arXiv:1210.5405v2 [hep-th] 28 Jan 2013

Preprint typeset in JHEP style - HYPER VERSION FTUAM-13-125, IFT-UAM/CSIC-13-007

Accidental SUSY: Enhanced Bulk Supersymmetry from Brane Back-reaction

C.P. Burgess,^{1,2} L. van Nierop,^1 S. Parameswaran,^3 A. Salvio^{4,5} and M. Williams^1

1 Department of Physics & Astronomy, McMaster University, Hamilton ON, Canada 2 Perimeter Institute for Theoretical Physics, Waterloo ON, Canada 3 Institute for Theoretical Physics, Leibniz University, Hannover, Germany 4 Scuola Normale Superiore and INFN, Pisa, Italy 5 Departamento de Física Teórica, Universidad Autónoma de Madrid and Instituto de Física Teórica IFT-UAM/CSIC, Cantoblanco, 28049 Madrid, Spain

Abstract: We compute how bulk loops renormalize both bulk and brane effective interactions for codimension-two branes in 6D gauged chiral supergravity, as functions of the brane tension and brane-localized flux. We do so by explicitly integrating out hyper- and gauge-multiplets in 6D gauged chiral supergravity compactified to 4D on a flux-stabilized 2D rugby-ball geometry, specializing the results of a companion paper, arXiv:1210.3753, to the supersymmetric case. While the brane back-reaction generically breaks supersymmetry, we show that the bulk supersymmetry can be preserved if the amount of brane-localized flux is related in a specific BPS-like way to the brane tension, and verify that the loop corrections to the brane curvature vanish in this special case. In these systems it is the brane-bulk couplings that fix the size of the extra dimensions, and we show that in some circumstances the bulk geometry dynamically adjusts to ensure the supersymmetric BPS-like condition is automatically satisfied. We investigate the robustness of this residual supersymmetry to loops of non-supersymmetric matter on the branes, and show that supersymmetry-breaking effects can enter only through effective brane-bulk interactions involving at least two derivatives. We comment on the relevance of this calculation to proposed applications of codimension-two 6D models to solutions of the hierarchy and cosmological constant problems.

Contents 1. Introduction 1 2. Bulk field theory and background solution 7 2.1 6D gauged, chiral supergravity 7 2.2 Rugby-ball compactifications 10 2.3 Supersymmetry of the solutions 15 3. Mode sums and renormalization 19 4. Supermultiplets 23 4.1 Hypermultiplet 26 4.2 Massless gauge multiplet 31 4.3 Massive matter multiplet 35 5. The 4D vacuum energy 39 5.1 Classical bulk back-reaction 40 5.2 Application to supersymmetric renormalizations 41 5.3 Loop-corrected 4D cosmological constant 43 6. Conclusions 45 A. Heat kernels and bulk renormalization 49 B. Results for spins zero, half and one 55 C. Complete results for the massive multiplet 63

1. Introduction If teflon theories are those to which lack of experimental support does not stick, then supersymmetry is their poster child. Indeed, supersymmetry continues to play a central role in

– 1 – particle theory — and has done so for more than 3 decades — despite its so-far disappointing prediction: the perpetually imminent discovery of superpartners for all Standard Model particles.

Its longevity in the teeth of such disappointment has many reasons, but an important one is its good ultraviolet properties. Supersymmetry is one of the few symmetries (another is scale invariance) that can suppress both scalar masses and vacuum energies when unbroken, and so potentially might be useful for the hierarchy and the cosmological-constant problems. The challenge is to enable this suppression to survive the symmetry breaking required to explain the experimental absence of superpartners. Moreover, supersymmetry arises organically in string theory, which remains our best candidate for physics at the highest energies.

These observations suggest the utility of re-thinking the (apparently signature) prediction of Standard-Model superpartners, since it is the absence of evidence for these that so far provides the best evidence for absence of supersymmetry. The key assumption that underlies the prediction of superpartners (and so, more broadly, of the supersymmetric Standard Model, minimal or otherwise) is the assumption that supersymmetry is linearly realized. After all, nonlinear realization does not require superpartners, because nonlinearly realized supersymmetry acts on a single-particle state (say, the electron) to give a two-particle state (an electron plus a goldstino) [1, 2] rather than the single-particle state (a selectron) required by linear realization.

Nonlinearly realized supersymmetry also arises organically in string theory when supersymmetry is broken by the presence of branes [3]. D-branes often break half of the supersymmetries present in the bulk, and by so doing provide counter-examples [4] to previously conjectured no-go theorems [5] precluding partial supersymmetry breaking. In general, a configuration of branes can break all or only part of the supersymmetries present in the bulk. This observation has spawned a variety of studies of brane-induced partial supersymmetry breaking within both string and brane-world models [6, 7].

Physically, nonlinear realization is appropriate if the symmetry-breaking scale, M_s, is larger than the UV scale, M_{UV} , above which the theory’s UV completion intervenes [8, 9]. In this case symmetry multiplets can be split by more than M_{UV} , and so the low-energy theory need not contain the particle content required to linearly realize the symmetry. For D-branes the UV completion is string theory itself, so the brane spectrum need never linearly realize supersymmetry in the field theory limit below the string scale.

When supersymmetry breaks on a brane it is often true that the bulk sector is more supersymmetric than the brane sector, since the bulk must pay the price of a (possibly weak)

– 2 – bulk-brane coupling before it learns that supersymmetry is broken. As a result, unlike for the branes, the bulk spectrum has equal numbers of bosons and fermions, whose masses could be split by as little as the Kaluza Klein scale. It therefore has the field content to linearly realize supersymmetry, and so can have much milder UV properties than would be expected for the branes.

The gravity of SUSY

All of this suggests a somewhat unorthodox picture of how low-energy supersymmetry might be realized despite the apparent experimental absence of superpartners [10]. If Standard- Model particles were localized on a supersymmetry-breaking brane sitting within a more supersymmetric bulk, then Standard-Model superpartners would be avoided and the lowenergy world would have a gravity sector that is much more supersymmetric than is the Standard-Model sector to which accelerators have access.

Supersymmetric signals would be much harder to find in such a world, and would depend somewhat on the number of degrees of freedom present in the gravity sector [11]. Although each mode is gravitationally coupled, observable energy loss rates into the gravitational sector can be possible (such as in the specific realizations involving supersymmetric large extra dimensions [12, 10, 13]). In such scenarios the enormous phase space can compensate the small gravitational couplings, just as one obtains for gravitons in ordinary large extra dimensions [14, 15].

Can the good UV properties of supersymmetry still be useful within this kind of picture? A hint that they can comes from the observation that both the hierarchy problem — ‘Why is the weak scale so far below the Planck scale?’ — and the cosmological constant problem — ‘Why does the vacuum energy gravitate so weakly?’ — involve gravity in their formulation. Perhaps they might be ameliorated by the same physics if the gravity sector were very supersymmetric.

But there is no substitute for testing these ideas with an explicit calculation of the size of loop effects. A well-developed, fairly simple and concrete framework within which to do so is to describe the supersymmetric bulk using the field equations of 6D chiral, gauged supergravity [16], which has long been known to allow (marginally) stable compactifications to 4D on a sphere [17, 18]. All but a single modulus, φ, of this supergravity is stabilized by the presence of a Maxwell flux that threads the sphere in a monopole configuration. It is also known how to embed SUSY-breaking branes into this system including their backreaction onto the extra-dimensional geometry, which (for two branes) deforms from a sphere

– 3 – into a rugby ball^1 (with the branes located at the tips) [12] or into something even more distorted [19, 20]. ( See also [21] for similar flux-stabilized rugby-ball constructions within a non-supersymmetric context.)

In this paper we test the UV properties of this kind of framework by explicitly computing the contribution of bulk loops to the 1PI quantum action (as well as to the vacuum energy), including the supersymmetry-breaking influence of the branes. We do so by adapting to the supersymmetric case a general calculation of bulk loops on rugby-ball geometries [22]. For technical reasons these calculations are only for low-spin bulk fields — i.e. spins zero, half and one — but work is in progress to extend our present results to higher spins. By combining with earlier results for brane loops [23], we can piece together how the complete one-loop result depends on brane and bulk properties.

In particular, because our interest is in the low-energy effects of UV modes, we track how short-wavelength bulk loops renormalize the local effective interactions both on the brane and in the bulk. In particular we ask how they depend on the single bulk modulus, φ, as well as on the two main brane properties relevant at low energies: their tension, T_b, and the amount of stabilizing Maxwell flux, Φ_b, that is localized on the branes.^2 Although Φ_b may seem unfamiliar, its presence is in general required in order for the full brane-bulk system to have low-energy deformations that can satisfy flux-quantization constraints that relate Φ_b to T_b [24]. Both T_b and Φ_b correspond to the coefficients of the first two terms in a generic derivative expansion of the brane action:^3

S_b = − ∫ W d^4x √ −γ T_b + 2π g̃^2 ∫ W Φ_b e^{−ϕ ⋆}F + · · · , (1.1)

where^⋆F is the 6D Hodge dual of the background 6D Maxwell flux, F_{MN} , (whose gauge coupling is g̃); W denotes the 4D world-surface of the brane and γ_{ab} = g_{MN} ∂_ax^M ∂_bx^N is the induced metric on W. The ellipses in eq. (1.1) correspond to terms involving at least two derivatives of the bulk fields.

1North American readers should think ‘football’ here, but we use ‘rugby’ to avoid cultural disagreements about the shape of a football.

2Maxwell (or gauge) flux can be localized on a 3-brane in 6 dimensions in the same way that magnetic flux can be localized on a string (or vortex) in 4 dimensions.

3Although our introductory discussion motivated brane supersymmetry breaking on known properties of Dbranes, notice that this is not a D-brane action. Because our focus is ultimately on very low-energy properties we treat the brane phenomenologically, as a generic localized object whose microscopic structure is not resolved in detail. A resolution of this more detailed structure would be required in any embedding of our discussion into a UV completion. It is not yet known what the full string provenance is of the 6D chiral supergravity considered here (see, however, [25] for steps in this direction).

– 4 –

In general, both T_b and Φ_b can depend on the various bulk scalar fields — in particular on the bulk dilaton, ϕ, that appears in the 6D gravity supermultiplet — and generically this dependence breaks the classical scaling symmetry whose presence is responsible for the bulk geometry’s one classical modulus, φ. Because of this the brane-bulk backreaction combines with flux quantization to fix this last remaining modulus. This is why quantities like the 1PI action can depend on φ once branes are present, even at the classical level.

Accidental SUSY Remarkably, we find for the simplest situation — two identical branes that do not couple at all to the 6D dilaton ϕ, situated at opposite ends of a rugby-ball geometry [12] — the one-loop vacuum energy precisely vanishes. On closer inspection it does so because all bulk Kaluza-Klein (KK) modes come in degenerate bose-fermi pairs. In retrospect this happens because once the bulk modulus, φ, adjusts to relate Φ_b to T_b as dictated by flux quantization, the boundary conditions at the brane allow a Killing spinor to exist in the bulk. That is, the branes unexpectedly leave unbroken the single ‘accidental’ 4D subset of 6D supersymmetry that is also left unbroken by the bulk [17]. This residual supersymmetry was not noticed earlier because its existence requires Φ_b to be nonzero. Consequently it is not present for the ‘pure-tension’ branes that are the usual fare of brane-world calculations.

This unbroken supersymmetry is accidental in the sense that it arises automatically for two identical branes, provided these are described only up to one-derivative level (i.e. by eq. (1.1)), assuming only that T_b and Φ_b do not depend on ϕ. It is in general broken once higher-derivative effective brane-bulk interactions are also included, since these modify the boundary conditions of bulk fields in such a way as to preclude there being a Killing spinor. What is remarkable is how generic this supersymmetry is, since it depends on only to two requirements: (i) that the branes not couple to the bulk dilaton, ϕ; and (ii) that both branes are identical^4 (such as might be enforced by a Z_2 symmetry).

Because of this accidental supersymmetry, the bulk contribution to the vacuum energy should vanish to all orders in the absence of brane-localized fields and of two-derivative (and higher) interactions on the brane. We explicitly verify that this is true at one-loop order, by generalizing results derived earlier for the non-supersymmetric case [22].

More generally, non-supersymmetric configurations can also be explored for which the localized flux differs on the two branes. We find that integrating out massive bulk supermultiplets at one-loop gives a low-energy vacuum energy contribution that is generically of

4Even though supersymmetry breaks when (ii) is not satisfied, it is known [19, 20] that the bulk geometry obtained is still flat in the on-brane directions, provided only that (i) is satisfied.

– 5 – order Λ ≃ C (4πr^2)^2

, (1.2)

where C is an order-unity constant obtained by summing the contributions of all fields in the problem (and to which bosons and fermions contribute with opposite signs). Generically C is proportional to whatever quantities break supersymmetry, for instance giving C ∝ (ΔΦ)^2 for branes with unequal fluxes: ΔΦ = Φ_+ − Φ_−. In the supersymmetric case of identical branes C = 0.

Ultimately, the surprisingly small size of (1.2) has two sources. It can be partially traced to the supersymmetry of the bulk geometry, since 6D supersymmetry strongly restricts how the bulk action is renormalized by short-wavelength UV modes. In particular, one-loop renormalizations of the bulk action (and its higher-derivative corrections) vanish once summed over a 6D supermultiplet for supersymmetric rugby balls, independent of what the brane properties are. This generalizes (for low-spin fields) to rugby balls an earlier result for Ricciflat geometries [26].

The second important ingredient underlying (1.2) is classical scale invariance, which ensures the bulk action can be written in the form

S_B = ∫ d^6x √ −ĝ e^{−2ϕ} L_B (ĝ_{M N} , ∂_M ϕ, · · ·) , (1.3) where L_B does not depend on ϕ undifferentiated, and the Jordan-frame metric, ĝ_{MN} is related to the Einstein-frame metric in 6D by ĝ_{MN} = e^ϕ g_{MN} . This guarantees that a factor of e^{2ϕ} accompanies each loop in the Jordan frame, and so provides the bulk theory’s loop-counting parameter. e^ϕ turns out to be very small for large rugby balls because flux stabilization dictates that e^ϕ ∼ 1/(M_6r)^2, where M_6 is of order the 6D Planck scale (more about which below). Consequently each bulk loop contributes a factor proportional to 1/r^4, making the one-loop vacuum energy naturally of order the KK scale.

In the 6D Einstein frame these same factors of e^ϕ are also easily understood, since there they arise because Einstein-frame masses, m, are related to Jordan-frame masses, M, by m^2 = M^2e^ϕ. Consequently m ≃ 1/r even if M ≃ M_6. To obtain m ≃ M_6 would require M ≫ M_6, for which a proper treatment requires understanding the UV completion above M_6, likely a string theory. It is here that bulk supersymmetry is likely to play an even more important role.

Finally, we use the results of the one-loop calculation to estimate the size of higher loops. In particular, we explore the size of two-loop contributions in the supersymmetric case for which the one-loop result vanishes. Here we find the most dangerous contributions

– 6 – involve both a bulk and a brane loop, and in some circumstances these can contribute Λ ∝ μ^2m^2/(4π)^4 ∝ μ^2/(16π^2r)^2, where μ is a brane mass and m^2 ≃ M^2e^ϕ is the bulk mass encountered above. When present such contributions dominate, and we explore when this obtains.

The rest of this paper is organized as follows. First, §2 describes the bulk supergravity of interest, its rugby ball solutions and their supersymmetry properties. Then §3 briefly recaps the results of ref. [22] for the one-loop 1PI action as computed for spins zero, half and one propagating within the rugby-ball geometry, with a focus on how short-wavelength modes renormalize the bulk and brane actions. Next, §4 assembles these renormalization results for individual particles into a result for several 6D supermultiplets. Then §5 computes how to get from the 1PI action to the 4D vacuum energy, tracking how the bulk back-reacts to the loop-changed brane energy densities, contributing an amount comparable to the direct loopgenerated changes themselves. Finally, a brief summary of our conclusions, and the estimate of higher-loop bulk-brane effects can be found in §6.

2. Bulk field theory and background solution

We begin by summarizing the field content and dynamics of the bulk field theory of interest: six-dimensional gauged, chiral supergravity [16, 27, 17] coupled to a number of 6D gaugeand hyper- supermultiplets.

2.1 6D gauged, chiral supergravity The field content of the supergravity sector of the theory consists of the minimal supergravity multiplet plus a single chiral Kalb-Ramond tensor multiplet; that is, a metric (g_{M N} ), antisymmetric Kalb-Ramond field (B_{M N} ), dilaton (ϕ), gravitino (ψ_M ) and dilatino (χ). The theory has a lagrangian formulation^5 because the Kalb-Ramond field has both self-dual and antiself-dual parts (one comes from the gravity multiplet and the other from the tensor multiplet) and this is the purpose of including the single chiral tensor multiplet. The supergravity is chiral because the fermions are all complex 6D Weyl spinors – satisfying γ_7 ψ_M = ψ_M and γ_7 χ = −χ.

This gravity multiplet can also couple to matter supermultiplets, of which we consider two types: gauge multiplets – containing a gauge potential (A^a_M ) and a chiral gaugino (γ_7 λ^a = λ^a); or hyper-multiplets — comprising two complex scalars (Φ^I ) and their chiral hyperini (γ_7 Ψ^I = −Ψ^I ). 6D supersymmetry requires the scalars within the hypermultiplets to take

5In general 6D supergravities need not [27], when self-dual or anti-self dual Kalb-Ramond fields are present.

– 7 – values in a quaternionic manifold, and precludes them from appearing in the gauge kinetic terms or in the kinetic term for the dilaton field ϕ [28].

The supergravity is called ‘gauged’ because the 6D supersymmetry algebra has an abelian U(1)_R symmetry that does not commute with supersymmetry and is gauged by one of the gauge multiplets. The fermion fields ψ_M , χ and λ^a all transform under the U(1)_R gauge symmetry, as do the hyper-scalars, Φ^I (but not the hyperini, Ψ^I ). For instance, the gravitino covariant derivative is

D_M ψ_N = ( ∂_M − 1 4 ω_M^{AB} Γ_{AB} − iA_M ) ψ_N − Γ^L_{MN} ψ_L , (2.1)

where ω_M^{AB} denotes the spin connection, Γ^L_{MN} the metric’s Christoffel symbol, Γ_{AB} := 1 2 [Γ_A, Γ_B ] is the commutator of two 6D Dirac matrices and the gauge field A_M gauges the 6D U(1)_R symmetry.

Anomaly cancellation Because the fermions are chiral there are gauge and gravitational anomalies, which must be cancelled using a version of Green-Schwarz anomaly cancellation [29, 30]. In 6D this is not possible for generic anomalous theories, but under some circumstances can be done. In particular, Green-Schwarz anomaly cancellation requires: a Kalb-Ramond field which shifts under the anomalous gauge symmetry (and so whose field strength contains a Chern-Simons term for this symmetry), and some restrictions on the gauge groups and number of chiral matter fields present [31]. In particular, the number of gauge- and hyper-multiplets, n_G and n_H , must satisfy [31] n_H = n_G + 244 . (2.2)

We see from this that anomaly-freedom ensures there are literally hundreds of matter multiplets.

For the theory of interest here the Kalb-Ramond field required by anomaly cancellation is simply B_{MN} of the supergravity multiplet, whose field strength, G_{MN P} , is required by supersymmetry to contain Chern-Simons contributions. For instance, at lowest order

G_{MN P} = ∂_M B_{NP} + κ g^2_R

F_{M N} A_P + (cyclic permutations) , (2.3)

where F_{M N} = ∂_M A_N −∂_N A_M is the abelian gauge field strength for the U(1)_R gauge symmetry, and g_R is its coupling constant. More generally, at higher orders anomaly cancellation also requires G_{M NP} to contain gravitational Chern-Simons terms.

– 8 –

Bulk action and field equations The bosonic part of the classical 6D supergravity action is:^6 L_B √ −ĝ = e^{−2ϕ} [ − 1 2κ^2 ĝ^{M N} ( R̂_{MN} + ∂_M ϕ ∂_N ϕ ) − 1 12 G_{M NP} G^{M̂ N̂ P̂} − 1 4g^2_a F^a_{M N} F^{M̂N̂}_a − 1 2 G_{IJ} (Φ) ĝ^{M N} D_M Φ^I D_N Φ^J −

2g^2_R κ^4

U(Φ) ] , (2.4)

where carets indicate curvatures, determinants or raised indices that are computed using the metric, ĝ_{MN} . Here the sum over gauge fields includes, in particular, the abelian factor that gauges the U(1)_R symmetry — whose gauge coupling, g_R, appears in the scalar potential on the right-hand side. G_{IJ} (Φ) is the metric of the quaternionic coset space, M = G/H, in which the Φ^I take their values.

Eq. (2.4) can be rewritten in the 6D Einstein frame by rescaling ĝ_{M N} = e^ϕ g_{M N} , to give L_B √ −g = − 1 2κ^2 ( R + ∂_M ϕ ∂^M ϕ ) − e^{−2ϕ} 12 G_{M N P} G^{M NP} − e^{−ϕ} 4g^2_a F^a_{M N} F^{MN}_a − 1 2 G_{IJ} (Φ) g^{M N} D_M Φ^I D_N Φ^J −

2g^2_R κ^4 e^ϕ U(Φ) . (2.5)

The potential, U(Φ), is nontrivial and depends on the gauge group and other details but in the cases for which it is known [34] it is extremized for Φ^I = 0, near which

U = 1 + κ^2 2 G_{IJ} (0)Φ^I Φ^J + . . . . (2.6)

In particular Φ^I = 0 is consistent with the full equations of motion.

The presence of e^{−2ϕ} as an overall prefactor in eq. (2.4) reveals e^{2ϕ} as the loop-counting parameter, and this action neglects higher-order corrections that are suppressed relative to the ones shown by powers of e^{2ϕ} and/or higher derivatives. Among these are interactions that are related by supersymmetry to anomaly canceling terms, such as one-loop corrections to the gauge kinetic function, √ −ĝ F^a_{M N} F^{M̂N̂}_a = √ −g e^ϕ F^a_{M N} F^{M N}_a [35, 36].

The equations of motion for the bosonic fields which follow from the action, eq. (2.5), after using Φ^I = 0 are: □ ϕ + κ^2 6 e^{−2ϕ} G_{M NP} G^{MN P} + κ^2 4g^2_a e^{−ϕ} F^a_{M N} F^{MN}_a − 2g^2_R κ^2 e^ϕ = 0

6Our metric is ‘mostly plus’ and we follow Weinberg’s curvature conventions [32], which differ from those of MTW [33] only by an overall sign in the definition of the Riemann tensor. To keep the same notation as [22] we adopt here a convention for gauge fields that differs in normalization by a factor of the relevant gauge coupling, ga, compared with our earlier papers on 6D supergravity.

– 9 –

D_M ( e^{−2ϕ} G^{M NP} ) = 0 , D_M ( e^{−ϕ} F^{MN}_a ) = 0 (2.7) D_M ( e^{−ϕ} F^{MN} ) + κ e^{−2ϕ} G^{M N P} F_{M P} = 0

R_{MN} + ∂_M ϕ ∂_N ϕ + κ^2 2 e^{−2ϕ} G_{M P Q} G_N^{P Q} + κ^2e^{−ϕ} g^2_a

F^a_{M P} F_aN^P + 1 2 (□ϕ) g_{M N} = 0 ,

where the second-last equation is for the U(1)_R gauge potential whose Chern-Simons term appears in the field strength G_{MN P} , as in eq. (2.3).

Massive supermultiplets Both the gauge- and hyper- supermultiplets described above furnish representations of 6D supersymmetry for massless particles. By contrast, the particle content for a massive 6D matter multiplet consists of a massive gauge particle, a massive Dirac fermion and three scalars - a total of 8 bosonic and 8 fermionic states.

Since this is also the combined field content of a gauge- plus a hyper-multiplet, one expects to be able to form a massive multiplet by having the gauge boson from a gauge multiplet ‘eat’ one of the scalars of a hypermultiplet through the Higgs mechanism. For ungauged supergravity, with vanishing scalar potential, this is indeed what happens in general as the hyperscalars can take arbitrary constant values in the vacuum. This picture is also consistent with the observation that massive states should not alter the anomaly cancellation conditions since the condition, eq. (2.2), is not modified when equal numbers of gauge and hypermultiplets are added to the system.

If w denotes the v.e.v. of the field that breaks the relevant gauge symmetry, we expect the common mass of all elements of the massive supermultiplet to be of order m^2 ∼ e^ϕw^2 (in the 6D Einstein frame^7). This dependence of m^2 on ϕ can be seen in several ways: for the gauge fields it arises because of the presence of e^{−ϕ} in the gauge kinetic term. Alternatively, the proportionality m^2 ∝ e^ϕ can also be seen from the overall factor of e^ϕ in the hypermultiplet scalar potential, U = 2 g^2_Re^ϕ U(Φ). These factors of e^ϕ play an important role in the overall size of the effects found later from loops of massive fields.

