arXiv:1210.3753v2 [hep-th] 28 Jan 2013

Preprint typeset in JHEP style - HYPER VERSION FTUAM-12-114, IFT-UAM/CSIC-12-112

Running with Rugby Balls:

Bulk Renormalization of Codimension-2 Branes

M. Williams,^1 C.P. Burgess,^{1,2} L. van Nierop^1 and A. Salvio^3

1 Department of Physics & Astronomy, McMaster University, Hamilton ON, Canada 2 Perimeter Institute for Theoretical Physics, Waterloo ON, Canada 3 Scuola Normale Superiore and INFN, Piazza dei Cavalieri 7, 56126 Pisa, Italy Departamento de Física Teórica, Universidad Autónoma de Madrid and Instituto de Física Teórica IFT-UAM/CSIC, Cantoblanco, 28049 Madrid, Spain

Abstract: We compute how one-loop bulk effects renormalize both bulk and brane effective interactions for geometries sourced by codimension-two branes. We do so by explicitly integrating out spin-zero, -half and -one particles in 6-dimensional Einstein-Maxwell-Scalar theories compactified to 4 dimensions on a flux-stabilized 2D geometry. (Our methods apply equally well for D dimensions compactified to D − 2 dimensions, although our explicit formulae do not capture all divergences when D > 6.) The renormalization of bulk interactions are independent of the boundary conditions assumed at the brane locations, and reproduce standard heat-kernel calculations. Boundary conditions at any particular brane do affect how bulk loops renormalize this brane’s effective action, but not the renormalization of other distant branes. Although we explicitly compute our loops using a rugby ball geometry, because we follow only UV effects our results apply more generally to any geometry containing codimension-two sources with conical singularities. Our results have a variety of uses, including calculating the UV sensitivity of one-loop vacuum energy seen by observers localized on the brane. We show how these one-loop effects combine in a surprising way with bulk back-reaction to give the complete low-energy effective cosmological constant, and comment on the relevance of this calculation to proposed applications of codimension-two 6D models to solutions of the hierarchy and cosmological constant problems.

Contents

1. Introduction 1

2. Bulk field theory and background solution 5

3. General features of bulk loops 9

4. Results for low-spin bulk fields 20 4.1 Scalars 20 4.2 Spin-half fermions 23 4.3 Gauge fields 29

5. The 4D vacuum energy 33 5.1 Classical bulk back-reaction 34 5.2 Higher derivative corrections on the brane 39

6. Conclusions 40

A. Heat kernels and bulk renormalization 42

B. Sums and zeta functions 49

C. Spectra and mode sums 58

1. Introduction

Does the vacuum have energy? If so, does it gravitate? Much of what we do not understand about quantum field theory is contained in these deceptively simple questions because calculations robustly indicate the vacuum should have lots of zero-point energy, yet cosmological observations indicate that this energy gravitates very little.

This disagreement is particularly sharp if there are only four dimensions because then the Lorentz invariance of the vacuum makes its energy equivalent to a cosmological constant, which acts as a homogeneous and isotropic obstruction to having the comparatively flat

– 1 – universe in which we appear to live. By contrast localized energy sources need not curve all directions equally; for example General Relativity predicts the world-sheet geometry of a cosmic string to be flat regardless of the value of its tension, whose main effect is to curve the dimensions transverse to the string world sheet (and in particular to produce a conical singularity at the string position) [1].

This observation suggests exploring whether extra dimensions can help understand how the vacuum energy gravitates, such as if we were to live on a four-dimensional analog of a cosmic string within a spacetime having a few relatively large dimensions. Fewer dimensions are better in this context since bulk fields fall off less quickly with distance, and so allow all branes to compete with the bulk regardless of how far apart they are in the extra dimensions.^1 This has sparked the construction of several such brane-world systems, within one [2] or two [3, 4, 5, 7, 8, 9] extra dimensions. The explicit solutions identified in this way have the property that their on-brane geometry is flat despite having large on-brane tensions.

Of course this in itself does not provide a solution to the cosmological constant problem, which also requires an understanding of why these geometries should be robust against quantum corrections. In particular, although solutions with flat on-brane geometries exist, so too do solutions with curved on-brane geometries. What is required is an understanding of how the on-brane curvature depends on physical choices for the bulk and the branes, and whether these choices remain stable against renormalization as high-energy modes are integrated out.

The most progress understanding these issues has been made for 6D models, for which fairly general yet explicit calculations can be made. Although no special magic is found for non-supersymmetric models [10], theories with a bulk described by 6D supergravity have very attractive features [5, 11, 12]. In particular, although explicit solutions with on-brane de Sitter geometries are known^2 [13], a sufficient condition for the absence of on-brane curvature is the absence of a coupling between the branes and a particular bulk field: the scalar dilaton that is related to the graviton by 6D supersymmetry [8, 10]. This is attractive since it is the kind of condition that is stable against arbitrary loops involving only on-brane particles [12, 15].

Such a condition would not be stable against bulk loops, however, since the brane must couple to the metric and the metric couples to the dilaton. So bulk loops must provide an important part of any naturalness story, particularly tracking how loops of heavy bulk states

1More than two extra dimensions might exist, but would not be relevant at low energies if they were much smaller than the ones of interest here.

2These solutions are interesting in their own right as a counter-example to the many no-go theorems for de Sitter solutions to higher-dimensional supergravity [14].

– 2 – contribute to the low-energy effective vacuum energy. A missing step in this story is an explicit calculation of the UV sensitivity of Casimir energy calculations on the 6D geometries of interest. (See, however, [16, 17] for an assessment of bulk UV sensitivity for Ricci-flat geometries – including also the gravity sector, but in the absence of branes.)

This paper and its companion [18] close part of this ‘bulk gap’, by computing explicitly the UV-sensitive part of the corrections to both brane and bulk interactions obtained by integrating out low-spin (spins zero, half and one) bulk fields in an extra-dimensional spacetime sourced by two codimension-two branes. This paper presents general results for arbitrary low-spin fields, while the companion specializes the results to the case where the bulk matter comes from a 6D supergravity. Our restriction to low-spin fields is a temporary one due to the technical complications of diagonalizing the full gravity-sector spectrum in the geometries of interest, and we intend to report on calculations using the full spectrum at a later date.^3 The background geometry of the extra dimensions with which we work is a rugby ball [4, 5, 6]. This is described in §2 below, and is basically a flux-stabilized sphere with conical singularities at both of its poles corresponding to the back-reaction of codimension-two branes located there. In a nutshell, §3 argues that the Casimir energy obtained by integrating out a bulk field of 6D mass m has the generic form V (α, m, r) = F(mr, α) (4πr^2)^2

, (1.1)

where r is the rugby ball’s radius and α is related to its defect angle, δ, (see below for more precise definitions) by α = 1 − δ/2π. In the limit of large mr the dimensionless function, F, becomes F(mr, α) ≃ F_0(α) + [ (mr)^6 6 s_{−1}(α) − (mr)^4 2 s_0(α) + (mr)^2s_1(α) − s_2(α) + · · · ] ln(mr) , (1.2) where F_0(α) is m-independent and the s_k(α)’s are calculated explicitly for spins zero, half and one in §4. These constants contain the dependence on α in this limit, and so also encode the dependence of the answer on the boundary conditions of the bulk fields near the branes situated at the poles. Our results reduce in special cases to results in the literature for spheres [21, 22, 23].

The logarithm appearing in eq. (1.2) is slightly more complicated than what normally arises for loop calculations with tori [17, 24], and §3 shows this ultimately can be traced to the existence of a number of effective interactions involving the curvature (or the background

3See also [19] for a partial calculation of the Casimir energy of the gravity sector and [20] for the bosonic part of the spectrum on a rugby ball.

– 3 – flux), that happen to vanish when evaluated for tori. These effective interactions arise both in the bulk and on the branes, and are renormalized by quantum loops of bulk fields. The resulting running produces the logarithmic coefficient, and because it can be traced to the renormalization of UV divergences this logarithmic running (and the power-law dependence on m that pre-multiplies it) captures the dominant sensitivity to very heavy bulk loops that we seek.

Furthermore, in the special case that the renormalized interactions are in the bulk lagrangian, the coefficients s_i are known for arbitrary geometries using very general Gilkey-de Witt methods [25, 26], a result we summarize in Appendix A. We check that our results reduce to these general results in the appropriate limit: α → 1. A well-known property of the Gilkey-de Witt coefficients is that their contributions to bulk counterterms never depend on boundary conditions. Physically this is because they capture the effects of very shortwavelength modes, and because these see only local properties of the fields they don’t ‘know’ about conditions imposed at the boundaries. More precisely, the only UV divergences that directly involve the boundary conditions are those that renormalize the brane action at which the boundary conditions are applied.

For the rugby ball this implies the renormalization of bulk interactions is identical to that for the sphere, and once these universal bulk counter-terms are subtracted we can separately identify how the brane action is renormalized by bulk loops. This exposes how these renormalizations depend on boundary conditions, and how they contribute to the coefficients s_i. Again, because short-wavelength modes cannot know about conditions at distant boundaries, our results for the renormalization of brane-bulk interactions are not specific to rugby balls, and apply equally well to any codimension-2 brane situated within a 6D geometry, and give rise there to a conical singularity. Explicit results for the s_k’s generated by loops of low-spin bulk fields are given in §4, where we also see that our results agree (when appropriate) with known divergence calculations for spacetimes with conical singularities [28].

Finally, §5 identifies a subtlety that brane back-reaction introduces when using standard Casimir energy calculations to identify the effective 4D cosmological constant as seen by a lowenergy observer on the brane. The quantity V computed above is the standard fare of Casimir energy calculations: it is the (negative of the) loop-corrected 1PI effective lagrangian density evaluated at the background classical geometry (in this case a rugby-ball). And in the absence of branes this quantity is also the effective cosmological constant seen by a 4D observer, at least for systems where the zeroth-order 4D geometry is flat. This is because the 1PI action of the low-energy 4D effective theory has the generic form, L_{eff} / √ −g = −Λ + curvature terms,

– 4 – which becomes −Λ if evaluated at the classical 4D background (which was assumed to be flat). As §5 shows, what changes in this argument once brane back-reaction is included is that it is no longer sufficient to evaluate the 1PI action at the uncorrected classical spacetime, even at first order in the loop corrections. This is most clear for systems where back-reaction cancels a classical brane tension, since in this case renormalizations of the tension should also be cancelled in the same way.

In summary, what we present here as new is: an explicit calculation of the divergent part of the Casimir energy obtained from loops of low-spin bulk fields in a 6D geometry compactified on a flux-stabilized 2D rugby ball. We explicitly show how these divergences are renormalized into bulk and brane counter-terms, and compute how the corresponding effective interactions run as a result. Finally, we show how these renormalizations can be matched to the low-energy 4D effective theory, to see how they feed through to the cosmological constant as seen by a low-energy 4D observer.

While we think these calculations can have a variety of applications to loop effects in extra-dimensional spacetimes, our main application is to use them to examine how supersymmetry ameliorates the UV sensitivity of the vacuum energy, as described in a companion paper [18]. Brief comments on the relevance to using codimension-2 branes to address the cosmological constant problem are summarized in §6.

2. Bulk field theory and background solution

We begin by summarizing the field content and dynamics of the bulk field theory of interest: D-dimensional matter (with spins zero, half and one) coupled to gravity. We then describe two-dimensional compactifications of this system in the presence of d = D − 2 dimensional brane sources. We do not work within the probe limit, and so explicitly include the backreaction of these sources on the bulk geometry. In our explicit one-loop calculations we specialize to the case D = 6 and d = 4.

Field content and action

The fields of interest consist of a metric g_{M N} , plus a collection of scalar fields ϕ^i, gauge potentials A^a_M , and spin-half fermions ψ^r. We imagine the scalars and spin-half fields to transform under the gauge group, respectively represented on these by hermitian generators (t_a)^i_j and (T_a)^r_s.

– 5 –

The bosonic part of the classical lagrangian for these fields is, in the Einstein frame:^4 L_B √ −g = − 1 2κ^2 R − 1 2 G_{ij} (ϕ)D_M ϕ^i D^M ϕ^j − 1 4 H_{ab}(ϕ) F^a_{MN} F^{bM N} − U(ϕ) , (2.1) where D_M denote gauge-covariant derivatives for the scalars, F^a_{MN} is the field strength for the gauge potentials, and the functions G_{ij}(ϕ), H_{ab}(ϕ) and U(ϕ) are to be specified.

Rugby-ball compactifications In general some scalars carry gauge charge and so having these be nonzero in the background would give some gauge bosons masses. Since in what follows our main interest is in background configurations for the massless gauge fields (though we do include massive gauge fluctuations about these backgrounds), when solving the classical field equations we assume that all nonzero background scalars do not carry the charges of the nonzero background gauge fields. In this case, the equations of motion which follow from the lagrangian, eq. (2.1), are: G_{ij}(ϕ) □ ϕ^j − 1 4 H_{ab, i}(ϕ) F^a_{MN} F^{bMN} − U_{, i}(ϕ) = 0 , D_M ( H_{ab}(ϕ) F^{bM N} ) = 0 , (2.2) R_{MN} + κ^2G_{ij} (ϕ)D_M ϕ^i D_N ϕ^j + κ^2H_{ab}(ϕ) F^a_{M P} F^b_N^P + 2κ^2 2 − D [ −U(ϕ) + 1 4 H_{ab}(ϕ)F^a_{P Q}F^{bP Q} ] g_{M N} = 0 ,

where □ϕ^j := g^{M N} [ ∂_M ∂_N ϕ^j − Γ^P_{MN} ∂_P ϕ^j + γ^j_{kl}(ϕ) ∂_M ϕ^k ∂_N ϕ^l ] , (2.3)

and Γ^P_{MN} and γ^j_{kl}(ϕ) respectively denote the Christoffel symbols constructed from the spacetime metric, g_{M N} , and the target-space metric, G_{ij}(ϕ).

The simplest compactifications [31] are found using the Freund-Rubin ansatz [32] for which ϕ^i is a constant and g_{MN} = ( g_{μν} (x) 0 0 g_{mn}(y) ) and F_{M N} = ( 0 0 0 f ϵ_{mn}(y) ) , (2.4)

where g_{μν} is a maximally-symmetric Lorentzian metric (i.e. de Sitter, anti-de Sitter or flat space), and g_{mn} is the metric on the two-sphere, S_2, whose volume form is ϵ_{mn}. The quantity f appearing in the background gauge field — which could be any one of the gauge fields present in the theory — is a constant. All other fields vanish.

4Our metric is ‘mostly plus’ and we follow Weinberg’s curvature conventions [29], which differ from those of MTW [30] only by an overall sign in the definition of the Riemann tensor.

– 6 –

The gauge potential, A_m, that gives rise to such a field strength, F_{mn}, is the potential of a magnetic monopole and so satisfies a flux-quantization condition in the presence of charged matter. We denote the background gauge coupling constant by 1 g̃^2

:= H , (2.5)

with H the component of H_{ab} corresponding to the nonzero background flux F_{mn}. With this definition, requiring gauge transformations be single-valued for charged matter fields with charge qg̃ for integer q gives the quantization condition 2πN = q ∫ S_2

F = 4πr^2qf , (2.6)

where N = 0, ±1, ... is an arbitrary integer and r is the sphere’s radius, in our conventions satisfying R_{mn} = −g_{mn}/r^2. Quantization requires the normalization constant, f, to satisfy f = N 2qr^2 , (without brane sources) (2.7)

for all matter fields in the theory. If all charged fields have the same charge it is conventional to define g̃ so that q = 1. When more than one nonzero charge is present we choose q = 1 for the smallest nonzero charge (say) and then for any second charged field with q ≠ 1 eq. (2.7) requires there to exist another integer N such that N/q = N_1 is also an integer, and so all charges are rational multiples of the smallest one.

With the above ansatz — and using the identities F_{mp}F_n^p = f^2g_{mn} and F_{mn}F^{mn} = 2f^2 — the field equations boil down to the following three conditions: R_{μν} = κ^2 D − 2 ( f^2 g̃^2 − 2U ) g_{μν} = κ^2 D − 2 ( N^2 4 q^2g̃^2r^4 − 2U ) g_{μν} 1 r^2 = κ^2 D − 2 [ 2U + (D − 3) f^2 g̃^2 ] = κ^2 D − 2 [ 2U + (D − 3)

N^2 4 q^2g̃^2r^4 ] (2.8) and [ 2U − f^2 g̃^2 ] , i = [ 2U − N^2 4 q^2g̃^2r^4 ] , i = 0 .

With f fixed by flux quantization, eq. (2.7), these equations can be solved for ϕ^i — and so also g̃(ϕ) and U(ϕ) — as well as r and the curvature in the D − 2 directions spanned by the (μν) coordinates.

Brane sources The solutions as outlined so far describe an extra-dimensional 2-sphere supported by flux, with metric ds^2 = r^2 ( dθ^2 + sin^2 θ dφ^2 ) , (2.9)

– 7 – without the need for brane sources [31]. However a class of solutions with brane sources can be included very simply [5], just by allowing the angular coordinate to be periodic with period φ ≃ φ + 2πα with α not necessarily equal to unity. Geometrically, this corresponds to removing a wedge from the sphere along two lines of longitude and identifying points on opposite sides of the wedge [4, 5]. This introduces a conical singularity at both the north and south poles, with defect angle δ = 2π(1 − α), a geometry called the rugby ball.^5 Physically, such a construction corresponds to the introduction of two identical brane sources, one situated at each of the singularities, with Einstein’s equations relating the defect angle to the properties of the branes. Concretely, take the action of the brane to be^6

S_b = − ∫ d^dx √ −g L_b with L_b = T_b − A_b 2g̃^2 ϵ^{mn}F_{mn} + · · · , (2.10)

where the ellipses denote other terms involving two or more derivatives, and the coefficients T_b, A_b, B_b, C_b and so on could depend on the extra-dimensional scalars ϕ^i. However, the existence of a rugby ball solution does require the derivative with respect to ϕ of the total brane Lagrangian to vanish at the background, because the near-brane boundary condition for the bulk scalars requires [15]

lim_{ρ→0} ( G_{ij} ρ ∂_ρϕ^j ) = κ^2 2π ( δS_b δϕ^i ) , (2.11)

where ρ denotes proper distance from the brane.

For conical singularities, the near-brane boundary conditions for the metric imply [1, 10, 15] the defect angle at the brane’s position is given by

δ_b = κ^2L_b . (2.12)

A rugby-ball solution requires identical branes at each pole,^7 for which

1 − α = κ^2L_± 2π = 4G_6L_± , (2.13)

where L_± is the lagrangian for either of the source branes.

The presence of the brane sources complicates the flux quantization condition in two important ways. The first complication arises because the resulting defect angle changes the

5‘Rugby ball’ is used rather than ‘football’ to avoid a cultural ambiguity in what the shape of a football is. 6A more covariant way of writing the term linear in Fmn is as the integral of the Hodge dual,^⋆F , over the d-dimensional brane world-sheet [10].

7See [7, 8, 9] for solutions with conical singularities that can differ at the two poles.

– 8 – volume of the sphere, which appears in the flux-quantization condition when integrating over the bulk magnetic field, ∫

S_2(α)

F = 4πα r^2f . (2.14)

The second complication arises because the branes themselves can carry a localized flux, given by Φ_{1b} = A_b 2π . (2.15)

For two identical branes the total flux localized in this way is Φ_1 := ∑ b Φ_{1b}, in terms of which the flux-quantization condition becomes

2πN_1 = 2πN q = ∑ b A_b + ∫ S_2(α)

F = 2π Φ_1 + 4πα r^2f . (2.16)

The condition on the normalization constant f is then f = N 2qr^2 , (with brane sources) (2.17)

where N := ω(N − Φ) (2.18)

and (for later convenience) ω := 1/α, Φ := qΦ_1 (and also Φ_b := qΦ_{1b}).

Control of approximations Since our entire discussion takes place within the semi-classical approximation we must demand all fields vary slowly enough to trust the low-energy effective-field-theory approximation [33, 34] for whatever (possibly a string theory) ultimately provides its ultraviolet completion.

In practice, without knowing the details of this UV completion, we ask fields to vary slowly relative to the length scale, ℓ, set by the gravitational coupling: κ^2 = ℓ^{D−2}. Since (barring unnatural cancellations) eqs. (2.8) imply 1/r^2 ∼ κ^2V ∼ κ^2N^2/g̃^2r^4, we also see that r^2 ∼ κ^2N^2/g̃^2 ∼ 1/κ^2V and so r ≫ ℓ also implies g̃^2 ≪ N^2ℓ^{D−4} and V ≪ ℓ^{−D}.

Finally, once brane sources are included we must also demand them not to curve excessively the background geometry, and for branes with tension T this requires κ^2T ≪ 1. For rugby-ball geometries this ensures the defect angle satisfies δ ≪ 2π.

3. General features of bulk loops

We now turn to the size of one-loop quantum fluctuations about the rugby-ball background just discussed. In particular, we calculate the UV-divergent part of loops computed for the

– 9 – various fields ϕ^i, ψ^r and A^a_M expanded about this background. Notice for these purposes that we need not restrict ourselves to the loop contributions of fields that are nonzero in the background.

The main assumption we use to compute a field’s one-loop contribution to divergences is to suppose that its kinetic operator can be written in the form^8 Δ = −□ + X + m^2, for some choice of local quantity X (perhaps a curvature or background flux) and a squared mass, m^2. This is sufficiently general to include most of the spin-zero, -half and -one particles of interest in later sections. As we shall argue in more detail below, because we restrict to the UV sensitive part of the calculation our results apply more generally than just to rugby-ball geometries. On the other hand, our calculation is insensitive to effective interactions that cannot be distinguished using only a rugby-ball geometry, such as differences between R^2 and R_{MN} R^{MN} interactions (which are indistinguishable for spheres), or those interactions like ∇_M R∇^M R involving gradients of the curvature (which vanish for spheres).

The other main restriction to our calculations that emerges in subsequent sections is the need to avoid fields whose fluctuations mix nontrivially with those of the metric. These must be avoided because for them it is not straightforward to show that Δ takes the desired form. In particular this precludes our computing the effects of those fields that are nonzero in the classical background.

Finally, for simplicity our final expressions also specialize to D = 6 and d = 4. Although our methods work equally well for any D and d = D − 2, our explicit evaluations only capture all one-loop divergences for D ≤ 6. For D > 6 they give only a subset (the most divergent) of UV divergences.

One-loop calculations

Writing the generator of 1PI correlators as Γ = S + Σ, then the UV-sensitive part of one loop quantum corrections, Σ, can be calculated using heat-kernel methods. For a real Ddimensional field of mass m we have the 1-loop quantum action^9 iΣ = −i ∫ d^dx V_{1−loop} = −(−1)^F 1 2 Tr Log ( −□_D + X + m^2 μ^2 ) , (3.1)

where (−1)^F = +1 for bosons and −1 for fermions, X is a local combination of background fields (such as curvatures and background fluxes) and V_{1−loop} denotes the effective 1-loop scalar potential (or Casimir energy density) in d = D − 2 dimensions. We assume that for

8For one-loop purposes this can also be done for fermions by working with the square of /D. 9We return below to how the kinetic operator for higher-spin fields can be put into the form −□ + X + m^2.

– 10 – the compactification of interest the higher-dimensional d’Alembertian splits into the sum of d- and two-dimensional pieces: □_D = □_d + □_2.

Anticipating the need to dimensionally regularize ultraviolet divergences we write the spacetime dimension as d = d̂ − 2 ε, where d̂ is an integer and ε → 0 at the end of the calculation, so that

V_{1−loop} = (−1)^F 1 2 μ^{2ε} ∑ jn ∫ d^dk_E (2π)^d ln ( k^2_E + m^2 + m^2_{jn} μ^2 ) , (3.2)

where m^2_{jn} denote the eigenvalues of −□_2 + X in the compactified space, and we Wick rotate to Euclidean signature using d^dk = i d^dk_E . Using the identity ln X = − ∫_∞ 0 (ds/s) exp(−sX) (which is valid up to an infinite constant that is independent of X) we then have

V_{1−loop} = −(−1)^F 1 2 μ^{2ε} ∑ jn ∫ d^dk_E (2π)^d ∫_∞ 0 ds s exp [ −s ( k^2_E + m^2 + m^2_{jn} )] , (3.3)

where μ^2 in the exponential is absorbed into a rescaling of s. Performing the d^dk_E integral using ∫ d^dk_E (2π)^d e^{−sk2E} = ( 1 4πs )_{d/2} , (3.4)

gives

V_{1−loop} = −(−1)^F μ^{2ε} 2(4π)^{d/2} ∑ jn ∫_∞ 0 ds s^{1+d/2} exp [ −s ( m^2 + m^2_{jn} )]

= − μ^{2ε} 2(4πr^2)^{d/2} ∫_∞ 0 dt t^{1+d/2} e^{−t(mr)2} S(t) , (3.5)

where t = s/r^2 is dimensionless,

S(t) := (−1)^F ∑ jn exp [−tλ_{jn}] , (3.6)

and the dimensionless quantities λ_{jn} are defined by

m^2_{jn} := λ_{jn} r^2

. (3.7)

In the examples of interest 1/r is the generic Kaluza-Klein scale for the compactification.

In the appendices, we show that the function S(t) has the following small-t limit: S(t) = s_{−1} t + s_{−1/2} √ t + s_0 + s_{1/2} √ t + s_1 t + s_{3/2}t^{3/2} + s_2 t^2 + O(t^{5/2}) , (3.8)

– 11 – where the coefficients s_i depend on the spectra, λ_{jn}, and so also on the spin of the particle involved, and in principle also on the boundary conditions used near any branes situated within the background geometry. Much of what follows is devoted to computing these coefficients explicitly for the fields and boundary conditions of interest.

Using this small-t expansion in eq. (3.5) gives

V_{1−loop} = − μ^{2ε} 2(4πr^2)^{d/2} ∫_∞ 0 dt e^{−t(mr)2} [ s_{−1} t^{2+d/2} + s_{−1/2} t^{3/2+d/2} + s_0 t^{1+d/2} + s_{1/2} t^{1/2+d/2} + s_1 t^{d/2} + s_{3/2} t^{−1/2+d/2} + s_2 t^{−1+d/2} + O(t^{−2+d/2}) ]

= − m^dμ^{2ε} 2(4π)^{d/2} ∑ i s_i (mr)^{−2i} Γ(i − d/2) , (3.9)

which shows that the result diverges when d → d̂ for all terms, s_i, for which i − d̂/2 is a non-positive integer.

At this point we specialize to d̂ = 4 so that all divergences are captured by s_i with i ≤ 2. For this case we have

V_{1−loop} = m^dμ^{2ε} (4π)^{d/2} [ s_{−1} 6 (mr)^2 − s_0 2 + s_1 (mr)^2 − s_2 (mr)^4 ] Γ(−d/2) + (finite as d → 4) . (3.10)

Using x^{4−d}Γ(−d/2) = (4 − d)^{−1} + ln x + finite, the divergent part of V_{1−loop} emerges as

V_{1−loop} = C (4πr^2)^2 [ 1 4 − d + ln ( μ m )] + V_f , (3.11)

where V_f is finite and μ-independent in the limit d → 4, and

C := s_{−1} 6 (mr)^6 − s_0 2 (mr)^4 + s_1(mr)^2 − s_2 . (3.12)

What is important in what follows is that the coefficient C depends on the independent external variables that control the properties of the background geometry, like r, N, Φ_b and α. Subsequent sections use this dependence to extract more information about the effective interactions that renormalize these divergences.

