arXiv:1210.2332v1 [hep-th] 8 Oct 2012

Para-Complex Geometry and Gravitational Instantons

J. B. Gutowski^1 and W. A. Sabra^2

1 Department of Mathematics, King’s College London Strand, London WC2R 2LS, UK. E-mail: jan.gutowski@kcl.ac.uk

2Centre for Advanced Mathematical Sciences and Physics Department, American University of Beirut, Lebanon E-mail: ws00@aub.edu.lb

Abstract

We give a complete classification of supersymmetic gravitational instantons in Euclidean N=2 supergravity coupled to vector multiplets. An interesting class of solutions is found which corresponds to the Euclidean analogue of stationary black hole solutions of N=2 supergravity theories.

1 Introduction

Instantons are of particular importance in theoretical physics and mathematics. For example, instantons are an essential ingredient in the non-perturbative analysis of non-Abelian gauge theories and quantum mechanical systems [1]. Moreover, the existence of spin-1/2 zero-mode of the instanton is linked to the Atiyah-Singer index theorem [2], a fact reflecting the intimate relation of non-Abelian gauge theory to the field of fibre bundles and differential geometry. An important example of Yang-Mills instanton solutions are those given in [3]. In finding the instanton solutions of [3], the self-duality (or anti-self-duality) is imposed on the Yang-Mills field strength, this leads to the fact that the Bianchi identity implies the Yang-Mills field equations. This considerably simplify the quest of finding solutions, as instead of solving for the second order differential equation, one solves the Bianchi identities containing only first derivatives of the vector potential. Gravitational instantons are in general defined as non-singular complete solutions to the Euclidean Einstein equations of motion. Notable early examples of gravitational instantons are the Eguchi-Hanson instantons [4]. which are the first examples of the family of the Gibbons-Hawking instanton solutions [5].

In finding gravitational instantons [4, 5] and in analogy with the Yang-Mills case, the spin connection one-form is assumed to be self-dual (or anti-self-dual), which leads to a self-dual curvature two-form. This property together with the cyclic identity ensures that Einstein’s equations of motion are satisfied. The equations coming from the self-duality of the spin connection are simpler as they contain only first derivatives of the spacetime metric.

In recent years, a good deal of work has been done on the classification of solutions preserving fractions of supersymmetry in supergravity theories in various dimensions. It is clear that the quest of finding solutions admitting some supersymmetry is easier as one in these cases is simply dealing with first order Killing spinors differential equations rather than Einstein’s equations of motion. Following the results of [6], a systematic classification for all metrics admitting Killing spinors in D = 4 Einstein- Maxwell theory, was performed in [7]. The solutions with time-like Killing spinors turn out to be the IWP solutions [8] whose static limit is given by the the MP solutions [9]. It was shown by Hartle and Hawking that all the non-static solutions suffered from naked singularities [10, 11]. Using the two-component spinor calculus [12], the instanton analogue of the IWP metric was constructed in [13]. These solutions were also recovered in the complete classification of instanton solutions admitting Killing spinors using spinorial geometry techniques [14]. Spinorial geometry, partly based on [15, 16, 17], was first used in [18] and have also been a very powerful tool in the classification of solutions in lower dimensions (see for example [19]) and in the classification of supersymmetric solutions of Euclidean N = 4 super Yang-Mills theory [20].

Sometime ago general stationary solutions of N = 2 supergravity action coupled to N = 2 matter multiplets were found in [21]. These can be thought of as generalizations of the IWP solutions of Einstein-Maxwell theory to include more gauge and scalar fields. The symplectic formulation of the underlying special geometry played an important role in the construction of these solutions. The stationary solutions found are generalization of the double-extreme and static black hole solutions found in [22].

It was also shown in [23] that the solutions of [21] are the unique half-supersymmetric solutions with time-like Killing vector. The N = 2 solutions are covariantly formulated in terms of the underlying special geometry. The solution is defined in terms of the symplectic sections satisfying the so-called stabilization equations.

In the present work we extend the construction of [14] to N = 2 Euclidean supergravities with with gauge and scalar fields. A class of these theories were recently derived in [24] as a reduction of the five-dimensional N = 2 supergravity theories coupled to vector multiplets [25] on a time-like circle. The paper is organized as follows. In the next section, we will collect some formulae and expressions of N = 2 supergravity which will be important for the following discussion. Section three contains a derivation of the gravitational instantons using spinorial geometry method. The solutions found are the Euclidean analogues of the stationary black hole solutions of [21]. Section four contains a summary and some future directions. We include an Appendix containing a linear system of equations obtained from the Killing spinor equations.

2 Special Geometry

In this section we review some of the structure and equations of the original theory of special geometry when formulated in (1, 3) signature. We then briefly discuss the modifications one introduces for the Euclidean (0, 4) signature. For further details on the subject the reader is referred to [26]. The bosonic Lagrangian of the fourdimensional N = 2 supergravity theory coupled to vector multiplets can be written as

e^{−1}L = 1 2 R − g_A¯_B ∂_μz^A∂^μz̄^B + 1 4 ImN_{IJ} F^I · F^J + 1 4 ReN_{IJ} F^I · F̃^J . (2.1)

The n complex scalar fields z^A of N = 2 vector multiplets are coordinates of a special Kähler manifold. F^I are n+1 two-forms representing the gauge field strength two-forms and we have used the notation F · F = F_{μν} F^{μν} .

