arXiv:1210.4503v1 [hep-th] 16 Oct 2012

The S-matrix and graviton self-energy in quantum Yang-Mills gravity

Jong-Ping Hsu^∗and Sung Hoon Kim^† Department of Physics, University of Massachusetts Dartmouth North Dartmouth, MA 02747-2300, USA

October 17, 2012

The S-matrix, its unitarity and the graviton self-energy at the one-loop level are discussed on the basis of quantum Yang-Mills gravity with the translational gauge symmetry in flat space-time. The unitarity and gauge invariance of the S-matrix in a class of gauge conditions is preserved by massless ghost vector particles, called ‘Feynman-DeWitt-Mandelstam’ (FDM) ghosts, in quantum Yang- Mills gravity. Using dimensional regularization, the graviton self-energy are explicitly calculated with a general gauge condition. The resultant divergence of graviton self-energy at the one-loop level resembles to that in quantum electrodynamics.

In memory of Ching-Chiang Chen, who introduced JP to Utiyama’s exciting idea about gravity based on Yang-Mills gauge symmetry during our college years.

1 Introduction

The idea of a gravitational theory with space-time translational gauge symmetry is very interesting from the viewpoint of Yang-Mills theory. It has attracted many authors [1, 2, 3] because the translational symmetry implies the conservation of energy-momentum tensor, which was supposed

∗e-mail:jhsu@umassd.edu †e-mail:skim2@umassd.edu

to be the source of the gravitational field. But most previous formulations were based on curved space-time and, hence, the problems of quantization and energy-momentum conservation remain unsolved. The general coordinate invariance in Einstein’s gravity embodies the local space-time translational symmetry. Such an invariance corresponds to the group of all transformations of coordinates and is a Lie group with a continuously infinite number of generators.[4] Noether said: “ Theorem II, finally, in terms of group theory, furnishes the proof of a related Hilbertian assertion about the failure of laws of conservation of energy proper in ‘general relativity’.” Thus it is natural and desirable that one explores the implication of such a space-time translational symmetry in a conceptual framework similar to that of the Yang-Mills framework.

Recently, it has been shown that there is a consistent and viable formalism of gravity with translational gauge symmetry (or T(4) group) in flat 4-dimensional space-time based on a generalized Yang-Mills framework. It leads to an ‘effective Riemannian metric tensor’ in the limit of geometric optics of wave field equations.[3] Such a limiting effective metric tensor emerges in the Hamilton-Jacobi (or Einstein-Grossmann) equation^1 for light rays and classical particles. In this sense, the curvature of space-time associated with the classical tests of gravity may be interpreted as a classical manifestation of gauge fields with translation symmetry in flat space-time. Thus, it appears as if light rays and classical particles in Yang-Mills gravity move in a ‘curved space-time with Riemannian geometry.’ However, the real underlying physical space-time of gauge fields and quantum particles is flat (i.e., vanishing Riemann-Christoffel curvature tensor). This property of T(4) gauge field in the limit of geometric optics is essential for Yang-Mills gravity to be consistent with all known experiments.[3] Furthermore, the framework of flat space-time enables us to quantize Yang-Mills gravity with a well-defined and conserved energy-momentum tensor, just as the usual gauge theory. Furthermore, the graviton coupling in Yang-Mills gravity turns out to be much more simpler than that in Einstein gravity. These results and interesting properties motivate further investigation of the Yang-Mills gravity.

In sharp contrast to the electrodynamics with Abelian group U(1), although the Yang-Mills gravity is also based on Abelian group T(4) of spacetime translation symmetry, it needs Feynman-DeWitt-Mandelstam (FDM) ghosts particles to preserve the gauge invariance and unitarity of the Smatrix. The situation is similar to Yang-Mills theories with non-Abelian gauge groups. Yang-Mills gravity appears to be a natural generalization

1In Yang-Mills gravity based on flat space-time, it may be fitting to call such an equation ‘Einstein-Grossmann equation’ for classical objects, since its form is the same as that obtained in curved space-time for gravity explored by Einstein and Grossmann.[5]

of the conserved charge associated with the U(1) group to the conserved energy-momentum tensor of the space-time translation group. Furthermore, it has a big difference from the usual gauge theories with internal gauge groups. Namely, the T(4) gauge field in Yang-Mills gravity is not a (Lorentz) vector field with dimensionless coupling constant. Rather, the T(4) gauge field is a symmetric tensor field, ϕ_{μν} = ϕ_{νμ}, whose coupling constant g has the dimension of length (in natural units, c = h̄ = 1). This is due to the fact that the generators i∂/∂x^μ of the space-time translation group has the dimension of 1/length and cannot be represented by dimensionless constant matrices. In light of these properties and the unexpected result in Noether’s Theorem II regarding general relativity, one cannot take the mathematical and physical properties in usual gauge theories for granted in Yang-Mills gravity.

Furthermore, we stress that the local space-time translations, x^μ → x^{′μ} = x^μ + Λ^μ(x), where Λ^μ(x) is an arbitrary and infinitesimal vector function, turns out to be also the most general infinitesimal coordinate transformation. As a result, the mathematical and physical contents of such local translations in flat space-time turns out to be enormously richer and much more difficult to comprehend than the global translations with constant Λ^μ. The tensor gauge field ϕ_{μν} appears to be uniquely associated with the local space-time translation and, simultaneously, the most general coordinates transformation in flat space-time. Thus, such a gauge field ϕ_{μν} (x) may be termed ‘space-time gauge field.’

