arXiv:1210.1569v2 [physics.gen-ph] 8 Apr 2013

Can Velocity Measurements in Alternative Gravity Theories be Used to Test String Theory?

Sumanta Chakraborty^∗ Department Of Physics, Rajabajar Science College, Calcutta University, 92 A.P.C road, Kolkata-700009, India

Abstract: The general misconception regarding velocity measurements of test particle as it approches black hole is addressed by introducing generalized observer set. For a general static spherically symmetric metric applicable to both Einstein and alternative gravities as well as for two most well known solutions in alternative gravity theories, we find that velocity of the test particle do not approach that of light at event horizon by considering ingoing observers and test particles. Also we have shown that this velocity profile could provide some stringy signature at astrophysical scale.

Keywords: Velocity in General Relativity; Observer; Alternative Gravity theories;

I. INTRODUCTION

The radial motion of a test particle falling in a black hole is one of the key issues in general relativity. The infalling motion has been studied specifically for Schwarzchild black hole by several authors (see [1], [2], [3] and [4]). All of them reached the same conclusion that velocity of the infalling particle approaches that of light near the event horizon, which for the Schwarzchild case is at r = 2M, where M is the mass of the black hole. The observers, called static observers, are at rest with respect to the mass creating the gravitational field. They are actually the world lines on the hypersurface of orthogonal killing vector field for the metric describing the gravitational field. However there exists a common misconception that particle approaches the speed of light as it moves to the black hole horizon for all observers, but not as a limiting procedure for a static observer at r as r → 2M. However if we assume that the particle approaches the event horizon at the speed of light for a static observer, as we have defined it earlier, then simple velocity composition law tells that it should approach the speed of light for all local observers as space time is locally Minkowskian.

So we have to modify our notion of velocity for a test particle near a black hole for a static observer. This work is done for Schwarzchild black hole by Crawford et. al. (see [5], [6]). The notion of observer is implimented and used in various co-ordinate frames by Bolo^′ s (see [7], [8], [9]).

However recently Chakraborty et. al. (see [10]) has obtained trajectory around a general spherically symmetric non-rotaing black hole by choosing a general metric ansatz,

ds^2 = −f(r)dt^2 + dr^2 f(r) + r^2dΩ^2 (1)

For this general case we find the velocity of the test particle with respect to a static observer (r =constnat) to be a function of f(r). While for the case of a general observer such that both the observer and the test particle moves along geodesic in θ =^π_2 plane then the velocity of the test particle with respect to the observer to our surprise, do not depend on the choice of the function f(r) provided the particle has high energy which is the most common case for astrophysical bodies, however it depends on the angular momenta which was absent in earliear works (see [5]). Then we have used a second kind of spherically symmetric solution obtained in dilaton gravity (see [11]) to show that the velocity depends on the functional form of the metric co-efficient before 2-sphere line element. The metric is thus obtained as (see [11]),

∗ sumantac.physics@gmail.com; Tel: +919433356784

ds^2 = − ( 1 − 2M r ) dt^2 + dr^2 ( 1 −^{2M}_r ) + r ( r − e^{2Φ0}

Q^2 M ) dΩ^2 (2)

Then we shall encounter a singularity as the zeros of the fuction g(r) = r ( r − e^{2Φ0 Q2}_M ) but it will be shown to be a co-ordinate singularity, an artifact. By making a conformal transformation we could have obtained a metric which again shows the same structure as the previous one. Finally we have considered a recent spherically symmetric solution in quadratic gravity obtained by Yunes et.al. (see [12]) to discuss the velocity profile of an object. Throughout the paper we shall use natural unit such that G = c = 1.

This paper is organized as follows, in section (II) we introduce the general idea of observer and coordinate frames which we shall use through out this work. In section (III) we discuss the motion in spherical symmetric space-time with the metric ansatz given in equation (1) and then in section (IV ) we discuss the motion with the general spherically symmetric model given by equation (2). Finally we have discussed the quadratic gravity solution in section (V ). The paper ends with a short discussion on the results obtained.

II. CO-ORDINATE SYSTEM, REFERANCE FRAMES AND OBSERVERS

The mathematical beauty of general relativity is the freedom of choice of co-ordintes in the description of physical phenomenon. We could choose any co-ordinate system as we wish, this choice might be taken in favour of the symmetry involved in the problem. Also the co-ordinates are not sufficient we need referance frame as well. However the co-ordinate system and referance frames are not independent, for example in one referance frame one set of co-ordinates may be important while it could change in other referance frame. However in literature (see [3]) it is often seen that co-ordinate system and referance frames are used interchangebly. However in our discussion we find the use of ”referance frame” and ”co-ordinate system” to be distinct. By referance frame we shall mean a set of observers to take measurements, for example the set of all observers moving in a time like geodesic form a referance frame, whereas co-ordinate system refer to numbers specified over the whole space time manifold.

