arXiv:1209.6524v1 [hep-ph] 28 Sep 2012

Symbolic integration and multiple polylogarithms

Christian Bogner^{∗a} and Francis Brown^{ab †}

a Institutes of Physics and Mathematics, Humboldt-Universität zu Berlin Unter den Linden 6, 10099 Berlin, Germany

b Institut des Hautes Études Scientifiques Le Bois-Marie 35, route de Chartres, 91440 Bures-sur-Yvette, France

E-mail: bogner@math.hu-berlin.de, brown@math.jussieu.fr

We review a method for the algebraic treatment of a family of functions which contains the multiple polylogarithms, with applications to the symbolic calculation of Feynman integrals.

Loops and Legs in Quantum Field Theory - 11th DESY Workshop on Elementary Particle Physics, April 15-20, 2012 Wernigerode, Germany

∗Speaker.

†We thank Humboldt University for hospitality and support. FB is partially supported by ERC grant no. 257638.

© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/

1. Introduction

Over the decades, polylogarithms have gained importance in perturbative Quantum Field Theory ever since the first occurrences of the dilogarithm in early QED (e.g. [30]) and in results for one-loop integrals. As the complexity of the computations has increased, the literature on Feynman integrals has gradually absorbed a variety of generalizations, including Nielsen and classical polylogarithms [26, 28, 23], harmonic polylogarithms [29] and later generalizations [18, 3, 4, 2], (some of which were previously known to mathematicians by the name of hyperlogarithms [25]), and variations on multiple polylogarithms [6, 19]. For several approaches to computing Feynman integrals, it is useful to represent these functions as iterated integrals.

In this talk we discuss a class of functions which was studied in reference [7]. These functions are closely related to (and contain) the multiple polylogarithms of Goncharov [19] and admit special properties which are useful for the computation of Feynman integrals. In section 2 we briefly review an important result by Chen [14] on the conditions for an iterated integral to give a welldefined function of several variables. In section 3 we define a map whose image satisfies these properties and use it for the construction of the mentioned class of functions. Section 4 briefly shows how these functions can be used in a systematic approach for integrating over Feynman parameters, presented in reference [8]. Algorithms and a computer program for using this class of functions will be the content of another publication, which is currently in preparation.

2. Homotopy invariance and Chen’s theorem

The property of homotopy invariance is best discussed when viewing iterated integrals as integrals along paths. Let k be the field of either the real or complex numbers and M a smooth manifold over k. Let a piecewise smooth path γ on M be given by a map γ : [0, 1] → M. Two such paths γ_1, γ_2 are said to be homotopic if their endpoints coincide: γ_1(0) = γ_2(0) = x_0 and γ_1(1) = γ_2(1) = x_1, and if furthermore one path can be continuously transformed into the other.

Let ω_1, ..., ω_n be smooth differential 1-forms on M and let us write γ^⋆(ω_i) = f_i(t)dt for the pull-back of each 1-form to the interval [0, 1]. The iterated integral of ω_1, ..., ω_n along γ is defined by ∫ γ ω_n...ω_1 = ∫ 0≤t_1≤...≤t_n ≤1

f_n(t_n)dt_n... f_1(t_1)dt_1. (2.1)

We will use the term iterated integral for k-linear combinations of such integrals.

To give an example, the multiple polylogarithms in one variable can be written as

Li_{n1,...,nr} (z) = (−1)^r ∫ γ ω^{nr −1}_0 ω_1 ... ω^{n1−1}_0 ω_1 (2.2)

where γ is a smooth path in C \ {0, 1} with endpoint γ(1) = z and the sequence of 1-forms is built up from the set Ω̃_1 = {ω_0, ω_1} with ω_0 =^{dt}_t , ω_1 =^{dt}_{t−1} . Note that if we extend the set Ω̃_1 only by 1-forms of the form f dt, where f is a rational function, possibly involving further parameters, and use it to define a new class of iterated integrals in a similar way, then these functions will still be defined on a one-dimensional space, corresponding to the one endpoint variable z. In this case let us speak of iterated integrals in one variable. The manifold M is an open subset of C . In the next section, M is a certain open subset of C^n , and we use 1-forms with several dt_1, ..., dt_n to construct a class of functions in n variables z_1, ..., z_n, given by the coordinates of the endpoint of a path.