Renormalization

Ultraviolet divergences are renormalized, as usual, into counter-terms in the action, and in the setup of interest here this action has both bulk and brane contributions. The goal of the next subsections is to separate each of these types from one another.

– 12 –

Bulk counterterms The crucial feature of bulk counterterms that allows them to be separated from brane counterterms is their insensitivity to the boundary conditions satisfied by the bulk fields in the vicinity of the branes. This is most easily seen if they are computed using Gilkey-de Witt heatkernel techniques [25, 26] — see Appendix A — since this calculation is explicitly boundarycondition independent (for bulk counterterms). Physically this arises because divergences are sensitive only to modes with wavelengths much shorter than the physical size of the spacetime, since this both ensures their effects are captured by local interactions and that they are too short to build correlations between points in the bulk and distant boundaries.

Because they do not depend on the boundary information, bulk counterterms can be computed using only the bulk geometry, without making reference to brane properties. In particular, they may be obtained by specializing the coefficients s_i to the special case where the background geometry has no defect angle: α = 1.

The interactions to be renormalized are found by writing the most general local bulk lagrangian consistent with the given field content and symmetries, organized into a derivative expansion: L_B = L_{B0}+L_{B2}+L_{B4} · · ·. Restricting to terms that are nonzero in the background, this expansion gives

L_{B0} = − √ −g U L_{B2} = − √ −g [ 1 2κ^2 R + 1 4g̃^2 F_{MN} F^{MN} ] (3.13)

L_{B4} = − √ −g [ κζ_{AR} 8g̃^2 R F_{M N} F^{MN} + ζ_R2 κ R^2 ] (3.14)

L_{B6} = − √ −g [ ζ_R3 R^3 + · · · ] (3.15)

and so on. Here we define

R^2 = a_R R^2 + 2b_R R_{MN} R^{MN} + c_R R_{MNP Q}R^{MNP Q} , (3.16)

with a_R + b_R + c_R = 1 so that R^2 = R^2 when specialized to a spherical geometry (for which R_{mnpq}R^{mnpq} = 2R_{mn}R^{mn} = R^2 = 4/r^4). A similar, but more elaborate, definition is used for R^3. Calculations on a sphere can only track the overall renormalization ζ_R2 , ζ_R3 and not how the separate parameters such as a_R, b_R and c_R renormalize, but — as summarized in Appendix A — for the bulk contributions these separate renormalizations are known explicitly for general geometries from earlier work [26]. A similar story also holds for terms that involve gradients of the background scalar fields, which vanish for the rugby-ball configurations. Since

– 13 – this includes in particular kinetic terms like (∂ϕ)^2, it represents an obstruction to computing wave-function renormalizations for the scalars. This limits the generality of our later formulae for the renormalizations of scalar couplings.

Evaluating the bulk action at the background rugby-ball solution and integrating over the compact directions gives

V_B = − ∫ d^2x L_B = ( 4πα r^2 ) { U − 1 κ^2r^2 + f^2 2g̃^2 [ 1 − κζ_{AR} r^2 ] + 4ζ_R2 κ r^4 − 8ζ_R3 r^6 + · · · } (3.17) = ( 4πα r^2 ) { U − 1 κ^2r^2 + N^2 8 q^2g̃^2r^4 [ 1 − κζ_{AR} r^2 ] + 4ζ_R2 κ r^4 − 8ζ_R3 r^6 + · · · } , showing that U, 1/κ^2, ζ_R2 , and ζ_R3 terms can be read off respectively from the r^2, r^0, r^{−2}, and r^{−4} terms in V_B , while the 1/g̃^2 and ζ_{AR} terms are identified as the coefficients of N^2/r^2 and N^2/r^4, respectively. In particular, the power of N acts as a proxy for the power of f, and so does not appear at all if the particle in the loop does not carry the charge gauged by the background gauge field.

The divergences in V_{1−loop} are absorbed by splitting all couplings – i.e. U, 1/κ^2 etc. – into a renormalized and counter-term part, with the infinities of V_{1−loop} that arise in the bulk canceling the divergences in the bulk counter-terms as d → 4. Once this is done the μ-dependence of the renormalized quantities also must cancel the explicit μ-dependence in the corresponding finite parts of V_{1−loop}. And the bulk part of the divergences in s_i can be identified because they do not depend on the brane boundary conditions, and so are the same as they would have been for a calculation on a sphere. Explicitly, if we denote by s^{sph}_i what the coefficients s_i would have been if evaluated on a sphere (i.e. with α = 1 and Φ_b = 0), then the full result for s_i can be written

s_i := α s^{sph}_i + δs^{tot}_i , (3.18)

which can be regarded as the definition of δs^{tot}_i . (The factor of α pre-multiplying s^{sph}_i arises from the integration over the extra dimensions, as in eq. (3.17).) This split is useful because only the divergences in the first term, αs^{sph}_i , can be absorbed into renormalizations of the bulk interactions of V_B , while those of δs^{tot}_i must be absorbed into brane interactions.

With this definition the running of the renormalized bulk couplings satisfy μ ∂U ∂μ = − m^6 6(4π)^3 s^{sph, 0}_{−1} , μ ∂ ∂μ ( 1 κ^2 ) = − m^4 2(4π)^3 s^{sph, 0}_0 , (3.19) μ ∂ ∂μ ( ζ_R2 κ ) = − m^2 4(4π)^3 s^{sph, 0}_1 , μ ∂ζ_R3 ∂μ = − 1 8(4π)^3 s^{sph, 0}_2 . (3.20)

– 14 – and so on. Here the quantities^{10} s^{sph, 0}_{−1} , s^{sph, 0}_0 , s^{sph, 0}_1 and s^{sph, 0}_2 are computed below by explicitly summing over the KK spectrum on a sphere, giving results that agree with those obtained in Appendix A using general heat-kernel methods. We note at this point that since we derive the running of the couplings by assuming they cancel only the explicit ln(μ/m) dependence of V_{1−loop}, our explicit formulae exclude the case where additional μ-dependence enters through the appearance of renormalized couplings and fields pre-multiplying the pole in 1/(d − 4) (though the formulae are easily generalized to include this more general case).

The renormalization of the gauge-field terms, 1/g̃^2 and ζ_{AR}, is similarly done by keeping track of those divergences involving f. This can be done, for example by comparing loops of particles that couple directly to the background flux with those that do not. The result is μ ∂ ∂μ ( 1 g̃^2 ) = − 2 m^2 (4π)^3r^4f^2 s^{sph, 2}_1 = −

8 q^2m^2 (4π)^3N^2 s^{sph, 2}_1 , (3.21) and μ ∂ ∂μ ( κζ_{AR} g̃^2 ) = − 2 (4π)^3r^4f^2 s^{sph, 2}_2 = −

8 q^2 (4π)^3N^2 s^{sph, 2}_2 (3.22)

where the particle in the loop has charge qg̃, and s^{sph, 2}_i represents that part of s^{sph}_i that is proportional to N^2.

Brane counterterms A similar reasoning can be applied to brane-localized interactions, which (unlike the bulk counterterms) can depend on the boundary conditions used near the brane but should be independent of those boundary conditions imposed on distant branes. (For earlier treatments of divergences in the presence of conical singularities, see [28].)

To identify the brane contributions we first subtract the contributions of the universal bulk counterterms found above, using eq. (3.18), and use δs^{tot}_i = ∑ b δs_{i(b)} to extract how each individual brane-localized interaction renormalizes. This can be done as before, by distinguishing those contributions that come from couplings to the background gauge field from those that do not.

An additional complication in the case of brane counterterms is the necessity to disentangle which contributions come from which branes. This complication arises because although the KK spectra encountered below depend explicitly the flux, Φ_b, localized on each brane, they only depend on the brane tensions through the common defect angle α = 1/ω = 1−δ/2π.

10Notationally, for s^{sph, k}_i the “sph” emphasizes that these quantities are evaluated on the sphere, and the superscript ‘k’ denotes terms involving k powers of the gauge-field normalization, N .

– 15 –

We write δs^{tot}_i = δs^{same}_i + ∑ b δs^{diff}_{i(b)} , (3.23)

where δs^{same}_i receives equal contributions from each brane and where the δs^{diff}_{i(b)} depends on the explicit Φ_b that in general differ on each brane. Since we are interested in tracking the renormalization of each brane separately, the quantity of interest is

δs_{i(b)} := δs^{same}_i 2 + δs^{diff}_{i(b)} , (3.24)

since this is the one for which we can write δs^{tot}_i = ∑ b δs_{i(b)}. To avoid any extra notational clutter, we choose to drop the subscript (b) when writing δs_{i(b)} in what follows.

Writing the most general local brane lagrangian in a derivative expansion: L_b = L_{b0} + L_{b1} + L_{b2} + L_{b3} + · · ·, and dropping terms that vanish when evaluated at the rugby ball background, we have L_{b0} = − √ −γ T_b (3.25)

L_{b1} = √ −γ [ A_b 2g̃^2 ϵ^{mn}F_{mn} ] (3.26)

L_{b2} = − √ −γ [ ζ_{R b} κ R + κζ_{Ab} 4g̃^2 F_{M N} F^{M N} ] (3.27)

L_{b3} = √ −γ [ κζ_{ÃR b} 2g̃^2 R ϵ^{mn}F_{mn} ] , (3.28)

L_{b4} = − √ −γ [ ζ_R2_b R^2 + κ^2 ζ_{AR b} 8g̃^2 R F_{M N} F^{M N} ] , (3.29)

and so on, where γ_{μν} := g_{MN} ∂_μx^M ∂_ν x^N is the induced metric on the brane and the ϵ^{mn}F_{mn} terms arise covariantly as the integral of the Hodge dual,^⋆F , over the brane world-volume.

Evaluating these at the background solution gives a contribution from each brane of size

V_b = T_b − A_bf g̃^2 − 2ζ_{R b} κ r^2 + κζ_{Ab}f^2 2g̃^2 + 2 κζ_{ÃR b}f g̃^2r^2 + 4ζ_R2_b r^4 − κ^2ζ_{AR b}f^2 2 g̃^2r^2 + · · · = T_b − A_bN 2 qg̃^2 r^2 − 2ζ_{R b} κ r^2 + κζ_{Ab}N^2 8 q^2g̃^2r^4 + κζ_{ÃR b}N qg̃^2r^4 + 4ζ_R2_b r^4 − κ^2ζ_{AR b}N^2 8 q^2g̃^2r^6

+ · · · , (3.30)

to the 1PI potential, with the sum over branes giving V^{tot} := ∑ b V_b. Requiring the counterterm parts of the sum of the two brane actions to cancel the remaining divergences implies the renormalized quantities satisfy μ ∂ T_b ∂μ = m^4 2(4π)^2 δs^0 , μ ∂ ∂μ ( A_b g̃^2 ) = 2 qm^2 (4π)^2N δs^1 , μ ∂ ∂μ ( ζ_{Rb} κ ) = m^2 2(4π)^2 δs^0_1 , μ ∂ ∂μ ( κζ_{ÃR b} g̃^2 ) = q (4π)^2N δs^1_2 , (3.31) μ ∂ζ_R2_b ∂μ = 1 4(4π)^2 δs^0_2 , μ ∂ ∂μ ( κζ_{Ab} g̃^2 ) = 8 q^2 (4π)^2N^2 δs^2 ,

– 16 – where both branes are assumed to be identical, δs_i is the quantity defined by eqs. (3.18), (3.23) and (3.24), for which the superscripts ‘0’, ‘1’ and ‘2’ respectively correspond (as above) to the terms independent of, linear in, or quadratic in the background gauge field (or its proxy, N ).

What remains is to compute the coefficients s_{−1} through s_2 for the fields of interest. This is the aim of the next sections.

KK mode sums This section now sketches how the coefficients s_i are computed, by performing the sum defining S(t) using a hypothetical eigenvalue spectrum, m_{jn}, that is general enough to include most of the special cases of practical interest.

We can obtain our later results by performing the sum over the mode labels, n and j, in either of two different ways. The most reliable (and more cumbersome) method first performs a Poisson resummation, which has the advantage of casting the sums in a way that converges more quickly for small t. The second (and easier) method avoids the complications of Poisson resummation, instead using zeta-function regularization to regularize the part of the mode sum that is non-singular as t → 0. We present both methods because although the zeta-function technique is much simpler to use, its validity ultimately relies on the more complicated calculation based on Poisson resummation. More details on the equivalence of these two techniques can be found in Appendix B.

To explain these two techniques, consider the following expression for the KK spectrum, λ_{jn}, that is general enough to include many of the cases met in later sections, λ_{jn} = ( j + ω 2 |n + b_+| + ω 2 |n − b_−| + a )_2

− τ . (3.32)

Here n is an arbitrary integer and j = 0, 1, 2, . . . is a whole number. The quantities a, b_± and τ are real parameters that differ for different spin fields in the loop and for different background flux quantum number, N. For example, in the case of a complex scalar field that is charged under the background flux we show in the Appendix C that the appropriate choices are a =^1_2 , b_+ = |N|, b_− = 0 and τ =^1_4 , where N is the background flux quantum.^{11} Our interest is in tracking how the sum, S(t), defined using this spectrum depends on the geometrical quantities N and r, as well as the rugby-ball defect angle that is encoded in the quantity ω = 1 α where α = 1 − δ 2π , (3.33)

11These expressions work in a particular patch for the background monopole gauge potential, with b± interchanged in the opposite patch.

– 17 – and δ is the rugby-ball defect angle described in §2. In particular, the limiting case ω = 1 corresponds to the sphere, for which a variety of results are known [21, 22, 23, 35] for the Casimir energy. For instance, in this limit and with no gauge flux (N = 0) the scalar spectrum becomes λ_{jn} = ℓ(ℓ + 1), where ℓ = j + |n|. In this case the sums can be re-ordered to give the usual form for scalars on a sphere: ∞∑ n=−∞ ∞∑ j=0 = ∞∑ n=−∞ ∞∑ ℓ=|n| = ∞∑ ℓ=0 ℓ∑ n=−ℓ . (3.34)

Poisson resummation technique We first sketch the calculation that best controls the convergence of the sums at intermediate steps. For clarity of explanation we do not work with the most general form for the spectrum, but specialize to the following special case S(ω, t) = e^{τ t} ∞∑ j=0 ∞∑ n=−∞ exp [ −t(j + ω|n| + a)^2 ] . (3.35)

The difficulty with this sum is that it converges poorly in the regime of interest: where t is small.

To remedy this we use the Poisson resummation formula, which relates the sum over a function f(x) to the sum over its Fourier transform F(q). That is, if F(q) = ∫_∞ −∞ dx f(x) e^{−iqx} , (3.36) then_∞ ∑ n=−∞ f(n) = ∞∑ k=−∞ F(2πk) . (3.37)

To apply this in the case of interest define

f_j(x) := exp [ −t(j + ω|x| + a)^2 ] (3.38)

and Poisson resum the n-sum, giving S(ω, t) as S(ω, t) = e^{τ t} ∞∑ j=0 ∞∑ k=−∞ F_j(2πk) (3.39)

where F_j (q) = 1 2ω √ π t e^{−q̄2} [ e^{2ij̄q̄} ( 1 − erf(j̄ + iq̄) ) + c.c. ] , (3.40) and j̄ := √ t(j + a) , q̄ := q 2 ω √ t . (3.41)

– 18 –

Now comes the important observation, that is justified in some detail in Appendix B. Because of the factor e^{−q̄2} and the inverse power of ω √ t appearing in q̄, all of the terms with k ≠ 0 in the sum are ‘regular’, in the sense that their sum vanishes in the limit that either ω or t vanishes. Only the k = 0 term contributes to the singular part of the small-t limit of S(ω, t). That is, S(ω, t) = S^{sing}(ω, t) + S^{reg}(ω, t) , (3.42)

with S^{sing}(ω, t) := e^{τ t} ∞∑ j=0 F_j (0) = e^{τ t} 2 ω √ π t ∞∑ j=0 [( 1 − erf(j̄) ) + c.c. ] , (3.43) and S^{reg}(ω, t) := 2 e^{τ t} ∞∑ k=1 ∞∑ j=0 F_j (2πk) . (3.44)

This last equality uses F_j (−q) = F_j (q), which follows from f_j(−x) = f_j(x).

Appendix B evaluates the remaining sums explicitly in the small-t limit, giving results that agree with the somewhat simpler techniques we now describe.

A simpler zeta-function method A somewhat simpler way to compute the small-t limit of S(ω, t) is to start with eqs. (3.42) and eq. (3.43), but not to perform the Poisson resummation for S^{reg}(ω, t). The regular part is instead computed by zeta-function regularizing the initial sum over n and j.

To see how this works use the Euler-Maclaurin formula, which states that for any analytic function f(x),_∞ ∑ j=0 f_n(j) = ∫_∞ 0 dx f_n(x) − ∞∑ i=1 B_i i! f^{(i−1)}_n (0) , (3.45)

where B_i denote the Bernoulli numbers (of which the relevant ones are B_1 = −^1_2 , B_2 =^1_6 , B_3 = 0, B_4 = −^1_{30} , and B_5 = 0) and where f^{(i−1)}(0) denotes the (i − 1)-th derivative of f(x) with respect to x, evaluated at x = 0.

Applying this formula to the j-sums in S(ω, t), requires using the function

f_n(x) = exp [ −t(x + a_n)^2 ] with a_n = ωn + a , (3.46)

and so S_n(ω, t) := ∞∑ j=0 f_n(j) = 1 2 √ π t ( 1 − erf(a_n √ t) ) − ∞∑ i=1 B_i i! f^{(i−1)}(0) , (3.47)

– 19 – where the first few f^{(i−1)}_n (0) terms are

f^{(0)}_n (0) = e^{−ta2n} , f^{(1)}_n (0) = −2ta_n e^{−ta2n} , f^{(2)}_n (0) = (−2t + 4t^2a^2_n) e^{−ta2n} f^{(3)}_n (0) = (12 t^2a_n − 8 t^3a^3_n) e^{−ta2n} , f^{(4)}_n (0) = (12 t^2 − 48 t^3a^2_n + 16 t^4a^4_n) e^{−ta2n} (3.48)

and f^{(i)}_n (0) ∼ O(t^3) for all i ≥ 5.

Using this in S^{reg}(ω, t) = e^{τ t} [ S_0(ω, t) + 2 ∞∑ n=1 S_n(ω, t) ] , (3.49)

and Taylor expanding the error function gives a series expression for S^{reg}(ω, t) that involves divergent sums of the form ∑_∞ n=1 n^k with k a non-negative integer. Remarkably, defining these as ζ_R(−k), where ζ_R(s) is Riemann’s zeta-function, gives a finite expression, which agrees with S^{reg}(ω, t) as computed using Poisson resummation.

To this must be added S^{sing}(ω, t), computed using eq. (3.43). Once this is done the resulting small-t expansion for S(ω, t) can be compared with previous calculations of the small-t limit using Gilkey-de Witt heat-kernel expansions, when these are known. They are known in particular for the sphere, where ω = 1, and Appendix A shows that they agree in this limit.

4. Results for low-spin bulk fields

We next collect results for the coefficients s_i of the small-t limit for bulk fields with spins zero, half and one.

4.1 Scalars Consider first the simplest case of a single minimally coupled real scalar field, satisfying □ϕ = 0, that is coupled to the background gauge field with monopole number N and brane– localized fluxes Φ_b. In this case the scalar spectrum (as derived in Appendix C, in the case where the north patch^{12} of the gauge potential is used) is given by

λ^s_{jn} = ( j + ω 2 |n − Φ_+| + ω 2 |n − N + Φ_−| + 1 2 )_2 − 1 + N^2 4 , (4.1)

where the superscript ‘s’ is meant to emphasize that this (and later formulae in this section) applies only for scalars. The Casimir sum becomes

S_s(ω, t) = e^{t(1+N 2 )/4} ∞∑ j=0 ∞∑ n=−∞ exp [ −t ( j + ω 2 |n − Φ_+| + ω 2 |n − N + Φ_−| + 1 2 )_2] . (4.2)

12As Appendix C also shows, an equivalent result is obtained if the south patch is instead used.

– 20 –

Using the results of Appendix C, and its notation

F_b := |Φ_b| (1 − |Φ_b|) , F^{(n)} := ∑ b F^n_b , F^{(1)} := F , G(x) := (1 − x)(1 − 2x) , (4.3)

we find the following small-t coefficients:

s^s_{−1} = 1 ω , (4.4)

s^s_0(ω, N, Φ_b) = 1 ω [ 1 6 + ω^2 6 (1 − 3F ) ] , (4.5)

s^s_1(ω, N, Φ_b) = 1 ω [ 1 180 − N^2 24 + ω^2 18 (1 − 3F ) − ω^3N 12 ∑ b Φ_b G(|Φ_b|) + ω^4 180 (1 − 15F^{(2)}) ] , (4.6)

s^s_2(ω, N, Φ_b) = 1 ω [ − 1 504 − 11 N^2 720 + ( 1 90 − N^2 144 ) (1 − 3F )ω^2 − ω^3N 24 ∑ b Φ_b G(|Φ_b|)

+ ω^4(1 − N^2) 360 (1 − 15F^{(2)}) − ω^5N 120 ∑ b Φ_b G(|Φ_b|)(1 + 3F_b) (4.7)

+ ( 1 1260 − F^{(2)} 120 − F^{(3)} 60 ) ω^6 ] . When ω = 1 and Φ_b = 0, these become

s^{sph}_{−1} = 1 , s^{sph}_0 = 1 3 , s^{sph, 0}_1 = 1 15 , s^{sph, 2}_1 = −

N^2 24 , (4.8)

s^{sph, 0}_2 = 4 315 , and s^{sph, 2}_2 = −

N^2 40 in agreement with the result in [23], as well as with the Gilkey-de Witt coefficients as computed for a 6D scalar on a sphere in Appendix A, using the general results found in [26]. If the scalar couples to the background field with strength qg̃, its contribution to the running of the leading bulk counterterms therefore is μ ∂U ∂μ = − m^6 6(4π)^3 , μ ∂ ∂μ ( 1 κ^2 ) = − m^4 6(4π)^3 , μ ∂ ∂μ ( ζ_R2 κ ) = − m^2 60(4π)^3 , μ ∂ζ_R3 ∂μ = − 1 630(4π)^3

, (4.9) μ ∂ ∂μ ( 1 g̃^2 ) = 2 q^2m^2 3(4π)^3 , μ ∂ ∂μ ( κζ_{AR} g̃^2 ) = 2 q^2 5(4π)^3 . It is straightforward to check that the above expression for the loop component of the renormalization of the gauge coupling agrees with the result obtained directly by evaluating the Feynman graphs for the vacuum polarization in 6D flat space, following standard methods [27], despite its initially unfamiliar sign.

– 21 –

Returning to general ω and Φ_b, to identify the brane-localized renormalizations we must first subtract the contribution of the bulk counterterms to obtain δs_i. As described earlier, because these counterterms do not depend on the boundary conditions at the branes for ω ≠ 1 their contribution to V contains only the trivial proportionality to 1/ω = α due to the volume, 4πα r^2, that appears when V is computed by integrating the counterterms over the rugby ball. This is consistent with the overall factor of 1/ω that pre-multiplies all of the s_i in eqs. [4.4–4.7]. We then identify δs_i as prescribed by the discussion surrounding eq. (3.24) and find that δs_{−1} = 0,

δs_0 = ω^2 − 1 12 ω − ωF_b 2 = 1 ω ( δω 6 + δω^2 12 − ω^2F_b 2 ) ≃ δω 6 − |Φ_b| 2 , (4.10)

δs^0_1 = 1 ω ( ω^2 − 1 36 + ω^4 − 1 360 − ω^2F_b 6 − ω^4F^2_b 12 )

= 1 ω ( δω 15 + 2 δω^2 45 + δω^3 90 + δω^4 360 − ω^2F_b 6 − ω^4F^2_b 12 ) ≃ δω 15 − |Φ_b| 6 , (4.11)

δs^1 = − ω^2N 12 Φ_b G(|Φ_b|) ≃ − N Φ_b 12 , (4.12)

δs^2_1 = s^2_1 − ( − N^2 24 ω ) = 0 , (4.13)

δs^0_2 = 1 ω [ ω^2 − 1 180 + ω^4 − 1 720 + ω^6 − 1 2520 − ω^2 ( F_b 30 + ω^2F^2_b 24 + ω^4F^2_b 120 + ω^4F^3_b 60 )]

= 1 ω [ 2 δω 105 + 5 δω^2 252 + 17 δω^3 1260 + 37 δω^4 5040 + δω^5 420 + δω^6 2520 −ω^2 ( F_b 30 + ω^2F^2_b 24 + ω^4F^2_b 120 + ω^4F^3_b 60 )] ≃ 2 δω 105 − |Φ_b| 30 , (4.14)

δs^1_2 = − ω^2N 24 Φ_b G(|Φ_b|) − ω^4N 120 Φ_b G(|Φ_b|)(1 + 3F_b) ≃ − N Φ_b 20 , (4.15)

δs^2 = −

N^2 ω ( ω^2 − 1 288 + ω^4 − 1 720 − ω^2F_b 48 − ω^4F^2_b 24 )

= − N^2 ω ( δω 80 + 17 δω^2 1440 + δω^3 180 + δω^4 720 − ω^2F_b 48 − ω^4F^2_b 24 ) ≃ −N^2 ( δω 80 − |Φ_b| 48 ) . (4.16)

Here δω := ω − 1, and the last, approximate, equalities give the leading dependence in the limit where δω ≪ 1 and |Φ_b| ≪ 1. The corresponding contributions to the running of the brane counterterms are μ ∂T_b ∂μ = m^4 2(4π)^2ω ( δω 6 + δω^2 12 − ω^2F_b 2 ) ≃ m^4 4(4π)^2 ( δω 3 − |Φ_b| ) , (4.17) μ ∂ ∂μ ( A_b g̃^2 ) = − qΦ_b ω^2m^2 6(4π)^2 G(|Φ_b|) ≃ − q^2m^2 A_b 3(4π)^3

, (4.18)

– 22 – μ ∂ ∂μ ( ζ_{Rb} κ ) = m^2 2(4π)^2ω ( δω 15 + 2 δω^2 45 + δω^3 90 + δω^4 360 − ω^2F_b 6 − ω^4F^2_b 12 )

≃ m^2 2(4π)^2 ( δω 15 − |Φ_b| 6 ) , (4.19) μ ∂ ∂μ ( κζ_{ÃRb} g̃^2 ) = − qΦ_b ω^2 24(4π)^2 ( G(|Φ_b|) + ω^2 5 G(|Φ_b|)(1 + 3F_b) ) ≃ − q^2 A_b 10(4π)^3

, (4.20) μ ∂ ζ_R2_b ∂μ = 1 4(4π)^2ω [ 2 δω 105 + 5 δω^2 252 + 17 δω^3 1260 + 37 δω^4 5040 + δω^5 420 + δω^6 2520 −ω^2 ( F_b 30 + ω^2F^2_b 24 + ω^4F^2_b 120 + ω^4F^3_b 60 )]

≃ 1 4(4π)^2 ( 2 δω 105 − |Φ_b| 30 ) , (4.21) μ ∂ ∂μ ( κζ_{Ab} g̃^2 ) = − 8 q^2 (4π)^2ω ( δω 80 + 17 δω^2 1440 + δω^3 180 + δω^4 720 − ω^2F_b 48 − ω^4F^2_b 24 )

≃ − q^2 (4π)^2 ( δω 10 − |Φ_b| 6 ) . (4.22)

The appearance in these expressions of non-analytic terms involving |Φ_b| bears some comment. As we see in Figure 1, the signs of these terms are such that they represent maxima of the potential at Φ_b = 0, which are cuspy in that derivatives with respect to Φ_b are discontinuous at this point. We believe this discontinuous derivative arises because of a level crossing of the ground state at these points, for the following reasons. On the one hand, the explicit calculations given above reveal V_{1−loop} as a polynomial in |Φ_b|, which must therefore grow without bound for large |Φ_b|. On the other hand, V_{1−loop} should be periodic under the replacements Φ_b → Φ_b + 1 and N → N + 1, as can be seen from the invariance of the KK spectrum, eq. (4.1), under this shift. (When shifting Φ_+ → Φ_+ + 1 both N and n must be shifted by unity, but the shift in n is lost in V_{1−loop} once the KK mode sum is performed.) This shows that the energy is not minimized for the same value of N as Φ_b is varied to sufficiently large values; instead a new vacuum with N → N + 1 is energetically preferred once Φ_b become larger than unity. Cuspy maxima in the potential can arise at the points where this crossover between vacua occurs.

