arXiv:1210.2233v3 [hep-th] 4 Jan 2013

Correspondence between Skyrmions in 2+1 and 3+1 Dimensions

Muneto Nitta^1 1 Department of Physics, and Research and Education Center for Natural Sciences, Keio University, Hiyoshi 4-1-1, Yokohama, Kanagawa 223-8521, Japan (Dated: January 7, 2013)

Abstract

A lump (2D Skyrmion) can be constructed as a sine-Gordon kink (1D Skyrmion) inside a domain wall in the massive O(3) sigma model. In this paper, we discuss relations between Skyrmions in 2+1 and 3+1 dimensions. We first construct a Bogomol’nyi-Prasad-Sommerfield 3D Skyrmion as a lump inside a non-Abelian domain wall in an O(4) sigma model with a potential term admitting two discrete vacua. Next, we construct a conventional 3D Skyrmion as a baby Skyrmion in a non-Abelian domain wall in the Skyrme model with a modified mass term admitting two discrete vacua. We also construct a spinning 3D Skyrmion as a Q-lump in the non-Abelian domain wall.

I. INTRODUCTION

The Skyrme model was proposed to describe nucleons as topological solitons (Skyrmions) characterized by π_3(S^3) ≃ Z in the pion effective field theory or the chiral Lagrangian [1]. Although the nucleons are now known as bound states of quarks, the idea of the Skyrme model is still attractive. In fact, the Skyrme model is still valid as the low-energy description of QCD, for instance, in holographic QCD [2, 3]. The Skyrme model can be formulated as an O(4) sigma model with a quartic derivative term.

As discussed by Skyrme himself [4], sine-Gordon kink characterized by π_1(S^1) ≃ Z is a lower-dimensinal toy model of Skyrmion. The sine-Gordon model can be formulated as an O(2) sigma model with a potential term, and the sine-Gordon kink can be regarded as a one-dimensional (1D) Skyrmion. In addition, in two spatial dimensions, 2D Skyrmions characterized by π_2(S^2) ≃ Z are known [5], which are often called lumps (or sigma model instantons). In fact, lumps in an O(3) sigma model with quartic derivative term and a potential term are called the baby Skyrmions [6]. Therefore, Skyrmions exist in diverse dimensions [7]: an O(N + 1) model model admits N dimensional Skyrmions characterized by π_N (S^N ) ≃ Z, at least for N = 1, 2, 3. Among Skyrmions in diverse dimensions, a sine- Gordon kink (1D Skyrmion) was obtained as a holonomy of a CP^1 lump (2D Skyrmion) [8] as a lower-dimensional analog of the Atiyah-Manton construction of 3D Skyrmion from instanton holonomy [9]. This relation can be physically explained [10] with the help of a CP^1 domain wall [11]; a sine-Gordon kink in the domain wall theory is nothing but a lump in the bulk point of view [10, 12, 13].

In this paper, we discuss the relation between Skyrmions in two and three dimensions. We first consider an O(4) model with a potential term admitting two discrete vacua. This model admits a domain wall solution [14]. With the Skyrme term, the model is the Skyrme model with the modified mass term considered before [15], in which the interaction between the domain wall and the Skyrmions was studied. Since the presence of the domain wall solution spontaneously breaks SO(3) symmetry of the vacua to SO(2), there appear SO(3)/SO(2) ≃ S^2 Nambu-Goldstone modes in the vicinity of the domain wall. Consequently, a continuous family of the domain wall solutions with S^2 moduli (zero modes , or collective coordinates) exists. These S^2 zero modes are in fact normalizable and the low-energy effective action on the domain wall is the O(3) sigma model with the target space S^2 [14].

Our findings are twofold. First, in the absence of the Skyrme term in the bulk, a lump solution exists in the effective action of the Bogomol’nyi-Prasad-Sommerfield (BPS) non- Abelian domain wall. The lump in the domain wall effective theory corresponds to a 3D Skyrmion in the bulk point of view; Although 3D Skyrmions in the bulk are unstable to shrink in the absence of the Skyrme term, they can stably exist inside the domain wall as the lumps. Since both the domain wall and the lumps are BPS, the composite states of 3D Skyrmions are also BPS so that no force exists between BPS 3D Skyrmions. Second, in the presence of the Skyrme term and the potential term in the bulk, we show that the baby Skyrme term [6] and the potential term are induced in the domain wall effective action. In this case, the baby Skyrmions [6] in the wall correspond to the conventional 3D Skyrmions in the bulk, and 3D Skyrmions can exist both in the bulk and inside the wall.

The baby Skyrme model was proposed as a lower-dimensional toy model of the original Skyrmion. The result in this paper implies that when 3+1-dimensional Skyrmions are confined on a 2+1-dimensional plane, they become baby Skyrmions. Therefore, the dynamics of baby Skyrmions describe dynamics of 3+1-dimensional Skyrmions confined on a plane. Since Skyrmions are considered to describe nucleons, our result may be applied to a situation that nucleons confined on a plane, such as nucleons in the presence of domain walls in cores of ferromagnetic neutron stars [16].

