arXiv:1210.3236v3 [math.QA] 14 Apr 2013

WEDGE MODULES FOR TWO-PARAMETER QUANTUM GROUPS

NAIHUAN JING, LILI ZHANG, MING LIU*

Abstract. The Yang-Baxterization R(z) of the trigonometric R-matrix is computed for the two-parameter quantum affine algebra U_{r,s}( ^sl_n). Using the fusion rule we construct all fundamental representations of the quantum algebra U_{r,s}(sl_n) as (r, s)-wedge products of the natural representation.

1. Introduction

Two-parameter general linear and special linear quantum groups were introduced by Takeuchi [18] in 1990. This new type of quantum groups was used in [5] to incorporate two seemingly different types of quantum general linear groups: the usual quantum general linear groups from Drinfeld-Jimbo quantum algebras [4, 10] and Dipper-Donkin quantum linear groups [6] connected with quantum q-Schur algebras. Similar two-parametric quantum groups originating from exotic solutions of Yang- Baxter equations were also studied in [11] and they interpolate the usual quantum groups and the degenerate cases from a special solution of the six vertex model. Earlier in [17] Reshetikhin studied quasi-triangular Hopf algebras from multi-parameter solutions of Yang-Baxter equations. All these quantum groups can be viewed as quantum transformation groups [11, 7] over certain quantum planes in the sense of Manin [15].

In 2001 Benkart and Witherspoon [1] investigated the two-parameter quantum group in connection with the down-up algebras. In [2] Benkart and Witherspoon developed the two-parameter quantum groups corresponding to general linear and special linear Lie algebras gl_n and sl_n, and constructed the corresponding R-matrix and the quantum Casimir element. They further showed that these two algebras can be realized as Drinfeld doubles. In [3] the representation theory of two-parameter quantum groups U_{r,s}(gl_n) and U_{r,s}(sl_n) was studied and an explicit description of the (r,s)-symmetric tensor space S^2_{r,s}(V ) and the R-matrix R = R_{V V} was given.

It is well known that the fundamental representations play an important role in the representation theory of classical Lie algebras. In the case of sl_n, the fundamental representations are just the wedge modules of the natural representation. The

MSC (2010): Primary: 17B30; Secondary: 17B68.

Keywords: two-parameter quantum groups, Yang-Baxterization, (r,s)-wedge modules. ∗Corresponding author. 1

fundamental representations of the quantum group U_q(sl_n) were first constructed by Rosso in [16]. Later the fundamental modules were reconstructed using the fusion procedure [13, 14, 12] in connection with the quantum affine algebras U_q(^sl_n). A natural question of the wedge modules arises for the two-parameter quantum groups. Although the tensor modules of U_{r,s}(^sl_n) have been constructed in [3] it is non-trivial to pass down to the irreducible quotient modules, and the best method seems to be the fusion procedure. In order to carry out the fusion procedure one first needs to find the R-matrix with spectral parameter as in the one-parameter case.

In this paper we first use the Yang-Baxterization method of Ge-Wu-Xue [8] to construct a spectral parameter dependent R-matrix for the two-parameter quantum algebra U_{r,s}(^sl_n) based on the braid group representation given by the Benkart- Witherspoon R-matrix. We remark that our R-matrix R(z) can also be viewed as the R-matrix of two-parameter quantum affine algebra U_{r,s}(^sl_n) [9]. Then we construct all the (r,s)-wedge modules of U_{r,s}(sl_n) by the fusion procedure.

The paper is organized as follows. In section 2, we give a brief introduction of twoparameter quantum groups U_{r,s}(gl_n) and U_{r,s}(sl_n) and recall the results given in [3]. In section 3, we obtain an R-matrix with spectral parameter which can be regarded as the R-matrix corresponding to the two-parameter quantum affine algebra U_{r,s}(^sl_n) by using the Yang-Baxterization method of Ge, Wu and Xue. In section 4 we determine all (r, s)-wedge modules of U_{r,s}(sl_n).

