arXiv:1210.4106v2 [gr-qc] 19 Feb 2013

Non-Gaussianity in the Cosmic Microwave Background Induced by Dipolar Dark Matter

Luc Blanchet,^{1, ∗} David Langlois,^{2, †} Alexandre Le Tiec,^{3, 1, ‡} and Sylvain Marsat^{1, §} 1GRεC O, Institut d’Astrophysique de Paris — UMR 7095 du CNRS, Université Pierre & Marie Curie, 98^{bis} boulevard Arago, 75014 Paris, France 2Astroparticle & Cosmologie (CNRS-Université Paris 7), 10 rue Alice Domon et Léonie Duquet, 75205 Paris Cedex 13, France 3Maryland Center for Fundamental Physics & Joint Space-Science Institute, Department of Physics, University of Maryland, College Park, MD 20742, USA (Dated: February 20, 2013)

Abstract

In previous work [L. Blanchet and A. Le Tiec, Phys. Rev. D 80, 023524 (2009)], motivated by the phenomenology of dark matter at galactic scales, a model of dipolar dark matter (DDM) was introduced. At linear order in cosmological perturbations, the dynamics of the DDM was shown to be identical to that of standard cold dark matter (CDM). In this paper, the DDM model is investigated at second order in cosmological perturbation theory. We find that the internal energy of the DDM fluid modifies the curvature perturbation generated by CDM with a term quadratic in the dipole field. This correction induces a new type of non-Gaussianity in the bispectrum of the curvature perturbation with respect to standard CDM. Leaving unspecified the primordial amplitude of the dipole field, which could in principle be determined by a more fundamental description of DDM, we find that, in contrast with usual models of primordial non-Gaussianities, the non-Gaussianity induced by DDM increases with time after the radiation-matter equality on super-Hubble scales. This distinctive feature of the DDM model, as compared with standard CDM, could thus provide a specific signature in the CMB and large-scale structure probes of non-Gaussianity.

PACS numbers: 95.35.+d,98.80.-k,04.50.Kd

∗Electronic address: blanchet@iap.fr †Electronic address: langlois@iap.fr ‡Electronic address: letiec@umd.edu §Electronic address: marsat@iap.fr

I. INTRODUCTION

The concordance cosmological model ΛCDM, based on a cosmological constant Λ and cold dark matter (CDM), is the state-of-the-art of today’s cosmology [1]. One of the most important successes of ΛCDM is its ability to reproduce the observed acoustic power spectrum of temperature fluctuations in the cosmic microwave background (CMB) [2, 3]. However, despite many successes at cosmological scales, the ΛCDM model encounters some problems at galactic scales (down to a few kpc), notably related to rotation curves of galaxies and the Tully-Fisher relation (see Refs. [4, 5] for reviews). In particular, it has been shown that the challenging observations for CDM at galactic scales can be summarized in a single empirical law, still unexplained today, and dubbed the modified Newtonian dynamics (MOND) [6–8].

The MOND proposal fostered many attempts at finding a relativistic modification of gravity, i.e. an extension of general relativity (see e.g. Refs. [9–12]). Alternatively, based on an analogy between MOND and the physics of dielectric media, the concept of dipolar dark matter (DDM) was introduced, at the Newtonian level, as a reinterpretation of MOND in terms of polarizable dark matter particles without a modification of gravity [13]. A relativistic model of DDM in standard general relativity was then proposed [14, 15]. In this model the dark matter particles are endowed with a space-like vector field called the “dipole” moment. It was shown that the DDM has the potential to reproduce the phenomenology of MOND at galactic scales, and is strictly equivalent to ΛCDM at the level of first-order cosmological perturbations around a Friedman-Lemaître-Robertson-Walker (FLRW) background. Thus, the DDM behaves like ordinary CDM at early cosmological times. Furthermore the model naturally involves a cosmological constant.

In the present paper we study the DDM model [14, 15] up to second order in cosmological perturbation and show that, at this order, the non-linear dynamics of DDM starts departing from that of ordinary CDM. Consequently, we find that DDM predicts an additional contribution to the curvature perturbation, specifically given by the internal energy of the DDM fluid. We analyse this extra contribution in the evolution of the curvature perturbation at second order in perturbation theory within the Langlois-Vernizzi formalism [16, 17].

Non-Gaussianity of primordial perturbations in general (multi-field) models of inflation has received a lot of attention in the last few years (see e.g. Refs. [18, 19] for reviews). The best current constraints on non-Gaussianity in the CMB are from the WMAP7 data with the interval −10 < f^{local}_{NL} < +74 (95 % CL) on the usual parameter f^{local}_{NL} that characterizes the amplitude of the simplest type of non-Gaussianity, namely the local shape. This constraint should be improved by the Planck satellite, and may exclude single-field inflation models if a nonzero value is favored by the data.

Here we point out that alternative models for dark matter, such as DDM, can provide another possible source of non-Gaussianity; in the case of DDM because the dipole field yields a second-order contribution to the curvature perturbation. We compute the bispectrum of the curvature perturbation, limiting ourselves to super-Hubble scales, and find a specific contribution to non-Gaussianity due to the DDM, assuming that the initial statistical distribution of the dark matter dipole moment is Gaussian at early times. We use two methods, one based on the one-loop bispectrum and the vanishing of the dipole moment in the background (that assumption being consistent with our previous perturbative description of DDM); the other method based on the tree-level bispectrum and assuming that there is a small homogeneous background value for the dipole moment. The two methods are found to agree on the result when interpreted in the sense of cosmic variance.

The amplitude of the DDM non-Gaussianity signal depends on the a priori unknown value of the dipole moment at early times. However, we find that in contrast with usual models of primordial non-Gaussianities, where the curvature perturbation is frozen on super-Hubble scales during the standard cosmological era, the amplitude of the non-Gaussianity induced by DDM increases with time after the radiation-matter equality, because the dark matter dipole field evolves after this epoch. Although a full study of the evolution of perturbations on sub-Hubble scales would be necessary for detailed predictions, we expect this new type of non-Gaussianity to lead to a very specific signature, which could be identified by using different cosmological probes such as the CMB and large-scale structure surveys.

The plan of this paper is the following. In the next Sec. II, we present the model of dipolar dark matter. In the subsequent Sec. III, we give a perturbative description of the dipolar dark matter up to second order in cosmological perturbations. In Sec. IV, we compute the evolution of the curvature perturbation up to second order using a standard perturbation around a FLRW background. Finally, we compute and analyze the non-Gaussianity induced by the DDM contribution to the curvature perturbation in Sec. V. Throughout this paper we used “geometrized units” where G = c = 1.

II. MODEL OF DIPOLAR DARK MATTER

The phenomenological model of dipolar dark matter (and dark energy) developed in Refs. [14, 15] is based on a matter action in standard general relativity,

S_{DDM} = ∫ d^4x √ −g L_{DDM}[g_{μν} , J^μ, ξ^μ] , (2.1)

which is to be added to the Einstein-Hilbert action of general relativity (without a cosmological constant), and to the actions of all the other matter fields and fluids (such as baryons, photons, neutrinos, etc.), all described in the standard way. The DDM fluid in a space-time with metric g_{μν} is described by:

1. A conserved mass current J^μ = σu^μ, such that ∇_μJ^μ = 0, where u^μ is the four-velocity normalized according to u_μu^μ = −1, and σ = (−J_μJ^μ)^{1/2} is the rest mass density;

2. A dipole moment vector field ξ^μ, which intervenes in the dynamics only through its projection orthogonal to the four-velocity, ξ^μ_⊥ ≡ ⊥^μ_ν ξ^ν , where ⊥_{μν} = g_{μν} + u_μu_ν . From this vector we construct the polarization Π^μ_⊥ = σξ^μ_⊥, i.e. the number density of dipoles, and its norm Π_⊥ = σξ_⊥, with ξ_⊥ = (⊥_{μν} ξ^μξ^ν )^{1/2} = (g_{μν} ξ^μ_⊥ξ^ν_⊥)^{1/2}.

