arXiv:1210.0243v1 [math.RT] 30 Sep 2012

FOLDING QUIVERS AND NUMERICAL STABILITY CONDITIONS

YU QIU

Abstract. We generalize Deng-Du’s folding argument, for the bounded derived category D^b(Q) of an acyclic quiver Q, to the finite dimensional derived category D(ΓQ) of the Ginzburg algebra ΓQ associated to Q. We show that the F-stable category of D(ΓQ) is equivalent to the finite dimensional derived category D(ΓS) of the Ginzburg algebra ΓS associated to the specie S, which is folded from Q. Then we show that, if (Q, S) is of Dynkin type, the principal component Stab_0 D(ΓS) of the space of the stability conditions of D(ΓS) is canonically isomorphic to the principal component Stab^F_0 D(ΓQ) of the space of F-stable stability conditions of D(ΓQ). As an application, we show that, if (Q, S) is of type (A_3, B_2) or (D_4, G_2), the space Stab^N D(ΓQ) of numerical stability conditions in Stab_0 D(ΓQ), consists of Br ΓQ/ Br ΓS many connected components, each of which is isomorphic to Stab_0 D(ΓS) ∼= Stab^F_0 D(ΓQ).

Key words: Calabi-Yau category; Frobenius morphism; folding; t-structure; numerical stability conditions

Introduction

Bridgeland [3] defined the notion of a stability condition on a triangulated category, trying to understand D-branes in string theory from a mathematical point of view. We aim to study the spaces of stability conditions arising from representation theory. Namely, the bounded/finite dimensional derived categories for quivers and species.

One of our main techniques is folding, which is well-known in studying non-simply laced Dynkin diagram. In particular, folding the bounded derived category D(Q) of a quiver Q was studied by Deng-Du ([1], [2]). The key observation is that an automorphism on the quiver Q will induce a Frobenius morphism on the path algebra kQ and a Frobenius morphism (which is an auto-equivalence) on the category D(Q). Then the F-stable category of D(Q) is derived equivalent to the bounded derived category of a specie S, which is obtained by folding the quiver Q. Our first aim is (Proposition 2.1) to generalize this result to the finite dimensional derived category D(ΓQ) of the Ginzburg algebra ΓQ associated to Q. Namely, the F-stable category of D(ΓQ) is derived equivalent to the finite dimensional derived category D(ΓS) of the Ginzburg algebra ΓS associated to S. We will then show (Corollary 4.3) that, if (Q, S) is of Dynkin type, the principal component Stab_0 D(ΓS) of the space of the stability conditions of D(ΓS) is canonically isomorphic to the principal component Stab^F_0 D(ΓQ) of the space of F-stable stability conditions of D(ΓQ). As an application, we show our main result (Theorem 5.1) that, if (Q, S) is of type (A_3, B_2) or (D_4, G_2), the space Stab^N D(ΓQ) of

Date: October 3, 2012. 1

numerical stability conditions in Stab_0 D(ΓQ), consists of Br ΓQ/ Br ΓS many connected components, each of which is isomorphic to Stab_0 D(ΓS) ∼= Stab^F_0 D(ΓQ).

This paper was motivated by a talk with Tom Sutherland and Alastair King. Sutherland studies a list of quivers (known as Painlevé quivers) in his PhD work [14], whose corresponding spaces of numerical stability conditions are related to elliptic surface. Note that all those quivers are foldable expect one. Moreover, the space of the numerical stability space for a quiver Q is related to the cluster algebra, whose type is the corresponding specie S folded from Q (cf. [11]).

Acknowledgements. I would like to thank Tom Sutherland for sharing his ideas in his PhD thesis, Alastair King for teaching me the folding technique, Bernhard Keller for explanations via e-mail and Thomas Brüstle for proofreading.

1. Preliminaries

1.1. Notations. Let F_q be a finite field with q elements and k = F_q be its algebraic closure with field automorphism ς = ς_q (k → k^q). In this paper, all categories will be implicitly assumed to be F_q -linear or k-linear.

Throughout this paper, we fix the following notations:

• Let (Q, σ) be an acyclic quiver with admissible automorphism and Frobenius morphism F as in (A.1); let S = (S, L_i, X_a) be the folded specie corresponding to (Q, σ), see Appendix A for details.

• Denote by kQ = kQ_0⟨a | a ∈ Q_1⟩ and F_qS = L⟨X_a | a ∈ S_1⟩ the path algebras of Q and S, respectively, and let

H_Q = mod kQ, H_S = mod F_q S,

and their bounded derived categories be D(Q) and D(S) respectively. • Denote by Sim A a complete set of simples of an abelian category A. Let

Sim H_Q = {S_i | i ∈ Q_0}, Sim H_S = {S_i | i ∈ S_0}.

• Let ΓQ and ΓS be the Ginzburg algebra of Q and S, respectively, and denote by D(ΓQ) and D(ΓS) the derived categories of finite dimensional dg modules for ΓQ and ΓS. See Appendix B for details.

• Note that D(ΓQ) and D(ΓS) admit standard hearts

G_Q ∼= H_Q and G_S ∼= H_S, (1.1)

respectively (cf. [6]), and denote their simples by

Sim G_Q = {T_i | i ∈ Q_0}, Sim G_S = {T_i | i ∈ S_0}.

• Denote by Br ΓQ and Br ΓS, respectively, the Seidel-Thomas braid group generating by the twist functors as in Appendix B.

Example 1.1. When Q is of Dynkin type, all possible admissible automorphism σ and the corresponding specie S are

1^∘. Q is of type D_{n+1} and S is of type B_n while σ exchanges the bullets.

D_{n+1} • YY σ � ∘ ∘ · · · ∘ KK ss • B_n ∘ ∘ · · · ∘ • 1 1 1 2

2^∘. Q is of type A_{2n+1} and S is of type C_n while σ exchanges the bullets in the same collum.