The iterated integral in eq. 2.2 is a meaningful expression for multiple polylogarithms because it depends locally on the endpoint variable z but not on the path γ. In fact if in eq. 2.2 we replace γ by another path homotopic to γ then we obtain the same function. This property is called homotopy invariance. In the case of one-fold integrals of a 1-form ω one can show that homotopy invariance, ∫ γ_1 ω = ∫ γ_2

ω for γ_1, γ_2 homotopic, (2.3)

is true, if and only if ω is closed.

For iterated integrals the condition is more complicated. It was studied in a very general setting in Chen’s foundational work on iterated integrals [14] and we want to briefly rephrase the statement which is relevant in our context. To this end we consider tensor products of differential 1-forms ω_1 ⊗ ... ⊗ ω_m over some field K ⊆ k (which will typically be the field of rationals Q in the sequel) for which we use the customary bar notation [ω_1|...|ω_m].

Let Ω be a finite set of smooth 1-forms on M and let D be the K-linear map from tensor products of such 1-forms to tensor products of all forms on M, defined by

D([ω_1|...|ω_m]) = m ∑_{i=1}^{[ω}1^{|...|ω}i−1^{|dω}i^{|ω}i+1^{|...|ω}m^{] + m−1}∑_{i=1}^{[ω}1^{|...|ω}i−1^{|ω}i^{∧ ω}i+1^{|...|ω}m^{]. (2.4)}

We furthermore define

B_m(Ω) = { ξ = m ∑_{l=0} ∑_{i1,...,il}^ci1,...,il^{[ω}i1^{|...|ω}il^{] with c}i1,...,il^{∈ K and ω}i^{∈ Ω such that Dξ = 0} } ,(2.5)

which is a vector space over K. We call the elements of this vector space integrable words (or bar elements) in Ω and the equation Dξ = 0 is known as the integrability condition. Now on the elements of B_m(Ω) let us consider the integration map, defined by simply integrating over the 1-forms according to definition (2.1): m ∑_{l=0} ∑_{i1,...,il}^ci1,...,il^{[ω}i1^{|...|ω}il^{] → m}∑_{l=0} ∑_{i1,...,il}^ci1,...,il ∫ γ ω_{i1} ...ω_{il} (2.6)

Chen’s theorem now states, under some conditions on Ω which will always be satisfied in the sequel, that this integration map gives an isomorphism from B_m(Ω) to the set of homotopy invariant iterated integrals in the set of 1-forms in Ω of length less than or equal to m.

In other words, when we apply the integration map to an integrable word, we obtain a homotopy invariant integral. The reverse is also true: any linear combination of tensor products, corresponding to a homotopy invariant iterated integral in the above sense, is an integrable word. In the following we implicitly use this isomorphism and represent a homotopy invariant iterated integral by its bar element (this requires fixing basepoints: we shall demand that the regularised value of all functions at the origin is zero). Let us consider all integrable words of a given alphabet Ω up to length m, B_m(Ω) and define B_m (Ω) to be the K-vector space of all the corresponding homotopy invariant iterated integrals, obtained from these words via the integration map of eq. 2.6. For notational convenience, the bar notation, used for words in B_m(Ω) above, will from here on denote the corresponding functions in B_m (Ω) as well. In the following section we explicitly construct this vector-space of functions for a specific choice of Ω.

