arXiv:1210.0221v1 [gr-qc] 30 Sep 2012

ISCOs in Extremal Gibbons-Maeda-Garfinkle-Horowitz-Strominger Blackholes

Partha Pratim Pradhan^1

Department of Physics Vivekananda Satabarshiki Mahavidyalaya Manikpara, Paschim Medinipur West Bengal 721513, India

Abstract

We examine the geodesic motion of neutral test particles for equatorial timelike circular geodesics and null circular geodesics, both extremal and non-extremal case of charged blackholes in string theory. We show that at the extremal limit (Q^2 = 2M^2e^{2ϕ0} ) for Gibbons-Maeda-Garfinkle-Horowitz-Strominger(GMGHS) blackholes, the radius of ISCO(Innermost Stable Circular Orbit)(r_{ISCO}), photon orbit(r_{ph}) and marginally bound circular orbit (r_{mb}) coincides with the event horizon(r_{hor}) i.e. r_{ISCO} = r_{ph} = r_{mb} = r_{hor} = 2M. Since the proper radial distances on a constant time slice both in Schwarzschild and Painlevé-Gullstrand coordinates becomes zero, therefore these three orbits indeed coincident with the null geodesic generators of the event horizon.

PACS number(s): 04.70.Bw, 05.50.+h

1 Introduction

Geodesics of static uncharged blackhole(Schwarzschild) and charged blackholes both extreme and non-extreme (Reissner-Nordstrøm(RN)) are extensively discussed in the literature[1, 3]. But the study of equatorial circular geodesics of charged blackholes both extreme and non-extremal situations in string theory is an important area of research, this is because where the gravity meets all other fundamental forces in nature and the classical equation of motion takes the form of Einstein’s equation plus Planck scale correction terms. Since the curvature is small compared to the Planck scale, thus all vacuum solutions of Einstein’s equations are approximate solution of string theory[5].

In this paper, we would like to focus on the equatorial timelike circular geodesics and null circular geodesics, both extremal and non-extremal case of four dimensional static, spherically symmetric charged black holes in heterotic string theory and we show that in

1E-mail: pppradhan77@gmail.com, pppradhan@vsm.org.in

the extremal limit, the radius of ISCO, photon orbit and marginal bound orbit coincides with the event horizon. Therefore we find r_{ISCO} = r_{ph} = r_{mb} = r_{hor} = 2M. (1) And we also show that the proper radial distances on a constant time slice both in Schwarzschild and Painlevé-Gullstrand[7] coordinates from horizon to ISCO becomes zero, therefore these orbits indeed coincides with the principal null geodesics generators of the event horizon.

In general relativity, static, spherically symmetric solutions of the Einstein-Maxwell equation are described by the well known Reissner Nordstrøm solution, which is not an approximate solution of string theory. Because, in heterotic string theory the dilation has linear coupling to F^{ab}F_{ab} and F^{ab} does not contains any dilation. Whenever the this theory is taken to be account in the low energy limit, the effective field action including the gravitational part and a minimally coupled massless dilation scalar field playing a crucial role in this theory. Now let us start with the effective action in heterotic string theory[6] in the low energy limit is represented by S = 1 16π ∫ d^4x √ −g[R − 1 12 e^{−4Φ}H_{abc}H^{abc} − 2(∇Φ)^2 − e^{−2Φ}F_{ab}F^{ab}] (2)

where g_{ab} is the metric, Φ is the dilation field, R is the scalar curvature and F_{ab} = ∂_aA_b − ∂_bA_a is the field strength corresponds to the Maxwell field A_a, and

H_{abc} = ∂_aB_{bc} + ∂_bB_{ca} + ∂_cB_{ab} − (Ω_3(A))_{abc} (3)

where B_{ab} is the antisymmetric tensor gauge field, and

(Ω_3(A))_{abc} = 1 4 (A_aF_{bc} + A_bF_{ca} + A_cF_{ab}) (4)

is the gauge Chern-Simons term. We are interested to explore in this work to the situation when the fields H_{abc} and B_{ab} are corresponds to the zero value. Therefore the above action reduces to S = 1 16π ∫ d^4x √ −g[R − 2(∇Φ)^2 − e^{−2Φ}F_{ab}F^{ab}] (5)

and the corresponding field equations are

∇_a(e^{−2Φ}F^{ab}) = 0 (6)