2.2 Rugby-ball compactifications The simplest compactified solutions [17, 12] to the field equations (2.7) are found using the Freund-Rubin ansatz [37] in which: ϕ = constant and

g_{M N} = ( g_{μν} (x) 0 0 g_{mn}(y) ) and F_{M N} = ( 0 0 0 f ϵ_{mn}(y) ) . (2.8)

7A frame-independent way to write this is κm^2 ∼ e^ϕκw^2.

– 10 –

Here g_{μν} is a maximally-symmetric Lorentzian metric — i.e. de Sitter, anti-de Sitter or flat space — while g_{mn} and ϵ_{mn} are the metric and volume form on the two-sphere, S_2. The Bianchi identity requires the quantity f appearing in the background gauge field — which could be any one of the gauge fields present in the theory — is a constant. All other fields vanish.

As is easily verified, the above ansatz solves the field equations provided that the following three conditions are satisfied: R_{μν} = 0, 1 g^2_B F_{mn}F^{mn} = 2f^2 g^2_B = 8 g^2_R κ^4 e^{2ϕ} and R_{mn} = − κ^2 g^2_B e^{−ϕ} F_{mp} F_n^p = − f^2 κ^2 g^2_B e^{−ϕ} g_{mn} , (2.9)

where^8 g_B is the gauge coupling, g_a, for the specific gauge generator whose potential is nonzero in the background. This in general differs from the gauge coupling, g_R, of the abelian Rsymmetry, U(1)_R (that enters through its appearance in the scalar potential). These imply the four dimensional spacetime is flat, plus the two conditions

e^ϕ = κ^2 4g^2_R r^2 and f = ± g_B 2 g_R r^2 = ± 2 g_B g_R e^ϕ κ^2

. (2.10)

Notice that these expressions determine the values of f and ϕ in terms of the size of the extra dimensions, implying in particular that e^ϕ becomes very small when r is very large.

The gauge potential, A_m, that gives rise to the field strength F_{mn} is the potential of a magnetic monopole. As such, it is subject to the condition that the total magnetic flux through the sphere is quantized:^9 ∫ S_2

F = 4πr^2f = 2πN (sphere with no branes) , (2.11)

with N = 0, ±1, ... This requires the normalization constant, f, to satisfy: f = N 2 r^2

(sphere with no branes) (2.12)

where r is the radius of the sphere. Comparing eqs. (2.10) and eq. (2.12) then implies N = ± g_B /g, which is only possible if g_B is an integer multiple of g.

8The coupling gB as defined here is ϕ-independent, and so is related to the coupling g̃(ϕ) used in [22] by g̃^2(ϕ) = g^2_B e^ϕ.

9This expression assumes that all charged matter fields couple to the background gauge potential with strength gB , and so differs from the corresponding one in [22] which allows the coupling strength to be qgB . Although gB can be defined so that q = 1 for any particular matter field, this cannot be done for more than one field at a time. See [22] for the expressions with general q.

– 11 –

Of particular interest in what follows is the special case where the bulk background flux lies in the U(1)_R direction, in which case g_B = g_R and so N = ±1 (Salam-Sezgin solution) . (2.13) This solution turns out to preserve precisely one 4D supersymmetry [17], and in later sections we seek to identify the size of supersymmetry breaking effects due to the back-reaction of the source branes.

Notice, however, that the value of r itself is not determined by the field equations, indicating the existence of a (classical) flat direction. Because of eq. (2.10) this flat direction can be parameterized either by r or ϕ, and its existence is a general consequence of the following rigid classical scaling symmetry of the supergravity field equations: ϕ → ϕ + c and g_{M N} → e^{−c} g_{M N} , (2.14) (and so ĝ_{MN} is fixed). Since this is only a symmetry of the classical bulk equations, the flat direction can be lifted, even classically, once the bulk is coupled to brane sources that break this symmetry. Alternatively, it is also generically lifted by quantum effects, with ℓ-loop corrections to the action proportional to e^{2(ℓ−1)ϕ} when expressed in terms of the scale-invariant metric, ĝ_{M N} .

Brane sources The solutions as outlined so far describe an extra-dimensional 2-sphere supported by flux, with metric ds^2 = r^2 ( dθ^2 + sin^2 θ dφ^2 ) , (2.15) without the need for brane sources [17]. However brane sources can be introduced into this supergravity solution [12] simply by allowing the angular coordinate to be periodic with period φ ≃ φ + 2πα with α not equal to unity. Geometrically, this corresponds to removing a wedge from the sphere along two lines of longitude and identifying points on opposite sides of the wedge [21]. This introduces a conical singularity at both the north and south poles, with defect angle δ = 2π(1 − α), a geometry called the rugby ball.

Physically, this geometry describes the gravitational field of two identical brane sources, one situated at each of the two poles, with Einstein’s equations relating the defect angle to the properties of the branes. Concretely, take the action of the brane to be^{10} S_b = − ∫ d^4x √ −γ L_b 10A more covariant way of writing the term linear in Fmn is as the integral of the 6D Hodge dual,^⋆F , over the 4-dimensional brane world-sheet [24].

– 12 – with L_b = T_b − A_b 2g^2_B ϵ^{mn}F_{mn} + · · · , (2.16)

with γ_{ab} := g_{M N} ∂_ax^M ∂_bx^N being the brane’s induced metric and ellipses denoting terms involving two or more derivatives. In general the coefficients T_b and A_b and so on could depend on any of the 6D scalars, ϕ or Φ^I .

The back-reaction of such a brane onto the extra-dimensional geometry is governed by the near-brane boundary condition the brane induces on all bulk fields. This boundary condition relates the radial derivative of the field to the brane action, for instance implying for the hyperscalars [38] lim_{ρ→0} [ G_{IJ} (Φ) ρ ∂_ρΦ^J ] = κ^2 2π ( δS_b δΦ^I ) , (2.17)

where ρ denotes proper distance from the brane. In general, a bulk field having a nonzero derivative near a brane diverges at the brane positions, leading to curvature singularity there. But it turns out that if the coefficients T_b, A_b etc. are all independent of the bulk scalars, then the singularity is fairly mild: a conical defect such as found in the above rugby-ball geometries. In this case the near-brane boundary conditions degenerate to a formula [39, 24] for the defect angle at the brane’s position:

δ_b = κ^2L_b . (2.18)

In the special case of a rugby-ball solution, since the defect angle is the same at both poles the same must be true of L_b for the corresponding branes at each pole,^{11} with

2π(1 − α) = κ^2L_± = 8πG_6L_± , (2.19)

where b = ± labels the two poles.

The presence of the brane sources complicates the flux quantization condition in two important ways. The first complication arises because the resulting defect angle changes the volume of the sphere, which appears in the flux-quantization condition when integrating over the bulk magnetic field, ∫

S_2(α)

F = 4πα r^2f . (2.20)

The second complication arises because the branes themselves can carry a localized flux, given by 2πΦ_b = A_b e^ϕ . (2.21)

11See [19, 20, 40] for solutions with conical singularities that can differ at the two poles.

– 13 –

This can be seen by asking how A_b changes the boundary conditions for the bulk gauge field, and tracking these through the flux-quantization condition, which becomes [24]

2πN = 2π Φ + ∫ S_2(α)

F = 2π Φ + 4πα r^2f , (2.22)

where Φ := ∑ b Φ_b.

Solving this for f and comparing with the bulk field equation, eq. (2.10), we find that eq. (2.12) generalizes to f = N 2 r^2 = ± g_B 2 g_R r^2

, (2.23)

where N := ω(N − Φ) = ±g_B /g_R and we follow [22] by defining (for later convenience)

ω := 1 α . (2.24)

Notice that if A_b ∝ e^{−ϕ} then 2πΦ = ∑ b A_be^ϕ is independent of ϕ, and so also independent of the flat direction guaranteed by eq. (2.14) (which can be parameterized by ϕ). However, if A_b has any other ϕ-dependence (and in particular if it is ϕ-independent) then Φ varies with ϕ, and eq. (2.22) lifts the degeneracy of the flat direction. It then should be regarded as an equation to be solved for Φ (and so also for ϕ), to give Φ = N − α N = N ∓ α g_B g_R . (2.25)

For instance, if g_B = g_R and N = ±1 (as in the Salam-Sezgin solution), then using α = 1−δ/2π implies Φ = ±(1 − α) = ± δ 2π (if g_B = g_R and N = ±1) . (2.26)

This can be regarded as a dynamical adjustment of Φ to track the defect angle (and so also the brane tensions) so long as Φ depends on the flat direction, ϕ (i.e. so long as ∑ b A_b is not proportional to e^{−ϕ}).

Notice that because eq. (2.18) gives the defect angle as a function of tension and brane flux, once the brane-localized flux adjusts to track the brane tension the defect angle is completely determined by the brane tensions alone. However the presence of the flux acts to change the size of the defect angle produced by a particular tension, T , relative to its naive value. That is, for a ‘pure tension’ brane — i.e. in the absence of higher-derivative brane interactions (including brane-localized flux) — each brane’s contribution to the defect angle would be controlled by its tension

2π(1 − α) = κ^2T = 8πG_6T (no brane-localized flux) . (2.27)

– 14 –

But in the presence of brane-localizing flux the brane lagrangian instead evaluates to

L_b = T_b − A_b f g^2_B + · · · = T_b − 2πΦ_b e^{−ϕ}f g^2_B + · · · = T_b ∓ 4π g_R Φ_b

g_B κ^2

+ · · · , (2.28)

where the ellipses represent terms like R that involve at least two derivatives (and so are down by at least 1/r^2). We see that for the rugby ball with equal fluxes and tensions (T_+ = T_− = T and Φ_+ = Φ_− =^1_2 Φ) combining this with eq. (2.25) gives the relation between defect angle and tension as δ = 2π(1 − α) = 4πG_6T + π ( 1 ∓ g_RN g_B ) . (2.29)

For instance, in the Salam-Sezgin case — where g_B = g_R and N = ±1 — the presence of Φ makes the defect angle δ = 2π(1 − α) half as large as it would have been – i.e. eq. (2.27) – if Φ had vanished:

δ = 2π(1 − α) = κ^2T 2 = 4π G_6T (with brane-localized flux) . (2.30)

Having a single-derivative and no-derivative term compete in this way might raise concerns for the validity of the derivative expansion for the brane action. However the branelocalized flux can be larger than the other terms in a derivative expansion for two reasons: its dependence on the zero mode and its participation in the flux-quantization condition. On one hand the dependence on the (otherwise undetermined) zero mode makes its coefficient free to adjust to satisfy flux quantization. And on the other hand, flux quantization makes it compete with the bulk flux and so drives its coefficient out to a volume-enhanced value. The same is not true for other terms in the derivative expansion of the brane action.

2.3 Supersymmetry of the solutions

It was famously shown by Salam and Sezgin [17] that the spherical solution (no defect angle) using N = ±1 unit of U(1)_R flux preserves a single 4-dimensional supersymmetry. We here reproduce their argument to identify how back-reaction in the presence of branes changes this conclusion.^{12} We find that pure tension branes always break all of the bulk supersymmetry, but supersymmetry can be preserved if both tension and brane-localized flux are present. In particular, we find that the condition for unbroken supersymmetry is precisely the same condition as is imposed by flux quantization, as found earlier (eq. (2.26)).

A background configuration does not break supersymmetry if the supersymmetry transformations all vanish when evaluated at the background solution. Since the variations of

12See ref. [41] for a precursor to the argument we present here.

– 15 – bosonic fields all vanish trivially (because all fermions vanish in the background), it suffices only to evaluate the fermionic variations. For the 6D supergravity of interest, with background U(1)_R flux and vanishing hyperscalars, this requires all of δλ = 1 2 √ 2 g_R e^{−ϕ/2}F_{M N} Γ^{MN} ϵ − i √ 2 g_R κ^2 e^{ϕ/2}ϵ δχ = 1 κ √ 2 (∂_M ϕ)Γ^M ϵ + 1 12 e^{−ϕ}G_{M N P} Γ^{MNP} ϵ δψ_M = √ 2 κ D_M ϵ + 1 24 e^{−ϕ} G_{P QR}Γ^{P QR}Γ_M ϵ (2.31)

to vanish.

First consider the variation of the dilatino, χ. Since 4D maximal symmetry and 2 internal dimensions require vanishing G_{M NP} , the condition δχ = 0 implies the dilaton must be a constant: ∂_M ϕ = 0. Since back-reaction relates δS_b/δϕ to the near-brane limit of ρ ∂_ρϕ, the requirement that ϕ be a constant implies all brane actions must be stationary with respect to dilaton variations when evaluated at the background. A sufficient condition for this to be so is to have all of the coefficient functions, T_b, A_b etc., be completely independent of the dilaton.

Next, the condition δλ = 0 can be written as 0 = √ 2 e^{−ϕ/2} ( 1 4g_R F_{M N} Γ^{MN} − ig_Re^ϕ κ^2 ) ϵ = √ 2 e^{−ϕ/2} 4g_Rr^2 ( ± 1 2 ϵ_{mn}Γ^{mn} − i ) ϵ , (2.32)

when evaluated with F_{mn} = ±ϵ_{mn}/(2r^2) and e^ϕ = κ^2/(4g^2_R r^2). Using the following representation of 6D Gamma matrices:^{13}

Γ^μ = ( 0 γ^μ γ^μ 0 ) , Γ^4 = ( 0 γ_5 γ_5 0 ) , Γ^5 = ( 0 −i1I_4 i1I_4 0 ) (2.33)

where γ^μ are the usual 4D Dirac matrices and γ_5 = −iγ^0γ^1γ^2γ^3, we have

ϵ_{mn}Γ^{mn} = 2i ( γ_5 0 0 −γ_5 ) , (2.34)

and so the condition δλ = 0 implies the 6D Weyl spinor ϵ satisfies

ϵ = ( ε_{4±} 0 ) , (2.35)

13In what follows, we follow the conventions in Appendix C of [22].

– 16 – where ε_{4±} is a 4D spinor that satisfies the 4D Weyl condition γ_5ε_{4±} = ±ε_{4±}, with the sign correlated with that of N = 2r^2f = ±g_B /g_R = ±1.

Finally the condition δψ_M = 0 boils down to the existence of a covariantly constant (Killing) spinor: D_M ϵ = ( ∂_M − i 4 Γ_{AB} ω^{AB}_M − iA_M ) ϵ = 0 , (2.36)

where the covariant derivative of ϵ depends on A_M because the corresponding symmetry is an R symmetry (and so does not commute with supersymmetry). The integrability condition for such a spinor states [D_M , D_N ]ϵ = −i

(_1 2 R_{M NP Q}Γ^{P Q} + F_{M N} ) ϵ = 0, which for the rugby-ball background becomes i 2r^2 ( Γ_{mn} − N ϵ_{mn} ) ϵ = 0 . (2.37)

This is automatically satisfied by eq. (2.35) together with γ_5ε_{4±} = N ε = ±ε_{4±}.

To find the Killing spinor we take two coordinate patches, centered about the North and South poles (labeled by b = ±), and use the frame fields

e_a^m = 1 r ( cos φ^{−b sin φ}_{α sin θ} b sin φ^{cos φ}_{α sin θ} ) , e_α^μ = δ^μ_α , e_α^m = 0 , (2.38)

to compute the following non-zero components for the spin connection ω^{AB}_M :

ω^{45}_φ = α cos θ − b = −ω^{54}_φ . (2.39)

The background gauge potential satisfying the near-brane boundary conditions dictated by back-reaction [24] is similarly given by

A_φ = − N α 2 (cos θ − b) + b Φ_b , (2.40)

where N = ±1. The non-trivial component of the covariant derivative becomes D_φϵ = [ ∂_φ − i 2 ( γ_5 0 0 −γ_5 ) (α cos θ − b) + iN α 2 (cos θ − b) − ib Φ_b ] ϵ = 0 , (2.41)

and so ε_{4±} must satisfy { ∂_φ + ib [ ± 1 2 (1 − α) − Φ_b ]} ε_{4±} = 0 . (2.42)

Equivalently, [ ∂_φ − i(Φ_+ − Φ_−) ] ε_{4±} = 0 and [±(1 − α) − Φ] ε_{4±} = 0 , (2.43)

– 17 – where Φ := Φ_+ + Φ_−, and so solutions exist (and are constants) when the branes satisfy

Φ_+ = Φ_− = Φ 2 = ± 1 2 (1 − α) = ± δ 4π . (2.44)

We see that a single 4D supersymmetry survives when the branes are identical — i.e. have equal tensions^{14} and fluxes — and with localized fluxes related to their tensions by eq. (2.44). In particular, when Φ_b = 0 then any nonzero brane tension — α ≠ 1 — breaks supersymmetry.

Finally, we remark on the remarkable equivalence of the flux-quantization condition, eq. (2.26), and the supersymmetry condition, eq. (2.44), on Φ. This states that the value to which Φ is dynamically driven along the classical flat direction by flux quantization is precisely the one supersymmetric point on this flat direction. In particular, when T_b and A_b are ϕ-independent (which ensures compatibility with vanishing gradients for ϕ) this flat direction stabilizes at the supersymmetric position for any choice (consistent with the rugbyball condition L_+ = L_−) for the constant coefficients T_b and A_b.

Control of approximations We close this section with a brief summary of the domain of validity of the previous discussions, which has two important components: weak coupling and slowly-varying fields.

First, since we work within the semi-classical approximation, slowly varying fields are required to trust the effective 6D supergravity approximation for whatever theory (presumably a string theory) provides its ultraviolet completion. In practice, without knowing the details of this UV completion, we demand fields vary slowly relative to the length scale set by κ. This is the analogue of the α^′ expansion in string theory, and in the Jordan frame it requires r̂^2 ≫ κ where r̂ is the size of the extra dimensions as measured with the Jordan-frame metric, ĝ_{M N} . In terms of the Einstein-frame radius, r, used elsewhere in the text, this condition instead is t := r^2e^ϕ/κ ≫ 1. If the classical rugby-ball solutions are to fall within this regime, eq. (2.10) shows that we must require

κ ≫ 4g^2_R . (2.45)

Second, since (as remarked earlier) each bulk loop in the 6D supergravity of interest comes accompanied by a factor of e^{2ϕ}, the semiclassical approximation additionally requires weak coupling: e^ϕ ≪ 1. (This is the analogue of the condition of small string coupling for

14Non-rugby-ball solutions with differing tensions also have nontrivial dilaton profiles [19, 20, 40], and so are excluded by the condition ∂M ϕ = 0.

– 18 – string compactifications.) This implies a semiclassical understanding of the flat direction labeled by r (or ϕ) is possible within the regime κ r^2

≪ e^ϕ ≪ 1 . (2.46)

Next, once brane sources are included we must also demand them not to curve excessively the background geometry, and for branes with tension T this requires

κ^2T_b ≪ 1 . (2.47)

For rugby-ball geometries this ensures the defect angle satisfies δ ≪ 2π.

Finally, the semiclassical approximation also restricts the properties of particles that can circulate within loops, even if these do not appear among the background fields. Most notably their masses cannot be too large if quantum effects associated with gravity are to remain under control [42]. For particles of mass m^2 = M^2e^ϕ this requires

g^2_R m^2 = g^2_R M^2e^ϕ ≪ κm^2 = κM^2e^ϕ ≪ 1 . (2.48)

3. Mode sums and renormalization

This section summarizes the results of the companion paper [22], so readers familiar with [22] should feel free to skip to §4. Our goal is to compute the UV-sensitive part of the 1PI quantum action, Γ = S + Σ, due to bulk loops. Our starting point is the following expression iΣ = −i ∫ d^4x V_{1−loop} = − 1 2 (−)^F Tr Log ( −□_6 + X + m^2 μ^2 ) , (3.1)

for the one-loop action arising from a loop of low-spin 6D fields moving in the background rugby-ball geometry. The calculation is quite general, assuming only that the field has statistics (−)^F = ± with upper (lower) sign applying for bosons (fermions), and its kinetic operator (or, for fermions, its square) can be written in the form −□ + X + m^2. We also assume the six-dimensional d’Alembertian splits into the sum of four- and two-dimensional pieces: □_6 = □_4 + □_2; X is some local quantity (perhaps a curvature or background flux); and m is a 6D mass. This is sufficiently general to include the spin-zero, -half and -one particles of interest in later sections.

One-loop mode sums Specializing to rugby-ball backgrounds and Wick rotating to Euclidean signature, we have

V_{1−loop} = 1 2 (−)^F μ^{4−d} ∑ jn ∫ d^dk_E (2π)^d ln ( k^2_E + m^2 + m^2_{jn} μ^2 )

– 19 –

= (−)^{F +1} μ^{4−d} 2(4πr^2)^{d/2} ∫_∞ 0 dt t^{1+d/2} e^{−t(mr)2} S(t) , (3.2)

where m^2_{jn} = λ_{jn}/r^2 denote the eigenvalues of −□_2 + X in the compactified space and d = 4 − 2 ε with regularization parameter, ε, taken to zero after all divergences in this limit are renormalized. The function S(t) is defined by

S(t) := (−)^F ∑ jn exp [−tλ_{jn}] = s_{−1} t + s_{−1/2} √ t + s_0 + s_{1/2} √ t + s_1 t + s_{3/2}t^{3/2} + s_2 t^2 + O(t^{5/2}) , (3.3)

and its small-t limit is of interest because this controls the UV divergences appearing in V_{1−loop}:

V_{1−loop} = C (4πr^2)^2 [ 1 4 − d + ln ( μ m )] + V̂_f = C (4πr^2)^2 [ 1 4 − d ] + V_f , (3.4)

where V̂_f is finite and μ-independent when d → 4 and V_f := V̂_f + C ln(μ/m)/(4πr^2)^2. The constant C is given in terms of the s_i by

C := s_{−1} 6 (mr)^6 − s_0 2 (mr)^4 + s_1(mr)^2 − s_2 . (3.5)

The coefficients s_i are functions of the rugby ball’s defect angle, δ = 2π(1 − α), and the background flux quantum, N, and are calculated explicitly in [22] for loops of 6D spin-zero, -half and -one bulk particles.

These ultraviolet divergences also track the dominant dependence on m in the limit that m ≫ 1/r, since both UV divergences and large masses involve the short-wavelength part of a loop that can be captured as the renormalization of some local effective interaction.

Renormalization What is perhaps unusual about the renormalizations required to absorb the UV divergences (and large-m limit) of V_{1−loop} is that they are not done using the couplings of effective interactions in the 4D theory. Because the wavelengths of interest are much shorter than the extra-dimensional size, divergences are instead absorbed into counter-terms in both the 6D bulk and 4D brane actions. Ref. [22] shows how to use the dependence of the s_i’s on α, N and r to disentangle which bulk and brane interactions absorb the divergences found in eq. (3.4), which for completeness we now briefly summarize.

Bulk counterterms

– 20 –

The relevant bulk counterterms are identified by writing the most general derivative expansion of both the bulk lagrangian that is nonzero when evaluated at the rugby ball background: L_B √ −g = −U − 1 2κ^2 R − H 4 ( 1 + κζ_{AR} 2 R ) F_{MN} F^{MN} − ζ_R2 κ R^2 − ζ_R3 R^3 + · · · , (3.6)

where U = (2g^2_R/κ^4) U e^ϕ + δU is the bulk potential, H = e^{−ϕ}/g^2_B + δH is the background gauge coupling, and R^2 (or R^3) are as defined in [22]: a linear combination of the most general quadratic (cubic) gravitational terms, which together evaluate to R^2 = R^2_{sph} = 4/r^4 (or R^3 = R^3_{sph} = −8/r^6) on the rugby-ball background.

In principle, all of the coefficients in eq. (3.6) can depend on ϕ, but because e^{2ϕ} acts as the loop-counting parameter this dependence is dictated as a series in e^{2ϕ} whose order is dictated by the number of loops being computed. Keeping in mind that (3.6) is written in the Einstein frame, and the powers of e^ϕ already present in the classical Einstein-frame action, eq. (2.5), this leads us to expect that at one loop δU ∝ e^{3ϕ} , δκ^{−2} ∝ e^{2ϕ} , δH, ζ_R2 ∝ e^ϕ , (3.7) while the leading term in ζ_{AR} and ζ_R3 is e^ϕ-independent, and so on.

In practice, in the Einstein frame this ϕ dependence arises through the mass of the particle circulating in the loop, since a particle with a ϕ-independent Jordan-frame mass M has Einstein-frame mass m = Me^{ϕ/2}. So the one-loop ϕ-dependence required by loop counting in the Einstein frame agrees with the m dependence required by dimensional analysis. For instance, in dimensional regularization one-loop corrections to U are dimensionally of order δU ∝ m^6 = M^6e^{3ϕ}, and this agrees with the power of e^ϕ required by loop counting. Similarly, δκ^{−2} ∝ m^4 = M^4e^{2ϕ} and δH ∝ m^2 = M^2e^ϕ, and so on.

A crucial feature of bulk counterterms is that none of the parameters like δU, δH etc. can depend on brane properties like α or Φ_b [22]. This is most easily seen if they are computed using Gilkey-de Witt heat-kernel techniques [43, 44] – since this calculation is explicitly boundary-condition independent (for bulk counterterms). Physically, it is because these counterterms capture the effects of very short-wavelength modes, which don’t extend far enough through the extra dimensions to ‘know’ about conditions imposed at the boundaries. Ref. [22] provides a calculation of what heat kernel techniques give for generic bulk counterterms when specialized to a rugby ball geometry, and the specialization to 6D supergravity is summarized in Appendix A.