A_{2n+1} EE σ ÆÆ • • · · · • KK ∘ • • · · · • ss C_n • • · · · • ∘ 2 2 2 1

3^∘. Q is of type E_6 and S is of type F_4 while σ exchanges the bullets in the same collum.

E_6 • • YY σ � ∘ ∘ KK ss • • F_4 ∘ ∘ • • 1 1 2 2

4^∘. Q is of type D_4 and S is of type G_2 while σ permutates the three bullets.

D_4 • YY σ � ∘ KK ss • • G_2 ∘ • 1 3 Note that the orientation of arrows involving the circles need to be consistent with σ and the label on vertex i in S are |i|.

1.2. Tilting. A similar notion to a torsion pair in an abelian category is a t-structure on a triangulated category D. A t-structure is the torsion part of some torsion pair in D that is closed under positive shifts. When the t-structure is bounded (which we will always assume in this paper), it uniquely corresponds to a subcategory of D, known as its heart. There is a natural partial order of hearts, that H_1 ≤ H_2 if and only if P_1 ⊃ P_2, where P_i is the corresponding t-structure of H_i.

By [5], for any heart H (in a triangulated category) with torsion pair ⟨F, T ⟩, there exists the following two hearts with torsion pairs H^♯ = ⟨T , F[1]⟩, H^♭ = ⟨T [−1], F⟩. We call H^♯ the forward tilt of H with respect to the torsion pair ⟨F, T ⟩, and H^♭ the backward tilt of H.

We say a forward tilt is simple, if the corresponding torsion free part is generated by a single rigid simple object S (as in Lemma C.1). We denote the new heart by H^♯_S. Similarly, a backward tilt is simple if the corresponding torsion part is generated by such a simple and the new heart is denoted by H^♭_S.

The notion of simple titling leads to exchange graphs. Define the total exchange graph EG D of a triangulated category D to be the oriented graph whose vertices are all hearts in D and whose edges correspond to simple forward tiltings between them.

We have the following consequence of Proposition C.2.

Lemma 1.2. Let H be a heart in a triangulated category D with rigid simples R_1, . . . , R_m such that Hom^•(R_i, R_j ) = 0 for any 1 ≤ i, j ≤ m. Then there is a torsion pair ⟨F, T ⟩ such that the forward tilt of H with respect to which equals to H_m, where

H_0 = H, H_i = (H_{i−1})^♯_{Rρ(i)}

and ρ is any fixed permutation of m elements. Denote the tilt H_m of H by H^♯_{R1,...,Rm} .

Proof. Fix a permutation ρ. By repeatedly using Proposition C.2, we inductively deduce that any simple in H_i, for 0 ≤ i ≤ m, admits a filtration of triangles with factors in Sim H ∪ Sim H[1]. Thus, its homology with respect to H lives only in degree zero and one. By [9, Lemma 5.4], this means H ≤ H_i ≤ H[1]. By [11, Lemma 2.9], we know that H_i is the forward tilt of H with respect to some torsion pair. Then, using formulae in Proposition C.2, a direct calculation shows that the tilt H_m is independent of the choice of permutation, as required. □

1.3. Stability conditions. A stability condition on D consists of a heart H and a stability function Z on H with the Harder-Narashimhan property, which will be denoted by (H, Z). The function Z is known as the central change, which is a group homomorphism from the Grothendieck group K(H) ∼= K(D) to C . Recall a crucial result due to Bridgeland.

Theorem 1.3. [3, Theorem 1.2] All stability conditions on a triangulated category D form a complex manifold, denoted by Stab(D); each connected component of Stab(D) is locally homeomorphic to a linear sub-manifold of Hom_Z(K(D), C ), sending a stability condition (H, Z) to its central change Z.

Note that every finite heart H, that is, a heart generating by finitely many simples, corresponds to a (complex, half closed and half open) n-cell U(H) ≃ H^n inside Stab(D), where

H : = {r exp(iπθ) | r ∈ R_{>0} , 0 ≤ θ < 1} (1.2)

is the upper half plane of the complex plane C . For more details, see [3] or [11, Section 2].

1.4. Frobenius morphisms. By [1] and [2], we have an algebra isomorphism (kQ)^F ∼= F_q S. Moveover, there is a Frobenius functor in Aut D(Q) induced by F , which also denote by F . For any object M in D(Q), denote by p(M) the F-period of M, that is, the minimal positive integer m, such that F^m(M) = M. Note that, by [2], p(M) is finite for any M and let ~M = p(M)⨁

j=1 F^j (M). (1.3)

We say M is an F-stable object if p(M) = 1, i.e. F (M) = M. We say a subcategory C of D(Q) is F-stable if F (C) = C.

Let D(Q)^F be the F -stable category of D(Q), whose objects are F -stable objects of D(Q) and whose morphisms are the ones which commutes with F (see [2, Remark 5.5] for details). Then we have a derived equivalence ([2, Theorem 5.4])

Φ: D(S) ∼= D(Q)^F (1.4)

such that Φ(H_S) = H^F_Q and Φ(S_i) = ⨁ i∈i S_i.

The second equation is equivalent to Φ(S_i) = ~S_i for any i ∈ i. We will write ~S_i for Φ(S_i). Further, for any X ∈ Ind D(Q)^F , there exists M ∈ Ind D(Q) such that X = ~M.

Similar to (A.1), we have the Frobenius morphism on ΓQ such that the restriction to kQ (i.e. the degree zero part of ΓQ) is exactly (A.1). This morphism also induces a Frobenius functor, still denoted by F , on D(ΓQ), which is an auto-equivalence. Denote the F-stable category of D(ΓQ) as D(Q)^F by D(ΓQ)^F . Then we have the following diagram (cf. Appendix C)

D(S)^Φ_{∼=} // L_S fflffl D(Q)^F Ø

¨ // D(Q) L_Q fflffl D(ΓS)^? ˙˙˙˙ D(ΓQ)^{F ?} ˙˙˙˙ D(ΓQ)

. (1.5)

2. Folding Calabi-Yau category

In this section, we aim to complete (1.5).