2 Translational gauge-invariant action and gauge-fixing Lagrangian

Yang-Mills gravity can be formulated in both inertial and non-inertial frames and in the presence of fermion fields.[3] It is difficult to discuss quantum field theory and particle physics even in a simple non-inertial frame with a constant linear acceleration, where the accelerated transformation of space-time is smoothly connected to the Lorentz transformation in the limit of zero acceleration.[6, 7, 8] For simplicity, let us consider pure quantum Yang-Mills gravity in inertial frames with the Minkowski metric tensor η^{μν} = (1, −1, −1, −1). The action S_{pg} for pure gravity, involving space-time gauge fields ϕ_{μν} (x) and a gauge-fixing Lagrangian, is assumed to be[1] S_{pg} = ∫ (L_ϕ + L_ξ)d^4x, (1)

L_ϕ = 1 4g^2 ( C_{μνα}C^{μνα} − 2C^α_{μα} C^{μβ}_β ) , (2)

C^{μνα} = J^{μσ} ∂_σJ^{να} − J^{νσ} ∂_σ J^{μα}, J_{μν} = η_{μν} + gϕ_{μν} = J_{νμ}, where C^{μαβ} is the T(4) gauge curvature and c = h̄ = 1. We note that the Lagrangian L_ϕ changes only by a divergence under the translation gauge transformation, and the action functional S_ϕ = ∫ L_ϕd^4x is invariant under the space-time translation gauge transformation.[1] To quantize Yang-Mills gravity, it is necessary to include a gauge fixing Lagrangian L_ξ in the action functional (1). For example, the gauge fixing Lagrangian enables us to have a well-defined graviton propagator (see eq. (33) below). The gauge-fixing Lagrangian L_ξ is assumed to be

L_ξ = ξ 2g^2 [ ∂^μJ_{μα} − 1 2 ∂_αJ^λ_λ ] [ ∂_ν J^{να} − 1 2 ∂^αJ^λ_λ ] , (3)

J^λ_λ = δ^λ − gϕ^λ, (4) where L_ξ involves an arbitrary gauge parameter ξ. The Lagrangian in (3) corresponds to a class of gauge conditions of the following form, 1 2 [η^{μρ}η^{νλ} + η^{νρ}η^{μλ} − η^{μν} η^{ρλ}]∂_λJ_{μν} = ∂_λJ^{ρλ} − 1 2 ∂^ρJ^λ_λ = Y^ρ, (5)

where Y^ρ is a suitable function of space-time.

The Lagrangian for pure gravity L_{pg} = L_ϕ + L_ξ can be expressed in terms of space-time gauge fields ϕ_{μν} :

L_{pg} = L_2 + L_3 + L_4 + L_ξ, (6)

where

L_2 = 1 2 ( ∂_λϕ_{αβ} ∂^λϕ^{αβ} − ∂_λϕ_{αβ} ∂^αϕ^{λβ} − ∂_λϕ^β ∂^λϕ^σ (7) +2∂_λϕ^σ ∂^βϕ^λ_β − ∂_λϕ^{λμ}∂^β ϕ_{μβ} ),

L_ξ = ξ 2 [ (∂_λϕ^{λα})∂^ρϕ_{ρα} − (∂_λϕ^{λα})∂_αϕ^σ + 1 4 (∂^αϕ^β )∂_αϕ^σ ] . (8)

The Lagrangians L_2 and L_ξ involve quadratic tensor field and determine the propagator of the graviton in Yang-Mills gravity. The Lagrangians L_3 and L_4 correspond to the interactions of 3- and 4-gravitons respectively. They can also be obtained from the Lagrangian (2).

3 Vacuum-to-vacuum amplitudes in pure Yang-Mills gravity

To quantize a field with gauge symmetry in a covariant formulation, one has to impose a gauge condition. In Yang-Mills gravity, it is non-trivial to impose a gauge condition in general because the gauge condition does not hold for all time. We know that if one imposes a gauge condition in quantum electrodynamics (QED), the gauge condition satisfies a free field equation and, hence, hold for all times. However, this is true if and only if the gauge condition is linear. We have examined the problem of unitarity in QED if we imposed a quadratic gauge condition, we found that the gauge condition does not hold for all times.[9] Roughly speaking, the longitudinal and time-like photons are no longer free particles, their interaction in the intermediate steps of a physical process will create extra unwanted amplitudes to upset gauge invariance and unitarity of the S-matrix in QED. Similar to the approach of Faddeev and Popov,[10, 11] QED with a quadratic gauge condition can be described by a total Lagrangian which involves ghost particles. The ghost particles produce extra amplitudes to cancel those of unphysical (longitudinal and time-like) photons, so that the gauge invariance and unitarity of S-matrix in QED are restored.[9] Similar mechanism of cancellation occurs in any theory with gauge symmetry or distorted gauge symmetry, and in Yang-Mills gravity.[11, 12, 13] We follow Faddeev and Popov’s approach to discuss how to fix a gauge for all times with the help of path integrals and derived the effective Lagrangian for quantum Yang-Mills gravity.[10, 11] From the action (1) with the Lagrangian (2) and the gauge-fixing terms (3), we derived the Yang- Mills field equation H^{μν} + ξA^{μν} = 0, (9) H^{μν} ≡ [ ∂_λ(J^λ_ρ C^{ρμν} − J^λ_α C^{αβ}_β η^{μν} + C^{μβ}_β J^{νλ}) −C^{μαβ} ∂^ν J_{αβ} + C^{μβ}_β ∂^ν J^α_α − C^{λβ}_β ∂^ν J^μ_λ ] (μν) , (10) A^{μν} = [ ∂^μ ( ∂_λJ^{λν} − 1 2 ∂^ν J^λ_λ ) − 1 2 η^{μν} ∂^λ ( ∂^σJ_{σλ} − 1 2 ∂_λJ^σ_σ )] (μν) , (11)

where [...]_{(μν)} denotes that μ and ν in [...] should be made symmetric. The two terms in (11) are gauge-fixing terms, which are non-invariant under gauge transformations, similar to that in Einstein gravity.[14].

