arXiv:1210.4026v1 [gr-qc] 15 Oct 2012

Covariant multi-galileons and their generalisation

Antonio Padilla^∗ and Vishagan Sivanesan^† School of Physics and Astronomy ,University of Nottingham, Nottingham NG7 2RD, UK (Dated: October 16, 2012)

We find a covariant completion of the flat-space multi-galileon theory, preserving second-order field equations. We then generalise this to arrive at an enlarged class of second order theories describing multiple scalars and a single tensor, and conjecture that these are a multi-scalar version of Horndeski’s most general scalar-tensor theory.

I. INTRODUCTION

Whilst General Relativity is supremely successful at describing gravity at solar system scales, it can only be made compatible with observation at galactic and cosmological scales if we accept that 95% of the Universe is composed of stuff we know very little about, namely dark matter [1] and dark energy [2]. Dark energy is particularly poorly understood from a particle physics perspective, so for this reason it is natural to ask if General Relativity ought to be replaced by a modified theory of gravity at the relevant scales (see [3] for an extensive review). The simplest modifications of gravity are those that contain additional scalar fields. So called scalar-tensor theories date back to Scherrer [4], Jordan [5], and Thiry [6], and, most notably, to Brans and Dicke [7]. Higher dimensional gravity generically introduces additional scalar fields when reduced down to four dimensions, through either Kaluza-Klein or braneworld compactifications (for reviews, see, [8–10]).

In 1974, Horndeski derived the most general theory describing a single scalar and a single tensor in four dimensions, preserving second order field equations. This last condition is required in order to avoid Ostrogradski ghosts associated with higher derivatives [14]. Much more recently, DGSZ [12] developed a generalisation of covariant galileon theory [15, 16]. The DGSZ model was later shown to be equivalent to Horndeski’s theory in four dimensions [13], although it is written in a more elegant form and generalises to any number of dimensions. Recent interest in Horndeski’s theory has been considerable, ranging from applications to inflation [13, 17], a discussion of the Vainshtein mechanism [18], and the derivation of boundary terms and junction conditions [19]. We should also note that it contains a number of very interesting theories as a subset including k-essence [20], covariant-galileons [16], KGB gravity [21] and the self-tuning Fab-Four scenario [22].

In this paper we work towards a multi-scalar analogue of Horndeski’s theory, describing the most general theory of multiple scalars and a single tensor, admitting second order field equations. We begin with the multi-galileon theory described in D dimensional Minkowski space^1[23–26]

S_{multi-gal} = ∫ M d^Dx D+1∑ m=1 α^{i1 ...im} π_{i1} ∂^{[a2} ∂_{a2} π_{i2} · · · ∂^{am]}∂_{am} π_{im} (1) where α^{i1 ...im} is symmetric, and derive its covariant completion. This is achieved by first minimally coupling the scalars to gravity which generically introduces higher order field equations. To restore the system to second order we add curvature dependent counter terms and arrive at the following

S_{cov-multi-gal} = ∫ M d^D x √ −g D+1∑ m=1 α^{i1 ...im} π_{i1} ∇_{a2} ∇^{[a2} π_{i2} · · · ∇_{am} ∇^{am ]}π_{im} + D+1∑ m=3

⌊^{m−1}_2 ⌋∑

n=1 C^m_n (2)

where

C^m_n = ( − 1 4 )_n (m − 1)!

(m − 2n − 1)!(n!)^2 α^{i1 ...im} π_{i1} X_{i2 i3} · · · X_{i2ni2n+1} ∇_{a2n+2} ∇^{[a2n+2} π_{i2n+2} · · · ∇_{am} ∇^{am} π_{im} R^{b1c1}_{b1 c1} · · · R^{bncn]}_{bncn} (3)

∗antonio.padilla@nottingham.ac.uk
†ppxvs@nottingham.ac.uk

1 Throughout this paper, antisymmetrization omits the usual factor of 1/n!

for n > 0. We have also defined X_{ij} =^1_2 ∇_aπ_i∇^aπ_j , using i, j, k to label the scalar, and a, b, c to label the spacetime indices. For N scalars, i, j, k run from 1 . . . N, and in D dimensions a, b, c run from 0 . . . D − 1.

The covariant mutli-galileon theory (2) describes a multiple scalar-tensor theory, with potentially interesting applications, ranging from multi-field galileon inflation [27] to covariant self-tuning scenarios (see section IV). In the case of a single scalar field, our theory does not quite reduce to the covariant galileon theory presented in [16] owing to the fact that the flat-space Lagrangians differ by a total derivative and this affects the subsequent covariant completion. Of course, both versions of the covariant single galileon still correspond to a subset of Horndeski’s theory. The derivation of our covariant multi-galileon theory is presented in section II, with some details postponed to the appendix. The appendix also includes the resulting field equations.

In section III we begin to generalise this theory, with a view to deriving a multi-scalar version of Horndeski. Using methods similar to those presented in [12], we first introduce the following generalised multi-galileon theory,

S_{multi-scalar} = ∫ M d^Dx A(X̄_{ij} , π_l) + D−1∑ m=1 A^{k1 ...km} (X̄_{ij} , π_l)∂^{[a1} ∂_{a1} π_{k2} · · · ∂^{am]}∂_{am} π_{km} (4)

where X̄_{ij} =^1_2 ∂_aπ_i∂^aπ_j , and conjecture that it is the most general multi-scalar theory defined on Minkowski space, preserving second order field equations, provided^{∂Ai1 ...im}_{∂X̄kl} is symmetric in all of its indices i_1, . . . i_m, k, l. We can covariantise this theory in the way described earlier, thereby arriving at the following

S_{cov-multi-scalar} = ∫ M d^D x √ −g A(X_{ij} , π_l) + A^k(X_{ij} , π_l)□π_k + D−1∑ m=2 (−4)^{n̄}n̄!(m − 2n̄)! m! [ ∂^{n̄} ∂X_{k1k2} · · · ∂X_{k2n̄−1k2n̄} B^{k1...km} m (X_{ij} , π_l) ] ∇_{a1} ∇^{[a1} π_{k1} · · · ∇_{am} ∇^{am]}π_{km} + D−1∑ m=2 n̄∑ n=1 Q^m_n , (5)

where n̄ = ⌊^m_2 ⌋ and

Q^m_n =

(−4)^{n̄−n}n̄!(m − 2n̄)! n!(m − 2n)! [ ∂^{n̄−n} ∂X_{k1k2} · · · ∂X_{k2(n̄−n)−1k2(n̄−n)} B^{k2(n̄−n)+1...km−2n} m (X_{ij} , π_l) ]