This paper is organized as follows. In Sec. II, we give the Skyrme model with a modified mass term and an O(4) sigma model with a potential term, both admitting two discrete vacua. In Sec. III, we give a solution of a non-Abelian domain wall with the S^2 moduli in these theories, and construct the effective field theory on the domain wall, which is an O(3) sigma model. When potential terms are added in the original theory, corresponding potential terms are induced in the domain wall effective action. Sec. IV is the main part of this paper. First, we construct sigma model lumps in the domain wall effective theory in the theory without the Skyrme term and show that they can be identified with 3D Skyrmions in the bulk point of view. They are BPS 3D Skyrmions which are unstable in the bulk but can stably exist inside the domain wall. Next, we construct Q-lumps in the wall theory which can be understood as spinning Skyrmions in the bulk point of view. Finally, we show that the Skyrme term in the bulk induces the baby Skyrme term in the domain wall effective theory, so that baby Skyrmions in the wall theory can be identified with conventional 3D Skyrmions in the bulk. Sec. V is devoted to a summary and discussion.

II. THE O(4) SIGMA MODEL AND THE SKYRME MODEL

We consider the SU(2) principal chiral model or the Skyrme model in d = 3 + 1 dimensions. With the SU(2) valued field U(x) ∈ SU(2), the Lagrangian which we consider is given by L = f^2_π 16 tr (∂_μU^†∂^μU) + L^{(4)} − V (U) (1)

with the Skyrme term

L^{(4)}(U) = 1 32e^2 tr ([U^†∂_μU, U^†∂_ν U]^2). (2)

We consider the potential term given by

V (U) = m^2_πtr [(U + U^† − 21_2)(U + U^† + 21_2)] (3)

which admits two discrete vacua U = ±1_2, instead of the conventional potential V = m^2_π[(U + U^† − 21_2) admitting the unique vacuum U = 1_2. The potential term in Eq. (3) was called a modified mass [15].

Introducing a four vector of scalar fields n_i(x) (i = 1, 2, 3, 4) by U(x) = n_4(x)1_2 + i ∑_3

i=1 n_i(x)σ_i with the Pauli matrices ⃗σ, the Lagrangian can be rewritten in the form of the O(4) model: L = 1 2 ∂_μn · ∂^μn + L^{(4)}(n) − V (n), n^2 = 1, (4)

with the potential and the Skyrme term, rewritten as

V (n) = m^2(1 − n^2_4), (5) L^{(4)}(n) = 1 2 (∂_μn · ∂_ν n)(∂^μn · ∂^ν n) − 1 2 (∂_μn · ∂^μn)^2, (6)

respectively. Here we have rescaled the fields and the coordinates. The vacua are given by n_4 = ±1. The symmetry of vacua is SO(3). We work in the field n(x) of the O(4) model rather than the SU(2) valued field U(x).

We later consider the further potential terms which explicitly break the SO(3) symmetry into its subgroup SO(2):

V_{linear}(n_î) = −m^2_î n_î, V_{quad}(n_î) = −m^2_î n^2_î , (î = 1, 2, 3). (7)

The former is the conventional mass term for the Skyrme model while the latter is the same form with Eq. (5).

FIG. 1: The target space S^3 of an O(4) sigma model with a potential term admitting two discrete vacua. The constraint

∑_4 i=1(n_i(x))^2 = 1 defines the S^3 target space. The potential term V = m(1 − n^2_4) explicitly breaking O(4) symmetry admits the two discrete vacua n_4 = ±1, denoted by N (north pole) and S (south pole). Each slice at n_4= const. is isomorphic to S^2 except for n_4 = ±1. The potential admits a non-Abelian domain wall solution with S^2 internal moduli, denoted by a curve connecting n_4 = ±1.

III. NON-ABELIAN DOMAIN WALL

In this section, we construct a non-Abelian domain wall solution and the effective field theory of the S^2 moduli on the domain wall. The domain wall solution was studied in the Skyrme model with the modified mass [15] and in the O(4) sigma model without the Skyrme term [14]. Here, we work without the Skyrme term since the solution is not modified [15].