The Lagrangian describing the dipolar dark matter fluid reads [14, 15]

L_{DDM} = −σ + J_μξ̇^μ − W (Π_⊥) , (2.2)

where the dot stands for the covariant derivative with respect to proper time, namely ξ̇^μ ≡ u^ν ∇_ν ξ^μ. Notice that we have J_μξ̇^μ = J_μξ̇^μ_⊥ + ∇_ρ(J^ρu_ν ξ^ν ), so that the Lagrangian (2.2) admits an equivalent form depending only on the orthogonal projection ξ^μ_⊥; this shows that the only dynamical degrees of freedom of the dipole moment ξ^μ are those of the projection ξ^μ_⊥, which is a space-like vector. Notice also that the first term in Eq. (2.2) is the Lagrangian of a pressureless perfect fluid, i.e. that of ordinary CDM.

The potential W is a function of the norm Π_⊥ = (⊥_{μν} Π^μΠ^ν )^{1/2} of the polarization field. Its expansion in powers of Π_⊥ is determined, in the weak-field limit Π_⊥ ≪ a_0 only, by the requirement of recovering the phenomenology of MOND in the non-relativistic regime. Up to third order inclusively, it reads

W (Π_⊥) = Λ 8π + 2π Π^2_⊥ +

16π^2 3a_0

Π^3_⊥ + O(Π^4_⊥) , (2.3)

where Λ is the cosmological constant, and a_0 is the constant MOND acceleration scale,^1 supposed to be universal and measured to the value a_0 ≃ 1.2 × 10^{−10} m · s^{−2} [4, 5]. In the strong-field regime Π_⊥ ≫ a_0 (but still non-relativistic), the potential W can be adjusted so as to recover the ordinary Newtonian limit [14].

Varying the Lagrangian (2.2) with respect to the dipole moment ξ^μ, one obtains some non-geodesic equations of motion for the dipolar fluid:

u̇^μ = −ξ̂^μ_⊥ W^′ , (2.4)

with the notations W^′ ≡ dW /dΠ_⊥ and ξ̂^μ_⊥ ≡ ξ^μ_⊥/ξ_⊥. Varying with respect to the conserved current J^μ is achieved using a convective variational approach (see the Appendix of Ref. [15]). One obtains, after defining Ω^μ ≡ ξ̇^μ_⊥ + u^μ (1 + 2ξ_⊥W^′),

Ω̇_μ = 1 σ ∇_μ(W − Π_⊥W^′) − R_{μρντ} u^ρξ^ν_⊥u^τ , (2.5)

where the second term in the right-hand-side (RHS), which involves the Riemann tensor, is analogous to the standard coupling to curvature for the motion of particles with spins in an arbitrary curved background. Finally, the stress-energy tensor of the dipolar fluid can be derived by varying the Lagrangian (2.2) with respect to the metric, keeping J^μ_∗ = √ −gJ^μ as independent of the metric (since J^μ_∗ is conserved in the ordinary sense, i.e. ∂_μJ^μ_∗ = 0). One obtains

T^{μν} = Ω^{(μ}J^{ν)} − ∇_ρ ([ Π^ρ_⊥u^{(μ} − u^ρΠ^{(μ}_⊥ ] u^{ν)} ) − (W − Π_⊥W^′) g^{μν} . (2.6)

This stress-energy tensor is conserved, ∇_ν T^{μν} = 0, as a consequence of the equations of motion (2.4) and evolution (2.5).

Up to an hypothesis of “weak clusterisation” of dipolar dark matter during the cosmological evolution [14], it was shown that the model reproduces the phenomenology of MOND in the non-relativistic regime, in the sense that the Bekenstein-Milgrom [20] modification of the Poisson equation is recovered. The Euclidean norm of the ordinary gravitational field is then given by the derivative of the potential, g = W^′(Π_⊥), and the MOND interpolating function is related to the potential by μ = 1 − 4πΦ(g)/g, where Φ(g) is the inverse function of W^′(Π_⊥), i.e. is such that Π_⊥ = Φ(g).

1 Appearing both in the expansion (2.3), the constants Λ and a_0 should be related numerically in this model, i.e. Λ ∼ a^2_0 (in good agreement with observations).

III. PERTURBATIVE DESCRIPTION UP TO SECOND ORDER

A. Equivalence between DDM and ΛCDM at first order

In the context of cosmological perturbations around a FLRW background, the dipole moment, which is a space-like vector field, has to be perturbative in order not to break the isotropy of the background metric.^2 We thus write ξ^μ_⊥ = O(1), which from the equation of motion (2.4), together with Eq. (2.3), gives u̇^μ = O(1). In the following, we will write apart the term corresponding to the minimum of the potential (2.3) and playing the role of the cosmological constant (dark energy). Accordingly, we split the stress-energy tensor (2.6) into T^{μν} = −^Λ_{8π} g^{μν} + T^{μν}_{DDM}, and focus on the dipolar dark matter contribution T^{μν}_{DDM}. It was shown in Ref. [14] that it is possible, up to first order in cosmological perturbations, to recast the stress-energy tensor of this fluid in the form of that of a pressureless perfect fluid, by means of a perturbative redefinition of the four-velocity. Indeed, we define as a convenient variable (L_u denotes the Lie derivative along u^μ)

κ^μ ≡ L_uξ^μ_⊥ = ξ̇^μ_⊥ − ξ^ν_⊥∇_ν u^μ , (3.1)

which is O(1) and satisfies κ^μu_μ = −ξ^μ_⊥u̇_μ = O(2). Note that Eq. (3.1) is intended to be (by definition) valid at any perturbation order. Then, we make use of the following redefinitions of the energy density and four-velocity at first order:

ρ = σ − ∇_ν Π^ν_⊥ + O(2) , (3.2a) U^μ = u^μ + κ^μ + O(2) . (3.2b)

Although the new redefined energy density ρ includes a dipolar contribution, it represents more importantly the conserved energy density associated with the new redefined velocity field U^μ, i.e. ∇_μJ^μ = O(2) where J^μ ≡ ρU^μ is the new current. One can then check that the stress-energy tensor of dipolar dark matter becomes identical to that of a cold dark matter fluid:

T^{μν}_{DDM} = ρ U^μU^ν + O(2) = T^{μν}_{CDM} + O(2) . (3.3)

Therefore, at the level of first-order perturbations, the dipolar fluid (which also involves the cosmological constant) is equivalent to the concordance model ΛCDM.

This equivalence between DDM and ΛCDM can also be proved directly at the level of the Lagrangian (2.2). Indeed, at first perturbative order, the redefined conserved current J^μ = ρU^μ is related to the original one, J^μ = σu^μ, by

J^μ = J^μ + σκ^μ − u^μ∇_ν Π^ν_⊥ + O(2) . (3.4)

Computing the norm of the current (3.4), say r ≡ (−J_μJ^μ)^{1/2}, and using the normalization condition u_μu^μ = −1, we find

r = σ − J_μξ̇^μ_⊥ − ∇_μΠ^μ_⊥ + O(2) . (3.5)

2 In one approach to computing the non-Gaussianities, in Sec. V C below, we shall relax this hypothesis and assume a small homogeneous background value for the dipole moment.

