arXiv:1210.6498v1 [nlin.SI] 24 Oct 2012

BLOCK ALGEBRA IN TWO-COMPONENT BKP AND D TYPE DRINFELD-SOKOLOV HIERARCHIES

CHUANZHONG LI†, JINGSONG HE‡

Department of Mathematics, Ningbo University, Ningbo, 315211, China †lichuanzhong@nbu.edu.cn ‡hejingsong@nbu.edu.cn

Abstract. We construct generalized additional symmetries of a two-component BKP hierarchy defined by two pseudo-differential Lax operators. These additional symmetry flows form a Block type algebra with some modified(or additional) terms because of a B type reduction condition of this integrable hierarchy. Further we show that the D type Drinfeld-Sokolov hierarchy, which is a reduction of the two-component BKP hierarchy, possess a complete Block type additional symmetry algebra. That D type Drinfeld-Sokolov hierarchy has a similar algebraic structure as the bigraded Toda hierarchy which is a differential-discrete integrable system.

Mathematics Subject Classifications (2000). 37K05, 37K10, 37K20, 17B65, 17B67.

Key words: Additional symmetry, Block algebra, Drinfeld-Sokolov hierarchy of type D, two-component BKP hierarchy, bigraded Toda hierarchy.

Contents

1. Introduction 1 2. Two component BKP hierarchy 3 3. Generalized additional symmetries of the two-component BKP hierarchy 4 4. D type Drinfeld–Sokolov hierarchy 10 5. Block symmetries of D type Drinfeld-Sokolov hierarchies 11 References 14

1. Introduction

One interesting topic in the study of integrable hierarchies is to find symmetry and its recursion relation,and further to identify its algebraic structures. There are already many results in literatures, for example [1]-[6]. Among these symmetries, the additional symmetry is a relatively new type and has been studied extensively in recent years, which contains dynamic variables explicitly and does not commutes with each other. Additional symmetries of the Kadomtsev-Petviashvili(KP) hierarchy was introduced by Orlov and Shulman [7] which contain one kind of important symmetry called Virasoro symmetry.

‡Corresponding author. 1

These symmetries form a centerless W_{1+∞} algebra is closely related to matrix model by means of the Virasoro constraint and string equation[8, 9, 10, 11, 12]. Two sub-hierarchies of KP, BKP hierarchy and CKP hierarchy[13, 14], have been shown to possess additional symmetry[15]-[23] with consideration of the reductions on the Lax operators.

The 2-dimensional Toda Lattice(2dTL) hierarchy is introduced by Ueno and Takasaki in [24] based on the Sato theory. It is natural to construct the additional symmetry of the 2dTL hierarchy because of the similarity between the KP hierarchy and 2dTL hierarchy[12]. For the dispersionless Toda hiearchy[25, 26], additional symmetry is used to give string equations and Riemann-Hilbert problem. Note that, there exist two different sub-hierarchies of 2dTL hierarchy, 2-dimensional B type Toda Lattice (2dBTL) and 2-dimensional C type Toda Lattice (2dCTL) [24] which correspond to the infinite-dimensional algebras w^B_∞ × w^B_∞ and w^C_∞ × w^C_∞. The additional symmetry of the 2dBTL and 2dCTL hierarchies have been given recently in [27]. These results show that additional symmetry is one kind of general features of the integrable hierarchies.

As a generalization of Virasoro algebra, Block type infinite-dimensional Lie algebra and its representation theory have been studied intensively in references[28]- [35]. Note that the Virasoro algebra is one kind of widely used infinite-dimensional algebra in mathematical physics, particularly in integrable systems[36]. However, it is curious to note that, in the past 50 years after the introduction of the Block algebra, there does not exist a result on the application of this algebra in integrable systems until last year, to the best of our knowledge. In paper[37], we provide a novel Block type algebraic structure of the bigraded Toda hierarchy(BTH) with the help of the additional symmetry. This is the first time to find the direct relation between integrable hierarchy and the Block type algebra. Here BTH as a general reduction of 2dTL hierarchy, is introduced in [38, 39] from the background of the topological field and Gromov-Witten invariants. The Hirota bilinear equations and solutions of the BTH are given in [40, 41]. Later Block algebra is found again in dispersionless bigraded Toda hierarchy [42], in two-dimensional Toda hierarchy[43]. Very recently Block algebra has been shown to have a close relation with 3-algebra[44].

Based on the above results of Block algebra, in order to explore the universality of the Block type algebra in integrable systems, it is necessary to find this kind of algebraic structure in the KP type differential systems, due to the importance of the KP systems. In [45], one kind of additional symmetry of the KP hierarchy composed one generalized W_{1+∞} algebra with complicated structure coefficients but it was not a Block algebra. Taking into consideration the complexity of the relevant formula of the Block algebra, as well as plenty of different possible extensions of the KP hierarchy, it is a challenging problem to find this algebra in the KP type hierarchies.

It is a direct idea to consider the multi-component KP hierarchy(mcKP)[46, 47, 48, 49], which has a sole Lax operator with matrix coefficients. However, the algebra structure of the additional symmetry of the mcKP is very complicated and belongs to the Virasoro type[50]. Note that integrable systems possessing the symmetry of the Block type need to have two independent hierarchies of flows defined by two different Lax operators[37, 42, 43]. But the flows of the mcKP hierarchy with two pseudo-differential Lax operators are not well defined. Fortunately, a two-component BKP hierarchy with two Lax operators has been

BLOCK ALGEBRA IN TWO-COMPONENT BKP AND D TYPE DRINFELD-SOKOLOV HIERARCHIES3

constructed in [51](see eq.(3.3) and eq.(3.9) of this reference) from the view of the Drinfeld-Sokolov Hierarchies of D Type. The Hamiltonian structure of this two-component BKP hierarchy is given in [52]. Therefore this two component BKP hierarchy [51] is a good candidate for us to explore the Block algebra in integrable hierarchy of KP type. In the following text of this paper we construct the generalized additional symmetries of the two-component BKP hierarchy and identify its algebraic structure by using a similar method in [43, 53]. Besides, the D type Drinfeld-Sokolov hierarchy is found to be a good differential model to derive complete Block type infinite dimensional Lie algebra.

This paper is arranged as follows. In next section we recall some necessary facts of the two-component BKP hierarchy. In Sections 3, we will give the generalized additional symmetries for the two-component BKP hierarchy. By reducing the two-component BKP hierarchy to the D type Drinfeld-Sokolov hierarchy, some concepts and results about this reduced hierarchy will be introduced in Section 4. The Block symmetries of Drinfeld-Sokolov hierarchy of type D will be derived in Section 5.