A. Non-Abelian domain wall solution

Let us construct a domain wall perpendicular to the x^3-coordinate, connecting the two discrete vacua n_4 = ±1. The energy density of the theory is E = 1 2 ∂_3n · ∂_3n + m^2(1 − n^2_4). (8)

By using the SO(3) symmetry acting on (n_1, n_2, n_3), we can put n_2 = n_3 = 0 consistently. Using the parametrization n = (sin θ, 0, 0, cos θ), the energy density reduces to E = 1 2 (∂_3n_1)^2 + (∂_3n_4)^2 + m^2(1 − n^2_4) = 1 2 (∂_3θ)^2 + m^2 sin^2 θ. (9)

This is the sine-Gordon model. The Bogomol’nyi completion for the domain wall can be obtained as E = 1 2 ∫ dx^3[(∂_3θ ∓ √ 2m sin θ)^2 ± 2 √ 2m∂_3θ sin θ] ≥ |T_{wall}|, (10)

where, T_{wall} is the topological charge that characterizes the wall:

T_{wall} = ± √ 2m ∫ dx^3(∂_3θ sin θ) = ∓ √ 2m[cos θ]^{x3=+∞}

x^3=−∞ = ∓ √ 2m[n_4]^{x3=+∞}

x^3=−∞ = 2 √ 2m. (11)

Among all configurations with a fixed boundary condition, that is, with a fixed topological charge T_{wall}, the most stable configurations with the least energy saturate the inequality (10) and satisfy the BPS equation ∂_3θ ∓ √ 2m sin θ = 0, (12)

which is obtained by |...|^2 = 0 in Eq. (10). This BPS equation can be immediately solved as

θ(x^3) = arctan exp(± √ 2m(x^3 − X)), (13)

with the width Δx^3 = 1/m, where ± denotes a domain wall and an anti-domain wall. Here X is a real constant corresponding to the position of the wall.

The most general solution can be obtained by acting the vacuum symmetry SO(3) on this particular solution. We thus obtain a continuous family of solutions

n_î = n̂_î sin θ(x), (î = 1, 2, 3), n̂^2 = 3∑ î=1

n̂^2_î = 1,

n_4 = cos θ(x) (14)

with θ in Eq. (13). The solution has the moduli parameters or the collective coordinates n̂_i representing S^2 in addition to X. Since the presence of the domain wall solution spontaneously breaks the vacuum symmetry SO(3) into its subgroup SO(2), the internal orientational moduli S^2 correspond to the Nambu-Goldstone modes arising from this symmetry breaking. Such S^2 moduli were found in [14] while they were not mentioned in [15]. Since the symmetry breaking occurs in the vicinity of the domain wall, we expect that these modes are normalizable, which we shall explicitly demonstrate in the next subsection.

We call this solution a non-Abelian domain wall in the sense that it carries non-Abelian Nambu-Goldstone modes as the moduli parameters. There is another example of a non- Abelian domain wall in a non-Abelian U(2) gauge theory [17, 18], which has SU(2) ≃ S^3 moduli. Later, it was generalized to a non-Abelian domain wall with SU(N) moduli in U(N) gauge theory [19].

B. Low-energy effective theory on domain wall world-volume

Next, let us construct the effective field theory of the domain wall (+ signature in Eq. (13)). According to Manton [20, 21], the effective theory on the domain wall can be obtained by promoting the moduli parameters to fields X(x^a) and n̂(x^a) on the domain wall world-volume x^a (a = 0, 1, 2), and by performing the integration over the codimension x ≡ x^3: L_{dw.eff.} = ∫_{+∞} −∞ dx [ 1 2 (∂_an_î)^2 + 1 2 (∂_an_4)^2 − 1 2 (∂_3n_î)^2 − 1 2 (∂_3n_4)^2 − m^2(1 − n^2_4) ]

= ∫_{+∞} −∞ dx [ 1 2 {∂_a(sin θn̂)}^2 + 1 2 (∂_a cos θ)^2 − 1 2 [∂_3(sin θn̂)]^2 − 1 2 (∂_3 cos θ)^2 − m^2(1 − cos^2 θ) ]

= (∫_{+∞} −∞ dx sin^2 θ ) [ 1 2 (∂_an̂)^2 + m^2(∂_aX)^2 − 2m^2 ] (15)

where we have used the BPS equation (12) and n̂^2 = 1. Performing the integration, we reach at

L_{dw.eff.} = √ 2 2m (∂_an̂)^2 +

T_{wall} 2 (∂_aX)^2 − T_{wall}, n̂^2 = 1 (16)

where the constant term coincides with minus the tension T_{wall} of the domain wall given in Eq. (11). We thus have shown that the moduli R×S^2 are normalizable. The effective theory of the S^2 moduli n̂ is the O(3) model with the target space S^2 as we expected, while the effective theory of the translational modulus X is consistent with the Nambu-Goto action

S_{NG} = −T_{wall} √ 1 − (∂_aX)^2 (17) at this order.

In the integration of Eq. (16), we have used the second of the following formulas of the integration: ∫_{+∞} −∞ dx sin θ = √ 2π 2m , ∫_{+∞} −∞ dx sin^2 θ = √ 2 m , ∫_{+∞} −∞ dx sin^4 θ = 2 √ 2 3m , (18)

with θ given in Eq. (13). The rests of the formulas will be used below.