This means that the renormalized lagrangian evaluated on a rugby-ball background takes

– 21 – the form

V_B = − ∫ d^2x L_B = ( 4πα r^2 ) { U − 1 κ^2r^2 + f^2H 2 [ 1 − κζ_{AR} r^2 ] + 4ζ_R2 κ r^4 − 8ζ_R3 r^6 + · · · }

= ( 4πα r^2 ) { U − 1 κ^2r^2 + N^2H 8 r^4 [ 1 − κζ_{AR} r^2 ] + 4ζ_R2 κ r^4 − 8ζ_R3 r^6 + · · · } , (3.8)

where the only dependence on α arises from the overall volume integration. With this in mind it is useful to split up the quantities s_i in the following way:

s_i(α, N , Φ_b) = α s^{sph}_i (N ) + δs_i(α, N , Φ_b) , (3.9)

where s^{sph}_i is the α-independent contribution renormalized by bulk counterterms, and the prefactor of α corresponds to the rugby-ball volume, 4πα r^2, appearing in eq. (3.8). Because s^{sph}_i doesn’t depend on α, it can be evaluated using a Casimir energy calculation in the absence of branes — that is, on the sphere (or, equivalently, by evaluating the rugby-ball result at α = 1).

Given s^{sph}_i , the contributions to U, κ^{−2}, H, ζ_{AR} and ζ_R2 can be read off by identifying the coefficients of r^2, r^0, N^2/r^2, N^2/r^4 and 1/r^2, respectively. Because the μ dependence of the renormalized quantities must cancel the explicit μ-dependence of V_{1−loop}, they therefore satisfy [22] μ ∂U ∂μ = − m^6 6(4π)^3 s^{sph, 0}_{−1} , μ ∂ ∂μ ( 1 κ^2 ) = − m^4 2(4π)^3 s^{sph, 0}_0 , (3.10) μ ∂ ∂μ ( ζ_R2 κ ) = − m^2 4(4π)^3 s^{sph, 0}_1 , μ ∂H ∂μ = − 8 m^2 (4π)^3N^2 s^{sph, 2}_1 , (3.11) μ ∂ζ_R3 ∂μ = − 1 8(4π)^3 s^{sph, 0}_2 , μ ∂ ∂μ (κζ_{AR}H) = − 8 (4π)^3N^2 s^{sph, 2}_2 . (3.12)

Here the quantities s^{sph,k}_i denote those terms in s^{sph}_i that are proportional to k powers of N .

Brane counterterms

The divergences contained in δs_i from eq. (3.9) are absorbed in a similar way by counterterms in the brane action, whose generic derivative expansion is: L_b √ −γ = −T_b + A_b 2g^2_B ϵ^{mn}F_{mn} − ζ_{Rb} κ R − κζ_{Ab} 4g^2_B F_{MN} F^{MN} + κζ_{ÃR b} 2g^2_B Rϵ^{mn}F_{mn} − ζ_R2_b R^2 − κ^2 ζ_{AR b} 8g^2_B

R F_{M N} F^{MN} + · · · . (3.13)

Evaluating these at the background rugby-ball solution gives a contribution

V_b = T_b − A_bf g^2_B − 2ζ_{R b} κ r^2 + κζ_{Ab}f^2 2g^2_B + 2 κζ_{ÃR b}f g^2_B r^2 + 4ζ_R2_b r^4 − κ^2ζ_{AR b}f^2 2 g^2_B r^2 + · · · = T_b − A_bN 2 g^2_B r^2 − 2ζ_{R b} κ r^2 + κζ_{Ab}N^2 8 g^2_B r^4 + κζ_{ÃR b}N g^2_B r^4 + 4ζ_R2_b r^4 − κ^2ζ_{AR b}N^2

8 g^2_B r^6

+ · · · , (3.14)

– 22 – to the 1PI 4D effective potential, with the complete result summed over all branes: V_{branes} = ∑ b V_b. Again, each contribution can be disentangled by separating terms with different powers of r and N in δs_i.

The running of the brane couplings that results is μ ∂ T_b ∂μ = m^4 2(4π)^2 δs^0 , μ ∂ ∂μ ( A_b g^2_B ) = 2 m^2 (4π)^2N δs^1 , μ ∂ ∂μ ( ζ_{Rb} κ ) = m^2 2(4π)^2 δs^0_1 , μ ∂ ∂μ ( κζ_{ÃR b} g^2_B ) = 1 (4π)^2N δs^1_2 , (3.15) μ ∂ζ_R2_b ∂μ = 1 4(4π)^2 δs^0_2 , μ ∂ ∂μ ( κζ_{Ab} g^2_B ) = 8 (4π)^2N^2 δs^2 ,

where, as before, δs^k_i denotes that part of δs_i proportional to N^k.

It remains to compute the s_i explicitly for various light bulk fields by performing the Kaluza-Klein mode sum. This was done in [22] for spin-zero, -half and -one fields, with results which are summarized for completeness in Appendix B. In the next section we assemble the s_i’s using the field content of various 6D supersymmetric multiplets, to determine how these multiplets renormalize both bulk and brane counterterms.

4. Supermultiplets

We now use the results for the s_i’s for low-spin bulk fields, listed in Appendix B, and combine them into the field content of various 6D matter supermultiplets. We consider in particular two massless multiplets - the hypermultiplet and gauge multiplet, for which only s_2 is relevant to renormalizations. We then combine these results to examine the renormalization due to a massive 6D multiplet.

Hypermultiplet scalars

Before combining into supermultiplets, we must first specialize the result for generic scalar fields given in Appendix B so that they can apply to the hyperscalars that appear in supersymmetric hypermultiplets.

The part of the action, eq. (2.5), relevant for small hyperscalar fluctuations is

S_{hyp} = − ∫ d^6x √ −g [ 1 2 G_{IJ} (Φ) D_M Φ^I D^M Φ^J +

2g^2_R κ^4 e^ϕ U(Φ) ] , (4.1)

where U = 1 + κ^2 2 G_{IJ} Φ^I Φ^J + . . . , (4.2)

– 23 – near Φ^I = 0, and as before, g_R is the U(1)_R gauge coupling constant. Notice, in particular, that this expansion of U(Φ) near zero introduces a small universal 6D mass term for Φ^I given by δm^2 =

2g^2_R κ^2 e^ϕ = 1 2r^2

, (4.3)

where the last equality uses eq. (2.10) relating the background value of e^ϕ to 1/r^2. Regarding this mass, δm^2, as a shift in the hyperscalar KK spectrum, m^2_{jn} = λ^{hs}_{jn}/r^2, and using the expression for the scalar spectrum, λ^s_{jn}, given for minimally coupled scalars in [22], we find that^{15}

λ^{hs}_{jn}(ω, N, Φ_b) = λ^s_{jn}(ω, N, Φ_b) + 1 2 (4.4) = ( j + ω 2 |n − Φ_−| + ω 2 |n − N + Φ_+| + 1 2 )_2 + (1 − N^2) 4 . This assumes a background flux with quantum N (where N = ±1 for the supersymmetric case of U(1)_R flux), as well as the previously-mentioned definitions: Φ_b := A_b e^ϕ/(2π) with b = ± denoting the north and south branes. Finally, N := ω(N − Φ) with Φ := ∑ b Φ_b. The quantity A_b enters the spectrum through the boundary condition A_b := A_φ(cos θ = b).

When computing the small-t limit of the mode sum

S_{hs}(ω, N, Φ_b, t) = ∞∑ j=0 ∞∑ n=−∞ e^{−tλhsjn} , (4.5)

we can use relation (4.4) to relate hyperscalar and scalar sums by S_{hs} = e^{−t/2}S_s, so using the expressions for s^s_i from Appendix B gives the following small-t coefficients for the hyperscalar:

s^{hs}_{−1}(ω, N, Φ_b) = s^s_{−1} = 1 ω , (4.6)

s^{hs}_0 (ω, N, Φ_b) = s^s_0 − s^s_{−1} 2 = 1 ω [ − 1 3 + ω^2 6 (1 − 3F ) ] , (4.7)

s^{hs}_1 (ω, N, Φ_b) = s^s_1 − s^s_0 2 + s^s_{−1} 8 = 1 ω [ 17 360 − N^2 24 − ω^2 36 (1 − 3F )

− ω^3N 12 ∑ b Φ_b G(|Φ_b|) + ω^4 180 ( 1 − 15F^{(2)} ) ] , (4.8)

s^{hs}_2 (ω, N, Φ_b) = s^s_2 − s^s_1 2 + s^s_0 8 − s^s_{−1} 48 15The quantities N and Φ_b used in this paper differ from those in [22] by a factor of q. (Therein, they are called N1 and Φ_{1b}.) Unless stated otherwise, we do not to track this q-dependence, since the R-charges of interest are simply q ∈ {±1, 0}.

– 24 –

= 1 ω [ − 1 210 + N^2 180 + ( 1 240 − N^2 144 ) (1 − 3F )ω^2 − ω^4N^2 360 ( 1 − 15F^{(2)} )

− ω^5N 120 ∑ b Φ_b G(|Φ_b|)(1 + 3F_b) + ( 1 1260 − F^{(2)} 120 − F^{(3)} 60 ) ω^6 ] . (4.9)

In the above, we adopt the following shorthand:

F_b := |Φ_b| (1 − |Φ_b|) , F^{(n)} := ∑ b F^n_b , F^{(1)} := F , G(x) := (1 − x)(1 − 2x) . (4.10)

In the limit ω → 1, Φ_b → 0 these become s^{sph, 0}_{−1} = 1, s^{sph, 0}_0 = −1/6,

s^{sph, 0}_1 = 1 40 , s^{sph, 2}_1 = −

N^2 24 , s^{sph, 0}_2 = 1 5040 and s^{sph, 2}_2 = −

N^2 240 . (4.11)

These agree with the corresponding Gilkey-de Witt calculation of Appendix A. The corresponding contributions to the running of the bulk couplings are μ ∂U ∂μ = − m^6 6(4π)^3 , μ ∂ ∂μ ( 1 κ^2 ) = m^4 12(4π)^3

, (4.12) μ ∂ ∂μ ( ζ_R2 κ ) = − m^2 160(4π)^3 , μ ∂ζ_R3 ∂μ = − 1 40320(4π)^3

, (4.13) μ ∂H ∂μ = μ ∂ ∂μ ( e^{−ϕ} g^2_B ) = q^2_{hs}m^2 3(4π)^3 , μ ∂ ∂μ ( κHζ_{AR} ) = q^2_{hs} 30(4π)^3

, (4.14)

where we quote the result for the general case where the hyperscalar couples to the background field with strength q_{hs}g_B .

For the brane counterterms, we similarly find δs_{−1} = δs^2_1 = 0,

δs_0 = 1 ω ( δω 6 + δω^2 12 − ω^2F_b 2 ) ≃ δω 6 − |Φ_b| 2 , (4.15)

δs^0_1 = 1 ω ( − δω 60 + δω^2 360 + δω^3 90 + δω^4 360 + ω^2F_b 12 − ω^4F^2_b 12 ) ≃ − δω 60 + |Φ_b| 12 , (4.16)

δs^1 = − ω^2N 12 Φ_b G(|Φ_b|) ≃ − N Φ_b 12 , (4.17)

δs^0_2 = 1 ω ( 11 δω 1680 + 9 δω^2 1120 + δω^3 126 + δω^4 168 + δω^5 420 + δω^6 2520 − ω^2F_b 80 − ω^6F^2_b 120 − ω^6F^3_b 60 )

≃ 11 δω 1680 − |Φ_b| 80 , (4.18)

δs^1_2 = − ω^4N 120 Φ_b G(|Φ_b|)(1 + 3F_b) ≃ − N Φ_b 120 , (4.19)

δs^2 = −

N^2 ω ( δω 80 + 17 δω^2 1440 + δω^3 180 + δω^4 720 − ω^2F_b 48 − ω^4F^2_b 24 ) ≃ −N^2 ( δω 80 − |Φ_b| 48 ) , (4.20)

– 25 – and so (again generalizing to coupling q_{hs} g_B ) μ ∂T_b ∂μ = m^4 2(4π)^2ω ( δω 6 + δω^2 12 − ω^2F_b 2 ) ≃ m^4 4(4π)^2 ( δω 3 − |Φ_b| ) , (4.21) μ ∂ ∂μ ( ζ_{Ãb} g^2_B ) = − q_{hs}Φ_b ω^2m^2 6(4π)^2 G(|Φ_b|) ≃ − q^2_{hs}m^2 A_b 3(4π)^3

, (4.22) μ ∂ ∂μ ( ζ_{Rb} κ ) = − m^2 2(4π)^2ω ( δω 60 − δω^2 360 − δω^3 90 − δω^4 360 − ω^2F_b 12 + ω^4F^2_b 12 )

≃ − m^2 2(4π)^2 ( δω 60 − |Φ_b| 12 ) , (4.23) μ ∂ ∂μ ( κζ_{ÃRb} g^2_B ) = − q_{hs}Φ_b ω^4 120(4π)^2

G(|Φ_b|)(1 + 3F_b) ≃ − q^2_{hs} A_b 60(4π)^3

, (4.24) μ ∂ ζ_R2_b ∂μ = − 1 4(4π)^2ω ( 11 δω 1680 + 9 δω^2 1120 + δω^3 126 + δω^4 168 + δω^5 420 + δω^6 2520 − ω^2F_b 80 − ω^6F^2_b 120 − ω^6F^3_b 60 ) ≃ − 1 4(4π)^2 ( 11 δω 1680 − |Φ_b| 80 ) , (4.25) μ ∂ ∂μ ( κζ_{Ab} g^2_B ) = − 8 q^2_{hs} (4π)^2ω ( δω 80 + 17 δω^2 1440 + δω^3 180 + δω^4 720 − ω^2F_b 48 − ω^4F^2_b 24 )

≃ − q^2_{hs} (4π)^2 ( δω 10 − |Φ_b| 6 ) . (4.26)

In these expressions δω := ω − 1, and the approximate equalities give the leading terms when |δω| ≪ 1 and |Φ_b| ≪ 1. 4.1 Hypermultiplet

We are now in a position to sum the particle content of a 6D hypermultiplet, which consists of four massless hyperscalars together with a 6D Weyl fermion:

s^{hyp}_i := 4 s^{hs}_i + s^f_i , (4.27)

with s^{hs}_i computed above and s^f_i given in Appendix B. Although we need only really be interested in s^{hyp}_2 for massless fields, we nonetheless keep track of s^{hyp}_{−1} , s^{hyp}_0 and s^{hyp}_1 as well, since these are needed when assembling a massive multiplet.

The above combination yields s_{−1} = s^{sph, 0}_0 = 0 (where we drop the ‘hyp’ superscript), along with

s^{sph, 0}_1 = 1 6 , s^{sph, 2}_1 = −(q^2_{hs} + 2 q^2_f )

N^2 6 , s^{sph, 0}_2 = 1 60 , s^{sph, 2}_2 = −(q^2_{hs} + 4q^2_f )

N^2 60 , (4.28)

where N := 2r^2f = ±g_B /g_R characterizes the bulk flux (with the second equality using the field equation, eq. (2.10)) while q_{hs} and q_f are the charges (in units of g_B ) of the scalar and

– 26 – fermion, respectively, under the U(1) gauged by the background flux. The corresponding bulk renormalizations are μ ∂ζ_R3 ∂μ = − 1 480(4π)^3

(4.29) μ ∂ ∂μ ( κHζ_{AR} ) = μ ∂ ∂μ ( κe^{−ϕ}ζ_{AR} g^2_B ) = − 8 (4π)^3 ( s^{sph, 2}_2 N^2 ) = 2(q^2_{hs} + 4q^2_f ) 15(4π)^3

. (4.30)

From here, we can use eq. (3.8) compute the hypermultiplet contribution to the running of V_B : ( μ ∂V_B ∂μ ) = ( 4πα r^2 ) [ − f^2 2r^2 ( μ ∂ ∂μ ( κζ_{AR} g^2_B )) − 8 r^6 ( μ ∂ζ_R3 ∂μ )]

= ( 1 − q^2_{hs}N^2 − 4 q^2_f N^2 ) α 60(4πr^2)^2

. (4.31)

Three choices for q_{hs} and q_f are of particular interest:

• No couplings to background fluxes: q_{hs} = q_f = 0;

• Couplings to a background U(1) that commutes with supersymmetry, in which case q_{hs} = q_f = q and N = ±g_B /g_R;

• Couplings to a background flux that preserves supersymmetry, for which the background flux gauges the U(1)_R symmetry, and so q_{hs} = ±1, q_f = 0 and N = ±1.

In the supersymmetric case a cancellation occurs, generalizing to the rugby ball a result known to apply more generally to Ricci-flat geometries [45]. In this case s^{sph, 0}_1 = −s^{sph, 2}_1 =^1_6 and s^{sph, 0}_2 = −s^{sph, 2}_2 =^1_{60} and so

s^{sph}_{−1} = s^{sph}_0 = s^{sph}_1 = s^{sph}_2 = 0 (4.32)

and μ(∂V_B /∂μ) = 0 vanishes once summed over the field content of a hypermultiplet. Notice that although the effective couplings for both RF_{MN} F^{MN} and R^3 do renormalize, their contributions cancel in V_B .

Specializing to the supersymmetric charge assignments the brane-renormalized divergences are δs_i = 4 δs^{hs}_i + δs^f_i , and so

δs_0 = 1 ω ( δω + δω^2 2 − 2ω^2F_b ) ≃ δω − 2|Φ_b| , (4.33)

δs^0_1 = 1 ω ( δω^2 12 + δω^3 12 + δω^4 48 + ω^2F_b 3 − ω^4F^2_b 3 ) ≃ |Φ_b| 3 , (4.34)

– 27 – δs^1 = − ω^2N 3 Φ_b G(|Φ_b|) ≃ − N Φ_b 3 , (4.35)

δs^0_2 = 1 ω ( δω 20 + 13 δω^2 180 + 13 δω^3 180 + 71 δω^4 1440 + 3 δω^5 160 + δω^6 320 − ω^2F_b 20 − ω^6F^2_b 30 − ω^6F^3_b 15 )

≃ δω 20 − |Φ_b| 20 , (4.36)

δs^1_2 = − ω^4N 30 Φ_b G(|Φ_b|)(1 + 3F_b) ≃ − N Φ_b 30 , (4.37)

δs^2 = −

N^2 ω ( δω 20 + 17 δω^2 360 + δω^3 45 + δω^4 180 − ω^2F_b 12 − ω^4F^2_b 6 ) ≃ −N^2 ( δω 20 − |Φ_b| 12 ) , (4.38)

where N = ±g_B /g_R = ±1.

Notice that all of the brane contributions also vanish, δs_i = 0 (for all ω), in the special case that the brane fluxes are equal and the total brane flux satisfies the supersymmetric and flux-quantization conditions, eqs. (2.26) and (2.44):

Φ_+ = Φ_− =

Φ_{susy} 2 = ± 1 2 (1 − ω^{−1}) . (4.39)

as well as N = sgn(Φ_±). Similarly μ(∂V_{branes}/∂μ) = 0. Once again, although δs_i = 0 this is not true for δs^1_i and δs^2_i separately.

In general this cancellation fails when Φ_± are not equal, since this choice breaks supersymmetry. In order to track how V_{branes} deviates from zero once supersymmetry breaks, we write Φ_b = 1 2 Φ_{susy} ± bη ω (4.40)

and allow η to parameterize the difference through η = ±^1_2 ωΔΦ where ΔΦ := Φ_+ − Φ_−. To ensure that η ≥ 0, we label branes such that Φ_+ ≥ Φ_− (Φ_+ ≤ Φ_−) when N = +1 (N = −1). Also, notice that the condition |Φ_b| ≤ 1 implies that η ≤ 1 + δω/2.

At the north (b = +1) brane, we find that the brane contributions to the coefficients δs_i are given in terms of η by

δs_0 = − 2F_η ω , (4.41)

δs^0_1 = 1 ω [ δω 6 + δω^2 12 + F_η 2 − F^2_η 3 − ω^2F_η 6 ] , (4.42)

δs^1 = 1 ω ( − δω 6 − δω^2 12 − F_η 3 ) (1 − 2η) , (4.43)

δs^0_2 = 1 ω [ δω 40 + 37 δω^2 720 + 7 δω^3 180 + 7 δω^4 720 − F_η 16 + F^2_η 20 − F^3_η 15 + ( F_η 24 − F^2_η 12 ) ω^2 −

7 ω^4F_η 240 ] , (4.44)

– 28 – δs^1_2 = 1 ω ( − δω 60 − δω^2 15 − 7 δω^3 120 − 7 δω^4 480 + F_η 20 − F^2_η 10 − ω^2F_η 12 ) (1 − 2η) , (4.45)

δs^2 = 1 ω [ − δω 120 + 11 δω^2 720 + 7 δω^3 360 + 7 δω^4 1440 + F^2_η 6 + ω^2F_η 12 ] , (4.46)

where F_η := η(1 − η) . (4.47)

The result for the south brane can be obtained from this using η → −η if η ≤ δω/2. If instead δω/2 ≤ η ≤ 1 + δω/2 on the south brane, we find that a more convenient quantity is

η̂ := η − δω (4.48)

(along with F_{η̂} := η̂(1 − η̂)), in which case

δs_0 = − 2F_{η̂} ω , (4.49)

δs^0_1 = 1 ω [ δω 6 + δω^2 12 + F_{η̂} 2 − F^2_{η̂} 3 − ω^2F_{η̂} 6 ] , (4.50)

δs^1 = 1 ω ( δω 6 + δω^2 12 + F_{η̂} 3 ) (1 − 2η̂) , (4.51)

δs^0_2 = 1 ω [ δω 40 + 37 δω^2 720 + 7 δω^3 180 + 7 δω^4 720 − F_{η̂} 16 + F^2_{η̂} 20 − F^3_{η̂} 15 + ( F_{η̂} 24 − F^2_{η̂} 12 ) ω^2 −

7 ω^4F_{η̂} 240 ] , (4.52)

δs^1_2 = 1 ω ( δω 60 + δω^2 15 + 7 δω^3 120 + 7 δω^4 480 − F_{η̂} 20 + F^2_{η̂} 10 + ω^2F_{η̂} 12 ) (1 − 2η̂) , (4.53)

δs^2 = 1 ω [ − δω 120 + 11 δω^2 720 + 7 δω^3 360 + 7 δω^4 1440 + F^2_{η̂} 6 + ω^2F_{η̂} 12 ] . (4.54)

These expressions are identical to those obtained for the north brane, given the replacements η → η̂, s^1_i → −s^1_i . This follows from

Φ_− = ± ( δω 2ω − η ω ) = ± ( − δω 2ω − (η − δω) ω ) = ∓ ( δω 2ω + η̂ ω ) (4.55)

and because s^1_i ∝ Φ_b rather than depending only on |Φ_b|, like the others.

The running of the couplings on the north — the b = +1 — brane (which we choose to be the brane whose flux is larger in magnitude) are μ ∂ζ_R2_+ ∂μ = 1 4(4π)^2ω [ δω 40 + 37 δω^2 720 + 7 δω^3 180 + 7 δω^4 720 − F_η 16 + F^2_η 20 − F^3_η 15

– 29 –

+ ( F_η 24 − F^2_η 12 ) ω^2 −

7 ω^4F_η 240 ] , (4.56) μ ∂ ∂μ ( κζ_{ÃR+} g^2_B ) = 1 (4π)^2ω ( − δω 60 − δω^2 15 − 7 δω^3 120 − 7 δω^4 480 + F_η 20 − F^2_η 10 − ω^2F_η 12 ) (1 − 2η) ,

(4.57) μ ∂ ∂μ ( κζ_{A+} g^2_B ) = 8 (4π)^2ω [ − δω 120 + 11 δω^2 720 + 7 δω^3 360 + 7 δω^4 1440 + F^2_η 6 + ω^2F_η 12 ] . (4.58)

As before, the corresponding expressions for the south brane when η ≤ δω/2 (η ≥ δω/2) can be found by taking η → −η (η → η̂ = (η − δω) and ζ_{ÃR+} → −ζ_{ÃR−}) in the above.

For both branes — i.e. for both b = ± — and η ≤ δω/2, the hypermultiplet contribution to the total renormalized lagrangian becomes μ ∂V_b ∂μ = 4 r^4 [ μ ∂ζ_R2_b ∂μ ] + 1 r^4 [ μ ∂ ∂μ ( κζ_{ÃRb} g^2_B )] + 1 8r^4 [ μ ∂ ∂μ ( κζ_{Ab} g^2_B )]

= η^2 (4πr^2)^2ω [ 7 240 − η^2 12 + η^4 15 + ( 1 24 − η^2 12 ) ω^2 +

7 ω^4 240 ] . (4.59)

This expression is positive-definite on our domain of validity, 0 ≤ η ≤ 1 + δω/2, as can be checked by showing: (i) μ ∂V_b/∂μ ≥ 0 at η = 1 for any ω ≥ 1; and (ii) the smallest root of the bracketed factor, η_0(ω) ≥ 1 + δω/2 for any ω ≥ 1. Also, when ω = 1, this expression vanishes as η → 0 or 1, as expected.