∇^2Φ + 1 2 e^{−2Φ}F^2 = 0 (7)

R_{ab} = −2∇_aΦ∇_bΦ − 2e^{−2Φ}F_{ac}F^c_b + 1 2 g_{ab}e^{−2Φ}F^2 (8)

Thus this dilatonic charged blackhole are represented by the metric which may be obtained by solving the above field equations in the low energy limit of heterotic string theory can be written as[4, 5]

ds^2 = − ( 1 − 2M r ) dt^2 + ( 1 − 2M r )_{−1} dr^2 + r ( r − Q^2 M e^{−2ϕ0} ) ( dθ^2 + sin^2 θdϕ^2 ) .(9)

e^{−2ϕ} = e^{−2ϕ0} ( 1 − Q^2 Mr e^{−2ϕ0} ) (10) F = Q sin θdθ ∧ dϕ (11) where ϕ_0 is the asymptotic value of the dilation field, M represents the mass of the blackhole, Q denote its electric charge and ϕ is the scalar field.

The blackhole has a regular event horizon at r_{hor} = 2M, which is similar to the event horizon of the Schwarzschild blackhole. Note that this metric differs from the RN solutions of the Einstein-Maxwell theory is that it does not have inner horizons or Cauchy horizons.

But there is a difference in a sense that the area of the 2-spheres of constant r and t now strictly depends upon the ratio of^Q_M . As we can see from the surface area which is A = ∫_π 0 ∫_{2π} 0 √ g_{θθ}g_{ϕϕ} |_{r=rhor} dθdϕ . (12) = 4πr_{hor}(r_{hor} − b) (13) where b =^{Q2}_M e^{−2ϕ0} . This area A goes to zero at the extremal limit Q^2 = 2M^2e^{2ϕ0} or at b = 2M. We are mainly interested in this paper for extremal case b = 2M. The blackhole case for b < 2M and naked singularity case for b > 2M. The other interesting characteristics of this spacetime is that there is a curvature singularity occurs at r = b. But from string theory perspectives when b = 2M, the behaviour of singular nature is not important because the string does not couple to the metric g_{ab} rather to e^{2ϕ}g_{ab}.

1.1 Difference between GMGHS Spacetimes and Reissner Nordstrøm Spacetimes

The well defined metric for RN spacetimes[12] of the Einstein- Maxwell theory is given by

ds^2 = − ( 1 − 2M r + Q^2 r^2 ) dt^2 + ( 1 − 2M r + Q^2 r^2 )_{−1} dr^2 + r^2 ( dθ^2 + sin^2 θdϕ^2 ) .(14)

The blackhole event horizon and Cauchy horizon are located at r_± = M ± √ M^2 − Q^2.

Both spacetimes (9) and (14) are represents blackholes of mass M and charge Q only when the ratio^Q_M is sufficiently small. For large Q, they both represents naked singularities. This is the similarities between two blackholes. There are also some differences between the two spacetimes. For example, the area of the outer horizon of RN spacetimes is A_{RN} = 4πr^2_+, whereas for GMGHS spacetimes the area is A_{GMGHS} = 4πr_{hor}(r_{hor} − b). Since in this paper we mainly emphasized on the extremal case. So for extremal situation the area of (14) spacetimes is finite, but for (9) spacetimes reduces to zero size. This is one major difference between string theoretic extreme blackholes and extreme blackholes that appeared in ordinary general relativity. Again the Hawking temperature defined for (14)

spacetimes is T_{RN} = √_{M 2−Q2} 2π(M+ √_{M 2−Q2)} and for (9) spacetimes defined from the periodicity of

the Euclidean section T_{GMGHS} =^{e−ϕ0}_{8πM} . But in the extremal limit the first one gives zero values and the second one also vanishes, when the Euclidean section is smooth without identifications. The fact that the extreme RN blackholes are supersymmetric in the context of N = 2 supergravity and this supersymmetry further implies that the existence of BPS states. Whereas the extreme GMGHS blackhols are not supersymmetric configurations of heterotic string theory[5].

The Letter is organized as follows. In section 2 we shall analyse detailed the equatorial circular geodesics both particle orbits and photon orbits for non extreme GMGHS spacetimes and also finds the ISCO for non-extreme GMGHS blachole. In section 3 we present the particle orbits and photon orbits for extreme GMGHS spacetimes and find the ISCO for extreme GMGHS blachole. Discussion of proper radial distances are presented in section 4. Implications of different coordinates for GMGHS spacetimes are describes shortly in section 5. Finally, the key conclusions are given in section 6.