A special Kähler manifold is a Kähler-Hodge manifold with conditions on the curvature

R_A¯_{BC}¯_D = g_A¯_B g_C¯_D + g_A¯_Dg_C¯_B − C_{ACE}C¯_B¯_D¯_Lg^{EL̄}. (2.2)

Here g_A¯_B = ∂_A∂¯_B K is the Kähler metric, K is the Kähler potential and C_{ABC} is a completely symmetric covariantly holomorphic tensor. A Kähler-Hodge manifold has a U(1) bundle whose first Chern class coincides with the Kähler class, thus locally the U(1) connection A can be written as A = − i 2 (∂_AKdz^A − ∂¯_AKdz̄^A). (2.3) A useful definition of a special Kähler manifold can be given by introducing a (2n+2)- dimensional symplectic bundle over the Kähler-Hodge manifold with the covariantly holomorphic sections

V = ( L^I M_I ) , I = 0, ..., n D¯_AV = ( ∂¯_A − 1 2 ∂¯_AK ) V = 0. (2.4)

These sections obey the symplectic constraint i⟨V, V̄ ⟩ = i (¯ L^I M_I − L^IM̄_I ) = 1. (2.5) One also defines

U_A = D_AV = ( ∂_A + 1 2 ∂_AK ) V = ( f^I_A h_{AI} ) . (2.6)

In general one can write

M_I = N_{IJ} L^J , h_{AI} = N̄_{IJ} f^J_A (2.7) where N_{IJ} is a symmetric complex matrix. It can be demonstrated that the constraint (2.2) can be obtained from the integrability conditions on the following differential constraints

U_A = D_AV, D_AU_B = iC_{ABC} g^{CD̄}Ū¯_D, D_AŪ¯_B = g_A¯_BV̄ , D_AV̄ = 0, ⟨V, U_A⟩ = 0. (2.8)

The Kähler potential is introduced via the definition of the holomorphic sections

Ω = e^{−K/2}V = ( X^I F_I ) , ∂¯_AΩ = 0,

D_AΩ = (∂_A + ∂_AK) Ω, F_I (z) = N_{IJ} X^J (z), D_AF_I (z) = N̄_{IJ} D_AX^I (z). (2.9)

Using (2.4) we obtain e^{−K} = i (¯ X^I F_I − X^IF̄_I ) . (2.10) Here we list some equations coming from special geometry

g_A¯_B = ∂_A∂¯_B K = −i⟨U_A, Ū¯_B ⟩ = −2ImN_{IJ} f^I_Af̄^J_{B̄}, (2.11)

g^{AB̄} f^I_Af̄^J_{B̄} = − 1 2 (ImN )^{IJ} − L̄^I L^J , (2.12)

F_I ∂_μX^I − X^I ∂_μF_I = 0. (2.13)

Recently, Euclidean versions of special geometry have been investigated in the context of Euclidean supergravity theories [24]. The Euclidean theories are found by replacing i with e in the corresponding Lorentzian versions of the theories, where e has the properties e^2 = 1 and ē = −e. Thus one has, in the Euclidean theory, the para-complex fields

L^I = ReL^I + eImL^I , L̄^I = ReL^I − eImL^I (2.14)

and as a result all quantities expressed in terms of L^I become para-complex. One can also introduce the so-called adapted coordinates which are defined as

L^I_± = ReL^I ± ImL^I . (2.15)

and also set

M_{±I} = ReM_I ± ImM_I . (2.16)

It should be noted that the replacement of i by e, was first done in the context of finding D-instanton solutions in type IIB supergravity [27]. This replacement is effectively the replacement of the complex structure by a para-complex structure. Details on para-complex geometry, para-holomorphic bundles, para-Kähler manifolds and affine special para-Kähler manifolds can be found in [28]. The Killing spinor equations in the Euclidean N = 2 supergravity theory were recently obtained in [29] by reducing those of the five-dimensional theory given in [25].

The equations of special geometry for either signatures can be considered in a unified manner by introducing the symbol i_ϵ, ī_ϵ = −i_ϵ, where i^2_ϵ = ϵ, with ϵ = −1 for theories with (1, 3) signature and ϵ = +1 for theories with (0, 4) signature. Note for the adapted coordinates one uses the definition given in (2.15).

From the above equations one can derive some useful relations which will be needed in our analysis. Using (2.4) and (2.6), we write

∂_μL^I = ∂¯_AL^I ∂_μz̄^A + ∂_AL∂_μz^A = 1 2 ∂¯_AKL^I ∂_μz̄^A + D_AL^I ∂_μz^A − 1 2 ∂_AKL^I ∂_μz^A (2.17)

which implies the relation

D_AL^I ∂_μz^α = ∂_μL^J − ϵi_ϵL^J A_μ (2.18)

after using A = − i_ϵ 2 (∂_AKdz^A − ∂¯_AKdz̄^A). (2.19)

Moreover from (2.10) we have ∂_AKdz^A = −i_ϵe^K (¯ X^I dF_I − F̄_I dX^I ) . (2.20)

Using (2.20), we obtain from (2.3) A = ϵ ( L^I dM̄_I − M_I dL̄^I ) . (2.21)

Also using (2.4), (2.6) and (2.7), one obtains

∂_μM_I = ∂¯_AM_I ∂_μz̄^A + ∂_AM_I ∂_μz^A = 1 2 M_I ∂¯_AK∂_μz̄^A + D_AM_I ∂_μz^A − 1 2 M_I ∂_AK∂_μz^A = ϵi_ϵM_I A_μ + N̄_{IJ} D_AL^I ∂_μz^A = ϵi_ϵM_I A_μ + N̄_{IJ} ( ∂_μL^J − ϵi_ϵL^J A_μ ) . (2.22)

This implies that ∂_μM_I − 2ImN_{IJ} L^J A_μ = N̄_{IJ} ∂_μL^J . (2.23) It will be convenient to rewrite a number of these conditions in terms of adapted co-ordinates, which will be used for the Euclidean calculation in the following section. In particular, the relationship between M_I and L^I given in (2.7) is equivalent to