2. Two-parameter quantum group U_{r,s}(sl_n) and R-matrix

We first recall the definition of the two-parameter quantum group U_{r,s}(sl_n) and some basics about their representations from [3]. Let ϵ_1, ϵ_2, ..., ϵ_n denote an orthonormal basis of a Euclidean space E with an inner product ⟨ , ⟩. Let Π = {α_j = ϵ_j − ϵ_{j+1}|j = 1, 2, ..., n − 1} be the set of the simple roots of type A_{n−1}, then Φ = {ϵ_i − ϵ_j |1 ≤ i ≠ j ≤ n} is the set of all roots.

We now fix two nonzero elements r, s ∈ C with r ≠ s.

Definition 2.1. The two-parameter quantized enveloping algebra U_{r,s}(sl_n) is the unital associative algebra over C generated by e_i, f_i, ω_i, ω^′_i, 1 ≤ i < n with the following relations:

(R1) The generators ω_i, ω^′_i are invertible elements commuting with each other, (R2) ω_ie_j = r^{⟨ϵi,αj ⟩}s^{⟨ϵi+1,αj ⟩}e_j ω_i and ω_if_j = r^{−⟨ϵi,αj ⟩}s^{−⟨ϵi+1,αj ⟩}f_jω_i, (R3) ω^′_ie_j = r^{⟨ϵi+1,αj ⟩}s^{⟨ϵi,αj ⟩}e_j ω^′_i and ω^′_if_j = r^{−⟨ϵi+1,αj ⟩}s^{−⟨ϵi,αj ⟩}f_jω^′_i, (R4) [e_i, f_j] =^{δij}_{r−s} (ω_i − ω^′_i), (R5) [e_i, e_j] = [f_i, f_j] = 0, if |i − j| > 1, (R6) e^2_i e_{i+1} − (r + s)e_ie_{i+1}e_i + rse_{i+1}e^2_i = 0 and e^2_{i+1}e_i − (r + s)e_{i+1}e_ie_{i+1} + rse^2_{i+1}e_i = 0, (R7) f^2_i f_{i+1} − (r^{−1} + s^{−1})f_if_{i+1}f_i + r^{−1}s^{−1}f_{i+1}f^2_i = 0 and f^2_{i+1}f_i −(r^{−1} +s^{−1})f_{i+1}f_if_{i+1} +r^{−1}s^{−1}f^2_{i+1}f_i = 0, where [ , ] is the usual commutator.

Remark 2.2. When r = q, s = q^{−1}, the algebra modulo the ideal generated by the elements ω^{−1}_j − ω^′_j , 1 ≤ j < n, is isomorphic to U_q(sl_n).

The algebra U_{r,s}(sl_n) is a Hopf algebra under the coproduct Δ such that ω_i, ω^′_i are group-like elements and other nontrivial coproducts, counits and antipodes are given by: Δ(e_i) = e_i ⊗ 1 + ω_i ⊗ e_i, Δ(f_i) = 1 ⊗ f_i + f_i ⊗ ω^′_i,

ϵ(e_i) = ϵ(f_i) = 0, S(e_i) = −ω^{−1}_i e_i, S(f_i) = −f_iω^{′−1}_i .

The natural representation of U = U_{r,s}(sl_n) can be easily described as follows. Let Λ = Zϵ_1 ⊕ Zϵ_2 ⊕ · · · ⊕ Zϵ_n be the weight lattice of gl_n, where ϵ_i are the orthonomal vectors as before, Q = ZΦ the root lattice, and we denote Q_+ = ∑_{n−1} i=1 Z_{≥0}α_i. Assume Λ is equipped with a partial order in which ν ≤ λ if and only if λ − ν ∈ Q_+. For each i < n define the fundamental weights

ω_i = ϵ_1 + · · · + ϵ_i.

Then Λ_{sl} = Zω_1 ⊕ · · · ⊕ Zω_{n−1} is the weight lattice of sl_n.

