arXiv:1210.0981v1 [gr-qc] 3 Oct 2012

Spherically symmetric scalar field collapse

Koyel Ganguly^{∗ 1} and Narayan Banerjee^{†2} ∗Relativity and Cosmology Research Centre, Department of Physics, Jadavpur University, Kolkata - 700032, India.

∗St. Xavier’s College, 30 Mother Teresa Sarani, Kolkata - 700016, India. † IISER - Kolkata, Mohanpur Campus, P.O. BCKV Main Office, District Nadia, West Bengal 741252, India.

PACS Nos. : 04.20 Dw; 04.70 Bw

Abstract It is shown that a scalar field, minimally coupled to gravity may have collapsing modes even when the energy condition is violated, that is, for (ρ + 3p) < 0. This result may be useful in the investigation of the possible clustering of dark energy. All the examples dealt with have apparent horizons which form before the formation of the singularity. The singularities formed are shell focusing in nature. The density of the scalar field distribution is seen to diverge at singularity. The Ricci scalar also diverges at the singularity. The interior spherically symmetric metric is matched with exterior Vaidya metric at the hypersurface and the appropriate junction conditions are obtained.

1 Introduction

The ultimate fate of a collapsing matter distribution remains a subject of fervent interest for many years. It is generally believed that a collapsing matter distribution, if it satisfies the energy condition (ρ + 3p) > 0, will crush to a singularity. There is however no general indication whether an event horizon would form to shield this singular state of matter from a distant observer. In fact, there are ample theoretical examples where the singularities could be naked to an external observer either for a finite period of time or even for ever. For a comprehensive review we refer to the monograph by Joshi[1]. A lot of work therein or that carried out later normally considers the collapse of a perfect fluid. As the final stages of collapse might involve dissipative processes as well, some later investigations also consider viscous effects (see [2] and references therein).

Investigations on collapsing gravitational systems with a scalar field revealed that the non linearity of Einstien equations could lead to critical phenomena close to the threshold of black hole formations[3]. Naturally this led to an arena of great interest(for recent reviews we refer to [4]). Furthermore, the scalar field collapse could also lead to the formation of naked singularities. This was demonstrated by analytical investigations by Christodoulou[5], Goswami and Joshi[6], Giambo[7] and also by numerical work of Choptuik[3], Brady[8], Gundlach[9], and others.

In a series of papers Christodoulou[10, 11, 12] pioneered analytical studies in gravitational collapse of a spherically symmetric configuration of massless scalar field models. Detailed investigations on such models have been carried out later[3, 8, 13]. Collapsing spherically symmetric

1E-mail: koyel g m@yahoo.co.in 2E-mail: narayan@iiserkol.ac.in

massive scalar field models have also appeared in the literature[7, 14, 15, 16]. Gonclaves[14] investigated the black hole formation with a massive scalar field in an Einstein-de Sitter universe. Gonclaves and Moss[15] also showed that for a range of parameters, the collapse of a spherically symmetric scalar field can be formally treated as a collapsing dust ball. This is similar to the case of γ =^1_2 in the present work (section 3.3). Giambo[7] showed that a massive scalar field, if collapses completely, can give rise to a naked singularity. Goswami and Joshi[6] constructed a class of solutions with a massive scalar field which could lead to a naked singularity.

The very recent interest in scalar field collapse stems from a cosmological requirement. It has already become a folklore that the present Universe is undergoing an accelerated phase of expansion. Scalar fields endowed with a potential are amongst the most favoured candidates as the “dark energy”- the agent driving the cosmic acceleration[17]. Although the general speculation is that the dark energy does not cluster at any scale below the Hubble scale, there is not much evidence for this. The collapse dynamics of a minimally coupled scalar field with a negative effective pressure can indeed help us to have a better understanding of the scenario.