M_{±I} = (ReN_{IJ} ± ImN_{IJ} )L^J_± . (2.24)

The condition (2.12) is equivalent to ( Re(g^{AB̄} D¯_BL̄^I ) ± Im(g^{AB̄} D¯_BL̄^I ) )( Re(D_AL^J ) ± Im(D_AL^J ) ) = − 1 2 (ImN )^{IJ} − L^I_±L^J_∓ , (2.25)

and (2.13) is equivalent to

M_{±I} dL^I_± − L^I_±dM_{±I} = 0 . (2.26)

Also, (2.18) is equivalent to

∂_μL^I_± = ( Re(D_AL^I ) ± Im(D_AL^I ) ) ∂_μ ( Rez^A ± Imz^A ) ± A_μL^I_± (2.27)

and (2.23) is equivalent to

∂_μM_{±I} = (ReN_{IJ} ± ImN_{IJ} )∂_μL^J_± + 2A_μImN_{IJ} L^J_± . (2.28)

In addition, note that on contracting (2.11) with g^{AB̄} , and using (2.12), one finds that n 2 = g^{AB̄} g_A¯_B = ImN_{IJ} ImN^{IJ} + 2ImN_{IJ}L̄^I L^J (2.29)

and hence

ImN_{IJ}L̄^I L^J = − 1 2 − n 4 . (2.30)

This implies that

ImN_{IJ} L^I_+L^J_− = − 1 2 − n 4 . (2.31)

3 Gravitational Instantons

In this section we classify the gravitational instanton solutions by solving the Killing spinor equations for the Euclidean theory [29]: ( ∇_μ − 1 2 A_μΓ_5 + i 4 Γ · F^I ( ImL^J + Γ_5ReL^J ) (ImN )_{IJ} Γ_μ ) ε = 0 (3.1) i 2 (ImN )_{IJ} Γ · F^J [ Im(D¯_BL̄^I g^{AB̄} ) + Γ_5Re(D¯_BL̄^I g^{AB̄} ) ] ε +Γ^μ∂_μ [ Rez^A − Γ_5Imz^A ] ε = 0 . (3.2)

We remark that if ε is a Killing spinor satisfying (3.1) and (3.2), then so is C ∗Γ_5ε, which is moreover linearly independent of ε (over C ); here C∗ is a charge conjugation operator whose construction is defined in terms of spinorial geometry techniques in [14]. It follows that the complex space of Killing spinors must be of even dimension, i.e. the supersymmetric solutions must preserve either 4 or 8 real supersymmetries. If a solution is maximally supersymmetric, then the gaugino Killing spinor equation (3.2) implies that the scalars z^A are constant. It then follows that the gravitino Killing spinor equation reduces to the gravitino Killing spinor equation of the minimal theory. As the maximally supersymmetric solutions of the minimal theory have already been fully classified in [14], for the remainder of this paper we shall consider solutions preserving half of the supersymmetry.

In order to proceed with the analysis, we define the spacetime basis e^1, e^2, e^{¯1}, e^{¯2}, with respect to which the spacetime metric is

ds^2 = 2 ( e^1e^{¯1} + e^2e^{¯2} ) . (3.3)

The space of Dirac spinors is taken to be the complexified space of forms on R^2 , with basis {1, e_1, e_2, e_{12} = e_1 ∧e_2}; a generic Dirac spinor ε is a complex linear combination of these basis elements. In this basis, the action of the Dirac matrices Γ_m on the Dirac spinors is given by

Γ_m = √ 2i_{em} , Γ_{m̄} = √ 2e_m∧ (3.4)

for m = 1, 2. We also define Γ_5 = Γ_1¯_{12}¯_2 (3.5) which acts on spinors via

Γ_51 = 1, Γ_5e_{12} = e_{12}, Γ_5e_m = −e_m m = 1, 2. (3.6)

With this representation of the Dirac matrices acting on spinors, the resulting linear system obtained from (3.1) and (3.2) is listed in Appendix A.

There are three non-trivial orbits of Spin(4) = Sp(1) × Sp(1) acting on the space of Dirac spinors. In our notation, one can use SU(2) transformations to rotate a generic spinor ϵ into the canonical form [14, 30]

ε = λ1 + σe_1, (3.7)

where λ, σ ∈ R. The three orbits mentioned above correspond to the cases λ = 0, σ ≠ 0; λ ≠ 0, σ = 0 and λ ≠ 0, σ ≠ 0. The orbits corresponding to λ = 0, σ ≠ 0 and λ ≠ 0, σ = 0 are equivalent under the action of P in(4). We shall treat these orbits separately.

3.1 Solutions with λ ≠ 0 and σ ≠ 0 For solutions with λ ≠ 0 and σ ≠ 0, the analysis of the linear system (A.3) obtained from the gravitino equation produces the following geometric conditions

ω_{1,2}¯_2 = ∂_1 log σ λ + A_1, ω_{2,1}¯_1 = ∂_2 log λ σ − A_2, ω_{1,1}¯_1 = −∂_1 log λσ, ω_{2,2}¯_2 = ∂_2 log λσ, ω_{1,21} = 2∂_2 log λ − A_2, ω¯_{1,2}¯_1 = 2∂_2 log σ + A_2, ω_{2,}¯_{21} = −2∂_1 log σ − A_1, ω¯_{2,21} = −2∂_1 log λ + A_1, ω¯_{1,21} = ω_{2,21} = ω_{1,2}¯_1 = ω_{2,2}¯_1 = 0, (3.8)

as well as the following conditions involving the gauge field strengths

(Im N )_{IJ} ( F^I_{2¯2} + F^I_{1¯1} ) L^J_+ = − √ 2i λσ (∂_1 − A_1) λ^2,

(Im N )_{IJ} ( F^I_{2¯2} − F^I_{1¯1} ) L^J_− = √ 2i λσ (∂¯_1 + A¯_1) σ^2,

(Im N )_{IJ} F^I_{21}L^J_+ = i √ 2λσ (∂_2 − A_2) λ^2,

(Im N )_{IJ} F^I_{2¯1}L^J_− = − i √ 2λσ (∂_2 + A_2) σ^2. (3.9)