In special relativity an infinite lattice work of sticks and clocks (see [13]) suffice to define a unique referance frame. However in general relativity we cannot have such rigid framework since the space time is Minkowskian only locally, so we replace this rigid system by a fluid (see [4]). In a strictly mathematical sense the set of observers represents a set of future pointing timelike congruence, which is a three parameter family of curves x^μ(λ, y^i), where λ is an affine parameter defined over the path, and y^i labels the spatial parts of the curve.

Observer in general theory is very local and it is a material particle parametrized by proper time. An observer field i.e. its velocity field u on the manifold M is stationary provided there exist a smooth function f greater than 0, such that fu = ξ is a killing vector field, so the lie derivative of the metric with respect to the vector field ξ vanishes (i.e. L_ξg_{μν} = 0).

There is a natural way for an u-observer to define the speed of any particle with four velocity t^μ as it passes an event p ∈ M, then the observer measure the square of the speed at event p to yield (see [5]),

v^2 =

(g_{μν} + u_μu_ν )t^μt^ν (u_αt^α)^2 (3) Then we have g_{μν} t^μt^ν = −1 and as well as u_μu_ν t^μt^ν = (u_αt^α)^2. Thus the above relation can be simplified to yield,

v^2 = 1 − 1 (u^μt_μ)^2 (4) Note that the two velocities u^μ and t^μ are timelike as observer and the test particle are both time like.

III. MOTION IN A GENERAL SPHERICALLY SYMMETRIC SOLUTION

A. Test Particle Geodesic

We shall assume that our test particle is confined to a plane which is generally chosen as θ = π/2 for calculational simplicity and as well as we have spherical symmetry so if we discuss the situation for some specified θ plane then it would be the same for all. Thus this no longer represent a radially ingoing particle but a more generalised case where the particle has two variables to specify namely, (r, ϕ). The motion is determined by the Euler equations corresponding to the lagrangian formed as 2L = g_{μν}ẋ_μẋ_ν , Which has the following explicit form (using equation (1)),

2L = −f(r)ṫ^2 + 1 f(r) ṙ^2 + r^2ϕ̇^2 (5)

where dot denotes differentiation with repect to proper time of the particle. This equation can be written in terms of the particle proper time and then along the orbit we have 2L = −1. This finally leads to,

dτ^2 = f(r)dt^2 − 1 f(r) dr^2 − r^2dϕ^2 = f(r)dt^2[1 − v^2] (6)

where

v^2 = 1 f(r)^2 ( dr dt )_2 + r^2 f(r) ( dϕ dt )_2 (7) This is the velocity of the particle with respect to a static observer (r=constant) as illustrated by plugging u^μ = (1, 0, 0, 0) in equation (3); i.e. the particle moves through a distance^{1√}_f √ dr^2 + r^2fdϕ^2 in a proper time given by √ fdt, where from now on we shall use simply f for f(r) due to notational simplicity.

Since the lagrangian as given in (5) do not contain t explicitly we have a constant of motion which is nothing but the energy of the particle and it is given by,

− ∂L ∂ṫ = fṫ = E (8)

This constant of motion actualy originates from the killing vector field^∂_{∂t} , this can be phrased as, if the 4-velocity of the particle t^a is a geodesic, then we have ▽_tt = 0. From (6) and (8) we have obtained,

v = √ 1 − f E^2 (9) Also the energy can be determined from the initial value of radius and velocity using (9) such that, E^2 =^{f (R)}_{1−v20} . Where R is the initial radial co-ordinte and v_0 is the initial velocity.

We have another constant of motion in this case which corresponds to the angular momentum of the particle and could be given by,

ϕ̇ = L r^2

(10)

Thus finally the velocity in proper frame on the plane θ =^π_2 is given by, ( dr dτ )_2 = ( dr dt )_2 ( dt dτ )_2 = E^2 − V^2 (11)

4 where V^2 = f [ 1 +^{r2}_{f 2} E^2 (_{dϕ} dt )_2] = f [ 1 +^{L2}_{r2} ] . Thus the 4-velocity components for the geodesic particle specified by energy and angular momentum is given by,

t^μ = ( E f , √ E^2 − V^2, 0, L r^2 ) (12)

written in terms of the constants of motion E and L. As a check we can use the identity t_μt^μ = −1. Thus equation (12) represents the four velocity of a test particle in a space-time metric given by equation (1).