3. Universal multiple polylogarithms in several variables

From now on, let K = Q. Extending the set Ω̃_1 of the previous section, let us define the auxiliary set of differential 1-forms

Ω̃_n = { dt_1 t_1 , dt_1 t_1 − 1 , t_2dt_1 t_1t_2 − 1 , ..., (Π^n_{i=2}t_i)dt_1 Π^n_{i=1}t_i − 1 } (3.1)

on an open subset of C with coordinate t_1. As the 1-forms in Ω̃_n are closed and furthermore the wedge product of each pair of 1-forms in Ω̃_n is zero, the integrability condition is trivially satisfied for any word in the letters of Ω̃_n, and therefore B_m (~ Ω_n ) is spanned by the set of all words of length ≤ m in Ω̃_n. Therefore it is trivial to obtain the homotopy invariant iterated integrals B_m (~ Ω_n ) . However, all of these are homotopy invariant functions of only one variable, the endpoint of the path corresponding to the integration over dt_1. By a slight abuse of notation let us call this variable t_1. The other parameters t_2, ..., t_n in the 1-forms have to be treated as constants up to now.

Let us now consider the set

Ω_n = { dt_1 t_1 ,..., dt_n t_n , d (Π_{a≤i≤b}t_i) Π_{a≤i≤b}t_i − 1 where 1 ≤ a ≤ b ≤ n } . (3.2)

For example, in the case of three variables we have

Ω_3 = { dt_1 t_1 , dt_2 t_2 , dt_3 t_3 , t_1dt_2 + t_2dt_1

t_1t_2 − 1 , t_2dt_3 + t_3dt_2

t_2t_3 − 1 , t_1t_2dt_3 + t_2t_3dt_1 + t_1t_3dt_2 t_1t_2t_3 − 1 } . (3.3)

Note that for n > 1, in contrast to the previous case, not every possible word in Ω_n belongs to B_m (Ω_n). We explicitly construct B_m (Ω_n) by a map

ψ : B_m (~ Ω_n ) → B_m (Ω_n) , (3.4)

which is defined as follows.

Let F_n be the vector space of rational functions of t_1, ..., t_n with coefficients in Q whose denominators are products of elements in the set {t_1,... ,t_n,∏_{a≤i≤b} t_i − 1}, for 1 ≤ a ≤ b ≤ n. In the following we write iterated integrals in B_m (~ Ω_n ) as [g_1dt_1|g_2dt_1|...|g_ndt_1], where g_i ∈ F_n. Differentiation of the iterated integrals in B_m (~ Ω_n ) with respect to t_1 can be computed by ∂ ∂t_1

[g_1dt_1] = g_1 and ∂ ∂t_1

[g_1dt_1|g_2dt_1|...|g_ndt_1] = g_1 [g_2dt_1|...|g_ndt_1] for n ≥ 2. (3.5)

The map ψ will not change the differential behaviour with respect to t_1, so we impose the differential equations ∂ ∂t_1 ψ ([g_1dt_1]) = g_1 and ∂ ∂t_1 ψ ([g_1dt_1|g_2dt_1|...|g_ndt_1]) = g_1ψ ([g_2dt_1|...|g_ndt_1]) for n ≥ 2.

Differentiation with respect to t_2 is not defined on ξ ∈ B_m (~ Ω_n ) , but we want ψ(ξ ) to have a well-defined differential behaviour with respect to t_2. To this end, we consider an auxiliary operator

∂_{t2} : B_m (~ Ω_n ) → F_2 ⊗ B_m (~ Ω_n ) (3.6) where ∂_{t2} is defined by the following properties:

(a) On rational functions it acts as differentiation with respect to t_2: ∂_{t2} g =^∂_{∂t2} g. (b) It commutes with differentiation with respect to t_1: ∂_{t2}^∂_{∂t1} ξ =^∂_{∂t1} ∂_{t2} ξ . Using property (b) we obtain ∂ ∂t_1

∂_{t2} [g_1dt_1|g_2dt_1|...|g_ndt_1] = ∂_{t2} ∂ ∂t_1

[g_1dt_1|g_2dt_1|...|g_ndt_1] (3.7)

= ∂_{t2} g_1 [g_2dt_1|...|g_ndt_1] (3.8)

and therefore

∂_{t2} [g_1dt_1|g_2dt_1|...|g_ndt_1] =

∫_{t1} 0 dt^′_1∂_{t2} g_1 [ g_2dt^′_1|...|g_ndt^′_1 ] . (3.9)

Note that on the right hand side of the last equation, ∂_{t2} acts on an iterated integral of length n − 1, so we have a recursive procedure to compute ∂_{t2} ξ , the last stage of the recursion given by property (a). In (3.9), the integral is computed by decomposing ∂_{t2} g_1 ∈ F_n into partial fractions with respect to t^′_1, and using integration by parts and the formula (3.5).