2 Equatorial Circular Geodesics in GMGHS Blackhole

In this section we shall determine the circular geodesics for GMGHS blackhole in the equatorial plane and also compute the ISCOs for this blackhole. To compute the geodesic motion of a test particle in this plane we set θ̇ = 0 and θ = constant = π/2 and follow the reference[12].

Therefore the necessary Lagrangian for this motion is given by L = 1 2 [ −(1 − 2M r ) (u^t)^2 + (1 − 2M r )^{−1} (u^r)^2 + r(r − b) (u^ϕ)^2 ] . (15)

The generalized momenta can be deduced from it

p_t = −(1 − 2M r ) u^t = −E = Const . (16) p_ϕ = r(r − b) u^ϕ = L = Const . (17) p_r = (1 − 2M r )^{−1} u^r . (18)

Here over dot represents differentiation with respect to proper time(τ). Since the Lagrangian of the test particle independent on ‘t’ and ‘ϕ’, so p_t and p_ϕ are conserved quantities. Solving (16) and (17) for u^t and u^ϕ we find

u^t = E (1 − 2M/r) . (19)

u^ϕ = L r(r − b) . (20)

where E and L are the energy and angular momentum per unit mass of the test particle. Therefore the required Hamiltonian is given by

H = p_t u^t + p_ϕ u^ϕ + p_r u^r − L . (21)

In terms of the metric the Hamiltonian is H = −(1 − 2M r ) (u^t)^2 + (1 − 2M r )^{−1}(u^r)^2 + r(r − b)(u^ϕ)^2 − L . (22)

Since the Hamiltonian is independent of ‘t’, therefore we can write it as

2H = −(1 − 2M r ) (u^t)^2 + (1 − 2M r )^{−1}(u^r)^2 + r(r − b)(u^ϕ)^2 . (23)

= −E u^t + L u^ϕ + 1 (1 − 2M/r) (u^r)^2 = ϵ = const . (24)

Here ϵ = −1 for time-like geodesics, ϵ = 0 for light-like geodesics and ϵ = +1 for space-like geodesics. Substituting the equations (19) and (20) in (24), we obtain the radial equation for any spherically space-time may be written as

(u^r)^2 = E^2 − V_{eff} = E^2 − ( L^2 r(r − b) − ϵ ) ( 1 − 2M r ) . (25)

where the standard effective potential for GMGHS spacetime is V_{eff} = ( L^2 r(r − b) − ϵ ) ( 1 − 2M r ) . (26)

2.1 Particle Orbits

The effective potential for massive particles could be obtained from above equation by substituting ϵ = −1 is given by

V_{eff} = ( 1 + L^2 r(r − b) ) ( 1 − 2M r ) . (27)

To compute the circular geodesic motions of the test particle in the Einstein -Maxwell gravitational field , we must have for circular geodesics of constant r = r_0 and from the equation (25) we get

V_{eff} = E^2 . (28) and dV_{eff} dr = 0 . (29)

Therefore we obtain the energy and angular momentum per unit mass of the test particle along the circular orbits are given by

E^2_0 =

(2r_0 − b)(r_0 − 2M)^2 r_0[2r^2_0 − (b + 6M)r_0 + 4Mb]

. (30) and L^2_0 =

2Mr_0(r_0 − b)^2 2r^2_0 − (b + 6M)r_0 + 4Mb

. (31)

Circular motion of the test particle to be exists when both energy and angular momentum are real finite, therefore we must have 2r^2_0 − (b + 6M)r_0 + 4Mb > 0 and r_0 > b. Again the angular frequency measured by an asymptotic observers for timelike circular geodesics at r = r_0 is given by

Ω_0 = u^ϕ u^t = √ 2M r^2_0(2r_0 − b)

(32)

In the limit b → 0, we obtain the angular frequency for Schwarzschild blackhole which is Ω_0 = √_M r^3_0 . In general relativity circular orbits do not exists for all values of r, so the

denominator of equations (30,31) real only if 2r^2_0 − (b + 6M)r_0 + 4Mb ≥ 0. The limiting case of equality gives an circular orbit with indefinite energy per unit mass, i.e a photon orbit. This photon orbit is the innermost boundary of the circular orbits for massive particles. Compare the above equation of particle orbits with (43) when r_0 = r_c, we can see that photon orbits are the limiting case of timkelike circular orbit. It occurs at the radius r_{ph} = 1 4 (b + 6M + √ b^2 − 20Mb + 36M^2) (33)