Let us consider a general class of the gauge conditions given in (5), where Y^α(x) is independent of the fields and the gauge function Λ^α(x).[1]

With such a gauge condition, the vacuum-to-vacuum amplitude of the pure Yang-Mills gravity is given by

W_Y [j] = ∫ d[J_{ρσ} ]exp ( i ∫ d^4x(L_ϕ + J_{μν} j^{μν} ) )

× detU ∏ α,x δ(∂^λJ_{λα} − 1 2 ∂_αJ^λ_λ − Y_α), (12)

where j_{μν} are external sources. The delta function δ(∂^λJ_{λα}−^1_2 ∂_αJ^λ_λ −Y_α) in the path integral (12) is to maintain the gauge condition for all times.[12, 14] The functional determinant detU in (12) is defined by[11, 12] 1 detU = ∫ d[Λ^ρ(x)] ∏ x,α δ ( ∂^λJ^$_{λα}(x) − 1 2 ∂_αJ^{λ$}_λ (x) − Y_α(x) ) , (13)

J^$_{μν} = J_{μν} − Λ^λ∂_λJ_{μν} − J_{λν} ∂_μΛ^λ − J_{μλ}∂_ν Λ^λ, (14)

where J^$_{μν} denotes the T(4) gauge transformations of J_{μν} .[1] The matrix U is obtained by considering the T(4) gauge transformation of the gauge condition ∂^λJ_{λα} −^1_2 ∂_αJ^λ_λ = Y_α.[13]

The matrix U in (13) can be obtained by expressing the Lagrangian for the Feynman-DeWitt-Mandelstam (FDM) ghost fields V^μ and V^ν in the following form, L_{gho} = V^μU_{μν} V^ν , (15) where we have U_{μν} = (∂^λE_{μνλ}) + E_{μνλ}∂^λ (16) E_{μνλ} = J_{μν} ∂_λ + J_{νλ}∂_μ + (∂_ν J_{μλ}) − η_{μλ}J_{νσ} ∂^σ − 1 2 η_{μλ}(∂_ν J^σ_σ ). (17)

Since the vacuum-to-vacuum amplitude W_Y [j] in (12) of Yang-Mills gravity is invariant under an infinitesimal change of Y^α(x) for all Y^α(x),[12] we may write W_Y [j] in (12) as

W [j] = ∫ W_Y [j]exp [ i ∫ d^4x ξ 2g^2

Y^α(x)Y_α(x) ] d[Y^α(x)] (18)

= ∫ d[J_{σρ}](det U)exp { i ∫ d^4x [ L_ϕ + J_{μν} j^{μν} + ξ 2g^2 F_αF_β η^{αβ} ]} (19) F_α ≡ η^{ρλ}∂_ρJ_{λα} − 1 2 η^{λρ}∂_αJ_{λρ}, (20) det U = exp( T r ln U), (21) to within unimportant multiplicative factors. The amplitude W [j] is equivalent to the following total Lagrangian[9, 12] of Yang-Mills gravity,

L_{tot} = L_ϕ + ξ 2g^2

F_αF_β η^{αβ} + L_{gho}, (22)

where the FDM ghost Lagrangian L_{gho} is given by (15), (16) and (17).

This total Lagrangian L_{tot} completely specifies the quantum Yang-Mills gravity, including the physical tensor gauge field, together with the unphysical vector-field ∂^μϕ_{μν} . and the FDM ghost fields V^μ(x) and V^μ(x). Thus, the rules for Feynman diagrams in quantum Yang-Mills gravity can be derived from the total Lagrangian (22).[13]

4 Unitarity of the S-matrix and FDM ghost particles

Let us give some arguments and a proof for the unitarity of the S-matrix for Yang-Mills gravity based on the total Lagrangian (22), similar to those of Fradkin and Tyutin for Einstein’s gravity.[14] For a discussions of unitarity of the Yang-Mills gravity with the gauge condition in (5), one can write the FDM ghost field V^μ(x) in the following form,[14]

V^μ(x) = ∫ d^4yD^μ_ν (x, y, ϕ_{αβ} )V̂^ν (y). (23)

The FDM ghost field V^μ satisfies the equation

U_{μν} V^ν = 0, (24)

where U_{μν} is given in (16) and (17). Clearly, in the limit of zero coupling strength, g → 0, one has J_{μν} → η_{μν} . Thus, the operator U_{μν} reduces to a non-singular differential operator in this limit,

U_{μν} → η_{μν} ∂_λ∂^λ ≡ U^0_{μλ}. (25)

This limiting property can be seen from (16) and (17). One can choose the function D^μ_ν (x, y, ϕ_{αβ} ) in equation (23) to have the specific form

D^μ_ν = [ U^{−1} ]_{μλ} ←− U^0_{λν} , (26)

so that V̂^μ satisfies the free field equation,

U^0_{λμ}V̂^μ = [∂^σ∂_σ η_{λμ}]V̂^μ = 0. (27)

The generating functional for connected Green’s functions in gauge invariant gravity can be defined after the gauge condition is specified.[13] Similarly, in Yang-Mills gravity the generating functional for connected Green’s functions (or the vacuum-to-vacuum amplitude) (19) can be written as[12]

W [j] = ∫ d[J_{αβ} ]exp [ i ∫ d^4x ( L_ϕ + ξ 2g^2 F_μF_ν η^{μν} + J_{μν} j^{μν} ) (28) +T r ln U(←−U^0)^{−1} ] , where the external sources j^{μν} are arbitrary functions and F_μ is defined by equation (20). It follows from (27) and (28) that the S-matrix corresponding to the generating functional (28) is unitary.[14, 12] The T(4) gauge field equations, H^{μν} = 0, for pure gravity hold in the physical subspace.