4.2 Spin-half fermions

As shown in Appendix C, the KK spectrum for a fermion that is charged under the U(1) whose flux supports the background rugby ball (using the north patch of the gauge potential)

– 23 –

Figure 1: Schematic plot of the potential as a function of Φ_b.

is given by [36]

λ^{fσ}_{jn} = ( j + ω 2 | |n_{1/2} − Φ+ − σ 2ω | | + ω 2 | |n_{1/2} − N + Φ− + σ 2ω | | + 1 2 )_2 − N^2 4 (4.23)

where n_{1/2} = n − σ/2 and where σ ∈ {±1} specifies the 4D helicity of each component of the spinor, of which there are 2 (4) each in the case of a 6D Weyl (Dirac) spinor. By identifying

N_{fσ} := N − σ , Φ^{fσ}_b := Φ_b − σΦ^f_0 , Φ^f_0 := 1 2 ( 1 − ω^{−1} ) = 1 − α 2 = δ 4π (4.24)

(and so N_{fσ} := ω(N_{fσ} − Φ_{fσ}) = N − σ as well), we can relate these fermionic spectra to the scalar spectrum considered previously: λ^{fσ}_{jn}(ω, N, Φ_b) + N^2 4 = λ^s_{jn}(ω, N_{fσ}, Φ^{fσ}_b ) +

(1 + N^2_{fσ}) 4 . (4.25)

As discussed in Appendix C, the corresponding small–t coefficients take different forms depending on whether or not |Φ_b| ≤ Φ^f_0. When |Φ_b| ≤ Φ^f_0 (for both Φ_b’s), the mode sum over the above spectrum yields the following small–t coefficients for a 6D Weyl spinor: s^f_{−1} = −4/ω,

s^f_0(ω, N, Φ_b) = 1 ω [ 1 3 + ( 1 3 − 2 ∑ b Φ^2_b ) ω^2 ] , (4.26)

s^f_1(ω, N, Φ_b) = 1 ω [ 7 360 − ωN Φ 2 − N^2 3 + ( 1 36 − 1 6 ∑ b Φ^2_b ) ω^2

− ω^3N 6 ∑ b Φ_b(1 − 4Φ^2_b ) + ( 7 360 − 1 6 ∑ b Φ^2_b (1 − 2Φ^2_b ) ) ω^4 ] , (4.27)

s^f_2(ω, N, Φ_b) = 1 ω [ 31 10080 − ωN Φ 16 − 31 N^2 720 + ( 7 1440 − N^2 72 ( 1 − 6 ∑ b Φ^2_b ) − 7 240 ∑ b Φ^2_b ) ω^2

– 24 –

− ω^3N 24 ∑ b Φ_b(1 − 4Φ^2_b ) + ( 7 1440 − 7 N^2 720 − (1 − 2N^2) 24 ∑ b Φ^2_b (1 − 2Φ^2_b ) ) ω^4

−ω^5N ( ∑ b Φ_b ( 7 240 − Φ^2_b 6 + Φ^4_b 5 ))

+ ( 31 10080 − ∑ b Φ^2_b ( 7 240 − Φ^2_b 12 + Φ^4_b 15 ) ) ω^6 ] . (4.28)

(Note that the above expressions would be the ones valid when considering the limit Φ_b → 0 while holding ω fixed at some value ≠ 1.) When |Φ_b| ≥ Φ^f_0, we find that s^f_{−1} is unchanged, but that

s^f_0(ω, N, Φ_b) = 1 ω [ − 2 3 + 2F̃ + 2ω −

2 ω^2 3 ] , (4.29)

s^f_1(ω, N, Φ_b) = 1 ω [ − 1 45 + ρN 6 − N ∑ b Φ̃_b ( F̃_b +

Φ̃2_b 3 ) − N^2 3 + F̃ (2) 3 + ( 1 9 − F̃ 3 + N Φ̃ 3 − ρN 6 ) ω^2 − ω^4 45 ] , (4.30)

s^f_2(ω, N, Φ_b) = 1 ω [ − 1 315 + F̃ (2) 30 + F̃ (3) 15 + ρN 30 − N 3 ∑ b Φ̃_b ( F̃^2_b +

Φ̃2_bF̃_b 2 + Φ̃4_b 10 )

−N^2 ( 1 45 + F̃ (2) 6 ) + ( 1 90 − F̃ (2) 6 − N 6 ∑ b Φ̃_b G(|Φ̃_b|)

−N^2 ( 1 18 − F̃ 6 )) ω^2 + ( 1 90 − F̃ 30 − ρN 30 + N Φ̃ 30 + N^2 90 ) ω^4 − ω^6 315 ] (4.31)

where ρ_b := sgn(Φ_b) = Φ_b/|Φ_b| , ρ := ∑ b ρ_b and Φ̃_b := ω(Φ_b − ρ_bΦ^f_0) . (4.32)

(We also use tilded versions of the notational contractions, such as F̃_b := |Φ̃_b|(1 − |Φ̃_b|), in the same way as is done in the previous section on scalars.) As a check of these expressions, we can evaluate them when |Φ_b| = Φ^f_0 (or simply Φ̃ = 0 in the second case), and find they each give the same result.

In the limit ω → 1, Φ_b → 0 the above results agree that s^{sph}_{−1} = −4,

s^{sph}_0 = 2 3 , s^{sph, 0}_1 = 1 15 , s^{sph, 2}_1 = −

N^2 3 , s^{sph, 0}_2 = 1 63 and s^{sph, 2}_2 = −

N^2 15 . (4.33)

These also agree with the results found using Gilkey-de Witt methods in Appendix A. The special case where q also vanishes then gives exactly one-half the result found in [23] for a

– 25 – fermion on a sphere, as is appropriate due to our use here of 6D Weyl (rather than Dirac) fermions.

For a fermion with charge qg̃, the corresponding contributions to the running of the bulk couplings are μ ∂U ∂μ = 2m^6 3(4π)^3 , μ ∂ ∂μ ( 1 κ^2 ) = − m^4 3(4π)^3 , μ ∂ ∂μ ( ζ_R2 κ ) = − m^2 60(4π)^3 , μ ∂ζ_R3 ∂μ = − 1 504(4π)^3

, (4.34) μ ∂ ∂μ ( 1 g̃^2 ) = 8 q^2m^2 3(4π)^3 , μ ∂ ∂μ ( κζ_{AR} g̃^2 ) = 8 q^2 15(4π)^3 . Subtracting the contribution of these bulk counterterms leaves the contributions to the Gilkeyde Witt coefficients that renormalize the brane action. When |Φ_b| ≤ Φ^f_0, we find that δs_{−1} = 0 and δs^0 = 1 ω ( ω^2 − 1 6 − 2ω^2Φ^2_b ) = 1 ω ( δω 3 + δω^2 6 − 2ω^2Φ^2_b ) ≃ δω 3 − 2Φ^2_b , (4.35)

δs^0_1 = 1 ω ( ω^2 − 1 72 + 7(ω^4 − 1) 720 − ω^2Φ^2_b 6 − ω^4Φ^2_b (1 − 2Φ^2_b ) 6 ) (4.36) = 1 ω ( δω 15 + 13 δω^2 180 + 7 δω^3 180 + 7 δω^4 720 − ω^2Φ^2_b 6 − ω^4Φ^2_b (1 − 2Φ^2_b ) 6 ) ≃ δω 15 − Φ^2_b 3 , δs^1 = − N Φ_b 2 − ω^2N Φ_b 6 (1 − 4Φ^2_b ) ≃ −

2N Φ_b 3 , δs^2_1 = 0 , (4.37)

δs^0_2 = 1 ω [ 7(ω^2 − 1) 2880 + 7(ω^4 − 1)

2880 + 31(ω^6 − 1) 20160 − 7 ω^2Φ^2_b 240 − ω^4 24 Φ^2_b (1 − 2Φ^2_b )

−ω^6Φ^2_b ( 7 240 − Φ^2_b 12 + Φ^4_b 15 )]

= 1 ω [ δω 42 + 101 δω^2 2520 + 17 δω^3 420 + 257 δω^4 10080 + 31δω^5 3360 + 31 δω^6 20160 − 7 ω^2Φ^2_b 240 − ω^4 24 Φ^2_b (1 − 2Φ^2_b ) − ω^6Φ^2_b ( 7 240 − Φ^2_b 12 + Φ^4_b 15 )] ≃ δω 42 − Φ^2_b 10 , (4.38)

δs^1_2 = − N Φ_b 16 − ω^2N Φ_b 24 ( 1 − 4Φ^2_b ) − ω^4N Φ_b ( 7 240 − Φ^2_b 6 + Φ^4_b 5 ) ≃ − 2 N Φ_b 15 , (4.39)

δs^2 = −

N^2 ω [ ω^2 − 1 144 + 7(ω^4 − 1)

1440 − ω^2Φ^2_b 12 − ω^4Φ^2_b 12 ( 1 − 2Φ^2_b )]

= − N^2 ω [ δω 30 + 13 δω^2 360 + 7 δω^3 360 + 7 δω^4 1440 − ω^2Φ^2_b 12 − ω^4Φ^2_b 12 ( 1 − 2Φ^2_b )]

≃ −N^2 ( δω 30 − Φ^2_b 6 ) , (4.40)

– 26 – where, as before, δω = ω − 1 and the approximate equalities give the leading result for δω, Φ_b ≪ 1. The brane counterterms therefore renormalize as follows: μ ∂T_b ∂μ = m^4 2(4π)^2ω ( δω 3 + δω^2 6 − 2ω^2Φ^2_b ) ≃ m^4 (4π)^2 ( δω 6 − Φ^2_b ) , (4.41) μ ∂ ∂μ ( A_b g̃^2 ) = − qΦ_b m^2 (4π)^2 ( 1 + ω^2 3 (1 − 4Φ^2_b ) ) ≃ − 8 q^2m^2 3(4π)^3

A_b , (4.42) μ ∂ ∂μ ( ζ_{Rb} κ ) = m^2 2(4π)^2ω ( δω 15 + 13 δω^2 180 + 7 δω^3 180 + 7 δω^4 720 − ω^2Φ^2_b 6 − ω^4Φ^2_b (1 − 2Φ^2_b ) 6 )

≃ m^2 2(4π)^2 ( δω 15 − Φ^2_b 3 ) , (4.43) μ ∂ ∂μ ( ζ_{ÃRb} g̃^2 ) = − qΦ_b (4π)^2 [ 1 16 + ω^2 24 ( 1 − 4Φ^2_b ) + ω^4 ( 7 240 − Φ^2_b 6 + Φ^4_b 5 )]

≃ − 4 q^2 15(4π)^3

A_b , (4.44) μ ∂ζ_R2_b ∂μ = 1 4(4π)^2ω [ δω 42 + 101 δω^2 2520 + 17 δω^3 420 + 257 δω^4 10080 + 31δω^5 3360 + 31 δω^6 20160 − 7 ω^2Φ^2_b 240 − ω^4 24 Φ^2_b (1 − 2Φ^2_b ) − ω^6Φ^2_b ( 7 240 − Φ^2_b 12 + Φ^4_b 15 )]

≃ 1 4(4π)^2 ( δω 42 − Φ^2_b 10 ) , (4.45) μ ∂ ∂μ ( ζ_{Ab} g̃^2 ) = − 8 q^2 (4π)^2ω [ δω 30 + 13 δω^2 360 + 7 δω^3 360 + 7 δω^4 1440 − ω^2Φ^2_b 12 − ω^4Φ^2_b 12 ( 1 − 2Φ^2_b )]

≃ − 4 q^2 3(4π)^2 ( δω 5 − Φ^2_b ) . (4.46)

When instead |Φ_b| ≥ Φ^f_0, we find that (as always) δs_{−1} = δs^2_1 = 0 and

δs^0 = 1 ω ( (ω − 1) − ω^2 − 1 3 + 2F̃_b ) = 1 ω ( δω 3 − δω^2 3 + 2F̃_b ) ≃ δω 3 + 2|Φ̃_b| , (4.47)

δs^0_1 = 1 ω ( ω^2 − 1 18 − (ω^4 − 1) 90 + F̃ 2_b 3 − ω^2F̃_b 3 )

= 1 ω ( δω 15 − δω^2 90 − 2 δω^3 45 − δω^4 90 + F̃ 2_b 3 − ω^2F̃_b 3 ) ≃ δω 15 − |Φ̃_b| 3 , (4.48)

δs^1 = N ω [ ρ_b(1 − ω^2) 6 − Φ̃_b ( F̃_b +

Φ̃2_b 3 ) + ω^2Φ̃_b 3 ] ≃ − ρ_bN δω 3 + N Φ̃_b 3 , (4.49)

δs^0_2 = 1 ω [ (ω^2 − 1) 180 + (ω^4 − 1) 180 − (ω^6 − 1) 630 + F̃ 2_b 30 + F̃ 3_b 15 − ω^2F̃^2_b 6 − ω^4F̃_b 30 ]

– 27 –

= 1 ω ( δω 42 + 19 δω^2 1260 − δω^3 105 − 23 δω^4 1260 − δω^5 105 − δω^6 630 + F̃ 2_b 30 + F̃ 3_b 15 − ω^2F̃^2_b 6 − ω^4F̃_b 30 ) ≃ δω 42 − |Φ̃_b| 30 , (4.50)

δs^1_2 = 1 ω [ ρ_b N (1 − ω^4) 30 − N Φ̃_b 3 ( F̃^2_b +

Φ̃2_bF̃_b 2 + Φ̃4_b 10 ) − ω^2N Φ̃_b 6 G(|Φ̃_b|) + ω^4N Φ̃_b 30 ]

≃ − 2ρ_b N δω 15 − 2N Φ̃_b 15 , (4.51)

δs^2 =

N^2 ω [ − ω^2 − 1 36 + (ω^4 − 1) 180 − F^2_b 6 + ω^2F̃_b 6 ]

= N^2 ω ( − δω 30 + δω^2 180 + δω^3 45 + δω^4 180 − F^2_b 6 + ω^2F̃_b 6 )

≃ N^2 ( − δω 30 + |Φ̃_b| 6 ) . (4.52)

Therefore, when |Φ_b| ≥ Φ^f_0, the brane counterterms renormalize as follows:

μ ∂T_b ∂μ = m^4 2(4π)^2ω ( δω 3 − δω^2 3 + 2F̃_b ) ≃ m^4 (4π)^2 ( δω 6 + |Φ̃_b| ) , (4.53) μ ∂ ∂μ ( A_b g̃^2 ) = q m^2 (4π)^2ω [ ρ_b(1 − ω^2) 6 − Φ̃_b ( F̃_b +

Φ̃2_b 3 ) + ω^2Φ̃_b 3 ]

≃ q m^2 (4π)^2 ( − ρ_b δω 3 + Φ̃_b 3 ) , (4.54)

μ ∂ ∂μ ( ζ_{Rb} κ ) = m^2 2(4π)^2ω ( δω 15 − δω^2 90 − 2 δω^3 45 − δω^4 90 + F̃ 2_b 3 − ω^2F̃_b 3 )

≃ m^2 2(4π)^2 ( δω 15 − |Φ̃_b| 3 ) , (4.55)

μ ∂ ∂μ ( ζ_{ÃRb} g̃^2 ) = q (4π)^2ω [ ρ_b N (1 − ω^4) 30 − N Φ̃_b 3 ( F̃^2_b +

Φ̃2_bF̃_b 2 + Φ̃4_b 10 ) − ω^2N Φ̃_b 6 G(|Φ̃_b|)

+ ω^4N Φ̃_b 30 ] ≃ − 2 q 15(4π)^2 ( ρ_b δω + Φ̃_b ) , (4.56)

μ ∂ζ_R2_b ∂μ = 1 4(4π)^2ω ( δω 42 + 19 δω^2 1260 − δω^3 105 − 23 δω^4 1260 − δω^5 105 − δω^6 630 + F̃ 2_b 30 + F̃ 3_b 15 − ω^2F̃^2_b 6 − ω^4F̃_b 30 ) ≃ 1 4(4π)^2 ( δω 42 − |Φ̃_b| 30 ) , (4.57)

– 28 – μ ∂ ∂μ ( ζ_{Ab} g̃^2 ) = 8 q^2 (4π)^2ω ( − δω 30 + δω^2 180 + δω^3 45 + δω^4 180 − F^2_b 6 + ω^2F̃_b 6 )

≃ − 4 q^2 3(4π)^2 ( δω 5 − |Φ̃_b| ) . (4.58)

4.3 Gauge fields

We next state the results for the Casimir coefficient for a gauge field, provided this gauge field is not the field whose flux stabilizes the background 2D geometry. We consider in turn the cases where the 6D gauge field is massless or massive (in the 6D sense).

Massless 6D gauge fields

We begin with the massless case. Picking an appropriate gauge (such as light-cone gauge) allows the 6D gauge field to be decomposed into four components,^{13} each with a spectrum (when evaluated using the north patch of the gauge potential) given by

λ^{gfξ}_{jn} = ( j + ω 2 | |n − Φ_+ + ξ ω | | + ω 2 | |n − N + Φ_− − ξ ω | | + 1 2 )_2 − (1 + N^2) 4 (4.59)

where ξ ∈ {0, 0, +1, −1} for each of the four components. (For more details see Appendix C and [39].) From this, we see that two modes have the exact same spectrum as scalars (i.e. the ξ = 0 modes), and two modes have almost the same spectrum as scalars (i.e. the ξ = ±1 modes). Similar to before, we can identify

N_{gfξ} := N , Φ^{gfξ}_b := Φ_b − ξΦ^{gf}_0 , Φ^{gf}_0 = ω^{−1} = α = 1 − δ 2π (4.60)

(and so N_{gfξ} := ω(N_{gfξ} − Φ_{gfξ}) = N + 2ξ) to relate these modes to the scalar spectrum:

λ^{gfξ}_{jn} (ω, N, Φ_b) +

(1 + N^2) 4 = λ^s_{jn}(ω, N_{gfξ} , Φ^{gfξ}_b ) +

(1 + N^2_{gfξ}) 4 . (4.61)

However, since the resulting spectrum for the ξ = ±1 modes ends up being very similar to that of the scalars, we shall just write

s^{gf}_i = 4s^s_i + Δs^{gf}_i (4.62)

where Δs^{gf}_{−1} = 0,

Δs^{gf}_0 (ω, N, Φ_b) = 1 ω [ −2ω + ω^2 ∑ b |Φ_b| ] , (4.63)

13Ghosts also do not contribute to the one-loop result in this gauge.

– 29 –

Δs^{gf}_1 (ω, N, Φ_b) = 1 ω [ N^2 + ωN Φ + ω^2 3 ∑ b |Φ_b| − ω^3N 2 ∑ b Φ_b |Φ_b| − ω^4 3 ∑ b |Φ_b|^3 ] , (4.64)

Δs^{gf}_2 (ω, N, Φ_b) = 1 ω [ − ωN^2 4 + ω^2 ( 1 15 − N^2 24 ) ∑ b |Φ_b| − ω^3N 4 ∑ b Φ_b |Φ_b|

− ω^4(1 − N^2) 6 ∑ b |Φ_b|^3 + ω^5N 4 ∑ b Φ_b |Φ_b|^3 + ω^6 10 ∑ b |Φ_b|^5 ] , (4.65)

so long as |Φ_b| ≤ Φ^{gf}_0 . As it turns out, the |Φ_b|–dependent terms seen here in Δs^{gf}_i serve to exactly cancel any corresponding terms in 4s^s_i in eq. (4.62) that are odd in |Φ_b| (for the ξ = ±1 modes only).

Even though only s_2 contributes to the Casimir energy for massless fields, we nonetheless also follow s_{−1}, s_0 and s_1 since these are useful as intermediate steps when assembling the contributions of a massive vector field. The corresponding bulk quantities therefore are

s^{sph}_{−1} = 4 , s^{sph}_0 = − 2 3 , s^{sph, 0}_1 = 4 15 , s^{sph, 2}_1 =

5 N^2 6 , s^{sph, 0}_2 = 16 315 , s^{sph, 2}_2 = −

7 N^2 20 (4.66)

and after these are subtracted the brane renormalizations are obtained from

δs_0 = 1 ω ( −(ω − 1) +

(ω^2 − 1) 3 − 2ω^2F_b + ω^2|Φ_b| ) = 1 ω ( − δω 3 + δω^2 3 − 2ω^2F_b + ω^2|Φ_b| )

≃ − δω 3 − |Φ_b| , (4.67)

δs^0_1 = 1 ω ( (ω^2 − 1) 9 + ω^4 − 1 90 − 2 ω^2F_b 3 + ω^2|Φ_b| 3 − ω^4F^2_b 3 − ω^4|Φ_b|^3 3 )

= 1 ω ( 4 δω 15 + 8 δω^2 45 + 2 δω^3 45 + δω^4 90 − 2 ω^2F_b 3 + ω^2|Φ_b| 3 − ω^4F^2_b 3 − ω^4|Φ_b|^3 3 )

≃ 4 δω 15 − |Φ_b| 3 , (4.68)

δs^1 = − ω^2N 3 Φ_bG(|Φ_b|) + N Φ_b − ω^2N 2 Φ_b|Φ_b| ≃

2 N Φ_b 3 , (4.69)

δs^0_2 = 1 ω ( (ω^2 − 1) 45 + ω^4 − 1 180 + ω^6 − 1 630 − 2 ω^2F_b 15 + ω^2|Φ_b| 15 − ω^4F^2_b 6 − ω^4|Φ_b|^3 6 − ω^6F^2_b 30 − ω^6F^3_b 15 + ω^6|Φ_b|^5 10 )

= 1 ω ( 8 δω 105 + 5 δω^2 63 + 17 δω^3 315 + 37 δω^4 1260 + δω^5 105 + δω^6 630 − 2 ω^2F_b 15 + ω^2|Φ_b| 15 − ω^4F^2_b 6 − ω^4|Φ_b|^3 6 − ω^6F^2_b 30 − ω^6F^3_b 15 + ω^6|Φ_b|^5 10 ) ≃ 8 δω 105 − |Φ_b| 15 , (4.70)

– 30 – δs^1_2 = − ω^2N 6 Φ_b G(|Φ_b|) − ω^4N 30 Φ_b G(|Φ_b|)(1 + 3F_b) − ω^2N Φ_b 4 |Φ_b| + ω^4N Φ_b 4 |Φ_b|^3 ≃ − N Φ_b 5 , (4.71)

δs^2 = −

N^2 ω ( ω − 1 8 + ω^2 − 1 72 + ω^4 − 1 180 − ω^2F_b 12 + ω^2|Φ_b| 24 − ω^4F^2_b 6 − ω^4|Φ_b|^3 6 )

= − N^2 ω ( 7 δω 40 + 17 δω^2 360 + δω^3 45 + δω^4 180 − ω^2F_b 12 + ω^2|Φ_b| 24 − ω^4F^2_b 6 − ω^4|Φ_b|^3 6 )

≃ −N^2 ( 7 δω 40 − |Φ_b| 24 ) , (4.72)

along with δs_{−1} = δs^2_1 = 0 (as usual).

Because the renormalizations coming from s_k are proportional to m^{4−2k}, where m is the 6D mass, for massless fields we need only follow the contributions of s_2, ensuring the only nonzero renormalizations are μ ∂ζ_R3 ∂μ = − 2 315(4π)^3 and μ ∂ ∂μ ( κζ_{AR} g̃^2 ) = 14 q^2 5(4π)^3

, (4.73)

in the bulk, and μ ∂ζ_R2_b ∂μ = 1 4(4π)^2ω ( 8 δω 105 + 5 δω^2 63 + 17 δω^3 315 + 37 δω^4 1260 + δω^5 105 + δω^6 630 − 2 ω^2F_b 15 + ω^2|Φ_b| 15 − ω^4F^2_b 6 − ω^4|Φ_b|^3 6 − ω^6F^2_b 30 − ω^6F^3_b 15 + ω^6|Φ_b|^5 10 )

≃ 1 (4π)^2 ( 2 δω 105 − |Φ_b| 60 ) , (4.74) μ ∂ ∂μ ( κζ_{ÃRb} g̃^2 ) = − q (4π)^2 ( ω^2 6 Φ_b G(|Φ_b|) + ω^4 30 Φ_b G(|Φ_b|)(1 + 3F_b) + ω^2Φ_b 4 |Φ_b| − ω^4Φ_b 4 |Φ_b|^3 )

≃ − q Φ_b 5(4π)^2 = − 2 q^2 5(4π)^3

A_b , (4.75) μ ∂ ∂μ ( ζ_{Ab} g̃^2 ) = − 8 q^2 (4π)^2ω ( 7 δω 40 + 17 δω^2 360 + δω^3 45 + δω^4 180 − ω^2F_b 12 + ω^2|Φ_b| 24 − ω^4F^2_b 6 − ω^4|Φ_b|^3 6 ) ≃ − q^2 (4π)^2 ( 7 δω 5 − |Φ_b| 3 ) , (4.76)

on the brane.

Massive 6D gauge fields

Let us now turn to massive gauge-field fluctuations, corresponding to those gauge directions that acquire mass because of the nonzero (but constant) values taken by some of the scalar fields. By assumption, these gauge fields are vanishing in the background, both because this

– 31 – would require a more complicated ansatz than assumed here for the rugby-ball backgrounds [40], and because it would complicate the diagonalization of the metric and gauge-field fluctuations.

In this case the linearized theory simplifies [37] if we choose light-cone gauge, as described in more detail in Appendix C. The result is that a massive gauge field leads to the 4D spectrum of a massless gauge field, given in eq. (4.59), plus that of a scalar provided earlier. It follows that the s_i coefficient of a massive gauge field are

s^{mgf}_i = s^{gf}_i + s^s_i = 5s^s_i + Δs^{gf}_i , (4.77)

where the s^s_i are the corresponding quantities for a 6D scalar, those given in eqs. (4.4)–(4.7), and we use N ∈ {0, ±1} to ensure stability (see Appendix C).