2. Two component BKP hierarchy

Let us firstly recall some basic facts[51, 54] of the two-component BKP hierarchy which is well defined by two Lax operators.

A is assumed as an algebra of smooth functions of a spatial coordinate x and derivation denoted as D = d/dx. This algebra A has following multiplying rule D^i · f = ∑ r≥0 ( i r ) D^r(f) D^{i−r}, f ∈ A. For any operator A = ∑ i∈Z f_iD^i ∈ A, its nonnegative projection, negative projection, adjoint operator are respectively defined as

A_+ = ∑ i≥0 f_iD^i, A_− = ∑ i<0 f_iD^i, A^∗ = ∑ i∈Z (−D)^i · f_i. (2.1)

Basing on definition in[51], the two Lax operators of the two-component BKP hierarchy have form

L = D + ∑ i≥1 u_iD^{−i}, L̂ = D^{−1}û_{−1} + ∑ i≥1 û_iD^i, (2.2)

such that L^∗ = −DLD^{−1} L̂^∗ = −DL̂D^{−1}, r ∈ Z_+. (2.3) We call eq.(2.3) the B type condition of two-component BKP hierarchy.

The two-component BKP hierarchy is defined by the following Lax equations: ∂L̄ ∂t_k = [(L^k)_+, L̄], ∂L̄ ∂t̂_k = [−(L̂^k)_−, L̄] (2.4)

with L̄ = L or L̂, k ∈ Z^{odd}_+ .

Note that ∂/∂t_1 flow is equivalent to ∂/∂x flow, therefore it is reasonable to assume t_1 = x in the following several sections.

One can write the operators L and L̂ in a dressing form as

L = ΦDΦ^{−1}, L̂ = Φ̂D^{−1}Φ̂^{−1}, (2.5) where

Φ = 1 + ∑ i≥1 a_iD^{−i}, Φ̂ = 1 + ∑ i≥1 b_iD^i (2.6)

satisfy

Φ^∗ = DΦ^{−1}D^{−1}, Φ̂^∗ = DΦ̂^{−1}D^{−1}. (2.7) Given L and L̂, the dressing operators Φ and Φ̂ are determined uniquely up to a multiplication to the right by operators with constant coefficients. The two-component BKP hierarchy (2.4) can also be redefined as ∂Φ ∂t_k = −(L^k)_−Φ, ∂Φ̂ ∂t_k = ( (L^k)_+ − δ_{k1}L̂^{−1} )^ Φ, (2.8) ∂Φ ∂t̂_k = −(L̂^k)_−Φ, ∂Φ̂ ∂t̂_k = (L̂^k)_+Φ̂, (2.9)

with k ∈ Z^{odd}_+ .

Denote t = (t_1, t_3, t_5, . . . ), t̂ = (t̂_1, t̂_3, t̂_5, . . . ) and introduce two wave functions

w(z) = w(t, t̂; z) = Φe^{ξ(t;z)}, ŵ(z) = ŵ(t, t̂; z) = Φ̂e^{xz+ξ(t̂;−z−1)}, (2.10) where the function ξ is defined as ξ(t; z) = ∑ k∈Z^{odd}_+ tkz k. It is easy to see D^ie^{xz} = z^ie^{xz}, i ∈ Z and L w(z) = zw(z), L̂ŵ(z) = z^{−1}ŵ(z). The two-component BKP hierarchy was proved to have infinitely many bi- Hamiltonian structures and Hamiltonian densities which are the residues of L^k and L̂^k with tau-symmetric condition[52]. The tau function of the twocomponent BKP hierarchy can be defined in form of the wave functions as

w(t, t̂; z) = τ(t − 2[z^{−1}], t̂) τ(t, t̂) e^{ξ(t;z)}, ŵ(t, t̂; z) = τ(t, t̂ + 2[z]) τ(t, t̂) e^{ξ(t̂;−z−1)} (2.11) where [z] = (z, z^3/3, z^5/5, . . . ).

With above preparation, it is time to construct generalized additional symmetries for the two-component BKP hierarchy in the next section.

3. Generalized additional symmetries of the two-component BKP hierarchy In this section, we are to construct generalized additional symmetries for the two-component BKP hierarchy by using the Orlov–Schulman operators whose coefficients depend explicitly on the time variables of the hierarchy.

With the same dressing operators given in eq.(2.6), Orlov–Schulman operators M, M̂ are constructed in following dressing structure [7, 54] M = ΦΓΦ^{−1}, M̂ = Φ̂Γ̂Φ̂^{−1}, where Γ = ∑ k∈Z^{odd}_+ kt_kD^{k−1}, Γ̂ = x + ∑ k∈Z^{odd}_+ kt̂_kD^{−k−1}.

BLOCK ALGEBRA IN TWO-COMPONENT BKP AND D TYPE DRINFELD-SOKOLOV HIERARCHIES5

Then it is easy to get the following lemma. Lemma 3.1. The operators M and M̂ satisfy

[L, M] = 1, [L̂^{−1}, M̂] = 1; Mw(z) = ∂_z w(z), M̂ŵ(z) = ∂_zŵ(z); (3.1) and for M̄ = M or M̂, ∂M̄ ∂t_k = [(L^k)_+, M̄], ∂M̄ ∂t̂_k = [−(L̂^k)_−, M̄], k ∈ Z^{odd}_+ . (3.2)

For an operator A = A(L, L̂^{−1}, M, M̂) which can be written as an antisymmetric form as A = B − D^{−1}B^∗D, define a flow Y_A acting on Φ and Φ̂ as Y_AΦ = −A_−Φ, Y_AΦ̂ = A_+Φ̂, (3.3) therefore Y_AL = [−A_−, L], Y_AL̂ = [A_+, L̂], and Y_AM = [−A_−, M], Y_AM̂ = [A_+, M̂]. Following calculation can be easily got

[Y_A, Y_B]Φ = −(Y_AB)_−Φ + (Y_B A)_−Φ + [B_−, A_−]Φ, [Y_A, Y_B]Φ̂ = (Y_AB)_+Φ̂ − (Y_B A)_+Φ̂ + [B_+, A_+]Φ̂.

Above two identities can be written as an universal form [Y_A, Y_B]Φ(Φ̂) = Y_{{B,A}}Φ(Φ̂), (3.4) where {A, B} = −Y_AB + Y_BA − [A_−, B_−] + [A_+, B_+]. (3.5) Also one can derive following proposition.