Corresponding to λ ∈ Λ_{sl}, there is an algebra homomorphism ^λ from the subalgebra U^0 of U_{r,s}(sl_n) generated by ω^{±1}_i , ω^{′±1}_i to C given by: (2.1) ^λ(ω_i) = r^{⟨ϵi,λ⟩}s^{⟨ϵi+1,λ⟩}, ^λ(ω^′_i) = r^{⟨ϵi+1,λ⟩}s^{⟨ϵi,λ⟩}. When rs^{−1} is not a root of unity, the homomorphisms ^λ = ^μ if and only if the corresponding weights λ = μ [2]. Let M be a finite dimensional U_{r,s}-module, then

(2.2) M = ⨁ χ M_χ, where χ are algebra homomorphisms χ : U^0 → C^× and M_χ = {v ∈ M|(ω_i − χ(ω_i))^mv = (ω^′_i − χ(ω^′_i))^mv = 0, for all i and for some m} are the associated generalized eigenspaces. For brevity the homomorphisms χ are called generalized weights of M. When all generalized weights are of the form χ( ^−α) for a fixed χ and α varying in Q_+, we say M is a highest weight module of weight χ and write M = M(χ). Benkart and Witherspoon [2, 3] have shown that when M is simple, all generalized weight subspaces are actually weight subspaces. Moreover, if all generalized weights are the homomorphisms ^λ coming from the usual weights λ, we will simplify the notation and write M_λ for M_{^λ}, and similarly the highest weight module M(^λ) will be simply denoted as M(λ).

The theory of highest weight modules of U_{r,s}(g) is quite similar to that of corresponding simple Lie algebra g. Besides the highest weight modules discussed above, one can also define the notion of Verma modules M(λ) [3]. Benkart and Witherspoon [3] have proved that all finite dimensional U_{r,s}(sl_n)-modules are realized as the simple quotients of some Verma modules. We will denote by V (λ) the simple quotient of the Verma module M(λ).

Let V be the n-dimensional vector space over C with basis {v_j|1 ≤ j ≤ n}, and define E_{ij} ∈ End(V ) such that E_{ij} v_k = δ_{jk}v_i. The natural representation is the U_{r,s}(sl_n)-module V with the action given by: e_j = E_{j,j+1}, f_j = E_{j+1,j}, ω_j = rE_{jj} + sE_{j+1,j+1} + ∑ k≠j,j+1 E_{kk}, ω^′_j = sE_{jj} + rE_{j+1,j+1} + ∑ k≠j,j+1 E_{kk}, where 1 ≤ j ≤ n − 1.

It is clear that (2.3) ω_iv_j = r^{⟨ϵi,ϵj ⟩}s^{⟨ϵi+1,ϵj ⟩}v_j , (2.4) ω^′_iv_j = r^{⟨ϵi+1,ϵj ⟩}s^{⟨ϵi,ϵj ⟩}v_j , for all i, j, so v_j has weight ϵ_j = ϵ_1 − (α_1 + · · · + α_{j−1}). Therefore V = ⨁_n j=1 V_{ϵj} is the weight decomposition, and it is a simple module of U_{r,s}(sl_n).

In [3] Benkart and Witherspoon studied the tensor powers of the natural representation V of U_{r,s}(sl_n) and the associated R-matrix. Let R = R_{V V} be the R-matrix associated to V given by the coproduct, and for 1 ≤ i < k, let R_i be the U_{r,s}(sl_n) module isomorphism on V^{⊗k} defined by

R_i(w_1 ⊗ w_2 ⊗ · · · ⊗ w_k) = w_1 ⊗ · · · ⊗ R(w_i ⊗ w_{i+1}) ⊗ w_{i+2} ⊗ · · · ⊗ w_k. Since R = R_{V V} satisfies the Yang-Baxter equation, the braid relations hold: R_iR_{i+1}R_i = R_{i+1}R_iR_{i+1} for 1 ≤ i < k, The construction also implies that for |i − j| ≥ 2, R_iR_j = R_j R_i.

The following result was given in [3].

Proposition 2.3. Whenever s ≠ −r, the U_{r,s}(sl_n)-module V ⊗ V decomposes into a direct sum of two simple submodules, S^2_{r,s}(V )(the (r,s)-symmetric tensors), and Λ^2_{r,s}(V ) (the (r,s)–antisymmetric tensors). These modules are defined as follows: (i): S^2_{r,s}(V ) is the span of {v_i ⊗v_i|1 ≤ i ≤ n}∪{v_i ⊗v_j +sv_j ⊗v_i|1 ≤ i < j ≤ n}. (ii): Λ^2_{r,s}(V ) is the span of {v_i ⊗ v_j − rv_j ⊗ v_i|1 ≤ i < j ≤ n}.