Let us now give the contribution of the massive gauge field to the running of the bulk couplings. Since in the sphere limit we have

s^{sph, 0}_{−1} = 5 , s^{sph, 0}_0 = − 1 3 , s^{sph, 0}_1 = 1 3 , s^{sph, 2}_1 =

19 N^2 24 , s^{sph, 0}_2 = 4 63 , and s^{sph, 2}_2 = −

3 N^2 8 (4.78)

we obtain μ ∂U ∂μ = − 5 m^6 6(4π)^3 , μ ∂ ∂μ ( 1 κ^2 ) = m^4 6(4π)^3 , μ ∂ ∂μ ( ζ_R2 κ ) = − m^2 12(4π)^3 , μ ∂ζ_R3 ∂μ = − 1 126(4π)^3 , μ ∂ ∂μ ( 1 g̃^2 ) = − 19 q^2m^2 3(4π)^3 , μ ∂ ∂μ ( κζ_{AR} g̃^2 ) = 3 q^2 (4π)^3 . The running of the brane couplings is similarly obtained by computing the δs_i coefficients:

δs_0 = 1 ω ( − δω 6 + 5 δω^2 12 − 5 ω^2F_b 2 + ω^2|Φ_b| ) ≃ − δω 6 − 3|Φ_b| 2 , (4.79)

δs^0_1 = 1 ω ( δω 3 + 2 δω^2 9 + δω^3 18 + δω^4 72 − 5 ω^2F_b 6 + ω^2|Φ_b| 3 − 5 ω^4F^2_b 12 − ω^4|Φ_b|^3 3 )

≃ δω 3 − |Φ_b| 2 , (4.80)

δs^1 = −

5 ω^2N 12 Φ_b G(|Φ_b|) + N Φ_b − ω^2N 2 Φ_b|Φ_b| ≃

7 N Φ_b 12 , (4.81)

δs^0_2 = 1 ω ( 2 δω 21 + 25 δω^2 252 + 17 δω^3 252 + 37 δω^4 1008 + δω^5 84 + δω^6 504 − ω^2F_b 6 + ω^2|Φ_b| 15 − 5 ω^4F^2_b 24 − ω^4|Φ_b|^3 6 − ω^6F^2_b 24 − ω^6F^3_b 12 + ω^6|Φ_b|^5 10 ) ≃ 2 δω 21 − |Φ_b| 10 , (4.82)

– 32 – δs^1_2 = −

5 ω^2N 24 Φ_b G(|Φ_b|) − ω^4N 24 Φ_b G(|Φ_b|)(1 + 3F_b) − ω^2N Φ_b 4 |Φ_b| + ω^4N Φ_b 4 |Φ_b|^3 ≃ − N Φ_b 4 , (4.83)

δs^2 = −

N^2 ω ( 3 δω 16 + 17 δω^2 288 + δω^3 36 + δω^4 144 − 5 ω^2F_b 48 + ω^2|Φ_b| 24 − 5 ω^4F^2_b 24 − ω^4|Φ_b|^3 6 )

≃ −N^2 ( 3 δω 16 − |Φ_b| 16 ) . (4.84)

These give μ ∂T_b ∂μ = m^4 2(4π)^2ω ( − δω 6 + 5 δω^2 12 − 5 ω^2F_b 2 + ω^2|Φ_b| )

≃ − m^4 (4π)^2 ( δω 12 + 3|Φ_b| 4 ) , (4.85) μ ∂ ∂μ ( A_b g̃^2 ) = 2 qm^2 (4π)^2 ( − 5 ω^2 12 Φ_b G(|Φ_b|) + Φ_b − ω^2 2 Φ_b|Φ_b| )

≃ 7 qm^2Φ_b 6(4π)^2 = − 7 q^2m^2 3(4π)^3

A_b , (4.86) μ ∂ ∂μ ( ζ_{Rb} κ ) = m^2 2(4π)^2ω ( δω 3 + 2 δω^2 9 + δω^3 18 + δω^4 72 − 5 ω^2F_b 6 + ω^2|Φ_b| 3 − 5 ω^4F^2_b 12 − ω^4|Φ_b|^3 3 ) ≃ m^2 (4π)^2 ( δω 6 − |Φ_b| 4 ) , (4.87) μ ∂ ∂μ ( κζ_{ÃRb} g̃^2 ) = − q (4π)^2 ( 5 ω^2 24 Φ_b G(|Φ_b|) + ω^4 24 Φ_b G(|Φ_b|)(1 + 3F_b) + ω^2Φ_b 4 |Φ_b| − ω^4Φ_b 4 |Φ_b|^3 ) ≃ − q Φ_b 4(4π)^2 = − q^2 2(4π)^3

A_b , (4.88) μ ∂ζ_R2_b ∂μ = 1 4(4π)^2ω ( 2 δω 21 + 25 δω^2 252 + 17 δω^3 252 + 37 δω^4 1008 + δω^5 84 + δω^6 504 − ω^2F_b 6 + ω^2|Φ_b| 15 − 5 ω^4F^2_b 24 − ω^4|Φ_b|^3 6 − ω^6F^2_b 24 − ω^6F^3_b 12 + ω^6|Φ_b|^5 10 )

≃ 1 (4π)^2 ( 2 δω 84 − |Φ_b| 40 ) , (4.89) μ ∂ ∂μ ( ζ_{Ab} g̃^2 ) = − 8 q^2 (4π)^2ω ( 3 δω 16 + 17 δω^2 288 + δω^3 36 + δω^4 144 − 5 ω^2F_b 48 + ω^2|Φ_b| 24 − 5 ω^4F^2_b 24 − ω^4|Φ_b|^3 6 ) ≃ − q^2 (4π)^2 ( 3 δω 2 − |Φ_b| 2 ) . (4.90)

5. The 4D vacuum energy

The previous sections show how to compute the 1PI potential, V_{1−loop} = V_∞ +V_f , obtained by integrating out low-spin bulk fields, and how these divergences are renormalized into various

– 33 – bulk and brane interactions, V_B and V_b, so that V := V_B + ∑ b V_b + V_f is finite. In this section we compute the implication of the above renormalizations for the effective 4D cosmological constant, Λ, and on-brane curvature as seen by a low-energy 4D observer. In the 4D theory Λ would be obtained as the value of the low-energy 4D effective potential, V , after minimizing over any light scalar fields in the 4D effective theory.

If no branes had been present, a standard result for the low-energy potential would have been V = V_B + V_f , so it may come as a surprise that once branes are included the potential V is not simply given by V := V, suitably renormalized. Instead we must also recompute the classical contribution to the low-energy cosmological constant coming from integrating out KK bulk modes, keeping track of how the bulk back-reacts to the renormalization of the source branes, along the lines of refs. [10]. Neglecting this back-reaction would be inconsistent, since for codimension-two systems it is known to be of the same size as the direct effects of the changes to the brane lagrangians themselves [5, 11, 12]. Indeed, it is this back-reaction that allows flat solutions to exist at all at the classical level, despite the large classical positive tensions carried by each brane.

The logic to determining the cosmological constant of the low-energy effective theory is to compute within the 6D theory how perturbations to brane and bulk interactions change the predicted value for the curvature, R_{μν} , along the brane directions, and then to ask what cosmological constant in the effective 4D theory would give this same curvature. This is a special case of a ‘matching’ calculation between the effective theory and its UV completion [33, 34]. It can be carried out fairly explicitly for small changes about a known background solution, as we do below following refs. [10].

An alternative route to the same end is compute the value taken by the loop-corrected (1PI) action, Γ := S + Σ, evaluated at the background configuration that solves the loopcorrected field equations, δΓ/δψ = 0. This lends itself well to the present purposes because the quantity V_{1−loop} as computed in earlier sections is precisely such a contribution to the loopcorrected action evaluated at the background solution. For maximally symmetric geometries, the value of Λ in the 4D low-energy effective theory can be found by comparing the result for Γ obtained using the full 6D theory with the result for Γ computed using the effective 4D theory.

5.1 Classical bulk back-reaction It is useful first to review how back-reaction works at the classical level. For the 6D theory we solve the bulk field equations, eqs. (2.2), using the renormalized bulk couplings. The renormalized brane couplings enter through the near-brane boundary conditions they imply

– 34 – for the bulk fields [15]. Our interest is in starting with a classical solution for which R_{μν} = 0, and then ask how R_{μν} changes as the various renormalized couplings change by small amounts. Of particular interest is how R_{μν} responds to changes of the couplings in the brane action.

Recall that the rugby ball is sourced by identical brane actions, which to first order in a derivative expansion couple to the background fields by S_b = − ∫ d^4x √ −γ L_b with

L_b = T_b − A_b 2g̃^2 ϵ^{mn}F_{mn} + · · · , (5.1) and where (as before) γ_{μν} := g_{MN} ∂_μx^M ∂_ν x^N is the induced metric on the brane, and the ellipses denote terms involving two or more derivatives. As shown in detail in [10], the nominally subdominant A_b-term can play an important role in understanding the low-energy effective 4D curvature in those situations [4, 5] where the stabilization of the extra dimensions arises as a competition between brane and bulk flux. In this case the influence of the A term gets enhanced by the volume of the extra dimensions through its effect on the flux-quantization condition.

At the classical level, the source branes back-react onto the background solutions in two distinct ways. First, they change the boundary conditions of the bulk fields, schematically relating the near-brane limit, lim_{ρ→0}(ρ ∂ψ/∂ρ), to the (appropriately renormalized) derivative of the brane action, δS_b/δψ, for any bulk field ψ. In the special case that the functions T_b and A_b defining the brane action are independent of any bulk scalar fields, then these boundary conditions boil down to the familiar statement that the brane induces^{14} a conical defect angle at each brane position, of size (see eq. (2.12)): δ = κ^2L_b = κ^2 ( T_b − A_bf/g̃^2 ) . The second way back-reaction influences the background is through the flux quantization condition, eq. (2.16), which depends on T_b and A_b because: (i) the defect angle changes the volume of integration for the flux, and (ii) because the A_b term directly contributes as flux localized on the branes. Once both effects are included [10], the flux-quantization condition generalizes from eq. (2.7) to 2πN/q = ( 4πα r^2f + ∑ b A_b ) , as before.

What must be done is to track how the bulk solutions react to loop-induced changes, δT_b, δA_b (and others), to see how the changes in the bulk solutions appear in the low-energy effective theory.

A straw man Before doing so, it is worth first putting to rest a common misconception that can confuse issues at this point.

14More generally, if T_b or A_b depend on bulk scalars, back-reaction leads to a bulk curvature singularity at the brane positions [15, 10].

– 35 –

Schematically, our goal is to compute the loop-corrected action, Γ = S + ϵΣ, evaluated at the loop-corrected background field configuration, ψ = ψ_0 + ϵδψ, with ϵ being the small loop-counting parameter. We do so in order to compare the result when performed in 6D and in 4D. Working to order ϵ gives

Γ[ψ] ≃ S[ψ_0 + ϵδψ] + ϵ Σ[ψ_0] + O(ϵ^2)

≃ S[ψ_0] + ϵ ( δS δψ | | |_{ψ0} δψ + Σ[ψ^0] ) + O(ϵ^2) , (5.2)

and it is tempting to argue that the first of the O(ϵ) terms vanishes because ψ_0 satisfies the classical field equations: (δS/δψ)_{ψ0} = 0. If so, then Γ[ψ] = S[ψ_0] + ϵ Σ[ψ_0] + O(ϵ^2).

Although this argument is often true, if it were true in the present instance then there would be no need to know how bulk fields back-react — i.e. to compute δψ — in response to loop corrections to the action — Σ — since it would suffice to evaluate both S and Σ at the uncorrected classical solution, ψ_0. If so, then the renormalized potential, V, computed in previous sections could be directly interpreted as the effective vacuum energy.

To see why this argument fails it is useful to examine a concrete example. To see why S_{eff} [ψ_0 + ϵδψ] ≠ S_{eff} [ψ_0] at O(ϵ), consider the case

S_{eff} = − ∫ d^4x √ −g ( Λ_0 + R 2κ^2_{4,0} )

and Γ = − ∫ d^4x √ −g ( Λ + R 2κ^2_4 ) , (5.3)

where Λ = Λ_0 + δΛ and 1/κ^2_4 = 1/κ^2_{4,0} + δ(1/κ^2_4), with both corrections of order ϵ. For simplicity, suppose further that Λ_0 = 0.

With these choices the unperturbed classical background satisfies R_0 = 0 while the background solving the full loop-corrected equations is R_1 = −4κ^2_{4,0}δΛ. Consequently the classical action evaluated at the classical background is S_{eff} [g_0] = 0, which disagrees with its evaluation at the loop-corrected solution:

S_{eff} [g_0 + δg] = − ∫ d^4x √ −g R_1 2κ^2_{4,0}

= +2 ∫ d^4x √ −g_0 δΛ . (5.4)

Formally, the reason S_{eff} [g_0 + δg] can differ from S_{eff} [g_0] is because S_{eff} is actually proportional to the volume of spacetime for any constant nonzero curvature, and so diverges. Consequently precise statements must be regularized, such as by cutting the geometry off at a large radius. But then the action also contains a boundary, Gibbons-Hawking, term at this

– 36 – radius, and it is this boundary term that need not be stationary when evaluated at a solution to Einstein’s equations. A similar phenomenon was noticed for the on-shell gravitational action in another context in ref. [41].

Loop-corrected back-reaction We now turn to how the bulk solutions respond to the presence of the loop-generated changes to brane and bulk interactions. Since these changes are small within the semiclassical approximation we can analyze this by following ref. [10] and solving the bulk field equations linearized about the classical background, using the brane-bulk boundary conditions to relate integration constants to properties of the brane action.

There are two qualitatively different kinds of loop-generated effects. First, renormalizations of the bulk action captured by V_B can change the features of the bulk classical solution, such as (but not restricted to) the generation of new terms in the bulk cosmological constant. Second, the renormalizations of the brane action included in V_b change the bulk solutions in the two ways mentioned above: changing the boundary conditions and modifying the flux-quantization condition.

The calculation in [10] can be used to include the influence of the brane renormalizations, once generalized to the loop corrections to the brane action found earlier in this paper. We now briefly describe the result of such a calculation. We first examine corrections to the lowest-derivative terms in the action, and return to the effects of the higher-derivative terms in the next section.

It suffices to work in a simple case to make the point that back-reaction is required to properly infer the implications of V_{1−loop} for the 4D curvature. We therefore assume that all gauge fields that are zero in the classical background remain zero at loop level. The calculation is performed, without loss of generality, using Gaussian normal coordinates in the scalar-field target space centered at the background solution, so that the kinetic terms are canonical at this point. Finally, to avoid the issues of ref. [42] we imagine the branes only to couple to bulk scalars with vanishing bulk masses, in order not to have the brane and bulk compete in their implications for ϕ^i, and thereby preclude the existence of constant background configurations.^{15}

We then imagine the bulk and brane actions to be chosen to admit a rugby-ball solution, and consider the corrections to this solution due to generic corrections to the coefficients

κ^2 → κ^2 + δκ^2 , U(ϕ) → U(ϕ) + δU(ϕ) , g̃^2(ϕ) → g̃^2(ϕ) + δg̃^2(ϕ) , (5.5)

15Both examples of [10] fall into this class

– 37 – in the bulk and T_b → T_b + δT_b(ϕ) and A_b → A_b + δA_b(ϕ) , (5.6) on the branes. We ignore corrections to the target space metric, δG_{ij} (ϕ), since at linear order these do not contribute to the effective cosmological constant. We discuss higher-derivative corrections to the brane action below, but the bottom line is that they are suppressed by powers of the gravitational scale κ.

Following the steps laid out in ref. [10], we first compute the on-brane curvature generated by these perturbations, by solving the linearized 6D field equations (assuming the initial rugby ball to be flat in the brane directions). The the effective 4D cosmological constant, Λ, is read off as that constant that would produce the same curvature using the 4D equations of motion: i.e. R_4 = −4κ^2_4Λ. This gives^{16}

Λ := − παr^2 κ^2 ( g^{μν} R_{μν} ) = − παr^2 κ^2 [ 2 r^2 ( δf f − δU U − 2 δg̃^2 g̃^2 )] ϕ_⋆ = δL_{tot} − fδA_{tot} g̃^2 + πα κ^2 ( 4 δκ^2 κ^2 + 3δU U + δg̃^2 g̃^2 ) ϕ_⋆ , (5.7)

where f is defined (as before) by F_{mn} = f ϵ_{mn}, while A_{tot} := ∑ b A_b and L_{tot} := ∑ b L_b with L_b is as given in (5.1). Generically the right-hand-side of eq. (5.7) is evaluated at the loop-corrected stationary point for the bulk scalar field: ϕ^i_⋆ = ϕ^i_0 + δϕ^i. When this is fixed from the classical bulk field equations then it suffices to evaluate eq. (5.7) at the classical solution, ϕ^i_0, since keeping δϕ^i would be subdominant in the loop expansion.

A more complicated situation arises if the bulk scalars parameterize flat directions along which there is no scalar potential at all in the absence of the perturbed bulk-brane couplings. This can occur if the brane couplings break an approximate symmetry of the bulk equations of motion, and can be used to generate a Goldberger-Wise [45] type stabilization of the bulk geometry [15]. In this case it is the perturbed brane-bulk couplings that stabilize these flat directions, with the stabilized point, ϕ^i_⋆, satisfying [ κ^2δL_{tot,j} 4πα + U_{,j}δf Uf + δU_{,j} δU − (δg̃^2)_{,j} g̃^2 ] ϕ_⋆ = 0 . (5.8)

The first term here corresponds to the case studied in ref. [10]. Because we work perturbatively in δϕ^i, some care is required if ϕ^i_0 labels a flat direction of the zeroth-order equations. In this case (as is standard for degenerate perturbation theory) δϕ^i need only be small if the arbitrary unperturbed point is chosen near the minimum of the loop-corrected potential.

16The first two terms in the last equality are ref. [10]’s result, since the corrections to δκ, δU and δg̃ were not considered.

– 38 –

Although reasonably complicated in the general case, it is clear that the above result only agrees with V as computed earlier in the special case that the first term, δL_{tot}, dominates eq. (5.7). This is not true, in particular, in the supersymmetric examples that are the subject of a companion paper [18] (for which the above formulae simplify considerably).

5.2 Higher derivative corrections on the brane

The above discussion is restricted to a tension and a localized flux, but in general loop corrections to the bulk and brane actions also include higher derivative terms, with the dimensions made up by factors of κ. Given our experience with the flux, which contributes at the same level as the tension despite being down one derivative, we pause to check that the other terms in the derivative expansion on the brane are indeed suppressed with respect to the tension and flux terms. The two ways in which higher derivative terms can contribute is by modifying the brane flux, and by modifying the matching condition that sets the defect angle at the branes.

The matching condition that relates the defect angle to the on-brane Lagrangian is more complicated if higher derivative corrections are taken into account. The precise statement of the matching condition in the general case is [15] [ e^B ∂_ρB ] g^{μν} = g^{μν} + κ^2 π √ −γ ( δS δg_{μν} ) , (5.9)

where the metric near the brane is assumed to take the form ds^2 = dρ^2 + e^{2B(ρ)}dθ^2. For most fields, maximal symmetry in the brane directions guarantees that the right hand side of this matching condition only gets contributions from the variation of √ −γ in the action. An important exception to this are curvature terms on the brane, which we now explore.

A brane with the structure

S_b = − ∫ d^4x √ −γ ( L_b + ζ_{Rb} κ R ) (5.10)

has a metric variation 1 √ −γ δS_b δg_{μν} = ζ_{Rb} κ ( R^{μν} − R 2 g^{μν} ) − L_b 2 g^{μν} = − ( ζ_{Rb}R 4κ + L_b 2 ) g^{μν} , (5.11)

where the last equality uses the maximal symmetry of the on-brane directions. Effectively this means that in eq. (5.7) we should replace δL_{tot} → δL_{tot} + (ζ_{Rb}R_4)/(2κ), and re-solve for R_4. The result is ( 1 + κζ_{Rb} 2παr^2 ) R_4 = [ κ^2 πα r^2 ( fδA_{tot} g̃^2 − δL_{tot} ) − 4 δκ^2 r^2κ^2 − 3δU 2U − δg̃^2 2g̃^2 ] ϕ_⋆ . (5.12)

– 39 –

From this we see that the correction that is associated with a brane curvature term is of higher order in the expansion in κ/r^2.

The other contribution higher derivative terms can have is to modify the brane localized flux. In particular, the brane localized Maxwell term has this effect. Following the regularization of the brane flux in [10] we find a divergent contribution to the gauge potential at a small distance, δ, from the brane. Such divergences are normal for codimension-two matching [15, 45], and the limit δ → 0 is to be taken after renormalization of the brane-bulk couplings. The divergent near-brane form for the bulk gauge field is in this case

A_θ(δ) = δ^2 2 ( fg̃^2 + A_b/πδ^2 1 + κζ_{Ab}/πδ^2 )

≈ δ^2fg̃^2 2 + ( A_b − fg̃^2κζ_{Ab} 2π ) − κ δ^2 ( A_bζ_{Ab} 2π^2 ) . (5.13)

The first term vanishes as δ → 0 and so can be ignored. The other correction terms are also small because consistency of the semiclassical approximation requires both κg̃^2 ≪ 1 and κδ^{−2} ≪ 1. Again, we find corrections to the cosmological constant due to the higher derivative corrections to the brane are subleading in κ.

6. Conclusions

To repeat the summary of the introduction, in this paper we present an explicit calculation of the divergent part of the Casimir energy obtained from loops of low-spin bulk fields in a 6D geometry compactified on a flux-stabilized 2D rugby ball. We explicitly show how the UV divergences can be disentangled in order to identify separately how both bulk and brane interactions renormalize, and we compute the renormalization-group beta functions for each of the corresponding couplings.

Although our results are general, the first applications we envisage are to the cosmological constant problem within the framework of supersymmetric large extra dimensions [18]. There are several features about this paper’s results that are noteworthy for such applications.

• The first observation is that extra dimensions are not a free lunch in themselves.

For large m, in general all positive powers of m up to m^6 appear in the bulk loops, V_{1−loop} ∝ m^6r^2. This is as expected on dimensional grounds for a contribution from a 6D cosmological constant. Although the m^6 term cancels whenever there are equal numbers of bosons and fermions, in general the subdominant V_{1−loop} ∝ m^4 term is still present. In the absence of something special (like unbroken supersymmetry [16]),

– 40 – the UV sensitivity we find is precisely what would have been expected generically on dimensional grounds.

• Second, although loops of heavy particles are dangerous in the bulk, in a world where all Standard Model particles live on a brane nothing really requires there to be any heavy bulk particles. If all bulk masses were generically of order 1/r then a single bulk loop need not be so dangerous, since V is of generic order V ∼ C/(4πr^2)^2. In such a case it would be two-loop and higher contributions that would instead be worrisome, since these could introduce the larger brane-localized masses of the Standard Model back into the result. What is required is a mechanism that suppresses higher loops, and here again supersymmetry is likely to be relevant, as described in Refs. [5, 12].

• Should a mechanism ensure that the 4D vacuum energy is indeed of order 1/(4πr^2)^2 (as we believe to be the case for a bulk supergravity^{17} [18]), then it is the Kaluza-Klein scale, 1/r, that would set the size of the cosmological constant. This could be acceptably small if r is chosen not to be far below its current upper limit, r <∼ 45 microns, arising from tests of Newton’s laws at short distances [43]. (Modifications of Newton’s law from supersymmetric large extra dimensions have been studied in [44].) Notice that the numerical factor of 16π^2 in the vacuum energy is an important part of why these scales can be compatible.

• Finally, even should the numerical size of the Casimir energy be right, its sign is also important. It is in this context that the discussion of §5 is most important, since it shows that the sign of the low-energy cosmological constant need not simply be the sign of V as computed in §3.

In any event, there is no substitute for a real calculation for which we regard the results of this paper as a crucial first step.

17Although it is tempting to ask what the 4D picture is for this mechanism, it is not clear that such a picture must exist given the central role played by back reaction (whose dynamics occurs above the KK scale [9], where the low energy 4D effective theory breaks down). What the 4D effective theory should be able to do, however, is to explain why the 4D curvature remains precisely zero when working purely at the classical level for the bulk, regardless of the energy density on the branes. A proper description of how this happens is under development, but goes well beyond the scope of the present article.

– 41 –

Acknowledgements

We thank Riccardo Barbieri, Gregory Gabadadze, Hyun-Min Lee, Susha Parameswaran, Oriol Pujolàs, Fernando Quevedo, Seifallah Randjbar-Daemi, George Thompson and Itay Yavin for useful discussions. Various combinations of us are grateful for the support of, and the pleasant environs provided by, the Abdus Salam International Center for Theoretical Physics, and AS thanks the Perimeter Institute and McMaster University for its hospitality, while thinking about these problems. CB’s research was supported in part by funds from the Natural Sciences and Engineering Research Council (NSERC) of Canada. Research at the Perimeter Institute is supported in part by the Government of Canada through Industry Canada, and by the Province of Ontario through the Ministry of Research and Information (MRI). The work of AS was supported by the EU ITN “Unification in the LHC Era”, contract PITN-GA-2009- 237920 (UNILHC) and by MIUR under contract 2006022501.

A. Heat kernels and bulk renormalization

In this appendix we collect for convenience the explicit expressions for the heat-kernel coefficients for manifolds without singularities and boundaries, and specialize the results to the case where the two extra dimensions are a 2-sphere.

The small-t expansion for the heat-kernel representation of the one-loop vacuum energy described in the main text can be evaluated for a broad class of geometries in great generality [26]. Such generality is possible because the small-t limit physically corresponds to the coincidence limit of the corresponding propagator, and this does not ‘know’ about the boundary conditions and topology of the space if the coincident points are taken far from any boundaries or branes.

Gilkey-de Witt coefficients This section collects the results for the ultraviolet-divergent parts of the one-loop action obtained by integrating out various kinds of particles in 6 dimensions. To this end, consider a collection of N fields, assembled into a column vector, Ψ, and coupled to a background spacetime metric, g_{M N} , scalars, φ^i, and gauge fields, A^a_M . We suppress the gauge and/or Lorentz indices to which these fields couple, leading to a background-covariant derivative, D_M , of the form D_M Ψ = ∂_M Ψ + ω_M Ψ − iA^a_M t_aΨ , (A.1) where ω_M is the matrix-valued spin connection, and the gauge group is represented by the hermitian matrices t_a. For real fields the t_a are imaginary antisymmetric matrices, which (for

– 42 – canonically-normalized gauge bosons) include a factor of the corresponding gauge coupling, g_a. The commutator of two such derivatives defines the matrix-valued curvature, Y_{MN} Ψ = [D_M , D_N ]Ψ, which has the following form:

Y_{MN} = R_{MN} − iF^a_{M N} t_a . (A.2)

Here R_{MN} is the curvature built from the spin connection ω_M , which is also related to the Riemann curvature of the background spacetime in a way which is made explicit in what follows.

Integrating out the fields Ψ at one loop often leads to the following contribution to the quantum action iΣ = −(−)^F 1 2 Tr log ( −□ + X + m^2 ) , (A.3)

where (−)^F = + for bosons and − for fermions. As before, □ = g^{M N} D_M D_N and the quantity X is some local quantity built from the background fields. The mass matrix, m^2, are constants.