The objective of the present investigation is to explore the collapsing modes of a simple spherically symmetric minimally coupled scalar field model. The scalar field ϕ is assumed to depend only on time, so this is an analogue of Oppenheimer - Snyder model of the collapse of a spatially homogeneous fluid[18].

Section 2 describes the scalar field distribution and obtains the general first integrals in situations where the effective pressure p_ϕ and energy density ρ_ϕ of the scalar field are related as p_ϕ = wρ_ϕ, w being a constant. Section 3 discusses special cases of the collapsing models. In section 4 the collapsing spacetime is matched at the boundary with an external metric and in section 5 some concluding remarks are made.

2 Spherically symmetric time dependent distribution of a scalar field

The relevant action for a scalar field minimally coupled to gravity is given by A = ∫ √ −gd^4x[R + 1 2 ϕ^{,μ}ϕ_{,μ} − V (ϕ)]. (1) We take the spherically symmetric metric as

ds^2 = dt^2 − A^2(r, t)dr^2 − B^2(r, t)dΩ^2, (2)

where A and B are functions of the radial coordinate ‘r’ and time ‘t’. A minimally coupled scalar field ϕ endowed with a potential V = V (ϕ) is considered. For the sake of simplicity, the scalar field is taken to be spatially homogeneous and evolving with time alone. The non-trivial field equations become − 2B^{′′} A^2B + 2A^′B^′ A^3B − B^{′2} A^2B^2 + 2 ȦḂ AB + Ḃ2 B^2 + 1 B^2 = 1 2 ϕ̇^2 + V (ϕ), (3) B^{′2} A^2B^2 − 2 B̈ B − Ḃ2 B^2 − 1 B^2 = 1 2 ϕ̇^2 − V (ϕ), (4)

B^{′′} A^2B − A^′B^′ A^3B − Ä A − B̈ B − ȦḂ AB = 1 2 ϕ̇^2 − V (ϕ), (5) B^′ B Ȧ A − Ḃ′ B = 0, (6)

where ϕ = ϕ(t) is the scalar field, V (ϕ) is the scalar potential. The equations are written in units where 8πG = 1. An overhead dot and prime indicates differentiation w.r.t ‘t^′ and ‘r^′ respectively. As already mentioned, the contribution from matter (the scalar field in this case) is spatially homogeneous like the homogeneous fluid collapse discussed by Oppenheimer and Snyder[18]. Equation (6) readily integrates to yield

B^′ = λ(r)A, (7)

where λ(r) is an arbitrary function of ‘r’. In what follows λ(r) is taken to be constant for the sake of simplicity. This indeed is a special case, but these would lead to some tractable solutions so that the possibility of collapse can be investigated. However, if A(r, t) is separable as a product of functions of ‘r’ and ‘t’, the assumption (7) is hardly restrictive as λ(r) in that case can be absorbed by the scaling of the radial co-ordinate. Anyway, the physical motivation is that in this case the collapsing model will eventually become an FRW one. If A and B are now written as A^2 = e^α and B^2 = e^β, the field equations take a much simpler form as β̇2 4 + α̇β̇ 2 = 1 2 ϕ̇^2 + V (ϕ), (8)

β̈ + 3 4 β̇^2 = −1 2 ϕ̇^2 + V (ϕ), (9) α̈ 2 + α̇^2 4 + β̈ 2 + β̇2 4 + α̇β̇ 4 = − 1 2 ϕ̇^2 + V (ϕ), (10)

where equation (7) has been used, which now reads as

e^α = β^{′2} 4 e^β. (11)

The wave equation for the scalar field is given by

ϕ^{,μ}_{;μ} + V_{,ϕ} = 0. (12)

In what follows, the potential V (ϕ) will be assumed to be proportional to ϕ̇^2 ,

V (ϕ) = γϕ̇^2, (13)

where γ is a constant. Indeed this choice does not have any physical requirement, but along with a major simplification for the equation system the ansatz provides the fourth equation which we require to solve the system of equation. We have only three independent equations (8)-(10) to solve for four unknowns α, β, ϕ and V . As g_{00} = 1 and ϕ = ϕ(t), ϕ̇^2 is actually ϕ^{,μ}ϕ_{,μ} which is indeed a scalar and equation (13) is thus consistent. One can see that γ >^1_2 would lead to the case where the effective pressure is negative.