Proposition 3.2. For any polynomial A = A(L, L̂^{−1}, M, M̂), one has ∂A ∂t_k = [(L^k)_+, A], ∂A ∂t̂_k = [−(L̂^k)_−, A], k ∈ Z^{odd}_+ . (3.6)

Proof Proof is easy to finish by considering eqs.(2.4) and eqs.(3.2). □ Using eq.(3.3) and Proposition 3.2, it can be proved that the flow eqs.(3.3) can commute with original flow of the two-component BKP hierarchy, i.e. [Y_A, ∂ ∂t_k ] = 0, [Y_A, ∂ ∂t̂_k ] = 0. (3.7) That means they are symmetries of the two-component BKP hierarchy. This kind of symmetries contain original additional w^B_∞ × w^B_∞ symmetry of the twocomponent BKP hierarchy mentioned in [54]. The definition of operator A here is more general than operators used to construct additional symmetry of two component BKP hierarchy in [54] because the multiplication mixed set {L, M} and set {L̂, M̂} together. Therefore we call it the generalized additional symmetry of the two-component BKP hierarchy. Here we will not give a detailed proof of this symmetry but later we will prove some special symmetry of this kind of generalized additional symmetries.

The new bracket structure { , } can be expressed by the standard bracket structure [ , ] which is showed in the following lemma. Lemma 3.3. Following relations between two bracket structure hold {ff̂, gĝ} = [f, g]f̂ĝ − fg[f̂, ĝ], (3.8) {f̂f, ĝg} = f̂ĝ[f, g] − [f̂, ĝ]fg, (3.9) {ff̂, ĝg} = [f, ĝ][g, f̂] − f[f̂, ĝ]g + ĝ[f, g]f̂, (3.10) where f, g are polynomials of L, M and f̂, ĝ are polynomials of L̂, M̂. Proof The first two identities can be easily derived by direct calculation basing on definition, therefore we only give the proof of the identity (3.10) as following {ff̂, ĝg} = −Y_{ff̂} (ĝg) + Y_{ĝg}(ff̂) + [(ff̂)_+, (ĝg)_+] − [(ff̂)_−, (ĝg)_−] = −[(ff̂)_+, ĝ]g + ĝ[(ff̂)_−, g] − [(ĝg)_−, f]f̂ + f[(ĝg)_+, f̂] + [(ff̂)_+, (ĝg)_+] − [(ff̂)_−, (ĝg)_−] = fĝgf̂ + ĝff̂g − ff̂ĝg − ĝgff̂ = (fĝ − ĝf)(gf̂ − f̂g) − ff̂ĝg + fĝf̂g + ĝfgf̂ − ĝgff̂ = [f, ĝ][g, f̂] − f[f̂, ĝ]g + ĝ[f, g]f̂. □ From eq.(3.4), it is easy to see following lemma holds.

Lemma 3.4. There is an antihomorphism between two sets, i.e. C [L, L̂, M, M̂] and G = {Y_A|A = A(L, L̂^{−1}, M, M̂)} C [L, L̂, M, M̂], { } → , G, [ ], A → , Y_A, which satisfy following antihomorphism relation

[Y_A, Y_B]Φ(Φ̂) = Y_{{B,A}}Φ(Φ̂).

Because of the anti-order of spectral representation of multiplications of Lax operators and Orlov-Schulman operators, following lemmas can be easily derived.

Lemma 3.5. For a_1, a_2, b_1, b_2 ∈ Z_+, there is an anti homorphism ω_∞ ⊗ ω_∞, [ ] → C [L, L̂^− , M, M̂], { }, z^{a1}_1 ∂^{b1}_{z1} z^{a2}_2 ∂^{b2}_{z2} → M^{b1} L^{a1}L̂^{−a2}M̂^{b2} , [z^{a1}_1 ∂^{b1}_{z1} z^{a2}_2 ∂^{b2}_{z2} , z^{c1}_1 ∂^{d1}_{z1} z^{c2}_2 ∂^{d2}_{z2} ] → {M^{d1} L^{c1}L̂^{−d2}M̂^{d2} , M^{b1} L^{a1}L̂^{−a2}M̂^{b2} }.

Lemma 3.6. For a_1, a_2, b_1, b_2 ∈ Z_+, there is anisomorphism ψ : ω_∞ ⊗ ω_∞, [ ] → G, [ ], z^{a1}_1 ∂^{b1}_{z1} z^{a2}_2 ∂^{b2}_{z2} → Y_M b_{1 L}a_{1 L̂}−a_{2 M̂} b_2 , [z^{a1}_1 ∂^{b1}_{z1} z^{a2}_2 ∂^{b2}_{z2} , z^{c1}_1 ∂^{d1}_{z1} z^{c2}_2 ∂^{d2}_{z2} ] → Y_{{M} d_{1 L}c_{1 L̂}−d_{2 M̂} d_{2 ,M} b_{1 L}a_{1 L̂}−a_{2 M̂} b_{2 }},

BLOCK ALGEBRA IN TWO-COMPONENT BKP AND D TYPE DRINFELD-SOKOLOV HIERARCHIES7

i.e.

[ψ(z^{a1}_1 ∂^{b1}_{z1} z^{a2}_2 ∂^{b2}_{z2} ), ψ(z^{c1}_1 ∂^{c1}_{z1} z^{d2}_2 ∂^{d2}_{z2} )] = ψ([z^{a1}_1 ∂^{b1}_{z1} z^{a2}_2 ∂^{b2}_{z2} , z^{c1}_1 ∂^{d1}_{z1} z^{d2}_2 ∂^{d2}_{z2} ]). (3.11) From now on, we will introduce one special kind of case of A = A(L, L̂^{−1}, M, M̂), i.e. the following two operators B_{ml} and B̂_{ml}. Given any pair of integers (m, l) with m, l ≥ 0, define

B_{ml} = ML^{m+1}L̂^{−l} + (−1)^{l+m}L̂^{−l}L^mML, (3.12) B̂_{ml} = L^mL̂^{−l+1}M̂ + (−1)^{l+m}L̂M̂L̂^{−l}L^m. (3.13) The definitions of B_{ml} and B̂_{ml} are also different from definitions in [54]. As a corollary of Proposition 3.2, following proposition can be got. Proposition 3.7. For any B̄_{ml} = B_{ml}, B̂_{ml}, one has ∂B̄_{ml} ∂t_k = [(L^k)_+, B̂_{ml}], ∂B̄_{ml} ∂t̂_k = [−(L̂^k)_−, B_{ml}], k ∈ Z^{odd}_+ . (3.14)