Now we define ψ such that it satisfies ∂ ∂t_2 ψ(ξ ) = ψ(∂_{t2} ξ )

and analogous differential equations with respect to the remaining parameters t_i. The constants are fixed by demanding that ψ(ξ ) has a finite expansion at the origin of the form ∑ 0≤i_1,...,i_n≤N f_{i1,...,in} (logt_1)^{i1} ...(logt_n)^{in} (3.10)

where f_{i1,...,in} is analytic at the origin and vanishes at the point t_1 = ... = t_n = 0. Together with the above differential equations this determines the map ψ. This map is closely related to constructions which were recently introduced to the physics literature as the ‘symbol’ [20, 21, 16].

To give an example, we apply ψ to ξ = [ dt_1 t_1 − 1 | | | t_2 dt_1 t_1t_2 − 1 ] ∈ B_2(Ω_2). (3.11)

We obtain ∂ ∂t_1 ψ(ξ ) = 1 t_1 − 1 [ t_1 dt_2 + t_2 dt_1 t_1t_2 − 1 ] , (3.12) ∂ ∂t_2 ψ(ξ ) = 1 t_2 − 1 [ dt_1 t_1 − 1 ] + ( 1 t_2 − 1 t_2 − 1 )[ t_1 dt_2 + t_2 dt_1 t_1t_2 − 1 ] , (3.13)

ψ(ξ ) = [ dt_2 t_2 − 1 | | | dt_1 t_1 − 1 ] + [ dt_1 t_1 − 1 + dt_2 t_2 − dt_2 t_2 − 1 | | | t_1 dt_2 + t_2 dt_1 t_1t_2 − 1 ] . (3.14)

This iterated integral ψ(ξ ) is in fact equal to the multiple polylogarithm in two variables Li_{1,1}(t_1, t_2) while the expression ξ coincides with this function only on a one-dimensional subspace for fixed t_2 and does not capture its differential behaviour with respect to t_2.

Let B (Ω_n) = ∑_{m≥0} B_m (Ω_n) denote the vector space of integrable words of all lengths m ≥ 0. It was extensively studied by one of us in the context of the moduli space of curves of genus zero with m + 3 marked points, M_{0,m+3}, in reference [7] and we refer to this work for details and proofs of the following properties:

• The elements of B (Ω_n) are homotopy invariant and therefore they are functions of n variables.

• B (Ω_n) contains the multiple polylogarithms of Goncharov.

• There is an explicit basis for B (Ω_n) in terms of the map Ψ. There is a decomposition B (Ω_n) = Ψ(B (~ Ω_n ) ) ⊗ ... ⊗ Ψ(B (~ Ω_2 ) ) ⊗ Ψ(B (~ Ω_1 ) ) and we have an explicit basis for each B (~ Ω_i ) given by the set of words in Ω̃_i, by the discussion after (3.1).

• B (Ω_n) is closed under taking primitives.

• The limits of elements of B (Ω_n) at t_n equal to 0 and 1 are Z -linear combinations of elements of B (Ω_{n−1}), where Z is the Q-vector space of multiple zeta values.

As a consequence of the latter properties, we can evaluate definite integrals of the type ∫_1 0 dt_n ∑ j f_jβ_j, β_j ∈ B_m (Ω_n) , f_j ∈ F_n. (3.15)

The result will be a Z -linear combination of elements of B_m (Ω_{n−1}) multiplied by elements of F_{n−1}. This can be iterated. Our forthcoming publication will feature algorithms and a computer program for the computation of such integrals.