Proposition 2.1. There is a faithful functor Θ: D(ΓS) → D(ΓQ), sending T_i to ~T_i = ⨁ i∈i T_i and inducing a derived equivalence

Θ: D(ΓS) ∼= D(ΓQ)^F . (2.1)

Proof. By (1.1), we know that ~T_i as in (1.3) is well-defined for i ∈ Q and

~T_i : = ~T_i ∈ D(ΓQ)^F

for any i ∈ i. By the properties of L-immersions (in Proposition C.3) and (1.4), we can calculate that

End^•_{D(ΓQ)F} ( ⨁ i∈S_0 ~T_i ) ∼= End^•_{D(ΓS)} ( ⨁ i∈S_0 T_i ) . which implies that the existence of the required faithful functor Θ. Moreover, we only need to show that { ~T_i}_{i∈S0} generates D(ΓQ)^F for (2.1).

First, { ~T_i}_{i∈S0} generates G^F_Q as { ~S_i}_{i∈S0} generates H^F_Q by (1.1). Second, any M ∈ D(ΓQ)^F admits a canonical filtration

0 = M_0 // M_1 � � � � // · · · // M_{m−1} // M_m = M

––xxx xxx xxx H_1[k_1] aaB B B B H_m[k_m] aaB B B B (2.2)

where H_i ∈ G_Q and k_1 > . . . > k_m are integers. Since M is F-stable and the filtration is unique, we deduce that each homology H_i of M, with respect to G_Q, is F-stable. Hence, any of these homologies is generated by { ~T_i}_{i∈S0}, and so is M as required. □

Thus it is straightforward to see that (1.5) is completed to the commutative diagram

D(S)^Φ_{∼=} // L_S fflffl D(Q)^F Ø

¨ // L_Q fflffl D(Q) L_Q fflffl D(ΓS)^Θ_{∼=} // D(ΓQ)^F Ø

¨ // D(ΓQ)

(2.3)

3. F-stable for bounded derived categories

For a F-stable heart H in D(Q), define its F-stabilization to be the abelian category H^F in D(Q)^F , consisting of objects { ~M | M ∈ H}, where ~? is as in (1.3).

Lemma 3.1. If H is a F-stable heart in D(Q), then its F-stabilization H^F is a heart in D(Q)^F .

Proof. We use the criterion in [3, Lemma 3.2] for the definition of hearts, namely, an abelian category A in a triangulated category D is a heart if and only if it satisfies the following conditions

• Hom_D(A[a], B[b]) = 0 for any A, B ∈ A and any integer a > b. • There is a canonical filtration (2.2) for any M in D with H_i ∈ A and k_1 > . . . > k_m are integers.

For any X and Y in H^F , there exists M and L in H such that X = ~M and Y = ~L as in (1.3). Since Hom_{D(Q)}(A[a], B[b]) = 0 for any A, B ∈ H and any integer a > b, we have Hom_{D(Q)}F (X[a], Y [b]) = 0.

Further, there is a canonical filtration (2.2) of M with H_i ∈ H and k_1 > . . . > k_m are integers. Since H is F-stable, F^j (H_i) is also in H which implies the canonical filtration of F^j(M) has factors F^j (H_1)[k_1], . . . , F^j (H_m)[k_m]. By direct summing the triangles in the canonical filtrations of F^j (M), for j = 1, . . . , p(M), we obtain a filtration of ~M in D(Q), with factors_{p(M)} ⨁ j=1 F^j (H_1)[k_1], . . . , p(M)⨁

j=1 F^j (H_m)[k_m].

To see that this induces the canonical filtration of X = ~M in D(Q)^F (under Φ), we only need to show that ⨁_{p(M)} j=1 F^j(H_i)[k_i] is F-stable, or equivalently, F^{p(M)}(H_i) = H_i. This follows by comparing the canonical filtrations of F^{p(M)}(M) and M, noticing that the canonical filtration is unique, Therefore, H^F is a heart in D(Q)^F . □

Note that the Aut D acts on the Grothendieck group K(D), as well as Stab D in a natural way. Denote by K^F (D(Q)) the subgroup in K(D(Q)) consisting of F-stable elements. Then we have a canonical isomorphism K^F (D(Q)) ∼= K(D(Q)^F ). Further, denote by Stab^F D(Q) the subspace in Stab D(Q) consisting of F-stable stability conditions.

An immediate corollary for stability conditions is as follow.

Corollary 3.2. There is a canonical inclusion ι_Q : Stab^F D(Q) → Stab D(Q)^F (3.1) sending a stability condition (H, Z) to (H^F , Z^F ), where Z^F ( ~M) = Z(M), for any M ∈ D(Q). Moreover, we have the following commutative diagram

Stab^F D(Q) fflffl

ι_Q //

Stab D(Q)^F fflffl Hom(K^F (D(Q)), C )^{∼=} Hom(K(D(Q)^F ), C ),

(3.2)

where the vertical maps are the canonical local homeomorphism in Theorem 1.3, sending a stability condition to its central charge.

Proof. Clearly, the map ι_Q is a locally well-defined and [11, (3.?)] implies that we can glue them together as required. □

We think that the inverse of Lemma 3.1 is also true, but we only (need and) prove a partial result. Denote by EG^∘ D(Q) and EG^∘ D(S) the principal component of the exchange graph EG D(Q) and EG D(S), respectively. Note the derived equivalence (1.4) induces an isomorphism Φ: EG^∘ D(S) → EG^∘ D(Q)^F .

Proposition 3.3. Any heart in Φ(EG^∘ D(S)) is the F-stabilization of some heart in EG^∘ D(Q), Moreover, if Φ(H) = ~H^F for hearts H ∈ EG^∘(D(S)) and ~H ∈ EG^∘ D(Q), we have the following.