For a more intuitive and physical understanding of (23) -(28), let us use QED with a non-linear gauge condition, ∂_μA^μ − β^′A_μA^μ = a(x), a(x) : a suitable function. to explain the unitarity of (28) in our argument. Roughly speaking, the unitarity of the S matrix in QED depends on the property that the unphysical components, χ = ∂_μA^μ, of the gauge field A^μ satisfies the free equation ∂_μ∂^μχ = 0. This is indeed the case if one impose a linear gauge condition in QED for quantization. Now suppose one imposes the nonlinear gauge condition instead of the usual linear gauge condition. One can show that χ = ∂_μA^μ no longer satisfies the free equation. Instead, one has the equation(∂_μ − 2β^′A_μ)∂^μa(x) ≡ Ma(x) = 0. This equation implies that the unphysical components of A^μ have a new interaction with A_μ (in other words, the non-linear gauge condition (1) cannot be imposed for all times).[9] Such interaction will produce extra unphysical amplitudes to violate unitarity (and gauge invariance) of the S matrix. Therefore, these unphysical amplitudes must be removed from the theory to restore unitarity of QED. In gauge theory, this is accomplished by the presence of detM = exp[T r ln M] in the generating functional of Green’s function. In other words, the non-free operator M is ’subtracted’ from QED. Then there is no more unitarity-violation amplitudes in QED. Effectively, the unphysical components of the photon satisfies the free equation, so that QED with non-linear gauge condition becomes unitary again.

The last term in (28) can be written in terms of FDM ghost fields V^α(x) and V^β (x),[14, 15] exp ( T r ln U(←−U^0)^{−1} ) = ∫ d[V^α, V^β ]exp ( i ∫ L_{gho}d^4x ) , (29) where the ghost Lagrangian L_{gho} is given by (15), which describes the FDM ghosts associated with the gauge specified in (5). Note that V^μ is considered as an independent field. The quanta of the fields V^μ and V^μ in the Lagrangian L_{gho} are the FDM ghost particles, which are vectorfermions. By definition of the physical states for the S-matrix, these FDM ghost particles do not exist in the external states. They can only appear in the intermediate steps of a physical process.[12]

5 Graviton self-energy

Yang-Mills gravity with space-time translational gauge symmetry has interesting properties. On one hand, the graviton self-coupling has a maximum of four gravitons at a vertex, which resembles to that in renormalizable gauge theories such as QCD and electroweak theory. On the other hand, the total Lagrangian (22) appears to be not renormalizable by naive power counting, because the coupling strength g has the dimension of length, contrary to usual gauge theories. In order to shed some light on the situation, we consider the graviton self-energy at the one-loop level and compare the result in Yang-Mills gravity with other theories. We employ the Ddimensional regularization to preserve the space-time translational gauge symmetry of physical amplitudes and to define the ultraviolet divergent quantities.

To explore renormalization at the one-loop level, let us consider the divergent self-energy of the graviton, which is contributed from several Feynman diagrams. The most important contribution came from the diagram corresponding to the process, ϕ_{μν} (p) → ϕ_{ρσ} (q)ϕ_{γλ}(p − q) → ϕ_{αβ} (p). (30) Its amplitude, denoted by S^{μναβ}_1 (p), can be calculated by using the Feynman rules with ξ = 2 in the gauge-fixing Lagrangian (3), for simplicity.[13] The process (30) leads to the following amplitude for the graviton selfenergy, S^{μναβ}_1 = ∫ d^D q (2π)^D V^{μνρσγλ}(p, q, k)G_{ρσρ}′_σ′ (q) (31) ×G_{γλτ η}(k_1)V^{αβρ′ σ′ τ η}(p_1, q_1, k_1), where D → 4 at the end of calculations. Since all momenta are incoming to the vertex, by definition, we have p + q + k = 0, q_1 = −q, k_1 = −k = p + q, p_1 = −p. The graviton 3-vertex, [ϕ^{μν} (p)ϕ^{στ} (q)ϕ^{λρ}(k)] ≡ V^{μνστ λρ}(p, q, k), is given by[13] ig Sym P_6 ( − p^λq^ρη^{σμ}η^{τ ν} + p^σq^ρη^{λμ}η^{τ ν} + p^λq^ρη^{στ} η^{μν} (32)

−p^σq^ρη^{μν} η^{τ λ} − p^ρq^σ η^{μν} η^{τ λ} + p^μq^ρη^{νσ} η^{λτ} ) . We use the symbol Sym to denote a symmetrization is to be performed on each index pair (μν), (στ) and (λρ) in [ϕ^{μν} (p)ϕ^{στ} (q)ϕ^{λρ}(k)]. The symbol P_n denotes a summation is to be carried out over permutations of the momentum-index triplets, and the subscript gives the number of permutations in each case. The graviton propagator for gauge parameters ζ = 1 and arbitrary ξ is G_{αβρσ} (k) = −i [ 1 2k^2 (η_{αβ} η_{ρσ} − η_{ρα}η_{σβ} − η_{ρβ} η_{σα}) (33)

+ 1 k^4 ξ − 2 2ξ (k_σ k_β η_{ρα} + k_αk_σ η_{ρβ} + k_ρk_β η_{σα} + k_ρk_αη_{σβ} ) ] , where the iϵ prescription for the Feynman propagators is understood. In the limit, D → 4, FeynCalc[18] leads to the self-energy (31) due to the graviton loop, S^{μναβ}_1 = ig^2 24(4π)^2

Γ(0)[ p^4(8η^{αν} η^{βμ} + 8η^{αμ}η^{βν} + 31η^{αβ}η^{μν} ) (34)

+56p^αp^βp^μp^ν − 30p^2(p^αp^βη^{μν} + p^μp^ν η^{αβ} ) −7p^2(p^αp^μη^{βν} + p^βp^μη^{αν} + p^αp^ν η^{βμ} + p^β p^ν η^{αμ}), where we have set ξ = 2 for simplicity, p^4 = (p^2)^2 = (p_μp^μ)^2 and Γ(0) is the Euler function Γ(n) with n = 0. The factor 1/2 for the Feynman diagram of the process (30) is included in (34). This result (34) is consistent with the symbolic computing using Xact.[18]

