arXiv:1210.3485v1 [hep-ph] 12 Oct 2012

Meson-baryon reactions with strangeness –1 within a chiral framework

Zhi-Hui Guo^{a,b∗}, J. A. Oller^{b†}

a Department of Physics, Hebei Normal University, 050024 Shijiazhuang, P. R. China.

b Departamento de Física, Universidad de Murcia, E-30071 Murcia, Spain.

October 15, 2012

Abstract

We study meson-baryon scattering with strangeness –1 in unitary chiral perturbation theory. Ten coupled channels are considered in our work, namely π^0Λ, π^0Σ^0, π^−Σ^+ , π^+Σ^−, K^−p, K̄^0n, ηΛ, ηΣ^0, K^0Ξ^0 and K^+Ξ^−. A large amount of experimental data are analyzed, including the recent precise measurement by the SIDDHARTA Collaboration of the energy shift and width of the 1s state of kaonic hydrogen. This leads to a strong constraint on the free parameters in our theory and of the resulting meson-baryon scattering amplitudes. We also analyze the uncertainty that stems by using several different strategies to perform the fits to data. It is found that large uncertainties in the subthreshold extrapolation of the K^−p scattering amplitude arise by employing either only one common weak pseudoscalar decay constant or distinguishing between fπ , fK and fη . However, in both cases a good reproduction of experimental data is obtained. We also discuss the pole content of the resulting S-wave amplitudes, particularly in connection with the two-pole structure of the Λ(1405) resonance.

PACS: 13.75.Jz, 12.39.Fe, 14.20.Jn Keywords: Meson-baryon scattering with strangeness. Chiral perturbation theory. Resonances

∗guo@um.es †oller@um.es

1 Introduction

Antikaon-nucleon reaction is quite an interesting subject in hadron physics. At low energies Chiral Perturbation Theory (ChPT) [1, 2, 3] constrains strongly the possible interactions but at the same time strong nonperturbative effects take place. In this respect we have the presence of the Λ(1405) resonance between the πΣ and K̄N thresholds, which is also a manifestation of strongly coupled channel dynamics. There are also big SU(3) symmetry breaking effects, giving rise to a large split in thresholds because of the different masses of the coupled channels composed by the lightest octets of pseudoscalars and baryons. Nevertheless, in the chiral limit all these channels are degenerate which implies that despite the difference in the thresholds could be large all of them are relevant in a wide range of energies. By the same reason a realistic study of the resonances in meson-baryon scattering with strangeness −1 in the energy region between 1 and 2 GeV requires to take all of them into account.

In recent years, great progress by exploiting chiral effective field theory has been made on this research field [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]. These studies corroborate the nature of the Λ(1405) [19] as a dynamically generated resonance from K̄N and πΣ interactions. However, in Ref. [6] it was already noticed the presence of indeed two nearby poles in the Λ(1405) region. This fact concerning the two-pole structure of the Λ(1405) has been studied in subsequent papers [7, 8, 9, 10, 12, 13, 15, 16, 17, 20]. The two poles are commonly characterized as following: the first pole in the complex energy plane is located quite close to the K̄N threshold with a small imaginary part, around 10-30 MeV, and a strong coupling to K̄N. In turn, the second one is wider, with a relatively large imaginary part around 50-200 MeV, coupling more strongly to the πΣ channel and its pole position shows more dependence on the specific theoretical model [10, 12].

On the other hand, the K^−p scattering length can be determined by the measurement of the energy shift and width of the 1s state in kaonic hydrogen. Due to the controversial results of the DEAR Collaboration [21] and the low precision of the KEK measurement [22] there was an uncertainty of around a factor 2 in this scattering length [7, 8, 11]. In this respect the recent precise measurement by the SIDDHARTA Collaboration [23] may finally fix the K^−p scattering length, up to a precision of around 20%. Of course, an important point now is to reproduce this measurement simultaneously with all the other scattering data. Studies in this direction are already accomplished in Refs. [15, 16, 17, 18]. In the present work we give a step forward and take into account all the data included in Refs. [15, 16, 17, 18] and also consider additional data in our fits, such as the π^−Σ^+ event distribution [24], the cross section of K^−p → ηΛ [25], measurements from the reaction of K^−p → π^0π^0Σ^0 [26] and the πΛ phase shift at the Ξ^− mass [27, 28], δ_{πΛ}. Moreover, to further constrain the fits we include the pion-nucleon isospin even S-wave scattering length a^+_{0+}, the nucleon σ term σ_{πN} and the masses of the N, Λ, Σ and Ξ. We do not aim to give a precise description for a^+_{0+}, σ_{πN} and the masses, since we only calculate them up to O(p^2) at tree level in SU(3) baryon ChPT. Potentially large corrections from loops and higher order low energy constants could exist. So in the fit we allow relatively large errors for those quantities in order to account for our theoretical uncertainties. Even so, we still find that they can lead to important constraints on the free parameters. In addition, we discuss here two sources of ambiguity overlooked in previous studies. One point concerns with using either just one common weak decay constant for all the channels or distinguishing between f_π, f_K and f_η. The other controversial issue that also requires a closer look is the definition employed for the χ^2, as it has become customary in many cases to weight differently the data fitted corresponding to different observables. The first point is of relevance because it shows that the uncertainty affecting the subthreshold extrapolation of the K^−p elastic S-wave amplitude is much larger than estimated in the recent studies [15, 16, 17, 18] that also reproduced the SIDDHARTA measurement. Let us recall that this subthreshold extrapolation is of great interest for the active and controversial field on K̄ few-nucleon systems and possible existence of bound states of K̄ with heavy nuclei [29, 30, 31, 32].

As an output of our study, we can also obtain important information on the rich resonant content or spectroscopy associated to strangeness −1 meson-baryon S-wave scattering. In this respect, for I = 0 we confirm the two-pole nature for the Λ(1405) resonance and find poles associated with the resonance Λ(1670). In I = 1 we find poles that are more dependent on the details of the fits. Poles in the region of the Σ(1620) are found. Other poles corresponding to the Σ(1750) and to more controversial I = 1 resonances around the K̄N threshold are obtained in one of the fits.

After this introduction, we present the basic set up of our approach in Sec. 2. Next, we discuss in Sec. 3 the fits to the data included with the interacting kernel fixed at leading and next-to-leading order in the chiral expansion. We find a good reproduction of scattering data together with the energy shift and width of the 1s state of kaonic hydrogen. Finally, we discuss in Sec. 4 the pole content of our solutions. Section 5 includes a summary of the work and our conclusions.

2 Formalism

Our starting point is the SU(3) meson-baryon chiral Lagrangian at O(p) and O(p^2) [33]: L_1 = ⟨iB̄γ^μ[D_μ, B]⟩ − m_0⟨B̄B⟩ + D 2 ⟨B̄γ^μγ_5{u_μ, B}⟩ + F 2 ⟨B̄γ^μγ_5[u_μ, B]⟩ , L_2 = b_0⟨B̄B⟩⟨χ_+⟩ + b_D⟨B̄{χ_+, B}⟩ + b_F ⟨B̄[χ_+, B] + b_1⟨B̄[u_μ, [u^μ, B]]⟩⟩ + b_2⟨B̄{u_μ, {u^μ, B}}⟩ + b_3⟨B̄{u_μ, [u^μ, B]}⟩ + b_4⟨B̄B⟩⟨u_μu^μ⟩ + · · · , (1) where we do not show those terms, represented by the ellipsis, that do not contribute to the S-wave meson-baryon scattering at tree level. The octet of baryons N, Λ, Σ and Ξ is collected in the unitary 3 × 3 matrix B and the octet of light pseudoscalar mesons π, K, and η is introduced through the basic chiral building blocks: the covariant derivative D_μ, χ_+ and u_μ. In our notation, u_μ = iu^†∂_μUu^†, U = u^2 = e^{i√2Φ/f} with Φ the unitary 3 × 3 matrix for the octet of light pseudoscalars π, K, and η. In this way the parameter f corresponds to the pseudoscalar weak decay constant f in the SU(3) chiral limit [34]. Furthermore, D_μB = ∂_μB + [Γ_μ, B] with Γ_μ = (u^†∂_μu + u∂_μu^†)/2 and χ_+ = 2B_0(u^†M_qu^† + uM_qu) with M_q = {m_u, m_d, m_s} the diagonal mass matrix for the three light flavor quarks. B_0 is defined in terms of the vacuum quark condensate in the SU(3) chiral limit as ⟨0|q̄^iq^j |0⟩ = −f^2B_0δ^{ij} [34]. The O(p^2) low energy constants b_0, b_D, b_F , b_{i=1,2,3,4} will be fitted to data. The values for D and F are taken from the determination of hyperon and neutron beta decays [35]: D = 0.80 and F = 0.46. For more details on the notation and derivation of these chiral Lagrangians the reader is referred to [33].

The perturbative amplitudes V_{ij} for the meson-baryon scattering (ϕB)_i → (ϕB)_j up to O(p^2) have been given in Refs. [6, 8, 12]. Here the labels i, j = 1, 2, 3, . . . , 10 correspond to the ten different channels π^0Λ (1), π^0Σ^0 (2), π^−Σ^+ (3), π^+Σ^− (4), K^−p (5), K̄^0n (6), ηΛ (7), ηΣ^0 (8), K^0Ξ^0 (9) and K^+Ξ^− (10). Taking the initial center of mass (CM) three-momentum along the z-axis, the S-wave amplitudes T_{ij} (W ) can be projected out through

T_{ij} (W ) = 1 4π ∫ dΩ V_{ij} (W, Ω, σ, σ) , (2) where W is the energy in CM, σ is the third component of the spin for the initial and final baryons and Ω is the solid angle of the scattered final three-momentum.