1^∘. Sim H and Sim ~H can be written as {R_i}_{i∈S0} and {R_i}_{i∈Q0} , respectively, such that Φ(R_i) = ⨁ i∈i R_i. 2^∘. For any i ∈ S_0 and i_1, i_2 ∈ i, Hom^•(R_{i1} , R_{i2} ) = 0. 3^∘. For any i ∈ S_0, we have

Φ(H^♯) = ( ~H^♯)^F and Φ(H^♭) = ( ~H^♭)^F , (3.3)

where the tilts of H are with respect to R_i and the tilts of ~H are with respect to the set of simples {R_i}_{i∈i} in the sense of Lemma 1.2.

Proof. We use induction starting from the standard hearts Φ(H_S) = H^F_Q satisfying 1^∘

and 2^∘. We only need to show that, if (H, ~H) satisfy Φ(H) = ~H^F , 1^∘ and 2^∘, then they also satisfy 3^∘ and hearts in (3.3) satisfy 1^∘ and 2^∘.

Let (H, ~H) satisfy Φ(H) = ~H^F , 1^∘ and 2^∘. Consider a fixed i ∈ S_0. Suppose that the orbit i contains vertices 1, . . . , |i| in Q_0. We claim that

( ^H^F )^♯~_{Ri} = ( ^H^♯_{R1,...,R|i|} )_F , (3.4)

where ~R_i = ~R_i = ⨁ i∈i R_i. Because of 2^∘, RHS of (3.4) is well-defined in the sense of Lemma 1.2. Since the simples determine a heart, (3.4) is equivalent to the equality between their sets of simples. Let j ∈ S_0 and contains vertices 1^′, . . . , |j|^′ in Q_0 with corresponding simples R_j′ ∈ Sim H. Let ~R_j = ~R_j′ = ⨁ j^′∈j Rj^′ . By formulae in

Proposition C.2, we only need to show

ψ^♯_{~Ri} ( ~R_j) = |j|^′⨁

j=1^′ Ψ(R_j′ ) (3.5)

where Ψ = ψ^♯_{R1} ∘ · · · ∘ ψ^♯_{R|i|} and ψ^♯ is defined as in (C.4).

Let d = gcd(|i|, |j|) and |i| = sd, |j| = td for some integer s, t. Without lose of generality, suppose that F (R_k) = R_{k+1} and F (R_k′ ) = R_{(k+1)}′ , where R_k = R_{k+sd} and R_k′ = R_{(k+td)}′ . Further, suppose that Ext^1_{D(Q)}(R_k′ , R_0) = k^{hk′} for k = 1, . . . , d. Then, by applying the Frobenius functor, we have Ext^1_{D(Q)}(R_j′ , R_i) = k^{hj′−i} , where h_x = h_{x+d} for any x ∈ Z. Using formula (C.4), a direct calculation shows that Ψ(R_j′ ) admit a filtration of triangles in D(Q), with factors R^{hj−1}_1 , . . . , R^{hj−sd}_{sd} , R_j′ , for any 1 ≤ j ≤ td. Noticing that Hom^•(R_{i1} , R_{i2} ) = 0, we actually have triangles R_j′ [−1] → sd⨁ i=1 R^{hj−i}_i → Ψ(R_j′ ) → R_j′ . Direct summing these triangles gives a triangle ~R_j[−1]^α−→ ~R^{t·h}_i → |j|^′⨁

j=1^′ Ψ(R_j′ ) → ~R_j, (3.6)

in D(Q), where h = ∑_d k=1 h_k. By the definition of ψ^♯_{Ri} , α in (3.6) contains all maps in Hom_{D(Q)}( ~R_j[−1], ~R^{t·h}_i ).

On the other hand, we have Ext^1_{D(Q)F} ( ~R_j, ~R_i) = F_qt·s·d·h , End_{D(Q)}F ( ~R_i, ~R_i) = F_qs·d .

Then (C.4) gives a triangle ~R_j[−1]^{α′}−→ ~R^{t·h}_i → ψ^♯_{~Ri} ( ~R_j) → ~R_j (3.7) in D(Q)^F , where α^′ is the universal map. Therefore (3.7) in D(Q)^F is induced from (3.6) in D(Q), which implies (3.5). Similarly for the case of backward tilting.

Via Φ in (1.4), we see that ( ~H, H) satisfy 3^∘ and the hearts in (3.3) satisfying 1^∘ and 2^∘ as required. □ We also the corresponding corollary for stability conditions.

Corollary 3.4. If (Q, S) one of the Dynkin type in Example 1.1, then ι_Q in (3.1) is a canonical isomorphism. In particular, we have Stab^F D(Q) ∼= Stab D(S).

Proof. Since S is of Dynkin type, use the same argument in [11, Appendix A] for example, we have EG^∘ D(S) = EG D(S). Thus, Φ(EG^∘ D(S)) = Φ(EG D(Q)^F ).

For the first claim, we only need to show that ι_Q is surjective, or equivalently, that any heart in D(Q)^F is the F-stabilization some heart H in D(Q). This follows from Proposition 3.3.

The second claim follows immediately from the derived equivalence (1.4) and the first claim. □

4. F-stable for finite dimensional category

We precede to discuss F-stable hearts and stability conditions in D(ΓQ). Notice that formulae (C.4) and (C.5) coincide with twist functor formulae (cf. [9, Remark 7.2]). Hence, similar to the proof of (3.5), we have the following lemma.

Lemma 4.1. Let the orbit i ∈ S_0 consists of vertices 1, . . . , |i| in Q_0. Then the autoequivalence ϕ_i = ϕ_{T1} ∘ · · · ∘ ϕ_{T|i|} preserves F-stable objects in D(ΓQ) and hence induces an auto-equivalence ϕ_i on D(ΓQ)^F . Moreover, under the derived equivalence (2.1), ϕ_{Ti} corresponds to ϕ_i.

Denote by Br ΓQ^F the subgroup of Br ΓQ generating by {ϕ_i}_{i∈S0}. Hence, by abuse of notation, we have Θ(Br ΓS) = Br ΓQ^F .