There is a graviton self-energy diagram involving FDM ghost-loop, which corresponds to the process which may be denoted by ϕ_{μν} (p) → V_ρ(q)V_λ(p − q) → ϕ_{αβ} (p). (35) where the vector ghost-loop is associated with a factor (−1) due to the fermion property of the vector ghost field. The virtual process (35) leads to the self-energy amplitude, S^{μναβ}_2 (p) = ∫ d^Dq (2π)^D V^{μνρλ}(p, q, k)G_{ρρ}′ (q) (36) ×G_{λλ}′ (k)V^{αβρ′ λ′} (p_1, q_1, k_1). The graviton-ghost-ghost vertex ϕ^{μν} (p)V^ρ(q)V^λ(k) = V^{μνρλ}(p, q, k) and the ghost propagator G^{μν} (q) are given by[13] V^{μνρλ}(p, q, k) = ig 2 [q^μp^λη^{ρν} + q^ν p^λη^{ρμ} + (k · q)(η^{ρμ}η^{λν} + η^{ρν} η^{λμ}) (37)

+q^μk^ρη^{λν} + q^ν k^ρη^{λμ} − q^ρp^λη^{μν} − q^ρk^ν η^{λμ} − q^ρk^μη^{λν} ], and G^{μν} (q) = −i q^2 η^{μν} . (38)

FeynCalc leads to the result S^{μναβ}_2 = −i 48 g^2 (4π)^2

Γ(0)p^2[7p^4η^{αβ} η^{μν} + 2p^4(η^{αμ}η^{βν} + η^{αν} η^{βμ}) (39)

−p^2(p^αp^μη^{βν} + p^βp^μη^{αν} + p^αp^ν η^{βμ} + p^βp^ν η^{αμ}).

−6p^2(p^αp^β η^{μν} + p^μp^ν η^{αβ} ) + 8p^μp^ν p^αp^β ].

At the one-loop level, there are three more tadpole diagrams involving (i) a graviton-loop and a graviton 4-vertex, (ii) a graviton-loop and two graviton 3-vertices, and (iii) a ghost-loop with one graviton 3-vertex and one graviton-ghost-ghost vertex. When we use dimensional regularization to calculate the diagram (i) with a factor 1/2, we have S^{μναβ}_3 = 1 2 ∫ d^Dq (2π)^D V^{μνστ ρλαβ} (p, q, k, l)G_{στ λρ}(q), (40) where the 4-vertex V^{μνστ ρλαβ} (p, q, k, l) involves terms of the form[13] p^ρq^β η^{μσ} η^{ντ} η^{λα}, etc. (41) Each term has one momentum q^β and a D-dimensional integration, so that it vanishes, ∫ d^Dq (2π)^D q^βf(q^2) = 0, (42)

because it is an odd function in q^α. The other two tadpole diagrams (ii) and (iii) also vanish under dimensional regularization due to (42) and ∫ d^Dq (2π)^D

(q^2)^{β−1} = 0, β = 0, 1, 2, 3, . (43)

Note that these two tadpole diagrams have additional complication. Strictly speaking, they are undefined because they take the form of zero divided by zero. The reason is that the loop and the graviton line, ϕ_{μν} (p) → ϕ_{αβ} (p^′) are connected by a graviton propagator involving a factor 1/(p − p^′)^2 which diverges in the limit p → p^′.[19] Here, in consistent with the spirit of the dimensional regularization, we impose a rule that the dimensional regularization is always taken first before other limiting procedure is carried out. Equivalently, one may temporarily introduce a small mass for the graviton to avoid infinity and then one takes the zero mass limit after the dimensional regularization is carried out. In gauge theories with internal gauge symmetry, one might include counter terms to remove the contributions from these tadpole diagrams.[12]

The total divergent self-energy amplitudes S^{μναβ} (p) is the sum of (34) and (39), i.e., S^{μναβ} = S^{μναβ}_1 + S^{μναβ}_2 = ig^2 48(4π)^2

Γ(0) (44) × [ p^4(14η^{αν} η^{βμ} + 14η^{αμ}η^{βν} + 55η^{αβ}η^{μν} )

+104p^αp^βp^μp^ν − 54p^2(p^αp^β η^{μν} + p^μp^ν η^{αβ} )

− 13p^2(p^αp^μη^{βν} + p^βp^μη^{αν} + p^αp^ν η^{βμ} + p^βp^ν η^{αμ}) ] . 6 Discussions

The graviton propagator is modified because the graviton can virtually disintegrated into two gravitons and an FDM ghost pair for a small fraction of time, as indicated in (30) and (35) respectively. The ultraviolet divergence of the graviton self-energy contains only the simple pole terms in (44) after dimensional regularization. In this sense, the ultraviolet divergence in Yang-Mills gravity is no worse than that in QED at the one-loop level. Just like massless gauge theory, there is another type of divergence at low energies, i.e., the infrared divergence, in Yang-Mills gravity. We shall not consider it in the paper.

However, in QED it is easy to see how such a self-interaction affect the photon self energy by summing up the free photon propagator and its oneloop correction.[20] In contrast, the situation is much more complicated for the graviton. For simplicity, let us consider the graviton propagator (33) with ξ = 2. We have G_{αβρσ} (p) = −i [ 1 2p^2 (η_{αβ} η_{ρσ} − η_{ρα}η_{σβ} − η_{ρβ} η_{σα}) ] , (45)

which corresponds to the Feynman gauge in QED. One calculates the oneloop correction of G_{μναβ} , i.e., G^{(1)}_{μναβ} = G_{μνμ}′_ν′ S^{μ′ ν′α′ β′} G_α′_β′_{αβ} , (46) by using (44) and (45). We obtain

G^{(1)}_{μναβ} =

−ig^2Γ(0) 48(4π)^2p^4 [ 14p^4(η_{αν} η_{βμ} + η_{αμ}η_{βν} + η_{αβ} η_{μν} ) (47)

+104p_αp_βp_μp_ν + 28p^2(p_αp_β η_{μν} + p_μp_ν η_{αβ} )

− 13p^2(p_αp_μη_{βν} + p_βp_μη_{αν} + p_αp_ν η_{βμ} + p_βp_ν η_{αμ}) ] . We see that the form (47) differs from that of a free graviton propagator (45). We have checked these properties carefully. This difference in the structure between (47) and (45) appears to suggest that quantum corrections to graviton self-energy in perturbation does not imply the mass of graviton in Yang-Mills gravity, in sharp contrast to QED. This difference may be related to the fact that Yang-Mills gravity is based on external space-time translational gauge symmetry, while QED is based on the internal U_1 gauge symmetry. It also suggests that the structure of counter terms to remove the divergent self-energy of gravitons is more complicated than that in QED, as expected for a tensor gauge field. The graviton selfenergy has complicated dependence of gauge parameters, as one can see in equations (A.3), (A.11) and (A.12) in the appendix. However, the divergent terms at the one-loop level in Yang-Mills gravity can be removed by a gauge-dependent counter term, similar to that in gauge field theories.