However, it deserves mention at this stage that the field in this case is not a k-essence field where the scalar field Lagrangian is given by L(X), where X = (∇ϕ)^2. Actually the model does have a potential and the present work deals with those which are proportional to the kinetic part. We shall see later that an exponential potential is in fact consistent with the ansatz(13) in the present model.

The equation of state parameter, w =^{p,ϕ}_{ρ,ϕ} =^{12 ϕ̇2−V (ϕ)}_{12 ϕ̇2+V (ϕ)} will be a constant given by w =^{1−2γ}_{1+2γ} . For γ ≥ 1, the equation of state parameter ω is more negative than −^1_3 and the scalar field acts as a dark energy. For any finite positive value of γ, w remains greater than −1 and hence the scalar field is in fact a quintessence field and cannot give a phantom field with w < −1. If γ = 0, that is, for the case without potential, the value of w becomes 1 and the field is then formally similar to a stiff fluid. For γ =^1_2 , one has an effectively zero pressure, and the scalar field is formally equivalent to a pressureless dust.

With the help of equation (13), the wave equation (12) yields a first integral as,

ϕ̇^{(2γ+1)} = 1

e^{( α}2^{+β)} g(r), (14)

where g(r) is an arbitrary function of r to be determined from initial conditions. As ϕ is assumed to be spatially homogeneous, this equation indicates,

e^{( α2 +β)} = g(r)f(t), (15)

where f(t), a function of time, and has to be determined from the field equations. This gives the form of equation (14) as, ϕ̇ = f(t)^{− 1}1+2γ . (16)

Using (15) in a combination of field equations (8)-(10) one obtains

f̈ = 3γ[f(t)]^{2γ−1}2γ+1 , (17)

which readily yields a first integral as

ḟ^2 = 3 2 (2γ + 1)f^{4γ2γ+1} + C_1, (18)

C_1 being an arbitrary constant. In order to satisfy the field equations, one can verify that C_1 = 0. Choosing g(r) as r^2 the solution of e^α and e^β are given as,

e^α = (f(t))^{2/3}, (19) and e^β = (f(t))^{2/3}r^2. (20) Equation (18) can be written as (with C_1 = 0), ḟ = − √ 3 2 (2γ + 1)f^{2γ(2γ+1)} . (21)

The negative root is chosen in order to consider a collapsing scenario. Equation (21) readily integrates to yield f = ( t_0 2γ + 1 − √ 3 2(2γ + 1) t )_{(2γ+1)}

, (22) where t_0 is another constant of integration.

The solution of the scalar field ϕ as some function of t is given by (using equations (14) and (15)), ϕ = − √ 2(2γ + 1) 3 ln ( t_0 2γ + 1 − √ 3 2(2γ + 1) t ) . (23)

As the complete set of solutions is now in hand, it is not difficult to check which form of potential is consistent with the ansatz(13). It is easy to see from equation (23) that

ϕ̇^2 = ( t_0 2γ + 1 − √ 3 2(2γ + 1) t )_{−2} = exp( 2ϕ √_{2(2γ+1)} 3 ). (24)

In conjunction with equation (13), one can now write, V (ϕ) = γexp 2ϕ √_{2(2γ+1)} 3 . (25) 3 Collapsing models

3.1 γ < 1/2

For values of γ < 1/2, the matter content satisfies the energy condition (ρ + 3p > 0). Choosing γ = 1/4, one has the solution of f(t) as f(t) = ( 2 3 t_0 − t )_{3/2} (26)

Now e^α2^{+β}, which according to equation (15) is given by g(r)f(t), determines the proper volume. The above equation clearly shows that f(t) indeed has a non zero value for all t less that^{2t0}_3 but becomes zero when time t =^2_3 t_0. So for this value of t (designated as t_s), one has a singularity of a zero volume. Choosing a value of t_0 = 3, one gets t_s = 2. The plot of f(t) vs t in Figure 1 clearly reveals the collapsing scenario.