For later use, we also consider the effects of the additional potential term (7) in the original Lagrangian which explicitly breaks the SO(3) symmetry to an SO(2) symmetry. We treat them as perturbations with a small mass m_î ≪ m (î = 1, 2, 3) and assume the wall solution is not modified significantly. Within this approximation, we find the following potential terms are induced on the domain wall effective theory:

V_{dw.linear} = ∫ dxV_{linear}(n_î) = −m^2_î ∫ dx sin θn̂_î = − √ 2π 2 m^2_î m n̂_î, (19)

V_{dw.quad} = ∫ dxV_{quad}(n_î) = −m^2_î ∫ dx(sin θn̂_î)^2 = − √ 2 m^2_î m n̂^2_î , (20)

where we have used the integration formulas in Eq. (18) and neglected the constant terms.

IV. LUMPS AND BABY SKYRMIONS INSIDE THE DOMAIN WALL

In this section, we construct lumps or baby Skyrmions in the domain wall effective theory without or with the Skyrme term in the original Lagrangian, respectively.

A. BPS 3D Skyrmion inside the wall as lumps: Without the Skyrme term

The O(3) model in Eq. (16) without the potential term is known to admit lump or sigma model instanton solutions [5], which are called 2D Skyrmions in condensed matter physics. Using the stereographic coordinate u of the Riemann sphere S^2 ≃ CP^1, defined by u ≡ n̂_1 + in̂_2 1 − n̂_3

, (21)

The domain wall effective Lagrangian given in Eq. (16) can be rewritten as L = √ 2 2m ∂_μu^∗∂^μu (1 + |u|^2)^2

. (22)

The energy for static configurations can be written as 2m √ 2 E = ∫ d^2x

∂_1u^∗∂_1u + ∂_2u^∗∂_2u (1 + |u|^2)^2 = ∫ d^2x [ |∂_1u ∓ i∂_2u|^2 (1 + |u|^2)^2 ± i(∂_1u^∗∂_2u − ∂_2u^∗∂_1u)

(1 + |u|^2)^2 ]

≥ | | | ∫ d^2x i(∂_1u^∗∂_2u − ∂_2u^∗∂_1u) (1 + |u|^2)^2 | | | = |T_{lump}|. (23)

Therefore, the energy is bound from below by the topological charge of the lumps, defined by T_{lump} ≡ ∫ d^2x i(∂_1u^∗∂_2u − ∂_2u^∗∂_1u) (1 + |u|^2)^2

= 2πk, (24)

with k ∈ Z denoting the lump number. The inequality is saturated when the (anti-) BPS equations for the lumps

∂_1u ∓ i∂_2u = 0 ⇐⇒ ¯∂_{z̄}u = 0 (or ∂_z u = 0), (25)

with the complex coordinate z ≡ x^1 +ix^2, are satisfied. The k BPS lump solution is obtained as u_{lump}(z) = κ + k∑ i=1 λ_i z − z_i , κ, z_i, λ_i ∈ C, (26) where z_i (λ_i) correspond to the position (the size and phase) of the i-th lump.

What do they correspond to in the 3 + 1-dimensional bulk? They are nothing but 3D Skyrmions characterized by π_3(S^3) ≃ Z; see Fig. 2(a). In order to see this correspondence, we schematically plot the spin texture of a k = 1 lump solution in Fig. 2(b). Here, the arrows denote points in the target space S^3. The length of the arrows denotes the distance from the north pole of S^3: arrows with the lengths zero, medium (π/2), and the maximal length (π) denote the north pole N, the points on the S^2 at the equator, and the south pole S, respectively. At each slice of x^3= constant, the arrows wrap the sphere S^2 at n_4 = constant in the target space. Along the x^3-axis from x^3 = −∞ to x^3 = +∞, the length of arrows continuously changes from zero to π. Then, comparing this with Fig. 1, one can find that the total configuration wraps the whole S^3 once so that it corresponds to the unit element of π_3(S^3) ≃ Z.

We have a few remarks. In the absence of the Skyrme term, 3D Skyrmions are unstable to shrink in the bulk, as is well known from the Derrick’s scaling argument [22]. However,

(a) (b) FIG. 2: (a) A lump inside a domain wall corresponding to a 3D Skyrmion in the bulk. (b) Texture structure of a 3D Skyrmion trapped inside the domain wall. Arrows denote points in the target space S^3. The length of the arrows denotes the distance from the north pole of S^3: arrows with zero, medium (one-half), and the maximal length (one) denote the north pole, the points on the S^2 at the equator, and the south pole, respectively. Note that all arrows in the maximal length represent the same point S on the target space S^3. At each slice of x^3= constant except for x^3 = ±∞, the arrows wrap the sphere S^2 at n_4 = constant in the target space. Along the x^3-axis from x^3 = −∞ to x^3 = +∞, the length of arrows continuously changes from zero to one.

what we have found here is that they can stably exist inside a domain wall! Moreover, as can be seen from multi-lump solutions, they can be placed at any positions in the x^1-x^2 plane in the domain wall world-volume which implies that there exists no static force between multiple Skyrmions. They further have size and U(1) phase moduli. This situation is very different from the original Skyrmions. In a sense, this is an example of an analytic solution of the 3D Skyrmion solution.