In SU(3) baryon ChPT the resummation of the unitarity chiral loops is crucial because of the large mass of the s quark and the corresponding larger masses of those pseudoscalar mesons and baryons with strangeness. Then, in many kinetic configurations the masses of the two particles in a given channel are much larger than the typical three-momentum and this enhances the two-particle reducible loop contributions [36]. In addition, we are also interested in the chiral dynamics involving the resonance region where the unitarity upper bound in partial waves could be saturated. Thus, it is not appropriate to treat unitarity in a perturbative way as in plain ChPT. The presence of the Λ(1405), which is near below the K̄N threshold, clearly signals that the perturbative chiral amplitudes can not be appropriate here and a nonperturbative method must be developed to probe the mesonbaryon dynamics in the strangeness −1 sector. As a result, one must resum the right-hand cut that stems from unitarity and for that we employ Unitary ChPT (UChPT). This is based on an approximate algebraic solution to the N/D method [37, 38, 39], which was first applied to meson-meson interactions and then to meson-baryon scattering [6, 7, 8, 5].

The unitarized meson-baryon scattering amplitude in this formalism can be cast in matrix notation as [6]

T (W ) = [ 1 + N(W ) · g(W^2) ]_{−1} · N(W ) . (3)

The function g(s), s = W^2, collects the unitarity cuts contributed by the two-particle intermediate states and N(W ) only contains the crossed-channel cuts. The unitarity loop g(s) can be calculated through a once subtracted dispersion relation (as well as in the dimensional regularization replacing the divergence by a constant) and for the i_{th} channel its explicit form reads

16π^2g(s)_i = a_i(μ) + log m^2_i μ^2

− x_+ log x_+ − 1 x_+

− x_− log x_− − 1 x_− , (4)

x_± = s + M^2_i − m^2_i 2s ± 1 2s √ −4s(M^2_i − i0^+) + (s + M^2_i − m^2_i )^2 ,

where a_i(μ) is the subtraction constant that will be fitted to data, M_i and m_i denote the baryon and meson masses in the i_{th} channel. We point out that g(s) is independent of the scale μ, introduced for dimensional reasons. Note that the combination a_i(μ) + log m^2_i /μ^2 could be reabsorbed in a scale independent subtraction constant. In our following discussions, we set μ = 770 MeV, that fixes the scale at which the subtraction constants a_i(μ) are determined. We also constrain these subtraction constants by taking into account that when isospin symmetry is conserved the different a_i attached to the states with different charges but made up from the same type of pseudoscalars and baryons should be the same. This was demonstrated for SU(3) symmetry in Ref. [10] and we use its particularization for the isospin SU(2) subgroup. In this way, the three subtraction constants for π^0Σ^0, π^−Σ^+ and π^+Σ^− are the same and equal to a_2. The two subtraction constants for K^−p and K̄^0n are denoted by a_5 and those for K^0Ξ^0 and K^+Ξ^− correspond to a_9.

Concerning N(W ) in Eq. (3), it does not contain any unitarity cut and in our present discussion it is simply equal to the perturbative partial wave amplitude T (W ) in Eq. (2) calculated up to O(p^2). However, for a higher order calculation of the input chiral amplitude T (W ), the interaction kernel N(W ) is different from T (W ) and the corresponding formula relating both can be found in Ref. [6].

With the previous set up, we are ready to calculate the cross section (ϕB)_i → (ϕB)_j , which in our normalization reads σ[(ϕB)_i → (ϕB)_j ] = 1 16π s | ⃗p_j | |⃗p_i| |T_{(ϕB)i→(ϕB)j} |^2 . (5) In the previous equation T_{(ϕB)i→(ϕB)j} corresponds to the unitarized S-wave amplitude in Eq. (3), ⃗p_i and ⃗p_j denote the initial and final CM three-momentum of the baryons, respectively. We fit the cross sections of eight different processes: σ(K^−p → K^−p), σ(K^−p → K̄^0n), σ(K^−p → π^+Σ^−), σ(K^−p → π^−Σ^+), σ(K^−p → π^0Σ^0), σ(K^−p → π^0Λ), σ(K^−p → ηΛ) and σ(K^−p → π^0π^0Σ^0).

Two event distributions are also fitted: the π^−Σ^+ event distribution from K^−p → Σ^+(1660)π^− → Σ^+π^−π^+π^− [24] and the π^0Σ^0 event distribution from K^−p → π^0π^0Σ^0 [26]. For the K^−p → π^0π^0Σ^0 reaction we consider the proton pole dominant exchange mechanism developed in Ref. [13], and evaluated as in Ref. [8], see its Fig. 3.^1 We normalize the π^0Σ^0 event distribution by multiplying our theoretical results by a constant fixed in order to reproduce the highest peak value in the event distribution.

To describe the π^−Σ^+ event distribution in the Λ(1405) energy region, we follow the scheme developed in Ref. [6] based on the assumption that the process takes places from an original scalar isoscalar source (with the same quantum numbers as the Λ(1405)) which is then corrected by final state interactions involving the three πΣ and the two K̄N channels. For more details we refer to Ref. [6]. Two extra free parameters r and r^′ are then introduced and the resulting formula is [6] dN_{πΣ} dW = | | |r(D^{−1}|_{32} + D^{−1}|_{33} + D^{−1}|_{34}) + r^′(D^{−1}|_{35} + D^{−1}|_{36}) | | |^2|⃗p_{π−Σ+} | . (6) In this equation we indicate by D^{−1}|_{ij} the matrix elements of the inverse of the matrix D = [1 + T (W ) · g(W^2)].^2 Three ratios between different cross sections at the K^−p threshold are also included in the fit [40, 41]: γ = σ(K^−p → π^+Σ^−) σ(K^−p → π^−Σ^+)

, R_c = σ(K^−p → charged particles) σ(K^−p → all)

, R_n = σ(K^−p → π^0Λ) σ(K^−p → all neutral states)

. (7)

1In this exchange the proton is almost on-shell and this is the reason why the proton pole exchange mechanism is expected to be dominant [13].

2Notice that the T -matrix Eq. (3) can be written as T (W ) = D(W )^{−1}N(W ).

The formulas for σ_{πN} , a^+_{0+} and the masses of N, Λ, Σ and Ξ at O(p^2) level calculated from the Lagrangians L_1 and L_2 in Eq. (1), read

σ_{πN} = −2M^2_π(2b_0 + b_D + b_F ) ,

a^+_{0+} = −

M^2_π 2πf^2 [ (2b_0 + b_D + b_F ) − (b_1 + b_2 + b_3 + 2b_4) +

(D + F )^2 8m_p ] , m_N = m_0 − 2(b_0 + 2b_F )M^2_π − 4(b_0 + b_D − b_F )M^2_K ,

m_Λ = m_0 − 2 3 (3b_0 − 2b_D)M^2_π − 4 3 (3b_0 + 4b_D)M^2_K ,

m_Σ = m_0 − 2(b_0 + 2b_D)M^2_π − 4b_0M^2_K , m_Ξ = m_0 − 2(b_0 − 2b_F )M^2_π − 4(b_0 + b_D + b_F )M^2_K , (8)

where we do not consider isospin-breaking effects for these quantities. The expressions for the masses of the baryons depend on the baryon mass in the SU(3) chiral limit denoted by m_0, which always enter as m_0 − 2b_0. Thus, from the study of masses one can not disentangle both parameters m_0 and b_0, although the latter can be fitted from scattering. In our study we fix m_0 = 0.9 ± 0.2 GeV from the higher order study [42], as in Ref. [8]. Its uncertainty is propagated to the errors in the final results obtained. Let us note that for the fits employing the interacting kernel calculated at O(p) all the next-to-leading (NLO) counterterms b_0, b_D, b_F and b_i, i = 1, 2, 3, 4, are set to zero in Eq. (8) and none of these quantities are then introduced in the fits at O(p) described below.

Finally, the new SIDDHARTA measurement on the energy shift ΔE and width Γ of the kaonic hydrogen 1s state are related to the K^−p scatting length a_K−_p, after taking into account isospin-breaking corrections [43], through ΔE − i Γ 2 = −2α^3 μ^2_r a_K−_p [ 1 + 2α μ_r (1 − ln α) a_K−_p ] , (9)

where α is the fine structure constant and μ_r = m_pM_K− /(M_K− +m_p) is the reduced mass of the K^− and p system. In our normalization the relation between the K^−p scatting length and the unitarized amplitude Eq. (3) reads

a_K−_p = F( √ s) ≡ T_K−_{p→K}−_p( √ s) 8π √ s , √ s = M_K− + m_p . (10)

3 Fits and results

Once we have introduced the theoretical formalism and the data included in the fits, we now proceed with the phenomenological discussions. In order to fix the free parameters we consider two different strategies to perform the fits, taking into account the fact that in literature there are two common ways to treat the light meson decay constants. For example, only one single decay constant is used for π, K and η in Refs [4, 5, 9, 6, 8, 13, 10], while physical values are adopted in Refs. [44, 15, 16, 18]. In Fit I, we use a common decay constant for all the states in the meson-baryon scattering amplitudes and then fit this single decay constant. In Fit II, we distinguish the decay constants for π, K and η, according to the pseudoscalar appearing in the state, so that one then employs f_π, f_K and f_η, in order. The values f_π = 92.2 MeV and f_K = 110.0 MeV are taken from the PDG [45], while f_η = 120 MeV (in fact it is f_{η8} ) is estimated by using the result from Ref. [46]. Note that both strategies are compatible with the calculation of T in ChPT up to O(p^2), since the differences induced by using one or other decay constants are at least of O(p^3). For the masses of mesons and baryons, we always take their physical values in the scattering amplitudes in order to properly account for the threshold effects.