Marginally bound circular orbit[12] can be obtained by setting E^2 = 1, then the radius of marginally bound orbit located at r_{mb} = 2M ± √ 2M(2M − b) (34)

In the limit b → 0, we get r_{mb} = 4M which is the radius of marginally bound orbit for Schwarzschild blackhole. At the extreme limit b = 2M, marginally bound orbit occurs at the radius r_{mb} = 2M for extremal GMGHS blackhole. From astrophysical point of view the most important class of orbits are innermost stable circular orbit(ISCO), which occurs at the point of inflection of the effective potential V_{eff} . Thus at the point of inflection d^2V_{eff} dr^2 = 0 (35)

with the auxiliary equation^{dVef f}_{dr} = 0. Then the ISCO equation for GMGHS blackhole is given by

r^3_0 − 6Mr^2_0 + 6Mbr_0 − 2Mb^2 = 0 (36)

The real root of the equation gives the radius of ISCO at r_0 = r_{ISCO} which is given by r_{ISCO} M = 2 + Z +

2(2 −^b_M ) Z (37) Z = [ 8 − 6( b M ) + ( b M )^2 + √ ( b M )^4 − 4( b M )^3 + 4( b M )^2

] 1_3 (38)

In the limit b → 0, we obtain r_{ISCO} = 6M, which is the radius of ISCO for Schwarzschild blackhole .

2.2 Photon Orbits

The radial potential that governs the null geodesics can be expressed as U_{eff} = L^2 r(r − b) ( 1 − 2M r ) (39)

For circular null geodesics at r = r_c

U_{eff} = E^2 (40) and dU_{eff} dr = 0 (41)

Thus we obtain the ratio of energy and angular momentum of the test particle evaluated at r = r_c for circular photon orbits are given by E_c L_c = ± √ r_c − 2M r^2_c (r_c − b)

(42) and 2r^2_c − (b + 6M)r_c + 4bM = 0. (43)

After introducing the impact parameter D_c =^{Lc}_{Ec} , the above equation reduces to 1 D_c = E_c L_c = √ r_c − 2M r^2_c (r_c − b)

(44)

Solving equations(54) one could obtain the radius of the circular photon orbit is

(r_c)_± = 1 4 ( b + 6M ± √ b^2 − 20bM + 36M^2 ) (45)

Here we can easily see that two situation arises first one is that (r_c)_± ≥ 2M and the second one is r_c < 2M. Also (r_c)_± are real when b ≤ 2M or b ≥ 18M. Since we are interested in this work the case for b ≤ 2M, therefore the radius of the circular photon spheres occurs at r_{ph} = 1 4 ( b + 6M + √ b^2 − 20bM + 36M^2 ) (46)

Again the angular frequency Ω_c measured by an asymptotic observers is

Ω_c = u^ϕ u^t = 1 D_c = √ r_c − 2M r^2_c (r_c − b)

(47)

3 Extremal Case

In this section we shall describe the equatorial circular geodesics for extremal GMGHS blackhole.

3.1 Particle Orbits

Proceeding analogously for extremal GMGHS blackhole, the corresponding effective potential is found to be V_{eff} = ( 1 + L^2 r(r − 2M) ) ( 1 − 2M r ) . (48)

Using the condition for circular geodesics of constant r = r_0 we obtain the energy and angular momentum per unit mass for the test particle could be written as

E^2_0 = 1 − M r_0

. (49) and L^2_0 = Mr_0 . (50)

For Circular geodesic motions of the test particle, both energy and angular momentum are real finite, therefore we must have r_0 > M. Now the most interesting class of circular orbits are innermost stable circular orbits which occur at the point of inflection as given by the equation (35). Therefore the ISCO equation for the test particle of the extremal GMGHS spacetimes is given by

(r_0 − 2M)^3 = 0 (51)

Hence the ISCO occurs at the radius r_0 = r_{ISCO} = 2M for extremal GMGHS blackhole. At the ISCO the values of energy and angular momentum becomes E =^{1√}_2 and L = √ 2M respectively.