B. Static Limit

In some cases the velocity is measured in terms of proper time, as determined by clocks synchronized along trajectory of the particle. The velocity in case of radial particle is given by (see [1]),

v^2 = ( g_{00} + g_{01} dx^1 dx^0 )_{−2} ( g^2_{01} − g_{00}g_{11} ) ( dx^1 dx^0 )_2 (13)

When we generalise this result to our case where we have three co-ordinats x^0, x^1 and x^3 (since x^2 = θ = constant), then velocity expression generalises to,

v^2 = ( g^2_{10} − g_{00}g_{11} ) (_{dx}1 dx^0 )_2 + ( g^2_{30} − g_{00}g_{33} ) (_{dx}3 dx^0 )_2 + 2 (g_{10}g_{30} − g_{13}g_{00})^{dx1}_{dx0}^{dx3}_{dx0} ( g_{00} + g_{10}^{dx1}_{dx0} + g_{30}^{dx3}_{dx0}

)_2 (14)

Note that if we let^{dx3}_{dx0} to be zero, then it reduces to equation (13). In our case kepping the non zero terms we obtain,

v^2 = 1 f^2 ( dr dt )_2 + r^2 f ( dϕ dt )_2 (15)

which is completely identical to (7). This definition has co-ordinte invariance. The 4 velocity has components u_μ = (−g_{00})^{−1/2}g_{μ0} and that for the particle reduces to t^μ = (^{dx0}_{dτ} ,^{dx1}_{dτ} , 0,^{dx3}_{dτ} ). Thus using equation (4) we obtain the same equation as (15).

From equation (9) we see that as f(r) = 0, the velocity is equal to 1. Hence for static observers v appproaches the speed of light at the event horizon and they predict faster than light speed inside event horizon.

It might seem at first sight that this result has nothing to do with f(r) = 0 but is connected to the co-ordinate system. However it has nothing to do with co-ordinate system but with the observer. So we should generalise our observer set.

Also no observer can be at rest at r = 2M except photon, with respect to photon all particle traverse at speed of light. To get a clear view we discuss the acceleration of a static observer in the field of the gravitating body. The acceleration is necessary as in general relativity an observer at rest is not geodesic and is accelerated.

The four acceleration field is defined as,

a^η = u^η_{;μ}u^μ = ( u^η_{,μ} + u^αΓ^η_{αμ} ) (16)

The only non zero component is given by using the definition of four velocities for static observers , u_μ =^{gμ0√}_{−g00} to yield,

a^1 = 1 2 df dr (17)

So acceleration depends on the function f(r).

Figure 1: The figure shows variation of v^2 with radial co-ordinate r for different choice of E1, E2, L1 and L2.

C. Ingoing Observers

We consider motion of two particles such that the four velocities are given by,

t^μ = (_{E1} f , √ E^2_1 − V^2_1 , 0,^{L21}_{r2} ) u^ν = (_{E2} f , √ E^2_2 − V^2_1 , 0,^{L2}_{r2} ) (18)

Hence we obtain the following result,

t^μu_μ = g_{μν} t^μu^ν = −

E_1E_2 f + √ (E^2_1 − V^2_1 ) (E^2_2 − V^2_1 ) f + L_1L_2 r^2

(19)

Thus we obtain,

(t^μu_μ)^2 = ( E_1E_2 f )_2 [ 1 − fL_1L_2 r^2E_1E_2 − √ (1 − fa_1) (1 − fa_2)

]_2 (20)

Where, a_1 =^1_{E21} ( 1 +^{L21}_{r2} ) and a_2 =^1_{E2} ( 1 +^{L2}_{r2} ) . Simplifying and rearranging terms we have obtained that,

(t^μu_μ)^2 = E^2_1 E^2_2 [ 1 2 (a_1 + a_2) −

L_1L_2 r^2E_1E_2

]_2 (21)

Figure 2: The figure shows variation of v^2 with test particle energy for diferent observer energy and radial distance.

Figure 3: The figure shows variation of v^2 with test particle angular momentum for differnt choices of test particle energy

Figure 4: The figure shows variation of v^2 with E2 and r.