From the construction in the last subsection, we see that the non-Abelian domain wall is BPS. Moreover, the lump solution in the effective theory is also BPS. These two facts imply that 3D Skyrmions as this composite state are also BPS. So far, we do not know whether the theory can be embedded into a supersymmetric theory in which these solitons preserve a fraction of supercharges.

Similar situation occurs for Yang-Mills instantons (particles) in gauge theories coupled with Higgs fields in d = 4 + 1 dimensions. Yang-Mills instantons shrink to zero size (small instantons) in the presence of the Higgs coupling, while they can stably exist as lumps [23] inside a non-Abelian vortex [24, 25] . Both the non-Abelian vortices and lumps are BPS, and thus this composite state is also BPS. In this case, the theory can be embedded into supersymmetric gauge theories with eight supercharges, in which non-Abelian vortices and lumps are 1/2 BPS states preserving half of the supersymmetry and the composite state is a 1/4 BPS state preserving a quarter of supersymmetry [23]. We summarize in Table I the two cases of 3D Skyrmions and Yang-Mills instantons realized as BPS lumps in the non-Abelian domain wall and vortex, respectively.

d = 2 + 1 d = 3 + 1 d = 4 + 1 this paper Lumps ←− 3D Skyrmions Non-Abelian wall [23] Lumps ←− ←− Yang-Mills instantons Non-Abelian vortex TABLE I: BPS 3D Skyrmions and Yang-Mills instantons as lumps in the non-Abelian domain wall and vortex, respectively. Both BPS 3D Skyrmions and Yang-Mills instantons cannot stably exist in the bulk where they are unstable to shrink. They can stably exist inside the non-Abelian domain wall and vortex, respectively; they are realized as BPS lumps in the world-volume theory of the non-Abelian domain wall and vortex.

Yang-Mills instantons can exist also inside a non-Abelian domain wall [18]. Yang-Mills instantons become 3D Skyrmions in the effective theory of the domain wall, which gives a physical realization of the Atiyah-Manton ansatz of 3D Skyrmion from instanton holonomy [9]. However, in this case, the composite state is not BPS although the instantons and the domain wall are both BPS.

B. Spinning Skyrmions inside the wall as Q-lumps

In the presence of the additional potential term of either Eq. (19) or (20), lumps are unstable to shrink. Instead, there exist stable Q-lumps [26], time-dependent stationary lump solutions, which may correspond to spinning Skyrmions in the d = 3 + 1-dimensional bulk. Here, we consider the mass of type in Eq. (20) with î = 3. In addition to the static energy in Eq. (23), there are contributions from the time dependence and the mass: 2m √ 2 E_{time+mass} = ∫ d^2x

∂_0u^∗∂_0u + M^2|u|^2

(1 + |u|^2)^2 = ∫ d^2x [ |∂_0u ∓ iMu|^2 (1 + |u|^2)^2 ± iM(∂_0u^∗ · u − u^∗∂_0u) (1 + |u|^2)^2 ]

≥ | | | ∫ d^2x iM(∂_0u^∗ · u − u^∗∂_0u) (1 + |u|^2)^2 | | | = |Q_{lump}|, (27)

with the induced mass M ≡ √ 2m_3 and the Noether charge defined by

Q_{lump} ≡ ∫ d^2x iM(∂_0u^∗ · u − u^∗∂_0u) (1 + |u|^2)^2

. (28)

Then, the total energy is bound from below as^{2m√}_2 E_{total} =^{2m√}_2 (E + E_{mass}) ≥ |T | + |Q|. We have the BPS equation

∂_0u ∓ iMu = 0, (29)

for time dependence in addition to the BPS lump equation (25). We immediately obtain

u(z, t) = u_{lump}(z)e^{±iMx0} , (30)

with the lump solution u_{lump}(z) in Eq. (26). As denoted above, this solution may correspond to spinning Skyrmions in the d = 3 + 1 bulk.

C. Conventional 3D Skyrmions inside the wall as baby Skyrmions: With the

Skyrme term

BPS 3D Skyrmions studied in the last subsection are unstable in the bulk. In order to stabilize 3D Skyrmions in the bulk, we need to add the the Skyrme term (2) in the original Lagrangian. Here, we consider the effect of the Skyrme term (2) in the domain wall effective action.

We turn on the Skyrme term L^{(4)} perturbatively. We thus obtain the following term in the domain wall effective action by performing the integration:

L^{(4)}_{dw.eff.} = 1 2 (∫_{+∞} −∞ dx sin^4 θ ) [ (∂_an̂ · ∂_bn̂)(∂^an̂ · ∂^bn̂) − (∂_an̂ · ∂^an̂)^2 ]

= √ 2 3m [ (∂_an̂ · ∂_bn̂)(∂^an̂ · ∂^bn̂) − (∂_an̂ · ∂^an̂)^2 ]

= − √ 2 3m [ (∂_an̂ × ∂_bn̂)(∂^an̂ × ∂^bn̂) ] , (31) where we have used the third formula in Eq. (18). This is precisely the baby Skyrme term including the signature [6].