3.2 Photon Orbits

In this case the effective potential is determined from equation (26) U_{eff} = L^2 r(r − 2M) ( 1 − 2M r ) (52)

For circular geodesics of constant r = r_c, the ratio of energy and angular momentum E_c L_c = ± 1 r_c (53) and (r_c − 2M)^2 = 0. (54)

After introducing the impact parameter D_c =^{Lc}_{Ec} , the above equation reduces to 1 D_c = E_c L_c = 1 r_c (55)

Solving equations(54) one could obtain simply the radius of the circular photon orbit is

r_c = 2M (56)

Therefore for extremal GMGHS blackhole the photon orbit occurs at r_{ph} = 2M.

4 Proper Radial Distance:

Here we shall show that the proper spatial distance on a spatial (constant time) slice, from an exterior point to the horizon gives the zero value for the extremal GMGHS blackhole. The proper spatial distance [12] on a constant time slice from any point to the event horizon is given by

r_p = ∫_{rISCO} r_{hor} √ g_{rr} dr = (√ r(r − 2M) + 2M ln | √ r + √ r − 2M | ) |^{rISCO} r_{hor} (57)

where g_{rr} =^r_{r−2M} . In the near extremal limit, Q = √ 2M(1 − χ). The event horizon is located at r_h = 2M, the photon orbit at r_{ph} = M(2 + 2 √ χ − χ), a marginally bound orbit is at r_{mb} = 2M(1 + √ 2χ) and the ISCO is at r_{ISCO} = 2M(1 + χ^{1/3} + 2χ^{2/3}) for the equatorial plane. The proper distance from photon orbit to event horizon at the extremal limit χ → 0 is r_p |^{rph}r_{hor} = 0. Again the limiting distance from ISCO to the horizon is r_p |^{rISCO}_{rhor} = 0. The distance for marginally bound orbit (r_{mb}) to the event horizon is r_p |^{rmb}_{rhor} = 0, which is also vanishing in the extremal limit. Since all the proper radial distances are vanishes at the extremal limit, therefore they must coincides with the null generators of the horizon. It may be noted that the metric components g_{rr} is independent of Q. Due to this fact, all the proper radial distance from horizon to any exterior point becomes zero.

5 GMGHS spacetime in Painlevé-Gullstrand Coordinates

The standard discussion of ISCOs in previous section is given in terms of Schwarzschild coordinates which are known to be ill-behaved on the event horizon. So in this section, we shall introduce a number of well behaved coordinate system like ingoing Eddington- Finklestein, Painlevé-Gullstrand coordinates which are regular on the event horizon and has some interesting properties. We shall show the effective potential derived in these coordinates is similar to those obtained in Schwarzschild coordinates. Now we begin with the GMGHS Spacetimes in terms of Eddington-Finklestein coordinates can be written as

ds^2 = − ( 1 − 2M r ) dv^2 + 2dvdr + r(r − b)(dθ^2 + sin^2 θdϕ^2) (58)

which is obtained by the following coordinate transformation for Schwarzschild blackhole

v = t + r + 2M ln | r 2M − 1 | (59)

The above metric is the same time independent, spherically symmetric geometry with different coordinates and is not singular at r = 2M. This type of coordinate are very important for the study of ongoing gravitational collapse. Now if we give the following transformations

dv = dt + dr 1 + √_{2M} r (60)

then we find the well known metric of the GMGHS black hole spacetime in Painlevé coordinates is given by

ds^2 = − ( 1 − 2M r ) dt^2 + 2 √ 2M r dtdr + dr^2 + r(r − b)(dθ^2 + sin^2 θdϕ^2) (61)

which is unlike Schwarzschild coordinates, are not singular at the horizon. It is manifested that the spacetimes now well behaved on the horizon.