To prove that B_{ml} and B̂_{ml} satisfy B type condition, we need following lemma. Lemma 3.8. Operators Mand M̂ satisfy following conjugate identities, M^∗ = DL^{−1}MLD^{−1}, M̂^∗ = DL̂M̂L̂^{−1}D^{−1}. (3.15) Proof Using

Φ^∗ = DΦ^{−1}D^{−1}, Φ̂^∗ = DΦ̂^{−1}D^{−1}, following calculations

M^∗ = Φ^{∗−1}ΓΦ^∗ = DΦD^{−1}ΓDΦ^{−1}D^{−1} = DΦD^{−1}Φ^{−1}MΦDΦ^{−1}D^{−1},

M̂^∗ = Φ̂^{∗−1}Γ̂Φ̂^∗ = DΦ̂D^{−1}Γ̂DΦ̂^{−1}D^{−1} = DΦ̂D^{−1}Φ̂^{−1}M̂Φ̂DΦ̂^{−1}D^{−1}, will lead to this lemma. □ It is easy to check following proposition holds basing on the Lemma 3.8 above.

Proposition 3.9. B_{ml} and B̂_{ml} satisfy B type condition, namely B^∗_{ml} = −DB_{ml}D^{−1}, B̂^∗_{ml} = −DB̂_{ml}D^{−1}. (3.16) Proof Using Proposition 3.8, following calculation will lead to first identity of this proposition B^∗_{ml} = (ML^{m+1}L̂^{−l} − (−1)^{l+m+1}L̂^{−l}L^mML)^∗ = L̂^{−l∗}L^{m+1∗}M^∗ − (−1)^{l+m+1}L^{1∗}M^∗L^{m∗}L̂^{−l∗} = (−1)^{l+m+1}DL̂^{−l}L^mMLD^{−1} − DML^{m+1}L̂^{−l}D^{−1} = −D(ML^{m+1}L̂^{−l} − (−1)^{l+m+1}L̂^{−l}L^mML)D^{−1}. The second identity can be proved in similar way. □ Because of Proposition 3.9, the following equations are well defined ∂Φ ∂b_{ml} = Y_{Bml} Φ = −(B_{ml})_−Φ, ∂Φ̂ ∂b_{ml} = Y_{Bml}Φ̂ = (B_{ml})_+Φ̂, (3.17) ∂Φ ∂b̂_{ml} = Y_{B̂ml} Φ = −(B̂_{ml})_−Φ, ∂Φ̂ ∂b̂_{ml} = Y_{B̂ml}Φ̂ = (B̂_{ml})_+Φ̂. (3.18)

These equations are equivalent to following Lax equations ∂L ∂b_{ml} = [−(B_{ml})_−, L], ∂L̂ ∂b_{ml} = [(B_{ml})_+, L̂], (3.19) ∂L ∂b̂_{ml} = [−(B̂_{ml})_−, L], ∂L̂ ∂b̂_{ml} = [(B̂_{ml})_+, L̂]. (3.20)

These flows are in fact some special cases of generalized additional symmetries eqs.(3.3). To show some techniques in the proof of generalized symmetry eq.(3.7), we will give a short proof of following proposition. Proposition 3.10. The flows (3.19) and (3.20) commute with the flows of the two-component BKP hierarchy. Namely, for any b̄_{ml} = b_{ml}, b̂_{ml} and t̄_k = t_k, t̂_k one has [ ∂ ∂b̄_{ml} , ∂ ∂t̄_k ] = 0, m, l ∈ Z_+, k ∈ Z^{odd}_+ . (3.21)

Proof The proposition can be checked case by case with the help of eq.(3.14) and eqs.(3.19)-(3.20). For example, [ ∂ ∂b_{ml} , ∂ ∂t̂_k ] Φ =[(L̂^k)_−, (B_{ml})_−]Φ − [(B_{ml})_+, L̂^k]_−Φ − [(L̂^k)_−, B_{ml}]_−Φ = 0, [ ∂ ∂b̂_{ml} , ∂ ∂t_k ] Φ̂ =[(L^k)_+ − δ_{k1}L̂^{−1}, (B̂_{ml})_+]Φ̂ + ( [−(B̂_{ml})_−, L^k]_+ − δ_{k1}[(B̂_{ml})_+, L̂^{−1}] ) Φ̂ − [(L^k)_+, B̂_{ml}]_+Φ̂ = 0.

The other cases can be proved in similar ways. This is the end of this proposition. □ This proposition implies that the additional flows (3.19)-(3.20) are symmetries of the two-component BKP hierarchy. To see the further structure of the additional symmetry, we need following proposition.

Proposition 3.11. The operators B̄_{m,n} = B_{m,n}, B̂_{m,n}, m, n ∈ Z_+ of the twocomponent BKP hierarchy satisfy following identity {B_{m1,m2} , B_{n1,n2} } = (m_1 − n_1)B_{m1+n1,m2+n2} + Q_{m1,m2,n1,n2} , {B̂_{m1,m2} , B̂_{n1,n2} } = (m_2 − n_2)B̂_{m1+n1,m2+n2} + Q̂_{m1,m2,n1,n2} , {B_{m1,m2} , B̂_{n1,n2} } = −n_1B̂_{m1 +n1,m2+n2} + m_2B_{m1+n1,m2+n2} + Q̄_{m1 ,m2,n1,n2} , where Q_{m1,m2,n1,n2} = (−1)^{m2+m1+1}{ML^{n1+1}L̂^{−n2} , L̂^{−m2} L^{m1} ML} +(−1)^{n2+n1} {ML^{m1 +1}L̂^{−m2} , L̂^{−n2} L^{n1} ML},

Q̂_{m1,m2,n1,n2} = (−1)^m2^{+m}1^{+1}{L^n1L̂^{−n}2^{+1}M̂, L̂M̂L̂^{−m}2 L^m1 }

BLOCK ALGEBRA IN TWO-COMPONENT BKP AND D TYPE DRINFELD-SOKOLOV HIERARCHIES9

+(−1)^{n2+n1} {L^{m1}L̂^{−m2 +1}M̂, L̂M̂L̂^{−n2} L^{n1} },

Q̄_{m1,m2,n1,n2} = (−1)^m2^{+m}1^{+1}{L^n1L̂^{−n}2^{+1}M̂, L̂^{−m}2 L^m1 ML}

+(−1)^{n2+n1} {ML^{m1 +1}L̂^{−m2} , L̂M̂L̂^{−n2} L^{n1} }.