∇_{a1} ∇^{[a1} π_{k1} · · · ∇_{am−2n} ∇^{am−2n} π_{km−2n} R^{b1c1}_{b1c1} · · · R^{bncn]}_{bncn} (6) Note that it is convenient to rewrite A^{k1 ...km} =^{(−4)n̄n̄!(m−2n̄)!}_{m!}^{∂n̄}_{∂Xk1 k2 ···∂Xk2n̄−1k2n̄} B^{k1...km}_m for m ≥ 2. This generalised theory of multiple scalars and a single tensor reduces to Horndeski’s theory for the case of a single scalar, and we conjecture that it represents the multi-scalar generalisation. Again, the potential applications of this theory are likely to be considerable, from multi-field inflation to a possible multi-field extension of the Fab-Four [22]. These and other future directions are discussed in greater detail in section IV.

II. MULTI-GALILEONS AND COVARIANTIZATION

We begin with the action describing multiple galileon fields in Minkowski space [26],

S_{multi-gal} = ∫ M d^Dx D+1∑ m=1 α^{i1 ...im} π_{i1} ∂^{[a2} ∂_{a2} π_{i2} · · · ∂^{am]}∂_{am} π_{im} (7) where α^{i1 ...im} is completely symmetric. Recall that anitsymmetrization omits the usual factor of 1/n! and that the indices i, j, k label the scalar field, while a, b, c are spacetime indices. The first step towards covariantizing this theory is to couple gravity minimally, promoted partial derivatives to covariant ones, ∂_a → ∇_a, such that

S_{multi-gal} → ∫ M d^Dx √ −g D+1∑ m=1 α^{i1 i2...im} π_{i1} ∇^{[a2}_{a2} π_{i2} . . . ∇^{am]}_{am} π_{im} (8)

Here we use the notation ∇_a^b ≡ ∇_a∇^b and repeated indices are summed over. Indeed, let us summarize the notation we will adopt for the remainder of this paper in the following table. It is also convenient define the following scalars

Notation Description Definition/Example i, j, k . . . Internal indices of the field πi, πj etc., i, j, k ∈ {1 . . . N} a, b, c . . . Space-time indices ∇^a a, b, c ∈ {0 . . . D − 1} ∇_{ab}, ∇^a_b Double covariant derivative ∇_{ab} ≡ ∇a∇_b, ∇a^b ≡ ∇a∇^b I2p, Jq Collective unordered internal index I2p ≡ {r1 . . . r2p}, Jq ≡ {s1 . . . sq } Ex: AI_2J_3 B^{I2} C^{J3} = Ai_1...i_5 B^{i1 i2} C^{i3 i4 i5} â, b̂, ĉ . . . Antisymmetrized space-time index X^{âb̂} × Y^{ĉd̂ê} × Z^{f̂ ĝ} ≡ X^{[ab}Y^{cde}Z^{f g]}

TABLE I: Notations

for the sake of brevity, E_{I2p} = (∇_{a1} π_{r1} ∇^{a1} π_{r2} ) . . . ( ∇_{ap} π_{r2p−1} ∇^{ap} π_{r2p} ) (9) F_{Jq} = ( ∇_{a1}^{â1} π_{s1} ) . . . ( ∇_{aq}^{âq} π_{sq} ) G_r = R^{â1b̂1}_{a1b1} . . . R^{ârb̂r}_{ar br} Here we take E_{I0} = F_{J0} = G_0 = 1 and E_{I2p} = F_{Jq} = G_r = 0 when p, q, r are negative. According to our notations we can write the mth order Lagrangian term as C^m_0 ≡ α^{i1 i2 ...im} π_{i1} ∇^{[a2}_{a2} π_{i2} . . . ∇^{am ]}_{am} π_{im} = α^{i1 Jm−1} π_{i1} F_{Jm−1} (10) Variation of this term induced by π_k → π_k + δπ_k where k is an arbitrary integer between 1 and N is given by, δC^m_0 = α^{kJm−1} F_{Jm−1} δπ_k + (m − 1)α^{i1 kJm−2} π_{i1} ∇_a^âδπ_k F_{Jm−2} (11) and after integrating by parts we get,

δC^m_0 = { α^{kJm−1} F_{Jm−1} + (m − 1)α^{i1 kJm−2} ∇_a^âπ_{i1} F_{Jm−2} +(m − 1)(m − 2)α^{i1 ki3 Jm−3} ( 2 ∇_aπ_{i1} ∇^{âb̂}∇_bπ_{i3} F_{Jm−3} + π_{i1} ∇_a∇^{âb̂}∇_bπ_{i3} F_{Jm−3} } δπ_k = { α^{kJm−1} F_{Jm−1} + (m − 1)α^{i1 kJm−2} ∇_a^âπ_{i1} F_{Jm−2} + (m − 1)(m − 2)α^{i1 ki3 Jm−3} ( ∇_aπ_{i1} ∇^cπ_{i3} R^{âb̂}_{bc}F_{Jm−3} − 1 4 π_{i1} ∇^cπ_{i3} (∇_cR^{âb̂}_{ab})F_{Jm−3} + 1 2 π_{i1} R^{âb̂}_{bc}∇_a^cπ_{i3} F_{Jm−3} ) } δπ_k (12)

Here we have used the Riemann and Bianchi identities in the second step. To remove the term containing third derivatives in the metric we add the following counter term to the action.

C^m_1 = − 1 8 α^{i1 I2 Jm−3} π_{i1} E_{I2} F_{Jm−3} G_1 (13)

Although the variation of E_{I2} would generate the correct term to cancel the higher derivative term in (12, a further higher order term would be generated through the variation of F_{Jm−3} . Thus it is clear that a finite number of counter terms should be added recursively at each order in π. We find that the counter term needed at the n^{th} step is given by (see appendix for details), C^m_n = T^{i1I2nJm−2n−1} n π_{i1} E_{I2n} F_{Jm−2n−1} G_n (14) where, T^{i1...im} n = ( − 1 8 )_n (m − 1)!