The condition for the apparent horizon is

g^{αβ}R_{,α}R_{,β} = 0, (27)

where R is the proper radius of the two sphere. In the present case R = B = e^{β/2} and equation (27) reads like g^{00}Ḃ^2 + g^{11}B^{′2} = 0, (28) that is β̇^2 − e^{−α}β^{′2} = 0, (29)

which in view of (11) yields e^ββ̇^2 = 4. (30) The time of formation of the apparent horizon , t_{ah}, has been calculated for a fixed value of r = 1 in all the cases discussed here. In this case (γ = 1/4 and t_0 is chosen as 3), t_{ah} = 1.967. Hence the singularity formed is shielded by the horizon.

Figure 1: Plot of f(t) vs. t for γ = 1/4 putting t_0 = 3.

3.2 γ >^1_2

Choosing a value of γ >^1_2 makes ρ + 3p < 0, that is the energy condition is violated and the scalar field is apt to act as a dark energy. With a choice of γ = 3/2(as an example), the solution of f(t) turns out to be, f(t) = t_0 4 − √ 3 8 t 4 . (31)

It is evident from the above expression that f(t) becomes zero when t =^{t0√}_6 . Hence one indeed has a singularity of a zero proper volume (f = 0) at a finite future. Choosing t_0 = 4 one gets t_s = 1.632 and t_{ah} = 0.636. Figure 2 shows the plot of f(t) against time for choice of t_0 = 4. It is observed that initially there is a non zero proper volume and then the singularity of zero volume is attained at a finite time. A change in initial condition changes the time at which singularity is attained keeping the nature of the plots unchanged. The time at which apparent horizon is formed also changes with the change of initial condition. For the choice of t_0=4, t_{ah} < t_s. Hence the singularity formed is covered by the horizon from an external observer.

Figure 2: Plot of f(t) vs. t for γ = 3/2 putting t_0 = 4.

For some other choice of γ > 1/2, for example γ = 5/2 and choosing t_0 = 6, f(t) vs t is plotted as shown in Figure 3. The plot shows that in this case also f(t) becomes zero at some finite time (t_s = 2). The value of t_{ah} is 0.592. In all the cases t_{ah} < t_s, thus the singularities formed are hidden behind the horizon.

Figure 3: Plot of f(t) vs. t for γ = 5/2 putting t_0 = 6.

The energy density and the effective pressure of the scalar field are given by ρ_ϕ = (^1_2 + γ)f(t)^{− 21+2γ} and p_ϕ = (^1_2 − γ)f(t)^{− 21+2γ} respectively. From the expressions for f(t) it is clear that for any positive value of γ whether it is greater than or less than 1/2, the density and pressure of the scalar field would diverge at the time at which the proper volume becomes zero. The Ricci scalar R also diverges at the singularity as is evident from its expression given below, R = −f̈ f + 1 9 ḟ 2 f^2 + 36f^{−2/3} r^2

. (32)

3.3 γ = 1/2

For γ = 1/2, the model formally resembles a perfect fluid distribution with zero pressure. From equation (22), one has the solution of f(t) as f(t) = (t_0 − √ 3t) 2 2 . (33)

At time t =^{t0√}_3 the proper volume becomes zero. Choosing t_0 = 2, one gets t_s = 1.155. Fig 4 shows the plot of f(t) vs t for γ = 1/2. The time of apparent horizon formation in this case is

Figure 4: Plot of f(t) vs. t for γ = 1/2 putting t_0 = 2.

t_{ah} = 1.071 which is once again less than the value of t_s.