Take

B̃_{m1,m2} = (m_2 + 1)B_{m1,m2} − m_1B̂_{m1,m2} ,

then

[B̃_{m1,m2} , B̃_{n1,n2} ] = ((n_2 + 1)m_1 − (m_2 + 1)n_1)B̃_{m1+n1,m2+n2} + S_{m1,m2,n1,n2} , where

S_{m1,m2,n1,n2} = (m_2 + 1)(n_2 + 1)Q_{m1,m2,n1,n2} − n_1(m_2 + 1)Q̄_{m1,m2,n1,n2} +m_1(n_2 + 1)Q̄_{n1,n2,m1,m2} + m_1n_1Q̂_{m1,m2,n1,n2} .

Then the following theorem is clear.

Theorem 3.12. The additional flows (3.19) and (3.20) satisfy [∂_{bm1 ,m2} , ∂_{bn1 ,n2} ] = (m_1 − n_1)∂_{bm1 +n1,m2+n2} + Y_{Qm1,m2,n1,n2} , (3.22) [∂_{b̂m1 ,m2} , ∂_{b̂n1 ,n2} ] = (m_2 − n_2)∂_{b̂m1 +n1,m2+n2} + Y_{Q̂m1,m2,n1,n2} , (3.23) [∂_{bm1 ,m2} , ∂_{b̂n1 ,n2} ] = m_2∂_{bm1 +n1,m2+n2} − n_1∂_{b̂m1 +n1,m2+n2} + Y¯_{Qm1,m2,n1,n2} , (3.24) [∂_{vm1 ,m2} , ∂_{vn1 ,n2} ] = ((n_2 + 1)m_1 − (m_2 + 1)n_1)∂_{vm1+n1,m2+n2} + Y_{Sm1,m2,n1,n2} , (3.25) where

∂_{vm1 ,m2} = (m_2 + 1)∂_{bm1 ,m2} − m_1∂_{b̂n1,n2} .

Without B type condition eq.(2.3), the operators (Q, Q̂, S, Y_Q, Y_{Q̂}, Y_S) will vanish. This will lead to nice Block symmetric structure. Proposition 3.10 and Theorem 3.12 show that the flows (3.19) and (3.20) give one modified Block type additional symmetries for the two-component BKP hierarchy. The obstacle to derive the perfect Block type symmetry is due to the constrained B type condition eq.(2.3) of the two-component BKP hierarchy. That means if we only consider the the two-component KP hierarchy, i.e. the two-component BKP hierarchy without the constrained B type condition, the additional symmetry will compose nice structure of Block type infinite dimensional Lie algebra. But unfortunately the Lax representation with two different pseudo-differential operators of the two-component KP hierarchy is not well-defined.

If we choose l = 0 in the operator B_{m,l}, m = 0 in the operator B̂_{m,l} and increase one index on each operator of M, M̂, then this symmetry will be the w^B_∞ × w^B_∞ algebra mentioned in [54].

Although we only get modified Block type additional symmetries for the twocomponent BKP hierarchy, further calculation in the next section supports: If we do a (2n,2)-reduction from the two-component BKP hierarchy, perfect Block type additional symmetry will be exactly kept. This reduced hierarchy is nothing but the D type Drinfeld–Sokolov hierarchies [55] which will be discussed in the next section.

4. D type Drinfeld–Sokolov hierarchy Assume a new Lax operator L which has following relation with two Lax operators of the two-component BKP hierarchy introduced in last section L = L^{2n} = L̂^2. (4.1) Then the Lax operators of two-component BKP hierarchy will be reduced to the following Lax operator of D type Drinfeld–Sokolov hierarchy[51]

L = D^{2n} + 1 2 n∑ i=1 D^{−1} ( v_iD^{2i−1} + D^{2i−1}v_i ) + D^{−1}ρD^{−1}ρ. (4.2)

One can easily find the Lax operator L of D type Drinfeld–Sokolov hierarchy will not satisfy the reduction condition as Lax operator of the two-component BKP hierarchy but satisfy following B type condition L^∗ = DLD^{−1}. (4.3) This Lax operator L of D type Drinfeld–Sokolov hierarchy has following dressing structure[54]

L = ΦD^{2n}Φ^{−1} = Φ̂D^{−2}Φ̂^{−1}. (4.4) The dressing structure inspire us to define two fractional operators as L^{12n} = D + ∑ i≥1 u_iD^{−i}, L^{12} = D^{−1}û_{−1} + ∑ i≥1 û_iD^i. (4.5)

The D type Drinfeld–Sokolov hierarchy being considered in this paper is defined by the following Lax equations: ∂L ∂t_k = [(L^{k2n} )_+, L], ∂L ∂t̂_k = [−(L^{k2} )_−, L], k ∈ Z^{odd}_+ . (4.6)

Among these hierarchies, the Drinfeld–Sokolov hierarchy of type D_n is associated to the affine algebra D^{(1)}n and the zeroth vertex of its Dynkin diagram [55, 51]. Similarly as the two-component BKP hierarchy, the equivalence between ∂/∂t_1 and ∂/∂x leads to assumption as t_1 = x.

Two fractional operators L^12n and L^12 can be rewritten in a dressing form as L^{12n} = ΦDΦ^{−1}, L^{12} = Φ̂D^{−1}Φ̂^{−1}. (4.7) Here

Φ = 1 + ∑ i≥1 a_iD^{−i}, Φ̂ = 1 + ∑ i≥1 b_iD^i (4.8)

are pseudo-differential operators that also satisfy following B type condition Φ^∗ = DΦ^{−1}D^{−1}, Φ̂^∗ = DΦ̂^{−1}D^{−1}. (4.9) The dressing operators Φ and Φ̂ are same as the ones of two-component BKP hierarchy. Given L, the dressing operators Φ and Φ̂ are uniquely determined up to a multiplication to the right by operators of the form (4.8) and (4.9) with constant coefficients. The D type Drinfeld-Sokolov hierarchies can also be redefined as ∂Φ ∂t_k = −(L^{k2n} )_−Φ, ∂Φ̂ ∂t_k = ( (L^{k2n} )_+ − δ_{k1}L^{− 12} )^ Φ, (4.10)

BLOCK ALGEBRA IN TWO-COMPONENT BKP AND D TYPE DRINFELD-SOKOLOV HIERARCHIES11 ∂Φ ∂t̂_k = −(L^{k2} )_−Φ, ∂Φ̂ ∂t̂_k = (L^{k2} )_+Φ̂ (4.11)

with k ∈ Z^{odd}_+ .