4. Application to Feynman parametric integrals

The integrals (3.15) play a role in pure mathematics, such as in reference [7, 10], and in physics in the context of deformation quantization [17], superstring theory [31], Schnetz’ model of graphical functions [32] and in perturbative quantum field theory. Here we focus on the latter and give a very brief outlook on how the use of B_m (~ Ω_n ) can facilitate the computation of Feynman integrals. We follow the approach of reference [8] which in combination with the use of hyperlogarithms already led to new results for certain integrals relevant in QCD [1]. Other results were recently obtained by similar strategies of integrating over Feynman parameters, e.g. in [13].

To begin with, we consider a primitive (subdivergence-free) overall logarithmically divergent vacuum Feynman graph, giving rise to a finite integral I = ∫_∞ 0 ... ∫_∞ 0 ( Π^N_{i=1}dx_i ) δ ( 1 − N ∑_{i=1}^xi ) 1 U^2

(4.1)

over N Feynman parameters with U being the first Symanzik polynomial (see e.g. [27, 22]). Reference [8] provides a polynomial reduction algorithm which for any ordered sequence of the N Feynman parameters λ = (x_{σ1} , ..., x_{σN} ) gives a sequence S_λ = (S_1, ..., S_N ) of sets of polynomials in the Feynman parameters. Without repeating the details of this algorithm here, we recall that one can evaluate I by iteratively integrating over the Feynman parameters in the order λ if in each set S_i ∈ S_λ all polynomials are linear in the corresponding parameter x_{σi} .

Note that the latter is exactly the condition for the integral to be computable by our program, using the functions in B_m. Indeed, let λ be a sequence for which this criterion holds and assume that we already integrated out the first i − 1 parameters. After mapping the integration domain of dx_{σi} to [0, 1] we may assume that the integrand is of the form

I_i = ∑_m ∑ j f_j [ω_{j,1}|...|ω_{j,m}], (4.2)

where f_j are algebraic functions and [ω_{j,1}|...|ω_{j,m}] ∈ B_m(Ω_n) for some m and n. The denominators of f_j, ω_{j,1}, ..., ω_{j,m} are irreducible polynomials which map to the members of S_i. If these polynomials are linear in x_{σi} then there is a k such that we can map these polynomials to the denominators of the 1-forms in Ω_k of eq. 3.2 and we can express I_i by terms of the form of eq. 3.15.

It is an important advantage of this approach that by the polynomial reduction algorithm, i.e. by simple operations on polynomials and without integrating, we can decide whether the method applies and which order of parameters we should choose. Another advantage of the use of B_m (Ω_n) is that if the polynomial reduction can be done, Z -linear combinations of these functions are sufficient to express the intermediate results after each integration.

It was shown in reference [9] that the method is applicable for a large class of graphs and it is well-known how to relate vacuum-graphs to contributions to two-point functions [15]. For graphs with further legs and with non-zero particle masses, we have to take the second Symanzik polynomial into account. Certain properties of this polynomial [5] give rise to the hope that the polynomial reduction and the above method can be extended to a large number of such Feynman graphs as well. It is furthermore important for us to move beyond the restriction of primitive graphs. Recent work of Kreimer and one of us [11, 12] provides a strategy to express Feynman integrals with UV-subdivergences by integrals for which the above method can be applied. The methods of [24] suggest that this method also generalizes to gauge theories.

References

[1] J. Ablinger, J. Blümlein, A. Hasselhuhn, S. Klein, C. Schneider, F. Wißbrock, Massive 3-loop Ladder Diagrams for Quarkonic Local Operator Matrix Elements, hep-ph/1206.2252.

[2] J. Ablinger, J. Blümlein and C. Schneider, Harmonic Sums and Polylogarithms Generated by Cyclotomic Polynomials, math-ph/1105.6063.

[3] U. Aglietti and R. Bonciani, Master integrals with 2 and 3 massive propagators for the 2-loop electroweak form factor - planar case, Nucl. Phys. B698 (2004), 277-318, [hep-ph/0401193].

[4] T. G. Birthwright, E. W. N. Glover and P. Marquard, Master Integrals For Master Two-Loop Vertex Diagrams With Three Offshell Legs, JHEP 0409:042 (2004), [hep-ph/0407343].

[5] C. Bogner and S. Weinzierl, Feynman graph polynomials, Int. J. Mod. Phys. A25 (2010) 2585-2618, [hep-ph/1002.3458].