When δω/2 ≤ η ≤ 1+δω/2 on the south brane, we instead find that the renormalizations are μ ∂ζ_R2_− ∂μ = 1 4(4π)^2ω [ δω 40 + 37 δω^2 720 + 7 δω^3 180 + 7 δω^4 720 − F_{η̂} 16 + F^2_{η̂} 20 − F^3_{η̂} 15 + ( F_{η̂} 24 − F^2_{η̂} 12 ) ω^2 −

7 ω^4F_{η̂} 240 ] , (4.60) μ ∂ ∂μ ( κζ_{ÃR−} g^2_B ) = 1 (4π)^2ω ( δω 60 + δω^2 15 + 7 δω^3 120 + 7 δω^4 480 − F_{η̂} 20 + F^2_{η̂} 10 + ω^2F_{η̂} 12 ) (1 − 2η̂) ,

(4.61) μ ∂ ∂μ ( κζ_{A−} g^2_B ) = 8 (4π)^2ω [ − δω 120 + 11 δω^2 720 + 7 δω^3 360 + 7 δω^4 1440 + F^2_{η̂} 6 + ω^2F_{η̂} 12 ] . (4.62)

Therefore, when η ≥ δω/2 on the south brane, the beta function for the hypermultiplet contribution to the renormalized brane lagrangian is μ ∂V_− ∂μ = 4 r^4 [ μ ∂ζ_R2_− ∂μ ] + 1 r^4 [ μ ∂ ∂μ ( κζ_{ÃR−} g^2_B )] + 1 8r^4 [ μ ∂ ∂μ ( κζ_{A−} g^2_B )]

= (η − ω)^2 (4πr^2)^2ω [ 7 240 − (η − ω)^2 12 + (η − ω)^4 15 + ( 1 24 − (η − ω)^2 12 ) ω^2 +

7 ω^4 240 ] . (4.63)

– 30 –

This expression is identical to the one found for the north brane, but with the replacement η → η − ω, so its positive-definiteness can be shown in the same way as before. (Recall that it is inconsistent to consider the limit η → 0 with fixed ω in the above expression, because it is only valid when η ≥ δω/2.)

Finally, we sum the total contribution from both branes to compute how V_{branes} = ∑ b V_b runs. When η ≤ δω/2, this is simply twice the result found in eq. (4.59). However, when η ≥ δω/2, we must sum eq. (4.59) with our last result, eq. (4.63). As expected, if we sum an even function of η with the same function evaluated at η − ω, we get an even function about η = ω/2 (which happens to be the midpoint of our domain of validity, δω/2 ≤ η ≤ 1 + δω/2): μ ∂V_{branes} ∂μ = 1 (4πr^2)^2ω [ 7 ω^2 480 + ω^4 96 + ω^6 160 + ( 7 120 − ω^2 6 − ω^4 15 ) ( η − ω 2 )_2

− ( 1 6 − ω^2 3 ) ( η − ω 2 )_4 + 2 15 ( η − ω 2 )_6 ]

. (4.64)

This expression is positive-definite, because it is the sum of two separately positive-definite expressions.

4.2 Massless gauge multiplet

We next compile similar results for a massless gauge multiplet, by summing the contribution of a gauge field and a 6D Weyl fermion:

s^{gm}_2 := s^{gf}_2 + s^f_2 . (4.65)

Dropping the ‘gm’ superscript this combination yields s^{sph}_{−1} = s^{sph}_0 = 0, and

s^{sph, 0}_1 = 1 3 , s^{sph, 2}_1 = − q^2_f N^2 3 , s^{sph, 0}_2 = 1 15 , s^{sph, 2}_2 = − q^2_f N^2 15 , (4.66)

where, as before, N = ±g_B /g_R and where q_f g_B is the charge of the fermion under the U(1) gauged by the background flux. Since we assume the background flux gauges an abelian, U(1), factor of the gauge group, we also choose q_{gf} = 0 for the gauge boson.

The corresponding bulk beta functions are μ ∂ζ_R3 ∂μ = − 1 120(4π)^3

(4.67) μ ∂ ∂μ ( κHζ_{AR} ) = μ ∂ ∂μ ( κe^{−ϕ}ζ_{AR} g^2_B ) = 8 q^2_f 15(4π)^3

, (4.68)

which, when combined using eq. (3.8), give the gauge multiplet contribution to the running of V_B : μ ∂V_B ∂μ = ( 4παr^2 ) [ − f^2 2r^2 ( μ ∂ ∂μ ( κHζ_{AR} )) − 8 r^6 ( μ ∂ζ_R3 ∂μ )]

– 31 –

= α(1 − q^2_f N^2) 15(4πr^2)^2

. (4.69)

This again vanishes given the supersymmetric choices q^2_f = 1 and N = ±1 (and q_{gf} = 0), although this comes as a cancellation between the running of ζ_{AR} and ζ_R3 , which both separately renormalize.

We similarly compute the brane contributions, δs_i = δs^{gf}_i + δs^f_i, using the expressions in [22]. However, as discussed therein, there are two cases to consider because of the shift in fluxes required to calculate the fermionic mode sum. In [22], we use the quantity Φ^{fσ}_b := Φ_b − σΦ^f_0 — where Φ^f_0 := (1 − ω^{−1})/2 and σ is the spinor’s helicity — to calculate the fermionic mode sum, so this mode sum is dependent on whether |Φ_b| ≤ Φ^f_0 or |Φ_b| ≥ Φ^f_0. As it happens, we encounter the exact same distinction when considering unbalanced fluxes, when |Φ_b| > Φ^f_0 (|Φ_b| < Φ^f_0) on the north (south) brane, respectively. As for the hypermultiplet we specialize to the supersymmetric background flux, and write the brane-localized fluxes relative to the common supersymmetric value through the substitutions

N = ±1 , Φ_b =

Φ_{susy} 2 ± bη ω , Φ_{susy} = ±(1 − ω^{−1}) (η ≥ 0) . (4.70)

At the north brane (where b = +1), we find — using the notation [22], Φ̃_b = ω(Φ_b − ρ_bΦ^f_0), ρ_b = Φ_b/|Φ_b|, F̃_b = |Φ̃_b|(1 − |Φ̃_b|), etc., as well as the shorthand F_η = η(1 − η),

δs_0 = (δs_0)_{gf} + (δs_0)_f = 1 ω ( − δω 3 + δω^2 3 ) + 1 ω ( δω 3 − δω^2 3 + 2F̃_b ) = 2F_η ω . (4.71)

Similarly, by making the identifications ρ_b = ±, |Φ̃_b| = η, we find

δs^0_1 = 1 ω ( δω 3 + δω^2 6 + F^2_η 3 − ω^2F_η 3 ) , (4.72)

δs^1 = 1 ω ( − δω 3 − δω^2 6 + F_η 3 ) (1 − 2η) , (4.73)

δs^0_2 = 1 ω ( δω 10 + 17 δω^2 180 + 2 δω^3 45 + δω^4 90 + F^2_η 30 + F^3_η 15 − ω^2F^2_η 6 − ω^4F_η 30 ) , (4.74)

δs^1_2 = 1 ω ( − δω 15 − δω^2 10 − δω^3 15 − δω^4 60 + F_η 30 + F^2_η 10 − ω^2F_η 6 ) (1 − 2η) , (4.75)

δs^2 = 1 ω ( − δω 30 + δω^2 180 + δω^3 45 + δω^4 180 − F^2_η 6 + ω^2F_η 6 ) (4.76)

using the same approach. When summed, these coefficients give

δs_0 = δs_1 = δs_2 = 0 (4.77)

– 32 – for all ω in the supersymmetric limit of equal fluxes (for which η = 0).

For nonzero η supersymmetry is broken. When η ≥ δω at the south brane, we would instead make the identifications ρ_b = ∓, |Φ̃_b| = η − δω, and find results similar to those above, but with η → η̂ := η − δω, s^1_i → −s^1_i . However, when η ≤ δω, we must instead use the fermionic result valid when |Φ_b| ≤ Φ^f_0. Substituting, we find that the coefficients at the south brane are, e.g.,

δs_0 = (δs_0)_{gf} + (δs_0)_f = 1 ω ( − δω 3 + δω^2 3 ) + 1 ω ( δω 3 + δω^2 6 + 2ω^2Φ^2_b ) = 1 ω (F_{−η} + 2ωη) (4.78)

using F_{−η} = −η(1 + η) , (4.79)

and, similarly,

δs^0_1 = 1 ω ( δω 3 + δω^2 6 + F^2_{−η} 3 + ωF_{−η} 3 (1 + 2η) − ω^2F_{−η} 3 ) , (4.80)

δs^1 = 1 ω ( − δω 3 − δω^2 6 + F_{−η} 3 ) (1 + 2η) , (4.81)

δs^0_2 = 1 ω [ δω 10 + 17 δω^2 180 + 2 δω^3 45 + δω^4 90 + F^2_{−η} 30 + F^3_{−η} 15 + ( F_{−η} 30 + F^2_{−η} 10 ) ω(1 + 2η) − ω^2F^2_{−η} 6 − ω^4F_{−η} 30 ] , (4.82)

δs^1_2 = 1 ω [( − δω 15 − δω^2 10 − δω^3 15 − δω^4 60 + F_{−η} 30 + F^2_{−η} 10 − ω^2F_{−η} 6 ) (1 + 2η) − ωF_{−η} 2 ] , (4.83)

δs^2 = 1 ω [ − δω 30 + δω^2 180 + δω^3 45 + δω^4 180 − F^2_{−η} 6 − ωF_{−η} 6 (1 + 2η) + ω^2F_{−η} 6 ] . (4.84)

The condition |Φ^{fσ}_b | ≤ 1 means that η ≤ 1, so all of these expressions lose their validity beyond this upper limit.

The running of the renormalized brane couplings from a gauge supermultiplet then become, on the north brane: μ ∂ζ_R2_+ ∂μ = 1 4(4π)^2ω ( δω 10 + 17 δω^2 180 + 2 δω^3 45 + δω^4 90 + F^2_η 30 + F^3_η 15 − ω^2F^2_η 6 − ω^4F_η 30 ) , (4.85) μ ∂ ∂μ ( κζ_{ÃR+} g^2_B ) = 1 (4π)^2ω ( − δω 15 − δω^2 10 − δω^3 15 − δω^4 60 + F_η 30 + F^2_η 10 − ω^2F_η 6 ) (1 − 2η), (4.86) μ ∂ ∂μ ( κζ_{A+} g^2_B ) = 8 (4π)^2ω ( − δω 30 + δω^2 180 + δω^3 45 + δω^4 180 − F^2_η 6 + ω^2F_η 6 ) . (4.87)

– 33 –

Therefore, the beta function for the gauge multiplet contribution to the running of V_b is μ ∂V_+ ∂μ = 4 r^4 [ μ ∂ζ_R2_+ ∂μ ] + 1 r^4 [ μ ∂ ∂μ ( κζ_{ÃR+} g^2_B )] + 1 8r^4 [ μ ∂ ∂μ ( κζ_{A+} g^2_B )]

= η^2 (4πr^2)^2ω [ − 2 15 + η^2 6 − η^4 15 + ( 1 6 − η^2 6 ) ω^2 + ω^4 30 ] . (4.88)

Several features of eq. (4.88) bear emphasis. First, it vanishes for all ω as η → 0, as appropriate to the supersymmetric limit, and when ω = 1 it also vanishes as η → 0 or 1, as also expected for the Salam-Sezgin sphere in the absence of branes. Second, for nonzero η it is positive definite throughout its domain of validity, 0 ≤ η ≤ 1, so long as ω > 1 (i.e. the branes have positive tension). This definiteness of sign can be checked by showing that: (i) μ ∂V_+/∂μ ≥ 0 at, e.g., η = 1 for any ω ≥ 1; and (ii) the smallest root of the bracketed factor, η_0(ω) ≥ 1 for any ω ≥ 1.

For the south brane, the result can be obtained from the above in the case η ≥ δω, simply by taking η → η − δω and ζ_{ÃR+} → −ζ_{ÃR−}. When η ≤ δω we instead find for the south brane

μ ∂ζ_R2_− ∂μ = 1 4(4π)^2ω [ δω 10 + 17 δω^2 180 + 2 δω^3 45 + δω^4 90 + F^2_{−η} 30 + F^3_{−η} 15 + ( F_{−η} 30 + F^2_{−η} 10 ) ω(1 + 2η) − ω^2F^2_{−η} 6 − ω^4F_{−η} 30 ] , (4.89) μ ∂ ∂μ ( κζ_{ÃR−} g^2_B ) = 1 (4π)^2ω [( − δω 15 − δω^2 10 − δω^3 15 − δω^4 60 + F_{−η} 30 + F^2_{−η} 10 − ω^2F_{−η} 6 ) (1 + 2η) − ωF_{−η} 2 ] , (4.90) μ ∂ ∂μ ( κζ_{A−} g^2_B ) = 8 (4π)^2ω [ − δω 30 + δω^2 180 + δω^3 45 + δω^4 180 − F^2_{−η} 6 − ωF_{−η} 6 (1 + 2η) + ω^2F_{−η} 6 ] . (4.91)

Therefore, the gauge multiplet contribution to the running of V_b for the south brane in this case is μ ∂V_− ∂μ = 4 r^4 [ μ ∂ζ_R2_− ∂μ ] + 1 r^4 [ μ ∂ ∂μ ( κζ_{ÃR−} g^2_B )] + 1 8r^4 [ μ ∂ ∂μ ( κζ_{A−} g^2_B )] (4.92) = 1 (4πr^2)^2ω [ − 2 η^2 15 + η^4 6 − η^6 15 + ( 2 η 15 − η^3 3 + η^5 5 ) ω + ( η^2 6 − η^4 6 ) ω^2 + ω^4η^2 30 ] . When ω = 1, this expression vanishes as η → 0 or 1, again as expected. It can also be shown to be positive definite, in the same way as is done for eq. (4.88).

– 34 –

Finally, we sum the contributions at each brane to find the total renormalization of V_{branes} = ∑ b V_b for a massless gauge multiplet. When η ≤ δω, this is μ ∂V_{branes} ∂μ = 1 (4πr^2)^2ω [ − 4 η^2 15 + η^4 3 − 2 η^6 15 + ( 2 η 15 − η^3 3 + η^5 5 ) ω + ( η^2 3 − η^4 3 ) ω^2 + ω^4η^2 15 ] (4.93)

which vanishes, as expected, when η → 0. For δω ≤ η ≤ 1, we instead have μ ∂V_{branes} ∂μ = 1 (4πr^2)^2ω [ − ω^2 15 + 5 ω^4 48 − ω^6 160 − ( 4 15 − 5 ω^2 6 + 67 ω^4 120 ) ( η − ω 2 )_2

+ ( 1 3 − 5 ω^2 6 ) ( η − ω 2 )_4 − 2 15 ( η − ω 2 )_6 ] , (4.94)

a function that is even about η = ω/2 (the center of its domain of validity). These expressions agree, as they should, when η = δω.

4.3 Massive matter multiplet

The previous sections have the drawback that they involve only massless supermultiplets, in the sense that supersymmetry forbids their 6D masses being parametrically large compared with the KK scale, 1/r. As a consequence only dimensionless couplings get renormalized when these fields are integrated out (using dimensional regularization and minimal subtraction).

To get beyond this, in this section we compute the m-dependence of the Casimir coefficient for a massive 6D supermultiplet. Recall that the field content for this multiplet is a massive gauge field (mgf), two Weyl fermions (2f) and 3 real hyperscalars (3hs). Keeping in mind that the Higgs mechanism makes a massive vector equivalent to a massless vector plus a hyperscalar, the particle content of a massive supermultiplet is equivalent to the combined field content of a gauge and a hypermultiplet.^{16}

We use this observation to compute the coefficients s_i for the massive multiplet in terms of those found above for gauge- and hypermultiplets, by taking

s^{mm}_i = s^{hm}_i + s^{gm}_i . (4.95)

Our previous work in tracking all Gilkey-de Witt coefficients — even though we then only needed s_2 for massless fields — pays off here, since they all contribute for a massive multiplet.

16At first sight this is hard to reconcile with the particle U(1)R assignments. However, because hyperscalars carry nonzero U(1)R charge, we also expect the standard U(1)R symmetry to be spontaneously broken if the gauge field acquires its mass due to a nonzero hyperscalar vev. Particle states would then be labeled by the unbroken linear combination of the R symmetry and the naive generator for the heavy gauge field.

– 35 –

Given this prescription, a massive matter multiplet gives the following nonzero bulk coefficients, s^{sph, k}_i ,

s^{sph, 0}_1 = 1 2 , s^{sph, 2}_1 = − 1 2 , s^{sph, 0}_2 = 1 12 , s^{sph, 2}_2 = − 1 12 , (4.96)

and so contributes the following renormalizations to the bulk couplings: μ ∂ U ∂μ = μ ∂ ∂μ ( 1 κ^2 ) = 0 , (4.97)

μ ∂ ∂μ ( ζ_R2 κ ) = − m^2 8(4π)^3 , μ ∂H ∂μ = μ ∂ ∂μ ( e^{−ϕ} g^2_B ) = 4m^2 (4π)^3

, (4.98) and μ ∂ζ_R3 ∂μ = − 1 96(4π)^3 , μ ∂ ∂μ ( κζ_{AR} g^2_B ) = 2 3(4π)^3

. (4.99)

Notice in particular that the nonzero renormalization of H and generation of curvaturesquared terms is consistent with the known loop corrections to the gauge kinetic functions [36] required by 6D anomaly cancellation. However unbroken supersymmetry implies these contributions precisely cancel in the renormalizations of the total bulk lagrangian evaluated at the rugby ball background: μ ∂V_B ∂μ = 0 . (4.100)

This is equally true when the branes break supersymmetry (i.e. η ≠ 0), since bulk renormalizations do not know about brane boundary conditions.

The situation is more complicated for the brane renormalizations, however, for which μ (∂V_b/∂μ) should not vanish for unequal brane-localized fluxes. We start by quoting the δs_i’s for a massive multiplet, and then computing the corresponding beta functions. On the north brane, we have

δs_0 = 0 , (4.101)

δs^0_1 = 1 ω ( δω 2 + δω^2 4 + F_η 2 − ω^2F_η 2 ) , (4.102)

δs^1 = 1 ω ( − δω 2 − δω^2 4 ) (1 − 2η) , (4.103)

δs^0_2 = 1 ω [ δω 8 + 7 δω^2 48 + δω^3 12 + δω^4 48 − F_η 16 + F^2_η 12 + ( F_η 24 − F^2_η 4 ) ω^2 − ω^4F_η 16 ] , (4.104)

δs^1_2 = 1 ω ( − δω 12 − δω^2 6 − δω^3 8 − δω^4 32 + F_η 12 − ω^2F_η 4 ) (1 − 2η), (4.105)

δs^2 = 1 ω ( − δω 24 + δω^2 48 + δω^3 24 + δω^4 96 + ω^2F_η 4 ) , (4.106)

– 36 – which give the following renormalizations: μ ∂T_+/(∂μ) = 0, μ ∂ ∂μ ( ζ_{R+} κ ) = m^2 2(4π)^2ω ( δω 2 + δω^2 4 + F_η 2 − ω^2F_η 2 ) (4.107) μ ∂ ∂μ ( ζ_{Ã+} g^2_B ) = 2 m^2 (4π)^2ω ( − δω 2 − δω^2 4 ) (1 − 2η) (4.108) μ ∂ζ_R2_+ ∂μ = 1 4(4π)^2ω [ δω 8 + 7 δω^2 48 + δω^3 12 + δω^4 48 − F_η 16 + F^2_η 12 + ( F_η 24 − F^2_η 4 ) ω^2 − ω^4F_η 16 ] , (4.109) μ ∂ ∂μ ( κζ_{ÃR+} g^2_B ) = 1 (4π)^2ω ( − δω 12 − δω^2 6 − δω^3 8 − δω^4 32 + F_η 12 − ω^2F_η 4 ) (1 − 2η) ,(4.110) μ ∂ ∂μ ( κζ_{A+} g^2_B ) = 8 (4π)^2ω ( − δω 24 + δω^2 48 + δω^3 24 + δω^4 96 + ω^2F_η 4 ) . (4.111)

Therefore, the total contribution of a massive matter multiplet to the running of V_+ is μ ∂V_+ ∂μ = − 1 2 r^2 [ μ ∂ ∂μ ( ζ_{Ã+} g^2_B )] − 2 r^2 [ μ ∂ ∂μ ( ζ_{R+} κ )] + 4 r^4 [ μ ∂ζ_R2_+ ∂μ ]

+ 1 r^4 [ μ ∂ ∂μ ( κζ_{ÃR+} g^2_B )] + 1 8r^4 [ μ ∂ ∂μ ( κζ_{A+} g^2_B )]

= η^2 (4πr^2)^2ω [ − 5 48 + 5 ω^2 24 + ω^4 16 + ( 1 12 − ω^2 4 ) η^2 −

(ω^2 − 1) 2 (mr)^2 ] . (4.112)

Notice the appearance here of terms proportional to m^2, although the entire quantity vanishes in the supersymmetric limit η → 0.

Following the prescription δs^{mm}_i = δs^{hm}_i + δs^{gm}_i on the south brane, we obtain different results when either: 1) η ≤ δω/2; 2) δω/2 ≤ η ≤ δω; or 3) δω ≤ η ≤ 1. For the sake of brevity, we will only consider case 1 in what follows (since only in this case can the limit η → 0 be taken, with fixed ω ≠ 1), and refer the avid reader to Appendix C for the complete results that include cases 2 and 3 as well.

When η ≤ δω/2, we find that

δs_0 = 2η , (4.113)

δs^0_1 = 1 ω [ δω 2 + δω^2 4 + F_{−η} 2 + ωF_{−η} 3 (1 + 2η) − ω^2F_{−η} 2 ] , (4.114)

δs^1 = 1 ω [( − δω 2 − δω^2 4 ) (1 + 2η) − ωF_{−η} ] , (4.115)

δs^0_2 = 1 ω [ δω 8 + 7 δω^2 48 + δω^3 12 + δω^4 48 − F_{−η} 16 + F^2_{−η} 12 + ( F_{−η} 30 + F^2_{−η} 10 ) ω(1 + 2η) + ( F_{−η} 24 − F^2_{−η} 4 ) ω^2 − ω^4F_{−η} 16 ] , (4.116)

– 37 – δs^1_2 = 1 ω [ ( − δω 12 − δω^2 6 − δω^3 8 − δω^4 32 + F_{−η} 12 − ω^2F_{−η} 4 ) (1 + 2η) − ωF^2_{−η} 2 ] , (4.117)

δs^2 = 1 ω [ − δω 24 + δω^2 48 + δω^3 24 + δω^4 96 − ωF_{−η} 6 (1 + 2η) + ω^2F_{−η} 4 ] , (4.118)

which give the following renormalizations: μ ∂T_− ∂μ = m^4 η (4π)^2

(4.119) μ ∂ ∂μ ( ζ_{R−} κ ) = m^2 2(4π)^2ω [ δω 2 + δω^2 4 + F_{−η} 2 + ωF_{−η} 3 (1 + 2η) − ω^2F_{−η} 2 ] (4.120) μ ∂ ∂μ ( ζ_{Ã−} g^2_B ) = 2 m^2 (4π)^2ω [( − δω 2 − δω^2 4 ) (1 + 2η) − ωF_{−η} ] (4.121) μ ∂ζ_R2_− ∂μ = 1 4(4π)^2ω [ δω 8 + 7 δω^2 48 + δω^3 12 + δω^4 48 − F_{−η} 16 + F^2_{−η} 12 + ( F_{−η} 30 + F^2_{−η} 10 ) ω(1 + 2η) + ( F_{−η} 24 − F^2_{−η} 4 ) ω^2 − ω^4F_{−η} 16 ] , (4.122) μ ∂ ∂μ ( κζ_{ÃR−} g^2_B ) = 1 (4π)^2ω [ ( − δω 12 − δω^2 6 − δω^3 8 − δω^4 32 + F_{−η} 12 − ω^2F_{−η} 4 ) (1 + 2η) − ωF^2_{−η} 2 ] , (4.123) μ ∂ ∂μ ( κζ_{A−} g^2_B ) = 8 (4π)^2ω [ − δω 24 + δω^2 48 + δω^3 24 + δω^4 96 − ωF_{−η} 6 (1 + 2η) + ω^2F_{−η} 4 ] . (4.124)

Therefore, the total contribution of a massive matter multiplet to the running of V_− (when η ≤ δω/2; see Appendix C for the result when η ≥ δω/2) is μ ∂V_− ∂μ = μ ∂T_− ∂μ − 1 2 r^2 [ μ ∂ ∂μ ( ζ_{Ã−} g^2_B )] − 2 r^2 [ μ ∂ ∂μ ( ζ_{R−} κ )] + 4 r^4 [ μ ∂ζ_R2_− ∂μ ]

+ 1 r^4 [ μ ∂ ∂μ ( κζ_{ÃR−} g^2_B )] + 1 8r^4 [ μ ∂ ∂μ ( κζ_{A−} g^2_B )]

= 1 (4πr^2)^2ω [ ( − 5 48 + 5 ω^2 24 + ω^4 16 ) η^2 + ( 1 12 − ω^2 4 ) η^4 −

(ω^2 − 1) 2 η^2(mr)^2

+ωη ( 2 15 − η^2 3 + η^4 5 − ( 2 3 − 2 η^2 3 ) (mr)^2 + (mr)^4 ) ] . (4.125)

The first line in eq. (4.125) is identical to the result in eq. (4.112) for the running at the north brane, and the additional piece in the second line of eq. (4.125) is odd in η.