Denote t = (t_1, t_3, t_5, . . . ) and t̂ = (t̂_1, t̂_3, t̂_5, . . . ) and introduce two wave functions

w(z^{12n} ) = w(t, t̂; z^{12n} ) = Φe^{ξ(t;z 12n )}, (4.12) ŵ(z^{12} ) = ŵ(t, t̂; z^{12} ) = Φ̂e^{xz 12 +ξ(t̂;−z− 12 )}, (4.13) where the function ξ is defined as ξ(t; z) = ∑ k∈Z^{odd}_+ tkz k, and D^ie^{xz} = z^ie^{xz} for any i ∈ Z. It is easy to see

L w(z^{12n} ) = zw(z^{12n} ), Lŵ(z^{12} ) = z^{−1}ŵ(z^{12} ).

After above preparation, we will show that this D type Drinfeld-Sokolov hierarchies have nice Block symmetry as its appearance in BTH [37].

5. Block symmetries of D type Drinfeld-Sokolov hierarchies In this section, we will put constrained condition eq.(4.1) into construction of the flows of additional symmetry which form the well-known Block algebra.

With the dressing operators given in eq.(4.7), we introduce Orlov-Schulman operators as following

M = ΦΓ_LΦ^{−1}, M̂ = Φ̂Γ̂_RΦ̂^{−1}, where

Γ_L = ∑ k∈Z^{odd}_+ k 2n t_kD^{k−2n}, Γ̂_R = − x 2 D^3 − 1 2 ∑ k∈Z^{odd}_+ kt̂_kD^{2−k}. It is easy to see the following lemma holds.

Lemma 5.1. The operators M and M̂ satisfy

[L, M] = 1, [L, M̂] = 1; (5.1) and Mw(z^{12n} ) = ∂_zw(z^{12n} ), M̂ŵ(z^{12} ) = ∂_z−1ŵ(z^{12} ); (5.2) ∂M̄ ∂t_k = [(L^{k2n} )_+, M̄], ∂M̄ ∂t̂_k = [−(L^{k2} )_−, M̄], (5.3) where M̄ = M or M̂, k ∈ Z^{odd}_+ .

To make the operators used in additional symmetry satisfying B type condition, we need to prove the following B type property of M − M̂ which is included in following lemma.

Lemma 5.2. The difference of two Orlov-Schulman operators M and M̂ for D type Drinfeld-Sokolov hierarchy has following D type property: L^∗(M − M̂)^∗ = −DL(M − M̂)D^{−1}. (5.4)

Proof It is easy to find the two Orlov-Schulman operators M and M̂ of the D type Drinfeld-Sokolov hierarchy can be expressed by Orlov-Schulman operators M, M̂ and Lax operators L, L̂ of two-component BKP hierarchy as M = ML^{1−2n} 2n , M̂ = − M̂L̂−3 2 . (5.5)

Using Lemma 3.8, putting eq.(5.5) into (M − M̂)^∗ can lead to

(M − M̂)^∗ = − DL^{−2n}MLD^{−1} 2n − DL̂^{−2}M̂L̂^{−1}D^{−1} 2 (5.6) = − DL^{−2n}MLD^{−1} 2n − DL̂^{−2}M̂L̂^{−1}D^{−1} 2 (5.7) = − D(ML^{1−2n} − 2nL^{−2n})D^{−1} 2n − D(M̂L̂^{−3} + 2L̂^{−2})D^{−1} 2 , (5.8)

which can further lead to L^∗(M − M̂)^∗ = −D(LM − LM̂)D^{−1}. (5.9) In above calculation, the commutativity between L and M − M̂ is already used. Till now, the proof is finished. □ For D-type Drinfeld-Sokolov hierarchy, m is supposed to be odd number to avoid being trivial and simplify it to

B_{m,l} = (M − M̂)^mL^l, m ∈ Z^{odd}_+ . (5.10) One can easily check that

B^∗_{m,l} = −DB_{m,l}D^{−1}, m ∈ Z^{odd}_+ . (5.11) That means it is reasonable to define additional flow of the D type Drinfeld– Sokolov hierarchy ∂L ∂c_{m,l} = [−(B_{m,l})_−, L], m ∈ Z^{odd}_+ , l ∈ Z_+. (5.12)

Proposition 5.3. For the Drinfeld–Sokolov hierarchy of type D, the following statements hold true.

(1) The flows (5.12) can commute with original flow of the Drinfeld–Sokolov hierarchy of type D, namely, [ ∂ ∂c_{m,l} , ∂ ∂t_k ] = 0, [ ∂ ∂c_{m,l} , ∂ ∂t̂_k ] = 0, l ∈ Z_+, m, k ∈ Z^{odd}_+ . (2) ∂M ∂c_{m,l} = [−(B_{m,l})_−, M], ∂M̂ ∂c_{m,l} = [(B_{m,l})_+, M̂], m ∈ Z^{odd}_+ , l ∈ Z_+.

(5.13)

(3) Let w(z^12n ) and ŵ(z^12 ) be the wave functions defined as in (4.12), then

∂w(z^12n ) ∂c_{m,l} = −(B_{m,l})_−w(z^{12n} ),

∂ŵ(z^12 ) ∂c_{m,l} = (B_{m,l})_+ŵ(z^{12} ), j ≥ −1.