(m − 2n − 1)!(n!)^2 α^{i1 ...im} m ≥ 3 (15)

It turns out that these counter terms are also sufficient to remove higher derivative terms generated in the g_{ab} equation of motion (see appendix). Thus a covariant generalization of multi-galileon theory, preserving second order field equations, is given by

S_{cov-mutli-gal} = ∫ d^D x √ −g D+1∑ m=1

⌊^{m−1}_2 ⌋∑

n=0 C^m_n (16)

Of course, this was already expressed using more familiar notation in equation (2). The corresponding field equations are given by equations (A9) and (A15) in the appendix. For a single scalar field this theory does not quite reduce to the one presented in [16], although it does still correspond to a subset of Honrdeski’s theory [11, 12]. The reason for the slight discrepancy is that our starting point in Minkowski space differs from that in [16] by a total derivative and this affects the details of the subsequent covariantisation.

III. TOWARDS MULTI-SCALAR HORNDESKI

Having derived the covariant multi-galileon theory, it is natural to ask if we can go a stage further and find a multi-scalar generalisation of Horndeski’s panoptic theory [11]. Recall that Horndeski’s theory was rediscovered by DGSZ [12] using the following method: find the most general theory of a scalar in Minkowski space, with second order field equations, and then covariantise the resulting theory. Here we will conjecture the form of the most general multi-scalar theory in Minkowski space, with second order equations of motion, and covariantise the result in order to give a generalised multi-scalar tensor theory of gravity. We do not attempt to prove the generality of our theory here, and leave this question as a future project.

To arrive at our proposed multi-scalar theory in Minkowski we begin by performing an integration by parts on the multi-galileon action (1), and some relabelling, to arrive at the following

S_{multi-gal} = ∫ M d^Dx − 1 2 α^iπ_i − α^{ij}X̄_{ij} − D−1∑ m=1 m + 2 2 α^{ijk1 ...km}X̄_{ij} ∂^{[a1} ∂_{a1} π_{k1} · · · ∂^{am]}∂_{am} π_{km} (17) where we recall that X̄_{ij} =^1_2 ∂_aπ_i∂^aπ_j . An obvious generalisation of this, consistent with the one for a single scalar presented in [12], is given by

S_{multi-scalar} = ∫ M d^Dx A(X̄_{ij} , π_l) + D−1∑ m=1 A^{k1 ...km} (X̄_{ij} , π_l)∂^{[a1} ∂_{a1} π_{k2} · · · ∂^{am]}∂_{am} π_{km} (18) Taken at face value, this action will yield higher order equations of motion. However, this can be avoided by imposing the condition that^{∂Ai1 ...im}_{∂X̄kl} is symmetric in all of its indices i_1, . . . i_m, k, l. We conjecture that this theory is the most general multi-scalar theory in Minkowski space, with second order equations of motion. This is certainly true for the case of a single scalar for which (18) reduces to the general theory presented in [12].

The next step is to covariantise the theory (18). As before we begin by minimally coupling to gravity, promoting partial derivatives to covariant ones, ∂_a → ∇_a yielding

S_{multi-scalar} → ∫ d^D x √ −g D−1∑ m=0 A(X_{ij} , π_l)^{i1 ...im} ∇_{a1}^{[a1} π_{i1} . . . ∇_{am}^{am]}π_{im} (19) with X_{ij} :=^1_2 ∇_aπ_i∇^aπ_j . Analogous to the covariantized multi-galileons, this action would yield equations of motion of derivative order greater than two. Thus we introduce the following counter terms at each order in π_i to cancel those higher derivatives.

Q^m_n = A_n(X_{ij} , π_l)^{Jm−2n} F_{Jm−2n} G_n (20)

Note that Q^m_0 = A(X_{ij} , π_l)^{i1 ...im} ∇_{a1}^{[a1} π_{i1} . . . ∇_{am}^{am]}π_{im} . In order to impose the constraint that the equations of motion are second order, we take the variation of Q^m_n induced by π_k → π_k + δπ_k . We focus only on those terms that contain higher derivatives, and using the following short-hand, A^{Jq}_n = A_n(X_{ij} , π_l)^{Jq} , ∂^{ij} A^{Jq}_n = ∂A^{Jq}_n ∂X_{ij} (21) we obtain δQ^m_n = δA^{Jm−2n}_n F_{Jm−2n} G_n + A^{Jm−2n}_n δF_{Jm−2n} G_n = ∂^{ik}A^{Jm−2n}_n ∇^aδπ_k∇_aπ_iF_{Jm−2n} G_n + (m − 2n)A^{kJm−2n−1}_n ∇_a^âπ_kF_{Jm−2n−1} G_n (22) After performing an integration by parts, and using both the Riemann and BIanchi identities, we find that δQ^m_n contains the following terms that will contribute higher derivatives in the equations of motion, δQ^m_n ⊃ { − (m − 2n)∂^{ik}A^{Jm−2n−1j} n ∇_aπ_i∇^a∇^{b̂}_bπ_j F_{Jm−2n−1} G_n + (m − 2n)∂^{ij} A^{Jm−2n−1k}_n ∇_aπ_i∇_b^{b̂}∇^aπ_iF_{Jm−2n−1} G_n −n ∂^{ik}A^{Jm−2n}_n ∇^aπ_i(∇_aR^{b̂ĉ}_{bc})F_{Jm−2n} G_{n−1} − (m − 2n)(m − 2n − 1) 4 A^{kiJm−2n−2} n ∇^aπ_i(∇_aR^{b̂ĉ}_{bc})F_{Jm−2n−2} G_n } δπ_k(23)

It turns out that the first two terms cancel when we make use of the Riemann identity [∇_a∇_b]∇_cπ_i = R_{abcd}∇^dπ_i. The cancellation follows from the fact that we have the following constraint on the functions A^{Jq}_n , ∂^{ij} A^{Iq}_n = ∂^{(ij} A^{Iq )}_n (24) where the bracket (ij . . . ) stands for the symmetrization of the indices. We should also note that subsequent derivatives preserve this property of the function ie., ∂^{ij} ∂^{kl}A^{Jq}n = ∂^{(ij} ∂^{kl}A^{Jq )}n .