We know that the relative velocity could be given by, v^2 = 1 −^1_{(uμ tμ)2} . Thus using equation (21) and assuming that energy of both the particle and the observer are high enough or the distance is large enough we ultimately arrive at,

v^2 = 1 − 4 E^2_1 E^2_2 [( 1 E^2_1 + 1 E^2 ) +^1_{r2} (_{L1} E_1 −

L_2 E_2

)_2]2 (22)

Note that as r → 0 the velocity approaches that of light i.e. v = 1. However if the particle and the observer has the same impact parameter i.e.^{L1}_{E1} =^{L2}_{E2} then even if r → 0 the velocity does not approach 1, which is a very interesting result. Also at short distance the velocities and hence energies are very high so a_1 and a_2 are small quantities, however at large distance not a_1 and a_2 but f(r) become smaller and thus as they appear in product form in the velocity expression it holds good for all r. Thus we can say that equation (22) is a general result. This result is valid in spherically symmetric solutions for Einstein gravity like the Schwarzchild and Reissner-Nordström solutions but also for the Einstein-Maxwell-Gauss Bonnet theory. There exists two additional well known spherically symmetric solution but they do not have the form used. So we shall consider them in the next two sections.

Note from figure-1, as radial co-ordinate of the particle is decreased the veloity remain less than speed of light. As r → 0 the velocity also approaches 1 in our system of units, which is justified and shows the actual motion that happen as the particle moves within the event horizon. It is also clear that with increase of the energy of the particle the velocity increases and it also increases with increasing the angular momenta.

From figure-2 we see that as energy of the particle is increased we get a interesting behaviour, at first it decreases and become zero, then it again increases. Thus here the combined quantity in the denominator becomes 4. This happens when E_1 coincides with E_2 (see the figure), as we have chosen L_1 = L_2 (see equation 22). However changing the radius has a very small effect on velocity profile.

From figure-3 we find that velocity varies with angular momentum in some what the same manner as it does with energy. However by proper choice of E_2 = E_1 the velocity can be made zero when L_2 = E_2 as we have chosen other parameters such that L_1 = E_1, since under this condition the denominator in equation (22) become 4. As well as we can eliminate that zero by changing E_2.

Figure-4 shows the variation of velocity both with radial co-ordinate and the energy of the particle. This graph merely shows combined effects of varying radius and energy as we have illustrated in earlier graphs.

IV. MOTION IN DILATON COUPLED ELECTROMAGNETIC FIELD

Static uncharged black hole in general relativity are described by Schwarzschild solution. If mass of the black hole is much large compared to Planck mass then this also, to a good approximation, describes the uncharged black hole in string theory except regions near singularity. However there was some departure from the schwarzchild scenario when an exact calculation is made (see [12]). We shall discuss this solution later in this work. From now on we shall assume that the above assertion is correct. However for Einstein-Maxwell solutions the string inspired theory differ widely from the known classical solution i.e. the Reissner-Nordström solution.

The dilaton coupling with F^2 implies that every solution with non zero F_{μν} will come with a non zero dilaton. Thus the charged black hole solution in general relativity (which is the Reissner-nordström solution) appears in a new form in string theory due to the presence of dilaton. The effective four dimensional low energy Lagrangian obtained from string theory is,

S = ∫ d^4x √ −g[−R + e^{−2Φ}F^2 + 2(∇Φ)^2]

where F_{μν} is the Maxwell field associated with a U(1) subgroup of E_8 × E_8 or Spin(32)/Z_2. We have set the remaining gauge fields and antisymmetric tensor field H_{μνρ} to zero and Φ is the dilaton field (see Garfinkle et.al. [11], Coleman [14], Vega et.al. [15], Bekenstein [16] and Witten [17]). Extremizing with respect to the U(1) potential A_μ, Φ and g_{μν} leads to the following field equations, (a)∇_μ ( e^{−2Φ}F^{μν} ) = 0 (b)∇^2Φ +^1_2 e^{−2Φ}F^2 = 0 (c)R_{μν} = 2∇_μΦ∇_ν Φ + 2e^{−2Φ}F_{μλ}F^λ_ν −^1_2 g_{μν} e^{−2Φ}F^2

(23)