The geometric constraints (3.8) implies the following

de^1 = −∂_1 log λσe^1 ∧ e^{¯1} + (2∂_2 log σ + A_2) e^{¯1} ∧ e^2 + (2∂¯_2 log λ − A¯_2) e^{¯1} ∧ e^{¯2} + ( ∂_2 log σ λ + A_2 ) e^1 ∧ e^2 + ( ∂¯_2 log λ σ − A¯_2 ) e^1 ∧ e^{¯2} + 2 ( ∂_1 log σ λ + A_1 ) e^2 ∧ e^{¯2}

de^2 = −d (log λσ) ∧ e^2 (3.10)

implying that d ( λσ ( e^1 + e^{¯1} )) = 0. (3.11)

Thus we introduce three real local coordinates x, y and z, such that ( e^1 + e^{¯1} ) = √ 2 λσ dx, e^2 = 1 √ 2λσ (dy + idz) . (3.12)

Furthermore, the vector defined by V = iλσ ( e^1 − e^{¯1} ) (3.13)

is a Killing vector, and so we introduce a local-coordinate τ such that V = √ 2 ∂ ∂τ (3.14) and √ 2 ( e^1 − e^{¯1} ) = −2iλσ(dτ + ϕ) (3.15)

where ϕ = ϕ_xdx + ϕ_ydy + ϕ_zdz is a 1-form. We remark that the conditions imposed on the geometry by the gravitino Killing spinor equations imply that ( A + d ( log σ λ ) ) τ = 0 . (3.16)

So, in the co-ordinates τ, x, y, z, the metric is

ds^2 = (λσ)^2 (dτ + ϕ)^2 + 1 (λσ)^2 ( dx^2 + dy^2 + dz^2 ) (3.17)

where λσ and ϕ are independent of τ, and ϕ satisfies dϕ = 2 (λσ)^2 ^∗ [ A + d ( log σ λ )] . (3.18)

where ^∗ denotes the Hodge dual on R^3 equipped with metric dx^2 + dy^2 + dz^2 and volume form dx ∧ dy ∧ dz.

Next consider we consider the linear system (A.4) derived from (3.2). First, one finds that

L_V z^A = 0 . (3.19)

This condition implies that

A_τ = 0 (3.20)

and hence the τ-independence of λσ, together with (3.16), imply that both λ and σ are independent of τ.

Next, using (2.25), together with (3.9), one obtains

iF^I_{21} − L^I_− √ 2 λσ (∂_2 − A_2) λ^2 − √ 2 σ λ (∂_2 − A_2) L^I_+ = 0,

iF^I_{2¯1} + L^I_+ √ 2 λσ (∂_2 + A_2) σ^2 + √ 2 λ σ (∂_2 + A_2) L^I_− = 0, − i 2 ( F^I_{2¯2} − F^I_{1¯1} ) + L^I_+ √ 2 λσ (∂¯_1 + A¯_1) σ^2 + √ 2 λ σ (∂_1 + A_1) L^I_− = 0, i 2 ( F^I_{2¯2} + F^I_{1¯1} ) + L^I_− √ 2 λσ (∂_1 − A_1) λ^2 + √ 2 σ λ (∂_1 − A_1) L^I_+ = 0, (3.21)

from which we obtain

F^I_{1¯1} = i∂_x ( σ^2L^I_+ + λ^2L^I_− ) , F^I_{2¯2} = i∂_x ( λ^2L^I_− − σ^2L^I_+ ) + 2iσ^2 (∂_x − A_x) L^I_+ − 2iλ^2 (∂_x + A_x) L^I_− , F^I_{2¯1} = iL^I_+ ( (∂_y − i∂_z) σ^2 + σ^2 (A_y − iA_z ) ) + i ( λ^2 (∂_y − i∂_z) + λ^2 (A_y − iA_z) ) L^I_− , F^I_{21} = iL^I_− ( − (∂_y − i∂_z) λ^2 + λ^2 (A_y − iA_z) ) − i ( σ^2 (∂_y − i∂_z) − σ^2 (A_y − iA_z ) ) L^I_+.

(3.22)

In terms of the local co-ordinates τ, x, y, z, the gauge field strengths are F^I = −d [( σ^2L^I + λ^2L^I_− ) (dτ + ϕ) ] + ^∗d [ L^I_+ λ^2 − L^I_− σ^2 ] . (3.23)

Thus the Bianchi identity implies that

^∇^2 [ L^I_+ λ^2 − L^I_− σ^2 ] = 0. (3.24)

where ^∇^2 is the Laplacian on R^3 . The dual gauge field strength F̃^I is given by F̃^I_{μ1 μ2} = 1 2 ϵ_{μ1μ2}^{ν1ν2} F^I_{ν1ν2} (3.25)

where the volume form satisfies ϵ_1¯_{12}¯_2 = 1. Hence F̃^I_{2¯2} = −F^I_{1¯1}, F̃^I_{1¯1} = −F^I_{2¯2}, F̃^I_{1¯2} = F^I_{1¯2}, F̃^I_{12} = −F^I_{12}. (3.26)