Lastly, we can assemble the total contribution of both branes to the running of V_{branes} = ∑ b V_b: μ ∂V_{branes} ∂μ = 1 (4πr^2)^2ω [ ( − 5 24 + 5 ω^2 12 + ω^4 8 ) η^2 + ( 1 6 − ω^2 2 ) η^4 − (ω^2 − 1)η^2(mr)^2

– 38 –

+ωη ( 2 15 − η^2 3 + η^4 5 − ( 2 3 − 2 η^2 3 ) (mr)^2 + (mr)^4 ) ] (4.126)

Regarding the positive-definiteness of this result, we can rest assured that any m-independent contribution is positive definite, since it is simply a sum of two positive-definite contributions from the massless hyper- and gauge-multiplets. As it turns out, the m-dependent terms are also positive definite. (Checking this must be done with some care, but it can be shown that the non-trivial zero, η_0(ω), of the coefficient of (mr)^2 in eq. (4.126) satisfies both η_0(1) = 1 and dη_0/dω > 0 for all ω ≥ 1.). However, for η larger than δω/2, the results in Appendix C indicate that there is always some choice of m for which the beta function is negative.

An exception to this is the special case where ω = 1, in which case η ≥ δω (= 0) for any η. As seen in Appendix C, this regime is also positive definite, since the contribution of a massive matter multiplet to the renormalization of the 1PI effective potential in this case is simply the sum of the contributions of a massless hypermultiplet and a massless gauge multiplet.

5. The 4D vacuum energy

The previous sections give the divergent part of V_{1−loop} obtained by integrating out low-spin bulk fields and show how these divergences are absorbed by renormalization of various bulk and brane interactions. This section computes the implication of these renormalizations for the effective 4D cosmological constant, Λ, and on-brane curvature, as seen by a low-energy 4D observer.

As argued more generally in [22], for codimension-2 branes this is not simply given by the sum^{17} V := V_B + V_{branes} + V_f , where V_f is the finite part of V_{1−loop}. Instead, the changes to the branes captured by V_{branes} must be combined with the contributions of bulk back-reaction – along the lines of refs. [24] – which in general need not be suppressed relative to the direct effects of V_{1−loop}, V_B or V_{branes} itself [12, 46, 47]. Indeed, this back-reaction is what allows flat solutions to exist at all at the classical level, despite the large classical positive tensions carried by each brane.

The complete back-reacted response to V is not yet as well understood as is the response to a localized brane source. For this reason it is worth focussing exclusively on the large logarithm, ln(M/m) in Λ that our renormalization-group mechanism tracks. That is, although the μ-dependence in V_B and V_{branes} always cancels the explicit ln(μ/m) appearing in V_f ,

17This result would be appropriate in the ‘probe’ approximation, but this approximation often fails for codimension-2 objects.

– 39 – there is a (μ-independent) large logarithm of order ln(M/m) that survives once it has done so, where M is a typical UV scale, of generic order M_6. Because part of the log always comes from the brane and bulk renormalizations, its coefficient can be tracked purely using the RG calculations as given above. And the logarithm can be the dominant part of the answer when M is much greater than m.

5.1 Classical bulk back-reaction We first recap the general results of ref. [24], to establish a common notation and to emphasize those features that are special to the supersymmetric case. Ref. [24] starts with a rugby-ball solution and asks how its properties respond to small changes in the brane action, δS_b = − ∫ d^4x √ −γ δL_b, where γ_{ab} is the metric induced on the brane from the 6D Einstein-frame metric in the bulk and δL_b = δT_b − 1 2 δ ( A_b g^2_B ) ϵ^{mn}F_{mn} . (5.1)

In particular, it asks how the effective 4D cosmological constant is affected by such a change, given that it vanishes for the unperturbed system.

The back-reaction caused by δS_b is evaluated by tracking how it affects the bulk boundary conditions [38], and then solving the linearized 6D field equations to compute the change to the predicted value for the curvature, R_{μν} , along the brane directions. In particular, it is not assumed that the perturbed geometry has a rugby ball form. The effective 4D cosmological constant is then defined as the quantity that would give the same curvature in the low-energy 4D theory. This is a special case of a ‘matching’ calculation between the effective theory and its UV completion [48, 42].

The result found in [24] is easy to state when the bulk lagrangian density has the Einstein- Maxwell-scalar form of interest here: Λ = ∑ b [ δL_b − N 2 r^2 δ ( A_b g^2_B )] ϕ_∗ = ∑ b [ δT_b − N r^2 δ ( A_b g^2_B )] ϕ_∗ , (5.2)

where^1_2 ϵ^{mn}F_{mn} = f = N /(2r^2) is the background rugby-ball bulk flux and the subscript ϕ_∗ indicates that δT_b and δ(A_b/g^2_B ) are to be evaluated at the classical background configuration for any bulk scalar(s).

At first sight the only difference between this and the naive ‘probe-brane’ expectation, Λ_{probe} = ∑ b δL_b, seems to be small: the additional contribution of the δA_b term in the first equality of eq. (5.2). (Physically, this additional contribution to Λ arises from the energy cost imposed by adjustments to the bulk flux caused by flux quantization when the bulk volume changes in response to the altered defect angle due to δL_b.) Furthermore, the suppression by

– 40 –

1/r^2 of the δA_b terms relative to the δT_b terms make it tempting to conclude that the new terms are always negligible.

There are two reasons why this intuition breaks down for the 6D supergravity of interest in this paper. First, the supergravity has a classical flat direction in the absence of the branes which is stabilized by the brane-bulk couplings, implying that the brane action is itself important in determining the value for ϕ_∗. For 6D supergravity, the position ϕ_∗ where this stabilization occurs is related to δL_b by [24] ∑ b [ δL_b − N 2 r^2 δ ( A_b g^2_B ) + 1 2 L^′_b ] ϕ_∗ = 0 , (5.3)

where L^′_b := ∂L_b/∂ϕ where ϕ is the 6D dilaton. When the value of ϕ_∗ is determined by the interplay of the brane action and the flux-quantization condition the second reason for believing the δA_b term to be unsuppressed becomes operative: flux quantization ensures ϕ_∗ takes a value that makes A_b and T_b the same order of magnitude, as found above in eqs. (2.29) and (2.30). The same is not true for higher terms in the derivative expansion of S_b because these do not enter into the flux-quantization condition.

Using eq. (5.3) in eq. (5.2) gives the classical supergravity result of [24]:

Λ = − ∑ b ( 1 2 L^′_b ) ϕ_∗ . (5.4)

Notice if L_b ∝ e^{nϕ} this takes the simple form

Λ = − ∑ b ( 1 2 L^′_b ) ϕ_∗ = − n 2 ∑ b L_b | | | |_{ϕ∗} , (5.5)

and so vanishes in particular when L_b is independent of ϕ (as is the case for the zeroeth-order brane action for classical rugby ball solutions), and Λ = − ∑ b L_b if L_b ∝ e^{2ϕ} (as is true for one-loop corrections to the tension in these solutions).

5.2 Application to supersymmetric renormalizations

There are two complications to be checked before applying the results of [24] to the renormalized one-loop action of this paper: (i) both bulk and brane actions are renormalized; and (ii) both bulk and brane actions include corrections that are higher order in the derivative expansion. We next deal with the relevance of each of these in turn, specializing to the supersymmetric case where the bulk Maxwell field is chosen to lie in the U(1)_R direction, with unit flux N = N = ±1.

– 41 –

Bulk counterterms Renormalizations of bulk terms in a generic action can modify the classical field equations, and so in general also their linearization around the bulk rugby-ball solutions. In particular they can cause the on-brane curvature to become nonzero. This is simplest to see in situations where a flat on-brane metric is achieved by tuning the bulk cosmological constant, since for a generic theory this tuning need not be preserved under renormalization. Ref. [22] gives expressions for these corrections for a slightly broader class of theories than is considered in [24].

With this in mind there is much good news for the renormalizations of the 6D supergravity of interest here. First, the vanishing of s^{sph}_{−1} and s^{sph}_0 (once summed over a supermultiplet) automatically ensures that neither U nor 1/κ^2 get renormalized at all at one loop by the low-spin massive matter supermultiplet considered here.

The bulk Maxwell action does get renormalized by a massive matter multiplet, however, as do the curvature-squared and higher-derivative terms, δL_B = − √ −g [ M^2 e^ϕ ( −F_{MN} F^{MN} + R^2 8 ) + 1 12 ( −R F_{MN} F^{MN} + R^3 8 )] L (4π)^3

, (5.6)

where we use m^2 = M^2e^ϕ and define L := ln(M/m). We assume M/m to be independent of ϕ when differentiating, as is plausibly the case if the UV scale is a string theory (since then all Einstein-frame masses come with the same factor of e^ϕ). As noted earlier, this vanishes once evaluated at a supersymmetric rugby ball — for which F_{M N} F^{M N} = 2f^2 = 1/(2 r^4) and R = R = −2/r^2. We now ask how these terms change the solutions to the background equations of motion.

Differentiating eq. (5.6) with respect to ϕ and evaluating at the rugby ball background gives a vanishing result, and shows that δL_B does not affect the background dilaton solution. Next, differentiating with respect to A_M gives δ ∫ d^2x ( δL_B ) = + ∫ d^2x √ −g [ M^2 e^ϕ + R 12 ] 4L (4π)^3 F^{MN} ( ∂_M δA_N )

= − [ 1 − 3κ^2M^2 2g^2_R ] L 3(4π)^3r^4 ∫ d^2x √ −g ϵ^{mn} ( ∂_mδA_n ) , (5.7)

which also vanishes at the rugby ball, for which the integrand is a total derivative.^{18} A similar argument applies when the metric is varied. In this case the variation of terms like

18The surface terms associated with these total derivatives are not negligible, and contribute brane-localized terms once singular behaviour near the branes is excised by surrounding them with small Gaussian pillboxes. There they combine with the brane action and lead to the near-brane boundary conditions, such as the analogues of (2.17) for AM and gMN .

– 42 –

√ −g g^{mn}g^{pq} vanish once evaluated at the rugby ball background, leaving variation of the 2D curvature as the only nontrivial quantity. Because in two dimensions one always has R_{mnpq} =^1_2 R(g_{mp} g_{nq} − g_{mq} g_{np}) we may write R = R for this variation and so find δ ∫ d^2x ( δL_B ) = − ∫ d^2x √ −g [ M^2 e^ϕ R − 1 3 F_{mn}F^{mn} + R^2 8 ] L 4(4π)^3 δR = − [ 1 − 3κ^2M^2 2g^2_R ] L 3(4π)^3r^4 ∫ d^2x √ −g δR , (5.8) which again involves the integral of a total derivative.

Higher-derivative brane counterterms Since the background is unchanged by the renormalizations of the bulk action, the results of ref. [24] are almost directly applicable. The only remaining caveat is that renormalizations don’t just renormalize the first two terms of the action, eq. (3.13), but also generate the higher-derivative brane-bulk couplings. These can be neglected because (unlike for the branelocalized flux term, A_b) their effects really are suppressed by powers of κ/r^2 or g^2_B /r^2. They are suppressed in this way because (unlike the A_b term) none of them are amplified by the flux-quantization condition.

5.3 Loop-corrected 4D cosmological constant

We may now use eqs. (5.4) and (5.5) to write an expression for Λ at one loop in 6D supergravity compactified on a rugby ball stabilized by U(1)_R flux, directly in terms of the renormalized quantities V_b and V_f . We do so under the assumption (necessary, but not sufficient, for unbroken supersymmetry) that the classical brane action is independent of ϕ: ∂L_b/∂ϕ = 0.

In this case the brane action acquires a dilaton dependence through its renormalization by bulk loops, with dilaton-dependence of the 1-loop corrected action arising through the powers of m, whose appearance is dicated on dimensional grounds: δT_b ∝ m^4 = M^4e^{2ϕ}, δ(A/g^2_B ) ∝ m^2 = M^2e^ϕ and similarly for the higher-derivative interactions. Consequently, loop-corrected brane action takes the form of eq. (3.13) with coefficients

T_b(ϕ) = T^{(0)}_b + c^{(1)}_{T b} M^4 e^{2ϕ} L + · · · , (5.9) A_b(ϕ) 2g^2_B = A^{(0)}_b 2g^2_B

+ c^{(1)}_{Ãb} M^2 e^ϕ L + · · · , ζ_{Rb}(ϕ) κ = ζ^{(0)}_{Rb} κ + c^{(1)}_{Rb} M^2 e^ϕ L + · · · , (5.10) κζ_{Ab} (ϕ) 4g^2_B = κζ^{(0)}_{Ab} 4g^2_B

+ c^{(1)}_{Ab} L + · · · , κζ_{ÃRb}(ϕ) 2g^2_B = κζ^{(0)}_{ÃRb} 2g^2_B

+ c^{(1)}_{ÃRb} L + · · · , (5.11)

– 43 – and ζ_R2_b(ϕ) = ζ^{(0)}_{R2b} + c^{(1)}_{R2b} L + · · · , (5.12)

etc., with coefficients that are directly given by the brane renormalization equations, eqs. (3.15):

c^{(1)}_{T b} = − δs^0 2(4π)^2

, c^{(1)}_{Ãb} = − δs^1 (4π)^2N

, c^{(1)}_{Rb} = − δs^0_1 2(4π)^2 c^{(1)}_{Ab} = −

2 δs^2 (4π)^2N^2

, c^{(1)}_{ÃRb} = − δs^1_2 2(4π)^2N

, c^{(1)}_{R2b} = − δs^0_2 4(4π)^2

, (5.13)

and so on, where the second equality specializes to the result computed earlier for a massive matter multiplet. All of the 1-loop terms are therefore suppressed by e^{2ϕ} relative to the choices that would have been invariant under the classical scaling symmetry, eq. (2.14).

Incorporating the bulk back-reaction finally leads to a formula for the effective 4D cosmological constant of the form Λ = ∑ b Λ_b + Λ_f , (5.14)

where the explicit μ-dependence that Λ_f inherits from V_f is canceled by the implicit μdependence of the renormalized couplings in Λ_b (just as the μ-dependence in V canceled between V_f on one hand and V_b and V_B on the other). This μ-independence is most usefully exploited by choosing μ, so that all of the large-M dependence resides in Λ_b rather than in Λ_f .

Explicitly, Λ_b is obtained from V_b by evaluating eq. (5.4) at the rugby-ball background, as well as V_B = 0. Using eqs. (5.13) in eq. (5.5) we find the most UV sensitive part of Λ is

Λ_b = −c^{(1)}_{T b} M^4 e^{2ϕ} L − 1 2 ( − 2c^{(1)}_{Rb} r^2 − N c^{(1)}_{Ãb}

r^2 ) M^2 e^ϕ L := C (4πr^2)^2

, (5.15)

where C = δs^0 2 ( κM 2 g_R )_4 L − 1 2 ( δs^0_1 + δs^1 ) ( κM 2 g_R )_2 L + · · · . (5.16)

There are several noteworthy features about this result. First, it vanishes (for all ω) in the supersymmetric limit where η → 0. Second, it is of order 1/(4πr^2)^2 even if κM^2 ≃ O(1). As noted in [47], this size is a consequence of the flux stabilization which, through eq. (2.10), ensures the loop-counting parameter is e^{2ϕ} ∝ 1/r^4. Finally, notice that massless multiplets, such as the gauge- and (hundreds of) hyper-multiplets required for anomaly cancellation, do not contribute at all, since all of the terms proportional to δs^k_2 are ϕ-independent.

– 44 –

In the case of a massive matter multiplet with η ≤ δω/2 (i.e. the case considered in the main text), C is given by C = η ( κM 2 g_R )_4 L − ( η 3 + (ω^2 − 1) 2ω η^2 − η^3 3 ) ( κM 2 g_R )_2 L + · · · (5.17)

Although nothing conclusive can be said about the sign of Λ_{branes} := ∑ b Λ_b for arbitrary values of ω, η and M (as was done for the effective potential beta functions in §4), taking (κM/2g_R )^2 > 1/3 guarantees positive Λ_{branes} for a range of η’s near η = 0. Similarly, taking (κM/2g_R )^2 < 1/3 guarantees negative Λ_{branes} near η = 0. Also, if we take the sphere limit (i.e. the case in Appendix C where η ≥ δω with δω → 0), we find that δs_0 = δs^0_1 + δs^1 = 0 for any η.

6. Conclusions

We close with a brief summary and a sketch of the most dangerous bulk-brane higher loops.

Summary This paper uses the recent results of [22] to compute the one-loop 1PI quantum action for 6D gauged, chiral supergravity [16], evaluated at a rugby-ball solution [12] to its classical field equations. By carefully tracking the near-brane boundary conditions as a function of the brane action [38, 24], we are able to include the effects of bulk back-reaction to these loop corrections.

Our main focus is to identify the UV-sensitive part of the result, to see how it generates local effective interactions in the bulk and on the brane and how these interactions depend on the assumed properties of the branes and bulk. Because the rugby ball geometries are curved, they capture many UV-sensitive interactions that are not seen in the more familiar quantum calculations on tori [49].

We find that bulk supersymmetry strongly constrains the renormalization of bulk interactions. Renormalizations, such as corrections to the gauge coupling function and to higher-curvature terms, do occur, but with coefficients that are related to one another by supersymmetry. This is consistent with general expectations based on anomaly cancellation arguments in six dimensions [36]. The total bulk contribution to the effective vacuum energy vanishes, due to cancellations these relations permit between between gauge and curvature renormalizations.

The branes are not similarly assumed to be supersymmetric a-priori, and so we use the most general brane action expanded in a derivative expansion. The first two terms of

– 45 – this expansion can be physically interpreted as the brane tension (no derivatives) and the amount of background flux that is localized on the brane (one derivative). In general the presence of both these terms are required to allow low-energy perturbations to exist that are consistent with flux quantization [24], and their dependence on the bulk dilaton, ϕ, can be used to stabilize the one modulus of the bulk geometry through a 6D analogue of the 5D Goldberger-Wise [50] mechanism.

Although branes generically break all supersymmetries we find that it is possible to couple them to the bulk in a way that preserves the unbroken supersymmetry of the bulk [17], provided three conditions are satisfied.

• The branes do not couple to the bulk dilaton at all;

• The total brane-localized flux and brane tension are related by eq. (2.44).

• The defect angles are the same size at both branes (as would be automatic if the two branes were identical).

What is surprising about the second condition is that (at least in the case of identical branes) it is selected automatically as the bulk modulus adjusts to satisfy the flux-quantization conditions that drive the Goldberger-Wise mechanism in 6D, leading to a supersymmetric configuration for arbitrary dilaton-independent brane tensions. This need not remain possible once two-derivative terms and higher — such as δL_b = √ −γ B_b R/κ, for example — are included in the brane action, so supersymmetry is expected to break once these are included.

Not too surprisingly, the entire one-loop 1PI quantum action evaluated at the rugby ball vanishes when the brane also preserves supersymmetry, at least when the brane action is only kept out to one-derivative order. This ensures that the entire one-loop vacuum energy vanishes in this case. Since higher-derivative terms need not be supersymmetric we expect the one-loop vacuum energy not to vanish generically once their influence on bulk modes is included.

Dangerous higher loops In the absence of brane-localized particles this would be the end of the story. However when brane particles are present larger effects can be possible. The simplest way to compute these is to estimate how bulk loops would renormalize the properties of brane-localized fields, and in particular what dependence on ϕ they introduce. Then include this ϕ-dependence into a brane loop (which doesn’t itself cost an additional factor of e^{2ϕ}), using a heavy and nonsupersymmetric brane particle. We do so here by assuming that all ϕ-dependence introduced

– 46 – by bulk loops enters (in 6D Einstein frame) through the ϕ-dependent bulk mass m^2(ϕ) = M^2e^ϕ, with powers of m^2 appearing wherever they can on dimensional grounds.

To see how this goes, consider as brane lagrangian the cartoon Standard-Model form

L_b = − √ −γ ( 1 2 ∂_μh∂^μh + M^2_0 h^2 + ψ ( /D + λh)ψ + 1 4 F_{μν} F^{μν} ) , (6.1)

where h, ψ and A_μ are brane-localized scalar, spin-half and gauge fields, with F = dA. On dimensional grounds bulk renormalizations would be expected to renormalize this action by an amount δL_b = − 1 (4π)^2 √ −γ (c_1 2 ∂_μh∂^μh + c_2m^2(ϕ)h^2 + ψ (c_3 /D + c_4λh)ψ + c_5 4 F_{μν} F^{μν} + · · · ) , (6.2) in addition to the renormalizations of the tension, T , and other brane-field independent coefficients considered earlier. Here the c_i are dimensionless coefficients that could be calculated using techniques similar to those used in earlier sections. As usual, a power of m^2 only appears for the scalar mass term, since the fermion and gauge masses are respectively protected by chiral and gauge symmetries.

Proceeding now to performing a loop of brane fields [23], we focus on the scalar loop. We expect this to give contributions to the brane tension of order δT ≃ k M^4 (4π)^2 ≃ k (4π)^2 [ M^4_0 ( 1 − 2c_1 (4π)^2 ) + 2c_2M^2_0 m^2 (4π)^2 + · · · ] , (6.3)

where k is a calculable number and we use

M^2 ≃

M^2_0 + c_2m^2/(4π)^2 1 + c_1/(4π)^2

≃ M^2_0 [ 1 − c_1 (4π)^2 ] + c_2m^2 (4π)^2

+ · · · . (6.4)

What is important is the term in (6.3) proportional to M^2_0 m^2 = M^2_0 M^2e^ϕ, since this is of order M^2/(16π^2r)^2 (as opposed to 1/r^4) when M ∼ M ∼ 1/g_R ∼ M_6 are much larger than 1/r. Terms independent of m^2 are not dangerous since the arguments of §5 ensure that they drop out of Λ once back-reaction is included. Terms involving four powers (or more) of m are also not dangerous because they are proportional to (at least) e^{2ϕ} ∝ 1/r^4.

Notice the dangerous term requires both of the following two ingredients:

• A brane-localized scalar, since the dangerous term only comes from scalar masses on the brane which are the only super-renormalizable interaction that is not protected by a symmetry and so can be shifted by m^2(ϕ) (an intriguing connection to the ordinary hierarchy problem.)

– 47 –

• A massive bulk supermultiplet, since the dangerous terms arise from powers of m^2.

The easiest way to avoid the dangerous terms is simply to postulate the absence of any massive multiplets (or that they do not couple to the branes, if present), since these are not required at all by particle physics (unlike the required existence of massive Standard Model particles on the branes). This would remove the low-energy part of the cosmological constant problem (see, e.g. [47] for a discussion), which is usually the hardest part. But it leaves open that part of the problem that asks why the UV completion (presumably a string theory) does not give a large contribution.

The upshot is this: the generic size of UV effects in a scenario with nonsupersymmetric branes coupled to a supersymmetric bulk is of order M^2m^2/(4π)^4, where M is a large brane scale and m is the KK scale. In the absence of massive brane states this leading term can vanish, leaving terms of order the KK scale alone. None of this is generic to an arbitrary extra-dimensional setup. Three additional ingredients appear to be required [12, 47]:

• The classical scale invariance of the bulk supergravity, and the associated zero mode that survives classical flux stabilization of the extra-dimensional bulk;

• The systematic inclusion of brane back-reaction of the branes on the bulk geometry;

• The possibility of having codimension-2 branes with brane-localized flux, Φ_b, that can break this scale-invariance and so lift the flat direction through the interplay of backreaction and flux-quantization.

The crucial role played by back-reaction in this mechanism underlines its importance, particularly for the dynamics of low-codimension objects (for which the inter-brane forces do not fall off appreciably with distance). Although this is understood reasonably well for codimension-1 objects (through the Israel junction conditions [51]), it is just beginning to be explored for higher codimension (and in particular codimension-2 [38, 24]). It is rare to find such a vast region of unexplored territory in particle physics, and its exploration is likely to contain other surprises as well.

Acknowledgements

We would like to thank Riccardo Barbieri, Oriol Pujolàs, Fernando Quevedo, Seifallah Randjbar- Daemi and George Thompson for helpful discussions and Hyun-Min Lee for much help trying to disentangle the supergravity sector in early stages of this work. The matter supermultiplet heat-kernel calculation on spheres given in Appendix A was first computed in unpublished

– 48 – work with Doug Hoover. Various combinations of us are grateful for the the support of, and the pleasant environs provided by, the Abdus Salam International Center for Theoretical Physics, Perimeter Institute and McMaster University. CB’s research was supported in part by funds from the Natural Sciences and Engineering Research Council (NSERC) of Canada. Research at the Perimeter Institute is supported in part by the Government of Canada through Industry Canada, and by the Province of Ontario through the Ministry of Research and Information (MRI). SLP is funded by the Deutsche Forschungsgemeinschaft (DFG) inside the “Graduiertenkolleg GRK 1463”. The work of AS was supported by the EU ITN “Unification in the LHC Era”, contract PITN-GA-2009-237920 (UNILHC) and by MIUR under contract 2006022501.