The static spherically symmetric solution corresponding to the above field equation (23) would give the following line element (see 2) as, (see Garfinkle et.al. [11])

ds^2 = −(1 − 2M r )dt^2 + 1 (1 −^{2M}_r ) dr^2 + r(r − e^{2Φ0}

Q^2 M )dΩ^2

where, dΩ^2 = dθ^2 + sin^2θdϕ^2. Once again due to isometry we have taken our motion in the equatorial plane such that, dΩ^2 = dϕ^2. Here Φ_0 is the asymptotic value of dilaton and Q represents the black hole charge. Note that this is almost identical to the Schwarzchild metric, with a differance that areas of spheres of constant r and t now depend on Q. In particular the surface r =^{Q2 e2Φ0}_M is singular. Also r = 2M is the regular event horizon. Also the evolution of the scalar field Φ could be given by,

e^{−2Φ} = e^{−2Φ0} −

Q^2 Mr (24)

We can define the dilaton charge as,

D = 1 4π ∫ d^2σ^μ∇_μΦ

where the integral is over a two sphere at spatial infinity and σ^μ is the normal to the two sphere at spatial infinity. For charged black hole this leads to,

D = − Q^2e^{2Φ0} 2M (25)

Here D depends on the asymptotic value of dilaton field, which is determined once M and Q are given and is always negative. Note that the actual dependance on dilaton field is described by, e^{−Φ/Mpl} . Since we have walked in the unit M_{pl} ∼ 1 we have the term modified to e^{−Φ}. so as Φ → Φ_0 ∼ M_{pl}, this term is expected to become significant.

Now we write the above metric in a generalized form,

2L = −f(r)ṫ^2 + 1 f(r) ṙ^2 + g(r)ϕ̇^2 (26)

As usual we have f(r) = (1 −^{2M}_r ) and g(r) = r(r − e^{2Φ0 Q2}_M ), however due to notational simplicity we have taken them to be simply f and g respectively. Then the velocity has the following expression,

v^2 = 1 f^2 ( dr dt )_2 + g f ( dϕ dt )_2 (27)

The potential has the following expression which could be given by,

V^2 = f ( 1 + L^2 g ) (28)

Thus 4-velocity components are given by for this potential to yield,

t^μ = ( E f , − √ E^2 − V^2, 0, L g ) (29)

Note that for this case as well we have the following result t^μt_μ = −1. If we have used equation (14) then we might have obtained that the velocity has the same expression as that given by (27).

Also the acceleration has no change only a^1 is non zero and has the value given by (17). If we proceed in an identical way then we obtain the following result for the velocity of a particle relative to an observer,

v^2 = 1 − 4 E^2_1 E^2_2 [( 1 E^2_1 + 1 E^2 ) +^1_g (_{L1} E_1 −

L_2 E_2

)_2]2 (30)

The most interesting part of this velocity expression corresponds to the fact that when at some finite r the quantity g = 0 then v = 1. So even if it had not go to r = 0 the particle is seen to move with the velocity of light. However under the same situation as above such that both the particle and the observer moves with the same impact parameter we obtain that this case is prohibited and the particle has v less than 1 for all r. This singularity corresponds to r = e^{2Φ0 Q2}_M

However this particular result is actually an artifact of our co-ordinate system. For string theory, the statement that the spacetime has singularity when r = e^{2Φ0 Q2}_M is actually irrelevent. Since the strings do not couple to the metric g_{μν} but rather to e^{2Φ}g_{μν} . This metric appear in string σ model. In terms of the string metric the effective lagrangian would become (see [11]),

S = ∫ d^4x √ −ge^{−2Φ} [ −R − 4(∇Φ)^2 + F^2 ]

Hence the charged black hole metric, ds^2_{string} = − 1 − 2Me^{Φ0} /ρ 1 − Q^2e^{3Φ0} /Mρ dτ^2 + dρ^2 (1 − 2Me^{Φ0} /ρ) (1 − Q^2e^{3Φ0} /Mρ)

+ ρ^2dΩ (31)

This metric is identical to the metric given in equation (2) where we have just rescaled the metric by some conformal factor which is finite every where outside and on the horizon. With this choice of metric and the assumption that energy is high or radius is small we obtain the following expression for relative velocity,

v^2 = 1 − 4 E^2_1 E^2_2 [( 1 E^2_1 + 1 E^2 ) +^1_{ρ2} (_{L1} E_1 −

L_2 E_2

)_2]2 (32)

This is completely identical to the result in equation (22), however the metric is completely different, here the general form would be ds^2 = −^{f (r)}_{g(r)} dt^2 +^{dr2}_{f (r)g(r)} + r^2dΩ^2 where f(r) = 1 − 2Me^{Φ0} /ρ and g(r) = 1−Q^2e^{3Φ0} /Mρ. Hence we arrive at a very important result that for both the spherically symmetric solution in section (III) and that for dilaton gravity has the same velocity profile.