We use this result into Eq. (2.2) and discard the covariant divergence ∇_μΠ^μ_⊥ since it does not affect the dynamics.^3 Finally, neglecting also the terms quadratic and cubic in the polarization Π_⊥ = σξ_⊥ in the potential W , we can recast, at first order in the dipole moment, the Lagrangian (2.2)–(2.3) of our DDM model as

L_{DDM} = −r − Λ 8π + O(2) = L_{ΛCDM} + O(2) , (3.6)

and we see that it agrees with the Lagrangian describing the dark sector of the cosmological model ΛCDM — namely a mass term r without interaction and the cosmological constant (neglecting other species than dark matter and dark energy).

B. Energy density, pressure, and anisotropic stresses at second order

We now extend the previous analysis to second order in cosmological perturbations, where, as we shall see, deviations from CDM start occurring. The explicit form of the quadratic term in the expansion (2.3) of the potential yields Π_⊥W^′ = 4π Π^2_⊥ + O(3), such that W − Π_⊥W^′ =^Λ_{8π} − 2π Π^2_⊥ + O(3). From the requirements that U_μU^μ = −1 + O(3) and that the current J^μ = ρ U^μ be conserved at this order, ∇_μJ^μ = O(3), we find the following second-order accurate expressions [generalizing Eqs. (3.2)] for the new variables ρ and U^μ as functions of the initial variables σ, u^μ, and ξ^μ_⊥:

ρ = σ − ∇_ν Π^ν_⊥ − 4π Π^2_⊥ − σ 2 κ^2 + O(3) , (3.7a)

U^μ = ( 1 + 4π σ Π^2_⊥ + κ^2 2 ) u^μ + ( 1 + ∇_ν Π^ν_⊥ σ ) κ^μ + O(3) . (3.7b)

Here κ^2 ≡ κ_ν κ^ν , where κ^ν is defined by Eq. (3.1), valid to all orders in perturbation theory. We can then perform a standard 3+1 decomposition of the stress-energy tensor with respect to the redefined four-velocity U^μ, and obtain

T^{μν}_{DDM} = (ε + P ) U^μU^ν + P g^{μν} + Σ^{μν} + O(3) , (3.8)

with the following second-order accurate expressions for the energy density ε, pressure P , and anisotropic stress tensor Σ^{μν} :

ε = σ − ∇_ν Π^ν_⊥ − 2π Π^2_⊥ − σκ^2 , (3.9a) P = 2π 3 Π^2_⊥ − σ 3 κ^2 , (3.9b)

Σ^{μν} = −4π Π^{⟨μ}_⊥ Π^{ν⟩}_⊥ − σκ^{⟨μ}κ^{ν⟩} . (3.9c)

The brackets ⟨ ⟩ stand for the symmetric and trace-free (STF) part of a given spatial tensor (orthogonal to U^μ), e.g. κ^{⟨μ}κ^{ν⟩} = κ^μκ^ν −^1_3 κ^2⊥^{μν} ; from now on ⊥_{μν} = g_{μν} + U_μU_ν is defined

3 Notice that the second term in the RHS of Eq. (3.5) can easily be transformed, up to a total divergence, into σu̇_μξ^μ. From the equations of motion u̇^μ = O(1), this term would seem to be of second perturbative order. However, one is not allowed to use the equations of motion back into the Lagrangian, so the second term in (3.5) is to be viewed as first order when considered in the DDM Lagrangian (2.2).

with respect to the four-velocity (3.7b). The anisotropic stress tensor Σ^{μν} is orthogonal to the four-velocity U^μ and traceless, i.e. U_ν Σ^{μν} = O(3) and Σ^μ_μ = O(3). Notice that the redefinition (3.7b) of the four-velocity has allowed us not only to define the associated conserved mass density (3.7a), but also to cancel any possible second-order “heat flow” Q^μ: there is no term of the type 2Q^{(μ}U^{ν)}, with Q_μU^μ = 0, in Eq. (3.8).

Now, we can introduce the “specific internal energy” W of the fluid via the definition ε ≡ ρ(1 + W ). This dimensionless quantity will play an important role in the following; it explicitly reads W = 2π σ Π^2_⊥ − κ^2 2 + O(3) . (3.10)

Hereafter we substitute the four-velocity U^μ = u^μ + O(1) in place of u^μ in the definition (3.1) of κ^μ, since the difference will only appear at third order in perturbation theory. The projected conservation of the stress-energy tensor, U_μ∇_ν T^{μν}_{DDM} = 0, yields

ε̇ + Θ (ε + P + β) = O(3) , (3.11)

where Θ ≡ ∇_μU^μ is the expansion of the fluid, and β ≡ Σ^{μν} σ_{μν} /Θ the so-called dissipative pressure, with σ_{μν} = ∇_{⟨μ}U_{ν⟩} the STF shear tensor. The dot now stands for the covariant proper time derivative along the new fluid worldlines with tangent four-velocity U^μ, such that ε̇ ≡ U^ν ∇_ν ε. Making use of ε = ρ(1 + W ) and the conservation law ∇_μ(ρ U^μ) = O(3), Eq. (3.11) can equivalently be written as P + β = − ρ Θ Ẇ + O(3) . (3.12)

Using the explicit expressions (3.9b), (3.9c), and (3.10) for P , β, and W , one can easily check that (3.12) holds in the particular case of our dark matter model.

IV. CURVATURE PERTURBATION UP TO SECOND ORDER

A. Langlois-Vernizzi formalism

We now apply the formalism introduced in Refs. [16, 17] for the evolution of the curvature perturbation. In this formalism, the usual gauge-invariant curvature perturbation of linear perturbation theory is generalized to a covector (or one-form) ζ_μ, for which an exact evolution equation is found, valid at any perturbative order and at all scales. First, we define the local number of e-folds α by Θ = 3α̇, and a derivative operator projected orthogonally to a given four-velocity field, namely D_μ ≡ ⊥^ν_μ ∇_ν . The definition of the curvature one-form is then ζ_μ ≡ D_μα − α̇ ε̇ D_με . (4.1)

Notice that one could replace the projected derivatives by covariant derivatives ∇_μ, or even ordinary gradients ∂_μ in the above formula. Using the (approximate) conservation law (3.11), one obtains the following evolution equation:

L_U ζ_μ =

Θ^2 3ε̇ ( D_μ(P + β) − Ṗ + β̇ ε̇ D_με ) . (4.2)

We refer the reader to Ref. [17] for the original derivation of this relation, but we provide in Appendix A an alternative proof based on the Cartan identity. The RHS of (4.2) would vanish in the case of a perfect, pressureless fluid, for which β = P = 0, so that ζ_μ is conserved along the worldlines of CDM particles. In our case, at second order in cosmological perturbations, the difference between cold dark matter and dipolar dark matter is entirely contained in the (standard plus dissipative) pressure term (3.12). Now, notice that the projected derivative picks out the spatial derivative at this order, so for instance D_με = O(1). Making use of the fact that W = O(2) already, we obtain

L_U ζ_μ = 1 3 D_μẆ + O(3) , (4.3)

which can then be recast, using again u̇^μ = O(1), into a more familiar conservation law for the variable ~ζ_μ ≡ ζ_μ −^1_3 D_μW :

L_U ~ζ_μ = O(3) . (4.4) One can also introduce a modified local number of e-folds, ~α ≡ α −^1_3 W , such that the one-form ~ζ_μ has a definition similar to that of ζ_μ, namely ~ζ_μ ≡ D_μ ~α − ˙~α ε̇ D_με . (4.5)

The conservation law (4.4) for the one-form ~ζ_μ defined with respect to ~α can be understood as follows: introducing (3.12) into (3.11), one gets ε̇ + (Θ − Ẇ ) ε = O(3), which is the continuity equation of a fiducial pressureless perfect fluid of expansion ~Θ = Θ − Ẇ . This is precisely the expansion associated with the local number of e-folds ~α — the definition of Θ as the expansion of the velocity does not intervene in the derivation of the relation (3.12).