Consequently one has that (2.5) R^2_i = (1 − rs^{−1})R_i + rs^{−1}Id for all 1 ≤ i < k.

Proposition 2.4. [3] The minimum polynomial of R on V ⊗ V is (t − 1)(t + rs^{−1}) if s ≠ −r. From Proposition 2.4, it follows that the action of R on V ⊗ V is given as follows:

(2.6) R = n∑ i=1 E_{ii} ⊗ E_{ii} + r ∑ i<j E_{ji} ⊗ E_{ij} + s^{−1} ∑ i<j E_{ij} ⊗ E_{ji} + (1 − rs^{−1}) ∑ i<j E_{jj} ⊗ E_{ii}.

3. Yang-Baxterization Starting from an R-matrix of the Yang-Baxter equation (YBE), Yang-Baxterization of R recovers the associated spectral parameter dependent R-matrix R(z) satisfying the YBE:

R_1(z)R_2(zw)R_1(w) = R_2(w)R_1(zw)R_2(z).

When R has two or three eigenvalues Ge, Wu and Xue [8] gave an algorithm to compute its Yang-Baxterization. Suppose R has two distinct eigenvalues λ_1, λ_2, the Yang-Baxterization R(z) can be computed by: (3.1) R(z) = λ^{−1}_2 R + zλ_1R^{−1}.

Proposition 2.4 shows that R = R_{V V} has eigenvalues 1 and −rs^{−1} on V ⊗ V , then by the Yang-Baxterization we have the following theorem. We remark that the resulting R-matrix with spectral parameter z is an (r, s)-analogue of the R-matrix for the quantum affine algebra U_q(^sl_n).

Theorem 3.1. For the braid group representation R = R_{V V} , the R-matrix R(z) is given by

R(z) = (1 − zrs^{−1}) n∑ i=1 E_{ii} ⊗ E_{ii} + (1 − z)(r ∑ i>j +s^{−1} ∑ i<j )E_{ij} ⊗ E_{ji} + z(1 − rs^{−1}) ∑ i<j E_{ii} ⊗ E_{jj} + (1 − rs^{−1}) ∑ i>j E_{ii} ⊗ E_{jj}. (3.2)

Proof. We already mentioned that R = R_{V V} has two distinct eigenvalues λ_1 = −rs^{−1} and λ_2 = 1. Ge-Wu-Xue’s Yang-Baxterization implies that the resulting R-matrix with spectral parameter is then given by: R(z) = R − zrs^{−1}R^{−1} On the other hand, Eq. (2.5) implies that R^{−1} = r^{−1}sR + (1 − r^{−1}s)I.

Thus R(z) = (1 − z)R − z(rs^{−1} − 1)I, which is exactly Eq. (3.2). □

Remark 3.2. Clearly R(0) = R. Moreover, when r = q and s = q^{−1}, the R-matrix R(z) turns into

R_q(z) = (1 − zq^2) n∑ i=1 E_{ii} ⊗ E_{ii} + (1 − z)q ∑ i≠j E_{ij} ⊗ E_{ji} + (1 − q^2)( ∑ i>j +z ∑ i<j )E_{ii} ⊗ E_{jj} , which is exactly the Jimbo R-matrix for the quantum affine algebra U_q(sl_n). In this regard we can view R(z) as an (r, s)-analogue of the R-matrix R_q(z) of the quantum affine algebra U_q(^sl_n) [9].

4. (r, s)-wedge modules of U_{r,s}(sl_n)

In [3] Benkart and Witherspoon studied the (r, s)-symmetric tensor S^2_{r,s}(V ) (see Proposition 2.3) using the Hopf algebra structure. Here we give an alternative description of the symmetric tensors using the fusion procedure as well as the anti-symmetric tensors.