To equally weight experimental data from different measurements, we divide the χ^2 from each measurement by its number of data points and then sum over all the partial χ^2 together. Then, the χ^2 per degree of freedom

(χ^2_{d.o.f} ) is defined as χ^2_{d.o.f} = ∑ k n_k K ( ∑ k n_k − n_p) K∑ k=1 χ^2_k n_k ,

χ^2_k = n_k∑

i=1

( y^{th}_{k;i} − y^{exp}_{k;i} )_2 σ^2_{k;i} . (11)

Here K is the number of different measurements considered in our fits, n_k stands for the number of data points in the k_{th} measurement, n_p corresponds to the number of free parameters and y^{exp}_{k;i} (y^{th}_{k;i}) represents the i_{th} experimental (theoretical) point of the k_{th} set of data with standard deviation σ_{k;i}. This definition of χ^2 is also used in Refs. [9, 12, 15, 16, 18]. This is basically done in order to enhance the weight of the kaon hydrogen data in the fits performed, because one assumes that this is a high quality data point. Nonetheless, we consider that using the previous definition of χ^2_{d.o.f} in Eq. (11) instead of the standard one for a total set of ∑_K k=1 n_K data points, χ^2_{d.o.f} = 1 ∑ k n_k − n_p K∑ k=1 χ^2_k , (12)

is somewhat arbitrary. In this way, we will also discuss the stability of the fits by switching from Eq. (11) to Eq. (12).

Concerning the experimental data, the references for the cross sections and event distributions are explained in Fig 1, while the remaining were already introduced above. For the ratio γ measured at the K^−p threshold in Eq. (7), we notice that Ref. [40] reported the value 2.34 ± 0.08 and Ref. [41] gave two values: 2.38 ± 0.04 and 2.35 ± 0.07. Other value γ = 2.15 can be also found in Ref. [47]. Hence in our current work we decide to assign γ a conservative error band at 5% level, i.e. γ = 2.36±0.12, instead of γ = 2.36±0.04 used in Refs. [12, 8, 17, 16] and γ = 2.38±0.04 in Ref. [18]. A similar conservative error bar is also assigned for R_c, namely R_c = 0.664 ± 0.033. While since the figure R_n = 0.189 ± 0.015 derived in Ref. [48] already contains an error bar larger than our conservative 5% level, we take this number with its error in our later fits.^3 As mentioned previously, in order to account for our theoretical uncertainties, we assign large errors for the pion nucleon isospin even S-wave scattering length a^+_{0+}, nucleon sigma term σ_{πN} , and the masses of N, Λ, Σ and Ξ, whose central values and ascribed error bars can be found in the second column of Table 2. For σ_{πN} one expects that it receives sizable higher-order corrections from the mesonic cloud which are expected to be positive and around 10 MeV [49]. On the other hand, the precise value for this observable is still under debate and one has the classic result σ_{πN} = 45 ± 8 MeV [49] and the one favored from more modern experimental πN data bases σ_{πN} = 59 ± 7 MeV [50]. This adds another 10 MeV of uncertainty, so that in our fits employing an O(p^2) calculation for this quantity we take σ_{πN} = 30 ± 20 MeV. Regarding the isoscalar scalar πN scattering length its latest recent determination from pionic atoms is a^+_{0+} = (7.6 ± 3.1) · 10^{−3} m^{−1}_π [51]. Similarly as in Ref. [8] we expect a theoretical error in our O(p^2) calculation of around +1 · 10^{−2} m^{−1}_π , estimated from the O(p^3) unitarity corrections [52]. As a result we take in our fits the value a^+_{0+} = (0 ± 1) · 10^{−2} m^{−1}_π . For the masses we include an error of 30% by considering a general expectation for the breaking of an SU(3) prediction.

Now we are ready to present our fit results. The error bars of the parameters in the fits represent only the statistical uncertainty at the level of one standard deviation. For the definition of the χ^2 in Eq. (11) we take the χ^2 distribution function for a system with ν degrees of freedom (being ν the number of free parameters in the fit). For the other χ^2 definition Eq. (12), with a large numbers of degrees of freedom, we employ instead n_σ ≥ χ^2 − χ^2_0 √ 2χ^2_0

(13)

as deduced in Ref. [53]. Here, n_σ is the number of standard deviations, χ^2_0 is the minimum χ^2 calculated with the central values of the fit and χ^2 results by taking a new configuration of free parameters. Those configurations with a χ^2 larger than the upper limit from Eq. (13) with n_σ = 1 are rejected at the level of one standard deviation. The same set of parameter configurations will be also used in later discussions for determining the uncertainty in any observable considered.

3We do not consider that we could have the phenomenology well under control within a precision of 5% or better.

3.1 Results using the χ^2 defined in Eq. (11)

We first discuss the results employing the definition for the χ^2 corresponding to Eq. (11), in which every set of data corresponding to one observable is considered as an effective data point. The fitted free parameters are given in Table 1 for the different fits considered, namely, for the leading order fit, O(p)-Fit, and for the NLO ones, Fit I and Fit II. From this table we observe that the b_i coefficients have natural values which are quite similar between the two fits I and II (of course for the O(p)-Fit they are fixed to zero). The largest differences happen for the values of the subtraction constants, specially for a_1. Nonetheless, one has to stress that all the subtraction constants in our fits have natural size of O(1). The cross sections and event distributions are shown by the (red) solid lines in Figs. 1, 2 and 3 for the fits I, II and O(p)-Fit, in order. The hatched area around each line is the estimated statistical uncertainty at the level of one sigma as explained above. In Table 2 we give the reproduction for the rest of observables fitted, and show separately the energy shift and width of the 1s state of kaonic hydrogen state in the left panel of Fig. 4 by the empty symbols, as indicated in the figure. The rest of contents in Table 2 are shown by the empty squares and circles in Fig. 5 for fits I and II, respectively. In this figure every observable is appropriately rescaled so that all of them have similar size and the quality of its reproduction can be easily appreciated.

As it is clear from Figs. 1, 2 and Table 2 the reproduction of data for fits I and II is very good with a χ^2_{d.o.f} lower than 1, see the first line in Table 1. The reproduction of the observables is then consistent between each other. In this respect we find that our results are compatible with the value of δ_{πΛ} from Ref. [28] and not with Ref. [27]. It is also remarkable that the O(p)-Fit, having 6 free parameters less than Fit II and 7 less than Fit I, is able to achieve a good reproduction of data, with the important exception of the K^−p → ηΛ cross section that is not able to reproduce adequately. Indeed, this is the reason why the χ^2_{d.o.f} for the O(p)-Fit is near 2. If the data of the cross section for K^−p → ηΛ is removed the resulting χ^2_{d.o.f} is 1.23, a much lower value. It follows then that the O(p)-Fit can properly reproduce the lower-energy scattering data as well as the SIDDHARTA measurement on the energy shift and width of the 1s state of kaonic hydrogen. As a result, one finds an indication towards convergence in the reproduction of all these data since it can already be well reproduced by the O(p)-Fit (except the K^−p → ηΛ cross section) and the description is improved when including O(p^2) contributions to the interacting kernel (in which case the K^−p → ηΛ can also be accounted for). This indication of convergence in the reproduction of data when passing from the leading to NLO fits did not result when fitting the DEAR data [21] on the energy width and shift of the 1s state of kaonic hydrogen [8]. We also find that the ratios in Eq. (7) are improved in Table 2 compared to the results obtained in Ref. [8]. The masses of the lightest baryon octet and σ_{πN} are satisfactorily reproduced as well. Our results for ΔE and Γ in Eq. (9) are compatible with the SIDDHARTA measurements within errors, though our fits prefer somewhat lager central values for Γ, as shown in Table 2 and Fig. 4. It is clear from the right panel of Fig. 4 that the results from other recent studies [15, 16, 17, 18] also prefer larger values for Γ.

We also calculate the K^−p scattering length a_K−_p, Eq. (10), and those with I = 0 and I = 1 extracted from data and the theoretical model. The results are shown in Table 3. Our values are compatible with the recent determinations from Refs. [16, 18]. In addition, we show in Fig. 6 the K^−p → K^−p S-wave amplitude around the threshold region and below it, the left panel is for the real part and the right one for the imaginary part. The points with error bars in Fig. 6 correspond to a_K−_p extracted directly from SIDDHARTA data by making use of Eq. (9), a_K−_p = (−0.65 ± 0.10) + i (0.81 ± 0.15) fm. We observe that this amplitude for fits I and II is quite the same at threshold and above it in the range shown in the figure, indeed the threshold parameters from both fits perfectly agree with each other in Table 3. However, quite different behaviors result in the energy region below threshold. The real parts of the K^−p → K^−p scattering amplitudes from the two fits become incompatible below 1.42 GeV and the imaginary parts are also incompatible below 1.41 GeV. As a result, it is clear that a precise knowledge of the a_K−_p scattering length, as that resulting from the SIDDHARTA data, can not pin down in a precise manner the extrapolation of the K^−p S-wave amplitude below threshold. Indeed, the difference from Fit I and II for the subthreshold extrapolation of the K^−p S-wave amplitude in Fig. 6 is much larger than the uncertainty estimated in Refs. [15, 16, 17, 18]. However, an O(p^3) determination of the interacting kernel N(W ) in UChPT, Eq. (3), could reduce this uncertainty because then one is sensitive to the change of the weak decay constants so that these changes have to be compensated by new terms at O(p^3). This is certainly an interesting calculation in order to improve the accuracy of our knowledge in this field of research.