Now we prove a similar result to Proposition 3.3 for D(ΓQ).

Proposition 4.2. Any heart in Θ(EG^∘ D(ΓS)) is the F-stabilization of some heart in EG^∘ D(ΓQ).

Proof. First, by (C.8), for any H_0 in EG^∘(D(ΓS), G_S), there exists H in EG^∘(D(S), H_S) such that H_0 = L_{S∗}(H). Then by Proposition 3.3, Φ(H) = ~H^F , for some H ∈ EG^∘ D(Q). Moreover, by looking at the homology of ~H with respect to H_Q (cf. [9, Lemma 5.4]), H is actually in EG^∘(D(Q), H_Q). Further, the quotient map ΓQ → kQ, which induces the immersion L_Q, commute with the Frobenius morphisms on kQ and ΓQ. Therefore

we have L_{Q∗}( ~H^F ) = ( L_{Q∗}( ~H) )_F . Together, we have

Θ(H_0) = L_{Q∗}(Φ(H)) = L_{Q∗}( ~H^F ) = (L_{Q∗}( ~H))^F ,

i.e. Θ(H_0) is the F-stabilization of some heart in EG^∘ D(ΓQ).

By Theorem C.4 and Lemma 4.1 we know that Θ(EG^∘(D(ΓS), G_S)) is a fundamental domain for EG^∘(D(ΓQ)^F )/ Br ΓQ^F and Br ΓQ^F preserves F-stabilizing, respectively. Thus all heart in EG^∘(D(ΓS)) is the F-stabilization of some heart in EG^∘ D(ΓQ), as required. □

Similar to [11, Theorem 4.3], there are principal components

Stab_0(ΓQ) = ⋃ H∈EG^∘ D(ΓQ) U(H), Stab_0(ΓS) = ⋃ H∈EG^∘ D(ΓS) U(H)

in Stab(D(ΓQ)) and Stab(D(ΓS)), respectively, for any S = Q^σ of Dynkin type in Example 1.1. Denote by Stab^F_0 (ΓQ) the subspace in Stab_0(ΓQ) consisting of F-stable stability conditions. As Corollary 3.2, we have an immediate consequence of Proposition 4.2.

Corollary 4.3. If (Q, S) is one of the Dynkin type in Example 1.1, then there is a canonical isomorphism

ι_{ΓQ} : Stab^F_0 (ΓQ) ∼= Stab_0(ΓQ)^F . (4.1)

Thus Stab^F_0 D(ΓQ) ∼= Stab_0 D(S).

Proof. The map ι_{ΓQ} is constructed via the isomorphism between the Grotendieck groups of K^F (D(ΓQ)) and K(D(ΓQ)^F ) and Theorem 1.3 (cf. commutative diagram (4.2) and (3.2)).

Stab^F_0 D(ΓQ) fflffl

ι_{ΓQ} //

Stab_0 D(ΓQ)^F fflffl Hom(K^F (D(ΓQ)), C )^{∼=} Hom(K(D(ΓQ)^F ), C ).

(4.2)

□ 5. Numerical stability conditions

In this section, we study the space of numerical stability condition of D(ΓQ) via the stability conditions of D(ΓS), for two special Dynkin types, namely (Q, S) is of type (A_3, B_2) or (D_4, G_2).

Recall that the Euler form on the Grothendieck gorup K(G_Q) defined by

χ(dim M, dim L) = ∑ i (−1)^idim Hom^i(M, L), (5.1)

for any M, L ∈ K(G_Q). Since K(ΓQ) := K(D(ΓQ)) is canonically isomorphic to K(G_Q), χ is also is bilinear form on K(ΓQ). A numerical stability condition on D(ΓQ) is a stability condition (H, Z) such that the central change Z : K(ΓQ) → C factors through the numerical Grothendieck group K(ΓQ)/Z_χ(ΓQ), where Z_χ(ΓQ) = {X ∈ K(ΓQ) | χ(X, Y ) = 0, ∀Y ∈ K(ΓQ)}. Denote by Stab^N (ΓQ) the space of numerical stability conditions that are in Stab_0(ΓQ); denote by Stab^N_0 (ΓQ) its principal component, that is, the connected component contains the numerical stability condition with heart G_Q.

Now we prove the main theorem.

Theorem 5.1. For (Q, S) is of type (A_3, B_2) and (D_4, G_2) as in Example 1.1, Stab^N (ΓQ) consists of Br ΓQ/ Br ΓS many (connected) components, each of which is isomorphic to

Stab^N_0 (ΓQ) = Stab^F_0 D(ΓQ) ∼= Stab_0(ΓS).

Proof. We only deal with the case (Q, S) is of type (A_3, B_2), while the other case is similar. Without lose of generality, suppose that the labeling and the orientations of (Q, S) are

Q: 1 WW σ� 2 ))SSS SS 55kkk kk 3 S: 2 > 1

(5.2)

Recall that Sim G_Q = {T_1, T_2, T_3}. By a direct calculation, we know that • F (T_1) = T_3, F (T_2) = T_2, F (T_3) = T_1 and hence F^2 = id. Thus a stability condition (H, Z) is F-stable if and only if Z(T_1) = Z(T_3) and H is F-stable.

• Z_χ(ΓQ) is generated by [T_1]−[T_3]. Thus a stability condition (H, Z) is numerical if and only if Z(T_1) = Z(T_3).

Clearly, a F-stable stability condition is numerical.

Next, we investigate stability conditions in

S : = ⋃ H∈EG^∘(D(ΓQ),G_Q) U(H), (5.3)

where EG^∘(D(ΓQ), G_Q) is defined as in Appendix C. The Auslander-Reiten quiver of G_Q is as following T_1 !!CC

C X^3 !!CC C X_2

¡¡zz z ””DD

D T^2

T_3

==–– – X_1

==–– – EG^∘(D(ΓQ), G_Q) is shown in Figure 1, where we denote each heart by a complete set of simples and ?^1 =?[1]. Note that the F-stable ones are underlined.