In terms of the local co-ordinates τ, x, y, z one finds

F̃^I = ( L^I_−dλ^2 − L^I_+dσ^2 − λ^2dL^I_− + σ^2dL_+ − 2(λ^2L^I_− + σ^2L^I_+)A ) ∧ ( dτ + ϕ )

− 1 λ^2σ^2 ^∗d ( λ^2L^I_− + σ^2L^I_+ ) . (3.27)

Evaluating ReN_{IJ} F^J + ImN_{IJ}F̃^J and making use of (2.28) we obtain

ReN_{IJ} F^J + ImN_{IJ}F̃^J = −d [[ σ^2M_{+I} + λ^2M_{−I} ] (dτ + ϕ) ] + ^∗d [ M_{+I} λ^2 − M_{−I} σ^2 ] . (3.28) The gauge field equations are d [ ReN_{IJ} F^J + ImN_{IJ}F̃^J ] = 0, (3.29)

which implies that ^∇^2 [ M_{+I} λ^2 − M_{−I} σ^2 ] = 0. (3.30)

Therefore Bianchi identities and Maxwell’s equations imply M_{+I} λ^2 − M_{−I} σ^2

= H_I ,

L^I_+ λ^2 − L^I_− σ^2

= H^I . (3.31) These are the Euclidean version of the stabilisation conditions. Also (3.31) implies 1 σ^2

= L^I_+H_I − M_{+I} H^I , 1 λ^2

= L^I_−H_I − M_{−I} H^I . (3.32) From the stablisation conditions (3.31) and (2.21) we obtain A = λ^2σ^2 2 ( H_I dH^I − H^I dH_I ) + d log λ σ . (3.33) Returning to (3.18), (3.33) implies that dϕ = ^∗ [( H_I dH^I − H^I dH_I )] . (3.34) This system of equations for Euclidean instantons can be analysed in a similar way to the analysis performed for the corresponding black hole solutions in the Lorentzian theory [31, 32].

3.2 Solutions with σ = 0, λ ≠ 0 and λ = 0, σ ≠ 0 The analysis of the linear system in (A.3) for the case of σ = 0, λ ≠ 0, implies that the spin connections satisfy

ω_{μ,12} = 0, ω_{μ,1}¯_1 + ω_{μ,2}¯_2 = 0. (3.35)

The conditions on the spin connection (3.35) imply that the (anti-self-dual) almost complex structures I^1, I^2, I^3 defined by

I^1 = ( e^{12} + e^{¯1¯2} ) , I^2 = i ( e^{12} − e^{¯1¯2} ) , I^3 = i ( e^{1¯1} + e^{2¯2} ) (3.36)

and which satisfy the algebra of the imaginary unit quaternions, are covariantly constant with respect to the Levi-Civita connection, i.e. the manifold is hyper-Kähler. The remaining conditions from (A.3) are

A = 2d log λ (3.37) and ImN_{IJ} (F^I_{1¯1} − F^I_{2¯2})L^J_− = 0 ,

ImN_{IJ} F^I_{1¯2}L^J_− = 0 . (3.38)

It is also straightforward to show that (A.4) implies that

F^N_{1¯1} + F^N_{2¯2} = −2ImN_{IJ} L^I_+(F^J_{1¯1} + F^J_{2¯2})L^N_− .

F^N_{12} = −2ImN_{IJ} L^I_+F^J_{12}L^N_− . (3.39)

In the non-minimal theory, (3.39) implies that F^I are self-dual. To see this, consider first F^I_{1¯1} + F^I_{2¯2}; the first condition in (3.39) implies that

F^I_{1¯1} + F^I_{2¯2} = hL^I_− (3.40)

where

h = −2ImN_{IJ} L^I_+(F^J_{1¯1} + F^J_{2¯2}) (3.41)

and hence

h = −2hImN_{IJ} L^I_+L^J_− = −2h(− 1 2 − n 4 ) (3.42)

where we have made use of (2.31). So, for the case of the non-minimal theory, n ≥ 1, and this condition implies that h = 0, and hence

F^I_{1¯1} + F^I_{2¯2} = 0 . (3.43)

Similar reasoning applied to the second condition in (3.39) also implies that F^I_{12} = 0. It follows that F^I . I^1 = F^I . I^2 = F^I . I^3 = 0, so as the hypercomplex structures are anti-self-dual, the F^I must be self-dual.

Next, consider the Einstein field equations; as the manifold is hyper-Kähler there is no contribution from the curvature terms. Also, as the F^I are self-dual, the contribution from the gauge field strengths also vanishes. So, on taking the trace of the Einstein equations, one obtains

g_A¯_B∂_μz^A∂^μz^{B̄} = 0 . (3.44)

Assuming that the scalar manifold metric is positive definite, this implies that the scalars are constant, and (3.37) then implies that λ is constant as well.

The analysis of the case λ = 0, σ ≠ 0 proceeds in exactly the same fashion. In particular, the conditions on the geometry, and on the gauge field strengths, are identical to those of the λ ≠ 0, σ = 0 case, modulo the interchange L^I_+ ↔ L^I_− and (space-time frame index) 1 ↔ ¯1 throughout. Hence, it follows that the manifold is again hyper-Kähler, though now with self-dual hyper-complex structures, and the gauge field strengths must (for the non-minimal theory) be anti-self-dual. The scalars are again constant, as is σ.