B. Curvature perturbation to second order

We now apply the results of the calculations given in [16] for second-order cosmological perturbations. We use a FLRW background with line element ds^2 = a^2(η)(−dη^2+γ_{ij}dx^idx^j ), where a(η) is the scale factor and γ_{ij} the spatial metric, and we denote by^′ the derivative with respect to the conformal time η. Using the conservation law (4.3) at first order, namely

ζ^′_i = O(2) , (4.6)

we obtain, at second order, the following expression for ζ_μ, introducing the velocity perturbation v^i as δU^i ≡ v^i/a:

ζ_0 = −v^i∂_iζ + O(3) , (4.7a) ζ_i = ∂_iζ + O(3) . (4.7b)

Here ζ is a scalar that generalizes the curvature perturbation scalar, of which the first and second order expressions in terms of the perturbations of α and ε can be found in Ref. [16], and are recalled in Appendix B below. Specializing the expression (B6) for the Lie derivative to second order yields, in combination with (4.3),

ζ^′_i + ∂_i ( v^jζ_j ) = 1 3 ∂_iW^′ + O(3) . (4.8)

Then, using Eq. (4.7b) we get, up to an irrelevant homogeneous term,

ζ^′ + v^i∂_iζ = W^′ 3 + O(3) . (4.9)

On super-Hubble scales, the term involving a spatial gradient can be neglected, and we find [up to corrections O(3)]

ζ^′ = W^′ 3 . (4.10)

This shows that, on large scales, the only second-order effect of our modified dark matter model, compared to a standard CDM model, is to correct ζ by the quantity W/3. Denoting by ζ_{CDM} the conserved curvature perturbation generated within the standard CDM scenario, we thus conclude ζ = ζ_{CDM} + W 3 . (4.11)

The additional effect, where W is given by Eq. (3.10) with (3.1), is the sum of two terms which scale like the norms squared of the space-like dipole moment and its time derivative; schematically W ∼ σξ^2_⊥ + ξ̇^2_⊥.

C. Time evolution of the vector perturbations

Since the internal energy W is quadratic in ξ^μ_⊥ and κ^μ = L_U ξ^μ_⊥, working at second order in perturbation theory allows us to use the first-order results for the evolution equations, as previously derived in Ref. [14]. Following their notations, we define ξ^μ_⊥ ≡ ( 0, λ^i ) , (4.12)

with λ^i = O(1) the perturbative spatial dipole moment. Easy calculations yield the following expressions:

ξ̇^μ_⊥ = 1 a ( 0, λ^{i′} + Hλ^i ) + O(2) , (4.13a)

κ^μ = 1 a ( 0, λ^{i′} ) + O(2) , (4.13b)

κ̇^μ = 1 a^2 ( 0, λ^{i′′} ) + O(2) , (4.13c)

where H ≡ a^′/a is the Hubble parameter in conformal time η, and we recall that^′ ≡ ∂/∂η. Using an overbar to denote background quantities, we get from Eq. (3.10):

W = 2πσ̄a^2λ^iλ_i − 1 2 λ^{i′}λ^′_i + O(3) , (4.14a) Ẇ = H a ( λ^{i′}λ^′_i − 2πσ̄a^2λ^iλ_i ) + O(3) , (4.14b)

where we denote λ_i ≡ γ_{ij}λ^j and λ^′_i ≡ γ_{ij}λ^{j′}. In order to derive Eq. (4.14b), we used the first-order accurate evolution equation for the dipole moment λ^i, which takes the remarkably simple form given in Eq. (3.29) of Ref. [14]:

λ^{i′′} + Hλ^{i′} − 4πσ̄a^2λ^i = O(2) . (4.15)

This equation can be solved, at first order, using the FLRW equations for the background dynamics. If we consider the background to be successively dominated by radiation and by (dipolar) cold dark matter, the scalings for the background energy density are ρ̄_r ∝ a^{−4} for the radiation domination era and σ̄ ∝ a^{−3} for the matter domination era, which allows us to find the approximate solutions

λ^i(η, x) = A^i(x) I_0 (√ 6Ωη ) + B^i(x) K_0 (√ 6Ωη ) (radiation domination) , (4.16a)

λ^i(η, x) = C^i(x) η^2 +

D^i(x)

η^3

(matter domination) . (4.16b)

Here I_0 and K_0 are modified Bessel functions of the first and second kind, respectively, and A^i, B^i, C^i, and D^i are (space-dependent) integration constants. We introduced the inverse of a characteristic timescale,

Ω ≡ a_{eq} ( 8π 3 ρ̄_{eq} )_{1/2} , (4.17)

the subscript “eq” indicating the time when the background densities of the radiation and matter fluids are equal, and ρ̄_{eq} being the common value of the radiation density ρ̄_r and the matter density σ̄ at equilibrium.

In fact, it is possible to give a fully analytic solution to the case of the mixture of the two fluids. For this purpose, we rewrite the dynamics in terms of the variable y ≡ a/a_{eq}. The FLRW equations for the background are then given by

H^2 = Ω^2 y + 1 y^2

, (4.18a)

H^′ = −

Ω^2 2 y + 2 y^2

, (4.18b)

where we used the equation of state P_r = ρ_r/3 for the radiation. Finally, we get an evolution equation valid in the two regimes, radiation as well as matter eras [hereafter we drop the neglected remainder O(2)]:

2y(y + 1)

∂^2λ^i ∂y^2 + (3y + 2) ∂λ^i ∂y − 3λ^i = 0 . (4.19)

This homogeneous, second-order differential equation is called Mészáros equation. It appears in standard cosmology in the context of the growth of the matter density contrast on sub- Hubble scales; see e.g. Ref. [21]. Its most general solution is known analytically, and reads

λ^i(y, x) = A^i(x) λ^+(y) + B^i(x) λ^−(y) , (4.20)

where A^i and B^i are again (space-dependent) integration constants, while the growing (+) and decaying (−) modes read

λ^+ = y + 2 3 , (4.21a)

λ^− = 2 √ 1 + y − ( y + 2 3 ) ln (√ 1 + y + 1 √ 1 + y − 1 ) . (4.21b)

One can check that Eqs. (4.21) reproduce the asymptotic behaviors of the solutions (4.16a) and (4.16b). In particular, λ^−(y) behaves like ln(y) [or ln(η)] when y → 0, and like y^{−3/2} (or η^{−3}) when y → +∞. We thus have an analytic expression for λ(y), which we can inject into the formula (4.14a) for W . This immediately gives, via Eq. (4.11), the time evolution of the curvature perturbation ζ on super-Hubble scales.