[6] J. M. Borwein, D. M. Bradley, D. J. Broadhurst and P. Lisonek, Special values of Multidimensional Polylogarithms, Trans. Amer. Math. Soc. 353 (2001), 907-941.

[7] F. Brown, Multiple zeta values and periods of moduli spaces M_{0,n}, Ann. Sci. Éc. Norm. Supér. (4) 42 (2009), 371-489, [math.AG/0606419].

[8] F. Brown, The massless higher-loop two-point function, Commun. Math. Phys. 287:925-958,2009, [math.AG/0804.1660].

[9] F. Brown, On the periods of some Feynman integrals, math.AG/0910.0114. [10] F. Brown, S. Carr and L. Schneps, The algebra of cell-zeta values, Compositio Math. 146 (2010), 731-771, [math.NT/0910.0122].

[11] F. Brown and D. Kreimer, Angles, scales and parametric renormalization, hep-th/1112.1180. [12] F. Brown and D. Kreimer, Decomposing Feynman rules, this conference. [13] F. Chavez and C. Duhr, Three-mass triangle integrals and single-valued polylogarithms, hep-ph/1209.2722.

[14] K. T. Chen, Iterated path integrals, Bull. Amer. Math. Soc. 83, (1977), 831-879. [15] K. G. Chetyrkin and F. T. Tkatchov, Integration by parts: The algorithm to calculate β -functions in 4 loops, Nucl. Phys. B192 (1981), 159.

[16] C. Duhr, H. Gangl and J. Rhodes, From polygons and symbols to polylogarithmic functions, math-ph/1110.0458.

[17] G. Felder and T. Willwacher, On the (ir)rationality of Kontsevich weights, Int. Math. Res. Not. IMRN 2010, no. 4, 701-716, [math.QA/0808.2762v2].

[18] T. Gehrmann and E. Remiddi, Numerical Evaluation of Two-Dimensional Harmonic Polylogarithms, Comput. Phys. Commun. 144 (2002) 200-223, [hep-ph/0111255].

[19] A. B. Goncharov, Multiple polylogarithms and mixed Tate motives, math.AG/0103059v4. [20] A. B. Goncharov, A simple construction of Grassmannian polylogarithms, math.AG/0908.2238v2. [21] A. B. Goncharov, M. Spradlin, C. Vergu and A. Volovich, Classical Polylogarithms for Amplitudes and Wilson Loops, Phys. Rev. Lett. 105:151605,2010, [hep-th/1006.5703].

[22] C. Itzykson and J.-B. Zuber, Quantum field theory, Dover Publications, 2006. [23] K. S. Kölbig, J. A. Mignaco and E. Remiddi, On Nielsen’s generalized polylogarithms and their numerical calculation, B.I.T. 10, 38 (1970).

[24] D. Kreimer, M. Sars and W. van Suijlekom, Quantization of gauge fields, graph polynomials and graph cohomology, hep-th/1208.6477 (2012).

[25] I. Lappo-Danilevskii, Mémoires sur la théorie des systèmes des équations différentielles linéaires, Chelsea, New York (1953).

[26] L. Lewin, Polylogarithms and Associated Functions, North Holland 1981. [27] N. Nakanishi, Graph Theory and Feynman Integrals, Gordon and Breach, 1971. [28] N. Nielsen, Der Eulersche Dilogarithmus und seine Verallgemeinerungen, Nova Acta Leopoldina (Halle) 90 (1909) 123.

[29] E. Remiddi and J. A. M. Vermaseren, Harmonic Polylogarithms, Int. J. Mod. Phys. A15 (2000) 725-754, [hep-ph/9905237].

[30] G. Racah, Sopra l’irradiazione nell’urto di particelle veloci, Nuovo Cimento 11,461 (1934); also see the corresponding remark in the introduction of [29].

[31] O. Schlotterer and S. Stieberger, Motivic Multiple Zeta Values and Superstring Amplitudes, [hep-th/1205.1516].

[32] O. Schnetz, Graphical Functions, in preparation.