If we consider only this term without the potential, the 2D Skyrmion will be unstable to expand. In order to stabilize it, we consider the potential term (7) in the bulk Lagrangian, which induces the potential Eq. (19) or (20) in the domain wall effective action. In the literature, these potential terms are called the old [6] and new [27] baby Skyrme terms, respectively [28]. Thus, there exist stable 2D Skyrmions with a fixed size, so-called baby Skyrmions [6], on the domain wall. Since the topological charges are unchanged from the last subsection without the Skyrme term, these baby Skyrmions correspond to conventional 3D Skyrmions in the bulk 3+1 dimensions. The presence of the mass term does not change the stability of 3D Skyrmions in the bulk. We summarize, in Table II, the stability of 3D Skyrmions in the bulk and 2D Skyrmions inside the wall.

Terms \ dimension 2D Skyrmion in d = 2 + 1 3D Skyrmion in d = 3 + 1 Non Marginally stable (BPS) Unstable to shrink Skyrme term Unstable to expand Stable Mass term Unstable to shrink Stable Skyrme + mass terms Stable (baby) Stable

TABLE II: Correspondence between (in)stabilities of 2D and 3D Skyrmions. Here, “stable” implies that it has a fixed size while “marginally stable” implies that its size can be changed with the same energy so that it has a size modulus. “baby” implies baby Skyrmions.

Since 3D Skyrmions are stable in the bulk, 3D Skyrmions trapped inside the domain wall are allowed to leave from the domain wall. However, it was shown in [15] that there exists an attraction between the 3D Skyrmions in the bulk and the domain wall. Therefore the 3D Skyrmions are absorbed into the domain wall becoming the baby Skyrmions.

V. SUMMARY AND DISCUSSION

We have clarified a relation between Skyrmions in 2+1 and 3+1 dimensions. 3D Skyrmions can be constructed as 2D Skyrmions in the non-Abelian domain wall with the S^2 moduli. In the absence of the Skyrme term in the bulk, 3D Skyrmions realized as 2D

Skyrmions (lumps) on the wall are BPS, and no force exists among them. In this case, BPS 3D Skyrmions can exist stably inside the domain wall while they are unstable against shrinkage in the bulk. We have also constructed Q-lumps in the wall theory which can be understood as spinning Skyrmions in the bulk point of view in the model with an additional mass term. We then have shown that baby Skyrmions in the wall theory can be identified with conventional 3D Skyrmions in the bulk in the Skyrme model with a modified mass. The correspondence between 2D and 3D Skyrmions has been summarized in Table II.

Some discussions are addressed here. Without the Skyrme term in the original theory, we have realized BPS 3D Skyrmions as BPS lumps on the BPS domain wall. In general, BPS solitons can be naturally embedded into supersymmetric field theories in which they break and preserve a fraction of supersymmetry. Thus far, it is not clear if our theory can be embedded into supersymmetric theories. The minimum number of the supercharges in d = 4 + 1 is eight, which requires the target space of sigma models to be hyper-Kähler [29]. The target space of the O(4) model is S^3 which is not hyper-Kähler, and therefore we should embed S^3 into a larger hyper-Kähler manifold. Composite BPS states in supersymmetric theories with eight supercharges were classified in [30]. Realizing BPS 3D Skyrmions as possibly 1/4 BPS states remains as a future problem.

If one introduces the potential term of the form V = m^2(1 − n^2_4) + m^2_3n^2_3 with the plus sign for the second term, instead of the minus sign studied in this paper, a 2D Skyrmion (lump) can be split into a set of two merons (fractional vortices) carrying fractional charges [31]. Therefore, after a 3D Skyrmion is absorbed into the domain wall, it is split into two pieces each of which carries a fraction of 3D Skyrme charge. Such a splitting was studied in a lower-dimensional case [13] in which a lump absorbed into a domain wall is split into two sine-Gordon kinks.

If we consider the Skyrme model with the modified mass (without additional mass terms) in d = 4 + 1, we have a non-Abelian domain wall with the S^2 moduli, whose effective theory is precisely the Faddeev-Skyrme model (without any potential) in d = 3 + 1 [32]. This model is known to admit a knot soliton characterized by the Hopf charge π_3(S^2) ≃ Z. Then a question arises. What does a knot soliton correspond to in the bulk? However, in the bulk, the target space is S^3 and the space is four dimensional, so that the homotopy group tells π_4(S^3) ≃ Z_2 ≠ Z. This is a twisted closed 3D Skyrmion string [33]. It may imply that only the parity of the Hopf charge remains in the bulk, when the knot soliton leaves from the domain wall. It is of course an open question if such a soliton is stabilized only by the Skyrme term.