If one compares the gauge dependence of the graviton self-energy (A.12) in the appendix with the results[21, 22, 23] for graviton self-energy in Einstein’s gravity, one sees that they also have similar gauge-dependence at the one-loop level. These divergent quantities are not directly observable, so their gauge dependence is not a problem. We note that in Einstein’s gravity, the gravitons have N-vertex of self-coupling, where N is an arbitrarily large number, which is in sharp contrast to the maximum 4-vertex for self-coupling of graviton in Yang-Mills gravity. Thus, we expect that in the higher order processes when the N-vertex, N ≥ 5, is involved, the results in Yang-Mills gravity will be simpler than the corresponding results in Einstein’s gravity, in which as N increases the number of counter terms will also increase without limit. Such complication will not occur in Yang-Mills gravity because of the simplicity of the graviton self-coupling, N ≤ 4. But this property does not necessarily imply a finite number of counter terms in Yang-Mills gravity.

We have given a formal argument for the unitarity of the S-matrix in Yang-Mills gravity with T_4 gauge symmetry, in analogy to that in Einstein gravity. It is desirable that the unitarity of the S matrix is also substantiated by explicit calculations of gravitational scattering processes of physical particles in Yang-Mills gravity.

The motivation for investigating the high energy behavior of quantum gravity is to have a complete understanding of the whole of field theory rather than its experimental verifications. It seems fair to say that the experimental effects of quantum gravity cannot be detected in the earth laboratories, because of the extremely weakness of its coupling strength

(≈ 10^{−39}). However, we would like to make sure that observable results in QCD, electroweak theory and all other calculations at a relatively low energy[24, 25, 26] will not be upset by the higher order corrections due to the gravitational interaction. This is important theoretically because all physical particles in nature cannot escape from the gravitational interaction.

Furthermore, one would like to know whether the Yang-Mills idea of gauge symmetry is powerful enough to accommodate all interaction forces in nature, including gravity. The answer appears to be affirmative. We have also demonstrated that all strong, electroweak and gravitational interactions can be unified in a model based on the generalized Yang-Mills framework.[27, 28] The generalized framework can accommodate both the usual gauge symmetries of compact internal groups and the non-compact translational symmetry group of external space-time. The idea of such a total unified model resembles Glashow-Salam-Ward-Weinberg’s idea for electroweak unification. This is interesting because the unified model shows that the gravity can be brought back to the framework of Yang-Mills field theories based on flat space-time. This general symmetry framework based on flat space-time can accommodate (α) a unification of all interactions in nature and (β) all essential requirements for physics, such as conservation laws, quantizations of fields and physical frames of reference (inertial and non-inertial).[6, 7, 8] It was termed ‘taiji^2 symmetry framework’[29] to stress its potential significance for all physics in any physical frame of reference.

For an ordinary tensor field theory with a dimensional coupling constant (such as g) and without having a gauge symmetry, one would conclude that the theory is not renormalizable based on power counting. Within the generalized Yang-Mills framework, it is almost certain that the dimensional coupling constant g is inherent in the gravitational interaction. Nevertheless, the usual argument of power counting may not be applicable to Yang- Mills gravity with T(4) gauge symmetry and dimensional regularization in flat space-time.^3 To clarify the situation, one may have to investigate, say, the self-energy of graviton at the 2-loop level or higher.

Acknowledgements

The authors would like to thank Dana Fine, Leonardo Hsu, Jay Wang

2In ancient Chinese thought, the word ‘taiji’ denotes the ultimate principle or the condition that existed before the creation of the world.

3On the other hand, there is a possibility that Yang-Mills gravity may be ‘renormalizable’ in the modern sense, i.e., every ultraviolet divergence in the theory can be canceled by a counter term.[30, 31, 32]

and G. Khanna for discussions. The work was supported in part by Jing Shin Research Fund of the UMass Dartmouth Foundation and by the doctoral fellowship of UMassD. Some results of symbolic computing (using R. Mertig’s ‘FeynCalc’ and J. M. Martin-Garcia’s package ‘xAct’) were obtained in the UMass Dartmouth High-Performance Computing Cluster (NSF grant CNS-0959382 and AFOSR DURIP grant FA9550-10-1-0354).

Appendix Graviton self-energy in general gauge

To show the gauge-dependent self-energy of graviton, let us consider a general gauge condition, which is a generalization of the gauge-fixing Lagrangian (3) to involve two parameters, ξ and ζ : L_{ξζ} = ξ 2g^2 [ ∂^μJ_{μα} − ζ 2 ∂_αJ^λ_λ ] [ ∂_ν J^{να} − ζ 2 ∂^αJ^λ_λ ] . (A.1)

In this case, the corresponding graviton propagator will also be a generalization of (33) with two parameters, G_{αβρσ} (k) = −i 2 [ 1 k^2 (η_{αβ} η_{ρσ} − η_{ρα}η_{σβ} − η_{ρβ} η_{σα})

+ 1 k^4 ξ − 2 ξ (k_σ k_β η_{ρα} + k_αk_σ η_{ρβ} + k_ρk_β η_{σα} + k_ρk_αη_{σβ} ) , − 2(ζ − 1) k^4(ζ − 2)

(k_αk_β η_{ρσ} + k_ρk_σ η_{αβ} )