Similar to the Schwarzschild spacetime, the GMGHS spacetimes also has isometries, namely timelike isometries and rotational isometries. Therefore the geodetically conserved quantities are E ≡ ξ · u and L ≡ ζ · u having the connotations of energy and angular momentum of the particle respectively, with ξ ≡ ∂/∂t and ζ ≡ ∂/∂ϕ being the timelike and azimuthal Killing vectors respectively. One thus has − E = ξ.u = −f dt dτ + √ 1 − f dr dτ (62)

L = ζ.u = r(r − b) sin^2 θ dϕ dτ . (63)

where f = 1 −^{2M}_r . The equation for the particle orbit follows, for the timelike case, from normalization of the four velocity

u.u = g_{μν} u^μu^ν = −1 , (64) and is given in the θ = π/2 plane by

(1 − f) ṙ^2 + ( 1 + L^2 r(r − b) ) f = E^2 (65)

For circular orbit ṙ =^{dr}_{dτ} = 0, Therefore by substituting the value of f one obtains

E^2 = V_{eff} = ( 1 + L^2 r(r − b) ) ( 1 − 2M r ) . (66)

which is exactly similar to the effective potential as we found in Schwarzschild coordinates. Let us now consider the radial geodesics with zero angular momentum L = 0 and radial free fall of a particle from infinity i.e E = 1 then the eqn. (65) can be written as dr dτ = ±1 . (67)

+ sign for outgoing geodesics and − sign for ingoing geodesics. Now one can compute the proper time interval which is

τ = ∫_{rISCO} r_{hor} dr = r_{ISCO} − r_{hor} . (68) This simply suggests that the proper time interval from event horizon to ISCO or event horizon to marginally bound orbit or event horizon to photon orbit in the extremal limit gives zero value. This means these three orbits coincides with the principal null generators of the horizon. Again the ISCO energy(E_{ISCO} =^{1√}_2 ) and ISCO angular momentum (L_{ISCO} = √ 2M) are finite at the extremal limit but ISCO four velocity diverges in this limit and ISCO angular velocity Ω_{ISCO} =^1_{2M} finite. Even then these three orbits molds with the principal null generators of the horizon. In schwarzschild coordinates, the above calculation gives identical results. Now if we compare the GMGHS blackhole spacetime line elements in two coordinates i.e. Schwarzschild and Painlevé coordinates then we obtain for equatorial constant time slice ds^2_{Sch} = r r − 2M dr^2 + r(r − b)dϕ^2 ds^2_{P ain} = dr^2 + r(r − b)dϕ^2 . (69)

It implies that in the extremal limit b = 2M, on an equatorial constant time slices the proper radial distances from horizon to any exterior point gives zero value, this means that in the extremal limit these three orbits ISCO, Photon orbit and marginally bound orbit precisely locates on the event horizon, which coincides with the null generators of the horizon.

6 Discussion

In this note, we have demonstrate the geodesic motion of neutral test particle for massive and massless particles in the equatorial plane both extreme and nonextreme cases for GMGHS blackholes. We computed the ISCO for nonextremal GMGHS spacetimes. The interesting findings for extremal GMGHS blackhole is that, ISCO, photon orbit and marginally bound circular orbit coincides with the event horizon i.e r_{ISCO} = r_{ph} = r_{mb} = r_{hor} = 2M. Since the proper radial distances on an equatorial constant time slices from ISCO to event horizon or photon orbit to event horizon or marginally bound circular orbit to event horizon is exactly zero both in Schwarzschild and Painlevé coordinates, so they are in fact coalesce with the principal null generators of the horizon.

Acknowledgements

I would like to thank Prof. P. Majumdar, C. Chakraborty, S. Bhattachrya and A. Majhi of S.I.N.P for helpful discussions.

References

[1] P. Pradhan, P. Majumdar, Physics Letters A 375 474-479 (2011). [2] P. Pradhan, P. Majumdar, arXiv:1108.2333v1 [gr-qc]. [3] D. Pugliese, H. Quevedo, R. Ruffini, Phys. Rev.D 83,024021(2011). [4] G.W. Gibbons, K. Maeda, Nucl. Phys. B 298,741(1988).

[5] D. Garfikle, G.T. Horowitz, A. Strominger, Phys. Review D 43,(3140) (1991),45,(3888)(1992).

[6] A. Sen, Phys. Rev. Lett. 69, 1006 (1992). [7] P.Painlevé, C.R. Acad. Sci.(Paris) 173,677(1921). [8] C. Blaga, P.A. Blaga, Serb. Astron. Journal 158,55-59(1998). [9] S. Fernando, Phys. Review D 85, 024033(2012). [10] T. Maki, K. Shiraishi, Classical Quantum Gravity 227(1994). [11] A. Bhadra, Phys. Review D 67, 103009 (2003).

[12] S. Chandrashekar, The Mathematical Theory of Black Holes, Clarendon Press, Oxford (1983).