Acknowledgements

This work is supported in part by Grant-in-Aid for Scientific Research (No. 23740198) and by the “Topological Quantum Phenomena” Grant-in-Aid for Scientific Research on Innovative Areas (No. 23103515) from the Ministry of Education, Culture, Sports, Science and Technology (MEXT) of Japan.

[1] T. H. R. Skyrme, “A Unified Field Theory of Mesons and Baryons,” Nucl. Phys. 31, 556 (1962); T. H. R. Skyrme, “A Nonlinear field theory,” Proc. Roy. Soc. Lond. A 260, 127 (1961).

[2] T. Sakai and S. Sugimoto, “Low energy hadron physics in holographic QCD,” Prog. Theor.

Phys. 113, 843 (2005) [hep-th/0412141]; T. Sakai and S. Sugimoto, “More on a holographic dual of QCD,” Prog. Theor. Phys. 114, 1083 (2005) [hep-th/0507073].

[3] H. Hata, T. Sakai, S. Sugimoto and S. Yamato, “Baryons from instantons in holographic QCD,” Prog. Theor. Phys. 117, 1157 (2007) [hep-th/0701280 [HEP-TH]].

[4] T. H. R. Skyrme, “Particle states of a quantized meson field,” Proc. Roy. Soc. Lond. A 262, 237 (1961).

[5] A. M. Polyakov and A. A. Belavin, “Metastable States of Two-Dimensional Isotropic Ferromagnets,” JETP Lett. 22, 245 (1975) [Pisma Zh. Eksp. Teor. Fiz. 22, 503 (1975)].

[6] B. M. A. Piette, B. J. Schroers and W. J. Zakrzewski, “Multi - Solitons In A Two-Dimensional Skyrme Model,” Z. Phys. C 65, 165 (1995) [arXiv:hep-th/9406160]; B. M. A. Piette, B. J. Schroers and W. J. Zakrzewski, “Dynamics of baby skyrmions,” Nucl. Phys. B 439, 205 (1995) [arXiv:hep-ph/9410256].

[7] A. Jackson, “String Like Solutions In The Skyrme Model,” Nucl. Phys. A 493, 365 (1989). [8] P. M. Sutcliffe, “Sine-Gordon Solitions From Cp(1) Instantons,” Phys. Lett. B 283, 85 (1992);

G. N. Stratopoulos and W. J. Zakrzewski, “Approximate Sine-Gordon solitons,” Z. Phys. C 59, 307 (1993).

[9] M. F. Atiyah and N. S. Manton, “Skyrmions From Instantons,” Phys. Lett. B 222, 438 (1989);

M. F. Atiyah and N. S. Manton, “Geometry and kinematics of two skyrmions,” Commun. Math. Phys. 153, 391 (1993).

[10] M. Nitta, “Josephson vortices and the Atiyah-Manton construction,” Phys. Rev. D 86, 125004 (2012) [arXiv:1207.6958 [hep-th]].

[11] E. R. C. Abraham and P. K. Townsend, Phys. Lett. B 291, 85 (1992); Phys. Lett. B 295, 225 (1992); M. Arai, M. Naganuma, M. Nitta and N. Sakai, “Manifest supersymmetry for BPS walls in N=2 nonlinear sigma models,” Nucl. Phys. B 652, 35 (2003) [hep-th/0211103]; “BPS wall in N=2 SUSY nonlinear sigma model with Eguchi-Hanson manifold,” In *Arai, A. (ed.) et al.: A garden of quanta* 299-325 [hep-th/0302028].

[12] A. E. Kudryavtsev, B. M. A. Piette and W. J. Zakrzewski, “Skyrmions and domain walls in (2+1) dimensions,” Nonlinearity 11, 783 (1998) [arXiv:hep-th/9709187].

[13] R. Auzzi, M. Shifman and A. Yung, “Domain Lines as Fractional Strings,” Phys. Rev. D 74, 045007 (2006) [hep-th/0606060].

[14] A. Losev, M. A. Shifman and A. I. Vainshtein, “Single state supermultiplet in (1+1)- dimensions,” New J. Phys. 4, 21 (2002) [hep-th/0011027]; A. Ritz, M. Shifman and A. Vainshtein, “Enhanced worldvolume supersymmetry and intersecting domain walls in N=1 SQCD,” Phys. Rev. D 70, 095003 (2004) [hep-th/0405175].

[15] A. E. Kudryavtsev, B. M. A. G. Piette and W. J. Zakrzewski, “On the interactions of skyrmions with domain walls,” Phys. Rev. D 61, 025016 (2000) [hep-th/9907197].

[16] M. Eto, K. Hashimoto and T. Hatsuda, “Ferromagnetic neutron stars: axial anomaly, dense neutron matter, and pionic wall,” arXiv:1209.4814 [hep-ph].