V. SPHERICALLY SYMMETRIC SOLUTION IN ALTERNATIVE GRAVITY THEORY

In this section we consider a class of alternative theories of gravity in four dimensions defined by modifying the Einstein-Hilbert action through all possible quadratic, algebraic curvature scalars, multiplied by constants or non-constant couplings as (see [12], [18], [19]), S = ∫ d^4x √ −g[κR + α_1f_1(υ)R^2 + α_2f_2(υ)R_{ab}R^{ab} + α_3f_3(υ)R_{abcd}R^{abcd}

+ α_4f_4(υ)R^∗_{abcd}R^{abcd} − β 2 (∇_aυ∇^aυ + 2V (υ)) + L_{matter}] (33) where g is the determinant of the metric g_{ab}; (R, R_{ab}, R_{abcd}, R^∗_{abcd}) are the Ricci scalar and tensor, the Riemann tensor and its dual (see [20]), respectively; L_{matter} is the lagrangian density for other matter; υ is a scalar field; (α_i, β) are coupling constants; and κ = (16πG)^{−1}. All other quadratic curvature terms are lineraly dependent e.g., the Weyl tensor squared. Theories of this type are motivated from low energy expansion of string theory (see [21] and [22]).

Varying equation (33) with respect to the metric and setting f_i(υ) = 1, we find the modified field equations,

κG_{ab} + α_1H_{ab} + α_2I_{ab} + α_3J_{ab} = 1 2 T^{matter} ab (34) where T^{matter} ab is the stress energy of matter, and,

(a)H_{ab} = 2R_{ab}R −^1_2 g_{ab}R^2 − 2∇_{ab}R + 2g_{ab}□R (b)I_{ab} = □R_{ab} + 2R_{abcd}R^{cd} −^1_2 g_{ab}R_{cd}R^{cd} +^1_2 g_{ab}□R − ∇_{ab}R, (c)J_{ab} = 8R^{cd}R_{acbd} − 2g_{ab}R^{cd}R_{cd} + 4□R_{ab} − 2RR_{ab} +^1_2 g_{ab}R^2 − 2∇_{ab}R (35)

with ∇_a, ∇_{ab} = ∇_a∇_b, and □ = ∇_a∇^a the first and second order covariant derivative and the D’Alembertian. The scalar field equation can be given by,

β□υ − β dV dυ = −α_1R^2 − α_2R_{ab}R^{ab} − α_3R_{abcd}R^{abcd} − α_4R^∗_{abcd}R^{abcd} (36)

The spherically symetric solution to the above field equations imposing dynamical arguments could be written using the metric ansatz as (see [12]),

ds^2 = −f_0 [1 + ϵh_0(r)] dt^2 + f^{−1}_0 [1 + ϵk_0(r)] dr^2 + r^2dΩ^2 (37)

and υ = υ_0 + ϵυ_0, where f_0 = 1 − 2M_0/r, with M_0 the bare or GR BH mass and dΩ_2 is the line element on two sphere. The free functions (h_0, k_0) are small deformations about the Schwarzchild metric.

The scalar field equation can be solved to yield,

υ_0 = α_3 β 2 M_0r ( 1 + M_0 r + 4M^2_0 3r^2 ) (38)

We can use this scalar field solution to solve modified field equations to linear in ϵ. Requiring the metric to be asymptotically flat and regular at r = 2M_0, we find the unique solution h_0 = F ( 1 + h̃_0 ) and K_0 = −F ( 1 + h̃_0 ) , where F = −(49/40)ζ(M_0/r) and,

h̃_0 =^{2M}0_r +^{548}_{147}^{M 2}0_{r2} +^8_{21}^{M 3}0_{r3} −^{416}_{147}^{M 4}0_{r4} −^{1600}_{147}^{M 5}0_{r5}

k̃_0 = 58 49 M_0 r + 76 49 M^2_0 r^2 − 232 21 M^3_0 r^3 − 3488 147 M^4_0 r^4 − 7360 147 M^5_0 r^5

(39)

Here we have defined the dimensionless coupling function ζ =^{α23}_{βκM 40} , which is of the order of ϵ. Such a solution is most general for all dynamical, algebraic, quadratic gravity theories, in spherical symmetry. We can define the physical mass M = M_0 [1 + (49/80)ζ], such that only modified metric components become g_{tt} = −f(1 + h) and g_{rr} = f^{−1}(1 + k) where h = ζ/(3f)(M/r)^3h̃ and k = −(ζ/f)(M/r)^2k̃, and

h̃ = 1 + 26M r + 66 5 M^2 r^2 + 96 5 M^3 r^3 − 80M^4 r^4

(40)

k̃ = 1 + M r + 52 3 M^2 r^2 + 2M^3 r^3 + 16M^4 5r^4 − 368 3 M^5 r^5

(41)

where f = 1 − 2M/r. Note from the above exprssion for metric element that Physical observables are related to renarmalized mass M not on bare mass M_0.