Parameters Fit I Fit II O(p)-Fit χ^2/d.o.f = 0.85 χ^2_{d.o.f} = 0.96 χ^2_{d.o.f} = 1.87 f (MeV) 124.60^{+1.84}_{−1.58} Fixed 116.05^{+1.89}_{−1.59} b_0 (GeV^{−1}) -0.230^{+0.029}_{−0.026} -0.292^{+0.008}_{−0.007} 0 b_D (GeV^{−1} ) -0.027^{+0.025}_{−0.020} 0.101^{+0.010}_{−0.008} 0 b_F (GeV^{−1}) -0.183^{+0.094}_{−0.082} -0.200^{+0.011}_{−0.011} 0 b_1 (GeV^{−1}) 0.714^{+0.011}_{−0.019} 0.522^{+0.005}_{−0.006} 0 b_2 (GeV^{−1}) 1.331^{+0.051}_{−0.048} 1.015^{+0.024}_{−0.023} 0 b_3 (GeV^{−1}) -0.696^{+0.078}_{−0.078} -0.306^{+0.015}_{−0.014} 0 b_4 (GeV^{−1}) -0.889^{+0.037}_{−0.039} -0.899^{+0.010}_{−0.012} 0 a_1 2.587^{+0.962}_{−0.944} 4.761^{+0.491}_{−0.397} -6.377^{+1.509}_{−1.288} a_2 -0.830^{+0.134}_{−0.140} -0.447^{+0.168}_{−0.163} -1.772^{+0.236}_{−0.186} a_5 -1.073^{+0.034}_{−0.030} -1.685^{+0.042}_{−0.041} -1.668^{+0.048}_{−0.042} a_7 1.164^{+0.488}_{−0.355} 1.401^{+0.185}_{−0.155} -2.215^{+0.180}_{−0.149} a_8 -1.938^{+0.831}_{−1.400} -0.168^{+0.076}_{−0.050} -0.170^{+0.241}_{−0.239} a_9 -2.161^{+0.035}_{−0.022} -2.406^{+0.038}_{−0.027} -2.223^{+0.101}_{−0.068} r (GeV^{−1} ) 24.28^{+4.78}_{−5.39} 18.27^{+3.18}_{−4.95} 11.20^{+4.14}_{−13.96} r^′ (GeV^{−1} ) 10.85^{+6.59}_{−6.72} 17.65^{+12.26}_{−14.06} 5.40^{+6.18}_{−18.94}

Table 1: Parameters from the three fits with the χ^2 defined in Eq.(11). The way in which the error bars of parameters are calculated is explained in the text.

Observable Input Fit I Fit II O(p)-Fit ΔE (eV) 283±36 299^{+33}_{−41} 276^{+48}_{−46} 276^{+55}_{−46} Γ (eV) 541±92 612^{+66}_{−66} 608^{+50}_{−65} 606^{+72}_{−72} γ 2.36±0.12 2.36^{+0.17}_{−0.22} 2.36^{+0.24}_{−0.23} 2.36^{+0.27}_{−0.28} R_c 0.664±0.033 0.662^{+0.008}_{−0.010} 0.661^{+0.012}_{−0.011} 0.647^{+0.006}_{−0.007} R_n 0.189±0.015 0.192^{+0.025}_{−0.020} 0.188^{+0.028}_{−0.029} 0.188^{+0.033}_{−0.032} δ_{πΛ} (degrees) 3.2 ± 5.3 -1.1^{+1.1}_{−1.7} -2.7^{+0.5}_{−0.4} -1.8^{+0.3}_{−0.4} a^+_{0+} (10^{−2}m^{−1}_π ) 0±1.0 0.08^{+0.23}_{−0.45} -0.46^{+0.22}_{−0.22} -0.66^{+0.02}_{−0.02} σ_{πN} (MeV) 30±20 25.6^{+4.7}_{−6.0} 26.0^{+1.0}_{−1.0} 0 M_N (GeV) 0.94±0.28 1.00^{+0.23}_{−0.22} 0.92^{+0.20}_{−0.20} m_0 M_Λ (GeV) 1.12±0.34 1.17^{+0.21}_{−0.21} 1.07^{+0.20}_{−0.20} m_0 M_Σ (GeV) 1.19±0.36 1.14^{+0.20}_{−0.20} 1.19^{+0.20}_{−0.20} m_0 M_Ξ (GeV) 1.32±0.40 1.33^{+0.22}_{−0.24} 1.28^{+0.20}_{−0.20} m_0

Table 2: Results by using the fits in Table 1. In the second column we give the values for the several observables as included in the fit.

Observable Fit I Fit II O(p)-Fit a_K−_p (fm) −0.67^{+0.13}_{−0.12} + i 0.92^{+0.07}_{−0.08} −0.61^{+0.13}_{−0.15} + i 0.89^{+0.07}_{−0.06} −0.61^{+0.15}_{−0.16} + i 0.89^{+0.11}_{−0.07} a_{I=0} (fm) −1.74^{+0.20}_{−0.17} + i 1.27^{+0.14}_{−0.12} −1.58^{+0.26}_{−0.31} + i 1.27^{+0.09}_{−0.09} −1.62^{+0.31}_{−0.33} + i 1.32^{+0.15}_{−0.12} a_{I=1} (fm) 0.39^{+0.12}_{−0.10} + i 0.56^{+0.09}_{−0.09} 0.36^{+0.06}_{−0.06} + i 0.52^{+0.09}_{−0.09} 0.40^{+0.05}_{−0.06} + i 0.45^{+0.10}_{−0.08}

Table 3: K^−p scattering length, a_K−_p, and I = 0, 1 K̄N scattering lengths, aI=0, aI=1, in order, for Fit I, Fit II and O(p)-Fit given in Table 1.

Parameters Fit I Fit II O(p)-Fit χ^2/d.o.f = 1.87 χ^2_{d.o.f} = 1.93 χ^2_{d.o.f} = 2.71 f (MeV) 125.71^{+1.25}_{−0.94} Fixed 112.75^{+2.69}_{−2.14} b_0 (GeV^{−1}) -0.169^{+0.019}_{−0.018} -0.340^{+0.009}_{−0.009} 0 b_D (GeV^{−1} ) -0.108^{+0.016}_{−0.012} 0.196^{+0.011}_{−0.008} 0 b_F (GeV^{−1}) -0.183^{+0.038}_{−0.051} -0.265^{+0.010}_{−0.014} 0 b_1 (GeV^{−1}) 0.856^{+0.006}_{−0.006} 0.667^{+0.004}_{−0.007} 0 b_2 (GeV^{−1}) 1.621^{+0.033}_{−0.027} 1.193^{+0.019}_{−0.017} 0 b_3 (GeV^{−1}) -0.501^{+0.043}_{−0.049} -0.504^{+0.013}_{−0.013} 0 b_4 (GeV^{−1}) -1.177^{+0.026}_{−0.027} -1.082^{+0.012}_{−0.017} 0 a_1 -0.800^{+0.435}_{−0.384} 3.241^{+0.391}_{−0.391} -5.083^{+0.668}_{−0.596} a_2 -0.883^{+0.100}_{−0.086} -0.351^{+0.103}_{−0.102} -1.655^{+0.139}_{−0.135} a_5 -0.961^{+0.038}_{−0.045} -1.558^{+0.071}_{−0.054} -1.610^{+0.086}_{−0.074} a_7 0.651^{+0.217}_{−0.176} 1.275^{+0.213}_{−0.259} -2.068^{+0.190}_{−0.195} a_8 -5.250^{+1.047}_{−2.807} -0.168^{+0.064}_{−0.059} -0.495^{+0.233}_{−0.221} a_9 -2.160^{+0.012}_{−0.013} -2.298^{+0.014}_{−0.012} -2.165^{+0.067}_{−0.060} r (GeV^{−1} ) 27.46^{+2.86}_{−3.60} 19.78^{+1.83}_{−2.12} 10.79^{+3.65}_{−5.16} r^′ (GeV^{−1} ) 11.84^{+1.77}_{−3.50} 21.76^{+6.32}_{−6.48} 7.02^{+3.89}_{−4.08}

Table 4: Parameters from the three fits with the χ^2 defined in Eq.(12). The error bars are calculated as explained in the text.