Our interest is in that part of Σ for which the functional trace is ultraviolet divergent. To identify the divergent part we work within dimensional regularization and so continue the spacetime dimension to complex values, n, which are slightly displaced from the actual integer spacetime dimension, 6, which is of interest: n = 6 − 2ϵ. We then follow the poles in Σ as ϵ → 0, in the usual fashion. Notice that this continuation to d = 6 differs from the regularization used for the Casimir energy calculation, for which the limit d → 4 was taken.

For 6D spaces without boundaries and singularities the resulting divergent terms are simply characterized. They can be written as [26]

Σ_∞ = 1 2(4π)^3 (−)^F 3∑ k=0 Γ(k − 3 + ϵ) ∫ d^6x √ −g tr [m^{6−2k} a_k] (A.4)

where Γ(z) denotes Euler’s gamma function. The divergence as ϵ → 0 is contained within the gamma function, which has poles at non-positive integers of the form Γ(−r+ϵ) = (−)^r/(r!ϵ)+ · · ·, for ϵ an infinitesimal and r a non-negative integer. The coefficients, a_k, are known matrixvalued local quantities constructed from the background fields, to which we return below. The trace is over the matrix indices of the a_k, of which there are N^′ = N d with N counting the number of fields and d being the dimension of the relevant Lorentz representation.

The above expression shows that for massless fields (m = 0) in compact spaces without boundaries and singularities in 6 dimensions the divergent contribution is proportional to tr [a_3], so the problem reduces to the construction of this coefficient. By contrast, for massive fields there are also divergences proportional to tr [m^6a_0], tr [m^4a_1], tr [m^2a_2] and tr [a_3].

– 43 –

(Notice that the freedom to keep m^2 within or separate from X implies that the divergence obtained from computing just a_3 using X_m = X + m^2 gives the same result as computing a_0 through a_3 using only X.)

An algorithm for constructing the coefficients a_k is known for general X and D_M , involving and the result for the first few has been computed explicitly [26] and can be given as a closed form in terms of X, background curvatures and the generalized curvature Y_{MN} . The first few coefficients are given explicitly by [26]:^{18}

a_0 = I (A.5) a_1 = − 1 6 (R + 6X) (A.6)

a_2 = 1 360 ( 2R_{ABMN} R^{ABM N} − 2R_{MN} R^{MN} + 5R^2 − 12 □R ) + 1 6 RX + 1 2 X^2 − 1 6 □X + 1 12 Y_{MN} Y^{MN} (A.7)

a_3 = 1 7! ( −18 □^2R + 17D_M RD^M R − 2D_LR_{MN} D^LR^{MN} − 4D_LR_{MN} D^N R^{ML} +9D_K R_{MN LP} D^K R^{MNLP} + 28R□R − 8R_{MN} □R^{MN} + 24R^M_N D^LD^N R_{ML} +12R_{M N LP} □R^{MN LP} − 35 9 R^3 + 14 3 R R_{M N} R^{MN} − 14 3 R R_{ABMN} R^{ABMN} + 208 9 R^M_N R_{ML} R^{NL} − 64 3 R^{MN} R^{KL} R_{MKNL} + 16 3 R^M_N R_{MKLP} R^{NKLP} − 44 9 R^{AB}_{MN} R_{ABKL} R^{MNKL} − 80 9 R^A_B^M_N R_{AKMP} R^{BKN P} )

+ 1 360 ( 8D_M Y_{N K} D^M Y^{NK} + 2D^M Y_{NM} D_K Y^{N K} + 12Y^{MN} □Y_{MN} (A.8) −12Y^M_N Y^N_K Y^K_M − 6R^{MN KL} Y_{MN} Y_{KL} + 4R^M_N Y_{MK} Y^{N K} −5R Y^{MN} Y_{MN} − 6□^2X + 60X□X + 30D_M X D^M X − 60X^3 −30X Y^{M N} Y_{MN} + 10R □X + 4R^{M N} D_M D_N X + 12D^M R D_M X − 30X^2 R + 12X □R − 5X R^2 + 2X R_{MN} R^{MN} − 2X R_{ABM N} R^{ABMN} ) . Here I is the N × N identity matrix and Y_{MN} is the matrix-valued quantity defined above in terms of the commutator to two covariant derivatives.

Bulk Counterterms for Spheres Since our applications are to compactifications on spaces which are spheres, it suffices to specialize the general results of the appendix to these simpler background field configurations.

18In comparing with this reference recall that our metric is ‘mostly plus’ and we adopt Weinberg’s curvature conventions [29], which for the Riemann tensor agree with those of ref. [26], but disagree with this reference by a sign for the Ricci tensor and scalar.

– 44 –

Consider therefore 6D spacetime geometries which are the product of 4D Minkowski space with a maximally-symmetric 2D manifold:

ds^2 = η_{μν} dx^μdx^ν + g_{mn} dy^mdy^n , (A.9)

where maximal symmetry for the 2D metric implies R_{mnpq} =^1_2 R (g_{mp}g_{nq} − g_{mq}g_{np}), R_{mn} = 1 2 R g_{mn} and D_mR = 0, and so R_{mnpq}R^{mnpq} = 2R_{mn}R^{mn} = R^2. We also take any background scalars to be constants, and allow only a single background gauge field to be nonzero, and take it to be proportional to the 2D volume form: F_{mn} = f ϵ_{mn}, for some scalar f.

With these choices the only nonzero components of Y_{MN} lie in the 2 dimensions, Y_{mn}, and all of the curvatures are covariantly constant. The coefficients a_1 through a_3 simplify considerably, reducing to [26]:

a_0 = I (A.10) a_1 = − 1 6 R − X (A.11)

a_2 = 1 60 R^2 + 1 6 RX + 1 2 X^2 + 1 12 Y_{mn}Y^{mn} (A.12)

a_3 = − 1 630 R^3 − 1 30 Y^m_n Y^n_l Y^l_m − 1 40 R Y_{mn}Y^{mn} − 1 12 X Y_{mn}Y^{mn} − 1 6 X^3 − 1 12 X^2 R − 1 60 X R^2 . (A.13)

Here I is the N^′ ×N^′ identity matrix, and X and Y_{mn} are the N^′ ×N^′ matrix-valued quantities defined above. These expressions may be used to compare with the bulk part of the ultraviolet divergences encountered in the explicit calculations of the main text.

Scalars, spinors and gauge fields This section collects the results for X and Y_{MN} , and so also for the ultraviolet-divergent parts of the one-loop action, for several kinds of particles in 6 dimensions. Attention is restricted to those fields that do not mix appreciably with the gravity sector, and this means in particular that any gauge fields considered cannot be those whose background flux stabilizes the extra dimensions.

Scalars For spinless fields we begin with the following general scalar-field action involving two derivatives or less, S = − ∫ d^6x √ −g [ 1 2 g^{MN} G_{ij} D_M Φ^iD_N Φ^j + V + 1 2 U R + 1 4 H F^a_{M N} F^{MN}_a ] , (A.14)

– 45 – for a collection of N real scalar fields, Φ^i, coupled to a background metric, g_{M N} , and gauge fields, A^a_M . The functions U, V , W and the target-space metric, G_{ij} , are imagined to be known functions of the Φ^i. The background-covariant derivative appropriate to this case is:

D_M Φ^i = ∂_M Φ^i − iA^a_M (t_a)^i_j Φ^j , (A.15)

where the matrices (t_a)^i_j represent the gauge group on the scalars.

To compute the one-loop quantum effects of scalar fluctuations we linearize this action about a particular background configuration, φ^i, according to: Φ^i = φ^i + ϕ^i, where ∂_M φ = 0. Expanding the classical action to quadratic order in ϕ^i reveals the kinetic operator Δ^i_j, which is given by Δ^i_j = −δ^i_j □ + X^i_j , (A.16)

with X^i_j given by X^i_j = G^{ik} [ V_{kj}(φ) + 1 2 R U_{kj}(φ) + 1 4 F^a_{MN} F^{MN}_a H_{kj}(φ) ] . (A.17)

In this last expression the subscripts on U, V and H denote differentiation with respect to the background field φ^i. Specializing to the simple 2D geometries and Maxwell fields discussed earlier, these simplify to X^i_j = G^{ik}[V_{kj} +^1_2 R U_{kj} +^1_2 f^2 H_{kj}] and Y_{mn} = −ig̃f Q ϵ_{mn}, where g̃ is the gauge coupling and g̃Q = t_a is the hermitian, antisymmetric charge matrix for the background gauge field. Notice that these imply Y_{mn}Y^{mn} = −2g̃^2f^2 Q^2 and Y^m_n Y^n_l Y^l_m = 0. Since scalars transform trivially under Lorentz transformations, d = 0 and so N^′ = N.

The a_k are then N × N matrices, with the trace of a_0 through a_3 given by

tr a_0 = N , tr a_1 = − N 6 R − tr X , (A.18) and tr a_2 = N 60 R^2 + 1 6 R tr X + 1 2 tr X^2 − 1 6 g̃^2f^2 tr Q^2 (A.19)

tr a_3 = − N 630 R^3 + 1 20 R g̃^2f^2 tr Q^2 + 1 6 g̃^2f^2 tr (XQ^2) − 1 6 tr X^3 − 1 12 R tr X^2 − 1 60 R^2 tr X . (A.20)

These give explicit functions of φ once the above expression for X is used.

– 46 –

Fermions For N 6D massless spinors, ψ^a with a = 1, ..., N, we take the following action S = − ∫ d^6x √ −g 1 2 G_{ab}(φ) ψ^a /Dψ^b , (A.21)

where /D = e_A^M γ^AD_M with

D_M ψ^a = ∂_M ψ^a − 1 4 ω^{AB}_M γ_{AB} ψ − iA^a_M t_aψ , (A.22) with γ^A being the 6D Dirac matrices and e_A^M the inverse sechsbein, γ_{AB} =^1_2 [γ_A, γ_B ], and t_a denotes the gauge-group generator acting on the spinor fields. Since 6D Weyl spinors have 4 complex components their representation of the 6D Lorentz group has d = 8 real dimensions.

The differential operator which governs the one-loop contributions is in this case /D = e_A^M γ^AD_M and so in order to use the general results of the previous section we write (assuming there are no gauge or Lorentz anomalies) log det /D =^1_2 log det(− /D^2), which implies

iΣ_{1/2} = 1 2 Tr log /D = 1 4 Tr log ( − /D^2 )

= 1 4 Tr log ( −□ − 1 4 R + 1 4 γ^{AB} F^a_{AB} t_a ) . (A.23)

This allows us to adopt the previous results for the ultraviolet divergences, provided we divide the result by an overall factor of 2 (and so effectively d = 4 instead of 8), and use X = − 1 4 R + 1 4 γ^{AB} F^a_{AB} t_a . (A.24)

Similarly, we find Y_{MN} = − i 2 R_{M NAB} γ^{AB} − iF^a_{MN} t_a , (A.25) and so^{19}

Tr_{1/2}[Y_{MN} Y^{MN} ] = −4 tr_{1/2}(t_at_b) F^a_{M N} F^{bMN} − N 2 R_{ABMN} R^{ABMN} = −8 g̃^2f^2 tr_{1/2}(Q^2) − N 2 R^2 , (A.26)

where the second line specializes to the simple spherical 2D geometry and background gauge fields discussed earlier.

19We adopt the convention of using Tr [...] to denote a trace which includes the Lorentz and/or spacetime indices, while reserving tr [...] for those which run only over the ‘flavor’ indices which count the fields of a given spin.

– 47 –

Keeping explicit the sign due to statistics, and dropping terms which vanish when traced, this leads to the following expressions for the divergent contributions of N 6D Weyl fermions:

(−)^F Tr_{1/2}[a_0] = −4N , (−)^F Tr_{1/2}[a_1] = − N 3 R (A.27)

(−)^F Tr_{1/2}[a_2] = N 60 R^2 − 4 3 g̃^2f^2 tr_{1/2}(Q^2) (A.28)

(−)^F Tr_{1/2}[a_3] = − N 504 R^3 + 2 15 g̃^2f^2 R tr_{1/2}(Q^2) . (A.29)

Gauge bosons For N gauge bosons, A^a_M , with field strength F^a_{MN} and a = 1, ..., N, we use the usual Yang- Mills action S = − ∫ d^6x √ −g 1 4 H(φ) F^a_{M N} F^{M N}_a , (A.30) expanded to quadratic order about the background fields: A^a_M = A^a_M + δA^a_M . For an appropriate choice of gauge the differential operator which governs the loop contributions becomes

Δ^{aM}_{bN} = −δ^a_b δ^M_N □ + X^{aM}_{bN} , (A.31)

with X^{aM}_{bN} = −R^M_N δ^a_b + 2i(t_c)^a_bF^{cM}_N , (A.32) where t_c here denotes a gauge generator in the adjoint representation.

The dimension of the 6-vector representation of the Lorentz group is in this case d = 6. We therefore find Tr_V I = 6N, Tr_V (X) = −N R, and

Tr_V (X^2) = N R_{MN} R^{MN} + 4 C(A) F^a_{M N} F^{M N}_a (A.33) Tr_V (Y_{MN} Y^{MN} ) = −N R_{ABM N} R^{ABMN} − 6 C(A) F^a_{M N} F^{M N}_a , (A.34)

where C(A) is the Dynkin index for N fields in the adjoint representation, defined by tr (t_at_b) = C(A) δ_{ab}. The subscript ‘V ’ in these expressions is meant to emphasize that the trace has been taken over a vector field (as opposed to the physical spin-1 field, including ghosts).

These expressions suffice to compute Tr_V [a_k], for the vector field. Once specialized to the spherical geometries and background gauge field of interest we find

(−)^F Tr_V [a_0] = 6N , (−)^F Tr_V [a_1] = 0 (A.35) (−)^F Tr_V [a_2] = N 10 R^2 + 3g̃^2f^2 tr (Q^2) (A.36)

(−)^F Tr_V [a_3] = − N 105 R^3 + 4 5 g̃^2f^2 R tr (Q^2) . (A.37)

– 48 –

To this we must add the ghost contribution, which consists of N complex scalar fields having fermionic statistics and transforming in the adjoint representation of the gauge group. The contributions to the a_k may be read off from our previously-quoted expressions for scalar fields in the special case X = 0. For such fields we have

(−)^F Tr_{gh}[a_0] = −2N , (−)^F Tr_{gh}[a_1] = N 3 R (A.38)

(−)^F Tr_{gh}[a_2] = − N 30 R^2 + 1 3 g̃^2f^2 tr (Q^2) (A.39)

(−)^F Tr_{gh}[a_3] = N 315 R^3 − 1 10 g̃^2f^2 R tr (Q^2) . (A.40)

Summing the contributions of eqs. (A.35) and (A.38) gives the contribution of N physical 6D massless gauge bosons:

(−)^F Tr_1[a_0] = 4N , (−)^F Tr_1[a_1] = N 3 R (A.41)

(−)^F Tr_1[a_2] = N 15 R^2 + 10 3 g̃^2f^2 tr_1(Q^2) (A.42)

(−)^F Tr_1[a_3] = − 2N 315 R^3 + 7 10 g̃^2f^2 R tr_1(Q^2) . (A.43)

B. Sums and zeta functions

This appendix has two purposes. The first section provides a more secure theoretical foundation for many of the zeta-function calculations of the main text; while the second section provides formulae for several useful sums encountered in the calculations.

Justifying zeta function regularization The purpose of this section is to compute the sum

d^{reg}(ω, t, a_0) := ∞∑ j=0 ∑ k≠0 G(2πk) , (B.1)

where G(q) := ∫_∞ −∞ dx exp[−t(j + ω|x| + a_0)^2] e^{−iqx} , (B.2)

without resorting to the use of zeta function regularization. Pursuing this exercise will show that the zeta function approach used later is valid.

Computing this Fourier transform gives G(q) = 1 2ω √ π t e^{−q̄2} [ e^{2ij̄q̄} ( 1 − erf(j̄ + iq̄) ) + c.c. ] (B.3)

– 49 – where j̄ := √ t(j + a_0) , q̄ := q 2ω √ t . (B.4)

Since G(−q) = G(q), we can write

d^{reg}(ω, t, a_0) = 2 ∞∑ j=0 ∞∑ k=1 G(2πk) . (B.5)

When evaluating G(q) for non-zero q, it is important to note that the overall factor of exp(−q^2/(4ω^2t)) in eq. (B.3) will exponentially suppress any quantity multiplying it that does not diverge in the t → 0 limit. Since we are only interested in the t → 0 limit on this sum, we can therefore approximate G(q) as follows: G(q) ≃ − 1 2ω √ π t e^{−q̄2} [ e^{2ij̄q̄} erf(j̄ + iq̄) + c.c. ]

= − 1 ω √ t e^{−q̄2} [ e^{2ij̄q̄} (∫_{j̄} 0 dx e^{−x2} + ∫_{j̄+iq̄} j̄ dx e^{−x2} ) + c.c. ]

≃ − 1 ω √ t e^{−q̄2} [ i e^{2ij̄q̄} ∫_{q̄} 0 du e^{−(iu+j̄)2} + c.c. ] . (B.6)

(Here, we have taken u = −i(x − j̄).) It is also helpful to make the following substitutions: G(q) = 2 ω √ t e^{−q̄2} ∫_{q̄} 0 du e^{u2 −j̄2} sin[2j̄(q̄ − u)] = 2q̄ ω √ t e^{−q̄2} ∫_1 0 dy e^{q̄2(1−y)2} ( e^{−j̄2} sin(2j̄q̄ y) ) (B.7)

where y := (q̄ − u)/q̄. Since all of the j-dependence is in the bracketed term within the above integral, we can consider first carrying out the j-sum and then performing the integral over y: ∞∑ j=0 G(2πk) = 2k̄ ωt e^{−k̄2/t} ∫_1 0 dy e^{k̄2(1−y)2 /t} ∞∑ j=0 e^{−j̄2} sin(2j̄k̄ y/ √ t) :=R(k̄y,t) (B.8)

where we have introduced the notation k̄ = πk/ω. Calculating R(k̄y, t) can be done as before, using the Euler-Maclaurin formula in eq. (3.45). Defining

g(x + a_0; k̄y, t) := e^{−t(x+a0)2} sin (2(x + a_0)k̄y) , (B.9)

this gives R(k̄y, t) = ∫_∞ 0 dx g(x + a_0; k̄y, t) − ∞∑ i=1 B_i i! g^{(i−1)}(a_0; k̄y, t) (B.10)

– 50 – where g^{(i−1)}(a_0; k̄y, t) denotes the (i−1)-th derivative of g(x; k̄y, t) with respect to x evaluated at x = a_0. The integral can be simplified as follows: ∫_∞ 0 dx g(x + a_0; k̄y, t) = ∫_{−a0} 0 dx g(x + a_0; k̄y, t) + ∫_∞ −a_0 dx g(x + a_0; k̄y, t) = ∫_∞ 0 dx g(x; k̄y, t) − ∫_{a0} 0 dx g(x; k̄y, t) = 1 √ t ( D (¯ ky √ t ) − ∫^√_{ta0} 0 dx g(x; k̄y/ √ t, 1) ) (B.11)

where D(w) := ∫_∞ 0 dx e^{−x2} sin(2xw) (B.12)

is known as Dawson’s integral – a real, analytic function with known series expansions about w = 0 and w → ∞. The second integral can be reliably Taylor expanded in its upper limit, since the t-dependence of the integrand is contained within the sine function (which is guaranteed not to diverge). Furthermore, since the integrand is an odd function of x, only even powers of √ ta_0 will appear. The coefficients in such an expansion will be related to derivatives of g(x; k̄y, t) (with respect to x): ∫^√_{t a0} 0 dx g(x; k̄y/ √ t, 1) = ∞∑ i=1 g^{(2i−1)}(0; k̄y/ √ t, 1) (2i)!

(t a^2_0)^i . (B.13)

Given all of this, we see that the sum over G(2πk) can be divided into three contributions: ∞∑ j=0 G(2πk) = 2 ωt [ G_1(k̄, t) + G_2(k̄, t) + G_3(k̄, t) ] (B.14)

where

G_1(k̄, t) = k̄ √ t e^{−k̄2/t} ∫_1 0 dy e^{k̄2(1−y)2/t}D (¯ ky √ t ) (B.15)

G_2(k̄, t) = − k̄ √ t ∞∑ i=1 (t a^2_0)^i (2i)! e^{−k̄2/t} ∫_1 0 dy e^{k̄2(1−y)2 /t}g^{(2i−1)}(0; k̄y/ √ t, 1) (B.16)

G_3(k̄, t) = −k̄ ∞∑ i=1 B_i i! e^{−k̄2/t} ∫_1 0 dy e^{k̄2(1−y)2 /t}g^{(i−1)}(a_0; k̄y, t) . (B.17)

The small-t limit of these expressions can be obtained by making extensive use of the definition of the Dawson integral in eq. (B.12), as well as its asymptotic expansion D(w) ≃ 1 2w + 1 4w^3 + 3 8w^5 + 15 16w^7 + O ( 1 w^9 ) . (B.18)

– 51 –

(This is most easily done using computing software.) And, of course, any term in the final result that is suppressed by a factor of exp(−k̄^2/t) can be safely dropped in this limit. Performing this expansion yields G_1(k̄, t) ≃ t 4k̄^2 + t^2 8k̄^4 + 3t^3 16k̄^6

+ . . . (B.19) G_2(k̄, t) ≃ − ta^2_0 2! × ( t 2k̄^2 + 3t^2 4k̄^4 + . . . ) − t^2a^4_0 4! × ( − 3t k̄2 + . . . ) − . . . (B.20) G_3(k̄, t) ≃ − B_1 1! ( a_0t^2 2k̄^2 + ( − a^3_0 2k̄^2 + 3a_0 4k̄^4 ) t^3 + . . . )

− B_2 2! ( t^2 2k̄^2 + ( − 3a^2_0 2k̄^2 + 3 4k̄^4 ) t^3 . . . )

− B_3 3! ( − 3a_0t^3 k̄2 . . . ) − B_4 4! ( − 3t^3 k̄2 . . . ) − . . . (B.21)

In the above, the . . . indicate terms that will contribute to S_0(ω, t) at O(t^3) or higher, and so will give no contribution to the Casimir energy.

Finally, we can substitute this result into eq. (B.5) and, with the use of ∞∑ k=1 1 k̄n = ( ω π )_n ζ(n) with ζ(2) = π^2 6 , ζ(4) = π^4 90 , ζ(6) = π^6 945 → ∞∑ k=1 1 k̄2 = 1 6 ω^2 , ∞∑ k=1 1 k̄4 = 1 90 ω^4 , ∞∑ k=1 1 k̄6 = 1 945 ω^6 , (B.22)

we find that 4 ∞∑ k=1 G_1(k̄, t) ≃ ω^2t 6 + ω^4t^2 180 + ω^6t^3 1260

+ . . . (B.23)

4 ∞∑ k=1 G_2(k̄, t) ≃ − a^2_0ω^2t^2 6 − a^2_0ω^4t^3 60 + a^4_0ω^2t^3 12 + . . . (B.24)

4 ∞∑ k=1 G_3(k̄, t) ≃ − ( − 1 2 ) ( a_0ω^2t^2 3 − a^3_0ω^2t^3 3 + a_0ω^4t^3 30 )

− ( 1 6 ) ( ω^2t^2 6 − a^2_0ω^2t^3 2 + ω^4t^3 60 )

−(0) − ( − 1 30 ) ( − ω^2t^3 12 ) − . . . (B.25)

and so

d^{reg}(ω, t, a_0) = 2 × ∞∑ k=1 ∞∑ j=0 G(2πk)

– 52 –

= 4 ωt ∞∑ k=1 [ G_1(k̄, t) + G_2(k̄, t) + G_3(k̄, t) ]

= 1 ω { 1 6 ω^2 + [( − 1 36 + 1 6 a_0 − 1 6 a^2_0 ) ω^2 + 1 180 ω^4 ] t + [( − 1 360 + 1 12 a^2_0 − 1 6 a^3_0 + 1 12 a^4_0 ) ω^2 + ( − 1 360 + 1 60 a_0 − 1 60 a^2_0 ) ω^4 + 1 1260 ω^6 ] t^2 } (B.26)

as found later, using the more efficient zeta–function regularization method.

Some useful sums

Next, we will explicitly evaluate the small-t limit of two often-encountered sums.

The sum c(t, a_0)

This sum is defined as follows:

c(t, a_0) := ∞∑ j=0 exp[−t(j + a_0)^2] . (B.27)

The Euler-Maclaurin formula states that, for any analytic function f(x), we can write ∞∑ j=0 f(j) = ∫_∞ 0 dx f(x) − ∞∑ i=1 B_i i! f^{(i−1)}(0) (B.28)

where f^{(i−1)}(x) denotes the (i − 1)-th derivative of f(x) and where the B_i are the Bernoulli numbers. (The first few are B_1 = −1/2, B_2 = 1/6, B_4 = −1/30, and B_{2i+1} = 0 for i ≥ 1.) Identifying f(x) = exp[−t(x + a_0)^2], the first few derivative terms are

f^{(0)}(0) = e^{−ta20} , f^{(1)}(0) = −2ta_0 e^{−ta20} , f^{(2)}(0) = (−2t + 4t^2a^2_0) e^{−ta20}

f^{(3)}(0) = (12t^2a_0 − 8t^3a^3_0) e^{−ta20} , f^{(4)}(0) = (12t^2 − 48t^3a^2_0 + 16t^4a^4_0) e^{−ta20} , (B.29)

and f^{(5)}(0) ∼ O(t^3). (We only need powers of t smaller than 3, for reasons discussed in the text.) The integral can be written in terms of the error function, and has the following series expansion: ∫_∞ 0 dx e^{−t(x+a0 )2} = 1 2 √ π t ( 1 − erf(a_0 √ t) )

= 1 2 √ π t − a_0 + 1 3 a^3_0 t − 1 10 a^5_0 t^2 + O(t^3) . (B.30)

– 53 –

Upon Taylor expanding the derivative terms, we find that

c(t, a_0) = c_{−1/2} √ t + c_0 + c_1 t + c_2 t^2 + O(t^3) (B.31)

where

c_{−1/2} = √ π 2 , c_0 := 1 2 − a_0 , c_1 := 1 6 a_0 − 1 2 a^2_0 + 1 3 a^3_0 ,

c_2 := 1 60 a_0 − 1 6 a^3_0 + 1 4 a^4_0 − 1 10 a^5_0 . (B.32)

We will usually need a “tilded” version of the above sum. This is defined in the following way:

c̃(t, a_0, τ) := e^{τ t} c(t, a_0) = c̃_{−1/2} √ t + c̃_0 + c̃_{1/2} √ t + c̃_1 t + c̃_{3/2} t^{3/2} + c̃_2 t^2 + O(t^{5/2}) . (B.33)

In terms of components,

c̃_{−1/2} = c_{−1/2} , c̃_0 = c_0 , c̃_{1/2} = c_{−1/2} τ , c̃_1 = c_1 + c_0 τ , c̃_{3/2} = c_{−1/2} 2 τ^2 , c̃_2 = c_2 + c_1 τ + c_0 2 τ^2 . (B.34)

The double sum d(ω, t, a_0)

This sum is defined as follows: d(ω, t, a_0) := ∞∑ j=0 ∞∑ n=−∞ exp[−t(j + ω|n| + a_0)^2] . (B.35)

The j-sum can be performed as before, but the n-sum will pose a difficulty in the ω, t → 0 limit, where it converges very slowly. This is because the sum in fact diverges in this limit. However, by using Poisson resummation, we can compute these divergent contributions efficiently.