Proposition 4.1. The subspace S^2_{r,s}(V ) is equal to the image of R(rs^{−1}) or Ker R(r^{−1}s) on V ⊗ V , and Λ^2_{r,s}(V ) is equal to the kernel of R(rs^{−1}) or Im R(r^{−1}s) on V ⊗ V .

Proof. This is a simple consequence of the spectral decomposition of the R-matrix R(z). In fact applying R(rs^{−1}) to v_i ⊗v_j proves that S^2_{r,s}(V ) = ImR(rs^{−1}). Then one verifies that R(rs^{−1})(v_i ⊗v_j −rv_j ⊗v_i) = 0 for i < j, i.e., KerR(rs^{−1}) ⊇ Λ^2_{r,s}(V ). The equality follows due to S^2_{r,s} ∩Λ^2_{r,s} = {0}. The other relations are checked similarly. □

Remark 4.2. The above proposition is the analogue of the one-parameter case (see [12]). In fact, when s^{−1} = q = r, the (r,s)-symmetric tensor S^2_{r,s}(V ) of U_{r,s}(sl_n) reduces to the q-symmetric tensor W of U_q(sl_n) (see [12]).

Now we can study the general wedge products of the two-parameter case using the fusion procedure as in [12]. The following theorem completely determines (r, s)-wedge modules for U_{r,s}(sl_n).

Theorem 4.3. On the tensor product of the natural representation of U_{r,s}(sl_n) we have

(4.1) V^{⊗k}/ k−2∑ i=0 V^{⊗i} ⊗ S^2_{r,s}(V ) ⊗ V^{⊗(k−i−2)} ∼= V (ω_k) Proof. We denote the image of v_{i1} ⊗ v_{i2} ... ⊗ v_{ik} ∈ V^{⊗k} in V^{⊗k}/ ∑_{k−2} i=0 V^{⊗i} ⊗ S^2_{r,s}(V ) ⊗ V^{⊗(k−i−2)} by v_{i1} ∧ v_{i2} ∧ · · · ∧ v_{ik} . First we show that the vector v_1 ∧ v_2 ∧ · · · ∧ v_k is a highest vector with highest weight ω_k in the U_{r,s}(sl_n)-module.

It follows from Eqs. (2.3)–(2.4) and the Hopf algebra structure of U_{r,s}(sl_n) that ω_i · v_1 ∧ v_2 ∧ · · · ∧ v_k = r^{<εi,ε1+ε2+···+εk>}s^{<εi+1,ε1+ε2+···+εk>}v_1 ∧ v_2 ∧ · · · ∧ v_k, ω^′_i · v_1 ∧ v_2 ∧ · · · ∧ v_k = r^{<εi+1,ε1+ε2+···+εk>}s^{<εi,ε1+ε2+···+εk>}v_1 ∧ v_2 ∧ · · · ∧ v_k. Hence v_1 ∧ v_2 ∧ · · · ∧ v_k has weight ω_k = ε_1 + ε_2 + · · · + ε_k.

Furthermore the action of e_i on V^{⊗k} can be computed as follows. For example

e_i · v_1 ⊗ v_2 ⊗ · · · ⊗ v_k = k∑ j=1 ω_iv_1 ⊗ · · · ⊗ ω_iv_{j−1} ⊗ e_iv_j ⊗ v_{j+1} ⊗ · · · ⊗ v_k

= k∑ j=1 r^{<εi,ε1+···+εj−1>}s^{<εi+1,ε1+···+εj−1>}δ_{j,i+1}v_1 · · · ⊗ v_{j−1} ⊗ v_i ⊗ v_{j+1} · · · ⊗ v_k = rv_1 ⊗ · · · ⊗ v_i ⊗ v_i ⊗ v_{i+2} ⊗ v_{i+3} ⊗ · · · ⊗ v_k or 0 ∈ k−2∑ j=0 V^{⊗j} ⊗ S^2_{r,s}(V ) ⊗ V^{⊗(k−j−2)}. Thus e_i · v_1 ∧ v_2 ∧ · · · ∧ v_k = 0 in the U_{r,s}(sl_n) module V^{⊗k}/ ∑_{k−2} i=0 V^{⊗i} ⊗ S^2_{r,s}(V ) ⊗ V^{⊗(k−i−2)}. From the above discussion, we have that the fundamental representation V (ω_k) is isomorphic to a submodule of V^{⊗k}/ ∑_{k−2} i=0 V^{⊗i} ⊗S^2_{r,s}(V )⊗V^{⊗(k−i−2)}. By taking special values of r and s, one sees that the two modules have the same dimension, so they are isomorphic. □

Acknowledgments NJ gratefully acknowledges the partial support of Simons Foundation grant 198129 and NSFC grant 11271138 during this work.