The remaining higher order terms are now δQ^m_n ⊃ { − n ∂^{ik}A^{Jm−2n}_n ∇^aπ_i(∇_aR^{b̂ĉ}_{bc})F_{Jm−2n} G_{n−1} − (m − 2n)(m − 2n − 1) 4 A^{ikJm−2n−2} n ∇^aπ_i(∇_aR^{b̂ĉ}_{bc})F_{Jm−2n−2} G_n } δπ_k These can be cancelled off by successive counter terms, Q^m_{n+1}, provided the following recursive relationship holds. (s + 1)∂^{ij} A^{Jm−2s−2} s+1 = − (m − 2s)(m − 2s − 1) 4 A^{ijJm−2s−2} s (25)

Operating with (∂^{ij} )^{s−n} on both sides and taking the following product, we find that n̄−1∏

s=n ( (∂^{kl})^{s−n}A^{ijJm−2s−2} s (∂^{kl})^{s−n}∂^{ij} A^{Jm−2s−2} s+1 ) = A^{Jm−2n} n (∂^{ij} )^{n̄−n}A^{Jm−2n̄}_{n̄} = (−4)^{n̄−n}n̄!(m − 2n̄)! n!(m − 2n)! (26)

Here n̄ = ⌊_m 2 ⌋ denotes the last counter term. We take A^{Jm−2N̄}_{n̄} = B^{Jm−2n̄}_m to define an arbitrary function for each m, giving, A^{Jm−2n} n = (−4)^{n̄−n}n̄!(m − 2n̄)! n!(m − 2n)! (∂^{ij} )^{n̄−n}G^{Jm−2n̄}_m 0 ≤ n ≤ n̄ (27) We conclude that the following generalized multi-scalar tensor theory is has second order field equations from variation of the scalars

S_{cov-multi-scalar} = ∫ d^D x √ −g D−1∑ m=0 ⌊^m_2 ⌋∑ n=0 Q^m_n (28)

This action is written using more familiar notation in equation (5). It remains to show that it does not give rise to higher derivatives in the g_{ab} equations of motion. Variation of the metric gives δQ^m_n ⊃ A^{Jm−2n}_n δF_{Jm−2n} G_n + A^{Jm−2n}_n F_{Jm−2n} δG_n = (m − 2n)A^{iJm−2n−1} n ( ∇^{âb}π_iδg_{ab} − ∇_aπ_iδg_{ab}^{;â} + 1 2 g^{âb}∇^cπ_iδg_{ab;c} ) F_{Jm−2n−1} G_n +n A^{Jm−2n} n F_{Jm−2n} ( R_c^{bâĉ}δg_{ab} − 2g^{âb}δg_{ab;c}^ĉ ) G_{n−1} (29) where we again focus on terms that yield higher derivatives. Integrating by parts and making use of the geometric identities, we find that δQ^m_n ⊃ { − (m − 2n)(m − 2n − 1) 2 A^{ijJm−2n−2} n ∇_cπ_i∇^c∇^{d̂}_dπ_j F_{Jm−2n−2} G_ng^{âb} −2n ∂^{ij} A^{Jm−2n}_n ∇_cπ_i∇^c∇^{d̂}_dπ_j F_{Jm−2n} G_{n−1}g^{âb} } δg_{ab} (30)

It is clear that these higher derivative terms would cancel if the same recursive relationship (25) holds. We therefore conclude that our generalised theory (5) gives at most second order field equations under variation of all fields. As a consistency check of our work, it is reassuring to see that (5) does indeed reduce to Horndeski’s theory [11, 12] in the case of a single scalar.

IV. DISCUSSION

In this paper, we have shown how gravity may be coupled to multi-galileons [24–26] without introducing higher order field equations, and generalised our result, proposing a multi-scalar version of Horndeski’s panoptic scalar-tensor theory [11, 12]. The actions for these theories are given by equations (2) and (5) respectively, and both may have interesting applications in multi-field inflation and quintessence scenarios.

For the case of two galileons, the covariant theory (2) may be particularly relevant in the context of the cosmological constant problem. In [24] it was shown that certain classes of bigalileon theories can give rise to self-tuning, with the physical spacetime screened from the cosmological constant b y the self-adjusting galileon fields. This is not in contradiction to Weinberg’s famous no-go theorem [28] as Poincaré invariance is broken in the galileon sector. However, the proposal presented in [24] was not entirely satisfactory for the following reason. Self-tuning a large cosmological constant represents a considerable deviation from General Relativity. Whilst this is desirable on cosmological scales, one requires some mechanism through which deviations are screened in the solar system. In the bigalileon theory, this was achieved through the Vainshtein mechanism (see eg. [29]). However, if we want to self-tune a large cosmological constant and at the same time exploit Vainshtein screening, one finds that the decoupled bigalileon description breaks down. This begs the question, what happens in a covariant completion of these theories when one is no longer forced to work in the decoupling limit? The covariant multi-galileon theory will now enable us to address this issue and was one of the original motivations for this work.

We will postpone a detailed analysis of these self-tuning scenarios. For now, let us present the covariant completion of the self-tuning bigalileon theory given as an example in [24]. In the decoupling limit, this example is given by the action S = ∫ d^4x M^2_{pl} 2 √ −gR + L_{π,ξ} + S_m[e^{2π}g_{ab}; Ψ_n] (31)

where the bigalileon Lagrangian is given by L_{π,ξ} = 3M^2_{pl}π□π − M^4 μ^2 π□ξ + 1 3μ^2 π∂_a∂^{[a}π∂_b∂^bξ∂_c∂^{c]}ξ (32) and S_m describes matter minimally coupled to the metric e^{2π}g_{ab}. The covariant completion of this theory can now be immediately read off from (2) and is given by

S = ∫ d^4x √ −g [ M^2_{pl} 2 R + 3M^2_{pl}π□π − M^4 μ^2 π□ξ + 1 3μ^2 π∇_a∇^{[a}π∇_b∇^bξ∇_c∇^{c]}ξ − 1 6μ^2 π(∇_aπ∇^aξ)∇_b∇^{[b}ξR^{cd]}_{cd} − 1 12μ^2 π(∇_aξ∇^aξ)∇_b∇^{[b}πR^{cd]}_{cd} ] + S_m[e^{2π}g_{ab}; Ψ_n]

It would be interesting to study the behaviour of this model in some detail, as well as the covariant completions of other self-tuning models presented in [24]. How does self-tuning manifest itself? How large a cosmological constant can one tolerate and still be compatible with solar system tests?