Let H be a non-F-stable heart in Figure 1 and we claim that all stability conditions in U(H) are not numerical. To see this, take the top heart in Figure 1 for example. Then Z(T_1) and Z(T_3[1]) are in the same upper half plane H as in (1.2). Thus Z(T_1) = Z(T_3) never holds, which implies the claim.

Let H be an F-stable heart in Figure 1. Then if a stability condition with heart H is numerical if and only if it is F-stable, i.e.

U(H) ∩ Stab^N D(ΓQ) = U(H) ∩ Stab^F_0 D(ΓQ). (5.4)

Therefore, we have

S_∗ : = S ∩ Stab^N D(ΓQ) = S ∩ Stab^F_0 D(ΓQ).

Notice that Br ΓQ^F preserves F-stable stability conditions and all auto-equivalence Aut D(ΓQ) preserves numerical stability conditions. Then by (C.9) we have

Stab^N D(ΓQ) = Br ΓQ · S_∗.

Similarly, by (C.10) and (2.1) we have

EG^∘(D(ΓQ)^F , G^F_Q ) ∼= EG^∘ D(ΓQ)^F / Br ΓQ^F

and hence

Stab^F_0 D(ΓQ) = Br ΓQ^F · S_∗.

{T_1,X^1_3 ,T_2}

))SSS

SSSS

SSSS

SSSS

SSSS S

fflffl {T_1,T^1_3 ,X_3}

55kkk kkkk kkkk kkkk kkkk k OO

##F FF FF FF FF FF^{{T} 1 1 X_1X^1_3 }

##GG GGG GGG GGG G^{{T 13 ,T1,T 12 }}bb FF FF FF FF FF F

fflffl

{T^1_1 ,X_2,T^1_3 }

##F FFF FFF FFF F OO^{{T2,X} 1 1 ,X^1_3 }

””F FFF FFF FFF F^{{T1,T} 1 2 ,T_3}

fflffl

{T_1,T_2,T_3}

##F FFF FFF FFF F

22dddd dddd dddd dddd dddd dddd dddd

{X_1,X^1_2 ,X_3}

OO

##GG GGG GGG GGG {T^1_1 ,T^1_2 ,T^1_3 } bb FFF FFF FFF FF

{T_3,T^1_1 ,X_1}

))SSS

SSSS

SSSS

SSSS

SSSS

SS^{{X11 ,X3,T 13 }}OO

OO

{T^1_2 ,T_3,T^1_1 }

{T_2,X^1_1 ,T_3}

55kkk kkkk kkkk kkkk kkkk k

Figure 1. The exchange graph EG^∘(ΓQ, G_Q) for Q of type A_3

Thus Stab^N D(ΓQ) is the union of Br ΓQ/ Br ΓQ^F many copy of Stab^F_0 D(ΓQ).

To finish, we assert that the closure of Stab^F_0 D(ΓQ), which is taken inside Stab_0 D(ΓQ), is disjoint with C_0 : = Stab^N D(ΓQ) − Stab^F_0 D(ΓQ).

If so, Stab^F_0 D(ΓQ) and C_0 are then both closed, noticing that C_0 is the union of many copy of Stab^F_0 D(ΓQ). This will imply that Stab^F_0 D(ΓQ) is a connected component of Stab^N (ΓQ) and hence the theorem follows.

The rest of the proof is devoted to prove the assertion. Let EG^F = EG^∘ D(ΓQ)^F and U^F (H) = U(H) ∩ Stab^F_0 D(ΓQ) for any H ∈ EG^F . First, we have

Stab^F_0 D(ΓQ) = ⋃ H∈EG^F U F (H) and thus we only need to show that, for any H ∈ EG^F ,

U^F (H) ∩ C_0 = ∅. (5.5)

Without lose of generality, take the F-stable heart H = G_Q[1]. By formula [11, (3.1)], we have

U^F (G_Q[1]) ⊂ U(G_Q[1]) ⊂ ⋃ H∈EG^∘(D(ΓQ),G_Q) U(H). (5.6)

We also have

C_0 ⊂ ⋃ H∈Br ΓQ·EG^F − EG^F U(H). (5.7)

But (C.9) implies that

Br ΓQ · EG^F ∩ EG^∘(D(ΓQ), G_Q) = EG^F ∩ EG^∘(D(ΓQ), G_Q) ⊂ EG^F and hence ( Br ΓQ · EG^F − EG^F ) ∩ EG^∘(D(ΓQ), G_Q) = ∅. (5.8) Combine (5.6), (5.7) and (5.8), we have (5.5) for H = G_Q[1] as required. □ Remark 5.2. If (Q, S) is of type (A_3, B_2) as in (5.2), then Br ΓS satisfies the B_2-braid relation, i.e.

(1 ∘ 2)^2 = 1 ∘ 2 ∘ 1 ∘ 2 = 2 ∘ 1 ∘ 2 ∘ 1 = (2 ∘ 1)^2, where i represent the twist functor of T_i in Br ΓS. This follows by Lemma 4.1 and a direct calculation (1 ∘ 3) ∘ 2 ∘ (1 ∘ 3) ∘ 2 = 1 ∘ 3 ∘ 2 ∘ 3 ∘ 1 ∘ 2 = 1 ∘ 2 ∘ 3 ∘ 2 ∘ 1 ∘ 2 = 1 ∘ 2 ∘ 3 ∘ 1 ∘ 2 ∘ 1 = 1 ∘ 2 ∘ 1 ∘ 3 ∘ 2 ∘ 1 = 2 ∘ 1 ∘ 2 ∘ 3 ∘ 2 ∘ 1 = 2 ∘ 1 ∘ 3 ∘ 2 ∘ 3 ∘ 1 = 2 ∘ (1 ∘ 3) ∘ 2 ∘ (1 ∘ 3) where i represent the twist functor of T_i in Br ΓQ ∼= Br_4. Thus Br_{B2} ∼= Br ΓS ⊂ Br ΓQ ∼= Br_3 .