Discarding the decaying mode λ^−, we can write the evolution of the dipole as

λ^i(y, x) = ( 1 + 3 2 y ) λ^i_∗(x) , (4.22)

where λ^i_∗(x) is a time-independent vector field corresponding to the value of the dipole long before the equivalence matter-radiation (y ≪ 1). Substituting into the expression (4.14a) for W , one obtains the time evolution of W as a function of the “primordial” dipole λ^i_∗:

W ≡ F(a) λ^2_∗ , (4.23)

where λ^2_∗ ≡ γ_{ij}λ^i_∗λ^j_∗, and the evolution factor is given in terms of the variable y = a/a_{eq} by F = 9 16 Ω^2 ( y + 2 + 4 3y ) . (4.24)

This quantity diverges when going backwards in time, and we will use it only sufficiently late so that W remains small enough to be treated as a second order perturbation of ζ_{CDM}. After equivalence, F will increase linearly with the scale factor. At the radiation-matter equality, the typical value of the correction W is given by ∼ (H_{eq}λ_∗)^2, which is small if the primordial dipole moment is small compared to the Hubble radius at equivalence.

V. STATISTICAL DESCRIPTION OF THE VECTOR PERTURBATIONS

A. Formalism and notations

In this section, we examine how statistical fluctuations of the DM dipole could affect the nonlinear cosmological perturbations and therefore leave a potentially observable signature. To do so, we will use the analysis of [22–25], which was developed, in the context of the δN formalism [26–29], to study models where the curvature perturbation ζ is allowed to depend on a vector field A_i. In the present case, we decompose the total curvature perturbation ζ into the standard CDM contribution and a contribution due to a vector field A_i, directly related to the dark matter dipole, so that one can write, up to second order,

ζ = ζ_{CDM} + N^i δA_i + 1 2 N^{ij} δA_i δA_j , (5.1)

where we use implicit summation over repeated indices.

Let us now characterize the statistical properties of the vector perturbations, following closely the general approach developed in Refs. [23, 24]. Since the space-like vector field introduced in the present model is a priori purely phenomenological, we will simply assume that it is a collection of uncorrelated Gaussian random fields, without trying to determine its spectrum from a more fundamental description.^4 It is sometimes convenient to decompose the three components of the vector field, in Fourier space, into the familiar longitudinal (ℓ), left (L), and right (R) polarizations, according to the expression δA_i(η, k) ≡ ∫ d^3x e^{−ik·x} δA_i(η, x) = ∑ α δA_α(η, k) e^α_i (k̂) , (5.2)

where the polarization vectors read e^L_i = (1, i, 0)/ √ 2, e^R_i = (1, −i, 0)/ √ 2, and e^ℓ_i = (0, 0, 1), with the ẑ direction aligned with the direction k̂ of the wavevector k. Following the conventions of [23], we let the change k → −k reverse the ẑ and x̂ directions, but not the ŷ direction, such that e^{α∗}_i (k̂) = −e^α_i (−k̂). Together with the reality condition δA^∗_i (k) = δA_i(−k), this implies δA^∗_α(k) = −δA_α(−k).

The random fields δA_α(k) are assumed to be Gaussian and statistically isotropic, with no correlation between different polarization modes or with other fundamental fields (such as the inflaton, the curvaton, etc.). The power spectra P_α(k) for each polarization are defined by the relations ⟨δA_α(k) δA_β(k^′)⟩ ≡ −(2π)^3δ(k + k^′) P_α(k) δ_{αβ} , (5.3)

where δ is the usual three-dimensional Dirac delta function, δ_{αβ} is the Kronecker symbol and k = |k|. With these conventions, the power spectra P_α(k) are positive-definite. Using the decomposition (5.2), the two-point correlation function of the dipole can be written, in Fourier space, as [23]

⟨δA_i(k) δA_j(k^′)⟩ ≡ (2π)^3δ(k + k^′)P_{ij} (k)

= (2π)^3δ(k + k^′) [ T^{even}_{ij} (k)P_+(k) + i T^{odd}_{ij} (k)P_−(k) + T^{long}_{ij} (k)P_ℓ(k) ] , (5.4)

with the even-parity, odd-parity, and longitudinal tensors defined by T^{even}_{ij} = δ_{ij} − k̂_ik̂_j, T^{odd}_{ij} = ε_{ijk}k̂_k, and T^{long}_{ij} = k̂_ik̂_j, respectively. In the previous expressions, we introduced the usual totally antisymmetric Levi-Civita symbol ε_{ijk}, such that ε_{123} = +1, as well as the power spectra

P_± = 1 2 (P_R ± P_L) . (5.5)

Note that the Lagrangian (2.2) of DDM does not break the parity symmetry. If this property is also shared by the Lagrangian describing the dipole at a more fundamental level, then the left (L) and right (R) power spectra P_L and P_R should coincide, implying P_− = 0. In the following, we shall keep a general P_−.

In the rest of this section, we will apply the above formalism to the DM dipole and compute the power spectrum and bispectrum of the curvature perturbation. Since we have considered the dipole as a perturbation with vanishing background value, we have a priori N^i = 0, which implies that the tree-level contributions to the spectrum and bispectrum simply vanish. One must then consider the one-loop contributions, as we do in the next subsection V B. However, in the subsequent subsection V C, we will instead assume that the dipole can be decomposed into a small “homogeneous” component, corresponding to its

4 Such a description would consist, for instance, in embedding the dipole in an inflationary model and computing its spectrum from the amplification of its quantum fluctuations during inflation, as was done for fundamental vector fields in Ref. [30].

average value in our accessible region, and a spatially-dependent component, in which case the term linear in δA_i in Eq. (5.1) is nonzero. We will check that the tree-level expressions for the spectrum and bispectrum are compatible with the one-loop calculations of Sec. V B, in the sense of cosmic variance.

B. One-loop contributions to the spectrum and bispectrum

Comparing Eq. (5.1) with the expressions (4.11) and (4.23), one can directly identify the vector degree of freedom δA_i with the primordial DM dipole λ^i_∗, which we have treated as a perturbation, so that

δA_i = λ_{∗i} , N^i = 0 , N^{ij} = 2 3 F(a) δ^{ij} , (5.6)

where we assume γ_{ij} = δ_{ij} (flat spatial sections) for simplicity. At the tree-level, the total power spectrum is given by

P_ζ (k) = P_{ζCDM} (k) + N^iN^j P_{ij}(k) , where ⟨ζ(k)ζ(k^′)⟩ ≡ (2π)^3δ(k + k^′)P_ζ (k) . (5.7)

Because N^i = 0 the contribution of the vector field vanishes. The first non-vanishing effect of the dipole appears in the one-loop contribution

P^{1−loop} ζ (k) = 1 2 N^{ij} N^{kl} ∫ d^3p (2π)^3

P_{ik}(p)P_{jl}(k − p) . (5.8)

As an illustration, we will assume in the following that the power spectrum for the dipole is scale invariant, i.e. P_{ij} (k) ∝ k^{−3}. Then, the above integral is divergent at the two singular points p = 0 and p = k. These logarithmic divergences can be regularized by introducing a cut-off L^{−1}, where L is a length scale which, in practice, can be chosen as the present Hubble radius: L = H^{−1}_0 . For instance, the singularity at p = 0 gives ∫_k L^{−1} d^3p p^3

P_{ij} (p) = 4π 3 (2P_+ + P_ℓ) ln(kL) δ_{ij} , (5.9)

where we denote P_{ij} (k) ≡ P_{ij}(k) k^3/(2π^2) and similarly for P_{+,ℓ}(k). This gives the following estimate for the one-loop contribution to the power spectrum:

P^{1−loop} ζ (k) ≃

8π^2 27 F^2 (2P_+ + P_ℓ)^2 k^{−3} ln(kL) , (5.10)

where we have substituted N^{ij} =^2_3 Fδ^{ij}. This must remain smaller than P_{ζCDM} in order to satisfy observational constraints.