With this in mind, let’s write

d(ω, t, a_0) = d^{sing}(ω, t, a_0) + d^{reg}(ω, t, a_0) (B.36)

where we require that d^{reg}(ω, t, a_0) contain all terms that vanish as ω, t → 0. Since the calculation of d^{sing}(ω, t, a_0) is more subtle (for the above-mentioned reasons), we will compute it first and then apply a more cavalier approach to d^{reg}(ω, t, a_0).

– 54 –

Poisson resummation and d^{sing}(ω, t, a_0)

A method for finding the behaviour of d^{sing}(ω, t, a_0) as ω, t → 0 is to use Poisson resummation. Defining g(n) := exp[−ω^2t(|n| + b_j )^2] where b_j := (j + a_0)/ω, we can exchange ∞∑ n=−∞ g(n) = ∞∑ k=−∞ G(2πk) (B.37)

where G(q) := ∫_∞ −∞ dx g(x)e^{−iqx} (B.38) is the Fourier transform of g(x). For example, in the special case where b_j = 0 (i.e. j = a_0 = 0), we find that g(n) = exp(−ω^2t n^2) and so ∞∑ n=−∞ e^{−ω2t n2} = √ π ω^2t ∞∑ k=−∞ e^{−π2k2/(ω2t)} (B.39)

since G(q) = ∫_∞ −∞ dx e^{−ω2t x2−iqx} = √ π ω^2t e^{−q2/(4ω2 t)} . (B.40)

This special case is sufficient to illustrate the value of Poisson resummation: a sum that converges slowly in the ω, t → 0 limit is transformed into one that converges quickly in this same limit. In fact, the part of the n–sum that diverges in this limit gets mapped entirely onto the k = 0 term in the k–sum. Therefore, we can write

d^{sing}(ω, t, a_0) = ∞∑ j=0 G(0) (B.41)

where now, for b_j ≠ 0,

G(0) = ∫_∞ −∞ dx e^{−ω2t(|x|+bj )2} = √ π ω^2t

[1 − erf(ω √ tb_j )] . (B.42)

This sum can easily be evaluated in the same way as in section B using the Euler-Maclaurin formula. Integrating and differentiating G(0) as prescribed gives

d^{sing}_0 (ω, t, a_0) = 1 ω √ π t ∞∑ j=0 [ 1 − erf (√ t(j + a_0) )] (B.43)

= d^{sing}_{−1} t + d^{sing}_{−1/2} √ t + d^{sing}_0 + d^{sing}_1 t + d^{sing}_2 t^2 + O(t^3)

in the small–t limit, where

d^{sing}_{−1} := 1 ω , d^{sing}_{−1/2} := √ π ω ( 1 2 − a_0 ) , d^{sing}_0 := 1 ω ( 1 6 − a_0 + a^2_0 ) , (B.44)

d^{sing}_1 := 1 ω ( 1 180 − a^2_0 6 + a^3_0 3 − a^4_0 6 ) , d^{sing}_2 := 1 ω ( 1 1260 − a^2_0 60 + a^4_0 12 − a^5_0 10 + a^6_0 30 ) . As promised, each of these contributions diverges in the limit where ω, t → 0.

– 55 –

Calculating d^{reg}(ω, t, a_0) using a zeta function approach First, we should mention that the use of zeta function method here is not necessary. In fact, we could continue as before, and compute d^{reg}(ω, t, a_0) using Poisson resummation:

d^{reg}(ω, t, a_0) = 2 ∞∑ j=0 ∞∑ k=1 G(2πk) . (B.45)

Here, we have identified d^{reg}(ω, t, a_0) as the left–over k ≠ 0 terms in the Poisson sum, eq. (B.37). (The factor of two arises because G(q) is even: g(−x) = g(x) ⇒ G(−q) = G(q).) This more “honest” approach is taken in Appendix B. However, since this calculation is significantly less tiresome if we take advantage of zeta function regularization, we will present this version of the derivation herein. (The two calculations give the same result, as can be seen by comparison with the result in Appendix B.) Much of the simplification arises because we can take advantage of the previous result for c(t, a_0).

Since we are guaranteed to have captured all of the divergent terms (as ω, t → 0) in d^{sing}(ω, t, a_0), computing the full sum in a naïve way — one that does not capture these divergent terms — will give us d^{reg}(ω, t, a_0). The zeta function method is just such a naïve approach! Let’s start by interchanging the j– and n–sums in eq. (B.35) and write

d^{reg}(ω, t, a_0) = ∞∑ n=−∞ c(t, ω|n| + a_0) = c(t, a_0) + 2 ∞∑ n=1 c(t, ωn + a_0) . (B.46)

Since, the zeta function is defined as ζ(s) = ∞∑ n=1 1 n^s , (B.47)

we have that ∑_∞ n=1 1 = ∑_∞ n=1 1/(n^0) = ζ(0) = −1/2 and so we can write

d^{reg}(ω, t, a_0) = 2 ∞∑ n=1 ( c(t, ωn + a_0) − c(t, a_0) ) . (B.48)

Given the result in eqs. (B.31) and (B.32), we find that the summand — expanded out in powers of t — is given by

Δc := c(t, ωn + a_0) − c(t, a_0) = ∑ r t^r Δc_r (B.49)

where r ∈ {−1/2, 0, 1, 2} and where

Δc_{−1/2} = 0 , Δc_0 = −ωn , Δc_1 = ( 1 6 − a_0 + a^2_0 ) ωn + ( − 1 2 + a_0 ) ω^2n^2 + 1 3 ω^3n^3

– 56 –

Δc_2 = ( 1 60 − a^2_0 2 + a^3_0 − a^4_0 2 ) ωn + ( − a_0 2 + 3a^2_0 2 − a^3_0 ) ω^2n^2 (B.50) + ( − 1 6 + a_0 − a^2_0 ) ω^3n^3 + ( 1 4 − a_0 2 ) ω^4n^4 − 1 10 ω^5n^5 .

Each term in Δc proportional to n^s will get a corresponding factor of ζ(−s) once the sum over n is performed. (Here, ζ(−1) = −1/12, ζ(−3) = 1/120, ζ(−5) = −1/252 and ζ(−2s) = 0 for s ≥ 1.) The end result is

d^{reg}(ω, t, a_0) = d^{reg}_0 + d^{reg}_1 t + d^{reg}_2 t^2 + O(t^3) (B.51)

where

d^{reg}_0 = ω 6 , d^{reg}_1 = ( − 1 36 + a_0 6 − a^2_0 6 ) ω + ω^3 180 , (B.52)

d^{reg}_2 = ( − 1 360 + a^2_0 12 − a^3_0 6 + a^4_0 12 ) ω + ( − 1 360 + a_0 60 − a^2_0 60 ) ω^3 + ω^5 1260 . As promised, the above result vanishes in the ω, t → 0 limit.

Combining the results for d^{sing}(ω, t, a_0) and d^{reg}(ω, t, a_0), we find that d(ω, t, a_0) = d_{−1} t + d_{−1/2} √ t + d_0 + d_1 t + d_2 t^2 + O(t^3) (B.53)

where

d_{−1} = 1 ω , d_{−1/2} = √ π ω ( 1 2 − a_0 ) , d_0 = 1 ω ( 1 6 − a_0 + a^2_0 + ω^2 6 ) , d_1 = 1 ω [ 1 180 − a^2_0 6 + a^3_0 3 − a^4_0 6 + ( − 1 36 + a_0 6 − a^2_0 6 ) ω^2 + ω^4 180 ] , (B.54)

d_2 = 1 ω [ 1 1260 − a^2_0 60 + a^4_0 12 − a^5_0 10 + a^6_0 30 + ( − 1 360 + a^2_0 12 − a^3_0 6 + a^4_0 12 ) ω^2 + ( − 1 360 + a_0 60 − a^2_0 60 ) ω^4 + ω^6 1260 ] . As with c(t, a_0), we will often need a “tilded” version of the above sum. This is defined in a similar way as before:

d̃(ω, t, a_0, τ) := e^{τ t} d(ω, t, a_0) (B.55) = d̃_{−1} t + d̃_{−1/2} √ t + d̃_0 + d̃_{1/2} √ t + d̃_1 t + d̃_{3/2} t^{3/2} + d̃_2 t^2 + O(t^{5/2}) .

In terms of components,

d̃_{−1} = d_{−1} , d̃_{−1/2} = d_{−1/2} , d̃_0 = d_0 + d_{−1} τ , d̃_{1/2} = d_{−1/2} τ , (B.56)

d̃_1 = d_1 + d_0 τ + d^{−1} 2 τ^2 , d̃_{3/2} = d_{−1/2} 2 τ^2 , d̃_2 = d_2 + d_1 τ + d_0 2 τ^2 + d_{−1} 6 τ^3 .

– 57 –

C. Spectra and mode sums

This appendix computes the KK spectra and mode sums that are quoted in the main text, for spins zero, half and one.

Spectrum and Mode Sum for the Scalar Field

This appendix computes the spectrum λ^s_{jn} and the corresponding small-t limit of the mode sum S_s(t) := ∑ j,n e^{−tλsjn} = 2∑ i=−1 s^s_i t^i + · · · (C.1)

for a 6D charged scalar ϕ, with mass m and charge qg̃, on the rugby ball.

Eigenvalues The scalar equation of motion is ( g^{M N} D_M D_N − m^2 ) ϕ = 0 (C.2)

where D_M is the covariant derivative, and where

ds^2 = η_{μν} dx^μ dx^ν + r^2(dθ^2 + α^2 sin^2 θ dφ^2) (C.3) qA_m dx^m = qA_φ dφ = [ − (N − Φ) 2 (cos θ − b) + b Φ_b ] dφ . (C.4)

In the above expression for A_φ, the variable b is used to distinguish two patches of the gauge potential: b = +1 (−1) corresponds to the patch encompassing cos θ = +1 (−1). To verify that this gauge potential is a correct one, it is sufficient to check that: dA_φ dθ = F_{θϕ} = fϵ_{θϕ} = ( N 2qr^2 ) (αr^2 sin θ) , (C.5)

A_φ(cos θ = b) = b A_b 2π . (C.6)

(Recall the definitions N = ω(N − Φ), Φ_b = qA_b/(2π) and Φ = ∑ b Φ_b from the text.)

Expanding out this equation of motion using the ansatz ϕ(x) = e^{ik4·x} Θ(θ)e^{inφ} gives

d^2Θ dθ^2

+ cot θ dΘ dθ + [ λ_{jn} − (n − q A_ϕ)^2 α^2 sin^2 θ ] Θ = 0 (C.7)

where λ_{jn} = −r^2(k^2_4 + m^2) are the required eigenvalues (in units of the KK scale 1/r). This is just the result for the case without a background field, but with n → n − q A_φ.

– 58 –

This difference is expected given that the wave equation depends on the azimuthal covariant derivative D_φ = ∂_φ − iq A_φ = i(n − q A_φ) (since our ansatz is that ϕ(x) ∝ e^{inφ}).

The standard approach from here is to change variables to x := cos θ, giving

(1 − x^2) d^2Θ dx^2 − 2x dΘ dx + [ λ_{jn} − (n − q A_ϕ)^2 α^2(1 − x^2) ] Θ = 0 , (C.8)

and to let Θ(x) = (1 − x^2)^yf(x) for some convenient power y that removes the singular behaviour of (C.8) near x = ±1 (↔ θ = 0, π). However, since the gauge field is defined differently at each pole, it will help to treat the divergences at each pole separately. Therefore, we will instead take Θ(x) = (1 − x)^y(1 + x)^zf(x) ,

which yields

(1 − x^2) d^2f dx^2

− 2[(1 + y + z)x + y − z] df dx + [ λ_{jn} − ω^2(n − q A_ϕ)^2 + k(x, y, z) (1 − x^2) ] f(x) = 0 (C.9)

where ω = α^{−1} and

k(x, y, z) := y + z − (y − z)^2 − 2(y^2 − z^2)x − (y + z)(y + z + 1)x^2 . (C.10)

Requiring that the numerator [ω^2(n−qA_φ)^2+k] be proportional to (1−x^2) gives the conditions y = ω 2 |n + (N − Φ)ϵ_{−b} − b Φ_b| , z = ω 2 |n − (N − Φ)ϵ_b − b Φ_b| (C.11)

where ϵ_+ = 1 and ϵ_− = 0, and the resulting regular ODE is

(1 − x^2) d^2f dx^2 − 2[(1 + y + z)x + y − z] df dx + [ λ_{jn} + N^2 4 − (y + z)(y + z + 1) ] f(x) = 0 . (C.12)

In passing, it should be mentioned that it is equally valid to take y and/or z to be definitely negative, rather than positive, in eliminating the singularities from eq. (C.8). However, in the absence of couplings of the scalar to the brane, we should discard these solutions since they cause ϕ(x) to diverge at one or both of the branes (in conflict with the boundary conditions).

It is instructive to consider the special case in which q = 0 and ω = 1. In this case, we find that y = z = |n|/2 (thereby justifying the usual choice of Θ(x) = (1 − x^2)^{|n|/2}f(x)) and

(1 − x^2) d^2f dx^2 − 2(1 + |n|)x df dx + [λ_{jn} − |n|(|n| + 1)] f(x) = 0 . This is the standard differential equation that is satisfied by the |n|th derivative of a Legendre polynomial (so long as λ_{jn} = (j + |n|)(j + |n| + 1) for some j ≥ 0, allowing the corresponding

– 59 – power series solution to terminate). Therefore, Θ(x) can be any (linear combination) of the associated Legendre polynomials and ϕ(x) are (linear combinations of) spherical harmonics. It is conventional to define ℓ := j + |n| so that λ = ℓ(ℓ + 1) with degeneracy (2ℓ + 1), representing the number of different ways of choosing combinations (j, n) that give the same ℓ. In the general case, the condition for termination of the power series solution to eq. (C.12) is λ_{jn} = (j + y + z)(j + y + z + 1) −

N^2 4 . (C.13)

Mode Sum From here, we wish to compute the small–t coefficients of S_s(ω, N, Φ_b, t), where S_s(ω, N, Φ_b, t) = e^{tN 2/4} ∞∑ j=0 ∞∑ n=−∞ exp [ − t(j + y + z)(j + y + z + 1)] (C.14)

= e^{τ t} ∞∑ j=0 ∞∑ n=−∞ exp [ − t(j + y + z + 1/2)^2] . (C.15)

In the last line, we have introduced τ := (1 + N^2)/4.

In order to use our previously-derived results for the sums c̃(t, a_0, τ) := e^{τ t} ∞∑ j=0 exp[−t(j + a_0)^2] (C.16)

d̃(ω, t, a_0, τ) := e^{τ t ∞} ∑ j=0 ∞∑ n=−∞ exp[−t(j + ω|n| + a_0)^2] , (C.17)

we will first have to do some massaging. We will assume throughout that |Φ_b| < 1, since any brane–localized flux larger than this can be absorbed (one integer at a time) into the bulk flux, N. Also, we will choose to work with the north (cos θ = +1) patch of the potential, for which y + z = ω 2 |n − Φ_+| + ω 2 |n − N + Φ_−| . (C.18)

To see the result for the south (cos θ = −1) patch, where

y + z = ω 2 |n + N − Φ_+| + ω 2 |n + Φ_−| , (C.19)

we can simply make the replacements N → −N and Φ_b → −Φ_{−b} in the final result (since the spectrum only depends on the combined quantity y + z). Of course, such a transformation should be a symmetry of the result, since it is just a gauge transformation.

– 60 –

It is helpful to first consider the case when N > 0 and break up the n–sum in eq. (C.15) into three parts:

S_s(ω, N, Φ_b, t) = S^{(+)}_s (ω, N, Φ_b, t) + S^{(0)}_s (ω, N, Φ_b, t) + S^{(−)}_s (ω, N, Φ_b, t) (C.20)

where:

• for Φ_− > 0, Φ_+ > 0,

S^{(+)}_s = e^{τ t} ∞∑ j=0 ∞∑ n=N exp [ −t ( j + ω 2 (n − Φ_+) + ω 2 (n − N + Φ_−) + 1 2 )_2] ,

S^{(0)}_s = e^{τ t} ∞∑ j=0 N−1∑ n=1 exp [ −t ( j + ω 2 (n − Φ_+) + ω 2 (N − Φ_− − n) + 1 2 )_2] ,

S^{(−)}_s = e^{τ t} ∞∑ j=0 −∞∑ n=0 exp [ −t ( j + ω 2 (Φ_+ − n) + ω 2 (N − Φ_− − n) + 1 2 )_2] ;

• for Φ_− > 0, Φ_+ < 0,

S^{(+)}_s = e^{τ t} ∞∑ j=0 ∞∑ n=N exp [ −t ( j + ω 2 (n − Φ_+) + ω 2 (n − N + Φ_−) + 1 2 )_2] ,

S^{(0)}_s = e^{τ t} ∞∑ j=0 N−1∑ n=0 exp [ −t ( j + ω 2 (n − Φ_+) + ω 2 (N − Φ_− − n) + 1 2 )_2] ,

S^{(−)}_s = e^{τ t} ∞∑ j=0 −∞∑ n=−1 exp [ −t ( j + ω 2 (Φ_+ − n) + ω 2 (N − Φ_− − n) + 1 2 )_2] ;

• for Φ_− < 0, Φ_+ > 0,

S^{(+)}_s = e^{τ t} ∞∑ j=0 ∞∑ n=N+1 exp [ −t ( j + ω 2 (n − Φ_+) + ω 2 (n − N + Φ_−) + 1 2 )_2] ,

S^{(0)}_s = e^{τ t} ∞∑ j=0 N∑ n=1 exp [ −t ( j + ω 2 (n − Φ_+) + ω 2 (N − Φ_− − n) + 1 2 )_2] ,

S^{(−)}_s = e^{τ t} ∞∑ j=0 −∞∑ n=0 exp [ −t ( j + ω 2 (Φ_+ − n) + ω 2 (N − Φ_− − n) + 1 2 )_2] ;

• for Φ_− < 0, Φ_+ < 0,

S^{(+)}_s = e^{τ t} ∞∑ j=0 ∞∑ n=N+1 exp [ −t ( j + ω 2 (n − Φ_+) + ω 2 (n − N + Φ_−) + 1 2 )_2] ,

– 61 –

S^{(0)}_s = e^{τ t} ∞∑ j=0 N∑ n=0 exp [ −t ( j + ω 2 (n − Φ_+) + ω 2 (N − Φ_− − n) + 1 2 )_2] ,

S^{(−)}_s = e^{τ t} ∞∑ j=0 −∞∑ n=−1 exp [ −t ( j + ω 2 (Φ_+ − n) + ω 2 (N − Φ_− − n) + 1 2 )_2] .

If we allow ourselves to extend the notation ϵ_± to

ϵ_x :=

1 + sgn(x) 2 = { 1 , sgn(x) := x/|x| = +1 0 , sgn(x) := x/|x| = −1 (C.21)

(recall that, before, ϵ_b = (1 + b)/2 = 1 or 0), these four cases (for which N > 0) can be succintly written as

S^{(+)}_s = e^{τ t} ∞∑ j=0 ∞∑ n=ϵ_{−Φ−} exp [ −t ( j + ωn − ωΔΦ 2 + 1 + ωN 2 )_2]

S^{(0)}_s = (N − 1 + ϵ_{−Φ−} + ϵ_{−Φ+} ) × e^{τ t} ∞∑ j=0 exp [ −t ( j − ωΦ 2 + 1 + ωN 2 )_2]

S^{(−)}_s = e^{τ t} ∞∑ j=0 −∞∑ n=−ϵ_{−Φ+} exp [ −t ( j − ωn + ωΔΦ 2 + 1 + ωN 2 )_2] (C.22)

where ΔΦ := Φ_+ − Φ_−.

Performing a similar calculation for the case where N < 0, we find something slightly different:

S^{(+)}_s = e^{τ t} ∞∑ j=0 ∞∑ n=ϵ_{Φ+} exp [ −t ( j + ωn − ωΔΦ 2 + 1 − ωN 2 )_2]

S^{(0)}_s = (−N − 1 + ϵ_{Φ−} + ϵ_{Φ+} ) × e^{τ t} ∞∑ j=0 exp [ −t ( j + ωΦ 2 + 1 − ωN 2 )_2]

S^{(−)}_s = e^{τ t} ∞∑ j=0 −∞∑ n=−ϵ_{Φ−} exp [ −t ( j − ωn + ωΔΦ 2 + 1 − ωN 2 )_2] . (C.23)

Writing η := sgn(N) = N/|N|, we find that these expressions – for arbitrary N – take the form

S^{(+)}_s = e^{τ t} ∞∑ j=0 ∞∑ n=ϵ_{−ηΦ−η} exp [ −t ( j + ωn − ωΔΦ 2 + 1 + ω|N| 2 )_2]

S^{(0)}_s = (|N| − 1 + ϵ_{−ηΦ−} + ϵ_{−ηΦ+} ) × e^{τ t} ∞∑ j=0 exp [ −t ( j − η ωΦ 2 + 1 + ω|N| 2 )_2]

– 62 –

S^{(−)}_s = e^{τ t} ∞∑ j=0 −∞∑ n=−ϵ_{−ηΦη} exp [ −t ( j − ωn + ωΔΦ 2 + 1 + ω|N| 2 )_2]

. (C.24)

Using the final rearrangement ∞∑ n=ϵ_∓ f(n) = 1 2 (_∞ ∑ n=−∞ f(|n|) ± f(0) ) (C.25)

and writing a_N := (1 + ω|N|)/2, we find that the massage is complete:

S^{(+)}_s = 1 2 [ d̃(ω, t, −ωΔΦ/2 + a_N , τ) + η sgn(Φ_{−η}) c̃(t, −ωΔΦ/2 + a_N , τ) ]

S^{(0)}_s = [ |N| − η(sgn(Φ_+) + sgn(Φ_−))/2 ] c̃(t, −η ωΦ/2 + a_N , τ) (C.26)

S^{(−)}_s = 1 2 [ d̃(ω, t, ωΔΦ/2 + a_N , τ) + η sgn(Φ_η) c̃(t, ωΔΦ/2 + a_N , τ) ] . This result is, by construction, invariant under N → −N, Φ_b → −Φ_{−b}.

Evaluating these expressions, we find, using throughout the definitions

F_b := |Φ_b| (1 − |Φ_b|) , F^{(n)} := ∑ b F^n_b , F^{(1)} := F , G(x) := (1 − x)(1 − 2x) (C.27)

that s^s_{−1} = 1/ω,

s^s_0(ω, N, Φ_b) = 1 ω [ 1 6 + ω^2 6 (1 − 3F ) ] , (C.28)

s^s_1(ω, N, Φ_b) = 1 ω [ 1 180 − N^2 24 + ω^2 18 (1 − 3F ) − ω^3N 12 ∑ b Φ_b G(|Φ_b|) + ω^4 180 (1 − 15F^{(2)}) ] ,(C.29)

s^s_2(ω, N, Φ_b) = 1 ω [ − 1 504 − 11 N^2 720 + ( 1 90 − N^2 144 ) (1 − 3F )ω^2 − ω^3N 24 ∑ b Φ_b G(|Φ_b|)

+ ω^4(1 − N^2) 360 (1 − 15F^{(2)}) − ω^5N 120 ∑ b Φ_b G(|Φ_b|)(1 + 3F_b)

+ ( 1 1260 − F^{(2)} 120 − F^{(3)} 60 ) ω^6 ] . (C.30)

Spectrum and Mode Sum for the Spin-1/2 Field

This appendix computes the spectrum λ^f_{jn} and the corresponding small-t limit of the mode sum S_f (t) := − ∑ ξ ∑ j,n e^{−tλfξjn} = 2∑ i=−1 s^f_i t^i (C.31)

for a 6D charged spin-1/2 field ψ, with mass m and charge q, on the rugby ball. Here, the minus sign denotes fermionic degrees of freedom, and the additional sum is over spin states.

– 63 –

Eigenvalues

The spinor equation of motion is ( /D + m)ψ = 0 (C.32)

where D_M is the covariant derivative and where the metric and background gauge field, respectively, are

ds^2 = r^2(dθ^2 + α^2 sin^2 θ dφ^2) + η_{μν} dx^μdx^ν (C.33) qA_M dx^M = qA_φ dφ = [ − N − Φ 2 (cos θ − b) + bΦ_b ] dφ (C.34)

(as before). Here, q is the charge (in units of g̃) of the field ψ under the gauge field.

We make use of the frame fields e_A^M and the spin connection Ω^{AB}_M to ensure that our Cartesian Clifford algebra (i.e. {Γ_A, Γ_B } = 2η_{AB} ) conforms to the spherical geometry:

/Dψ = Γ^Ae_A^M ( ∂_M − i 2 J_{AB} Ω^{AB}_M − iqA_M ) ψ . (C.35)

(Here, J_{AB} = −i[Γ_A, Γ_B ]/4 are the Lorentz generators in the spinor representation.) More precisely, these are given by two separate patches (in the same way as the gauge potential):

e_a^m = 1 r ( cos φ −^{b sin φ}_{α sin θ} b sin φ^{cos φ}_{α sin θ} ) , e_α^μ = δ^μ_α , e_α^m = 0 (so that e_A^M e_B^N g_{M N} = η_{AB} ) , (C.36)

Ω^{AB}_M = η^{AC} (e_C^N Γ^K_{MN} e_K^B − e_C^N ∂_M e_N^B ) (where e_M^A := (e_A^M )^{−1}) . (C.37)

(Recall that b + 1 (b = −1) for the north (south) brane.) Given that Γ^K_{MN} = 0 with the exception of Γ^φ_{θφ} = cot θ and Γ^θ_{φφ} = −α^2 sin θ cos θ, we find that the spin connections mostly vanish as well, with the exception of Ω^{45}_φ = α cos θ − b = −Ω^{54}_φ .

In order to expand out the above Dirac equation, let’s use the representation

Γ^μ = ( 0 γ^μ γ^μ 0 ) , Γ^4 = ( 0 γ_5 γ_5 0 ) , Γ^5 = ( 0 −i1I_4 i1I_4 0 ) (C.38)

where γ^μ are the usual 4D Dirac matrices:

γ^μ = −i ( 0 σ^μ −σ^μ 0 ) , γ_5 = −iγ^0γ^1γ^2γ^3 = ( 1I_2 0 0 −1I_2 ) (C.39)

and σ_μ = (1I_2, σ_i) = σ^μ are the Pauli matrices.