In this case the lagrangian has the specific form given by,

2L = −f(r) [1 + h(r)] ṫ^2 +

[1 + k(r)] f(r) ṙ^2 + r^2ϕ̇^2; (42)

from this we can easily found components of velocity by differentiation. Since the lagrangian does not involve time we have two conserved quantities, E the energy per particle mass and L the angular momentum per particle mass given by,

E = −^{∂L}_{∂ṫ} = f(r) [1 + h(r)] ṫ L =^{∂L}_{∂ϕ̇} = r^2ϕ̇ } (43)

where the time derivatives are with respect to affine co-ordinate τ. Finally the equation of motion would be given by (see [12]), ( dr dτ )_2 = V^{GR}_{ef f} − [ E^2h(r) + V^{GR}_{ef f} k(r) ] = V_{ef f} (44)

Figure 5: The figure shows variation of v^2 with test particle angular momentum L2 for different choices of E2.

Figure 6: The figure shows variation of v^2 with test particle energy for diferent observer energy and test particle angular momenta.

Figure 7: The figure shows variation of v^2 with test particle energy and radial distance.

Figure 8: The figure shows variation of Δv^2 with E2.

Figure 9: The figure shows variation of Δv^2 with L2.

where we have obtained V^{GR}_{ef f} = E^2 − f(r) [ 1 +^{L2}_{r2} ] . Then the 4-velocity vector could be given by,

t^μ = ( E f(1 + h) , √ V_{ef f} , 0, L r^2 ) (45)

we can easily check that t^μt_μ = −1. Now we can proceed in an identical way as presented in the previous two sections and that finally leads to the following expression for relative velocity of a particle with respect to an observer in this space-time to yield,

v^2 = v^2_{GR} − Δv^2 = 1 −^4

E^2_1 E^2 [( 1 E21 +^1_{E2} ) +^1_{ρ2} (_{L1} E1 −^{L2}_{E2}

)_2]2 −

2f^2

E^2_1 E^2 [ 1−^{f L1L2} E1E2r2 − √_{E21 −V 21} √_{E2 −V 22} ]_3 [ h ( 1 −^{f L1L2} E_1 E_2r^2 − √ E^2_1 − V^2_1 √ E^2_2 − V^2_2 ) + 2 (_{V1V2} E_1E_2 ( h + k +^1_2 ( E_1^{δV1}_{V 21} + E_2^{δV2}_{V 22} )) +^{L1L2f h} r^2 E_1E_2

)] (46)

where we have defined V_1 = V^{GR}_{ef f} (E_1, L_1) and similarly V_2 = V^{GR}_{ef f} (E_2, L_2) with simlar interpretation such that δV = −hE^2−kV^{GR}_{ef f} . Here the quantities f, h, k are defined earlier, among them f(r) = 1−2M/r and h, k are given by equations (40) and (41). Also note that first two terms are just the velocity expression we have obtained in equation (22) for a general spherically symmetric solution and in equation (32) for dilaton coupled gravity and refered to v^2_{GR}. Also note that the last term which is the correction term due to alternative gravity has a negative contribution and when ζ = 0 then we recover our original equation (22).

Figure-5 and figure-6 represents the variation of v^2 with test particle angular momentum and energy respectively, as well as figure-7 represents the variation with both test particle energy and radial distance. We can very easily verify by comparison with previous graphs that the effect of introducing quadratic terms in the action alters the velocity profile near r = 0 and for low test particle energy and angular momentum. The effect of test particle energy and angular momentum on the extra piece δv^2 is shown in the figure-8 and figure-9, which verifies our previous assertion. At low energy and angular momentum the velocity is mostly dictated by the gravitational effect of the source and that is when the effect of introduction of quadratic terms could be evident. Hence the above result can be interpreted as a astrophysical manifeastation of the stringy signature, as these quadratic terms come from some high energy effective string theory.