We now turn to non-Gaussianities. The bispectrum of the curvature perturbation, B_ζ (k, k^′, k^{′′}), corresponds to the three-point correlation function in Fourier space,

⟨ζ(k)ζ(k^′)ζ(k^{′′})⟩ = (2π)^3δ(k + k^′ + k^{′′})B_ζ (k, k^′, k^{′′}) . (5.11)

Similarly to the power spectrum, the tree-level bispectrum vanishes when N^i = 0, whereas the one-loop contribution is given by

B^{1-loop}_ζ (k, k^′, k^{′′}) = N^{ij} N^{kl}N^{mn} ∫ d^3p (2π)^3

P_{ik}(p)P_{jm}(k − p)P_{ln}(k^′ + p) . (5.12)

With a scale-invariant spectrum P_{ij} , the above integral contains logarithmic divergences for the values p = 0, p = k and p = −k^′. Introducing as before the cut-off L^{−1}, one finds for the bispectrum the approximate expression (valid at leading order when L → +∞)

B^{1-loop}_ζ (k, k^′, k^{′′}) ≃ N^{ij} N^{kl}N^{mn} (2P_+ + P_ℓ) ln(kL) δ_{ik}P_{jm}(k)P_{ln}(k^′) = 8 27 F^3 (2P_+ + P_ℓ) ln(kL) P_{ij} (k)P_{ij}(k^′) . (5.13)

C. Tree-level spectrum and bispectrum

An alternative derivation of the spectrum and bispectrum consists in assuming that the dipole λ^i_∗, which we have considered as purely perturbative so far, can be decomposed into a nonzero homogeneous component and a spatially-dependent component. Physically, the homogeneous component can be interpreted as the background vector in our accessible box of size H^{−1}_0 and corresponds to the average field over our observable region in the particular realization associated with our Universe. It has to be small in order to be consistent with the analysis of Secs. III and IV, and to be compatible with current bounds on anisotropy in the CMB. Substituting the decomposition

λ^i_∗(x) = λ̄^i_∗ + δλ^i_∗(x) (5.14)

into the formula (4.23), the curvature perturbation (4.11) can be written in the form

ζ = ζ_{CDM} + 1 3 F λ̄^2_∗ + 2 3 F λ̄^i_∗ δλ_{∗i} + 1 3 F δλ^2_∗ . (5.15)

The second term is an irrelevant homogeneous contribution that can be discarded, and the above expression is thus of the form (5.1) with a nonzero linear term: δA_i ≡ δλ_{∗i} , N^i = 2 3 F λ̄^i_∗ , N^{ij} = 2 3 F δ^{ij} . (5.16)

Assuming that ζ_{CDM} and δA_i are uncorrelated, the tree-level power spectrum for the curvature perturbation is given by^5

P^{tree}_ζ (k) = P_{ζCDM} (k) + N^iN^j [ T^{even}_{ij} (k)P_+(k) + T^{long}_{ij} (k)P_ℓ(k) ] ≡ P^{iso}_ζ (k) [ 1 + g (^ N^ik̂_i )_2]

, (5.17)

where the angle-averaged, isotropic spectrum P^{iso}_ζ (k) and the scale-dependent, anisotropy fraction g(k) read (posing N^2 ≡ N^iN^i)

P^{iso}_ζ = P_{ζCDM} + N^2P_+ , (5.18a)

g = N^2

P_ℓ − P_+

P^{iso}_ζ

. (5.18b)

5 The term involving P_− disappears because N^iN^j is symmetric.

Present observations of the CMB temperature fluctuations require g to be small enough, typically g ≲ 0.1.^6 In our case, consistency with our assumption that the dipole modifies cosmological perturbations only at second order implies that g is small, such that P_ζ ≃ P^{iso}_ζ , and that the isotropic spectrum P^{iso}_ζ is dominated by the standard ζ_{CDM} contribution, namely P^{iso}_ζ ≃ P_{ζCDM} . Note that in the particular case where P_ℓ = P_+, the power spectrum is automatically isotropic.

Let us now turn to the bispectrum of the curvature perturbation. Since the coefficient N^i is now nonzero, the tree-level contribution no longer vanishes, and is given by the expression

B^{tree}_ζ (k, k^′, k^{′′}) = N^iN^j N^{kl} [P_{ik}(k)P_{jl}(k^′) + 2 perm.] = 8 27 F^3 λ̄^i_∗λ̄^j_∗ [P_{ik}(k)P_{jk}(k^′) + 2 perm.] . (5.19)

One can show that this result agrees with the 1-loop contribution of the previous subsection V B by recalling that N^i =^2_3 Fλ̄^i_∗ corresponds to the background vector in our accessible box of size H^{−1}_0 . It can be interpreted as the average dipole field over our observable region. One can estimate the typical value of this background field — or rather of the tensor λ̄^i_∗λ̄^j_∗ which appears in the bispectrum — by taking the variance matrix

⟨⟨λ̄^i_∗(x)λ̄^j_∗(x)⟩⟩_L ≡

∫_{kmax} L^{−1} d^3p (2π)^3

P_{ij}(p) = 1 3 (2P_+ + P_ℓ) ln(k_{max}L) δ_{ij} , (5.20)

where our notation for the double brackets ⟨⟨· · · ⟩⟩_L means an average on Fourier modes larger than L^{−1} (in contrast to the statistical average denoted before with single brackets ⟨· · · ⟩), and where k^{−1}_{max} corresponds to the smallest accessible length scale. Substituting λ̄^i_∗λ̄^j_∗ in the bispectrum (5.19) by the above expression, one recovers the one-loop bispectrum (5.13) at the leading order when L → +∞.^7 This shows that the computation based on a non-zero background value for the dipole moment is also compatible, in the sense of cosmic variance, with a zero averaged value for the background dipole moment.

The shape of the bispectrum (5.19) naturally involves the preferred cosmological direction λ̄i_∗. In general it is highly anisotropic and quite complicated. In the particular case where P_ℓ = P_+ and P_− = 0, the bispectrum becomes isotropic with local shape:

B_ζ (k, k^′, k^{′′}) = 8 27 F^3 λ̄^2_∗ [P_+(k)P_+(k^′) + P_+(k^′)P_+(k^{′′}) + P_+(k^{′′})P_+(k)] . (5.21)

It is then entirely characterized by the isotropic spectrum P_+(k), grows like F^3(a), and is proportional to the norm λ̄^2_∗ of the primordial homogeneous dipole.

6 Although an anisotropy has been detected in the WMAP data, the direction of this asymmetry coincides with the direction orthogonal to the ecliptic, suggesting that this is a systematic effect; see Refs. [31, 32].

7 Similarly one can also recover by the same calculation the spectrum (5.10).

D. Discussion and conclusions

In order to get an estimate of the amplitude for non-Gaussianities, it is useful to introduce the usual parameter^8

f_{NL}(k, k^′, k^{′′}) = 5 6 B_ζ (k, k^′, k^{′′}) P_ζ (k)P_ζ (k^′) + P_ζ (k^′)P_ζ (k^{′′}) + P_ζ (k^{′′})P_ζ (k)

. (5.22)

In general f_{NL} has a complicated (anisotropic) structure in Fourier space. To determine its order of magnitude, let us consider the special case P_ℓ = P_+, where the bispectrum shape is of the local form (5.21), and let us assume that P_+(k) is quasi-scale-invariant, like P_{ζCDM} (k). Then P_ζ (k) is also quasi-scale-invariant, and we have

f_{NL} ≃ 20 81 F^3 λ̄^2_∗

P^2_+ P^2_ζ = 45 8192 ( y + 2 + 4 3y )_3 H^6_{eq} a^6_{eq} λ̄^2_∗ P^2_+ P^2_ζ

, (5.23)

where we have substituted the explicit expression (4.24) for F, and used H_{eq} = H_{eq}a_{eq}. In the present model we cannot predict the amplitude of the primordial dipole moment because this would require a fundamental description of the dipole field during inflation. Nevertheless, we can estimate how present and future bounds on the f_{NL} measured in the CMB temperature anisotropies could constrain the model.