− 4(ζ − 1) k^6ξ(ζ − 2)^2 (6 − ξ − 2ξζ − 2ζ)k_αk_β k_ρk_σ ] , (A.2)

where the iϵ prescription for the Feynman propagators is understood. In the limit, D → 4, FeynCalc[18] leads to the self-energy S^{μναβ}_1 due to the graviton loop, S^{μναβ}_1 = ig^2 (4π)^2

Γ(0) 240ξ^2(ζ − 2)^4 [ S_ap^4(η^{αν} η^{βμ} + η^{αμ}η^{βν} )

+S_bp^4η^{αβ} η^{μν} + S_cp^αp^βp^μp^ν + S_dp^2(p^αp^β η^{μν} + p^μp^ν η^{αβ} )

+S_ep^2(p^αp^μη^{βν} + p^β p^μη^{αν} + p^αp^ν η^{βμ} + p^β p^ν η^{αμ})], (A.3) where S_a = [(69ξ^2 + 80ξ + 92)ζ^4 − 8(54ξ^2 + 47ξ + 92)ζ^3 (A.4) +8(165ξ^2 + 52ξ + 252)ζ^2 − 32(60ξ^2 − ξ + 68)ζ +4(273ξ^2 − 60ξ + 196)],

S_b = 8[(3ξ^2 + 20ξ + 19)ζ^4 + (101ξ^2 − 62ξ − 152)ζ^3 (A.5) +(−425ξ^2 + 112ξ + 312)ζ^2 + 8(85ξ^2 − 67ξ − 4)ζ −381ξ^2 + 620ξ − 212],

S_c = 16[(17ξ^2 + 10ξ + 36)ζ^4 − 3(17ξ^2 + 6ξ + 96)ζ^3 (A.6) +2(75ξ^2 − 56ξ + 404)ζ^2 − 8(35ξ^2 − 22ξ + 116)ζ +186ξ^2 − 40ξ + 392],

S_d = −2[(17ξ^2 + 60ξ + 76)ζ^4 + 8(58ξ^2 − 11ξ − 76)ζ^3 (A.7) −8(225ξ^2 + 34ξ − 156)ζ^2 + 16(155ξ^2 − 44ξ − 8)ζ −4(301ξ^2 − 380ξ + 212)],

S_e = [(21ξ^2 − 120ξ − 92)ζ^4 + (−68ξ^2 + 776ξ + 736)ζ^3 (A.8) −32(10ξ^2 + 53ξ + 68)ζ^2 + 16(65ξ^2 + 98ξ + 176)ζ −4(193ξ^2 + 100ξ + 356)], where we have used (31), (32) and (A.2).

For the general gauge-fixing Lagrangian (A.1), the graviton-ghost-ghost vertex, V^μ(p)V^ν (q)ϕ^{αβ} (k) ≡ U^{μναβ} (p, q, k), and the ghost propagator G^{μν} (q) are respectively given by U^{μναβ} (p, q, k) = ig 2 [ p^αk^ν η^{μβ} + p^β k^ν η^{αμ} + p · q ( η^{μα}η^{νβ} + η^{μβ} η^{να} ) (A.9) +p^αq^μη^{βν} + p^βq^μη^{αν} − ζp^μk^ν η^{αβ} − ζp^μq^β η^{αν} − ζp^μq^αη^{βν} ] ,

G^{μν} (q) = −i q^2 ( η^{μν} − q^μq^ν q^2

(1 − ζ) (2 − ζ) ) . (A.10)

FeynCalc leads to the following contribution of the ghost-loop to the gravi-

ton self-energy, S^{μναβ}_2 = − ig^2 (4π)^2

Γ(0)

480 (ζ − 2)^2 [ (15ζ^2 − 46ζ + 51) p^4 ( η^{αν} η^{βμ} + η^{αμ}η^{βν} ) (A.11)

+(5ζ^2 + 14ζ + 51) p^4η^{αβ} η^{μν} + 8(15ζ^2 − 46ζ + 41) p^αp^β p^μp^ν

+2(18ζ − 23) p^2 ( p^αp^μη^{βν} + p^β p^μη^{αν} + p^αp^ν η^{βμ} + p^β p^ν η^{αμ} ) −2(5ζ^2 + 22ζ + 3) p^2 ( p^αp^β η^{μν} + p^μp^ν η^{αβ} ) ] , where the ghost-loop is associated with a factor (−1) due to the fermion

nature of FDM ghost. Finally, we obtain the total self-energy amplitude T^{μναβ} : T^{μναβ} = S^{μναβ}_1 + S^{μναβ}_2 (A.12) = ig^2 (4π)^2

Γ(0)

480 ξ^2(ζ − 2)^4 [ T_1 p^4 ( η^{αν} η^{βμ} + η^{αμ}η^{βν} ) + T_2 p^4η^{αβ} η^{μν}

+T_3 p^αp^β p^μp^ν + T_4 p^2 ( p^αp^β η^{μν} + p^μp^ν η^{αβ} ) + T_5 p^2 ( p^αp^μη^{βν} + p^β p^μη^{αν} + p^αp^ν η^{βμ} + p^β p^ν η^{αμ} )] , where the coefficients T_1, T_2...T_5 are given by

T_1 = ( 123ξ^2 + 160ξ + 184 ) ζ^4 − 2 ( 379ξ^2 + 376ξ + 736 ) ζ^3 (A.13) + ( 2345ξ^2 + 832ξ + 4032 ) ζ^2 − 4 ( 863ξ^2 − 16ξ + 1088 ) ζ +4 ( 495ξ^2 − 120ξ + 392 ) . T_2 = ( 43ξ^2 + 320ξ + 304 ) ζ^4 + 2 ( 811ξ^2 − 496ξ − 1216 ) ζ^3 (A.14) − ( 6815ξ^2 − 1792ξ − 4992 ) ζ^2 + 4 ( 2757ξ^2 − 2144ξ − 128 ) ζ −6300ξ^2 + 9920ξ − 3392.