(5.14)

BLOCK ALGEBRA IN TWO-COMPONENT BKP AND D TYPE DRINFELD-SOKOLOV HIERARCHIES13

Proof According to the definition, [∂_{cm,l} , ∂_{tk} ]Φ = ∂_{cm,l} (∂_{tk} Φ) − ∂_{tk} (∂_{cm,l} Φ), and using the actions of the additional flows and the flows of D type D type Drinfeld-Sokolov hierarchy on Φ, we have [∂_{cm,l} , ∂_{tk} ]Φ = −∂_{cm,l} ( (L^{k2n} )_−Φ ) + ∂_{tk} ( ((M − M̂)^mL^l)_−Φ ) = −(∂_{cm,l} L^{k2n} )_−Φ − (L^{k2n} )_−(∂_{cm,l} Φ)

+[∂_{tk} ((M − M̂)^mL^l)]_−Φ + ((M − M̂)^mL^l)_−(∂_{tk} Φ). Using eq.(4.6) and eq.(5.3), it equals [∂_{cm,l} , ∂_{tk} ]Φ = [ ( (M − M̂)^mL^l ) − , L^{k2n} ]_−Φ + (L^{k2n} )_− ( (M − M̂)^mL^l ) − Φ +[(L^{k2n} )_+, (M − M̂)^mL^l]_−Φ − ((M − M̂)^mL^l)_−(L^{k2n} )_−Φ = [((M − M̂)^mL^l)_−, L^{k2n} ]_−Φ − [(M − M̂)^mL^l, (L^{k2n} )_+]_−Φ +[(L^{k2n} )_−, ((M − M̂)^mL^l)_−]Φ = 0. □ Above lemma indicate that eq.(5.12) is symmetry of D type Drinfeld-Sokolov hierarchy. Using same technique used in [37], following theorem can be derived. Theorem 5.4. The flows in eq.(5.12) about additional symmetries of D type Drinfeld-Sokolov hierarchy compose following Block type Lie algebra [∂_{cm,l} , ∂_{cn,k} ] = (km − nl)∂_{cm+n−1,k+l−1} , m, n ∈ Z^{odd}_+ , k, l ∈ Z_+, which holds in the sense of acting on Φ, Φ or L.

Proof By using eq.(5.12) and eq.(5.13), we get [∂_{cm,l} , ∂_{cn,k} ]Φ = ∂_{cm,l} (∂_{cn,k} Φ) − ∂_{cn,k} (∂_{cm,l} Φ) = −∂_{cm,l} ( ((M − M̂)^nL^k)_−Φ ) + ∂_{cn,k} ( ((M − M̂)^mL^l)_−Φ ) = −(∂_{cm,l} (M − M̂)^nL^k)_−Φ − ((M − M̂)^nL^k)_−(∂_{cm,l} Φ) +(∂_{cn,k} (M − M̂)^mL^l)_−Φ + ((M − M̂)^mL^l)_−(∂_{cn,k} Φ), which further leads to [∂_{cm,l} , ∂_{cn,k} ]Φ = − [^{n−1}∑ p=0 (M − M̂)^p(∂_{cm,l} (M − M̂))(M − M̂)^{n−p−1}L^k + (M − M̂)^n(∂_{cm,l} L^k) ] − Φ −((M − M̂)^nL^k)_−(∂_{cm,l} Φ) + [^{m−1}∑ p=0 (M − M̂)^p(∂_{cn,k} (M − M̂))(M − M̂)^{m−p−1}L^l + (M − M̂)^m(∂_{cn,k} L^l) ] − Φ +((M − M̂)^mL^l)_−(∂_{cn,k} Φ) = [(nl − km)(M − M̂)^{m+n−1}L^{k+l−1}]_−Φ

= (km − nl)∂_{cm+n−1,k+l−1} Φ. Similarly the same results on Φ̂ and L can be got. □ Our early papers and above results show the block type algebras are appeared not only in Toda type difference systems but also in differential systems such as two-BKP hierarchy, D type Drinfeld-Sokolov hierarchy, which represents one kind of hidden symmetry algebraic structures of them. These results also show that Block infinite dimensional Lie algebra has a certain of universality in integrable hierarchies.

Acknowledgments. We are grateful to Prof. Dafeng Zuo, Jipeng Cheng, Zhiwei Wu and Kelei Tian for valuable discussions. This work is supported by the National Natural Science Foundation of China under Grant No.11201251, the Natural Science Foundation of Zhejiang Province under Grant No. LY12A01007, the National Natural Science Foundation of China under Grant No. 10971109, K.C.Wong Magna Fund in Ningbo University.

References

[1] A. S. Fokas and P. M. Santini, The recursion operator of the Kadomtsev-Petviashvili equation and the squared eigenfunction of the Schrödinger operators, Stud. Appl. Math. 75(1986),179-86.

[2] P. M. Santini and A. S. Fokas, Recursion operators and bi-hamiltonian structures in multidimensions: I. Commun. Math. Phys. 115(1988),375-419.

[3] A. S. Fokas and P. M. Santini, Recursion operators and bi-hamiltonian structures in multidimensions: II. Commun. Math. Phys. 116(1988), 449-74.

[4] T. Miwa and M. Jimbo and E. Date, Solitons: diferential equations, symmetries and infnite-dimensional algebras (Cambridge University Press, Cambridge, 2000).

[5] A. V. Mikhailov, A. B. Shabat, V. V. Sokolov, The symmetry approach to classification of integrable equations, in What is integrability?(Springer: Berlin, 1991)115-184.

[6] A. V. Mikhailov,V. V. Sokolov, Symmetries of Differential Equations and the Problem of Integrability, in Integrability( Springer:Berlin, 2009)19-88.

[7] A. Yu. Orlov, E. I. Schulman, Additional symmetries of integrable equations and conformal algebra reprensentaion, Lett. Math. Phys. 12(1986), 171-179.

[8] R. Dijkgraaf, E. Witten, Mean field theory, topological field theory, and multimatrix models, Nucl. Phys. B 342(1990), 486-522.

[9] M. Douglas, Strings in less than one dimension and the generalized KdV hierarchies, Phys. Lett. B 238(1990),176-180.

[10] L. A. Dickey, Lectures on classical w-algebras, Acta Applicandae Mathematicae 47(1997),243-321.

[11] P. Van Moerbke, Integrable foundation of string theory, in Lectures on integrable systems,P.163-267(World Scientific: Singapore, 1994).

[12] M. Adler, T. Shiota, P. van Moerbeke, A Lax representation for the Vertex operator and the central extension, Comm. Math. Phys. 171(1995), 547-588.

[13] E. Date, M. Kashiwara, M. Jimbo, T. Miwa, Transformation groups for soliton equations.

Nonlinear integrable systems–classical theory and quantum theory (Kyoto, 1981), 39-119, World Sci. Publishing, Singapore, 1983.

[14] E. Date, M. Kashiwara, M. Jimbo, T. Miwa, Transformation groups for soliton equations.

IV. A new hierarchy of soliton equations of KP-type, Phys. D 4 (1981/82),3, 343-365. [15] K. Takasaki, Quasi-classical limit of BKP hierarchy and W -infnity symmetris, Lett.

Math. Phys. 28(1993), 177-185.

[16] J. van de Leur, The n-th reduced BKP hierarchy, the string equation and BW_{1+∞}- constraints, Acta Applicandae Mathematicae 44(1996), 185-206.