Observable Input Fit I Fit II O(p)-Fit ΔE (eV) 283±36 334^{+21}_{−25} 324^{+28}_{−24} 308^{+36}_{−28} Γ (eV) 541±92 649^{+66}_{−50} 606^{+68}_{−43} 664^{+98}_{−79} γ 2.36±0.12 2.21^{+0.40}_{−0.30} 2.17^{+0.37}_{−0.37} 2.00^{+0.47}_{−0.38} R_c 0.664±0.033 0.652^{+0.007}_{−0.008} 0.649^{+0.009}_{−0.011} 0.640^{+0.007}_{−0.006} R_n 0.189±0.015 0.227^{+0.038}_{−0.039} 0.198^{+0.041}_{−0.029} 0.207^{+0.052}_{−0.051} δ_{πΛ} (degrees) 3.2 ± 5.3 -1.0^{+1.3}_{−1.1} -1.3^{+0.4}_{−0.4} -1.7^{+0.3}_{−0.3} a^+_{0+} (10^{−2}m^{−1}_π ) 0±1.0 0.10^{+0.21}_{−0.28} -1.33^{+0.16}_{−0.16} -0.70^{+0.03}_{−0.03} σ_{πN} (MeV) 30±20 23.9^{+2.8}_{−2.6} 28.5^{+1.0}_{−0.9} 0 M_N (GeV) 0.94±0.28 1.01^{+0.21}_{−0.21} 0.81^{+0.20}_{−0.20} m_0 M_Λ (GeV) 1.12±0.34 1.21^{+0.20}_{−0.20} 0.99^{+0.20}_{−0.20} m_0 M_Σ (GeV) 1.19±0.36 1.08^{+0.20}_{−0.20} 1.23^{+0.20}_{−0.20} m_0 M_Ξ (GeV) 1.32±0.40 1.34^{+0.21}_{−0.21} 1.29^{+0.20}_{−0.20} m_0

Table 5: Results by using the fits in Table 4. In the second column we give the values for the several observables as included in the fit.

Figure 1: From top to bottom and left to right, the ten panels correspond to the cross sections of K^−p → K^−p, K̄^0n, π^+Σ^−, π^−Σ^+, π^0Σ^0, π^0Λ, the π^−Σ^+ event distribution from K^−p → Σ^+(1660)π^−, the K^−p → ηΛ cross section, the π^0Σ^0 event distribution from the reaction K^−p → π^0π^0Σ^0 with pK = 0.687 GeV and the total cross section of K^−p → π^0π^0Σ^0. The data points represented by black diamond, magenta square, orange circle, blue cross, cyan downtriangle and blue up-triangle in the first four panels are taken from Refs. [54, 47, 55, 56, 57, 58], respectively. The data in the fifth and sixth panels are from Ref. [59]. The π^−Σ^+ event distribution is taken from Ref. [24] and the K^−p → ηΛ cross section data are given in Ref. [25]. The measurements on the reaction K^−p → π^0π^0Σ^0 are from Ref. [26]. The red solid lines and blue dashed lines represent the best fits from Fit I using Eqs. (11) and (12) (which is indicated by Fit I S), respectively. The areas covered by green hatched lines and the gray shaded areas correspond to our estimates of error bands for Fit I and Fit I S, in order. 10

Figure 2: The same as in Fig. 1 but for Fit II. We refer to Fig. 1 for notation.

Figure 3: The same as in Fig. 1 but for the O(p)-Fit. We refer to Fig. 1 for notation.

Figure 4: Reversed sign energy shift −ΔE and width of the 1s state of kaonic hydrogen. The experimental data with errors indicated by the sides of the rectangles correspond to the KEK [22], DEAR [21] and SIDDHARTA [23]. In the left panel, the empty square, circle and triangle are our results from Table 2 for Fit I, Fit II and O(p)-Fit respectively, while the filled square, circle and triangle correspond to the results from Table 5 for Fit I, Fit II and O(p)-Fit, in order. In the right panel, we show our final weight-averaged results in Table 7 by the (red) empty circle (denoted as OURS) and those from Ref. [16] (denoted as IHW in black plus symbol), Ref. [17] (denoted as CS in green triangle) and Ref. [18] (denoted as MM in blue cross).

Figure 5: We show from left to right γ, Rc, Rn, a^+_{0+}, δπΛ, σπN and the baryon masses for N, Λ, Σ and Ξ. For each observable the left most point corresponds to Fit I, next, going from left to right, one has the experimental value and finally the result for Fit II. For every of the fits we show the results obtained by employing each definition of χ^2, Eqs. (11) (empty symbols) and (12) (filled symbols), as indicated in the figure.

Figure 6: Extrapolation of the K^−p → K^−p amplitude F( √ s) in Eq. (10) to the subthreshold energy region for Fit I (red solid line) and Fit II (dashed blue line) in Table 1. The real part is shown in the left panel and the imaginary part in the right one. The shaded and hatched areas surrounding the solid and dashed lines, respectively, correspond to the statistical error bands from the fit in Table 1. The points with error bars correspond to the scattering length directly obtained from the SIDDHARTA measurement and the modified Deser-type formula, Eq. (9).

3.2 Results using the χ^2 defined in Eq. (12)

Next, we consider the stability of our fits if the χ^2 is defined according to the standard definition Eq. (12) instead of using Eq. (11). If a big change is observed by doing this modification in the outcome of a fit, then this clearly indicates that arbitrariness in the way chosen to describe nature is affecting our results. If this is the case such fit should be discredited. We conceive this check as a stability criterion. The fitted parameters for these new fits are shown in Table 4. At the semiquantitative level they are quite similar to those given in Table 1. The only exception is a_1 for Fit I, although this parameter appears unstable when changing from one fit to the other within the same definition of χ^2. This is already the case in Table 1. For the cross sections and event distributions shown in Figs. 1, 2 and 3, the new curves, given by the dashed lines, differ very little from the solid lines obtained previously. The uncertainty in the new curves is indicated by the shaded band around each dashed line. Then, there is stability under the change in the definition of the χ^2 for these observables. We now consider those magnitudes given in Table 2. The new values employing the standard definition Eq. (12) are given in Table 5 and are shown pictorially in Figs. 4 and 5 by the filled symbols (squares, circles and triangles). Taking into account the error bars the results are compatible between the two definitions of the χ^2. The only exception happens for a^+_{0+} in Fit II, for which the value obtained employing the definition of the χ^2 in Eq. (12) is clearly different to the value obtained previously. Nevertheless, since the systematic uncertainty for our calculation of a^+_{0+} is big, as indicated by the large error bar attached to the cross in Fig. 4, we consider that this deficiency is not significant. Regarding the O(p)-Fit, not shown in Fig. 5, one can observe by comparing the fifth columns in Tables 2 and 5 that the variation of all the quantities is within the one-sigma range.

For the energy shift and width of the 1s state of kaonic hydrogen we see clearly in the left panel of Fig.4 that the new values, given by the filled square (Fit I), circle (Fit II) and triangle (O(p)-Fit) are within the estimated errors compatible with those obtained before employing the definition Eq. (11). Nevertheless, the central values for each fit move around one sigma from each other when changing the definition of χ^2. We also give in Table 6 the values of the scattering lengths a_K−_p, a_{I=0} and a_{I=1} for these new fits employing the definition Eq. (12) for the χ^2. They are perfectly compatible to those given before in Table 3. In summary, our stability criterion is well fulfilled.

From the discussion above, we take as resulting values from our study for the K̄N scattering lengths, ΔE and Γ the mean and variance calculated from the four NLO fits. That is, Fit I and Fit II in Tables 1 and 4. For each quantity we add in quadrature the variance obtained and the largest of the statistical errors resulting from the χ^2 definitions Eq. (12) and Eq. (11), this gives our final estimate for the error bar. In this way, the spread in the values by changing the χ^2 definition is taken into account as a source of systematic uncertainty in our results given in Table 7. Our final values for ΔE and Γ are also plotted in the right panel of Fig. 4 by the empty circle. There

Observable Fit I Fit II O(p)-Fit a_K−_p (fm) −0.75^{+0.07}_{−0.08} + i 1.00^{+0.08}_{−0.08} −0.74^{+0.07}_{−0.08} + i 0.93^{+0.09}_{−0.08} −0.67^{+0.08}_{−0.09} + i 1.00^{+0.15}_{−0.12} a_{I=0} (fm) −1.86^{+0.14}_{−0.11} + i 1.35^{+0.17}_{−0.15} −1.79^{+0.13}_{−0.14} + i 1.36^{+0.18}_{−0.19} −1.72^{+0.18}_{−0.17} + i 1.47^{+0.30}_{−0.23} a_{I=1} (fm) 0.37^{+0.05}_{−0.04} + i 0.65^{+0.07}_{−0.06} 0.31^{+0.05}_{−0.06} + i 0.50^{+0.05}_{−0.05} 0.38^{+0.05}_{−0.07} + i 0.52^{+0.08}_{−0.11}

Table 6: K^−p scattering length, a_K−_p, and I = 0, 1 K̄N scattering lengths, aI=0, aI=1, in order, for Fit I, Fit II and O(p)-Fit in Table 4.

we also show some other recent determinations [15, 16, 17, 18] that include SIDDHARTA data [23] in their fits.

ΔE (eV) Γ (eV) a_K−_p (fm) a_{I=0} (fm) a_{I=1} (fm)

308 ± 56 619 ± 73 (−0.69 ± 0.16) + i (0.94 ± 0.11) (−1.74 ± 0.34) + i (1.31 ± 0.20) (0.36 ± 0.12) + i (0.56 ± 0.12)

Table 7: Our final results for the quantities indicated in the first row. The error bars are calculated as explained in the text.