4 Summary

In this paper we have classified the instanton solutions admitting Killing spinors for Euclidean N = 2 supergravity theory coupled to vector multiplets. The halfsupersymmetric solutions are either hyper-Kähler with constant scalars and self-dual (or anti-self-dual) gauge field strengths, or they are Euclidean analogues of the black hole solutions found in [21]. The stationary black holes of [21] were shown to be the unique solutions with time-like Killing vector, and admitting half of supersymmetry, in the systematic analysis of [23]. They can also be obtained using spinorial geometry techniques. Employing the results of [33], the time-like Killing spinors can be written in the canonical form ε = 1 + βe^2 (4.1)

which is obtained by gauge fixing the generic spinor of the form

ε = λ1 + μ^ie^i + σe^{12} (4.2)

where e^1, e^2 are 1-forms on R^2 , and i = 1, 2; e^{12} = e^1 ∧ e^2. λ, μ^i and σ are complex functions. The analysis of the Killing spinor equations then gives the solutions

ds^2 = −|β|^2(dt + σ)^2 + 1 |β|^2 ( (dx)^2 + (dy)^2 + (dz)^2 )

dσ = − ∗_3 [(( H_I dH^I − H^I dH_I ))] (4.3)

where β is a complex t-independent function. The gauge field strengths and scalars are given by

F^I = −d̂ [ ( L^I β̄ + L̄I β )(dt + σ) ] − ∗_3d̂H^I (4.4) i ( L^I β̄ − L̄I β ) = H^I , i ( M_I β̄ − M̄_I β ) = H_I , (4.5) where H^I and H_I are harmonic functions. The equations (4.5) are the so-called generalised stabilisation equations for the scalar fields.

Recently, instanton solutions of Einstein-Maxwell theory with non-zero cosmological constant were considered in [34]. In the analysis of the particular case with anti-self dual Maxwell field, the field equations of supersymmetric solutions were shown to reduce to the Einstein–Weyl system in three dimensions [35] which is integrable by a twistor construction. Also, it was demonstrated that the Maxwell field anti-self-duality implies Weyl tensor anti-self-duality. Moreover, interesting relations were discovered between gravitational instantons and the SU(∞) Toda equation. Following on from this, the anti-self-duality condition on the Maxwell field was relaxed, and supersymmetric gravitational instanton solutions were classified using spinorial geometry techniques [36]. An important generalisation of our work is the construction of Euclidean gauged supergravity theories and the analysis of their gravitational instanton solutions and their relations to Toda theories and integrable models. Lifting the solutions of this paper to higher dimensions as well as the analysis of the instanton moduli spaces is also left for future investigation.

Appendix A Linear Systems

The (non-vanishing) actions of the Dirac matrices on the spinors are given by

Γ_1e_1 = Γ_2e_2 = √ 21, Γ_{¯1} 1 = −Γ_2e_{12} = √ 2e_1,

Γ_{¯1} e_2 = −Γ¯_2e_1 = √ 2e_{12},

Γ¯_21 = Γ_1e_{12} = √ 2e_2, (A.1)

and one also obtains, for a 2-form T ,

T^{ab}Γ_{ab}1 = 2 ( T^{2¯2} + T^{1¯1} ) 1 − 4T^{¯2¯1}e_{12}

T^{ab}Γ_{ab}e_1 = 2 ( T^{2¯2} − T^{1¯1} ) e_1 + 4T^{¯21}e_2

T^{ab}Γ_{ab}e_2 = −2 ( T^{2¯2} − T^{1¯1} ) e_2 − 4T^{2¯1}e_1

T^{ab}Γ_{ab}e_{12} = −2 ( T^{2¯2} + T^{1¯1} ) e_{12} + 4T^{21}1 . (A.2)

The linear system obtained from (3.1) is ∂_1λ − λ 2 ( ω_{1,2}¯_2 + ω_{1,1}¯_1 ) − iσ √ 2 (Im N )_{IJ} L^J_+ ( F^I_{2¯2} + F^I_{1¯1} ) − λ 2 A_1 = 0, ∂_1σ − σ 2 ( ω_{1,2}¯_2 − ω_{1,1}¯_1 ) + σ 2 A_1 = 0,

∂¯_1λ − λ 2 ( ω¯_{1,2}¯_2 + ω¯_{1,1}¯_1 ) − λ 2 A¯_1 = 0,

∂¯_1σ − σ 2 ( ω¯_{1,2}¯_2 − ω¯_{1,1}¯_1 − A¯_1 ) + iλ √ 2 (Im N )_{IJ} ( F^I_{2¯2} − F^I_{1¯1} ) L^J_− = 0, ∂_2λ − λ 2 ( ω_{2,2}¯_2 + ω_{2,1}¯_1 + A_2 ) = 0, ∂_2σ − σ 2 ( ω_{2,2}¯_2 − ω_{2,1}¯_1 − A_2 ) = 0,

∂¯_2λ − λ 2 ( ω¯_{2,2}¯_2 + ω¯_{2,1}¯_1 ) − iσ √ 2(Im N )_{IJ} F^I_{¯2¯1}L^J_+ − λ 2 A¯_2 = 0,

∂¯_2σ − σ 2 ( ω¯_{2,2}¯_2 − ω¯_{2,1}¯_1 ) + √ 2iλ(Im N )_{IJ} L^J_−F^I_{¯21} + σ 2 A¯_2 = 0,

λω¯_{1,21} = 0,

λω_{2,21} = 0,

σω_{1,2}¯_1 = 0,

σω_{2,2}¯_1 = 0,

σω¯_{1,2}¯_1 − √ 2iλ(Im N )_{IJ} F^I_{2¯1}L^J_− = 0,

σω¯_{2,2}¯_1 − iλ √ 2 (Im N )_{IJ} ( F^I_{2¯2} − F^I_{1¯1} ) L^J_− = 0,

λω_{1,21} + √ 2iσ(Im N )_{IJ} F^I_{21}L^J_+ = 0,

λω¯_{2,21} + σ √ 2 i(Im N )_{IJ} ( F^I_{2¯2} + F^I_{1¯1} ) L^J_+ = 0. (A.3)