Staying on the subject of self-tuning, we note that our proposed multi-scalar version of Horndeski’s theory (5), puts us in a good position to generalise the so-called Fab Four theory [22] to multiple fields. The Fab Four Lagrangians were obtained by asking which subset of Horndeski’s theory can “solve” the cosmological constant problem in that they screen the curvature from the vacuum energy. Given the generality of Horndeski, this enables one to say that a selftuning single scalar-tensor theory in four dimensions must correspond to a Fab Four theory. This is a rather powerful statement, but we are now in position to make it even more powerful by generalising to multiple fields. Mutliple fields will open up new possibilities as well, allowing for greater flexibility in deriving stable, phenomenologically consistent solutions.

We close our discussion by drawing attention to an interesting two-scalar tensor theory which can now be seen as a subset of the two-scalar version of our generalised theory (5). This so-called Fab Five theory is an extension of certain

Fab Four Lagrangians[30] and is given by the following

S_{Fab5} = ∫ d^4x √ −g [ M^2_{pl} 2 R − c_1 2 (∇π)^2 + f ( − c_2 2 (∇π)^2 + c_G M^2 G^{ab}∇_aπ∇_bπ ) ] (33)

When the function f is the identity, this corresponds to a theory built from John and George from the Fab Four, along with a canonical kinetic term for the scalar. Generalising f introduces an additional scalar degree of freedom, and the theory can be written as [30]

S_{Fab5} = ∫ d^4x √ −g [ M^2_{pl} 2 R − 1 2 (c_1 + c_2f^′(ξ))(∇π)^2 + c_G M^2 f^′(ξ)G^{ab}∇_aπ∇_bπ + f(ξ) − ξf^′(ξ) ] (34)

This corresponds to a particular two scalar-tensor theory contained within (5).

Whilst we have alluded to a few, at this stage it is impossible to envisage all the potential applications of our generalised mutli-scalar tensor theory. Horndeski’s theory is currently the focus of plenty of research, and to that we can now add its generalisation. See [31] for some interesting recent use of Horndeski’s theory that may now be extended to include the theory presented in this paper.

Acknowledgments

AP was funded by a Royal Society University Research Fellowship and VS by a University of Nottingham International Office Fellowship.

Appendix A: Recursive cancellation of higher order terms via counter terms

Here demonstrate how the counter-terms defined for the covariant multi-galileon theorem, C^m_n give rise to recursive cancellation of higher order derivatives upon variation. The methods described here were also applied to the generalised Horndeski theory, although the details are slightly different. Note that in passing we will present the field equations for the covariant multi-galileon theory (2)

1. π_k equation of motion

Let us begin with the scalar equations of motion. The minimally coupled Lagrangian term at m^{th} order in π_r is given by,

C^m_0 = α^{i1 ...im} π_{i1} ∇_{a2}^{[a2} π_{i2} . . . ∇_{am}^{am]}π_{im} (A1)

More generally we define the corresponding counter term required at the n^{th} recursive step at teh same order to be , C^m_n = T^{i1I2nJm−2n−1} n π_{i1} E_{I2n} F_{Jm−2n−1} G_n (A2) where T^{i1I2nJm−2n−1} n is symmetric in the last (m − 1) indices and to be determined. Variation of C^m_n induced by the variation in π_k is, δC^m_n = T^{kI2n Jm−2n−1} n E_{I2n} F_{Jm−2n−1} δπ_k + 2n T^{i1ki3 I2n−2 Jm−2n−1} n π_{i1} ∇_aπ_{i3} E_{I2n−2} F_{Jm−2n−1} G_n∇^aδπ_k +(m − 2n − 1)T^{i1kI2n Jm−2n−2} n π_{i1} E_{I2n} F_{Jm−2n−2} G_n∇_a^âδπ_k (A3) and subsequent integration by parts yields, δC^m_n = { T^{kI2nJm−2n−1} n E_{I2n} F_{Jm−2n−1} G_n −2n T^{i1ki3 I2n−2 Jm−2n−1} n ∇_a(π_{i1} ∇^aπ_{i3} E_{I2n−2} )F_{Jm−2n−1} G_n +2n(m − 2n − 1) T^{i1ki3 i4I2n−2 Jm−2n−2} n [ − π_{i1} ∇_bπ_{i3} R^{bâ}_{ac}∇^cπ_{i4} E_{I2n−2} F_{Jm−2n−2} G_n +2∇_aπ_{i1} ∇^{bâ}π_{i3} ∇_bπ_{i4} E_{I2n−2} F_{Jm−2n−2} G_n + π_{i1} (∇_{ab}π_{i3} ∇^{âb}π_{i4} )E_{I2n−2} F_{Jm−2n−2} G_n ]

+T^{i1kI2n Jm−2n−2} n (m − 2n − 1)∇_a^âπ_{i1} E_{I2n} F_{Jm−2n−2} G_n +2 ( n 2 ) (m − 2n − 1)T^{i1ki3 i4 i5 i6I2n−4 Jm−2n−2} n π_{i1} (∇_{ab}π_{i3} ∇^bπ_{i4} ∇_c^âπ_{i5} ∇^cπ_{i6} )E_{I2n−4} F_{Jm−2n−2} G_n m − 2n − 1 2 ( m − 2n − 2 2 ) T^{i1ki3 i4 I2nJm−2n−4} n π_{i1} (R^{b̂â}_{ad}∇^dπ_{i3} )(R_{bc}^{p(c)e}∇_eπ_{i4} )E_{I2n} F_{Jm−2n−4} G_n −2 T^{i1ki3 I2n Jm−2n−3} n π_{i1} ∇^c_aπ_{i3} R^{âb̂}_{bc}E_{I2n} F_{Jm−2n−3} G_n − (m − 2n − 1)(m − 2n − 2) 4 T^{i1ki3 I2n Jm−2n−3} n (π_{i1} ∇^cπ_{i3} ∇_cR^{âb̂}_{ab})E_{I2n} F_{Jm−2n−3} G_n −2n^2 T^{i1ki3 I2n−2Jm−2n−1} n π_{i1} ∇_cπ_{i3} (∇^cR^{âb̂}_{ab})E_{I2n−2} F_{Jm−2n−1} G_{n−1} } δπ_k (A4)

