time primarily involves a lower limit of the changes of length-scales and time-scales, but not of the scales itself. This conceptual shift from a static to a process-related constraint leads to a natural UV-cutoff (8). It also has the important consequence that the presumed process-related microstructure of space-time actually affects macroscopic scales and that this happens especially to be the case in low-energy interactions. This finding is in contrast to the common belief that the discreteness of space-time becomes important only when the involved energies approach the Planck energy scale.

An essential ingredient of the model is the discrimination between an effective and a virtual vacuum component, where the two components exchange energy and momentum. However, in the real physical universe only the effective vacuum becomes noticable as dark energy. This implies that the universe has to be considered as a (thermodynamically) open subsystem that exchanges energy and momentum with the huge reservoir of the virtual vacuum.

Appendix: Weighting function

Let ξ ≡ ℏck/D(H), χ_i ≡ √ x^2_i + ξ^2 and

f (x_i) ≡ f_i = 1 16π ∫_{ξ1, i}

ξ_{0, i}

χ_i d^3ξ = 1 4 ∫_{ξ1, i}

ξ_{0, i}

χ_i ξ^2 dξ, (A.1)

where x_i is defined in (17). The integral f_i can be expressed analytically by [28]

f_i = (1/32) [ 2ξχ^3_i − x^2_i ξχ_i − x^4_i ln (ξ + χ_i)

]_{ξ 1, i}

ξ_{0, i} . (A.2)

Referring to (16) the limits are ξ_{0/1,i} = 1 ± √ 1 − x^2_i . For the special case of a massless field, i.e., x_i = 0, one finds f (0) = 1. In general, it is 0 ≤ f_i ≤ 1.

ACKNOWLEDGMENTS

The author would like to thank W. H. Kegel for helpful discussions and J. Reinhardt for reading a first draft of this paper and for fruitful comments. This work was supported by the Physikalischer Verein, Frankfurt a.M.

[1] J. A. Frieman, M. S. Turner, and D. Huterer, Dark Energy and the Accelerating Universe, Annu. Rev. Astron. Astrophys. 46 (2008) 385 [2] A. Blanchard, Evidence for the Fifth Element - Astrophysical status of Dark Energy, Astron. Astrophys. Rev. 18 (2010) 595 [3] D. H. Weinberg et al., Observational Probes of Cosmic Acceleration, arXiv:1201.2434 (2012) [4] S. Weinberg, The Cosmological Constant Problem, Rev. Mod.

Phys. 61 (1989) 1 [5] E. Komatsu et al. (WMAP Collab.), Seven-year Wilkinson Microwave Anisotropy Probe (WMAP.) observations: cosmological interpretation, Astrophys. J. Suppl. 192 (2011) 18 [6] R. R. Caldwell, M. Kamionkowski, The Physics of Cosmic Acceleration, Annu. Rev. Nucl. Part. Sci. 59 (2009) 397 [7] P. Ruiz-Lapuente (Ed.), Dark Energy - Observational and Theoretical Approaches, Cambridge University Press, Cambridge 2010 [8] A. G. Riess et al., A 3% Solution: Determination of the Hubble Constant with the Hubble Space Telescope and Wide Field Camera 3, Astrophys. J. 730 (2011) 119 [9] J. A. Wheeler, Geometrodynamics, Academic Press, New York (1962)

[10] F. Beutler et al., The 6dF Galaxy Survey: Baryon Acoustic Oscillations and the Local Hubble Constant, MNRAS 416 (2011) 3017 [11] A. Gando et al. (The KamLAND Collaboration), Constraints on Θ_{13} from A Three-Flavor Oscillation Analysis of Reactor Antineutrinos at KamLAND, arXiv:1009.4771v2 (2010) [12] J. Barry, W. Rodejohann, Neutrino Mass Sum-rules in Flavor Symmetry Models, Nucl. Phys. B 842 (2011) 33 [13] A. G. Cohen, D. B. Kaplan, A. E. Nelson, Effective Field Theory, Black Holes, and the Cosmological Constant, Phys. Rev. Lett. 82 (1999) 4971 [14] L. Xu, Constraints on the holographic dark energy model via type Ia supernovae, baryon acoustic oscillation, and WMAP7, Phys. Rev. D 85 (2012) 123505 [15] I. Duran, L. Parisi, Holographic dark energy described at the Hubble length, Phys. Rev. D 85 (2012) 123538 [16] G. t’Hooft, Dimensional Reduction in Quantum Gravity, arXiv:gr-qc/9310026v2 (2009) [17] S. M. Bilenky, C. Giunti, Neutrinoless double-beta decay. A brief review, Mod. Phys. Lett. A 27 (2012) 1230015 [18] M. C. Gonzalez-Garcia, M. Maltoni, J. Salvado, Robust Cosmological Bounds on Neutrinos and their Combination with Oscillation Results, J. High Energ. Phys. 1008 (2010) 117 [19] Y. Y. Y. Wong, Neutrino Mass in Cosmology: Status and Prospects, Annu. Rev. Nucl. Part. Sci. 61 (2011) 69

[20] C. Jose, S. Samui, K. Subramanian, R. Srianand, Weighing neutrinos using high redshift galaxy luminosity functions, Phys. Rev. D 83 (2011) 123518 [21] J. Wolf, The KATRIN neutrino mass experiment, Nucl. Instrum.

Methods Phys. Res. A 623 (2010) 442 [22] R.-J. Yang, S. N. Zhang, The age problem in ΛCDM model, MNRAS 407 (2010) 1835 [23] S. Wang, X.-D. Li, M. Li, Revisit of Cosmic Age Problem, Phys.

Rev. D 82 (2010) 103006 [24] S. Basilakos, M. Plionis, J. Solà, Hubble expansion & Structure Formation in Time Varying Vacuum Models, Phys. Rev. D 80 (2009) 083511 [25] M. Chevallier, D. Polarski, Accelerating Universes with Scaling Dark Matter, Int. J. Mod. Phys. D10 (2001) 213 [26] E. V. Linder, Exploring the Expansion History of the Universe, Phys. Rev. Lett. 90 (2003) 091301 [27] R. R. Caldwell, R. Dave, P. J. Steinhardt, Cosmological Imprint of an Energy Component with General Equation-of-State, Phys. Rev. Lett. 80 (1998) 1582 [28] I. S. Gradstein, I. M. Ryshik, Tables of series, products and integrals, Harri Deutsch, Frankfurt (1981)