Singularities formed in collapse can be shell focussing or shell crossing in nature[19, 20]. For a spherically symmetric collapse the shell focusing singularity occurs at g_{θθ} = 0 and the shell crossing singularity occurs when^{dgθθ}_{dr} = 0, g_{θθ} ≠ 0 and r > 0. It is evident from (2) and (20) that g_{θθ} = r^4f(t)^{2/3}. At singularity since f(t) = 0, therefore g_{θθ} = 0 at singularity, clearly indicating that the singularities formed in all the cases are shell focusing in nature.

4 Matching with the exterior metric

The interior metric now has to be matched with an exterior metric at the boundary Σ. Following ref [6], we match the spherical ball of collapsing scalar field to a generalized Vaidya metric . The metric just inside Σ is, ds_−^2 = dt^2 − e^αdr^2 − e^βdΩ^2, (34) and the metric in the exterior of Σ is given by

ds_+^2 = (1 − 2M(r_v , v) r_v )dv^2 + 2dvdr_v − r_v^2dΩ^2. (35)

Matching the first fundamental form on the hypersurface we get dv dt Σ = 1 √ 1 −^{2M(rv ,v)}_{rv} +^{2drv}_{dv} (36) and r_v = rf(t)^{1/3} (37) Matching the second fundamental form yields, e^{β/2} = r_v 1 −^{2M(rv ,v)}_{rv} +^{2drv}_{dv} √ 1 −^{2M(rv ,v)}_{rv} +^{2rv}_{dv} (38)

Using equations 36, 37 and 38 one can write dv dt = 1 −^{rf −2/3}_3 1 −^{2Mf −1/3}_r . (39)

From equation 38 one obtains M = r^{−1}f^{−1/3} +^{rf −5/3}_9 +

√_1

r^2f^{2/3} + r^2 81f^{10/3} − 2 9f^2 4 r^2f^{2/3}

. (40)

Matching the second fundamental form we can also write the derivative of M(v, r_v) as M(r_v, v)_{,rv} = M rf^{1/3} − 2r^2 9f^{4/3}

. (41)

Equations 37, 39, 40 and 41 completely specify the matching conditions at the boundary of the collapsing scalar field.

5 Discussions

The present work investigates a simple spherically symmetric spacetime with a scalar field. The scalar field is self-interacting, i.e., it has a potential. The field is chosen as spatially homogeneous, so it represents the scalar field analogue of Oppenheimer-Snyder collapse for a perfect fluid [18]. At least for the special case where the potential could be written as proportional to the kinetic part of ϕ, it could be shown that the model possesses a collapsing solution.

Most of the models on massive scalar field collapse, available in the literature [7, 14, 15], demonstrate the formation of either a naked singularity or a black hole are subject to the initial conditions. They generally work it out for energy condition (ρ + 3p) > 0. In our work we demonstrate the collapse of a scalar field endowed with a potential for both the energy conditions (ρ + 3p) > 0 and (ρ + 3p) < 0. The value of the equation of state parameter w, determined by the value of γ, dictates whether the energy condition is satisfied or not.When γ is less that −1, the energy condition is violated. For (ρ+3p) > 0, like many other models[6, 7, 16], we get singularities at a finite time and the possibility of the formation of an apparent horizon ahead of the collapse to the singularity. But the intriguing feature of the present work is that we obtain singularities at a finite time even for the condition (ρ + 3p) < 0 wherein the effective pressure is negative. So this is an investigation of the collapse scenario of dark energy itself rather than collapse of a fluid against a dark energy background[22]. This is an indication towards the possibility of the clustering of dark energy, where (ρ + 3p) < 0.

All the examples discussed in the present work allow the formation of an apparent horizon well before the distribution crushes to the singularity of zero volume. So the singularities are not naked. The interior metric has been matched with the exterior Vaidya metric and the appropriate matching conditions are obtained.