It is convenient to introduce the dimensionless parameter x giving the relative size of the physical dipole moment^9 with respect to the Hubble radius, at the time of matter-radiation equality:

x ≡ (ξ_⊥H)_{eq} = (a_{eq}λ̄_∗)H_{eq} . (5.24)

In this notation we readily find that W = F λ̄^2_∗ ∼ y x^2. Next, using Eqs. (5.3)–(5.5), we can relate the order of magnitude of the spectrum P_+ to the perturbation of the dipole moment δλ_∗. From the equivalence between the two computations performed in Secs. V B and V C, the perturbation δλ_∗ should be identified, in order of magnitude, with the background value of the dipole moment λ̄_∗, so that P_+ ≃ α λ̄^2_∗ , (5.25)

where α is a number of order one.

We finally find that the expression (5.23), evaluated at the epoch of last scattering when y_{ls} = a_{ls}/a_{eq} ≃ 3, gives f_{NL} ≃ 1.5 × 10^{17} α^2 x^6 , (5.26)

where we have used the CMB normalization for the power spectrum P_ζ ≃ 2.4 × 10^{−9}. One can also check that a significant value for f_{NL} is marginally compatible with the assumption that W is very small (W ≪ 10^{−5}), imposed in order to recover the standard results of linear cosmological perturbations. Indeed, since W ∼ x^2, one finds (with α ∼ 1)

f_{NL} ∼ 150 ( W 10^{−5} )3 . (5.27)

8 The factor 5/6 in Eq. (5.22) comes from the original, historical definition of f_{NL} as a parameter measuring non-Gaussianity of the local type in the Bardeen gravitational potential Φ =^3_5 ζ, according to the formula Φ(x) = Φ_G(x) + f_{NL} ( Φ^2_G(x) − ⟨Φ^2_G(x)⟩ ) , where Φ_G(x) is a Gaussian random field [33].

9 Recall that, at leading order, the amplitude of the physical dipole moment is given by ξ^2_⊥ = a^2γ_{ij} λ^iλ^j .

As an illustration, a non-Gaussianity coefficient f_{NL} ∼ 10 would correspond to W ∼ 4×10^{−6}, i.e. to a dipole amplitude of order x ∼ 2 × 10^{−3}. Note that the dipole contribution to the power spectrum,

Ξ ≡ N^2

P_+ P_ζ = 4 9 F^2 λ̄^2_∗

P_+ P_ζ , (5.28)

is constrained to be very small in order to satisfy the constraint on W :

Ξ ≃ 4 × 10^8 α x^4 ∼ 0.04 ( W 10^{−5} )2 . (5.29)

The anisotropy fraction g is thus negligible if P_ℓ and P_+ are of the same order of magnitude.

Furthermore, we find that the amplitude of the non-Gaussianity (5.23) increases with time after the radiation-matter equality, roughly like F^3 ∼ a^3, because the dark matter dipole itself grows after that epoch. This behavior is in sharp contrast with usual models of primordial non-Gaussianities, where ζ remains frozen on super-horizon scales during the standard cosmological era.

That untypical prediction could be used to test the possible dipolar nature of dark matter as follows. Non-Gaussianity in the curvature perturbation can be measured independently through the bispectrum of the temperature fluctuations in the CMB, as probed by the Planck satellite, and the bispectrum of the mass density distribution, at low redshifts (z ≲ 2) and large scales, as probed by future galaxy surveys (e.g. Euclid, SDSS-III) [34, 35]. In order to make specific predictions for the relative amplitudes of the non-Gaussianity that could be measured by these various probes, one should extend the analysis of the present work by taking into account the presence of the dipole in the calculation of the transfer functions.

To summarize, we investigated the model of DDM at the level of second-order cosmological perturbations. We showed that, on large scales, the only effect of the dipole moment is to correct the curvature perturbation generated within the standard scenario, say ζ_{CDM}, by a term proportional to the internal energy W of the dipolar fluid, which is quadratic in the dipole moment [see Eq. (4.11)]. We then derived, by two different methods in Secs. V B and V C, the amplitude of the non-gaussianities generated by this specific contribution. Unfortunately, without a fundamental understanding of the origin of the dipole field introduced in this phenomenological model of dark matter, the amplitude of the dipole moment at early cosmological times cannot be determined, leaving the global scaling of the additional signal of non-Gaussianity (5.26)–(5.27) unconstrained. However, the property that the (second-order) contribution of the dipole to the curvature perturbation is time-evolving on super-Hubble scales would lead to specific relations between the levels of non-Gaussianities observed by various probes.

Acknowledgments

L.B. and S.M. acknowledge partial support from the Agence Nationale de la Recherche via the Grant THALES (ANR-10-BLAN-0507-01-02). D.L. acknowledges partial support from the Agence Nationale de la Recherche via the Grant STR-COSMO (ANR-09-BLAN- 0157-01). A.L.T. acknowledges support from NSF through Grant No. PHY-0903631 and from the Maryland Center for Fundamental Physics.

Appendix A: Alternative derivation of the relation (4.2)

We provide here an alternative and more compact derivation of the Langlois-Vernizzi relation (4.2), based on the use of differential forms and the Cartan identity. In the following, boldface letters indicate differential forms, arrows indicate four-vectors, and the dot stands for the contraction of a four-vector with the first index of a differential form, while d represents the exterior derivative operator. Replacing the projected derivatives D_μ by ordinary derivatives ∂_μ in the definition (4.1) of ζ_μ, and using Eq. (3.11) to rewrite the ratio α̇/ε̇, we may express Eq. (4.1) as

ζ = dα + dε 3(ε + P + β)

. (A1)

We will make use of Cartan’s identity for the Lie derivative of a differential form, which reads for a four-vector ⃗V and a differential form ω of any rank,^{10} L_{⃗V} ω = ⃗V · dω + d (⃗ V · ω ) . (A2)

We are going to apply this identity to the four-vector ⃗U and the one-form ζ. We first notice that, by construction (see Eq. (4.1) again), ζ is orthogonal to the four-velocity: ⃗U · ζ = 0. We also note that, in the particular case of a pressureless perfect fluid with P = β = 0, ζ becomes an exact one-form, ζ = d(α +^1_3 ln ε), and we readily obtain that the RHS vanishes. Coming back to the general case, we have

dζ = d ( dα + 1 3(ε + P + β) dε ) = − Θ^2 3ε̇^2 d(P + β) ∧ dε , (A3)

where we used Eq. (3.11) again. Now, contracting with ⃗U, we obtain the desired relation: L_{⃗U} ζ = Θ^2 3ε̇ ( d(P + β) − Ṗ + β̇ ε̇ dε ) , (A4)

which is identical to Eq. (4.2).

Appendix B: Expressions for second-order perturbations

For completeness, we provide here some explicit expressions for the curvature perturbation in terms of first- and second-order quantities in cosmological perturbations. They can be found in Ref. [16], together with other definitions and explicit expressions for the metric perturbations. We adopt the convention that any quantity Q is to be decomposed in the following way:

Q(η, x) ≡ Q̄(η) + Q_{(1)}(η, x) + Q_{(2)}(η, x) + O(3) , (B1)

where Q̄ stands for the background quantity and Q_{(1)}, Q_{(2)} for the first- and second-order perturbations, respectively. Notice the change in convention with respect to Ref. [16], where the authors keep a factor 1/2 in front of the second-order perturbation in Eq. (B1).