T_3 = 8 [( 53ξ^2 + 40ξ + 144 ) ζ^4 − 2 ( 49ξ^2 + 36ξ + 576 ) ζ^3 (A.15) + ( 315ξ^2 − 448ξ + 3232 ) ζ^2 − 4 ( 193ξ^2 − 176ξ + 928 ) ζ +4 ( 145ξ^2 − 40ξ + 392 )] . T_4 = −2 [( 29ξ^2 + 120ξ + 152 ) ζ^4 + ( 926ξ^2 − 176ξ − 1216 ) ζ^3 (A.16) − ( 3535ξ^2 + 544ξ − 2496 ) ζ^2 + ( 4884ξ^2 − 1408ξ − 256 ) ζ

−4 ( 605ξ^2 − 760ξ + 424 )] . T_5 = 2 [( 21ξ^2 − 120ξ − 92 ) ζ^4 − ( 86ξ^2 − 776ξ − 736 ) ζ^3 (A.17) − ( 225ξ^2 + 1696ξ + 2176 ) ζ^2 + 4 ( 219ξ^2 + 392ξ + 704 ) ζ −8 ( 85ξ^2 + 50ξ + 178 )] .

References

[1] R. Utiyama and T. Fukuyama, Prog. Theore. Phys. 445, 612 (1971). [2] Y. M. Cho, Phys. Rev. D14, 2521 and 3341 (1976), and references therein.

[3] J. P. Hsu, Int. J. Mod. Phys. A, 21. 5119 (2006) and 24 5217 (2009) and references therein.

[4] E. Noether, Goett. Nachr., 235 (1918). English translation of this paper is on line. Google search: M.A. Tavel, Noether’s paper.

[5] A. Einstein and M. Grossmann, in 100 Years of Gravity and Accelerated Frames, The deepest Insights of Einstein and Yang-Mills (Ed. J. P. Hsu and D. Fine, World Scientific, 2005) p. 48 and 65.

[6] L. Hsu and J. P. Hsu, Chin. J. Phys. 35, 407 (1997). [7] D. Schmidt and J. P. Hsu, Int. J. Mod. Phys. A 20, 5989 (2005). [8] J. P. Hsu and D. Fine, Int. J. Mod. Phys. A 20 7485 (2005). [9] J. P. Hsu, Phys. Rev. D8, 2609 (1973).

[10] L. D. Faddeev and V. N. Popov, in 100 Years of Gravity and Accelerated Frames, The deepest Insights of Einstein and Yang-Mills (Ed. J. P. Hsu and D. Fine, World Scientific, 2005) p. 325.

[11] V. N. Popov, Functional Integrals in Quantum Field Theory and Statistical Physics (trans. from Russian by J. Niederle and L. Hlavaty, D. Reidel Publishing Comp., Boston, 1983) chapters 2 and 3.

[12] J. P. Hsu and J. A. Underwood, Phys. Rev. D15, 1668 (1977) and references therein.

[13] J. P. Hsu, Eur. Phys. J. Plus (2011) 126: 24. DOI:10.1140/epjp/i2011- 11024-x. In this 2011 paper, the general graviton propagator involves two parameters ξ and ζ in eq. (23). It should be corrected by the replacements, ξ → −ξ in the third term and inside the square bracket of the last term. Also, it should be multiplied by an overall factor 1/2.

[14] F. S. Fradkin and I. V. Tyutin, Phys. Rev. D2, 2841 (1970). [15] R. Feynman, Acta Phys. Polon. 24, 697 (1963). [16] B. S. DeWitt, Phys. Rev. 162, 1195 (1967).

[17] S. Mandelstam, Phys. Rev. 175, 1604 (1968).

[18] We employed R. Mertig’s ‘FeynCalc’ and J. M. Martin-Garcia’s package ‘xAct’ to carry symbolic computing and to check consistency. Our program was also used to evaluate the self-energy in Einstein gravity, we obtained consistent results. See ref. 22.,[ [19] G. Leibbrandt, Rev. Mod. Phys. 47, 867 (1975), cf. eq. (6.10). [20] J. J. Sakurai, Advanced Quantum Mechanics (Addison-Wesley, 1967) pp. 273-275.

[21] D. M. Capper, J. Phys. A: Math. Gen., 13, 199 (1980). [22] The ‘FeynCalc’ is also used to check the gauge-dependent self-energy of graviton in ref. 27. Our result agrees with Capper’s result, except that there are typos and missing terms in the results of gauge-dependent self-energy in ref. 27. For example, the factors (β^2/α) and (1045/16) in equation (2.19) should read (β^2/α^2) and (1405/16) respectively.

[23] D. M. Capper and M. A. Namazie, Nucl. Phys. B 142, 535 (1978). [24] Q. Wang and Y. P. Kuang, In Symposium on the Frontiers of Physics at Millennium. (Eds. Wu Y L, Hsu J P. Singapore: World Scientic, 2001). 51-59, 344-354 [25] Y. P. Kuang, Y. P. Yi and B. Fu, Phys. Rev. D, 42 2300 (1990). [26] K. C. Zhou and Y. L. Wu, Phys. Rev. D,53 R3492 (1996). [27] J. P. Hsu, Mod. Phys. Lett. A 26 1707 (2011) arXiv:1106.2121. [28] J. P. Hsu, Chin. Phys. C 36(5), 403 (2012) arXiv:1108.2423. [29] J. P. Hsu, Eur. Phys. J. Plus (2012) 127: 35. arXiv:1203.4546. [30] This method has been used and discussed by some physicists. See B.

L. Voronov and I. V. Tyutin, Theore. Math. Phys. 50, 218 (1982); 52, 628 (1982).

[31] M. Harada, T, Kugo and K. Yamawaki, Prog. Theor. Phys. 91, 801 (1994).

[32] J. Gomis and S. Weinberg, see a discussion in The Quantum Theory of Fields (Cambridge Univ. Press; by S. Weinberg ) p. 92, and reference therein.