– 64 –

Substituting these definitions, we find that the covariant derivative becomes

/D = Γ^μ∂_μ + Γ^4 [ cos φ r ∂_θ − b sin φ α r sin θ (∂_φ − iqA_φ) + cos φ α r sin θ Ω^{45}_φ 2 ]

+Γ^5 [ ± sin φ r ∂_θ + cos φ α r sin θ (∂_φ − iqA_φ) + b sin φ α r sin θ Ω^{45}_φ 2 ] (C.40) or /D = ( 0 γ^μ∂_μ + P_LO_2 − P_RO_1 γ^μ∂_μ + P_LO_1 − P_RO_2 0 ) (C.41)

where P_{L(R)} = (1 ± γ_5)/2 and where

O_1 = e^{ibφ} r ( ∂_θ − (−i∂_φ − qA_φ − Ω^{45}_φ /2) α sin θ ) (C.42)

O_2 = e^{−ibφ} r ( ∂_θ +

(−i∂_φ − qA_φ + Ω^{45}_φ /2) α sin θ ) . (C.43)

Since ψ is a 6D Dirac spinor, we can decompose it into two 4D Dirac spinors or, equivalently, four 4D Weyl spinors: ψ = ( ψ_1 ψ_2 ) = ( ψ_{1L} + ψ_{1R} ψ_{2L} + ψ_{2R} ) (C.44)

where the 4D Weyl spinors satisfy γ_5ψ_{iL} = +ψ_{iL} and γ_5ψ_{iR} = −ψ_{iR}. In terms of these, the Dirac equation gives

γ^μ∂_μψ_{2R} + O_2ψ_{2L} + mψ_{1L} = 0 , γ^μ∂_μψ_{2L} − O_1ψ_{2R} + mψ_{1R} = 0 (C.45) γ^μ∂_μψ_{1R} + O_1ψ_{1L} + mψ_{2L} = 0 , γ^μ∂_μψ_{1L} − O_2ψ_{1R} + mψ_{2R} = 0 (C.46)

(where we have applied the projection matrix identities P^2_L = P^2_R = 1, P_LP_R = 0). From these expressions, it is clear that setting m = 0 decouples ψ_1 from ψ_2. In other words, for massless fermions there is a halving of the number of degrees of freedom.

Decoupling (C.45) and (C.46) gives

(□_4 + O_2O_1 − m^2)ψ_{1L} = 0 , (□_4 + O_1O_2 − m^2)ψ_{1R} = 0 (C.47) (□_4 + O_1O_2 − m^2)ψ_{2L} = 0 , (□_4 + O_2O_1 − m^2)ψ_{2R} = 0 (C.48)

where □_4 = η^{μν} ∂_μ∂_ν is the 4D d’Alembertian. In what follows, we will quote results only for ψ_1, since a solution for ψ_{1L} (ψ_{1R}) will also be a solution for ψ_{2R} (ψ_{2L}). To obtain the mode sum for a massive spin–1/2 field, we should remember to multiply the result for ψ_1 by 2.

– 65 –

Using the ansätze ψ_{1L(R)} = e^{ik4·x}Θ_{L(R)}(θ) e^{inL(R)φ} (C.49) where n_L and n_R are integers satisfying n_R − n_L = b given eqs. (C.45), (C.46) (and because of the e^{iφ} factors in O_1, O_2), we find that the spinor functions Θ_{L(R)} must satisfy the following equations:

d^2Θ_L dθ^2

+ cot θ dΘ_L dθ + [ λ^f_{jn1/2} − 1 4 − ( ω^2 ( n_{1/2} − qA_φ )_2 − ω [ (n_{1/2} − qA_φ) cos θ + qF_{θφ} sin θ ] +^1_4 sin^2 θ ) ] Θ_L = 0 (C.50)

d^2Θ_R dθ^2

+ cot θ dΘ_R dθ + [ λ^f_{jn1/2} − 1 4 − ( ω^2 ( n_{1/2} − qA_φ )_2 + ω [ (n_{1/2} − qA_φ) cos θ + qF_{θφ} sin θ ] +^1_4 sin^2 θ ) ] Θ_R = 0 (C.51)

where F_{θφ} = dA_φ/dθ (in our gauge, where A_θ = 0),

n_{1/2} := n_L + b/2 = n_R − b/2 , (C.52)

and where λ^f_{jn1/2} := −(k^2_4 + m^2)r^2 are the required eigenvalues (in units of the KK scale). These equations transform into one another when L ↔ R and n_{1/2} ↔ −n_{1/2}, A_φ ↔ −A_φ. Since such a transformation is equivalent to a change of coordinates (in particular, the exchange of north and south poles), we expect that the resulting eigenvalues will be the same when solving either equation, as needed. The exception to this logic is the situation where k^2_4 = −m^2 (i.e. when λ^f = 0); in this case, eqs. (C.45) and (C.46) partially decouple. In this case, we will find that only one of ψ_{1L}, ψ_{1R} will have zero mode solutions, given some fixed value N ≠ 0.

Remarkably, after: 1) performing the coordinate substitution x := cos θ; and 2) substituting Θ_σ(x) = (1 − x)^{yσ} (1 + x)^{zσ} f_σ(x) (C.53) where σ = +1 (σ = −1) denotes the left–handed (right–handed) field, we find that equations (C.50) and (C.51) become

(1 − x^2) d^2f_σ dx^2

− 2[(y_σ + z_σ )x + y_σ − z_σ ] df_σ dx + [ λ^f_{jn1/2} − 1 4 + σN 2 (C.54)

− ( ω^2 ( n_{1/2} − qA_φ )_2

− σω(n_{1/2} − qA_φ)x + k(x, y_σ, z_σ) +^1_4 1 − x^2 ) ] f_σ = 0

– 66 – where we have borrowed the previous definition for k(x, y, z) in eq. (C.10). (We have substituted for F_{θϕ} to obtain the term proportional to N in the equation above.) Requiring the numerator in the second line of eq. (C.54) to be proportional to (1 − x^2) makes eq. (C.54) a regular ODE and gives the following result for y_σ, z_σ:

y_σ = 1 2 | |ω ( n_{1/2} + (N − Φ)ϵ_{−b} − b Φ_b ) − σ 2 | | , zσ = 1 2 | |ω ( n_{1/2} − (N − Φ)ϵ_b − b Φ_b ) + σ 2 | | . (C.55) The resulting differential equation is

(1 − x^2) d^2f_σ dx^2 − 2[(1 + y_σ + z_σ )x + y_σ − z_σ] df_σ dx + [ λ^f_{jn1/2} − 1 4 + N^2 4 − (y_σ + z_σ )(y_σ + z_σ + 1) ] f_σ = 0 , (C.56)

In passing, it should be mentioned that, if the goal is regularity of eq. (C.54), it is equally valid to take y_σ and/or z_σ to be definitely negative, rather than positive, in eliminating the singularities from eqs. (C.50) and (C.51). However, we should discard these solutions since they cause for ψ to diverge at one or both of the poles.

In the case where the spinor does not couple to the background gauge field (q = 0 or, equivalently, N = Φ_b = 0) and the background geometry is that of a sphere (α = ω = 1), the above equations simplify as follows. Keeping in mind that |n_{1/2}| ≥ 1/2, we have that y_L = z_R =^1_2 (|n_{1/2}| −^1_2 ) and y_R = z_L =^1_2 (|n_{1/2}| +^1_2 ) and so eq. (C.54) becomes

(1 − x^2) d^2f_σ dx^2 − 2 [ (1 + |n_{1/2}|)x − 1 ] df_σ dx + [ λ^f_{jn1/2} − ( |n_{1/2}| + 1 2 )_2] f_σ = 0 (sphere). (C.57)

The power series solutions to these equations terminate as long as

λ^f_{jn1/2} = (j + |n_{1/2}| + 1/2)^2 (sphere) (C.58)

for some integer j ≥ 0. If we define ℓ := j + |n_{1/2}| − 1/2, the above expression for λ^f simplifies to the familiar (ℓ + 1)^2, as found in [21]. The degeneracy in this case is 2(ℓ + 1), which accounts for the number of different ways one can choose (j, n_{1/2}) to get the same ℓ. These two formulations are equivalent.

In the general case, the condition for termination of the power series solution to eqs. (C.56) (at the same order x^j) is that

λ^f_{jn1/2} = ( j_σ + y_σ + z_σ + 1 2 )_2 − N^2 4 (C.59)

where j_σ ∈ {0, 1, . . .} (and j_L ≠ j_R generally).

– 67 –

Mode Sum

The spin-1/2 mode sum for ψ_1 is

S_f (ω, N, Φ_b, t) = 2S_{fL}(ω, N, Φ_b, t) + 2S_{fR}(ω, N, Φ_b, t) (C.60)

where S_{fσ}(ω, N, Φ_b, t) = −2 × e^{tN 2/4} ∞∑ j=0 ∞∑ n=−∞ exp [ −t(j + y_σ + z_σ + 1/2)^2 ] . (C.61)

Here, σ = L = +1 (σ = R = −1) gives the result for the left-handed (right-handed) spinors. (Note that we have dropped the σ subscript on the dummy indices j, n.) Recalling that n_{1/2} := n + bσ/2, we can write y_σ and z_σ as follows:

y_σ = 1 2 | |ω [n + (N − Φ)ϵ_{−b} − b (Φ_b − σ 2 )] − σ 2 | | = ω 2 | |n + (N_{fσ} − Φ_{fσ})ϵ_{−b} − b Φ_{fσb} | | (C.62)

z_σ = 1 2 | |ω [ n − (N − Φ)ϵ_b − b ( Φ_b − σ 2 )] + σ 2 | | = ω 2 | |n − (Nfσ − Φfσ)ϵb − b Φ^{fσ}_b | | (C.63)

where, in the second expressions, we have introduced

N_{fσ} := N − σ , Φ^{fσ}_b := Φ_b − σ 2 ( 1 − 1 ω ) ( and Φ_{fσ} := ∑ b Φ^{fσ}_b = Φ − σ ( 1 − 1 ω )) . (C.64)

(Later on, we will also use Φ^f_0 := (1 − ω^{−1})/2.) Given these identifications, we can write the fermionic mode sums in terms of the previously–derived scalar result:

S_{fσ}(ω, N, Φ_b, t) = −2 × e^{t[N 2−(1+N 2fσ )]/4}S_s(ω, N_{fσ}, Φ^{fσ}_b , t) (C.65)

where N_{fσ} := ω(N_{fσ} − Φ_{fσ}) = N − σ. Expanding this out, we find (using the notation introduced in eq. (C.27)) that s^{fσ}_{−1} = −2/ω,

s^{fσ}_0 (ω, N_{fσ} , Φ^{fσ}_b ) = 1 ω [ 1 6 − σN + ( 1 6 + ΔF_{fσ} ) ω^2 ] , (C.66)

s^{fσ}_1 (ω, N_{fσ} , Φ^{fσ}_b ) = 1 ω [ 7 720 − N^2 6 + ( 1 72 − (1 − 3σN ) 6 ΔF_{fσ} ) ω^2

+ ω^3(N − σ) 6 ∑ b Δ [ Φ^{fσ}_b G(|Φ^{fσ}_b |) ] + ( 7 720 + 1 6 Δ[F^{(2)}_{fσ} ] ) ω^4 ] , (C.67)

s^{fσ}_2 (ω, N_{fσ} , Φ^{fσ}_b ) = 1 ω [ 31 20160 − 31 N^2 1440 + ( 7 2880 − N^2 144 − (1 − 5N^2) 60 ΔF_{fσ} ) ω^2

− ω^3N (1 − σN ) 12 ∑ b Δ[Φ^{fσ}_b G(|Φ^{fσ}_b |)] + ( 7 2880 − 7 N^2 1440

– 68 –

− (1 − 3σN + N^2) 12 Δ[F^{(2)}_{fσ} ] ) ω^4 + ω^5(N − σ) 60 ∑ b Δ[Φ^{fσ}_b G(|Φ^{fσ}_b |)(1 + 3F^{fσ}_b )]

+ ( 31 20160 + Δ[F^{(2)}_{fσ} ] 60 + Δ[F^{(3)}_{fσ} ] 30 ) ω^6 ] (C.68)

where the F^{(n)}_{fσ} ’s are calculated using Φ^{fσ}_b , and where we have taken

Δ[X] := X − X | | Φ_b=0

(C.69)

to ensure that Δ[X] → 0 as Φ_b → 0. For example, ΔF^{fσ}_b = |Φ^{fσ}_b |(1 − |Φ^{fσ}_b |) − (1 − ω^{−2})/4. (Recall that ω > 1 for the rugby–ball.) It is important to remember that the derivation of these results has assumed |Φ^{fσ}_b | < 1, which is distinct from the restriction |Φ_b| < 1 in the scalar case but of little difference near ω = 1.

Since the 6D the chiral spinor ψ_1 is the sum of a left–handed and a right–handed 4D chiral spinor, its s^f_i coefficients are given by

s^f_i = ∑ σ∈{±1} s^{fσ}_i . (C.70)

(For massive 6D spinors, we must double this result.) Since we expect some cancelation when considering this sum of coefficients, let’s work out the result. We must be careful, though, since there is some subtlety in this. For example, the spin–averaged quantity ⟨ΔF^f_b ⟩ depends differently on Φ_b for |Φ_b| > Φ^f_0 := (1 − ω^{−1})/2, as compared to when |Φ_b| < Φ^f_0:

⟨ΔF^f_b ⟩ := 1 2 ∑ σ ΔF^{fσ}_b = { −Φ^2_b , |Φ_b| ≤ Φ^f_0 F_b − Φ^f_0 , |Φ_b| ≥ Φ^f_0

. (C.71)

Both of these expressions have useful domains of validity: when considering small fluxes, Φ_b, in the presence of some Φ^f_0 ≠ 0, it is the upper function which is of interest; in the case of the larger fluxes, or in the sphere case where ω = 1 and Φ^f_0 = 0, it is the lower function which is relevant. We should therefore treat these two situations differently.

In the case where both |Φ_b| ≤ Φ^f_0, we find that

s^f_0(ω, N, Φ_b) = 1 ω [ 1 3 + ( 1 3 − 2 ∑ b Φ^2_b ) ω^2 ] , (C.72)

s^f_1(ω, N, Φ_b) = 1 ω [ 7 360 − ωN Φ 2 − N^2 3 + ( 1 36 − 1 6 ∑ b Φ^2_b ) ω^2

− ω^3N 6 ∑ b Φ_b(1 − 4Φ^2_b ) + ( 7 360 − 1 6 ∑ b Φ^2_b (1 − 2Φ^2_b ) ) ω^4 ] , (C.73)

– 69 – s^f_2(ω, N, Φ_b) = 1 ω [ 31 10080 − ωN Φ 16 − 31 N^2 720 + ( 7 1440 − N^2 72 ( 1 − 6 ∑ b Φ^2_b ) − 7 240 ∑ b Φ^2_b ) ω^2

− ω^3N 24 ∑ b Φ_b(1 − 4Φ^2_b ) + ( 7 1440 − 7 N^2 720 − (1 − 2N^2) 24 ∑ b Φ^2_b (1 − 2Φ^2_b ) ) ω^4

−ω^5N ( ∑ b Φ_b ( 7 240 − Φ^2_b 6 + Φ^4_b 5 ))

+ ( 31 10080 − ∑ b Φ^2_b ( 7 240 − Φ^2_b 12 + Φ^4_b 15 ) ) ω^6 ] . (C.74)

When both |Φ_b| ≥ Φ^f_0, the small–t coefficients are given in terms of

ρ_b := sgn(Φ_b) =

Φ_b |Φ_b| , Φ̃_b := ω(Φ_b − ρ_bΦ^f_0) , ρ := ∑ b ρ_b F̃_b := |Φ̃_b|(1 − |Φ̃_b|) , F̃ := ∑ b F̃_b etc. (C.75)

as follows:

s^f_0(ω, N, Φ_b) = 1 ω [ − 2 3 + 2F̃ + 2ω −

2 ω^2 3 ] , (C.76)

s^f_1(ω, N, Φ_b) = 1 ω [ − 1 45 + ρN 6 − N ∑ b Φ̃_b ( F̃_b +

Φ̃2_b 3 ) − N^2 3 + F̃ (2) 3 + ( 1 9 − F̃ 3 + N Φ̃ 3 − ρN 6 ) ω^2 − ω^4 45 ] (C.77)

s^f_2(ω, N, Φ_b) = 1 ω [ − 1 315 + F̃ (2) 30 + F̃ (3) 15 + ρN 30 − N 3 ∑ b Φ̃_b ( F̃^2_b +

Φ̃2_bF̃_b 2 + Φ̃4_b 10 )

−N^2 ( 1 45 + F̃ (2) 6 ) + ( 1 90 − F̃ (2) 6 − N 6 ∑ b Φ̃_b G(|Φ̃_b|)

−N^2 ( 1 18 − F̃ 6 )) ω^2 + ( 1 90 − F̃ 30 − ρN 30 + N Φ̃ 30 + N^2 90 ) ω^4 − ω^6 315 ] (C.78)

(Note that we should take Φ̃_b = 0 when comparing these sets of equations when they overlap at |Φ_b| = Φ^f_0.) In the case of an uncharged, massive fermion on a sphere (i.e. when ω = 1, N = Φ_b = 0), these two sets of expressions both give

s^f_{−1}(1, 0, 0) = −8 , s^f_0(1, 0, 0) = 4 3 , s^f_1(1, 0, 0) = 2 15 , s^f_2(1, 0, 0) = 2 63 (C.79)

in agreement with the result in [23].

– 70 –

Spectrum and Mode Sum for the Massless Spin-1 Field

This appendix computes the spectrum λ^{gf}_{jn} and the corresponding small-t limit of the mode sum S_{gf} (t) := ∑ j,n e^{−tλgfjn} = 2∑ i=−1 s^{gf}_i t^i (C.80)

for a 6D massless spin-1 field A_M on the rugby ball.

Eigenvalues The spin–1 equation of motion is g^{M N} D_M F_{N P} = 0 (C.81)

where F_{M N} = ∂_M A_N − ∂_N A_M , D_M is the covariant derivative,

(D_M )^ρ_σF^σ_{N P} = ∂_M F^ρ_{N P} − Γ^Q_{MN} F^ρ_{QP} − Γ^Q_{MP} F^ρ_{N Q} − i(t^A)^ρ_σA_M F^σ_{N P} , (C.82)

and the metric is

ds^2 = r^2(dθ^2 + α^2 sin^2 θ dφ^2) + η_{μν} dx^μdx^ν = r^2(dθ^2 + α^2 sin^2 θ dφ^2) + δ_{ij} dx^idx^j + 2dx^−dx^+ . (C.83)

In the last line above, we introduce light–cone coordinates x^± := (x^3 ± x^0)/ √ 2 which are convenient for what follows. (Also, i, j run only over 1, 2.) More formally, we can introduce the (sub–)metrics g_{αβ} and g_{mn} over the light–cone coordinates α, β ∈ {+, −} and extra– dimensional coordinates m, n ∈ {θ, φ}, respectively:

g_{αβ} = ( 0 1 1 0 ) , g_{mn} = ( r^2 0 0 α^2r^2 sin^2 θ ) . (C.84)

The full metric g_{M N} is then composed as follows:

g_{M N} = g_{mn} ⊕ δ_{ij} ⊕ g_{αβ} . (C.85)

In what follows, we assume that the generator for the background gauge field A_M is diagonal in the adjoint representation: (t^A)_ρ^σ = q δ^σ_ρ . Given this choice, it is convenient to suppress the group indices in what follows. We also choose the light–cone gauge, in which

A_− :=

A_3 − A_0 √ 2 = 0 . (C.86)

– 71 –

As before, the background gauge field is taken to be

q A_M dx^M = q A_φdφ = [ − N − Φ 2 (cos θ − b) + bΦ_b ] dφ , (C.87)

where N is an integer. Expanding out the equation of motion for P = −, we find that

P = − : 0 = −δ^{ij} ∂_i∂_−A_j − g^{−+}∂^2_−A_+ − g^{mn}D_m∂_−A_n = −∂_− ( ∂_iA^i + ∂_−A_+ + g^{mn}D_mA_n ) . (C.88)

This can be integrated to give the constraint

F_{−+} = ∂_−A_+ = −∂_iA^i − g^{mn}D_mA_n . (C.89)

This constraint tells us that A_+ is completely determined (up to some initial conditions) once we have solved for A_k and A_p. As we shall see, this constraint also simplifies the equations of motion for A_k and A_p.

Evaluating the equations of motion using the above constraint for P = k ∈ {1, 2} and P = p ∈ {θ, φ}, respectively, we find that

P = k : 0 = ∂^iF_{ik} + g^{−+}∂_−F_{+k} + g^{+−}∂_+F_{−k} + g^{mn}D_mF_{nk} = (□_4 + g^{mn}D_mD_n) A_k (C.90) P = p : 0 = ∂^iF_{ip} + g^{−+}∂_−F_{+p} + g^{+−}∂_+F_{−p} + g^{mn}D_mF_{np} = (□_4 + g^{mn}D_mD_n) A_p + D_p(g^{mn}D_mA_n) − g^{mn}D_mD_pA_n (C.91)

where □_4 := η^{μν} ∂_μ∂_ν = ∂^i∂_i+2 ∂_−∂_+. Eqs. (C.90) are exactly the same as the one encountered in the case of a scalar field, so the corresponding spectrum for A_1 and A_2 will be that of a scalar. Eqs. (C.91), however, are coupled and our task is to decouple them.

Given that the Christoffel symbols mostly vanish, with the exception of Γ^ϕ_{θϕ} = Γ^ϕ_θ = cot θ and Γ^θ_{ϕϕ} = −α^2 sin θ cos θ, we find that, using the ansatz A_m(x, θ, φ) = e^{ik4·x} Θ_m(θ)e^{inφ} , (C.92) Eqs. (C.91) become

d^2Θ_θ dθ^2

+ cot θ dΘ_θ dθ + λΘ_θ − K_θ α^2 sin^2 θ

= 0 (C.93) d^2Θ_φ dθ^2

− cot θ dΘ_φ dθ + λΘ_φ − K_φ α^2 sin^2 θ

= 0 (C.94)

– 72 – where λ := −k^2_4 r^2 are the required eigenvalues and where

K_θ = [ (n − qA_φ)^2 + α^2 ] Θ_θ + 2i(n − qA_φ) cot θ Θ_φ (C.95) K_φ = (n − qA_φ)^2Θ_φ − 2i(n − qA_φ)α^2 cos θ sin θ Θ_θ . (C.96)

In order to algebraically decouple the K_m terms, we should first perform a field redefinition such that the differential operators are the same for both equations. (Note that they are not currently, due to the sign difference in the cot θ dΘ_m/dθ terms.)

With this goal in mind, we should (for convenience) switch to x := cos θ, and substitute

Θ_m(x) = (1 − x)^{ym} (1 + x)^{zm} f_m(x) , (C.97)

where y_m, z_m are to be related in some specific way. Doing so gives

(1 − x^2) d^2f_θ dx^2

− 2 [(1 + z_θ + y_θ)x + y_θ − z_θ] df_θ dx + λf_θ − K̂_θ 1 − x^2

= 0 (C.98)

(1 − x^2) d^2f_φ dx^2

− 2 [(z_φ + y_φ)x + y_φ − z_φ] df_φ dx + λf_φ − K̂_φ 1 − x^2

= 0 (C.99)

for some K̂_m, to be specified shortly. Equating the coefficients of df_m/dx, we find that the required relations are

y_θ = y_φ − 1/2 := y , z_θ = z_φ − 1/2 := z . (C.100)

Given these identifications, we find that the K̂_m are given by

K̂_θ = (ω^2(n − qA_φ)^2 + 1 + k(x, y, z)) f_θ + 2iω^2(n − qA_φ)x f_φ (C.101) K̂_φ = (ω^2(n − qA_φ)^2 + 1 + k(x, y, z)) f_φ − 2i(n − qA_φ)x f_θ (C.102)

where k(x, y, z) is defined as in eq. (C.10).

From here, we can see that the complex choice

F(x) := f_θ(x) + iωf_φ(x) (C.103)

yields decoupled equations of motion for F (and F^∗):

(1 − x^2) d^2F dx^2

− 2 [(1 + y + z)x + y − z] dF dx + ( λ − K_F 1 − x^2 ) F = 0 (C.104)

where

K_F F := K̂_θ + iωK̂_φ = [ ω^2(n − qA_φ)^2 + 1 + k(x, y, z) + 2ω(n − qA_φ)x ] F . (C.105)

– 73 –

Now that we have decoupled the equations of motion, we can eliminate the singular behaviour as x → ±1 by requiring that K_F be proportional to (1 − x^2). Doing so gives y = ω 2 | | |n + (N − Φ)ϵ^{−b} − bΦ^b + 1 ω | | | , z = ω 2 | | |n − (N − Φ)ϵ^b − bΦ^b − 1 ω | | | , (C.106)

yielding the spectrum

λ^{gf}_{jn}(F) = ( j + y + z + 1 2 )_2 − 1 4 − ω^2N^2 4 . (C.107)

The spectrum for F^∗ will be slightly different, since complex conjugation is equivalent to taking n → −n and q → −q (or N → −N, Φ_b → −Φ_b). In this case,

y_∗ = ω 2 | | |n + (N − Φ)ϵ^{−b} − bΦ^b − 1 ω | | | , z^∗ = ω 2 | | |n − (N − Φ)ϵ^b − bΦ^b + 1 ω | | | . (C.108)

As is done previously, we have taken y, y_∗, z, and z_∗ to be positive-definite, so that the corresponding fields do not diverge near the poles at x = ±1.

Before computing the mode sum, it is helpful to introduce a notion of helicity similar to that used for the spin–1/2 field. If we define a quantity υ such that ξ = +1 (ξ = −1) corresponds to the case of F (F^∗), then we can efficiently write

λ^{gfξ}_{jn} (ω, N, Φ_b) = ( j + y_ξ + z_ξ + 1 2 )_2 − 1 4 − ω^2N^2 4 (C.109)

where

y_ξ = ω 2 | |n + (N − Φ)ϵ_{−b} − bΦ_b + ξ ω | | , z_ξ = ω 2 | |n − (N − Φ)ϵ_b − bΦ_b − ξ ω | | . (C.110)

The gauge field is then understood to be comprised of two spin states with ξ = 0, and two spin states with each of ξ = ±1, respectively.

Mode Sum

We wish to compute the small–t limit of the sum

S_{gf} (ω, N, Φ_b, t) := ∑ ξ S^ξ_{gf} (ω, N, Φ_b, t) = ∑ ξ ∑ j, n e^{−tλgfξjn} , (C.111)

Here, the additonal sum is over spin states, ξ ∈ {0, 0, 1, −1}. Given the spectrum derived previously, we see that two of the spectra will be identical to that of a scalar, and two will be slightly different. Similar what was done for the spin–1/2 field, we can make the identifications

N_{gfξ} = N , Φ^{gfξ}_b := Φ_b − ξ ω (C.112)

– 74 –

(or Φ^{gfξ}_b := Φ_b − ξΦ^{gf}_0 where Φ^{gf}_0 = 1/ω) so that

λ^{gfξ}_{jn} (ω, N, Φ_b) +

N^2 4 = λ^s_{jn}(ω, N^{gfξ} , Φ^{gfξ}_b ) +

N^2_{gfξ} 4 , (C.113)

where N_{gfξ} := ω(N_{gfξ} − Φ_{gfξ}) = N + 2ξ. In this case, S_{gf} can be written largely in terms of the scalar result:

S_{gf} (ω, N, Φ_b, t) = 2 × S_s(ω, N, Φ_b, t) + ∑ ξ∈{1,−1} e^{t(N 2−N 2gfξ )/4} S_s(ω, N, Φ_b − ξ/ω, t) = 4 × S_s(ω, N, Φ_b, t) + ΔS_{gf} (ω, N, Φ_b, t) . (C.114)

In the last line above, we introduce the quantity ΔS_{gf} = ∑ ξ(S^ξ_{gf} − S_s), which is a convenient one since the small–t limit of S^ξ_{gf} is very close to that of S_s. (In what follows, we will dispense with the level of detail as was given for the spin–1/2 field and skip to the complete result, summed over spins.) Expanding out the argument of the sum above, we find a result that behaves similarly to the one found for the spin–1/2 field, in that the result will depend on whether the fluxes Φ_b are either greater or smaller in magnitude when compared to Φ^{gf}_0 = 1/ω.