4 Associated spectroscopy

Now we analyze the baryon spectroscopy that stems from both fits I and II. We discuss only the results obtained from the NLO fits in Table 1, employing the definition Eq. (11), because those obtained from the NLO fits in Table 4 are almost coincident.^4 To perform this study, we need to extrapolate the meson-baryon scatting amplitudes from the physical or first Riemann sheet to the unphysical Riemann sheets in the complex energy plane. The physical Riemann sheet is such that the imaginary part of the modulus of the three-momentum associated with every channel is positive. The other Riemann sheets are defined depending on which three-momenta are evaluated in the other sheet of the square root, with an additional minus sign. In practice the change of sheet can be easily performed by adding a new term to g(s)_i, Eq. (4), so that this function in its second Riemann sheet, g(s)_{i;II} , is given by [38] g(s)_{i;II} = g(s)_i + iρ(s) , ρ(s) = q(s)_{i;I} 4πW , (14)

with q(s)_{i;I} the CM three-momentum of the i_{th} state calculated in its first Riemann sheet, with positive imaginary part. Notice that in this way along the real axis and above the i_{th} threshold the imaginary part of g(s)_{i;II} changes sign in the associated second Riemann sheet (denoted by II) with respect to first Riemann sheet. Let us denote the physical sheet as (+, +, +, +, . . .), where we have ten entries inside the bracket corresponding to the sign of the imaginary part of every q_i(s) function for the ten coupled channels. Strictly speaking there are 10 unphysical Riemann sheets that are connected continuously with the physical sheet by crossing from s + i0^+ to s − i0^+, which can be symbolized as (−, +, +, +, . . .), (−, −, +, +, . . .), (−, −, −, +, . . .) and so on, adding an additional minus sign every time a threshold is passed over. Nevertheless, we notice that the gaps between the three thresholds π^0Σ^0, π^−Σ^+ and π^+Σ^− are quite narrow, and the same applies to the K^−p, K̄^0n and K^0Ξ^0, K^+Ξ^− channels. Indeed, every of the sets of thresholds indicated would be degenerate if isospin symmetry were not broken in the pseudoscalar and baryon masses. In the following discussions, we do not distinguish the small differences of thresholds inside the three clusters. In such a way, we only have six unphysical Riemann sheets that are directly connected to the first one. We denote the second Riemann sheet as (−, +, +, +, +, +, +, +, +, +), meaning that the sign of the imaginary part of q_1 is changed and becomes negative. The 3_{rd} (3RS), 4_{th} (4RS), 5_{th} (5RS), 6_{th} (6RS) and 7_{th} (7RS) Riemann sheets correspond to (−, −, −, −, +, +, +, +, +, +), (−, −, −, −, −, −, +, +, +, +),

4We have explicitly checked that for the O(p)-fit, except for the Λ(1670) resonance that is not generated, the rest of isoscalar and isovector resonances are quite similar to those from the NLO fits and no further insight results.

(−, −, −, −, −, −, −, +, +, +), (−, −, −, −, −, −, −, −, +, +) and (−, −, −, −, −, −, −, −, −, −), respectively. Apart from the pole position s_R in the complex energy plane, the resonance R is also characterized by its couplings, which correspond to the residues β_i of the resonance pole and are calculated through T_{ij} = − lim_{s→sR} β_iβ_j s − s_R . (15)

We summarize the resonance pole positions and their couplings in Table 8 for Fit I and Table 9 for Fit II.

The two relevant resonances with I = 0, namely Λ(1405) and Λ(1670), clearly show up in both fits The two poles corresponding to the Λ(1405) are found in the 3RS for both Fit I and Fit II. The narrower poles, i.e. those with small imaginary parts, from the two fits are perfectly consistent, while the broader ones differ slightly (taking into account errors) from the two fits. The narrower poles from our study also agree well with the recent determinations from Refs. [15, 16, 8]. While for the broader poles, our results from Fit II are compatible with those in Refs. [15, 16], that also use the physical decay constants for π, K and η as in our Fit II. Concerning the broader pole, none of our results seem compatible with that in Ref. [18], though we find that the real part of the broader pole in the case of Fit I is slightly above the K^−p threshold. As pointed out in Ref. [12] the broader pole is much more dependent on the details of the theoretical approach than the narrower one. Our results for the broader pole are well inside the interval of values obtained in the same reference. Despite the broader pole changes its pole position according to the fit considered, the πΣ and K̄N amplitudes have their peak values at nearly the same energy. This is due to the fact that the gradient of the modulus of the amplitudes is tilted so that it is not perpendicular to the real axis from the pole positions. This is clearly shown by the contour plots in Fig. 7 where the modulus of the elastic I = 0 K̄N (blue dashed) and πΣ (red solid) S-waves for Fit I (left panel) and Fit II (right panel) are plotted. For Fit I the gradient is tilted to the left from the broader pole position while for Fit II it is tilted to the right from the analogous pole, being always oriented towards the narrower pole. However, the gradient is always tilted to the left of the narrower pole. This figure also shows that for the πΣ state the two poles play a role in its shape on the real axis while K̄N is dominated by the narrower pole. In addition, the change in the position of the broader pole has more influence below the K̄N threshold and this is the origin of the differences between Fit I and Fit II in Fig. 6, as can be easily inferred from Fig. 7 considering the dashed lines.

Figure 7: Contour plot for the modulus of the elastic I = 0 K̄N (blue dashed) and πΣ (red solid) S-waves for Fit I (left panel) and Fit II (right panel).

In addition to the pole positions, we also calculate the couplings of the resonances, see Tables 8 and 9. The first conclusion we can make for the Λ(1405) is that both the narrower and broader poles couple mostly to the πΣ and K̄N channels. For the broader poles, the coupling strength to πΣ is around twice as large as the one for the narrower pole, while the coupling to K̄N for both the narrower and broader poles is quite the same. Taking into account that the narrower pole gives strength around the K̄N threshold it dominates a reaction with production of K̄N, as pointed out above regarding Fig. 7. In turn, the signal for πΣ is more dominated by the broader pole that couples more strongly to this channel than the other narrower and higher in mass pole, see also Fig. 7. Concerning the channels with thresholds larger than the resonance masses, such as ηΛ and KΞ, the narrower and broader poles couple to them weakly, much less than to πΣ and K̄N.

Next we consider the Λ(1670) resonance. The properties of this resonance are mainly determined by the K^−p → ηΛ reaction that is included in our fits [25], but not in the recent studies of Refs. [15, 16, 17, 18]. As as result these references do not obtain any information about the Λ(1670) resonance. In our case, Fit I and Fit II lead to quite similar good reproductions for the K^−p → ηΛ cross section, see the eighth panels in Figs. 1 and 2, respectively. As a result, the Λ(1670) pole positions and couplings from both fits perfectly agree between each other. They also agree with those of Ref. [8, 60] and with the PDG results [45]. Very similar poles in three different Riemann sheets, namely 3RS, 4RS and 5RS, are found. As explained in Ref. [8, 61] all these poles reflect the same underlying resonance since they are connected continuously when changing the different Riemann sheets indicated in a soft way via a continuous parameter. We conclude that the Λ(1670) is most strongly coupled to the KΞ channel and has similar coupling strengths to πΣ, K̄N and ηΛ channels. These couplings are also quite similar to those found in Ref. [8].

Regarding the I = 1 poles the resonance content is less clear since it depends on the details of the fits performed. For both NLO fits one has broad poles with central value masses of 1646 and 1686 MeV for fits I and II, respectively, that are in correspondence with the properties of the bumps associated with the Σ(1620) in the PDG [45]. Additionally, Fit II shows a pole at the central value position of 1741 − i 94 MeV with mass and width in the range given by the PDG [45] for the Σ(1750) resonance. From the residues shown in Table 9 its main decay channels are πΣ, K̄N and ηΣ as in [45]. Nonetheless, in our case the ηΣ decay width is smaller than the value suggested in [45] with large errors. The two last poles in Table 9 with I = 1 are connected in a continuous way by changing from the 5RS to the 6RS with a continuous parameter so that both poles correspond to the same physical object seen in different Riemann sheets [8, 61]. In Fit II we also have narrow poles near the K̄N threshold. Similar poles were also reported in Refs. [6, 8].

5 Conclusions

We have studied the strangeness −1 S-wave meson-baryon scattering with 10 coupled channels by applying Unitary ChPT (a unitarization method based on an approximate algebraic solution to the N/D method) with the interaction kernel calculated up to O(p^2). The latter then corresponds to the NLO ChPT meson-baryon partial wave amplitudes. This study is prompted by the new precise measurement of the energy shift and width of the ground state of kaonic hydrogen. We have successfully reproduced a large amount of experimental data, which include the cross sections of K^−p → { K^−p, K̄^0n, π^+Σ^−, π^−Σ^+, π^0Σ^0, π^0Λ, ηΛ, π^0π^0Σ^0 } , π^−Σ^+ and π^0Σ^0 event distributions, three branching ratios in Eq. (7) measured at the K^−p threshold, the πΛ phase shift measured at the Ξ^− mass and the new SIDDHARTA measurement on the energy shift and width of the kaonic hydrogen 1s state Eq. (9). We constrain further the fits by including, with rather large error bars, the pion-nucleon scalar isoscalar S-wave scattering length, the nucleon σ term and the masses of N, Λ, Σ and Ξ. We confirm the consistency between scattering data and the SIDDHARTA measurement, already highlighted in Refs. [15, 16, 17, 18], although we consider additional recent data from the reactions K^−p → ηΛ [25] and K^−p → π^0π^0Σ^0 [26], not included in those references. We have performed two types of fits. In Fit I we employ a common pseudoscalar decay constant, while in Fit II we distinguish the π, K and η weak decay constants. These two strategies are consistent with our O(p^2) calculation of the interaction kernel since the difference between weak decay constants gives rise to higher orders in the counting. In addition we have studied for every fit the two definitions for the χ^2 typically used in the literature for the study of strangeness −1 S-wave scattering. In one of them more weight is given to the presumably precise measurements of the energy shift and width of the 1s state of kaonic hydrogen. We observe that the results are quite stable under the change of the definition for the χ^2. On the other hand, despite the knowledge of the K^−p scattering length is an important ingredient to constrain the subthreshold extrapolation of the K^−p S-wave scattering amplitude, it is not enough to determine it in a precise manner. This is clear by the significant differences in the subthreshold extrapolations resulting from Fit I and Fit II. In this sense, the systematic uncertainty affecting such extrapolation is larger than the statistical one reported in Refs. [15, 16, 17, 18]. The situation might be improved in the future once the interaction kernel is calculated at O(p^3) in Unitary ChPT.