Similarly, If (Q, S) is of type (D_4, G_2), then Br ΓS satisfies the G_2-braid relation, i.e. (1 ∘ 2)^3 = (2 ∘ 1)^3 and we have Br_{G2} ∼= Br ΓS ⊂ Br ΓQ ∼= Br_{D4} (note that we need the faithfulness [10] of Br ΓQ ∼= Br_{D4} in this case).

Appendix A. Folding Recall that an F_q -species S = (S, L_i, X_a) consists of the following data:

• A quiver S = (S_0, S_1).

• A division ring (over F_q ) L_i for each vertex i ∈ S_0. • A L_i-L_j-bimodule X_a for each arrow a: i → j in S_1.

Following [2, Section 2], we collect facts about folding. Let Q be an acyclic quiver and σ be an automorphism of Q, that is, a permutation on Q_0 satisfying the compatibility conditions h(σ(a)) = σ(h(a)) and t(σ(a)) = σ(t(a)) for any a ∈ Q_1, where h, t are the head and tail functions on arrows. We assume that σ is admissible, that is, there are no arrows connecting vertices in the same orbit of σ in Q_0. Then there is a Frobenius morphism F = F^σ_Q(q) on kQ given by F ( ∑ s k_sp_s) = ς(k_s)σ(p_s), (A.1)

where ∑ s is a k-linear combination of paths in kQ. Define the associate F_q -species S = Q^σ of (Q, σ) as follows.

• The quiver S is the σ-orbit of Q, i.e. S_0 = Q_0/σ and S_1 = Q_1/σ.

• For i ∈ S_0, denote by |i| the number of vertices in the σ-orbit i and fix i_0 ∈ i.

Consider the F -stable subspaces of kQ

(kQ)_i = ⨁ i∈i ke_i = |i|⨁ s=1 ke_σs_{(i0)},

and let L_i = (kQ)^F_i = { |i|∑ s=1 ς^s(x)e_σs_{(i0)} | x ∈ k^{σ|i|} }, where V^F is the set of F -stable objects in V .

• For a ∈ S_1, similarly define |a| and fix a_0 ∈ a. Consider the F -stable subspaces of kQ

(kQ)_a = ⨁ a∈a ke_a = |a|⨁ s=1 kσ^s(a_0).

and let X_a = (kQ)^F_a = { |a|∑ s=1 ς^s(x)σ^s(a_0) | x ∈ k^{σ|a|} }. Notice that X_a is a L_i-L_j-bimodule, by the induced algebraic structure, for a: i → j in S. Appendix B. Calabi-Yau categories Let k^′ be a field (not necessarily algebraically closed). Recall that a k^′-linear triangulated category D is called Calabi-Yau-N if, for any objects L, M in D we have a natural pairing Hom^i(L, M) ⊗_{End(M)} Hom^{N−i}(M, L)^{∼=}−→ Hom^N (L, L). (B.1) Further, an object T is N-spherical k^′-object if Hom^•(T, T ) = k^′ ⊕ k^′[−N].

Note that a N-spherical k^′-object T in a triangulated category D induces the twist functor ϕ_T (X) = Cone ( X → Hom^•(X, T )^∨ ⊗_k′ T ) [−1] with inverse ϕ^{−1}_T (X) = Cone (Hom^•(T, X) ⊗_k′ T → X) in Aut D. Here, the dual of a graded k^′-vector space V = ⊕_{i∈Z}V_i[i] is V^∨_k′ = ⨁ i∈Z (V_i)^∗_k′ [−i]

where V_i is an ungraded k^′-vector space and (V_i)^∗_k′ is its usual dual (with respect to k^′).

Denote by ΓQ the Ginzburg (dg) algebra (of degree 3) associated to Q, which is constructed as follows ([8, Section 7.2]):

• Let Q be the graded quiver whose vertex set is Q_0 and whose arrows are: the arrows in Q with degree 0; an arrow a^∗ : j → i with degree −1 for each arrow a : i → j in Q; a loop e^∗ : i → i with degree −2 for each vertex e in Q.

• The underlying graded algebra of ΓQ is the completion of the graded path algebra k^′Q in the category of graded vector spaces with respect to the ideal generated by the arrow of Q.

• The differential of ΓQ is the unique continuous linear endomorphism homogeneous of degree 1 which satisfies the Leibniz rule and takes the following values on the arrow of Q d ∑ e∈Q_0 e^∗ = ∑ a∈Q_1 [a, a^∗].

Write D(ΓQ) for D_{fd}(mod ΓQ), the finite dimensional derived category of ΓQ (cf. [8, Section 7.3]). By [7] (cf. [12]), we know the following

• D(ΓQ) is (k^′-linear and) Calabi-Yau-3.

• D(ΓQ) admits a standard heart G_Q, generated by the simple ΓQ-modules T_i. • T_i is a 3-spherical k^′-object, for any i ∈ Q_0.

Denote by Br ΓQ the Seidel-Thomas braid group, that is, the subgroup of Aut D(ΓQ) generating by {ϕ_T }_{T ∈Sim GQ} .

Similarly, we have the Ginzburg algebra of a F_q specie S = (S, L_i, X_a), constructed as follows

• Let S be the graded species whose vertex set is S_0 (associated with the same division rings) and whose arrows are: the arrows in S with degree 0 and the same bimodules; an arrow a^∗ : j → i with degree −1 and a L_j-L_i-bimodule (X_a)^∗_{Fq} , for each arrow a : i → j in S_1; a loop i^∗ : i → i with degree −2 with a L_i-L_i-bimodule (L_i)^∗_{Fq} for each vertex i in S.

• The underlying graded algebra of ΓQ is the completion of the graded path algebra kS in the category of graded vector spaces with respect to the ideal generated by the arrow of S.