The linear system obtained from (3.2) is

− iλImN_{IJ} (F^J_{1¯1} + F^J_{2¯2}) ( Im(D¯_BL̄^I g^{AB̄} ) + Re(D¯_BL̄^I g^{AB̄} ) )

+ √ 2σ∂¯_1 ( Rez^A + Imz^A ) = 0 iσImN_{IJ} (F^J_{1¯1} − F^J_{2¯2}) ( Im(D¯_BL̄^I g^{AB̄} ) − Re(D¯_BL̄^I g^{AB̄} ) )

+ √ 2λ∂_1 ( Rez^A − Imz^A ) = 0 2iσImN_{IJ} F^J_{2¯1} ( Im(D¯_BL̄^I g^{AB̄} ) − Re(D¯_BL̄^I g^{AB̄} ) ) + √ 2λ∂_2 ( Rez^A − Imz^A ) = 0 2iλImN_{IJ} F^J_{2¯1} ( Im(D¯_BL̄^I g^{AB̄} ) + Re(D¯_BL̄^I g^{AB̄} ) ) − √ 2σ∂_2 ( Rez^A + Imz^A ) = 0 (A.4)

Acknowledgements JG is supported by the STFC grant, ST/1004874/1.

References

[1] S. Vandoren and P. van Nieuwenhuizen, Lectures on instantons, arXiv:0802.1862 [hep-th].

[2] M. F. Atiyah and I. M. Singer, The Index of Elliptic Operators on Compact Manifolds, Bull. Amer. Math. Soc. 69 (1963) 322.

[3] A. A. Belavin, A. M. Polyakov, A. S. Schwarz and Yu. S. Tyupkin, Pseudoparticle solutions of the Yang-Mills equations, Phys. Lett. B59 (1975) 85.

[4] T. Eguchi and A. J. Hanson, Asymptotically Flat Selfdual Solutions to Euclidean Gravity, Phys. Lett. B74 (1979) 249.

[5] S. W. Hawking, Gravitational Instantons, Phys. Lett. A60 (1977) 81; G. W.

Gibbons and S. W. Hawking, Gravitational Multi-Instantons, Phys. Lett. B78 (1978) 430.

[6] G. W. Gibbons and C. M. Hull, A Bogomolny Bound for General Relativity and Solitons in N=2 Supergravity, Phys. Lett. B109 (1982) 190.

[7] K. P. Tod, All Metrics Admitting Supercovariantly Constant Spinors, Phys. Lett.

B121, (1983) 241.

[8] Z. Perjés, Solutions of the coupled Einstein-Maxwell equations representing the fields of spinning sources, Phys. Rev. Lett. 27 (1971) 1668. W. Israel and G. A. Wilson, A Class of stationary electromagnetic vacuum fields, J. Math. Phys. 13 (1972) 865.

[9] S. D. Majumdar, A Class of Exact Solutions of Einstein’s Field Equations, Phys.

Rev. 72 (1947) 930; A. Papapetrou, Proc. Roy. Irish. Acad. A51 (1947) 191.

[10] J. B. Hartle and S. W. Hawking, Solutions of the Einstein-Maxwell equations with many black holes, Commun. Math. Phys. 26 (1972) 87.

[11] P. T. Chrusciel, H. S. Reall and P. Tod, On Israel-Wilson-Perjes black holes, Class. Quant. Grav. 23 (2006) 2519.

[12] R. Penrose and W. Rindler, (1987, 1988) Spinors and space-time. Two-spinor calculus and relativistic fields, Cambridge Monographs on Mathematical Physics, Cambridge University Press, Cambridge.

[13] M. Dunajski and S. A. Hartnoll, Einstein-Maxwell gravitational instantons and five dimensional solitonic strings, Class. Quantum. Grav. 24 (2007) 1841.

[14] J. B. Gutowski and W. A. Sabra, Gravitational Instantons and Euclidean Supersymmetry, Phys. Letters B693 (2010) 498.

[15] H. Blaine Lawson and Marie-Louise Michelsohn, Spin Geometry, Princeton University Press (1989).

[16] McKenzie Y. Wang, Parallel Spinors and Parallel Forms, Ann. Global Anal Geom. 7, No 1 (1989), 59.

[17] F. R. Harvey, Spinors and Calibrations, Academic Press, London (1990).

[18] J. Gillard, U. Gran and G. Papadopoulos, The Spinorial Geometry of Supersymmetric Backgrounds, Class. Quant. Grav. 22 (2005) 1033. U. Gran, J. Gutowski and G. Papadopoulos, The Spinorial Geometry of Supersymmetric IIB Backgrounds, Class. Quant. Grav. 22 (2005) 2453.

[19] D. Klemm and E. Zorzan, All null supersymmetric backgrounds of N = 2, D = 4 gauged supergravity coupled to abelian vector multiplets, Class. Quant. Grav. 26 (2009) 145018. S. L. Cacciatori, D. Klemm, D. S. Mansi and E. Zorzan, All timelike supersymmetric solutions of N=2, D=4 gauged supergravity coupled to abelian vector multiplets, JHEP 05 (2008) 097. J. Grover, J. B. Gutowski, C. A. R. Herdeiro, P. Meessen, A. Palomo-Lozano and W. A. Sabra, Gauduchon-Tod structures, Sim holonomy and De Sitter supergravity, JHEP 07 (2009) 069. J. B. Gutowski and W. A. Sabra, Solutions of Minimal Four Dimensional de Sitter Supergravity Class. Quant. Grav. 27 (2010) 235017. J. Grover, J. B. Gutowski, C. A. R. Herdeiro and W. A. Sabra, HKT Geometry and de Sitter Supergravity, Nucl. Phys. B809 (2009) 406. J. Grover, J. B. Gutowski and W. A. Sabra, Null Half-Supersymmetric Solutions in Five-Dimensional Supergravity, JHEP 10 (2008) 103. U. Gran, J. Gutowski and G. Papadopoulos, Geometry of all supersymmetric four-dimensional N = 1 supergravity backgrounds, JHEP 06 (2008) 102.