BLOCK ALGEBRA IN TWO-COMPONENT BKP AND D TYPE DRINFELD-SOKOLOV HIERARCHIES15

[17] J. van de Leur, The Adler-Shiota-van Moerbeke formula for the BKP hierarchy, J. Math.

Phys. 36(1995), 4940-4951.

[18] M. H. Tu, On the BKP hierarchy: additional symmetries, Fay identity and Adler-Shiota-van Moerbeke formula, Lett. Math. Phys. 81 (2007),93-105.

[19] J. S. He, K. L. Tian, A. Foerster and W. X. Ma, Additional Symmetries and String Equation of the CKP Hierarchy, Lett. Math. Phys.81(2007),119-134.

[20] J. S. He, K. L. Tian, A. Foerster, Negative Generators of the Virasoro Constraints for the BKP Hierarchy, arXiv:0811.2021.

[21] J. P. Cheng, J. S. He, S. Hu, The “Ghost” Symmetry of the BKP hierarchy, J. Math.

Phys. 51(2010), 053514.

[22] K. L. Tian, J. S. He, J. P. Cheng, Y. Cheng, Additional symmetries of constrained CKP and BKP hierarchies, Science China Mathematics 54(2011), 257-268.

[23] H. F. Shen, M. H. Tu, On the constrained B-type KadomtsevCPetviashvili hierarchy:

Hirota bilinear equations and Virasoro symmetry, J. Math. Phys. 52(2011), 032704. [24] K. Ueno, K. Takasaki, Toda Lattice Hierarchy, Adv. Studies in Pure Math.4(1984), 1-95. [25] K. Takasaki, Dispersionless Toda hierarchy and two-dimensional string theory, Commun.

Math. Phys.170(1995), 101-116.

[26] K. Takasaki, T. Takebe, Integrable hierarchy and dispersionless limit, Rev. Math.

Phys.7(1995),743-808.

[27] J. P. Cheng,K. L. Tian, J. S. He, The additional symmetries for the BTL and CTL hierarchies, J. Math. Phys.52(2011), 053515.

[28] R. Block, On torsion-free abelian groups and Lie algebras, Proc. Amer. Math. Soc.

9(1958), 613-620.

[29] D. Dokovic, K. Zhao, Derivations, isomorphisms and second cohomology of generalized Block algebras, Algebra Colloq.3(1996), 245-272.

[30] J. M. Osborn, K. Zhao, Infinite-dimensional Lie algebras of generalized Block type, Proc.

Amer. Math. Soc.127(1999), 1641-1650.

[31] X. Xu, Generalizations of Block algebras, Manuscripta Math. 100(1999), 489-518. [32] X. Xu, Quadratic conformal superalgebras, J. Algebra 224(2000), 1-38. [33] H. Zhang, K. Zhao, Representations of the Virasoro-like Lie algebra and its q-analog, Comm. Algebra 24(1996), 4361-4372.

[34] L. Zhu, D. Meng, Structure of degenerate Block algebras, Algebra Colloq.10(2003), 53- 62. [35] Y. Su, Quasifinite representations of a Lie algebra of Block type, J. Algebra 276(2004), 117-128.

[36] P. Goddard, D. Olive, Kac-Moody and Virasoro algebras(World Scientific: Singapore, 1988).

[37] C. Z. Li, J. S. He, Y. C. Su, Block type symmetry of bigraded Toda hierarchy, J. Math.

Phys. 53(2012), 013517.

[38] G. Carlet, The extended bigraded Toda hierarchy, J. Phys. A 39 (2006), 9411-9435. [39] T. Milanov, H. H. Tseng, The spaces of Laurent polynomials, P^1-orbifolds, and integrable hierarchies, Journal für die reine und angewandte Mathematik 622(2008), 189-235.

[40] C. Z. Li, J. S. He, K. Wu, Y. Cheng, Tau function and Hirota bilinear equations for the extended bigraded Toda Hierarchy, J. Math. Phys.51(2010),043514.

[41] C. Z. Li, Solutions of bigraded Toda hierarchy, Journal of Physics A 44(2011), 255201. [42] C. Z. Li, J. S. He, Dispersionless bigraded Toda hierarchy and its additional symmetry, Reviews in Mathematical Physics, 24(2012), 1230003.

[43] J. P. Cheng, Y. Tian etal.,The generalized additional symmtries of the two-Toda lattice hierarchy(submitted).

[44] M. R. Chen, S. K. Wang, K. Wu, and W. Z. Zhao, Infinite-dimensional 3-algebra and integrable system(arXiv:1201.0417).

[45] S. Aoyama, Y. Kodama, A generalized Sato equation and the W_∞ algebra, Phys. Let.

B, 278(1992), 56-62.

[46] M. Sato,Soliton equations as dynamical systems on infinite dimensional Grassmann manifolds, Res. Inst. Math. Sci. Kokyuroku 439(1981),30-46.

[47] E. Date, M. Jimbo, M. Kashiwara,T. Miwa, Operator approach to the Kadomtsev- Petviashvili equation. Transformation groups for soliton equations. III, J. Phys. Soc. Jpn. 50(1981),3806-3812.

[48] K. Takasaki, Dispersionless Hirota Equations of Two-Component BKP Hierarchy, SIGAMA, 2(2006), 057.

[49] V. G. Kac, J. W. van de Leur, The n-component KP hierarchy and representation theory, Journal of Mathematical Physics 44(2003),3245-3293.

[50] L. A. Dickey, Additional symmetries of KP, Grassmnnian, and the String equation II, Mod.Phys.Lett.A 8(1993),1357-1377.

[51] S. Q. Liu, C. Z. Wu, Y. Zhang, On the Drinfeld-Sokolov hierarchies of D type, Intern.

Math. Res. Notices 2011(2011),1952-1996.

[52] C. Z. Wu; D. Xu, Bihamiltonian structure of the two-component Kadomtsev-Petviashvili hierarchy of type B, J. Math. Phys. 51(2010), 063504.

[53] M. Adler, P. Van Moerbeke,String-Orthogonal Polynomials, String Equations, and 2- Toda Symmetries, Communications on Pure and Applied Mathematics, Vol. L(1997), 0241-0290.

[54] C. Z. Wu, From Additional Symmetries to Linearization of Virasoro Symmetries, arXiv:1112.0246.

[55] V. G. Drinfeld, V. V. Sokolov, Lie algebras and equations of Korteweg-de Vries type, Journal of Mathematical Sciences 30(1985),1975-203.