Notice that the last two terms contain third derivative terms in the metric, δC^m_n ⊃ − { (m − 2n − 1)(m − 2n − 2) 4 T^{i1ki3 I2n Jm−2n−3} n (π_{i1} ∇^cπ_{i3} ∇_cR^{âb̂}_{ab})E_{I2n} F_{Jm−2n−3} G_n −2n^2 T^{i1ki3 I2n−2 Jm−2n−1} n π_{i1} ∇_cπ_{i3} (∇^cR^{âb̂}_{ab})π_{i3} E_{I2n−2} F_{Jm−2n−1} G_{n−1} } δπ_k (A5)

It is clear that these terms can be absorbed into each other recursively if the following relationship holds, T^{i1...im} s+1 T^{i1...im} s = − 1 8 (m − 2s − 1)(m − 2s − 2) (s + 1)^2

(A6)

which implies that n−1∏ s=0 [ T^{i1...im} s+1 T^{i1...im} s ] = T^{i1...im} n α^{i1 ...im} = ( − 1 8 )_n (m − 1)!

(n!)^2 (m − 2n − 1)!

m > 2 (A7)

This yields the result given by equation (15). Finally, to express the π_k equation of motion, we collect terms that at most second order in δC^m_n . These are given by ϵ^{(k) m} n = T^{kI2nJm−2n−1} n E_{I2n} F_{Jm−2n−1} G_n −2n T^{i1ki3 I2n−2 Jm−2n−1} n ∇_a(π_{i1} ∇^aπ_{i3} E_{I2n−2} )F_{Jm−2n−1} G_n +2n(m − 2n − 1) T^{i1ki3 i4 I2n−2 Jm−2n−2} n [ − π_{i1} ∇_bπ_{i3} R^{bâ}_{ac}∇^cπ_{i4} E_{I2n−2} F_{Jm−2n−2} G_n +2∇_aπ_{i1} ∇^{bâ}π_{i3} ∇_bπ_{i4} E_{I2n−2} F_{Jm−2n−2} G_n + π_{i1} (∇_{ab}π_{i3} ∇^{âb}π_{i4} )E_{I2n−2} F_{Jm−2n−2} G_n ]

+T^{i1kI2n Jm−2n−2} n (m − 2n − 1)∇_a^âπ_{i1} E_{I2n} F_{Jm−2n−2} G_n +2 ( n 2 ) (m − 2n − 1)T^{i1ki3 i4 i5i6 I2n−4 Jm−2n−2} n π_{i1} (∇_{ab}π_{i3} ∇^bπ_{i4} ∇^â_cπ_{i5} ∇^cπ_{i6} )E_{I2n−4} F_{Jm−2n−2} G_n m − 2n − 1 2 ( m − 2n − 2 2 ) T^{i1ki3 i4 I2nJm−2n−4} n π_{i1} (R^{b̂â}_{ad}∇^dπ_{i3} )(R_{bc}^{p(c)e}∇_eπ_{i4} )E_{I2n} F_{Jm−2n−4} G_n −2 T^{i1ki3 I2n Jm−2n−3} n π_{i1} ∇_a^cπ_{i3} R^{âb̂}_{bc}E_{I2n} F_{Jm−2n−3} G_n (A8)

It follows that the π_k equation of motion is given by, D+1∑ m=1

⌊^{m−1}_2 ⌋∑

n=0 ϵ^{(k) m} n = 0 (A9)

which is, of course, at most second order in derivatives, as desired.

2. g_{ab} equation of motion

We now verify that our chosen counter-terms (14) also guarantee second order equations of motion from metric variation. To this end, we first note the following identities δR^{âb̂}_{ab}X^{ĉd̂···} = (δg^{b̂c}R^â_{cab} − 2g^{b̂c}δg_{bc;a}^â)X^{ĉd̂···} (A10) δ∇_a^âπ_s = −∇^{bâ}π_sδg_{ab} − ∇^aπ_sδg_{ab}^{;â} + 1 2 g^{bâ}∇^cπ_sδg_{ab;c} (A11) The variation of the counter-term induced by the metric variation is, δC^m_n = T^{i1I2n Jm−2n−1} n ( π_{i1} δE_{I2n} F_{Jm−2n−1} G_n + π_{i1} E_{I2n} δF_{Jm−2n−1} G_n + π_{i1} E_{I2n} F_{Jm−2n−1} δG_n ) = −T^{i1i2 i3 I2n−2Jm−2n−2} n π_{i1} ∇^aπ_{i2} ∇^bπ_{i3} E_{I2n−2} F_{Jm−2n−1} G_nδg_{ab} +(m − 2n − 1) T^{i1i2 I2nJm−2n−2} n π_{i1} E_{I2n} F_{Jm−2n−2} G_n ( − ∇^{bâ}π_{i2} δg_{ab} − ∇^bδg_{ab}^{;â} + 1 2 g^{âb}∇^cπ_{i2} δg_{ab;c} ) +n T^{i1I2n Jm−2n−1} n π_{i1} E_{I2n} F_{Jm−2n−1} G_{n−1} ( R_c^{bâĉ}δg_{ab} − 2g^{âb}δg_{ab;c}^ĉ ) (A12)