A. Heat kernels and bulk renormalization

In this appendix we collect for convenience the explicit expressions for the heat-kernel coefficients for low-spin matter supermultiplets in 6D theories compactified on a 2-sphere.

Gilkey-de Witt coefficients

Heat-kernel methods provide very general results for the form of UV divergences in the presence of various background fields. Consider, for example, a collection of N fields, assembled into a column vector, Ψ, and coupled to a background spacetime metric, g_{M N} , scalars, φ^i, and gauge fields, A^a_M , with background-covariant derivative, D_M , of the form

D_M Ψ = ∂_M Ψ + ω_M Ψ − iA^a_M t_aΨ . (A.1)

Here ω_M is the spin connection, and the gauge group is represented by the hermitian matrices t_a. The commutator of two such derivatives defines the matrix-valued curvature, Y_{MN} Ψ = [D_M , D_N ]Ψ, which has the following form:

Y_{MN} = R_{MN} − iF^a_{M N} t_a . (A.2)

Here R_{M N} is the curvature built from the spin connection ω_M , which is related to the Riemann curvature of the background spacetime in a way which is made explicit in the heat-kernel Appendix of ref. [22].

Suppose further that the one loop quantum action for such a field is given by iΣ = −(−)^F 1 2 Tr log ( −□ + X + m^2 ) , (A.3)

– 49 – where (−)^F = + for bosons and − for fermions, and □ = g^{M N} D_M D_N , X is some local quantity built from the background fields and m^2 is the 6D mass matrix. In dimensional regularization the divergent part of this quantity can be written as [44]

Σ_∞ = 1 2(4π)^3 (−)^F 3∑ k=0 Γ(k − 3 + ε) ∫ d^6x √ −g tr [m^{6−2k} a_k] (A.4)

where the divergences as ε → 0 arise from the poles of Euler’s gamma function, Γ(z), at nonpositive integers. Specializing these expressions to a rugby ball and comparing to eqs. (3.4) and (3.5), clearly a_k is proportional to s_{k−1} of the main text.

What is most useful about this expression is that in the absence of branes the coefficients, a_k, are explicitly known matrix-valued local quantities constructed from X and Y_{MN} . In our conventions the first four Gilkey coefficients are [44]

a_0 = I a_1 = − 1 6 (R + 6X) (A.5)

a_2 = 1 360 ( 2R_{ABMN} R^{ABM N} − 2R_{MN} R^{MN} + 5R^2 − 12 □R ) + 1 6 RX + 1 2 X^2 − 1 6 □X + 1 12 Y_{MN} Y^{MN} a_3 = 1 7! ( −18 □^2R + 17D_M RD^M R − 2D_LR_{MN} D^LR^{MN} − 4D_LR_{MN} D^N R^{ML} +9D_K R_{MN LP} D^K R^{MNLP} + 28R□R − 8R_{MN} □R^{MN} + 24R^M_N D^LD^N R_{ML} +12R_{M N LP} □R^{MN LP} − 35 9 R^3 + 14 3 R R_{M N} R^{MN} − 14 3 R R_{ABMN} R^{ABMN} + 208 9 R^M_N R_{ML} R^{NL} − 64 3 R^{MN} R^{KL} R_{MKNL} + 16 3 R^M_N R_{MKLP} R^{NKLP} − 44 9 R^{AB}_{MN} R_{ABKL} R^{MNKL} − 80 9 R^A_B^M_N R_{AKMP} R^{BKN P} )

+ 1 360 ( 8D_M Y_{N K} D^M Y^{NK} + 2D^M Y_{NM} D_K Y^{N K} + 12Y^{MN} □Y_{MN} (A.6) −12Y^M_N Y^N_K Y^K_M − 6R^{MN KL} Y_{MN} Y_{KL} + 4R^M_N Y_{MK} Y^{N K} −5R Y^{MN} Y_{MN} − 6□^2X + 60X□X + 30D_M X D^M X − 60X^3 −30X Y^{M N} Y_{MN} + 10R □X + 4R^{M N} D_M D_N X + 12D^M R D_M X − 30X^2 R + 12X □R − 5X R^2 + 2X R_{MN} R^{MN} − 2X R_{ABM N} R^{ABMN} ) , where I is the unit matrix.

Specialized to the product of 4D Minkowski space with a 2-sphere, the coefficients a_1 through a_3 simplify to a_0 = I

– 50 – a_1 = − 1 6 R − X a_2 = 1 60 R^2 + 1 6 RX + 1 2 X^2 + 1 12 Y_{mn}Y^{mn} (A.7)

a_3 = − 1 630 R^3 − 1 30 Y^m_n Y^n_l Y^l_m − 1 40 R Y_{mn}Y^{mn} − 1 12 X Y_{mn}Y^{mn} − 1 6 X^3 − 1 12 X^2 R − 1 60 X R^2 .

Spins zero through one We now collect the results for X, Y_{MN} and the ultraviolet-divergent parts of the one-loop action, for the particles arising in 6D matter gauge- and hyper-multiplets. We assume also the fields in the loop do not mix appreciably with the supergravity sector, so in particular any gauge fields considered cannot be those whose background flux stabilizes the extra dimensions. Scalars Consider N scalars, Φ^I , with action, S = − ∫ d^6x √ −g [ 1 2 g^{M N} G_{ij} D_M Φ^iD_N Φ^j + V + 1 2 U R + 1 4 W F^a_{MN} F^{MN}_a ] . (A.8)

The functions U, V , W and the target-space metric, G_{ij} , are imagined to be known functions of the Φ^i. The background-covariant derivative appropriate to this case is:

D_M Φ^i = ∂_M Φ^i − iA^a_M (t_a)^i_j Φ^j , (A.9)

where the matrices (t_a)^i_j represent the gauge group on the scalars.

The kinetic operator controlling small fluctuations about a classical background is given by Δ^i_j = −δ^i_j □ + X^i_j , (A.10) with X^i_j given by X^i_j = G^{ik} [ V_{kj}(φ) + 1 2 R U_{kj}(φ) + 1 4 F^a_{M N} F^{M N}_a W_{kj}(φ) ] , (A.11)

where subscripts on U, V and W denote differentiation with respect to the background field φ^i. Specializing to the simple geometry and Maxwell fields of the rugby ball, these simplify to X^i_j = G^{ik}[V_{kj} +^1_2 R U_{kj} +^1_2 f^2 W_{kj}] and Y_{mn} = −ig̃f Q ϵ_{mn}, where g̃ is the gauge coupling and g̃Q = t_a is the hermitian, antisymmetric charge matrix for the background gauge field. Notice that these imply Y_{mn}Y^{mn} = −2g̃^2f^2 Q^2 and Y^m_n Y^n_l Y^l_m = 0.

With these expressions the coefficients a_0 through a_3 satisfy

tr a_0 = N , tr a_1 = − N 6 R − tr X , (A.12)

– 51 – and tr a_2 = N 60 R^2 + 1 6 R tr X + 1 2 tr X^2 − 1 6 g̃^2f^2 tr Q^2 (A.13)

tr a_3 = − N 630 R^3 + 1 20 R g̃^2f^2 tr Q^2 + 1 6 g̃^2f^2 tr (XQ^2) − 1 6 tr X^3 − 1 12 R tr X^2 − 1 60 R^2 tr X .

These give explicit functions of φ once the above expression for X is used.

Spin-half fermions

For N 6D massless spin-half Weyl fermions, ψ^a with a = 1, ..., N , we take the following action S = − ∫ d^6x √ −g 1 2 G_{ab}(φ) ψ^a /Dψ^b , (A.14)

where /D = e_A^M γ^AD_M with

D_M ψ^a = ∂_M ψ^a − 1 4 ω^{AB}_M γ_{AB} ψ − iA^a_M t_aψ , (A.15) where γ^A are the 6D Dirac matrices and e_A^M the inverse sechsbein, γ_{AB} =^1_2 [γ_A, γ_B ], and t_a denotes the gauge-group generator acting on the spinor fields. Since 6D Weyl spinors have 4 complex components their representation of the 6D Lorentz group has d = 8 real dimensions.

The differential operator which governs the one-loop contributions is in this case /D = e_A^M γ^AD_M and so in order to use the general results of the previous section we write (assuming there are no gauge or Lorentz anomalies) log det /D =^1_2 log det(− /D^2), which implies

iΣ_{1/2} = 1 2 Tr log /D = 1 4 Tr log ( − /D^2 )

= 1 4 Tr log ( −□ − 1 4 R + 1 4 γ^{AB} F^a_{AB} t_a ) . (A.16)

This allows us to adopt the previous results for the ultraviolet divergences, provided we divide the result by an overall factor of 2 (and so effectively d = 4 instead of 8), and use X = − 1 4 R + 1 4 γ^{AB} F^a_{AB} t_a , (A.17) and Y_{MN} = − i 2 R_{M NAB} γ^{AB} − iF^a_{MN} t_a . (A.18) The Gilkey coefficients become^{19}

Tr_{1/2}[Y_{MN} Y^{MN} ] = −4 tr_{1/2}(t_at_b) F^a_{M N} F^{bM N} − N 2 R_{ABMN} R^{ABM N} = −8 g̃^2f^2 tr_{1/2}(Q^2) − N 2 R^2 , (A.19)

19We adopt the convention of using Tr [...] to denote a trace which includes the Lorentz and/or spacetime indices, while reserving tr [...] for those which run only over the ‘flavor’ indices which count the fields of a given spin.

– 52 – where the second line specializes to rugby ball background fields.

Keeping explicit the sign due to statistics, and dropping terms which vanish when traced, this leads to the following expressions for the divergent contributions of N 6D Weyl fermions:

(−)^F Tr_{1/2}[a_0] = −4N , (−)^F Tr_{1/2}[a_1] = − N 3 R (−)^F Tr_{1/2}[a_2] = N 60 R^2 − 4 3 g̃^2f^2 tr_{1/2}(Q^2) (A.20)

(−)^F Tr_{1/2}[a_3] = − N 504 R^3 + 2 15 g̃^2f^2 R tr_{1/2}(Q^2) .

Massless gauge bosons For N gauge bosons, A^a_M , with field strength F^a_{M N} and a = 1, ..., N , we use the usual Yang- Mills action S = − ∫ d^6x √ −g 1 4 W (φ) F^a_{M N} F^{MN}_a , (A.21)

expanded to quadratic order about the background fields: A^a_M = A^a_M + δA^a_M . For an appropriate choice of gauge the differential operator which governs the loop contributions becomes

Δ^{aM}_{bN} = −δ^a_b δ^M_N □ + X^{aM}_{bN} , (A.22)

with X^{aM}_{bN} = −R^M_N δ^a_b + 2i(t_c)^a_bF^{cM}_N , (A.23)

where t_c here denotes a gauge generator in the adjoint representation.

Ref. [22] sums the contributions of the vector fields and ghosts to get the contribution of N physical 6D massless gauge bosons:

(−)^F Tr_1[a_0] = 4N , (−)^F Tr_1[a_1] = N 3 R (A.24)

(−)^F Tr_1[a_2] = N 15 R^2 + 10 3 g̃^2f^2 tr_1(Q^2)

(−)^F Tr_1[a_3] = − 2N 315 R^3 + 7 10 g̃^2f^2 R tr_1(Q^2) .

Supermultiplets In this section, we show that the Gilkey coefficients cancel when summed over the field content of a gauge- or hypermultiplets, providing that the background flux does not break supersymmetry. Recall that unbroken supersymmetry requires the background gauge field to lie in the R-symmetry direction. Gauge Multiplets

– 53 –

A gauge multiplet involves one Weyl spinor and one gauge boson. Specializing these earlier results to rugby-ball background fields, we have for N_g Weyl fermions

(−)^F Tr_{1/2}[a_0] = −4N_g , (−)^F Tr_{1/2}[a_1] = 2N_g 3 r^2 (−)^F Tr_{1/2}[a_2] = N_g 15 r^4 − N^2 3 r^4 tr_{1/2}(Q^2) (A.25)

(−)^F Tr_{1/2}[a_3] = N_g 63 r^6 − N^2 15 r^6 tr_{1/2}(Q^2) ,

where N^2 = g^2_B /g^2_R is the background flux quantum number.

Similarly, N_g massless spin-1 particles gives

(−)^F Tr_1[a_0] = 4N_g , (−)^F Tr_1[a_1] = − 2N_g 3 r^2

(A.26)

(−)^F Tr_1[a_2] = 4N_g 15 r^4 + 5N^2 6 r^4 tr_1(Q^2)

(−)^F Tr_1[a_3] = 16N_g 315 r^6 − 7N^2 20 r^6 tr_1(Q^2) .

These sum to give the following result for N_g massless 6D gauge supermultiplets:

Tr_g[(−)^F a_0] = 0 , Tr_g[(−)^F a_1] = 0 Tr_g[(−)^F a_2] = N_g 3 r^4 − N^2 3 r^4 tr_{1/2}(Q^2) +

5N^2 6 r^4 tr_1(Q^2) (A.27)

Tr_g[(−)^F a_3] = N_g 15 r^6 − N^2 15 r^6 tr_{1/2}(Q^2) −

7N^2 20 r^6 tr_1(Q^2) .

For the supersymmetric compactification we must use unit background flux, N^2 = 1, and the charge assignments for U(1)_R: tr_1(Q^2) = 0 and tr_{1/2}(Q^2) = N_g. In this case the above formulae simplify to

Tr_g[(−)^F a_0] = Tr_g[(−)^F a_1] = Tr_g[(−)^F a_2] = Tr_g[(−)^F a_3] = 0 , (A.28)

as claimed in the main text. Hypermultiplets Hypermultiplets contain one Weyl fermion and two complex scalars, with the scalars carrying charge ±1 under the gauge group U(1)_R.

The fermionic contribution to the vacuum energy is as in eq. (A.25). For the scalars we may use the results of eq. (A.13), specialized to the hypermultiplet lagrangian, for which

U = W = 0 and V = 2g^2_R e^ϕ v(Φ) where v(Φ) = 1 + 1 2 G_{ij} Φ^iΦ^j + · · · , (A.29)

– 54 – which imply X^i_j = 2g^2_R e^ϕ G^{ik}v_{kj} | | Φ=0 = 1 2 r^2 δ^i_j . (A.30)

It follows that for N_h hyperscalars Tr_0I = 4N_h, Tr_0X = 2N_h/r^2, Tr_0(XQ^2) = Tr_0(Q^2)/(2 r^2), Tr_0(X^2) = N_h/r^4 and Tr_0(X^3) = N_h/(2 r^6). Using these expressions we have the following spin-0 contribution for N_h hyperscalars:

Tr_0[(−)^F a_0] = 4N_h , Tr_0[(−)^F a_1] = − 2N_h 3 r^2 Tr_0[(−)^F a_2] = N_h 10 r^4 − N^2 24r^4 tr_0(Q^2) (A.31)

Tr_0[(−)^F a_3] = N_h 1260 r^6 − N^2 240r^6 tr_0(Q^2) ,

where, as before, N^2 = g^2_B /g^2_R.

Summing this with eq. (A.25) for N_h Weyl fermions gives the result for N_h hypermultiplets

Tr_h[(−)^F a_0] = 0 , Tr_h[(−)^F a_1] = 0 Tr_h[(−)^F a_2] = N_h 6 r^4 − N^2 3 r^4 tr_{1/2}(Q^2) −

N^2 24 r^4 tr_0(Q^2) (A.32)

Tr_h[(−)^F a_3] = N_h 60 r^6 − N^2 15 r^6 tr_{1/2}(Q^2) −

N^2 240 r^6 tr_0(Q^2) ,

which, with the supersymmetric choices N^2 = 1, tr_{1/2}(Q^2) = 0 and tr_0(Q^2) = 4N_h, gives the simple result

Tr_h[(−)^F a_0] = Tr_h[(−)^F a_1] = Tr_h[(−)^F a_2] = Tr_h[(−)^F a_3] = 0 ,

used in the main text.

B. Results for spins zero, half and one

This appendix briefly summarizes the results for s_i for spins zero, half and one, as computed in ref. [22].

Spin zero

Consider first the simplest case of a single minimally coupled real scalar field, satisfying (−□ + m^2)ϕ = 0, that is coupled to the background gauge field with monopole number N and brane–localized fluxes Φ_b.

– 55 –

In this case, using the notation ω = 1/α and

F_b := |Φ_b| (1 − |Φ_b|) , F^{(n)} := ∑ b F^n_b , F^{(1)} := F , G(x) := (1 − x)(1 − 2x) , (B.1)

we find the following for the s_i coefficients:

s^s_{−1} = 1 ω , s^s_0(ω, N, Φ_b) = 1 ω [ 1 6 + ω^2 6 (1 − 3F ) ] , s^s_1(ω, N, Φ_b) = 1 ω [ 1 180 − N^2 24 + ω^2 18 (1 − 3F ) − ω^3N 12 ∑ b Φ_b G(|Φ_b|) + ω^4 180 (1 − 15F^{(2)}) ] ,

s^s_2(ω, N, Φ_b) = 1 ω [ − 1 504 − 11 N^2 720 + ( 1 90 − N^2 144 ) (1 − 3F )ω^2 − ω^3N 24 ∑ b Φ_b G(|Φ_b|)

+ ω^4(1 − N^2) 360 (1 − 15F^{(2)}) − ω^5N 120 ∑ b Φ_b G(|Φ_b|)(1 + 3F_b) (B.2)

+ ( 1 1260 − F^{(2)} 120 − F^{(3)} 60 ) ω^6 ] . When ω = 1 and Φ_b = 0, these become

s^{sph}_{−1} = 1 , s^{sph}_0 = 1 3 , s^{sph, 0}_1 = 1 15 , s^{sph, 2}_1 = −

N^2 24 , (B.3)

s^{sph, 0}_2 = 4 315 , and s^{sph, 2}_2 = −

N^2 40 in agreement with the results in [52, 53], as well as with the result as computed using the Gilkey-de Witt coefficients for a 6D scalar on a sphere using the general results found in [44]. If the scalar couples to the background field with strength qg_B , its contribution to the running of the leading bulk counterterms therefore is μ ∂U ∂μ = − m^6 6(4π)^3 , μ ∂ ∂μ ( 1 κ^2 ) = − m^4 6(4π)^3 , μ ∂ ∂μ ( ζ_R2 κ ) = − m^2 60(4π)^3 , μ ∂ζ_R3 ∂μ = − 1 630(4π)^3

, (B.4) μ ∂ ∂μ ( 1 g^2_B ) = 2 q^2m^2 3(4π)^3 , μ ∂ ∂μ ( κζ_{AR} g^2_B ) = 2 q^2 5(4π)^3 . The quantities relevant to brane renormalizations are δs_{−1} = 0,

δs_0 = ω^2 − 1 12 ω − ωF_b 2 = 1 ω ( δω 6 + δω^2 12 − ω^2F_b 2 ) ≃ δω 6 − |Φ_b| 2 ,

– 56 – δs^0_1 = 1 ω ( ω^2 − 1 36 + ω^4 − 1 360 − ω^2F_b 6 − ω^4F^2_b 12 )

= 1 ω ( δω 15 + 2 δω^2 45 + δω^3 90 + δω^4 360 − ω^2F_b 6 − ω^4F^2_b 12 ) ≃ δω 15 − |Φ_b| 6 , δs^1 = − ω^2N 12 Φ_b G(|Φ_b|) ,

δs^2_1 = s^2_1 − ( − N^2 24 ω ) = 0 , (B.5)

δs^0_2 = 1 ω [ ω^2 − 1 180 + ω^4 − 1 720 + ω^6 − 1 2520 − ω^2 ( F_b 30 + ω^2F^2_b 24 + ω^4F^2_b 120 + ω^4F^3_b 60 )]

= 1 ω [ 2 δω 105 + 5 δω^2 252 + 17 δω^3 1260 + 37 δω^4 5040 + δω^5 420 + δω^6 2520 −ω^2 ( F_b 30 + ω^2F^2_b 24 + ω^4F^2_b 120 + ω^4F^3_b 60 )] , δs^1_2 = − ω^2N 24 Φ_b G(|Φ_b|) − ω^4N 120 Φ_b G(|Φ_b|)(1 + 3F_b) ,

δs^2 = −

N^2 ω ( ω^2 − 1 288 + ω^4 − 1 720 − ω^2F_b 48 − ω^4F^2_b 24 )

= − N^2 ω ( δω 80 + 17 δω^2 1440 + δω^3 180 + δω^4 720 − ω^2F_b 48 − ω^4F^2_b 24 ) . The corresponding contributions to the running of the brane counterterms are μ ∂T_b ∂μ = m^4 2(4π)^2ω ( δω 6 + δω^2 12 − ω^2F_b 2 ) ≃ m^4 4(4π)^2 ( δω 3 − |Φ_b| ) , μ ∂ ∂μ ( A_b g^2_B ) = − qΦ_b ω^2m^2 6(4π)^2 G(|Φ_b|) ≃ − q^2m^2 A_b 3(4π)^3 , μ ∂ ∂μ ( ζ_{Rb} κ ) = m^2 2(4π)^2ω ( δω 15 + 2 δω^2 45 + δω^3 90 + δω^4 360 − ω^2F_b 6 − ω^4F^2_b 12 )

≃ m^2 2(4π)^2 ( δω 15 − |Φ_b| 6 ) , μ ∂ ∂μ ( κζ_{ÃRb} g^2_B ) = − qΦ_b ω^2 24(4π)^2 ( G(|Φ_b|) + ω^2 5 G(|Φ_b|)(1 + 3F_b) ) ≃ − q^2 A_b 10(4π)^3

, (B.6) μ ∂ ζ_R2_b ∂μ = 1 4(4π)^2ω [ 2 δω 105 + 5 δω^2 252 + 17 δω^3 1260 + 37 δω^4 5040 + δω^5 420 + δω^6 2520 −ω^2 ( F_b 30 + ω^2F^2_b 24 + ω^4F^2_b 120 + ω^4F^3_b 60 )]

≃ 1 4(4π)^2 ( 2 δω 105 − |Φ_b| 30 ) ,

– 57 – μ ∂ ∂μ ( κζ_{Ab} g^2_B ) = − 8 q^2 (4π)^2ω ( δω 80 + 17 δω^2 1440 + δω^3 180 + δω^4 720 − ω^2F_b 48 − ω^4F^2_b 24 )

≃ − q^2 (4π)^2 ( δω 10 − |Φ_b| 6 ) . Spin half

We next quote the results for a massive minimally coupled spin-half 6D Weyl field minimally coupled to the background. Using the notation

N_{fσ} := N − σ , Φ^{fσ}_b := Φ_b − σΦ^f_0 , Φ^f_0 := 1 2 ( 1 − ω^{−1} ) = 1 2 (1 − α) = δ 4π , (B.7)

one finds different expressions depending on whether or not |Φ_b| is larger or smaller^{20} than Φ^f_0. We quote only the case |Φ_b| < Φ^f_0, and refer the reader to [22] for the more general case.

For a 6D Weyl spinor the coefficients s_i become: s^f_{−1} = −4/ω,

s^f_0(ω, N, Φ_b) = 1 ω [ 1 3 + ( 1 3 − 2 ∑ b Φ^2_b ) ω^2 ] ,

s^f_1(ω, N, Φ_b) = 1 ω [ 7 360 − ωN Φ 2 − N^2 3 + ( 1 36 − 1 6 ∑ b Φ^2_b ) ω^2

− ω^3N 6 ∑ b Φ_b(1 − 4Φ^2_b ) + ( 7 360 − 1 6 ∑ b Φ^2_b (1 − 2Φ^2_b ) ) ω^4 ] , (B.8)

s^f_2(ω, N, Φ_b) = 1 ω [ 31 10080 − ωN Φ 16 − 31 N^2 720 + ( 7 1440 − N^2 72 ( 1 − 6 ∑ b Φ^2_b ) − 7 240 ∑ b Φ^2_b ) ω^2

− ω^3N 24 ∑ b Φ_b(1 − 4Φ^2_b ) + ( 7 1440 − 7 N^2 720 − (1 − 2N^2) 24 ∑ b Φ^2_b (1 − 2Φ^2_b ) ) ω^4

−ω^5N ( ∑ b Φ_b ( 7 240 − Φ^2_b 6 + Φ^4_b 5 ))

+ ( 31 10080 − ∑ b Φ^2_b ( 7 240 − Φ^2_b 12 + Φ^4_b 15 ) ) ω^6 ] .

In the limit ω → 1, Φ_b → 0 one finds s^{sph}_{−1} = −4,

s^{sph}_0 = 2 3 , s^{sph, 0}_1 = 1 15 , s^{sph, 2}_1 = −

N^2 3 , s^{sph, 0}_2 = 1 63 and s^{sph, 2}_2 = −

N^2 15 , (B.9)

in agreement with Gilkey-de Witt methods and those found in [52] for fermions on a sphere.