• The differential of ΓS is the unique continuous linear endomorphism homogeneous of degree 1 which satisfies the Leibniz rule and takes the following values on the arrow of S d ∑ i∈S_0 i^∗ = ∑ a∈S_1 [a, a^∗].

Write D(ΓS) for D_{fd}(mod ΓS), the derived category of finite dimensional dg modules for ΓS. As above, we have the following:

• D(ΓS) is (F_q -linear and) Calabi-Yau-3.

• D(ΓS) admits a standard heart G_S, generated by the simple ΓS-modules T_i. • T_i is 3-spherical L_i-object, for any i ∈ S_0.

Denote by Br ΓS the Seidel-Thomas braid group, that is, the subgroup of Aut D(ΓS) generated by {ϕ_T }_{T ∈Sim GS}.

Appendix C. Imported results In this section, we collect results, which are straightforward generalizations of original ones. The difference is that we need to consider fields (i.e. F_q ) which are not algebraic closed. One major consequence is that the tensor need to be carefully dealt.

The first two results concern (simple) tilting.

Lemma C.1. [9, Lemma 3.5] Let S be a rigid simple object with E = End(S) in a Homfinite abelian F_q -category C. Then C admits a torsion pair ⟨F, T ⟩ such that F = ⟨S⟩. More precisely, for any M ∈ H, in the corresponding short exact sequence 0 → M^T → M → M^F → 0 (C.1)

we have M^F = Hom(M, S)^∗ ⊗_E S. Similarly, there is also a torsion pair with the torsion part T = ⟨S⟩, obtained by setting M^T = Hom(S, M) ⊗_E S.

Proposition C.2. [9, Proposition 5.2] In an F_q -linear triangulated category D, let S be a rigid simple in a finite heart H. Then after a forward or backward simple tilt the new simples are Sim H^♯_S = {ψ^♯_S (X) | X ∈ Sim H, X ≠ S} ∪ {S[1]} , (C.2) Sim H^♭_S = {ψ^♭_S (X) | X ∈ Sim H, X ≠ S} ∪ {S[−1]} , (C.3) where ψ^♯_S (X) = Cone ( X → Ext^1(X, S)^∗ ⊗_E S[1] ) [−1], (C.4) ψ^♭_S (X) = Cone ( Ext^1(S, X) ⊗_E S[−1] → X ) (C.5)

and E = End(S). Thus H^♯_S and H^♭_S are also finite.

With the natation in Section 1, we have the following.

Proposition C.3. [6] There is an exact and faithful functor (called L-immersion, cf. [9, Section 7.3]) L_Q : D(Q) → D(ΓQ) such that, for any pair of objects ( ^S, ^X) in D(Q), there is a short exact sequence

0 → Hom^•( ^S, ^X)^{LQ}−−→ Hom^•(L_Q( ^S), L_Q( ^X))^L † Q−−→ Hom^•( ^X, ^S)^∨_k [N] → 0, (C.6) Moreover, we have L_Q(H_Q) = G_Q and L_Q(S_i) = T_i, for any i ∈ Q_0. Similarly, we have an L-immersion L_S: : D(S) → D(ΓS) satisfying the corresponding (C.6).

For any H_0 ∈ EG D, let the interval EG(D, H_0) be the full subgraph of EG D induced by the interval {H | H_0 ≤ H ≤ H_0[1]} and EG^∘(D, H) be is its principal component, that is, the connected component consisting of hearts that can be iterated simple tilted from H_0. We have the following.

Theorem C.4. [9, Theorem 8.1 and 8.5] There are isomorphisms (as graph) L_{Q∗} : EG^∘(D(Q), H_Q) ∼= EG^∘(D(ΓQ), G_Q), (C.7) L_{S∗} : EG^∘(D(S), H_S) ∼= EG^∘(D(ΓS), G_S) (C.8)

and isomorphisms (as vertex set) EG^∘(D(ΓQ), G_Q) ∼= EG^∘ D(ΓQ)/ Br ΓQ, (C.9) EG^∘(D(ΓS), G_S) ∼= EG^∘ D(ΓS)/ BrΓS.. (C.10)

References

[1] B. Deng and J. Du, Frobeniusmorphisms and representations of algebras. Trans. Amer. Math. Soc.

358(2006) 3591-3622.

[2] B. Deng and J. Du, Folding derived categories with Frobenius functors. Journal of Pure and Applies Algebra 208(2007) 1023-1050.

[3] T. Bridgeland, Stability conditions on triangulated categories, Ann. Math. 166 (2007).

(arXiv:math/0212237v3 [math.AG]) [4] T. Bridgeland, Stability conditions and kleinian singularities. Int Math Res Notices, 2009.

(arXiv:math/0508257v2) [5] D. Happel, I. Reiten, and S.Smalø, Tilting in abelian categories and quasitilted algebras, Mem.

Amer. Math. Soc. 120 (1996), no. 575, viii+ 88pp.

[6] B. Keller, Deformed Calabi-Yau completions, arXiv:0908.3499v5.

[7] B. Keller and P. Nicolás Weight structures and simple dg modules for positive dg algebras.

arXiv:1009.5904v4.

[8] B. Keller, Cluster algebras and derived categories, arXiv:1202.4161v4. [9] A. King and Y. Qiu, Exchange graphs of acyclic Calabi-Yau categories, arXiv:1109.2924v2. [10] A. King and Y. Qiu, in preparation.

[11] Y. Qiu, Stability conditions and quantum dilogarithm identities for Dynkin quivers, arXiv:1111.1010v2.

[12] P. Seidel and R. Thomas, Braid group actions on derived categories of coherent sheaves, Duke Math. J., 108 (2001) 37–108. (arXiv:math/0001043v2) [13] T. Sutherland, The modular curve as the space of stability conditions of a CY3 algebra, arXiv:1111.4184v1.

[14] T. Sutherland, PhD thesis, in preparation.

2500, boul. de l’Université, Sherbrooke, Québec, J1K 2R1, Canada. E-mail address: Yu.Qiu@bath.edu