so that after integration by parts we obtain, δC^m_n = { T^{i1i2 i3 I2n−2 Jm−2n−1} n [ − nπ_{i1} ∇^aπ_{i2} ∇^bπ_{i3} E_{I2n−2} F_{Jm−2n−1} G_n − 4n^2 π_{i1} ∇_{cd}π_{i2} ∇^{ĉd}π_{i3} E_{I2n−2} F_{Jm−2n−1} G_{n−1}g^{âb} −4n^2 π_{i1} ∇^ĉ∇_{cd}π_{i2} ∇^dπ_{i3} E_{I2n−2} F_{Jm−2n−1} G_{n−1}g^{âb} ] +(m − 2n − 1)T^{i1i2 I2nJm−2n−2} n [ − π_{i1} ∇^{bâ}π_{i2} E_{I2n} F_{Jm−2n−2} G_n + (π_{i1} ∇^bπ_{i2} E_{I2n} )^{;â}F_{Jm−2n−2} G_n − 1 2 (π_{i1} ∇^cπ_{i2} E_{I2n} )_{;c}F_{Jm−2n−2} G_ng^{âb} − 2n R^{ĉd̂}_{de}∇^eπ_{i2} ∇_c(E_{I2n} π_{i1} )F_{Jm−2n−2} G_{n−1}g^{âb} −n π_{i1} ∇_d^cπ_{i2} R^{d̂ê}_{ec}E_{I2n} F_{Jm−2n−2} G_{n−1}g^{âb} ] +T^{i1i2 i3I2n Jm−2n−3} n [ (m − 2n − 1)(m − 2n − 2) 2 π_{i1} ∇^bπ_{i2} R^{âĉ}_{cd}∇^dπ_{i3} E_{I2n} F_{Jm−2n−3} G_n − (m − 2n − 1)(m − 2n − 2) 2 π_{i1} ∇^cπ_{i2} R_{cd}^{d̂e}∇_eπ_{i3} E_{I2n} F_{Jm−2n−3} G_ng^{âb} −n ( m − 2n − 1 2 ) π_{i1} R^{ĉd̂}_{de}∇^eπ_{i2} R_{cf}^{f̂ g} ∇_gπ_{i3} E_{I2n} F_{Jm−2n−3} G_{n−1}g^{âb} ]

+T^{i1I2nJm−2n−1} n [ nπ_{i1} E_{I2n} F_{Jm−2n−1} G_{n−1}R_c^{bâĉ} − 2n∇^ĉπ_{i1} E_{I2n} F_{Jm−2n−1} G_{n−1}g^{âb} −4n ∇_cπ_{i1} ∇^cE_{I2n} F_{Jm−2n−1} G_{n−1}g^{âb} ] −T^{i1i2 i3I2n Jm−2n−3} n (m − 2n − 1)(m − 2n − 2) 2 π_{i1} ∇^ĉ∇_{cd}π_{i2} ∇^dπ_{i3} E_{I2n} F_{Jm−2n−3} G_ng^{âb} −4n ( n 2 ) T^{i1i2 i3 i4 i5 I2n−4Jm−2n−1} n π_{i1} ∇^ĉ(∇_dπ_{i2} ∇^dπ_{i3} )∇_c(∇_eπ_{i4} ∇^eπ_{i5} )E_{I2n−4} F_{Jm−2n−1} G_{n−1}g^{âb} } δg_{ab} (A13)

Again, focussing on the third derivative terms, δC^m_n ⊃ { − 4n^2T^{i1i2 i3 I2n−2 Jm−2n−1} n π_{i1} ∇^ĉ∇_{cd}π_{i2} ∇^dπ_{i3} E_{I2n−2} F_{Jm−2n−1} G_{n−1}g^{p(a)b} −T^{i1i2i3 I2n Jm−2n−3} n (m − 2n − 1)(m − 2n − 2) 2 π_{i1} ∇^ĉ∇_{cd}π_{i2} ∇^dπ_{i3} E_{I2n} F_{Jm−2n−3} G_ng^{âb} } δg_{ab} (A14) we see that they can are recursively cancelled if the same relationship (A6) holds. As before, to express the metric equation of motion we collect terms up to second order in derivatives, remembering to include the term generated by the variation of the metric determinant √ −g. We find that the g_{ab} equations of motion are given by, D+1∑ m=1

⌊^{m−1}_2 ⌋∑

n=0 E^{(m)ab} n = 0 (A15)

where E^{(m)ab}_n =^1_2 ( ϵ^{(m)ab} n + ϵ^{(m)ba}_n ) and ϵ^{(m)ab} n = −n T^{i1i2 i3 I2n−2Jm−2n−1} n π_{i1} ∇^aπ_{i2} ∇^bπ_{i3} E_{I2n−2} F_{Jm−2n−1} G_n − 4n^2 π_{i1} ∇_{cd}π_{i2} ∇^{ĉd}π_{i3} E_{I2n−2} F_{Jm−2n−1} G_{n−1}g^{âb} +(m − 2n − 1)T^{i1i2 I2nJm−2n−2} n [ − π_{i1} ∇^{bâ}π_{i2} E_{I2n} F_{Jm−2n−2} G_n + (π_{i1} ∇^bπ_{i2} E_{I2n} )^{;â}F_{Jm−2n−2} G_n − 1 2 (π_{i1} ∇^cπ_{i2} E_{I2n} )_{;c}F_{Jm−2n−2} G_ng^{âb} − 2n R^{ĉd̂}_{de}∇^eπ_{i2} ∇_c(E_{I2n} π_{i1} )F_{Jm−2n−2} G_{n−1}g^{âb} −n π_{i1} ∇^c_dπ_{i2} R^{d̂ê}_{ec}E_{I2n} F_{Jm−2n−2} G_{n−1}g^{âb} ]

+T^{i1i2 i3 I2n Jm−2n−3} n [ (m − 2n − 1)(m − 2n − 2) 2 π_{i1} ∇^bπ_{i2} R^{âĉ}_{cd}∇^dπ_{i3} E_{I2n} F_{Jm−2n−3} G_n − (m − 2n − 1)(m − 2n − 2) 2 π_{i1} ∇^cπ_{i2} R_{cd}^{d̂e}∇_eπ_{i3} E_{I2n} F_{Jm−2n−3} G_ng^{âb} −n ( m − 2n − 1 2 ) π_{i1} R^{ĉd̂}_{de}∇^eπ_{i2} R_{cf}^{f̂ g}∇_g π_{i3} E_{I2n} F_{Jm−2n−3} G_{n−1}g^{âb} ]

+T^{i1I2n Jm−2n−1} n [ nπ_{i1} E_{I2n} F_{Jm−2n−1} G_{n−1}R_c^{bâĉ} − 2n∇^ĉπ_{i1} E_{I2n} F_{Jm−2n−1} G_{n−1}g^{âb} −4n ∇_cπ_{i1} ∇^cE_{I2n} F_{Jm−2n−1} G_{n−1}g^{âb} ] + 1 2 g^{ab}T^{i1I2n Jm−2n−1} n π_{i1} E_{I2n} F_{Jm−2n−1} G_n −4n ( n 2 ) T^{i1i2 i3 i4i5 I2n−4 Jm−2n−1} n π_{i1} ∇^ĉ(∇_dπ_{i2} ∇^dπ_{i3} )∇_c(∇_eπ_{i4} ∇^eπ_{i5} )E_{I2n−4} F_{Jm−2n−1} G_{n−1}g^{âb} (A16)