20Both results agree when |Φ_b| = Φ^f_0.

– 58 –

For a fermion with charge qg_B , the corresponding contributions to the running of the bulk couplings are μ ∂U ∂μ = 2m^6 3(4π)^3 , μ ∂ ∂μ ( 1 κ^2 ) = − m^4 3(4π)^3 , μ ∂ ∂μ ( ζ_R2 κ ) = − m^2 60(4π)^3 , μ ∂ζ_R3 ∂μ = − 1 504(4π)^3

, (B.10) μ ∂ ∂μ ( 1 g^2_B ) = 8 q^2m^2 3(4π)^3 , μ ∂ ∂μ ( κζ_{AR} g^2_B ) = 8 q^2 15(4π)^3 . The quantities relevant for the brane action (when |Φ_b| ≤ Φ^f_0) are δs_{−1} = 0 and

δs^0 = 1 ω ( ω^2 − 1 6 − 2ω^2Φ^2_b ) = 1 ω ( δω 3 + δω^2 6 − 2ω^2Φ^2_b ) , δs^0_1 = 1 ω ( ω^2 − 1 72 + 7(ω^4 − 1) 720 − ω^2Φ^2_b 6 − ω^4Φ^2_b (1 − 2Φ^2_b ) 6 )

= 1 ω ( δω 15 + 13 δω^2 180 + 7 δω^3 180 + 7 δω^4 720 − ω^2Φ^2_b 6 − ω^4Φ^2_b (1 − 2Φ^2_b ) 6 ) , δs^1 = − N Φ_b 2 − ω^2N Φ_b 6 (1 − 4Φ^2_b ) , δs^2_1 = 0 , (B.11)

δs^0_2 = 1 ω [ 7(ω^2 − 1) 2880 + 7(ω^4 − 1) 2880 + 31(ω^6 − 1) 20160 − 7 ω^2Φ^2_b 240 − ω^4 24 Φ^2_b (1 − 2Φ^2_b )

−ω^6Φ^2_b ( 7 240 − Φ^2_b 12 + Φ^4_b 15 )]

= 1 ω [ δω 42 + 101 δω^2 2520 + 17 δω^3 420 + 257 δω^4 10080 + 31δω^5 3360 + 31 δω^6 20160 − 7 ω^2Φ^2_b 240 − ω^4 24 Φ^2_b (1 − 2Φ^2_b ) − ω^6Φ^2_b ( 7 240 − Φ^2_b 12 + Φ^4_b 15 )] , δs^1_2 = − N Φ_b 16 − ω^2N Φ_b 24 ( 1 − 4Φ^2_b ) − ω^4N Φ_b ( 7 240 − Φ^2_b 6 + Φ^4_b 5 ) , δs^2 = −

N^2 ω [ ω^2 − 1 144 + 7(ω^4 − 1)

1440 − ω^2Φ^2_b 12 − ω^4Φ^2_b 12 ( 1 − 2Φ^2_b )]

= − N^2 ω [ δω 30 + 13 δω^2 360 + 7 δω^3 360 + 7 δω^4 1440 − ω^2Φ^2_b 12 − ω^4Φ^2_b 12 ( 1 − 2Φ^2_b )] . The brane counterterms therefore renormalize as follows: μ ∂T_b ∂μ = m^4 2(4π)^2ω ( δω 3 + δω^2 6 − 2ω^2Φ^2_b ) ≃ m^4 (4π)^2 ( δω 6 − Φ^2_b ) , μ ∂ ∂μ ( A_b g^2_B ) = − qΦ_b m^2 (4π)^2 ( 1 + ω^2 3 (1 − 4Φ^2_b ) ) ≃ − 8 q^2m^2 3(4π)^3 A_b ,

– 59 – μ ∂ ∂μ ( ζ_{Rb} κ ) = m^2 2(4π)^2ω ( δω 15 + 13 δω^2 180 + 7 δω^3 180 + 7 δω^4 720 − ω^2Φ^2_b 6 − ω^4Φ^2_b (1 − 2Φ^2_b ) 6 )

≃ m^2 2(4π)^2 ( δω 15 − Φ^2_b 3 ) , (B.12) μ ∂ ∂μ ( ζ_{ÃRb} g^2_B ) = − qΦ_b (4π)^2 [ 1 16 + ω^2 24 ( 1 − 4Φ^2_b ) + ω^4 ( 7 240 − Φ^2_b 6 + Φ^4_b 5 )]

≃ − 4 q^2 15(4π)^3 A_b , μ ∂ζ_R2_b ∂μ = 1 4(4π)^2ω [ δω 42 + 101 δω^2 2520 + 17 δω^3 420 + 257 δω^4 10080 + 31δω^5 3360 + 31 δω^6 20160 − 7 ω^2Φ^2_b 240 − ω^4 24 Φ^2_b (1 − 2Φ^2_b ) − ω^6Φ^2_b ( 7 240 − Φ^2_b 12 + Φ^4_b 15 )]

≃ 1 4(4π)^2 ( δω 42 − Φ^2_b 10 ) , μ ∂ ∂μ ( ζ_{Ab} g^2_B ) = − 8 q^2 (4π)^2ω [ δω 30 + 13 δω^2 360 + 7 δω^3 360 + 7 δω^4 1440 − ω^2Φ^2_b 12 − ω^4Φ^2_b 12 ( 1 − 2Φ^2_b )]

≃ − 4 q^2 3(4π)^2 ( δω 5 − Φ^2_b ) . Spin one

We next state the results for the Casimir coefficient for a gauge field, provided this gauge field is not the field whose flux stabilizes the background 2D geometry. We consider in turn the cases where the 6D gauge field is massless or massive (in the 6D sense).

Massless spin one

We begin with the massless case. Defining

N_{gfξ} := N , Φ^{gfξ}_b := Φ_b − ξΦ^{gf}_0 , Φ^{gf}_0 = ω^{−1} = α = 1 − δ 2π (B.13)

one obtains the following contributions to the bulk divergences

s^{sph}_{−1} = 4 , s^{sph}_0 = − 2 3 , s^{sph, 0}_1 = 4 15 , s^{sph, 2}_1 =

5 N^2 6 , s^{sph, 0}_2 = 16 315 , s^{sph, 2}_2 = −

7 N^2 20 (B.14)

and after these are subtracted the brane renormalizations are obtained from

δs_0 = 1 ω ( −(ω − 1) +

(ω^2 − 1) 3 − 2ω^2F_b + ω^2|Φ_b| ) = 1 ω ( − δω 3 + δω^2 3 − 2ω^2F_b + ω^2|Φ_b| ) , δs^0_1 = 1 ω ( (ω^2 − 1) 9 + ω^4 − 1 90 − 2 ω^2F_b 3 + ω^2|Φ_b| 3 − ω^4F^2_b 3 − ω^4|Φ_b|^3 3 )

– 60 –

= 1 ω ( 4 δω 15 + 8 δω^2 45 + 2 δω^3 45 + δω^4 90 − 2 ω^2F_b 3 + ω^2|Φ_b| 3 − ω^4F^2_b 3 − ω^4|Φ_b|^3 3 ) , (B.15)

δs^1 = − ω^2N 3 Φ_bG(|Φ_b|) + N Φ_b − ω^2N 2 Φ_b|Φ_b| ,

δs^0_2 = 1 ω ( (ω^2 − 1) 45 + ω^4 − 1 180 + ω^6 − 1 630 − 2 ω^2F_b 15 + ω^2|Φ_b| 15 − ω^4F^2_b 6 − ω^4|Φ_b|^3 6 − ω^6F^2_b 30 − ω^6F^3_b 15 + ω^6|Φ_b|^5 10 )

= 1 ω ( 8 δω 105 + 5 δω^2 63 + 17 δω^3 315 + 37 δω^4 1260 + δω^5 105 + δω^6 630 − 2 ω^2F_b 15 + ω^2|Φ_b| 15 − ω^4F^2_b 6 − ω^4|Φ_b|^3 6 − ω^6F^2_b 30 − ω^6F^3_b 15 + ω^6|Φ_b|^5 10 ) , δs^1_2 = − ω^2N 6 Φ_b G(|Φ_b|) − ω^4N 30 Φ_b G(|Φ_b|)(1 + 3F_b) − ω^2N Φ_b 4 |Φ_b| + ω^4N Φ_b 4 |Φ_b|^3 ,

δs^2 = −

N^2 ω ( ω − 1 8 + ω^2 − 1 72 + ω^4 − 1 180 − ω^2F_b 12 + ω^2|Φ_b| 24 − ω^4F^2_b 6 − ω^4|Φ_b|^3 6 )

= − N^2 ω ( 7 δω 40 + 17 δω^2 360 + δω^3 45 + δω^4 180 − ω^2F_b 12 + ω^2|Φ_b| 24 − ω^4F^2_b 6 − ω^4|Φ_b|^3 6 )

along with δs_{−1} = δs^2_1 = 0 (as usual).

Because the renormalizations coming from s_k are proportional to m^{4−2k}, where m is the 6D mass, for massless fields we need only follow the contributions of s_2, ensuring the only nonzero renormalizations are μ ∂ζ_R3 ∂μ = − 2 315(4π)^3 and μ ∂ ∂μ ( κζ_{AR} g^2_B ) = 14 q^2 5(4π)^3

, (B.16)

in the bulk, and μ ∂ζ_R2_b ∂μ = 1 4(4π)^2ω ( 8 δω 105 + 5 δω^2 63 + 17 δω^3 315 + 37 δω^4 1260 + δω^5 105 + δω^6 630 − 2 ω^2F_b 15 + ω^2|Φ_b| 15 − ω^4F^2_b 6 − ω^4|Φ_b|^3 6 − ω^6F^2_b 30 − ω^6F^3_b 15 + ω^6|Φ_b|^5 10 )

≃ 1 (4π)^2 ( 2 δω 105 − |Φ_b| 60 ) , μ ∂ ∂μ ( κζ_{ÃRb} g^2_B ) = − q (4π)^2 ( ω^2 6 Φ_b G(|Φ_b|) + ω^4 30 Φ_b G(|Φ_b|)(1 + 3F_b) + ω^2Φ_b 4 |Φ_b| − ω^4Φ_b 4 |Φ_b|^3 )

≃ − q Φ_b 5(4π)^2 = − 2 q^2 5(4π)^3

A_b , (B.17) μ ∂ ∂μ ( ζ_{Ab} g^2_B ) = − 8 q^2 (4π)^2ω ( 7 δω 40 + 17 δω^2 360 + δω^3 45 + δω^4 180 − ω^2F_b 12 + ω^2|Φ_b| 24 − ω^4F^2_b 6 − ω^4|Φ_b|^3 6 ) ≃ − q^2 (4π)^2 ( 7 δω 5 − |Φ_b| 3 ) ,

– 61 – on the brane.

Massive spin one

In this case, in the sphere limit we have

s^{sph, 0}_{−1} = 5 , s^{sph, 0}_0 = − 1 3 , s^{sph, 0}_1 = 1 3 , s^{sph, 2}_1 =

19 N^2 24 , s^{sph, 0}_2 = 4 63 , and s^{sph, 2}_2 = −

3 N^2 8 (B.18)

and so we obtain the bulk renormalizations μ ∂U ∂μ = − 5 m^6 6(4π)^3 , μ ∂ ∂μ ( 1 κ^2 ) = m^4 6(4π)^3 , μ ∂ ∂μ ( ζ_R2 κ ) = − m^2 12(4π)^3 , μ ∂ζ_R3 ∂μ = − 1 126(4π)^3

, (B.19) μ ∂ ∂μ ( 1 g^2_B ) = − 19 q^2m^2 3(4π)^3 , μ ∂ ∂μ ( κζ_{AR} g̃^2 ) = 3 q^2 (4π)^3 . The running of the brane couplings is similarly obtained by computing the δs_i coefficients:

δs_0 = 1 ω ( − δω 6 + 5 δω^2 12 − 5 ω^2F_b 2 + ω^2|Φ_b| ) , δs^0_1 = 1 ω ( δω 3 + 2 δω^2 9 + δω^3 18 + δω^4 72 − 5 ω^2F_b 6 + ω^2|Φ_b| 3 − 5 ω^4F^2_b 12 − ω^4|Φ_b|^3 3 )

δs^1 = −

5 ω^2N 12 Φ_b G(|Φ_b|) + N Φ_b − ω^2N 2 Φ_b|Φ_b| ,

δs^0_2 = 1 ω ( 2 δω 21 + 25 δω^2 252 + 17 δω^3 252 + 37 δω^4 1008 + δω^5 84 + δω^6 504 − ω^2F_b 6 + ω^2|Φ_b| 15 − 5 ω^4F^2_b 24 − ω^4|Φ_b|^3 6 − ω^6F^2_b 24 − ω^6F^3_b 12 + ω^6|Φ_b|^5 10 ) , (B.20)

δs^1_2 = −

5 ω^2N 24 Φ_b G(|Φ_b|) − ω^4N 24 Φ_b G(|Φ_b|)(1 + 3F_b) − ω^2N Φ_b 4 |Φ_b| + ω^4N Φ_b 4 |Φ_b|^3 ,

δs^2 = −

N^2 ω ( 3 δω 16 + 17 δω^2 288 + δω^3 36 + δω^4 144 − 5 ω^2F_b 48 + ω^2|Φ_b| 24 − 5 ω^4F^2_b 24 − ω^4|Φ_b|^3 6 ) . These give μ ∂T_b ∂μ = m^4 2(4π)^2ω ( − δω 6 + 5 δω^2 12 − 5 ω^2F_b 2 + ω^2|Φ_b| ) , μ ∂ ∂μ ( A_b g^2_B ) = 2 qm^2 (4π)^2 ( − 5 ω^2 12 Φ_b G(|Φ_b|) + Φ_b − ω^2 2 Φ_b|Φ_b| ) , μ ∂ ∂μ ( ζ_{Rb} κ ) = m^2 2(4π)^2ω ( δω 3 + 2 δω^2 9 + δω^3 18 + δω^4 72 − 5 ω^2F_b 6 + ω^2|Φ_b| 3

– 62 –

− 5 ω^4F^2_b 12 − ω^4|Φ_b|^3 3 ) , μ ∂ ∂μ ( κζ_{ÃRb} g^2_B ) = − q (4π)^2 ( 5 ω^2 24 Φ_b G(|Φ_b|) + ω^4 24 Φ_b G(|Φ_b|)(1 + 3F_b) + ω^2Φ_b 4 |Φ_b| − ω^4Φ_b 4 |Φ_b|^3 ) , (B.21) μ ∂ζ_R2_b ∂μ = 1 4(4π)^2ω ( 2 δω 21 + 25 δω^2 252 + 17 δω^3 252 + 37 δω^4 1008 + δω^5 84 + δω^6 504 − ω^2F_b 6 + ω^2|Φ_b| 15 − 5 ω^4F^2_b 24 − ω^4|Φ_b|^3 6 − ω^6F^2_b 24 − ω^6F^3_b 12 + ω^6|Φ_b|^5 10 ) , μ ∂ ∂μ ( ζ_{Ab} g^2_B ) = − 8 q^2 (4π)^2ω ( 3 δω 16 + 17 δω^2 288 + δω^3 36 + δω^4 144 − 5 ω^2F_b 48 + ω^2|Φ_b| 24 − 5 ω^4F^2_b 24 − ω^4|Φ_b|^3 6 ) .

C. Complete results for the massive multiplet

In this appendix, we compile the complete result for the renormalization of the south (b = −1) brane when η is not constrained to be η ≤ δω/2, but instead 0 ≤ η ≤ 1. At the end, we state the resulting beta function for V_{branes} := ∑ b V_b. Given that δs^{mm}_i = δs^{hm}_i + δs^{gm}_i , and using the results from the main text for the hyperand gauge multiplets, we find that, on the south (b = −1) brane,

δs_0 = 2η , η ≤ δω/2 −2η̂ , δω/2 ≤ η ≤ δω 0 , η ≥ δω (C.1)

δs^0_1 = 1 ω [_{δω} 2 +^{δω2}_4 +^{F−η}_2 +^{ωF−η}_3 (1 + 2η) −^{ω2F−η}_2 ] , η ≤ δω/2 1 ω [_{δω} 2 +^{δω2}_4 +^{Fη̂}_2 +^{ωFη̂}_3 (1 − 2η̂) −^{ω2Fη̂}_2 ] , δω/2 ≤ η ≤ δω 1 ω [_{δω} 2 +^{δω2}_4 +^{Fη̂}_2 −^{ω2Fη̂}_2 ] , η ≥ δω (C.2)

δs^1 = 1 ω [( −^{δω}_2 −^{δω2}_4 ) (1 + 2η) − ωF_{−η} ] , η ≤ δω/2 −^1_ω [( −^{δω}_2 −^{δω2}_4 ) (1 − 2η̂) − ωF_{η̂} ] , δω/2 ≤ η ≤ δω −^1_ω [( −^{δω}_2 −^{δω2}_4 ) (1 − 2η̂) ] , η ≥ δω (C.3)

– 63 – δs^0_2 =

1 ω [_{δω} 8 +^{7 δω2}_{48} +^{δω3}_{12} +^{δω4}_{48} −^{F−η}_{16} +^{F 2−η}_{12} + (_{F−η} 30 +^{F 2−η}_{10} ) ω(1 + 2η) + (_{F−η} 24 −^{F 2−η}_4 ) ω^2 −^{ω4F−η}_{16} ] , η ≤ δω/2 1 ω [_{δω} 8 +^{7 δω2}_{48} +^{δω3}_{12} +^{δω4}_{48} −^{Fη̂}_{16} +^{F 2η̂}_{12} + (_{Fη̂} 30 +^{F 2η̂}_{10} ) ω(1 − 2η̂) + (_{Fη̂} 24 −^{F 2η̂}_4 ) ω^2 −^{ω4Fη̂}_{16} ] , δω/2 ≤ η ≤ δω 1 ω [_{δω} 8 +^{7 δω2}_{48} +^{δω3}_{12} +^{δω4}_{48} −^{Fη̂}_{16} +^{F 2η̂}_{12} + (_{Fη̂} 24 −^{F 2η̂}_4 ) ω^2 −^{ω4Fη̂}_{16} ] , η ≥ δω

(C.4)

δs^1_2 = 1 ω [( −^{δω}_{12} −^{δω2}_6 −^{δω3}_8 −^{δω4}_{32} +^{F−η}_{12} −^{ω2F−η}_4 ) (1 + 2η) −^{ωF 2−η}_2 ] , η ≤ δω/2 −^1_ω [( −^{δω}_{12} −^{δω2}_6 −^{δω3}_8 −^{δω4}_{32} +^{Fη̂}_{12} −^{ω2Fη̂}_4 ) (1 − 2η̂)

−^{ωF 2η̂}_2 ] , δω/2 ≤ η ≤ δω −^1_ω [( −^{δω}_{12} −^{δω2}_6 −^{δω3}_8 −^{δω4}_{32} +^{Fη̂}_{12} −^{ω2Fη̂}_4 ) (1 − 2η̂) ] , η ≥ δω (C.5)

δs^2 = 1 ω [ −^{δω}_{24} +^{δω2}_{48} +^{δω3}_{24} +^{δω4}_{96} −^{ωF−η}_6 (1 + 2η) +^{ω2F−η}_4 ] , η ≤ δω/2 1 ω [ −^{δω}_{24} +^{δω2}_{48} +^{δω3}_{24} +^{δω4}_{96} −^{ωFη̂}_6 (1 − 2η̂) +^{ω2Fη̂}_4 ] , δω/2 ≤ η ≤ δω 1 ω [ −^{δω}_{24} +^{δω2}_{48} +^{δω3}_{24} +^{δω4}_{96} +^{ω2Fη̂}_4 ] , η ≥ δω (C.6)

which give the following renormalizations (recall that η̂ := η − δω):

μ ∂T_− ∂μ = m^4 2(4π)^2 × 2η , η ≤ δω/2 −2η̂ , δω/2 ≤ η ≤ δω 0 , η ≥ δω (C.7)

μ ∂ ∂μ ( ζ_{R−} κ ) = m^2 2(4π)^2ω × δω 2 +^{δω2}_4 +^{F−η}_2 +^{ωF−η}_3 (1 + 2η) −^{ω2F−η}_2 , η ≤ δω/2 δω 2 +^{δω2}_4 +^{Fη̂}_2 +^{ωFη̂}_3 (1 − 2η̂) −^{ω2Fη̂}_2 , δω/2 ≤ η ≤ δω δω 2 +^{δω2}_4 +^{Fη̂}_2 −^{ω2Fη̂}_2 , η ≥ δω

(C.8)

μ ∂ ∂μ ( ζ_{Ã−} g^2_B ) = 2 m^2 (4π)^2ω × ( −^{δω}_2 −^{δω2}_4 ) (1 + 2η) − ωF_{−η} , η ≤ δω/2 − ( −^{δω}_2 −^{δω2}_4 ) (1 − 2η̂) + ωF_{η̂} , δω/2 ≤ η ≤ δω − ( −^{δω}_2 −^{δω2}_4 ) (1 − 2η̂) , η ≥ δω (C.9)

μ ∂ζ_R2_− ∂μ = 1 4(4π)^2ω ×

δω 8 +^{7 δω2}_{48} +^{δω3}_{12} +^{δω4}_{48} −^{F−η}_{16} +^{F 2−η}_{12} + (_{F−η} 30 +^{F 2−η}_{10} ) ω(1 + 2η) + (_{F−η} 24 −^{F 2−η}_4 ) ω^2 −^{ω4F−η}_{16} , η ≤ δω/2 δω 8 +^{7 δω2}_{48} +^{δω3}_{12} +^{δω4}_{48} −^{Fη̂}_{16} +^{F 2η̂}_{12} + (_{Fη̂} 30 +^{F 2η̂}_{10} ) ω(1 − 2η̂) + (_{Fη̂} 24 −^{F 2η̂}_4 ) ω^2 −^{ω4Fη̂}_{16} , δω/2 ≤ η ≤ δω δω 8 +^{7 δω2}_{48} +^{δω3}_{12} +^{δω4}_{48} −^{Fη̂}_{16} +^{F 2η̂}_{12} + (_{Fη̂} 24 −^{F 2η̂}_4 ) ω^2 −^{ω4Fη̂}_{16} , η ≥ δω

– 64 –

(C.10)

μ ∂ ∂μ ( κζ_{ÃR−} g^2_B ) = 1 (4π)^2ω ×

( −^{δω}_{12} −^{δω2}_6 −^{δω3}_8 −^{δω4}_{32} +^{F−η}_{12} −^{ω2F−η}_4 ) (1 + 2η) −^{ωF 2−η}_2 , η ≤ δω/2 − ( −^{δω}_{12} −^{δω2}_6 −^{δω3}_8 −^{δω4}_{32} +^{Fη̂}_{12} −^{ω2Fη̂}_4 ) (1 − 2η̂) +^{ωF 2η̂}_2 , δω/2 ≤ η ≤ δω − ( −^{δω}_{12} −^{δω2}_6 −^{δω3}_8 −^{δω4}_{32} +^{Fη̂}_{12} −^{ω2Fη̂}_4 ) (1 − 2η̂) , η ≥ δω

(C.11)

μ ∂ ∂μ ( κζ_{A−} g^2_B ) = 8 (4π)^2ω × −^{δω}_{24} +^{δω2}_{48} +^{δω3}_{24} +^{δω4}_{96} −^{ωF−η}_6 (1 + 2η) +^{ω2F−η}_4 , η ≤ δω/2 −^{δω}_{24} +^{δω2}_{48} +^{δω3}_{24} +^{δω4}_{96} −^{ωFη̂}_6 (1 − 2η̂) +^{ω2Fη̂}_4 , δω/2 ≤ η ≤ δω −^{δω}_{24} +^{δω2}_{48} +^{δω3}_{24} +^{δω4}_{96} +^{ω2Fη̂}_4 , η ≥ δω

(C.12)

Therefore, the total contribution of a massive matter multiplet to the running of V_b on the south brane is

μ ∂V_− ∂μ = μ ∂T_− ∂μ − 1 2 r^2 [ μ ∂ ∂μ ( ζ_{Ã−} g^2_B )] − 2 r^2 [ μ ∂ ∂μ ( ζ_{R−} κ )] + 4 r^4 [ μ ∂ζ_R2_− ∂μ ]

+ 1 r^4 [ μ ∂ ∂μ ( κζ_{ÃR−} g^2_B )] + 1 8r^4 [ μ ∂ ∂μ ( κζ_{A−} g^2_B )]

= 1 (4πr^2)^2ω ×

( −^5_{48} +^{5 ω2}_{24} +^{ω4}_{16} ) η^2 +

(_1 12 −^{ω2}_4 ) η^4 −^{(ω2−1)}_2 η^2(mr)^2 + ωη

[_2 15 −^{η2}_3 +^{η4}_5 − (_2

3 −^{2 η2}_3 ) (mr)^2 + (mr)^4 ] , η ≤ δω/2 ( −^5_{48} +^{5 ω2}_{24} +^{ω4}_{16} ) (η − ω)^2 +

(_1

12 −^{ω2}_4 ) (η − ω)^4 −^{(ω2−1)}_2 η^2(mr)^2 + ωη̂

[_1 30 +^{η̂}_2 −^{4 η̂2}_3 + η̂^3 −^{η̂4}_5 − (_4

3 − 2η̂ +^{4 η̂2}_3 ) (mr)^2 − (mr)^4 ] , δω/2 ≤ η ≤ δω ( −^5_{48} +^{5 ω2}_{24} +^{ω4}_{16} ) (η − ω)^2 +

(_1

12 −^{ω2}_4 ) (η − ω)^4 −^{(ω2−1)}_2 η^2(mr)^2 , η ≥ δω

(C.13)

– 65 –

Lastly, we can assemble the total contribution of both branes to V_{branes} = ∑ b V_b:

μ ∂V_{branes} ∂μ = 1 (4πr^2)^2ω ×

( −^5_{24} +^{5 ω2}_{12} +^{ω4}_8 ) η^2 +

(_1 6 −^{ω2}_2 ) η^4 −(ω^2 − 1)η^2(mr)^2 + ωη

[_2 15 −^{η2}_3 +^{η4}_5 − (_2

3 −^{2 η2}_3 ) (mr)^2 + (mr)^4 ] , η ≤ δω/2

−^{5 ω2}_{96} +^{11 ω4}_{96} −^{ω2(ω2−1)}_4 (mr)^2 − [_5 24 −^{2 ω2}_3 +^{5 ω4}_8 + (ω^2 − 1)(mr)^2 ] ( η −^ω_2

)_2 − (_{ω2} 2 −^1_6 ) ( η −^ω_2

)_4 + ωη̂ [_1 30 +^{η̂}_2 −^{4 η̂2}_3 + η̂^3 −^{η̂4}_5 − (_4

3 − 2η̂ +^{4 η̂2}_3 ) (mr)^2 − (mr)^4 ] , δω/2 ≤ η ≤ δω

−^{5 ω2}_{96} +^{11 ω4}_{96} −^{ω2(ω2−1)}_4 (mr)^2 − [_5 24 −^{2 ω2}_3 +^{5 ω4}_8 + (ω^2 − 1)(mr)^2 ] ( η −^ω_2

)_2 − (_{ω2} 2 −^1_6 ) ( η −^ω_2

)_4 , η ≥ δω .