VI. DISCUSSION

We have shown that velocity of any ingoing particle with respect to observer sets as defined in the section (II) for a general spherically symetric potential with unit 2-sphere is always less than that of light outside the singular point, it approaches the speed of light as r → 0. However the notion of static observers are not valid for r ≤ 2M. It is valid only for region outside the event horizon. Thus we have defined ingoing observers and determine veloity with respect to the observer. We found that velocity of the test particle always remain less than 1. For a different choice of metric with a function on 2-sphere we found that the velocity is always less than 1 which may not be self-evident in one set of co-ordintes, but by going to another set we have actually shown that the previous results are retained. Finally the spherically symmetric solution in quadratic gravity shows another instance of the correctness of our result. However there we have obtained a correction factor to the velocity expression due to presence of quadratic terms and hence this directly shows that the velocity profile of an object differ considerably in alternative theories from the result in Einstein gravity. Thus we have shown an instance where by measuring velocity profile of an object (for example accretion disc particles) we can in principle determine the stringy signature on a astrophysical scale. Also it should be noted that the above analysis is not restricted to Einstein gravity or the solutions we have discussed, it can also be applied to other spherically symmetric black hole solutions in modified gravity theories. Also it could be extended to higher dimensional black holes. Extension to rotating black holes would be an interesting work for the future.

Acknowledgement: The author thanks prof. Subenoy Chakraborty of Jadavpur University and Prof. Soumitra Sengupta of IACS for helpfull discussion. The author also thanks DST, Govt. of India for awarding KVPY fellowship. He greatfully thanks IUCAA, Pune, for warm hospitality where a part of this work was done.

[1] Landau, L. and Lifschitz, E.:- (1971) The Classical Theory of Fields, 3rd ed. (Addison-Wesley, Reading, Massachusetts).

[2] Wald, R. M.:- (1984) General Relativity (University of Chicago Press, Chicago, Illinois).

[3] Bergmann, P. G.:- (1942) Introduction to The Theory of Relativity (Prentice-Hall, New York).

[4] Moller, C.:- (1972) The Theory of Relativity, 2nd ed. (Oxford University Press, Delhi).

[5] Crawford, P. and Tereno, I.:- Gen. Relativity Gravitation 34 (2002), 2075.

[6] Janis, A.:- Phy. Rev. D 15 (1977), 3068.

[7] Bolo^′ s, V.J. preprint gr-qc/0506032v4 (2011).

[8] Ellis, G. F. R., Nel, S. D., Maartens, R., Stoeger, W. R. and Whitman, A.P.:- Phys. Rep. 124 (1985), 315.

[9] Bolo^′ s, V. J.:- J. Geom. Phys. 56 (2006), 813.

[10] Chakraborty, Sumanta. and Chakraborty Subenoy.:- Can. J. Phys. 89 (2011), 689 [arXiv:1109.0676 [gr-qc], 2011].

[11] Garfinkle, D., Horowitz, G. T. and Strominger, A.:- Phys. Rev. D 43, 3140 (1991).

[12] Yunes, N. and Stein, L. C.:- Phys. Rev. D 83, 104002 (2011).

[13] Teller, E.F. and Wheeler, J. A.:- (1992) Spacetime Physics: Introduction to Special Relativity (W. H.

Freeman, San Fransisco).

[14] Coleman, S.:- (1983) in The Unity of the Fundamental Interactions, edited by A.Zichichi (Plenum, London). [15] De Vega, H. J. and Sanchez, N.:- Nucl.phys.B309, 552 (1988).

[16] Bekenstein, J.:- Phys. Rev. D 5, 1239 (1972); Ann.phys. (N.Y.) 91, 75 (1975);Bocharova, N.,Broonikov, K.

and Melnikov, V. Vestn.Mosk.Univ.Fiz.Astron. 6, 706 (1970).

[17] Witten (ed.) (1962) Gravitation: An Introduction to Current Reaserch, (Wiley, N.Y.). [18] Mignemi, S. and Stewart, N. R.:- Phys. Lett. B 298, 299 (1993).

[19] Green, M. B., Schwarz, J. H. and Witten, E.:- (1987) Cambridge Monograph on mathematical physics (Cambridge university press, Cambridge, England).

[20] Alexander, S. and Yunes, N.:- phys. Rep. 480, 1 (2009). [21] Boulware, D. G. and Deser, S.:- Phys. Rev. Lett. 55, 2656 (1985).

[22] Green, M. B., Schwarz, J. H. and Witten, E.:- (1987) Loop Amplitudes, Anomalies and Phenomenology, Superstring Theory Volume-2 (Cambridge: Cambridge University Press).