In all the cases (for different values of γ chosen) it is observed that the energy density as well as the effective pressure for the scalar field diverge at the singularity. It has been checked that the scalar curvature R = R^μ also diverges as the proper volume becomes zero. The scalar field ϕ also is singular at t_s. Equations (26) and (31) have a deceiving feature, as if although the volume is zero at t = t_s, it becomes quite well behaved beyond t_s. A look at equation (23) reveals that actually beyond t_s the scalar field itself becomes undefined as the argument of logarithm becomes negative. So one indeed has a singularity at a finite future, beyond which the model cannot be discussed any further.

The present work deals with a particular potential and does not represent a general kind of potential. Although we started with an assumption that the potential is proportional to the kinetic part, actually the model is that of an exponential potential (25).

Acknowledgement:

The authors thank the BRNS (DAE) for financial support.

References

[1] Pankaj Joshi, Global Aspects in Gravitation and Cosmology, Clarendon Press, Oxford; (1993).

[2] L.Herrera and N.O.Santos, Phys. Rev. D; 70, 084004(2004);

L.Herrera, A.Di Prisco, J.Martin, J.Ospino, N.O.Santos, O.Troconis, Phys. Rev. D; 69, 084026(2004);

N.O.Santos, Mon. Not. Royal Astron. Soc.; 216, 403(1985). [3] M.W.Choptuik, Phys. Rev. Lett.; 70, 9(1993).

[4] C.Gundlach, “Critical phenomena in Gravitational Collapse: Living Reviews”; LivingRev.

Rel.2:4(1999) [gr-qc/0001046(2000)];

A.Wang, “Critical phenomena in Gravitational Collapse: The studies so far”; Braz. J. Phys.; 31, 188(2001) [arxiv:gr-qc/0104073].

[5] D.Christodoulou, Ann. Math.; 140, 607(1994).

[6] R.Goswami and P.S.Joshi, Phys. Rev. D; 65, 027502(2004) [arxiv:gr-qc/0410144]. [7] R.Giambo, Class. Quant. Grav.; 22, 2295(2005). [8] P.R.Brady, Class.Quant.Grav.; 11, 1255(1995). [9] C.Gundlach, Phys. Rev. Lett.; 75, 3214(1995). [10] D.Christodoulou, Commun. Math. Phys., 93, 587(1986). [11] D.Christodoulou, Commun. Math. Phys., 109, 591; 109, 613(1987). [12] D.Christodoulou, Commun. Pure and Applied Math.; XLIV, 339(1991). [13] D.Goldwirth and T.Piran, Phys. Rev. D; 36, 3575(1987). [14] S.Gonclaves, Phys. Rev. D; 62, 124006(2000). [15] S.Gonclaves and I.Moss, Class. Quant. Grav.; 14, 2607(1997). [16] R.Goswami and P.S.Joshi, Mod. Phys. Lett. A; 22, 65(2007). [17] T.Padmanabhan, Phys. Rep.; 380, 235(2003);

V.Sahni and A.Starobinsky, Int. J. Mod. Phys. D; 9, 373(2000); E.J.Copeland, M.Sami and S Tsujikawa, hep-th/0603057 S.M.Carroll, Carnegie Observatories Astrophysics Series, Vol.2, Measuring and Modelling the Universe, ed W. L. Freeman (Cambridge University Press, Cambridge, 2003); P.J.E.Peebles and B.Ratra, Rev. Mod. Phys.; 75, 559 (2003) [arXiv:astro-ph/0207347].

[18] J.Oppenheimer and H.Snyder, Phys. Rev.; 56, 455(1939). [19] P.Yodzis et al, Commun. Math. Phys.; 34, 135(1973). [20] B.Waugh and K.Lake, Phys. Rev. D.; 34, 2978(1986). [21] P.C.Vaidya, Proc. Ind. Acad. Sci.; A33, 264(1951). [22] T.Bandyopadhyay and S.Chakraborty, gr-qc/0605.068.