When both |Φ_b| ≤ Φ^{gf}_0 , we find that the differences, Δs^{gf}_i , are given by Δs^{gf}_{−1} = 0,

Δs^{gf}_0 (ω, N, Φ_b) = 1 ω [ −2ω + ω^2 ∑ b |Φ_b| ] , (C.115)

Δs^{gf}_1 (ω, N, Φ_b) = 1 ω [ N^2 + ωN Φ + ω^2 3 ∑ b |Φ_b| − ω^3N 2 ∑ b Φ_b |Φ_b| − ω^4 3 ∑ b |Φ_b|^3 ] ,(C.116)

Δs^{gf}_2 (ω, N, Φ_b) = 1 ω [ − ωN^2 4 + ω^2 ( 1 15 − N^2 24 ) ∑ b |Φ_b| − ω^3N 4 ∑ b Φ_b |Φ_b|

− ω^4(1 − N^2) 6 ∑ b |Φ_b|^3 + ω^5N 4 ∑ b Φ_b |Φ_b|^3 + ω^6 10 ∑ b |Φ_b|^5 ] . (C.117)

These expressions serve to cancel all the terms in s^s_i which are odd under |Φ_b| → −|Φ_b|, for those spin states with ξ = ±1.

Since the condition |Φ_b| ≥ Φ^{gf}_0 = 1/ω does not include very much parameter space for small ω (since we are already implicitly assuming |Φ_b| ≤ 1), we will not consider this case in detail here.

Spectrum and mode sum for massive gauge fields Let us now turn to the computation of the spectrum λ^{mgf}_{jn} and the corresponding small-t limit of the mode sum S_{mgf} (t) := ∑ j,n e^{−tλmgfjn} (C.118)

– 75 – for a massive 6D spin–1 field A_M on the rugby ball.

The simplest field content for a massive gauge field includes, in addition to the metric and the gauge field, the scalar field Φ whose vev breaks the gauge group down to some subgroup H. The relevant part of the action is ∫ d^6x √ −g ( − 1 4 F_{M N} F^{MN} − (D_M Φ)^† D^M Φ − U(Φ) ) , (C.119)

where the potential U(Φ) is assumed to have a minimum for Φ ≠ 0.

We would like to compute the linearized theory around a certain background solution with Φ ≠ 0 (to give a bulk mass to some of the gauge fields) and the metric and gauge field set to an unwarped configuration with 4D Poincaré invariance. So we substitute

A_M → A_M + V_M and Φ → Φ + η ,

where V_M and η are small perturbations and now g_{MN} , A_M and Φ represent the given background solution. In order to interpret Φ ≠ 0 as a 6D spontaneous symmetry breaking, we require Φ to be constant and to lie at the minimum of U. Then, to solve the background scalar equation, D_M D^M Φ = 0, we also demand that Φ does not break the U(1) where the background gauge field lies: otherwise it would not be possible to set Φ to a constant value, at least in the sphere compactification of interest in this paper [40]. Such requirement is equivalent to demanding that the background gauge field lives in the Lie algebra of H.

The linearized theory for the perturbations is rather complicated with mixing between V_M , η and the metric fluctuations. However, choosing the light-cone gauge defined in the previous subsection, the bilinear action for V_M (such that Tr(A_M V_M ) = 0) and η has a relatively simple form [37], that is ∫ d^6x √ −g [ − 1 2 D_M V_iD^M V^i − 1 2 D_M V_mD^M V^m − 1 2 R^{mn}V_mV_n − e^2 2 ( V^a_i V^{ib} + V^a_mV^{mb} ) Φ^†{T^a, T^b}Φ − g̃F^{mn}V_m × V_n (C.120)

− (D_M η)^† D^M η − 1 2 η ∂^2U ∂Φ^2 η − 1 2 η^∗ ∂^2U ∂Φ^{∗2} η^∗ − η^∗ ∂^2U ∂Φ∂Φ^∗ η + e^2 2 ( η^†T^aΦ − Φ^†T^aη ) ( η^†T^aΦ − Φ^†T^aη )] , where the indices are raised and lowered by the background metric and e is a collective name for the gauge couplings of the generators broken by Φ.

The simplest model of this sort having a non-trivial background flux is a U(1)_1 × U(1)_2 gauge theory with Φ charged under the U(1)_2 only, the background flux embedded in the

– 76 –

U(1)_1 and the potential having a simple mexican hat form,

U(Φ) = −μ^2|Φ|^2 + λ_4|Φ|^4 , (C.121)

with μ^2 > 0 (and so tachyonic) and λ_4 a positive constant. Let us first consider this simple option. The bilinear action for V^2_M and η := (η_1 + iη_2)/ √ 2 is ∫ d^6x √ −g [ − 1 2 D_M V^2_i D^M V^{i2} − 1 2 D_M V^2_mD^M V^{m2} − e^2Φ^2 ( V^2_i V^{i2} + V^2_mV^{m2} )

− 1 2 R^{mn}V^2_mV^2_n − 1 2 D_M η_1D^M η_1 − 1 2 D_M η_2D^M η_2 + m^2_{tach}η^2_1 − e^2Φ^2η^2 ] , (C.122)

where we have assumed Φ real and positive without loss of generality. The fields V^2_M and η_2 form together a massive 6D vector field with bulk mass m = 2|e|Φ, while η_1 is a genuine scalar with bulk mass squared 2μ^2.

In the example above the massive gauge field is not charged under the background U(1), that is N = 0. A slightly more complicated non-abelian model can be used to illustrate the charged case. Let us consider for example an electroweak-like SU(2) × U(1)_b gauge theory, where Φ is in the 2_{1/2} representation. Like in the Standard Model we trigger SU(2)×U(1)_b → U(1)_q through a non vanishing VEV, Φ^T = (0, v/ √ 2), where U(1)_q is the analogue of the electromagnetic U(1), and we assume v real and positive without loss of generality. Also we embed the background gauge field in the U(1)_q so that we can solve the scalar bulk equations for v constant and equal to the point of minimum of U. In this case η = 1√ 2 (η_1 + iη_2) 1√ 2 (v + σ + iη_0) , V_M = W^a_M σ^a 2 + B_M b , (C.123)

where σ^a are the Pauli matrices, the η_i and σ are real scalars and W_M and B_M are the gauge field perturbations corresponding to the SU(2) and U(1)_b group factors. By using the bilinear action in the light-cone gauge, eq. (C.120), we find that W^± = (W^1 ± iW^2)/ √ 2 and η^± = (η_1 ± iη_2)/ √ 2 have the same bulk mass, m =^1_2 v|g_2|, where g_2 is the gauge coupling of SU(2), and represent altogether a massive gauge field with N = ±1. Apart from this bulk mass term the light-cone-gauge bilinear action for W and η^± coincide with that of a massless bulk gauge field and a massless scalar respectively.

The bottom line of the examples above is that a massive gauge field leads to the 4D spectrum of a massless gauge field, given in eq. (4.59), plus that of a scalar, which we provided before. It follows that the s_i coefficient of a massive gauge field are

s^{mgf}_{−1} = 5s^s_{−1} , s^{mgf}_0 = 5s^s_0 + Δs^{gf}_0 , s^{mgf}_1 = 5s^s_1 + Δs^{gf}_1 , s^{mgf}_2 = 5s^s_2 + Δs^{gf}_2 , (C.124)

– 77 – where the s^s_i are the corresponding quantities for a 6D scalar, those given in eqs. (4.4)–(4.7), and we used |N| ≤ 1, to ensure the stability (see the appendix on the massless gauge fields).

– 78 –

References

[1] A. Vilenkin, Phys. Rev. D23 (1981) 852;

R. Gregory, Phys. Rev. Lett. 59 (1987) 740;

A. G. Cohen and D. B. Kaplan, “The Exact Metric About Global Cosmic Strings,” Phys. Lett. B215, 67 (1988);

A. Vilenkin and P. Shellard, Cosmic Strings and other Topological Defects, Cambridge University Press (1994);

R. Gregory and C. Santos, “Cosmic strings in dilaton gravity,” Phys. Rev. D 56, 1194 (1997) [gr-qc/9701014].

T. Gherghetta and M. E. Shaposhnikov, “Localizing gravity on a string - like defect in six-dimensions,” Phys. Rev. Lett. 85, 240 (2000) [hep-th/0004014].

[2] N. Arkani-Hamed, S. Dimopoulos, N. Kaloper and R. Sundrum, “A small cosmological constant from a large extra dimension,” Phys. Lett. B 480 (2000) 193 [arXiv:hep-th/0001197]; S. Kachru, M. B. Schulz and E. Silverstein, “Self-tuning flat domain walls in 5d gravity and string theory,” Phys. Rev. D 62 (2000) 045021 [arXiv:hep-th/0001206], C. Csaki, J. Erlich, C. Grojean and T.J. Hollowood, “General Properties of the Self-Tuning Domain Wall Approach to the Cosmological Constant Problem,” Nucl. Phys. B584 (2000) 359-386, [hep-th/0004133];

S. Forste, Z. Lalak, S. Lavignac and H. P. Nilles, “A comment on self-tuning and vanishing cosmological constant in the brane world”, Phys. Lett. B 481 (2000) 360, hep-th/0002164; JHEP 0009 (2000) 034, [hep-th/0006139];

C. Csaki, J. Erlich and C. Grojean, “Gravitational Lorentz Violations and Adjustment of the Cosmological Constant in Asymmetrically Warped Spacetimes,” Nucl. Phys. B604 (2001) 312-342, [hep-th/0012143];

J.M. Cline and H. Firouzjahi, “No-Go Theorem for Horizon-Shielded Self-Tuning Singularities”, Phys. Rev. D65 (2002) 043501, [hep-th/0107198].

[3] J. W. Chen, M. A. Luty and E. Ponton, “A Critical cosmological constant from millimeter extra dimensions” JHEP 0009(2000)012 [arXiv:hep-th/0003067];

F. Leblond, R. C. Myers and D. J. Winters, “Consistency conditions for brane worlds in arbitrary dimensions,” JHEP 0107 (2001) 031 [arXiv:hep-th/0106140];

[4] S. M. Carroll and M. M. Guica, “Sidestepping the cosmological constant with football-shaped extra dimensions,” [hep-th/0302067];

[5] Y. Aghababaie, C.P. Burgess, S. Parameswaran and F. Quevedo, Nucl. Phys. B680 (2004) 389–414, [hep-th/0304256].

– 79 –

[6] I. Navarro, “Codimension two compactifications and the cosmological constant problem,” JCAP 0309 (2003) 004 [hep-th/0302129];

I. Navarro, “Spheres, deficit angles and the cosmological constant,” Class. Quant. Grav. 20 (2003) 3603 [hep-th/0305014];

H. P. Nilles, A. Papazoglou and G. Tasinato, “Selftuning and its footprints,” Nucl. Phys. B 677 (2004) 405 [hep-th/0309042];

P. Bostock, R. Gregory, I. Navarro and J. Santiago, “Einstein gravity on the Co-dimension 2 brane?,” Phys. Rev. Lett. 92, 221601 (2004) [hep-th/0311074];

M. L. Graesser, J. E. Kile and P. Wang, “Gravitational perturbations of a six dimensional self-tuning model,” Phys. Rev. D 70 (2004) 024008 [hep-th/0403074]; J. Vinet and J. M. Cline, “Can Co-dimension-two branes solve the cosmological constant problem?,” Phys. Rev. D 70 (2004) 083514 [hep-th/0406141];

J. Garriga and M. Porrati, “Football shaped extra dimensions and the absence of self-tuning,” JHEP 0408 (2004) 028 [hep-th/0406158], I. Navarro and J. Santiago, “Gravity on Co-dimension 2 brane worlds,” JHEP 0502, 007 (2005) [hep-th/0411250];

G. Kofinas, “On braneworld cosmologies from six dimensions, and absence thereof,” [hep-th/0506035].

[7] G. W. Gibbons, R. Guven and C. N. Pope, “3-branes and uniqueness of the Salam-Sezgin vacuum,” Phys. Lett. B 595 (2004) 498 [hep-th/0307238];

[8] Y. Aghabababie, C.P. Burgess, J.M. Cline, H. Firouzjahi, S. Parameswaran, F. Quevedo, G.

Tasinato and I. Zavala, JHEP 0309 (2003) 037 (48 pages) [hep-th/0308064];

[9] C. P. Burgess, F. Quevedo, G. Tasinato and I. Zavala, “General axisymmetric solutions and self-tuning in 6D chiral gauged supergravity,” JHEP 0411 (2004) 069 [hep-th/0408109]; E. Papantonopoulos and A. Papazoglou, “Brane-bulk matter relation for a purely conical codimension-2 brane world,” JCAP 0507 (2005) 004 [arXiv:hep-th/0501112].

[10] C. P. Burgess and L. van Nierop, “Bulk Axions, Brane Back-reaction and Fluxes,” JHEP 1102 (2011) 094 [arXiv:1012.2638 [hep-th]];

C. P. Burgess and L. van Nierop, “Large Dimensions and Small Curvatures from Supersymmetric Brane Back-reaction,” JHEP 1104 (2011) 078 [arXiv:1101.0152 [hep-th]].

[11] C.P. Burgess, “Supersymmetric Large Extra Dimensions and the Cosmological Constant: An Update,” Ann. Phys. 313 (2004) 283-401 [hep-th/0402200]; “Towards a natural theory of dark energy: Supersymmetric large extra dimensions,” in the proceedings of the Texas A&M Workshop on String Cosmology, [hep-th/0411140].

– 80 –

[12] C. P. Burgess and L. van Nierop, “Technically Natural Cosmological Constant From Supersymmetric 6D Brane Backreaction,” arXiv:1108.0345 [hep-th].

[13] A. J. Tolley, C. P. Burgess, D. Hoover and Y. Aghababaie, “Bulk singularities and the effective cosmological constant for higher co-dimension branes,” JHEP 0603 (2006) 091 [hep-th/0512218].

[14] C. P. Burgess, A. Maharana, L. van Nierop, A. A. Nizami and F. Quevedo, “On Brane Back-Reaction and de Sitter Solutions in Higher-Dimensional Supergravity,” JHEP 1204 (2012) 018 [arXiv:1109.0532 [hep-th]].

[15] C. P. Burgess, D. Hoover and G. Tasinato, “UV Caps and Modulus Stabilization for 6D Gauged Chiral Supergravity,” JHEP 0709 (2007) 124 [arXiv:0705.3212 [hep-th]]; C. P. Burgess, D. Hoover, C. de Rham and G. Tasinato, “Effective Field Theories and Matching for Codimension-2 Branes,” JHEP 0903 (2009) 124 [arXiv:0812.3820 [hep-th]]; C. P. Burgess, D. Hoover, G. Tasinato, “Technical Naturalness on a Codimension-2 Brane,” JHEP 0906 (2009) 014. [arXiv:0903.0402 [hep-th]];

A. Bayntun, C.P. Burgess and L. van Nierop, “Codimension-2 Brane-Bulk Matching: Examples from Six and Ten Dimensions,” New J. Phys. 12 (2010) 075015 [arXiv:0912.3039 [hep-th]].

[16] C. P. Burgess and D. Hoover, “UV sensitivity in supersymmetric large extra dimensions: The Ricci-flat case,” Nucl. Phys. B 772 (2007) 175 [hep-th/0504004]; C. P. Burgess, “Ultraviolet sensitivity in higher dimensions,” JHEP 0601 (2006) 058 [hep-th/0507293].

[17] D. M. Ghilencea, D. Hoover, C. P. Burgess and F. Quevedo, “Casimir energies for 6D supergravities compactified on T(2)/Z(N) with Wilson lines,” JHEP 0509 (2005) 050 [hep-th/0506164].

[18] C. P. Burgess, L. van Nierop, S. Parameswaran, A. Salvio and M. Williams, “Accidental SUSY:

Enhanced Bulk Supersymmetry from Brane Back-reaction,” arXiv:1210.5405 [hep-th].

[19] M. Minamitsuji, “The Casimir effect in rugby-ball type flux compactifications,” J. Phys. A A41 (2008) 164060.

[20] S. L. Parameswaran, S. Randjbar-Daemi and A. Salvio, “General Perturbations for Braneworld Compactifications and the Six Dimensional Case,” JHEP 0903, 136 (2009) [arXiv:0902.0375 [hep-th]].

[21] P. Candelas and S. Weinberg, “Calculation of Gauge Couplings and Compact Circumferences from Selfconsistent Dimensional Reduction,” Nucl. Phys. B 237 (1984) 397;

[22] M. A. Rubin and C. R. Ordonez, “Symmetric Tensor Eigen Spectrum Of The Laplacian On N Spheres,” J. Math. Phys. 26 (1985) 65; “Graviton Dominance in Quantum Kaluza-Klein Theory,” Nucl. Phys. B 260 (1985) 456;

– 81 –

[23] R. Kantowski and K. A. Milton, ““Casimir Energies in M(4) X S(n) for even N,” Phys. Rev. D 35, 549 (1987); “Casimir Energies in M(4) X S(n) for even N: Green’s Function And Zeta Function Techniques,” Phys. Rev. D 36, 3712 (1987);

D. Birmingham, R. Kantowski and K.A. Milton, “Scalar and Spinor Casimir Energies in Even Dimensional Kaluza-Klein Spaces of the Form M(4) × S(N_1) × S(N_2) × · · ·,” Phys. Rev. D38 (1988) 1809;

[24] C. C. Lee and C. L. Ho, “Symmetry breaking by Wilson lines and finite temperature and density effects,” Mod. Phys. Lett. A 8, 1495 (1993);

M. Ito, “Casimir forces due to matters in compactified six dimensions,” Nucl. Phys. B 668 (2003) 322 [hep-ph/0301168];

E. Ponton and E. Poppitz, “Casimir energy and radius stabilization in five and six dimensional orbifolds,” JHEP 0106 (2001) 019 [hep-ph/0105021];

S. Matsuda and S. Seki, “Cosmological constant probing shape moduli through large extra dimensions,” hep-th/0404121;

Y. Cho and K. Shiraishi, “One-loop effective potential for the vacuum gauge field in M(3) x S**3 x S**1 space-times,” [arXiv:hep-th/0405154];

Y. Hosotani, S. Noda and K. Takenaga, “Dynamical gauge symmetry breaking and mass generation on the orbifold T**2/Z(2)”, hep-ph/0403106;

Y. Hosotani, S. Noda and K. Takenaga, “Dynamical gauge-Higgs unification in the electroweak theory,” hep-ph/0410193;

I. Antoniadis, K. Benakli and M. Quiros, “Finite Higgs mass without supersymmetry,” New J. Phys. 3 (2001) 20 [hep-th/0108005];

J. E. Hetrick and C. L. Ho, “Dynamical Symmetry Breaking From Toroidal Compactification,” Phys. Rev. D 40, 4085 (1989);

C. C. Lee and C. L. Ho, “Recurrent dynamical symmetry breaking and restoration by Wilson lines at finite densities on a torus,” Phys. Rev. D 62, 085021 (2000) [hep-th/0010162]; A. Albrecht, C. P. Burgess, F. Ravndal and C. Skordis, “Exponentially large extra dimensions,” Phys. Rev. D 65 (2002) 123506 [hep-th/0105261];

E. Elizalde, K. Kirsten and Y. Kubyshin, “On the instability of the vacuum in multidimensional scalar theories,” Z. Phys. C 70 (1996) 159 [hep-th/9410101];

N. Haba, M. Harada, Y. Hosotani and Y. Kawamura, “Dynamical rearrangement of gauge symmetry on the orbifold S**1/Z(2),” [hep-ph/0212035];

[25] J. Schwinger, “On Gauge Invariance and Vacuum Polarization” Phys. Rev. 82 (1951) 664;

B.S. De Witt, “Dynamical Theory of Groups and Fields,” in Relativity, Groups and Topology, B.S. De Witt and C. De Witt, (New York, Gordon and Breach, 1965);

– 82 –

P. B. Gilkey, “The Spectral Geometry Of A Riemannian Manifold,” J. Diff. Geom. 10, 601 (1975);

S.M. Christensen, Phys. Rev. D17 (1978) 946 – 963;

S. M. Christensen and M. J. Duff, “Axial and Conformal Anomalies for Arbitrary Spin in Gravity and Supergravity,” Phys. Lett. B 76 (1978) 571; “New Gravitational Index Theorems and Supertheorems,” Nucl. Phys. B 154 (1979) 301; M.J. Duff, Nucl. Phys. B154 (1979) 301;

S. M. Christensen, M. J. Duff, G. W. Gibbons and M. Rocek, “Vanishing One Loop Beta Function in Gauged N ¿ 4 Supergravity,” Phys. Rev. Lett. 45 (1980) 161; A. O. Barvinsky and G. A. Vilkovisky, “The Generalized Schwinger-Dewitt Technique In Gauge Theories and Quantum Gravity,” Phys. Rept. 119 (1985) 1;

D.M. McAvity and H. Osborn, “A DeWitt expansion of the heat kernel for manifolds with a boundary” Class. Quant. Grav. 8 (1991) 603–638.

[26] D.V. Vassilevich, “Heat kernel expansion: user’s manual” Phys. Rept. 388, 279-360 (2003) [arXiv:hep-th/0306138v3].

[27] S. Weinberg, “The Quantum theory of fields. Vol. 1: Foundations,” Cambridge, UK: Univ. Pr.

(1995) 609 p.

[28] J.S. Dowker, Phys. Rev. D36 (1987) 3095;

D. Kabat, “Black hole entropy and entropy of entanglement,” Nucl. Phys. B 453, 281 (1995) [hep-th/9503016];

D. V. Fursaev and S. N. Solodukhin, “On the description of the Riemannian geometry in the presence of conical defects,” Phys. Rev. D 52, 2133 (1995) [hep-th/9501127]; L. De Nardo, D. V. Fursaev and G. Miele, “Heat-kernel coefficients and spectra of the vector Laplacians on spherical domains with conical singularities,” Class. Quant. Grav. 14, 1059 (1997) [hep-th/9610011];

D. V. Fursaev and G. Miele, “Cones, Spins and Heat Kernels,” Nucl. Phys. B 484, 697 (1997) [hep-th/9605153].

[29] S. Weinberg, Gravitation and Cosmology, Wiley 1973.

[30] C. W. Misner, J. A. Wheeler and K. S. Thorne, Gravitation, W. H. Freeman & Company 1973. [31] A. Salam and E. Sezgin, Phys. Lett. 147B (1984) 47.

S. Randjbar-Daemi, A. Salam and J. A. Strathdee, “Spontaneous Compactification in Six-Dimensional Einstein-Maxwell Theory,” Nucl. Phys. B 214, 491 (1983).

[32] P.G.O. Freund and M.A. Rubin, Phys. Lett. B97 (1980) 233.

– 83 –

[33] For a review of effective field theory techniques as applied to gravity, see for instance C. P. Burgess, “Quantum gravity in everyday life: General relativity as an effective field theory,” Living Rev. Rel. 7 (2004) 5 [gr-qc/0311082];

[34] J. F. Donoghue, “The effective field theory treatment of quantum gravity,” arXiv:1209.3511 [gr-qc]; “Introduction to the effective field theory description of gravity,” in Proceedings of the Advanced School on Effective Field Theories , Almuecar, Spain 1995, ed. by Fernando Cornet and Marie Jose Herrero (World Scientific, 1997) [gr-qc/9512024];

[35] C. A. Lutken and C. R. Ordonez, “Vacuum Energy Of Eleven-Dimensional Supergravity,” Class. Quant. Grav. 4 (1987) 1543;

[36] S. L. Parameswaran, S. Randjbar-Daemi and A. Salvio, “Gauge Fields, Fermions and Mass Gaps in 6D Brane Worlds,” Nucl. Phys. B 767, 54 (2007) [hep-th/0608074].

[37] S. Randjbar-Daemi and M. Shaposhnikov, “A formalism to analyze the spectrum of brane world scenarios,” Nucl. Phys. B 645 (2002) 188 [arXiv:hep-th/0206016].

[38] S. Randjbar-Daemi, A. Salam and J. A. Strathdee, “Towards A Selfconsistent Computation Of Vacuum Energy In Eleven-Dimensional Supergravity,” Nuovo Cim. B 84 (1984) 167.

[39] S. L. Parameswaran, S. Randjbar-Daemi and A. Salvio, “Stability and negative tensions in 6D brane worlds,” JHEP 0801 (2008) 051 [arXiv:0706.1893 [hep-th]]; C. P. Burgess, S. L. Parameswaran and I. Zavala, “The Fate of Unstable Gauge Flux Compactifications,” JHEP 0905 (2009) 008 [arXiv:0812.3902 [hep-th]].

[40] S. Randjbar-Daemi, A. Salvio and M. Shaposhnikov, “On the decoupling of heavy modes in Kaluza-Klein theories,” Nucl. Phys. B 741 (2006) 236 [hep-th/0601066]; A. Salvio, “4D effective theory and geometrical approach,” AIP Conf. Proc. 881 (2007) 58 [hep-th/0609050];

A. Salvio, “Aspects of physics with two extra dimensions,” hep-th/0701020. [41] M. J. Duff, “The Cosmological Constant Is Possibly Zero, But The Proof Is Probably Wrong,” Phys. Lett. B 226 (1989) 36 [Conf. Proc. C 8903131 (1989) 403].

[42] E. Dudas, C. Papineau and V. A. Rubakov, “Flowing to four dimensions,” JHEP 0603 (2006) 085 [hep-th/0512276];

C. P. Burgess, C. de Rham and L. van Nierop, “The Hierarchy Problem and the Self-Localized Higgs,” JHEP 0808 (2008) 061 [arXiv:0802.4221 [hep-ph]].

[43] E. G. Adelberger, B. R. Heckel and A. E. Nelson, “Tests of the gravitational inverse-square law,” Ann. Rev. Nucl. Part. Sci. 53, 77 (2003) [arXiv:hep-ph/0307284]; C. D. Hoyle, D. J. Kapner, B. R. Heckel, E. G. Adelberger, J. H. Gundlach, U. Schmidt and H. E. Swanson, “Sub-millimeter tests of the gravitational inverse-square law,” Phys. Rev. D 70 (2004) 042004 [arXiv:hep-ph/0405262].

– 84 –

[44] P. Callin and C. P. Burgess, “Deviations from Newton’s law in supersymmetric large extra dimensions,” Nucl. Phys. B 752, 60 (2006) [hep-ph/0511216].

A. Salvio, “Brane Gravitational Interactions from 6D Supergravity,” Phys. Lett. B 681, 166 (2009) [arXiv:0909.0023 [hep-th]].

[45] W. D. Goldberger and M. B. Wise, “Renormalization group flows for brane couplings,” Phys.

Rev. D 65 (2002) 025011 [hep-th/0104170];

C. de Rham, “Classical renormalization of codimension-two brane couplings,” AIP Conf. Proc. 957 (2007) 309 [arXiv:0710.4598 [hep-th]].

– 85 –