[20] S. Detournay, D. Klemm and C. Pedroli, Generalized instantons in N = 4 super Yang-Mills theory and spinorial geometry, JHEP 10 (2009) 030.

[21] K. Behrndt, D. Lüst and W. A. Sabra, Stationary solutions of N=2 supergravity, Nucl. Phys. B510 (1998) 264.

[22] S. Ferrara, R. Kallosh and A. Strominger, N=2 Extremal Black Holes, Phys.

Rev. D52 (1995) 5412. S. Ferrara and R. Kallosh, Supersymmetry and Attractors, Phys. Rev. D54 (1996) 1514. W. A. Sabra, General static N = 2 black holes, Mod. Phys. Lett. A12 (1997) 2585. W. A. Sabra, Black holes in N = 2 supergravity and harmonic functions, Nucl. Phys. B510 (1998) 247.

[23] P. Meessen, T. Ortin, The supersymmetric configurations of N = 2 , d = 4 supergravity coupled to vector supermultiplets, Nucl. Phys. B749 (2006) 291.

[24] V. Cortes and T. Mohaupt, Special Geometry of Euclidean Supersymmetry III:

the local r-map, instantons and black holes, JHEP 07 (2009) 066.

[25] M. Gunaydin, G. Sierra and P. K. Townsend, The Geometry Of N=2 Maxwell- Einstein Supergravity And Jordan Algebras, Nucl. Phys. B242 (1984) 244.

[26] B. de Wit and A. Van Proeyen, Potentials and Symmetries of General Gauged N=2 Supergravity: Yang-Mills Models, Nucl. Phys. B245 (1984) 89. E. Cremmer, C. Kounnas, A. Van Proeyen, J. P. Derendinger, S. Ferrara, B. de Wit and L. Girardello, Vector Multiplets Coupled to N=2 Supergravity: SuperHiggs Effect, Flat Potentials and Geometric Structure, Nucl. Phys. B250 (1985) 385. B. de Wit, P. G. Lauwers and A. Van Proeyen, Lagrangians of N=2 Supergravity - Matter Systems, Nucl. Phys. B255 (1985) 569. P. Candelas and X. de la Ossa, Moduli space of Calabi-Yau manifolds, Nucl. Phys. B355 (1991) 455. A. Strominger, Special geometry, Commun. Math. Phys. 133 (1990) 163. B. Craps, F. Roose, W. Troost and A. Van Proeyen, What is Special Kahler Geometry?, Nucl. Phys. B503 (1997) 565. L. Castellani, R. D’Auria, S. Ferrara, Special Kähler geometry: An intrinsic formulation form N=2 space-time supersymmetry, Phys. Lett. B241 (1990) 57. L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fré, T. Magri , N=2 supergravity and N=2 superyang-mills theory on general scalar manifolds: symplectic covariance, gaugings and the momentum map, J. Geom. Phys. 23 (1997) 111.

[27] G. W. Gibbons, M. B. Green and M. J. Perry, Instantons and Seven-Branes in Type IIB Superstring Theory, Phys. Lett. B370 (1996) 37.

[28] V. Cortes, C. Mayer and T. Mohaupt and F. Saueressig, Special Geometry of Euclidean Supersymmetry I: Vector Multiplets, JHEP 03 (2004) 028.

[29] J. B. Gutowski and W. A. Sabra, Euclidean N=2 Supergravity, arXiv:1209.2029.

[30] R. Bryant, Pseudo-Riemannian metrics with parallel spinor fields and vanishing Ricci tensor, Sémin. Congr., 4, Soc. Math. France, Paris, 2000, 53.

[31] F. Denef, Supergravity flows and D-brane stability, JHEP 08 (2000) 050.

[32] B. Bates and F. Denef, Exact solutions for supersymmetric stationary black hole composites, JHEP 11 (2011) 127.

[33] J. Grover, J. B. Gutowski and W. A. Sabra, Maximally Minimal Preons in Four Dimensions, Class. Quant. Grav. 24 (2007) 3259.

[34] M. Dunajski, J. B. Gutowski, W. A. Sabra and P. Tod, Cosmological Einstein- Maxwell Instantons and Euclidean Supersymmetry. Part I: Anti-Self-Dual Solutions, Class. Quant. Grav. 28 (2011) 025007.

[35] N. Hitchin (1982) Complex manifolds and Einstein’s equations, in Twistor Geometry and Non-Linear systems, Springer LNM 970, ed. H. D. Doebner, H.D. and T. D. Palev (1982). P. Jones and K. P. Tod Minitwistor spaces and Einstein- Weyl spaces, Class. Quant. Grav. 2 (1985) 565. M. Dunajski, Solitons, Instantons & Twistors. Oxford Graduate Texts in Mathematics 19, Oxford University Press, (2009).

[36] M. Dunajski, J. B. Gutowski, W. A. Sabra and P. Tod, Cosmological Einstein- Maxwell Instantons and Euclidean Supersymmetry: Beyond Self-Duality, JHEP 03 (2011) 131.