[1] G. Bertone, D. Hooper and J. Silk, Phys. Rept. 405 (2005) 279 [hep-ph/0404175]. [2] E. J. Copeland, M. Sami and S. Tsujikawa, Int. J. Mod. Phys. D 15 (2006) 1753 [hep-th/0603057]. [3] T. Clifton, P. G. Ferreira, A. Padilla and C. Skordis, Phys. Rept. 513 (2012) 1 [arXiv:1106.2476 [astro-ph.CO]]. [4] Willy Scherrer. Verhandlungen der Schweizer Naturforschenden Gesellschaft 121, 86-87 (1941). [5] Pascual Jordan. Die Naturwissenschaften 11, 250-251 (1946). [6] Yves Thiry. J. Math. pures et appl., Série 9, 30, 275-396 (1951). [7] C. Brans and R. H. Dicke, Phys. Rev. 124 (1961) 925. [8] M. Grana, Phys. Rept. 423 (2006) 91 [hep-th/0509003].

[9] R. Maartens, Living Rev. Rel. 7 (2004) 7 [gr-qc/0312059]. R. Maartens and K. Koyama, Living Rev. Rel. 13 (2010) 5 [arXiv:1004.3962 [hep-th]].

[10] A. Padilla, hep-th/0210217.

[11] G. W. Horndeski, Int. J. Theor. Phys. 10 (1974) 363-384.

[12] C. Deffayet, X. Gao, D. A. Steer and G. Zahariade, Phys. Rev. D 84 (2011) 064039 [arXiv:1103.3260 [hep-th]]. [13] T. Kobayashi, M. Yamaguchi and J. ’i. Yokoyama, Prog. Theor. Phys. 126 (2011) 511 [arXiv:1105.5723 [hep-th]]. [14] M. Ostrogradsky, Memoires de lAcademie Imperiale des Science de Saint-Petersbourg, 4:385, 1850. [15] A. Nicolis, R. Rattazzi and E. Trincherini, Phys. Rev. D 79 (2009) 064036 [arXiv:0811.2197 [hep-th]]. [16] C. Deffayet, G. Esposito-Farese and A. Vikman, Phys. Rev. D 79 (2009) 084003 [arXiv:0901.1314 [hep-th]]. [17] C. Germani and A. Kehagias, Phys. Rev. Lett. 105 (2010) 011302 [arXiv:1003.2635 [hep-ph]]. K. Kamada, T. Kobayashi, T. Takahashi, M. Yamaguchi and J. ’i. Yokoyama, Phys. Rev. D 86 (2012) 023504 [arXiv:1203.4059 [hep-ph]].

[18] A. De Felice, R. Kase and S. Tsujikawa, Phys. Rev. D 85 (2012) 044059 [arXiv:1111.5090 [gr-qc]]. R. Kimura, T. Kobayashi and K. Yamamoto, Phys. Rev. D 85 (2012) 024023 [arXiv:1111.6749 [astro-ph.CO]].

[19] A. Padilla and V. Sivanesan, JHEP 1208 (2012) 122 [arXiv:1206.1258 [gr-qc]].

[20] C. Armendariz-Picon, V. F. Mukhanov and P. J. Steinhardt, Phys. Rev. Lett. 85 (2000) 4438 [astro-ph/0004134].

C. Armendariz-Picon, V. F. Mukhanov and P. J. Steinhardt, Phys. Rev. D 63 (2001) 103510 [astro-ph/0006373].

[21] C. Deffayet, O. Pujolas, I. Sawicki and A. Vikman, JCAP 1010 (2010) 026 [arXiv:1008.0048 [hep-th]]. O. Pujolas, I. Sawicki and A. Vikman, JHEP 1111 (2011) 156 [arXiv:1103.5360 [hep-th]].

[22] C. Charmousis, E. J. Copeland, A. Padilla and P. M. Saffin, Phys. Rev. Lett. 108 (2012) 051101 [arXiv:1106.2000 [hep-th]].

C. Charmousis, E. J. Copeland, A. Padilla and P. M. Saffin, Phys. Rev. D 85 (2012) 104040 [arXiv:1112.4866 [hep-th]]. E. J. Copeland, A. Padilla and P. M. Saffin, arXiv:1208.3373 [hep-th].

[23] C. Deffayet, S. Deser and G. Esposito-Farese, Phys. Rev. D 82 (2010) 061501 [arXiv:1007.5278 [gr-qc]]. [24] A. Padilla, P. M. Saffin and S. -Y. Zhou, JHEP 1012 (2010) 031 [arXiv:1007.5424 [hep-th]]. A. Padilla, P. M. Saffin and S. -Y. Zhou, JHEP 1101 (2011) 099 [arXiv:1008.3312 [hep-th]].

[25] K. Hinterbichler, M. Trodden and D. Wesley, Phys. Rev. D 82 (2010) 124018 [arXiv:1008.1305 [hep-th]]. [26] A. Padilla, P. M. Saffin and S. -Y. Zhou, Phys. Rev. D 83 (2011) 045009 [arXiv:1008.0745 [hep-th]]. [27] C. Burrage, C. de Rham, D. Seery and A. J. Tolley, JCAP 1101 (2011) 014 [arXiv:1009.2497 [hep-th]]. [28] S. Weinberg, Rev. Mod. Phys. 61 (1989) 1.

[29] A. I. Vainshtein, Phys. Lett. B 39 (1972) 393. N. Kaloper, A. Padilla and N. Tanahashi, JHEP 1110 (2011) 148 [arXiv:1106.4827 [hep-th]]. T. Hiramatsu, W. Hu, K. Koyama and F. Schmidt, arXiv:1209.3364 [hep-th].

[30] S. A. Appleby, A. De Felice and E. V. Linder, arXiv:1208.4163 [astro-ph.CO]. [31] L. Amendola, M. Kunz, M. Motta, I. Saltas and I. Sawicki, arXiv:1210.0439 [astro-ph.CO].