References

[1] G. Benkart and S. Witherspoon, A Hopf structure for down-up algebras, Math. Z. 238 (2001), 523-553.

[2] G. Benkart and S. Witherspoon, Two-parameter quantum groups and Drinfeld doubles, Algebr.

Represent. Theory 7 (2004), 261–286.

[3] G. Benkart and S. Witherspoon, Representations of two-parameter quantum groups and Schur- Weyl duality, In: Hopf algebras, Lecture Notes in Pure and Appl. Math., 237, New York:Dekker, 2004, pp. 62–92.

[4] V. G. Drinfeld, Quantum groups, Proc. ICM, Vol. 1, 2 (Berkeley, Calif., 1986), pp.798–820, Amer. Math. Soc., Providence, RI, 1987.

[5] J. Du, B. Parshall and J. Wang, Two-parameter quantum linear groups and the hyperbolic invariance of q-Schur algebras, J. London Math. Soc. (2)44 (1991), 420–436.

[6] R. Dipper and S. Donkin, Quantum GL_n, Proc. London Math. Soc. (3)63 (1991), no. 1, 165–211. [7] V. Dobrev, Duality for the matrix quantum group GL_{p,q}(2, C), J. Math. Phys. 33 (1992) 3419– 3430.

[8] M.-L. Ge, Y.-S. Wu and K. Xue, Explicit Triogonometric Yang-Baxterization, Inter. J. of Modern Phys. A 6(21) (1991), 3735–3779.

[9] N. Hu, M. Rosso and H. Zhang, Two-parameter quantum affine algebra U_{r,s}(^sl_n), Drinfeld realization and quantum affine Lyndon basis, Commun. Math. Phys. 278 (2008), 453-486.

[10] M. Jimbo, A q-difference analogue of U(g) and the Yang-Baxter equation, Lett. Math. Phys. 10 (1985), 63–69.

[11] N. Jing, Quantum groups with two parameters, Contemp. Math. 134 (1992), 129–138. [12] N. Jing, K. Misra and M. Okado, q-wedge modules for quantized enveloping algebras of classical type, J. Algebra 230 (2000), 518–539.

[13] P. P. Kulish, N. Yu. Reshetikhin, E. K. Kulish, Yang-Baxter equations and representation theory.

I, Lett. Math. Phys. 5 (1981), 393–403.

[14] S.-J. Kang, M. Kashiwara, K. C. Misra, T. Miwa, T. Nakashima, and A. Nakayashiki, Perfect crystals of quantum affine Lie algebras, Duke Math. J. 68 (1992), 499–607.

[15] Y. Manin, Topics in noncommutative geometry, Princeton Univ. Press, 1991. [16] M. Rosso, Finite dimensional representations of the quantum analog of the enveloping algebra of a complex simple Lie algebra, Commun. Math. Phys. 117 (1988), 581–593.

[17] N. Reshetikhin, Multiparameter quantum groups and twisted quasitriangular Hopf algebras, Lett. Math. Phys. 20 (1990), 331–335.

[18] M. Takeuchi, A two-parameter quantization of GL(n), Proc. Japan. Acad. 66 Ser. A (1990), 112–114.

Department of Mathematics, North Carolina State University, Raleigh, NC 27695, USA E-mail address: jing@math.ncsu.edu

School of Sciences, South China University of Technology, Guangzhou 510640, China

E-mail address: lilizhang0902@163.com

Chern Institute of Mathematics, Nankai University, Tianjin 300071, China E-mail address: ming.l1984@gmail.com