10 A consequence of this identity is the formula d(L_{⃗V} ω) = L_{⃗V} (dω).

For a FLRW background, we have ds^2 = a^2(η) (−dη^2 + γ_{ij} dx^idx^j ). We recall that α is the integrated expansion, defined by Θ = 3α̇ (see Ref. [16] for an explicit expression in terms of metric and matter perturbations), and that we define U^i_{(1)} ≡ v^i/a; The curvature one-form ζ_μ vanishes identically in the background, and we find at first order

ζ^{(1)}_0 = 0 , (B2a) ζ^{(1)}_i = ∂_iζ_{(1)} , (B2b)

with the following definition for the scalar curvature perturbation ζ:

ζ_{(1)} = α_{(1)} − ᾱ^′ ε̄^′ ε_{(1)} , (B3)

where the symbol^′ stands for a derivative with respect to the conformal time η. We see that at first order ζ_0 vanishes and that ζ_i can be written as a pure spatial gradient. This is not the case in general, and at second order we get

ζ^{(2)}_0 = −v^i∂_iζ_{(1)} , (B4a) ζ^{(2)}_i = ∂_iζ_{(2)} + ε_{(1)} ε̄^′ ∂_iζ^′_{(1)} , (B4b)

with ζ_{(2)} = α_{(2)} − ᾱ^′ ε̄^′ ε_{(2)} − 1 ε̄^′ α^′_{(1)}ε_{(1)} + ᾱ^′ ε̄^{′2} ε_{(1)}ε^′_{(1)} + 1 2ε̄^′ ( ᾱ^′ ε̄^′ )_′ ε^2_{(1)} . (B5)

On large scales, these expressions agree with other expressions used in the litterature for the conserved curvature perturbation; see Ref. [16] for a discussion. We also reproduce here the expression of the Lie derivative of ζ_i along U^μ at second order, introducing A as the (first-order) perturbation in the g_{00} component of the metric as g_{00} = −a^2(1 + 2A):

L_U ζ^{(2)}_i = 1 a [ ζ^{(2)}_i^′ − Aζ^{(1)}_i^′ + v^j∂_j ζ^{(1)}_i + ζ^{(1)}_j ∂_iv^j ] . (B6)

Since ζ^{(1)}_i is a pure gradient, the last two terms in the RHS of Eq. (B6) can be combined to give ∂_i ( v^jζ^{(1)}_j ) , as used in the evolution equation (4.8).

[1] J. P. Ostriker and P. J. Steinhardt, Nature 377, 600 (1995).

[2] W. Hu and S. Dodelson, Ann. Rev. Astron. Astrophys. 40, 171 (2002), arXiv:astroph/0110414.

[3] E. Komatsu et al., Astrophys. J. Supp. 192, 18 (2011), arXiv:1001.4538 [astro-ph.CO]. [4] R. H. Sanders and S. S. McGaugh, Ann. Rev. Astron. Astrophys. 40, 263 (2002), arXiv:astroph/0204521.

[5] B. Famaey and S. McGaugh, Living Rev. Rel. 15, 10 (2012), arXiv:1112.3960 [astro-ph.CO]. [6] M. Milgrom, Astrophys. J. 270, 365 (1983). [7] M. Milgrom, Astrophys. J. 270, 371 (1983). [8] M. Milgrom, Astrophys. J. 270, 384 (1983).

[9] J. D. Bekenstein, Phys. Rev. D 70, 083509 (2004), Erratum: Phys. Rev. D 71, 069901(E) (2005), arXiv:astro-ph/0403694.

[10] R. H. Sanders, Mon. Not. Roy. Astron. Soc. 363, 459 (2005), arXiv:astro-ph/0502222. [11] T. G. Zlosnik, P. G. Ferreira, and G. D. Starkman, Phys. Rev. D 75, 044017 (2007), arXiv:astro-ph/0607411.

[12] A. Halle, H. S. Zhao, and B. Li, Astrophys. J. Suppl. 177, 1 (2008), arXiv:0711.0958 [astro-ph]. [13] L. Blanchet, Class. Quant. Grav. 24, 3529 (2007), arXiv:astro-ph/0605637. [14] L. Blanchet and A. Le Tiec, Phys. Rev. D 78, 024031 (2008), arXiv:0804.3518 [astro-ph]. [15] L. Blanchet and A. Le Tiec, Phys. Rev. D 80, 023524 (2009), arXiv:0901.3114 [astro-ph.CO]. [16] D. Langlois and F. Vernizzi, Phys. Rev. D 72, 103501 (2005), arXiv:astro-ph/0509078. [17] D. Langlois and F. Vernizzi, JCAP 02, 014 (2006), arXiv:astro-ph/0601271. [18] N. Bartolo, E. Komatsu, S. Matarrese, and A. Riotto, Phys. Rept. 402, 103 (2004), arXiv:astro-ph/0406398.

[19] X. Chen, Adv. Astron. 2010, 638979 (2010), arXiv:1002.1416 [astro-ph.CO]. [20] J. Bekenstein and M. Milgrom, Astrophys. J. 286, 7 (1984).

[21] P. Peter and J.-P. Uzan, Primordial cosmology (Oxford University Press, Oxford, 2009). [22] S. Yokoyama and J. Soda, JCAP 08, 005 (2008), arXiv:0805.4265 [astro-ph]. [23] K. Dimopoulos, M. Karciauskas, D. H. Lyth, and Y. Rodríguez, JCAP 05, 013 (2009), arXiv:0809.1055 [astro-ph].

[24] C. A. Valenzuela-Toledo, Y. Rodríguez, and D. H. Lyth, Phys. Rev. D 80, 103519 (2009), arXiv:0909.4064 [astro-ph.CO].

[25] C. A. Valenzuela-Toledo and Y. Rodríguez, Phys. Lett. B 685, 120 (2010), arXiv:0910.4208 [astro-ph.CO].

[26] A. A. Starobinskii, JETP Lett. 42, 152 (1985). [27] M. Sasaki and E. D. Stewart, Prog. Theor. Phys. 95, 71 (1996).

[28] D. H. Lyth and Y. Rodríguez, Phys. Rev. Lett. 95, 121302 (2005), arXiv:gr-qc/0504045. [29] D. H. Lyth, K. A. Malik, and M. Sasaki, JCAP 05, 004 (2005), arXiv:astro-ph/0411220. [30] A. Golovnev, V. Mukhanov, and V. Vanchurin, JCAP 06, 009 (2008), arXiv:0802.2068 [astroph].

[31] N. E. Groeneboom, L. Ackerman, I. K. Wehus, and H. K. Eriksen, Astrophys. J. 722, 452 (2010), arXiv:0911.0150 [astro-ph.CO].

[32] D. Hanson and A. Lewis, Phys. Rev. D 80, 063004 (2009), arXiv:0908.0963 [astro-ph.CO]. [33] E. Komatsu and D. N. Spergel, Phys. Rev. D 63, 063001 (2001), arXiv:astro-ph/0005036. [34] M. Liguori, E. Sefusatti, J. R. Fergusson, and E. P. S. Shellard, Advances in Astronomy 2010, 980523 (2010), arXiv:1001.4707 [astro-ph.CO].

[35] L. Verde, Advances in Astronomy 2010, 768675 (2010), arXiv:1001.5217 [astro-ph.CO].