(C.14)

References

[1] D. V. Volkov and V. P. Akulov, “Is the Neutrino a Goldstone Particle?,” Phys. Lett. B 46 (1973) 109; “Goldstone fields with spin 1/2,” Theor. Math. Phys. 18 (1974) 28 [Teor. Mat. Fiz. 18 (1974) 39];

B. Zumino, “Nonlinear Realization of Supersymmetry in de Sitter Space,” Nucl. Phys. B 127 (1977) 189;

S. Samuel and J. Wess, “A Superfield Formulation Of The Nonlinear Realization Of Supersymmetry And Its Coupling To Supergravity,” Nucl. Phys. B 221 (1983) 153;

[2] J. Wess and J. Bagger, “Supersymmetry and supergravity,” Princeton, USA: Univ. Pr. (1992) 259 pp.

[3] For a review see, for example:

J. Polchinski, “TASI lectures on D-branes,” [arXiv:hep-th/9611050].

[4] J. Hughes, J. Liu and J. Polchinski, “Supermembranes,” Phys. Lett. B 180 (1986) 370;

J. Hughes and J. Polchinski, “Partially Broken Global Supersymmetry and the Superstring,” Nucl. Phys. B 278 (1986) 147.

[5] E. Witten, “Dynamical Breaking of Supersymmetry,” Nucl. Phys. B 188 (1981) 513;

S. Cecotti, L. Girardello and M. Porrati, “Two Into One Won’t Go,” Phys. Lett. B 145 (1984) 61; J. Bagger and J. Wess, c“Partial Breaking Of Extended Supersymmetry,” Phys. Lett. B 138 (1984) 105.

– 66 –

[6] L. Randall and R. Sundrum, “Out of this world supersymmetry breaking,” Nucl. Phys. B 557 (1999) 79 [arXiv:hep-th/9810155];

G. F. Giudice, M. A. Luty, H. Murayama and R. Rattazzi, “Gaugino mass without singlets,” JHEP 9812 (1998) 027 [arXiv:hep-ph/9810442];

D. E. Kaplan, G. D. Kribs and M. Schmaltz, “Supersymmetry breaking through transparent extra dimensions,” Phys. Rev. D 62 (2000) 035010 [arXiv:hep-ph/9911293]; Z. Chacko, M. A. Luty, A. E. Nelson and E. Ponton, “Gaugino mediated supersymmetry breaking,” JHEP 0001 (2000) 003 [arXiv:hep-ph/9911323];

K. Choi, A. Falkowski, H. P. Nilles and M. Olechowski, “Soft supersymmetry breaking in KKLT flux compactification,” Nucl. Phys. B 718 (2005) 113 [arXiv:hep-th/0503216]; S. Kachru, L. McAllister and R. Sundrum, “Sequestering in String Theory,” JHEP 0710 (2007) 013 [arXiv:hep-th/0703105].

[7] C. P. Burgess, R. C. Myers and F. Quevedo, “A Naturally small cosmological constant on the brane?,” Phys. Lett. B 495 (2000) 384 [arXiv:hep-th/9911164];

E. Dudas and J. Mourad, “Consistent gravitino couplings in nonsupersymmetric strings,” Phys. Lett. B 514 (2001) 173 [arXiv:hep-th/0012071];

D. Marti and A. Pomarol, “Supersymmetric theories with compact extra dimensions in N=1 superfields,” Phys. Rev. D 64 (2001) 105025 [arXiv:hep-th/0106256];

D. E. Kaplan and N. Weiner, “Radion mediated supersymmetry breaking as a Scherk-Schwarz theory,” [arXiv:hep-ph/0108001];

J. Bagger, F. Feruglio and F. Zwirner, “Brane induced supersymmetry breaking,” JHEP 0202 (2002) 010 [arXiv:hep-th/0108010];

I. Antoniadis, K. Benakli and A. Laugier, “D-brane models with nonlinear supersymmetry,” Nucl. Phys. B 631 (2002) 3 [arXiv:hep-th/0111209];

K. A. Meissner, H. P. Nilles and M. Olechowski, “Brane induced supersymmetry breakdown and restoration,” Acta Phys. Polon. B 33 (2002) 2435 [arXiv:hep-th/0205166]; C. P. Burgess, E. Filotas, M. Klein and F. Quevedo, “Low-energy brane world effective actions and partial supersymmetry breaking,” JHEP 0310 (2003) 041 [arXiv:hep-th/0209190]; C. P. Burgess, P. G. Camara, S. P. de Alwis, S. B. Giddings, A. Maharana, F. Quevedo and K. Suruliz, “Warped Supersymmetry Breaking,” JHEP 0804 (2008) 053 [arXiv:hep-th/0610255].

[8] S. Weinberg, “Dynamical approach to current algebra,” Phys. Rev. Lett. 18 (1967) 188;

“Nonlinear realizations of chiral symmetry,” Phys. Rev. 166 (1968) 1568; C. G. Callan, Jr., S. R. Coleman, J. Wess and B. Zumino, “Structure of phenomenological Lagrangians. 2.,” Phys. Rev. 177 (1969) 2247.

[9] For a few reviews (among very many) of nonlinear realizations see:

– 67 –

M. Bando, T. Kugo and K. Yamawaki, “Nonlinear Realization and Hidden Local Symmetries,” Phys. Rept. 164 (1988) 217;

C. P. Burgess, “Goldstone and pseudoGoldstone bosons in nuclear, particle and condensed matter physics,” Phys. Rept. 330 (2000) 193 [arXiv:hep-th/9808176].

[10] C. P. Burgess, J. Matias and F. Quevedo, “MSLED: A Minimal supersymmetric large extra dimensions scenario,” Nucl. Phys. B 706 (2005) 71 [arXiv:hep-ph/0404135].

[11] C. Bouchart, A. Knochel and G. Moreau, Phys. Rev. D 84 (2011) 015016 [arXiv:1101.0634 [hep-ph]].

[12] Y. Aghababaie, C. P. Burgess, S. L. Parameswaran and F. Quevedo, “Towards a naturally small cosmological constant from branes in 6-D supergravity,” Nucl. Phys. B 680 (2004) 389 [arXiv:hep-th/0304256].

[13] D. Atwood, C. P. Burgess, E. Filotas, F. Leblond, D. London and I. Maksymyk, “Supersymmetric large extra dimensions are small and/or numerous,” Phys. Rev. D 63 (2001) 025007 [arXiv:hep-ph/0007178];

J. L. Hewett and D. Sadri, “Supersymmetric extra dimensions: Gravitino effects in selectron pair production,” Phys. Rev. D 69 (2004) 015001 [arXiv:hep-ph/0204063]; G. Azuelos, P. H. Beauchemin, C. P. Burgess, “Phenomenological constraints on extra dimensional scalars,” J. Phys. G G31 (2005) 1 [arXiv:hep-ph/0401125]; P. H. Beauchemin, G. Azuelos, C. P. Burgess, “Dimensionless coupling of bulk scalars at the LHC,” J. Phys. G G30 (2004) N17 [arXiv:hep-ph/0407196];

M. Williams, C. P. Burgess, A. Maharana and F. Quevedo, “New Constraints (and Motivations) for Abelian Gauge Bosons in the MeV-TeV Mass Range,” JHEP 1108 (2011) 106 [arXiv:hep-ph/1103.4556].

[14] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, “The hierarchy problem and new dimensions at a millimeter,” Phys. Lett. B 429 (1998) 263 [arXiv:hep-ph/9803315]; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, “New dimensions at a millimeter to a Fermi and superstrings at a TeV,” Phys. Lett. B 436 (1998) 257 [arXiv:hep-ph/9804398].

[15] G. F. Giudice, R. Rattazzi, J. D. Wells, “Quantum gravity and extra dimensions at high-energy colliders,” Nucl. Phys. B544 (1999) 3 [arXiv:hep-ph/9811291];

T. Han, J. D. Lykken, R. -J. Zhang, “On Kaluza-Klein states from large extra dimensions,” Phys. Rev. D59 (1999) 105006 [arXiv:hep-ph/9811350];

J. L. Hewett, “Indirect collider signals for extra dimensions,” Phys. Rev. Lett. 82 (1999) 4765 [arXiv:hep-ph/9811356];

G. F. Giudice and A. Strumia, “Constraints on extra dimensional theories from virtual graviton exchange,” Nucl. Phys. B 663 (2003) 377 [arXiv:hep-ph/0301232].

– 68 –

[16] H. Nishino and E. Sezgin, “Matter and Gauge Couplings of N=2 Supergravity in Six-Dimensions,” Phys. Lett. B 144 (1984) 187.

[17] A. Salam and E. Sezgin, “Chiral Compactification on Minkowski x S^2 of N=2 Einstein-Maxwell Supergravity in Six-Dimensions,” Phys. Lett. B 147 (1984) 47.

[18] Y. Aghababaie, C. P. Burgess, S. L. Parameswaran and F. Quevedo, “SUSY breaking and moduli stabilization from fluxes in gauged 6-D supergravity,” JHEP 0303 (2003) 032 [arXiv:hep-th/0212091].

[19] G. W. Gibbons, R. Guven and C. N. Pope, “3-branes and uniqueness of the Salam-Sezgin vacuum,” Phys. Lett. B 595 (2004) 498 [arXiv:hep-th/0307238].

[20] Y. Aghababaie, C. P. Burgess, J. M. Cline, H. Firouzjahi, S. L. Parameswaran, F. Quevedo, G. Tasinato and I. Zavala, “Warped brane worlds in six-dimensional supergravity,” JHEP 0309 (2003) 037 [arXiv:hep-th/0308064].

[21] J. W. Chen, M. A. Luty and E. Ponton, “A Critical cosmological constant from millimeter extra dimensions” JHEP 0009 (2000) 012 [arXiv:hep-th/0003067];

F. Leblond, R. C. Myers and D. J. Winters, “Consistency conditions for brane worlds in arbitrary dimensions,” JHEP 0107 (2001) 031 [arXiv:hep-th/0106140]; S. M. Carroll and M. M. Guica, “Sidestepping the cosmological constant with football-shaped extra dimensions,” [arXiv:hep-th/0302067];

I. Navarro, “Codimension two compactifications and the cosmological constant problem,” JCAP 0309 (2003) 004 [arXiv:hep-th/0302129];

E. Papantonopoulos and A. Papazoglou, “Brane-bulk matter relation for a purely conical codimension-2 brane world,” JCAP 0507 (2005) 004 [arXiv:hep-th/0501112].

[22] M. Williams, C.P. Burgess, L. van Nierop and A. Salvio, “Running with Rugby Balls: Bulk Renormalization of Codimension-2 Branes,” [arXiv:hep-th/1210.3753].

[23] C. P. Burgess, D. Hoover, G. Tasinato, “Technical Naturalness on a Codimension-2 Brane,” JHEP 0906 (2009) 014 [arXiv:hep-th/0903.0402];

[24] C. P. Burgess and L. van Nierop, “Bulk Axions, Brane Back-reaction and Fluxes,” JHEP 1102 (2011) 094 [arXiv:hep-th/1012.2638];

C. P. Burgess and L. van Nierop, “Large Dimensions and Small Curvatures from Supersymmetric Brane Back-reaction,” JHEP 1104 (2011) 078 [arXiv:hep-th/1101.0152].

[25] M. Cvetic, G. W. Gibbons, C. N. Pope, “A String and M theory origin for the Salam-Sezgin model,” Nucl. Phys. B677 (2004) 164-180. [hep-th/0308026];

T. G. Pugh, E. Sezgin, K. S. Stelle, “D=7 / D=6 Heterotic Supergravity with Gauged R-Symmetry,” JHEP 1102 (2011) 115. [arXiv:1008.0726 [hep-th]].

– 69 –

[26] D. Hoover and C. P. Burgess, “Ultraviolet Sensitivity in Higher Dimensions,” JHEP 0601 (2006) 058 [arXiv:hep-th/0507293];

“UV Sensitivity in Supersymmetric Large Extra Dimensions: The Ricci-flat Case,” Nucl. Phys. B 772 (2007) 175 [arXiv:hep-th/0504004].

[27] N. Marcus and J. H. Schwarz, “Field Theories That Have No Manifestly Lorentz Invariant Formulation,” Phys. Lett. B 115 (1982) 111.

[28] B. de Wit and J. Louis, “Supersymmetry and dualities in various dimensions,” [arXiv:hep-th/9801132].

[29] M. B. Green and J. H. Schwarz, “Anomaly Cancellation in Supersymmetric D=10 Gauge Theory and Superstring Theory,” Phys. Lett. B 149 (1984) 117.

[30] L. Alvarez-Gaume and E. Witten, “Gravitational Anomalies,” Nucl. Phys. B 234 (1984) 269. [31] S. Randjbar-Daemi, A. Salam, E. Sezgin and J. A. Strathdee, “An Anomaly Free Model in Six-Dimensions,” Phys. Lett. B 151 (1985) 351;

M. B. Green, J. H. Schwarz and P. C. West, “Anomaly Free Chiral Theories in Six-Dimensions,” Nucl. Phys. B 254 (1985) 327;

J. Erler, “Anomaly cancellation in six-dimensions,” J. Math. Phys. 35 (1994) 1819 [arXiv:hep-th/9304104].

[32] S. Weinberg, Gravitation and Cosmology, Wiley 1973.

[33] C. W. Misner, J. A. Wheeler and K. S. Thorne, Gravitation, W. H. Freeman & Company 1973. [34] S. Randjbar-Daemi and E. Sezgin, “Scalar potential and dyonic strings in 6-D gauged supergravity,” Nucl. Phys. B 692 (2004) 346 [arXiv:hep-th/0402217].

[35] J. H. Schwarz, “Anomaly - free supersymmetric models in six-dimensions,” Phys. Lett. B 371 (1996) 223 [arXiv:hep-th/9512053];

M. Berkooz, R. G. Leigh, J. Polchinski, J. H. Schwarz, N. Seiberg and E. Witten, “Anomalies, dualities, and topology of D = 6 N=1 superstring vacua,” Nucl. Phys. B 475 (1996) 115 [arXiv:hep-th/9605184];

N. Seiberg, “Nontrivial fixed points of the renormalization group in six-dimensions,” Phys. Lett. B 390 (1997) 169 [arXiv:hep-th/9609161].

[36] A. Sagnotti, “A Note on the Green-Schwarz mechanism in open string theories,” Phys. Lett. B 294 (1992) 196 [arXiv:hep-th/9210127];

M. J. Duff, R. Minasian and E. Witten, “Evidence for Heterotic/Heterotic Duality,” Nucl. Phys. B 465 (1996) 413 [arXiv:hep-th/9601036];

G. Aldazabal, A. Font, L. E. Ibanez and F. Quevedo, “Heterotic/Heterotic Duality in D=6,4,” Phys. Lett. B 380 (1996) 33 [arXiv:hep-th/9602097];

– 70 –

N. Seiberg and E. Witten, “Comments on string dynamics in six-dimensions,” Nucl. Phys. B 471 (1996) 121 [arXiv:hep-th/9603003].

[37] P. G. O. Freund and M. A. Rubin, “Dynamics of Dimensional Reduction,” Phys. Lett. B 97 (1980) 233.

[38] C. P. Burgess, D. Hoover and G. Tasinato, “UV Caps and Modulus Stabilization for 6D Gauged Chiral Supergravity,” JHEP 0709 (2007) 124 [arXiv:hep-th/0705.3212];

C. P. Burgess, D. Hoover, C. de Rham and G. Tasinato, “Effective Field Theories and Matching for Codimension-2 Branes,” JHEP 0903 (2009) 124 [arXiv:hep-th/0812.3820]; A. Bayntun, C.P. Burgess and L. van Nierop, “Codimension-2 Brane-Bulk Matching: Examples from Six and Ten Dimensions,” New J. Phys. 12 (2010) 075015 [arXiv:hep-th/0912.3039].

[39] A. Vilenkin, “Gravitational Field of Vacuum Domain Walls and Strings,” Phys. Rev. D 23 (1981) 852;

R. Gregory, “Gravitational Stability Of Local Strings,” Phys. Rev. Lett. 59 (1987) 740; A. G. Cohen and D. B. Kaplan, “The Exact Metric About Global Cosmic Strings,” Phys. Lett. B215, 67 (1988);

A. Vilenkin and P. Shellard, Cosmic Strings and other Topological Defects, Cambridge University Press (1994);

R. Gregory and C. Santos, “Cosmic strings in dilaton gravity,” Phys. Rev. D 56 (1997) 1194 [gr-qc/9701014].

[40] C. P. Burgess, F. Quevedo, G. Tasinato and I. Zavala, “General axisymmetric solutions and self-tuning in 6D chiral gauged supergravity,” JHEP 0411 (2004) 069 [arXiv:hep-th/0408109]; E. Papantonopoulos and A. Papazoglou, “Brane-bulk matter relation for a purely conical codimension-2 brane world,” JCAP 0507 (2005) 004 [arXiv:hep-th/0501112].

[41] A. Falkowski, H. M. Lee and C. Ludeling, “Gravity mediated supersymmetry breaking in six dimensions,” JHEP 0510 (2005) 090 [arXiv:hep-th/0504091];

H. M. Lee and A. Papazoglou, “Supersymmetric codimension-two branes in six-dimensional gauged supergravity,” JHEP 0801 (2008) 008 [arXiv:hep-th/0710.4319]; S. L. Parameswaran and J. Schmidt, “Coupling Brane Fields to Bulk Supergravity,” Phys. Lett. B 696 (2011) 131 [arXiv:hep-th/1008.3832].

[42] For a review of effective field theory techniques as applied to gravity, see for instance C. P. Burgess, “Quantum gravity in everyday life: General relativity as an effective field theory,” Living Rev. Rel. 7 (2004) 5 [gr-qc/0311082];

J. F. Donoghue, “The effective field theory treatment of quantum gravity,” gr-qc/1209.3511; “Introduction to the effective field theory description of gravity,” gr-qc/9512024.

– 71 –

[43] J. Schwinger, “On Gauge Invariance and Vacuum Polarization” Phys. Rev. 82 (1951) 664;

B.S. De Witt, “Dynamical Theory of Groups and Fields,” in Relativity, Groups and Topology, B.S. De Witt and C. De Witt, (New York, Gordon and Breach, 1965); P. B. Gilkey, “The Spectral Geometry Of A Riemannian Manifold,” J. Diff. Geom. 10, 601 (1975);

S. M. Christensen, “Regularization, Renormalization, and Covariant Geodesic Point Separation,” Phys. Rev. D 17 (1978) 946;

S. M. Christensen and M. J. Duff, “Axial and Conformal Anomalies for Arbitrary Spin in Gravity and Supergravity,” Phys. Lett. B 76 (1978) 571; “New Gravitational Index Theorems and Supertheorems,” Nucl. Phys. B 154 (1979) 301;

S. M. Christensen and M. J. Duff, “New Gravitational Index Theorems and Supertheorems,” Nucl. Phys. B 154 (1979) 301;

S. M. Christensen, M. J. Duff, G. W. Gibbons and M. Rocek, “Vanishing One Loop Beta Function in Gauged N > 4 Supergravity,” Phys. Rev. Lett. 45 (1980) 161; A. O. Barvinsky and G. A. Vilkovisky, “The Generalized Schwinger-Dewitt Technique In Gauge Theories and Quantum Gravity,” Phys. Rept. 119 (1985) 1;

D.M. McAvity and H. Osborn, “A DeWitt expansion of the heat kernel for manifolds with a boundary” Class. Quant. Grav. 8 (1991) 603.

[44] D.V. Vassilevich, “Heat kernel expansion: user’s manual” Phys. Rept. 388, 279-360 (2003) [arXiv:hep-th/0306138v3].

[45] D. Hoover and C. P. Burgess, “Ultraviolet Sensitivity in Higher Dimensions,” JHEP 0601 (2006) 058 [arXiv:hep-th/0507293];

“UV Sensitivity in Supersymmetric Large Extra Dimensions: The Ricci-flat Case,” Nucl. Phys. B 772 (2007) 175 [arXiv:hep-th/0504004].

[46] C.P. Burgess, “Supersymmetric Large Extra Dimensions and the Cosmological Constant: An Update,” Ann. Phys. 313 (2004) 283-401 [arXiv:hep-th/0402200]; “Towards a natural theory of dark energy: Supersymmetric large extra dimensions,” in the proceedings of the Texas A&M Workshop on String Cosmology, [arXiv:hep-th/0411140].

[47] C. P. Burgess and L. van Nierop, “Technically Natural Cosmological Constant From Supersymmetric 6D Brane Backreaction,” [arXiv:hep-th/1108.0345].

[48] See, for example:

C. P. Burgess, “Introduction to Effective Field Theory,” Ann. Rev. Nucl. Part. Sci. 57 (2007) 329 [arXiv:hep-th/0701053].

[49] A. Albrecht, C. P. Burgess, F. Ravndal and C. Skordis, “Exponentially large extra dimensions,” Phys. Rev. D 65 (2002) 123506 [arXiv:hep-th/0105261];

– 72 –

M. Peloso and E. Poppitz, “Quintessence from shape moduli,” Phys. Rev. D 68 (2003) 125009 [arXiv:hep-ph/0307379];

D. M. Ghilencea, D. Hoover, C. P. Burgess and F. Quevedo, “Casimir energies for 6D supergravities compactified on T(2)/Z(N) with Wilson lines,” JHEP 0509 (2005) 050 [arXiv:hep-th/0506164];

E. Elizalde, M. Minamitsuji and W. Naylor, “Casimir effect in rugby-ball type flux compactifications,” Phys. Rev. D 75, 064032 (2007) [arXiv:hep-th/0702098].

[50] W. D. Goldberger and M. B. Wise, “Modulus stabilization with bulk fields”, Phys. Rev. Lett.

83 (1999) 4922 [arXiv:hep-ph/9907447]

[51] K. Lanczos, Phys. Z. 23 (1922) 239; Ann. Phys. 74 (1924) 518;

C.W. Misner and D.H. Sharp, “Relativistic Equations for Adiabatic, Spherically Symmetric Gravitational Collapse” Phys. Rev. 136 (1964) 571–576;

W. Israel, “Singular hypersurfaces and thin shells in general relativity” Nuov. Cim. 44B (1966) 1–14; errata Nuov. Cim. 48B 463.

[52] R. Kantowski and K. A. Milton, ““Casimir Energies in M(4) X S(n) for even N,” Phys. Rev. D 35, 549 (1987); “Casimir Energies In M(4) X S(n) For Even N. Green’s Function And Zeta Function Techniques,” Phys. Rev. D 36, 3712 (1987);

D. Birmingham, R. Kantowski and K.A. Milton, “Scalar and Spinor Casimir Energies in Even Dimensional Kaluza-Klein Spaces of the Form M(4) × S(N_1) × S(N_2) × · · ·,” Phys. Rev. D38 (1988) 1809;

[53] P. Candelas and S. Weinberg, “Calculation of Gauge Couplings and Compact Circumferences from Selfconsistent Dimensional Reduction,” Nucl. Phys. B 237 (1984) 397.

– 73 –