[17] M. Shifman and A. Yung, “Localization of nonAbelian gauge fields on domain walls at weak coupling (D-brane prototypes II),” Phys. Rev. D 70, 025013 (2004) [hep-th/0312257].

[18] M. Eto, M. Nitta, K. Ohashi and D. Tong, “Skyrmions from instantons inside domain walls,” Phys. Rev. Lett. 95, 252003 (2005) [hep-th/0508130].

[19] M. Eto, T. Fujimori, M. Nitta, K. Ohashi and N. Sakai, “Domain walls with non-Abelian clouds,” Phys. Rev. D 77, 125008 (2008) [arXiv:0802.3135 [hep-th]].

[20] N. S. Manton, “A Remark on the Scattering of BPS Monopoles,” Phys. Lett. B 110, 54 (1982). [21] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, “Manifestly supersymmetric effective Lagrangians on BPS solitons,” Phys. Rev. D 73, 125008 (2006) [hep-th/0602289].

[22] G. H. Derrick, “Comments on nonlinear wave equations as models for elementary particles,” J. Math. Phys. 5, 1252 (1964).

[23] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, “Instantons in the Higgs phase,” Phys. Rev. D 72, 025011 (2005) [hep-th/0412048]; T. Fujimori, M. Nitta, K. Ohta, N. Sakai and M. Yamazaki, “Intersecting Solitons, Amoeba and Tropical Geometry,” Phys. Rev. D 78, 105004 (2008) [arXiv:0805.1194 [hep-th]].

[24] R. Auzzi, S. Bolognesi, J. Evslin, K. Konishi and A. Yung, “NonAbelian superconductors:

Vortices and confinement in N=2 SQCD,” Nucl. Phys. B 673, 187 (2003) [hep-th/0307287]; A. Hanany and D. Tong, “Vortices, instantons and branes,” JHEP 0307, 037 (2003) [hep-th/0306150]; M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, “Moduli space of non-Abelian vortices,” Phys. Rev. Lett. 96, 161601 (2006) [hep-th/0511088]; M. Eto, K. Konishi, G. Marmorini, M. Nitta, K. Ohashi, W. Vinci and N. Yokoi, “Non-Abelian Vortices of Higher Winding Numbers,” Phys. Rev. D 74, 065021 (2006) [hep-th/0607070]; M. Eto, K. Hashimoto, G. Marmorini, M. Nitta, K. Ohashi and W. Vinci, “Universal Reconnection of Non-Abelian Cosmic Strings,” Phys. Rev. Lett. 98, 091602 (2007) [hep-th/0609214].

[25] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, “Solitons in the Higgs phase: The Moduli matrix approach,” J. Phys. A A 39, R315 (2006) [hep-th/0602170]; M. Shifman and A. Yung, “Supersymmetric Solitons and How They Help Us Understand Non-Abelian Gauge Theories,” Rev. Mod. Phys. 79, 1139 (2007) [hep-th/0703267]; “Supersymmetric solitons,” Cambridge, UK: Cambridge Univ. Pr. (2009) 259 p [26] R. A. Leese, “Q lumps and their interactions,” Nucl. Phys. B 366, 283 (1991); E. Abraham, “Nonlinear sigma models and their Q lump solutions,” Phys. Lett. B 278, 291 (1992).

[27] T. Weidig, “The baby Skyrme models and their multi-skyrmions,” Nonlinearity 12, 1489-1503 (1999), [arXiv:hep-th/9811238].

[28] D. Harland and R. S. Ward, “Walls and chains of planar skyrmions,” Phys. Rev. D 77, 045009 (2008) [arXiv:0711.3166 [hep-th]].

[29] L. Alvarez-Gaume and D. Z. Freedman, “Geometrical Structure and Ultraviolet Finiteness in the Supersymmetric Sigma Model,” Commun. Math. Phys. 80, 443 (1981).

[30] M. Eto, Y. Isozumi, M. Nitta and K. Ohashi, “1/2, 1/4 and 1/8 BPS equations in SUSY Yang-Mills-Higgs systems: Field theoretical brane configurations,” Nucl. Phys. B 752, 140 (2006) [hep-th/0506257].

[31] M. Nitta and W. Vinci, “Decomposing Instantons in Two Dimensions,” J. Phys. A 45, 175401 (2012) [arXiv:1108.5742 [hep-th]].

[32] L. D. Faddeev and A. J. Niemi, “Knots and particles,” Nature 387, 58 (1997) [hep-th/9610193].

[33] M. Nakahara, “Toy skyrmions in superfluid He-3 A,” Prog. Theor. Phys. 77, 1011 (1987).

C. Adam, P. Klimas, J. Sanchez-Guillen and A. Wereszczynski, “Pullback of the Volume Form, Integrable Models in Higher Dimensions and Exotic Textures,” J. Math. Phys. 50, 022301 (2009) [arXiv:0810.1943 [hep-th]].