Discussions on the baryon resonance spectroscopy are carried out as well, for which we calculate both the

Pole |β_{πΛ}| |β_{πΣ}|_0 |β_{πΣ}|_1 |β_{πΣ}|_2 |β¯_{KN} |_0 |β¯_{KN} |_1 |β_{ηΛ}| |β_{ηΣ}| |β_{KΞ}|_0 |β_{KΞ}|_1 Λ(1405) 1436^{+14}_{−10} − i 126^{+24}_{−28} (3RS) 0.0^{+0.0}_{−0.0} 8.8^{+0.9}_{−0.4} 0.0^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 7.7^{+1.3}_{−0.7} 0.0^{+0.1}_{−0.0} 1.4^{+0.4}_{−0.3} 0.0^{+0.1}_{−0.0} 2.1^{+0.8}_{−0.7} 0.0^{+0.0}_{−0.0} 1417^{+4}_{−4} − i 24^{+7}_{−4} (3RS) 0.1^{+0.0}_{−0.0} 5.0^{+1.5}_{−0.8} 0.1^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 7.7^{+1.2}_{−0.6} 0.1^{+0.0}_{−0.0} 1.4^{+0.4}_{−0.3} 0.1^{+0.0}_{−0.0} 1.5^{+0.7}_{−0.5} 0.1^{+0.0}_{−0.0} Λ(1670) 1674^{+3}_{−2} − i 8^{+6}_{−3} (4RS) 0.0^{+0.0}_{−0.0} 0.8^{+0.4}_{−0.1} 0.0^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 1.5^{+0.4}_{−0.2} 0.0^{+0.0}_{−0.0} 1.5^{+0.2}_{−0.2} 0.0^{+0.0}_{−0.0} 10.8^{+0.2}_{−0.2} 0.1^{+0.0}_{−0.0} 1674^{+3}_{−3} − i 11^{+7}_{−3} (5RS) 0.0^{+0.0}_{−0.0} 0.9^{+0.4}_{−0.2} 0.0^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 1.6^{+0.4}_{−0.2} 0.0^{+0.0}_{−0.0} 1.7^{+0.5}_{−0.3} 0.0^{+0.0}_{−0.0} 11.1^{+0.3}_{−0.3} 0.1^{+0.0}_{−0.0} 1673^{+3}_{−3} − i 11^{+7}_{−3} (6RS) 0.0^{+0.0}_{−0.0} 0.9^{+0.4}_{−0.2} 0.0^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 1.6^{+0.4}_{−0.2} 0.0^{+0.0}_{−0.0} 1.7^{+0.5}_{−0.3} 0.0^{+0.0}_{−0.0} 11.1^{+0.3}_{−0.3} 0.1^{+0.0}_{−0.0} Σ I = 1 1646^{+30}_{−127} − i 160^{+78}_{−36} (4RS,5RS) 3.1^{+1.4}_{−0.5} 0.0^{+0.0}_{−0.0} 3.0^{+0.4}_{−0.5} 0.0^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 2.9^{+0.4}_{−0.3} 0.0^{+0.0}_{−0.0} 7.9^{+1.1}_{−1.2} 0.0^{+0.0}_{−0.0} 6.4^{+1.4}_{−2.2} 1878^{+48}_{−59} − i 169^{+27}_{−34} (6RS) 1.0^{+0.5}_{−0.4} 0.0^{+0.0}_{−0.0} 5.8^{+0.9}_{−0.6} 0.0^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 3.7^{+0.4}_{−0.4} 0.0^{+0.0}_{−0.0} 3.9^{+1.1}_{−1.2} 0.1^{+0.0}_{−0.0} 16.1^{+2.4}_{−1.6}

Table 8: Resonances from Fit I in Table 1. The positions of the resonance poles are in MeV and modulus of their couplings are given in GeV. The latter are represented by |βi|_{(I)}, where the isospin label I is indicated when more than one isospin channel is possible.

Pole |β_{πΛ}| |β_{πΣ}|_0 |β_{πΣ}|_1 |β_{πΣ}|_2 |β¯_{KN} |_0 |β¯_{KN} |_1 |β_{ηΛ}| |β_{ηΣ}| |β_{KΞ}|_0 |β_{KΞ}|_1 Λ(1405) 1388^{+9}_{−9} − i 114^{+24}_{−25} (3RS) 0.0^{+0.0}_{−0.0} 8.2^{+0.8}_{−0.5} 0.0^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 6.1^{+1.1}_{−0.6} 0.1^{+0.0}_{−0.0} 2.2^{+0.6}_{−0.3} 0.0^{+0.0}_{−0.0} 1.9^{+0.2}_{−0.1} 0.1^{+0.0}_{−0.0} 1421^{+3}_{−2} − i 19^{+8}_{−5} (3RS) 0.2^{+0.1}_{−0.1} 4.2^{+1.5}_{−0.9} 0.2^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 6.2^{+1.2}_{−0.5} 0.3^{+0.1}_{−0.1} 2.8^{+0.5}_{−0.3} 0.4^{+0.2}_{−0.1} 0.7^{+0.4}_{−0.3} 0.4^{+0.1}_{−0.1} Λ(1670) 1676^{+5}_{−3} − i 7^{+5}_{−3} (4RS) 0.0^{+0.0}_{−0.0} 0.9^{+0.1}_{−0.1} 0.0^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 1.5^{+0.4}_{−0.4} 0.1^{+0.0}_{−0.0} 1.6^{+0.2}_{−0.2} 0.1^{+0.0}_{−0.0} 10.0^{+0.1}_{−0.1} 0.1^{+0.0}_{−0.0} 1677^{+5}_{−3} − i 11^{+5}_{−3} (5RS) 0.0^{+0.0}_{−0.0} 0.8^{+0.1}_{−0.1} 0.1^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 1.6^{+0.4}_{−0.4} 0.1^{+0.0}_{−0.0} 1.8^{+0.2}_{−0.2} 0.1^{+0.0}_{−0.0} 10.5^{+0.2}_{−0.2} 0.1^{+0.0}_{−0.0} 1677^{+5}_{−3} − i 11^{+5}_{−3} (6RS) 0.0^{+0.0}_{−0.0} 0.8^{+0.1}_{−0.1} 0.0^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 1.6^{+0.4}_{−0.4} 0.0^{+0.0}_{−0.0} 1.8^{+0.2}_{−0.2} 0.1^{+0.0}_{−0.0} 10.5^{+0.2}_{−0.2} 0.0^{+0.0}_{−0.0} Σ I = 1 1376^{+3}_{−3} − i 33^{+5}_{−5} (3RS) 2.0^{+0.1}_{−0.1} 0.0^{+0.0}_{−0.0} 0.1^{+0.1}_{−0.1} 0.0^{+0.0}_{−0.0} 0.1^{+0.0}_{−0.0} 2.1^{+0.5}_{−0.4} 0.0^{+0.0}_{−0.0} 4.0^{+0.5}_{−0.3} 0.0^{+0.0}_{−0.0} 6.3^{+0.2}_{−0.2} 1414^{+2}_{−3} − i 12^{+1}_{−2} (3RS) 1.9^{+0.1}_{−0.1} 0.3^{+0.1}_{−0.1} 1.0^{+0.2}_{−0.1} 0.0^{+0.0}_{−0.0} 0.4^{+0.2}_{−0.1} 2.5^{+0.3}_{−0.4} 0.2^{+0.1}_{−0.1} 3.3^{+0.4}_{−0.4} 0.1^{+0.0}_{−0.0} 3.3^{+0.3}_{−0.3} 1686^{+18}_{−18} − i 101^{+9}_{−8} (5RS) 0.2^{+0.1}_{−0.1} 0.0^{+0.0}_{−0.0} 3.5^{+0.2}_{−0.2} 0.0^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 3.5^{+0.1}_{−0.1} 0.0^{+0.0}_{−0.0} 3.9^{+0.3}_{−0.3} 0.1^{+0.0}_{−0.0} 10.9^{+0.2}_{−0.2} 1741^{+12}_{−13} − i 94^{+3}_{−3} (6RS) 1.1^{+0.1}_{−0.1} 0.0^{+0.0}_{−0.0} 2.3^{+0.1}_{−0.1} 0.0^{+0.0}_{−0.0} 0.0^{+0.0}_{−0.0} 2.8^{+0.1}_{−0.1} 0.0^{+0.0}_{−0.0} 3.7^{+0.2}_{−0.2} 0.1^{+0.0}_{−0.0} 7.9^{+0.3}_{−0.2}

Table 9: Resonances from Fit II in Table 1. For notation see Table 8.

resonance pole positions and their residues (or resonance couplings). We find that the properties for the relevant isoscalar resonances are quite robust from the two fits. The two-pole structure for the Λ(1405) is confirmed, in which the properties of the narrower pole, close to the K̄N threshold, are quite stable. Our results are consistent with those of Refs. [15, 16, 8, 12]. For the other broader poles, somewhat small differences from the two fits are observed, with one pole above and the other below the K^−p threshold. These broader poles depend more on the details of the theoretical approach and on the fit performed. Despite that, the peak positions on the real energy axis for the K̄N and πΣ amplitudes are quite the same in both fits, because the different orientation of the gradient of the modulus of the amplitudes with respect to the broader pole position. The gradients always point towards the position of the narrower pole much closer to the energy axis. Nevertheless, a precise knowledge of the pole position of the broader pole is required in order to end with a precise extrapolation of the elastic K^−p scattering amplitude below the K̄N threshold. The positions of the pole and couplings for the Λ(1670) from the two fits are nearly identical and in good agreement with the properties reported in the PDG. The isovector resonances depend more on the details of the fit. Nevertheless, in both cases one observes broad poles in the region of the Σ(1620) resonance. Fit II also reports a pole position that could be identified with the resonance Σ(1750). This fit accumulates strength around the K̄N threshold in I = 1 too, corresponding to two relatively narrow poles in this energy region.

Acknowledgements

This work is partially funded by the grants MEC FPA2010-17806, the Fundación Séneca 11871/PI/09, the BMBF grant 06BN411, the EU-Research Infrastructure Integrating Activity “Study of Strongly Interacting Matter” (HadronPhysics2, grant No. 227431) under the Seventh Framework Program of EU and the Consolider-Ingenio 2010 Programme CPAN (CSD2007-00042). Z.H.G. also acknowledges the grants National Natural Science Foundation of China (NSFC) under contract No. 11105038, Natural Science Foundation of Hebei Province with contract No. A2011205093 and Doctor Foundation of Hebei Normal University with contract No. L2010B04.

References

[1] S. Weinberg, Physica A 96 (1979) 327.

[2] J. Gasser and H. Leutwyler, Annals Phys. 158 (1984) 142. [3] J. Gasser and H. Leutwyler, Nucl. Phys. B 250 (1985) 465. [4] N. Kaiser, P. B. Siegel and W. Weise, Nucl. Phys. A 594 (1995) 325. [5] E. Oset and A. Ramos, Nucl. Phys. A 635 (1998) 99. [6] J. A. Oller and U. G. Meissner, Phys. Lett. B 500 (2001) 263. [7] J. A. Oller, J. Prades and M. Verbeni, Phys. Rev. Lett. 95 (2005) 172502. [8] J. A. Oller, Eur. Phys. J. A 28 (2006) 63.

[9] C. Garcia-Recio, J. Nieves, E. Ruiz Arriola and M. J. Vicente Vacas, Phys. Rev. D 67 (2003) 076009. [10] D. Jido, J. A. Oller, E. Oset, A. Ramos and U. G. Meissner, Nucl. Phys. A 725 (2003) 181. [11] B. Borasoy, R. Nissler and W. Weise, Phys. Rev. Lett. 94 (2005) 213401. [12] B. Borasoy, R. Nissler and W. Weise, Eur. Phys. J. A 25 (2005) 79. [13] V. K. Magas, E. Oset and A. Ramos, Phys. Rev. Lett. 95 (2005) 052301. [14] T. Hyodo, S. I. Nam, D. Jido and A. Hosaka, Phys. Rev. C 68 (2003) 018201. [15] Y. Ikeda, T. Hyodo and W. Weise, Phys. Lett. B 706 (2011) 63. [16] Y. Ikeda, T. Hyodo and W. Weise, Nucl. Phys. A 881 (2012) 98. [17] A. Cieply and J. Smejkal, Nucl. Phys. A 881 (2012) 115. [18] M. Mai and U. -G. Meissner, arXiv:1202.2030 [nucl-th].

[19] R. H. Dalitz and S. F. Tuan, Phys. Rev. Lett. 2 (1959) 425; Ann. Phys. 10 (1960) 307. [20] N. V. Shevchenko, Phys. Rev. C 85 (2012) 034001.

[21] G. Beer et al., DEAR Collaboration, Phys. Rev. Lett. 94 (2005) 212302.

[22] M. Iwasaki et al., Phys. Rev. Lett. 78 (1997) 3067; T. M. Ito, et al., Phys. Rev. C 58 (1998) 2366. [23] M. Bazzi, G. Beer, L. Bombelli, A. M. Bragadireanu, M. Cargnelli, G. Corradi, C. Curceanu (Petrascu) and A. d’Uffizi et al., Phys. Lett. B 704 (2011) 113.

[24] R. J. Hemmingway, Nucl. Phys. B 253 (1985) 742. [25] A. Starostin et al., Phys. Rev. C 64 (2001) 055205.

[26] S. Prakhov et al., Phys. Rev. C 70 (2004) 034605.

[27] M. Huang et al., HyperCP Collaboration, Phys. Rev. Lett. 93 (2004) 011802. [28] A. Chakravorty et al., E756 Collaboration, Phys. Rev. Lett. 91 (2003) 031601.

[29] M. Hassanvand, Y. Akaishi and T. Yamazaki, Phys. Rev. C 84 (2011) 015207; T. Yamazaki and Y. Akaishi, Phys. Rev. C 76 (2007) 045201; Y. Akaishi and T. Yamazaki, Phys. Rev. C 65 (2002) 044005.

[30] A. Ramos, V. K. Magas, E. Oset and H. Toki, Nucl. Phys. A 804 (2008) 219; E. Oset and H. Toki, Phys.

Rev. C 74 (2006) 015207.

[31] Y. Ikeda, H. Kamano and T. Sato, Prog. Theor. Phys. 124 (2010) 533; A. Dote, T. Hyodo and W. Weise, Phys. Rev. C 79 (2009) 014003.

[32] A. Cieply, E. Friedman, A. Gal, D. Gazda and J. Mares, Phys. Lett. B 702 (2011) 402. [33] J. A. Oller, M. Verbeni and J. Prades, JHEP 0609 (2006) 079; Phys. Rev. Lett. 96 (2006) 199202. [34] A. Pich, Rept. Prog. Phys. 58 (1995) 563. [35] P. G. Ratcliffe, Phys. Rev. D 59 (1999) 014038. [36] S. Weinberg, Nucl. Phys. B 363 (1991) 3. [37] J. A. Oller and E. Oset, Phys. Rev. D 60 (1999) 074023.

[38] J. A. Oller and E. Oset, Nucl. Phys. A 620 (1997) 438; (E)-ibid A 652 (1999) 407. [39] J. A. Oller, Phys. Lett. B 477 (2000) 187. [40] D. N. Tovee et al., Nucl. Phys. B 33 (1971) 493. [41] R. J. Novak et al., Nucl. Phys. B 139 (1978) 61.

[42] M. Frink, U. -G. Meissner and I. Scheller, Eur. Phys. J. A 24 (2005) 395; M. Frink and U. -G. Meissner, JHEP 0407 (2004) 028.

[43] U. G. Meissner, U. Raha and A. Rusetsky, Eur. Phys. J. C 35 (2004) 349. [44] J. Nieves and E. Ruiz Arriola, Phys. Rev. D 64 (2001) 116008. [45] J. Beringer et al. (Particle Data Group), Phys. Rev. D 86 (2012) 010001.

[46] R. Kaiser and H. Leutwyler, In *Adelaide 1998, Nonperturbative methods in quantum field theory* 15-29 [hep-ph/9806336].

[47] W. E. Humphrey and R. R. Ross, Phys. Rev. 127 (1962) 1305. [48] A. D. Martin, Nucl. Phys. B 179 (1981) 33. [49] J. Gasser, Ann. Phys. 136 (1981) 62.

[50] J. M. Alarcón, J. Martín Camalich and J. A. Oller, Phys. Rev. D 85 (2012) 051503 (R); J. M. Alarcon, L. S. Geng, J. Martín Camalich and J. A. Oller, arXiv:1209.2870 [hep-ph].

[51] V. Baru, C. Hanhart, M. Hoferichter, B. Kubis, A. Nogga and D. R. Phillips, Phys. Lett. B 694 (2011) 473. [52] V. Bernard, N. Kaiser and U. G. Meissner, Phys. Lett. B 309 (1993) 421. [53] A. Etkin et al., Phys. Rev. D 25 (1982) 1786. [54] J. Ciborowski et al., J. Phys. G 8 (1982) 13.

[55] J. K. Kim, Phys. Rev. Lett. 19 (1967) 1074. [56] D. Evans et al., J. Phys. G 9 (1983) 885.

[57] W. Kittel, G. Otter and I. Wacek, Phys. Lett. 21 (1966) 349. [58] M. Sakitt et al., Phys. Rev. 139 (1965) B719.

[59] J. K. Kim, Columbia University Report No. NEVIS-149, 1966. See also Ref. [48]. [60] B.-C. Liu and J.-J. Xie, Phys. Rev. C 85 (2012) 038201. [61] K. L. Au, D. Morgan and M. R. Pennington, Phys. Rev. D 35 (1987) 1633.