arXiv:1210.6964v1 [hep-th] 25 Oct 2012

Hopf and Frobenius algebras in conformal field theory

PhD thesis Carl Stigner Karlstad University 2012

s s̄

r r̄ ϕ_{β3} ϕ_{β4}

A

B

B B

A Y

q p̄ p̄

ϕ_{β2} ϕ_{β1}

X

AUTHOR’S NOTE: THIS IS AN UPDATED VERSION, WITH SOME MINOR ADJUST-

MENTS AND TYPOS CORRECTED, OF MY THESIS PUBLISHED AT:

http://urn.kb.se/resolve?urn=urn:nbn:se:kau:diva-14456.

Abstract

There are several reasons to be interested in conformal field theories in two dimensions. Apart from arising in various physical applications, ranging from statistical mechanics to string theory, conformal field theory is a class of quantum field theories that is interesting on its own. First of all there is a large amount of symmetries. In addition, many of the interesting theories satisfy a finiteness condition, that together with the symmetries allows for a fully nonperturbative treatment, and even for a complete solution in a mathematically rigorous manner. One of the crucial tools which make such a treatment possible is provided by category theory.

This thesis contains results relevant for two different classes of conformal field theory. We partly treat rational conformal field theory, but also derive results that aim at a better understanding of logarithmic conformal field theory. For rational conformal field theory, we generalize the proof that the construction of correlators, via three-dimensional topological field theory, satisfies the consistency conditions to oriented world sheets with defect lines. We also derive a classifying algebra for defects. This is a semisimple commutative associative algebra over the complex numbers whose one-dimensional representations are in bijection with the topological defect lines of the theory.

Then we relax the semisimplicity condition of rational conformal field theory and consider a larger class of categories, containing non-semisimple ones, that is relevant for logarithmic conformal field theory. We obtain, for any finitedimensional factorizable ribbon Hopf algebra H, a family of symmetric commutative Frobenius algebras in the category of bimodules over H. For any such Frobenius algebra, which can be constructed as a coend, we associate to any Riemann surface a morphism in the bimodule category. We prove that this morphism is invariant under a projective action of the mapping class group of the Riemann surface. This suggests to regard these morphisms as candidates for correlators of bulk fields of a full conformal field theory whose chiral data are described by the category of left-modules over H.

Basis and outline of the thesis

This thesis is based primarily on the following papers:

Paper I. J. Fjelstad, J. Fuchs, C. Stigner, RCFT with defects: Factorization and fundamental world sheets, Nucl. Phys. B 863 (2012) 213-259,

doi: 10.1016/j.nuclphysb.2012.05.011, arxiv: 1202.3929 [hep-th]

Paper II. J. Fuchs, C. Schweigert C. Stigner, The classifying algebra for defects, Nucl. Phys. B 843 (2011) 673-723,

doi: 10.1016/j.nuclphysb.2010.10.008, arxiv: 1007.0401 [hep-th]

Paper III. J. Fuchs, C. Schweigert C. Stigner, Modular invariant Frobenius algebras from ribbon Hopf algebra automorphisms , J. Algebra 363 (2012) 29-72,

doi: 10.1016/j.jalgebra.2012.04.008, arxiv: 1106.0210 [math.QA]

Paper IV. J. Fuchs, C. Schweigert C. Stigner, Higher genus mapping class group invariants from factorizable Hopf algebras, Preprint: arxiv: 1207.6863 [math.QA]

In addition, results from the following papers will appear:

Paper V. J. Fuchs, C. Stigner, On Frobenius algebras in rigid monoidal categories, Arabian Journal for Science and Engineering 63 (2008) 175-191

ajse.kfupm.edu.sa: 33-2C, arxiv: 0901.4886[math.CT]

Paper VI. J. Fuchs, ,C. Schweigert, C. Stigner, The three-dimensional origin of the classifying algebra, Nucl. Phys. B 824 (2010) 333-364

doi: 10.1016/j.nuclphysb.2009.07.017, arxiv: 0907.0685[hep-th]

Paper VII. J. Fuchs ,C. Schweigert, C. Stigner, The Cardy-Cartan modular invariant, in: Strings, Gauge Fields, and the Geometry Behind. The legacy of Maximilian Kreuzer, A. Rebhan, L. Katzarkov, J. Knapp, R. Rashkov, and E. Scheidegger, eds. (World Scientific, Singapore, 2012) p. 289-304, arxiv: [1201.4267[hep-th]]

Paper VIII. C. Stigner, Factorization constraints and boundary conditions in rational CFT, Banach Center Publ. 93 (2011) 211-223,

doi: 10.4064/bc93-0-17, arxiv: 1006.5923 [hep-th]

My contribution to the papers

My contribution to the results of the four papers that form the basis of this thesis is as follows:

Paper I Large parts of the paper were developed in collaboration with the coauthors. The generalization of the proof of bulk factorization was to a large extent elaborated by me.

Paper II Large parts were developed in discussion with all coauthors. I contributed essential parts to the strategy and most of the results.

Paper III I was involved in the proof that the bulk Frobenius algebra is symmetric and commutative. The proof of modular invariance and the generalization to algebras associated to ribbon Hopf algebra automorphisms, as well as the analysis of the ribbon structure of H-Bimod, was developed in collaboration with all coauthors.

Paper IV Large parts were developed in discussion with the coauthors. I contributed essential parts to most of the proofs.

Outline of the thesis

The thesis is organized as follows: In chapter 1 we give an introduction to conformal field theory. Many of the notions that will be relevant later are introduced. The discussion in this chapter is partly heuristic.

Chapter 2 is a summary of the notions from category theory that we need in the rest of the text. Here we also describe relevant aspects of finite-dimensional factorizable ribbon Hopf algebras.

In chapter 3 we review several classes of algebras that appear in connection with conformal field theory. In particular we introduce the algebras that are the center of attention in this thesis.

Chapter 4 first gives on overview over the construction of correlators of rational conformal field theory with the help of 3d TFT. The rest of chapter 4 summarizes the results of paper I, which extends the proof of this construction to world sheets with defect lines.

Chapter 5 describes the classifying algebra for defects, obtained in paper II. The classifying algebra is a semisimple associative algebra over the complex numbers that classifies the defect lines of a rational conformal field theory.

Chapter 6 is devoted to the results of paper III and IV related to non-semi-simple conformal field theories. For a so-called factorizable finite ribbon category C, we associate to each Riemann surface Σ_{g,n} a morphism C(Σ_{g,n}). This morphism takes as an input a symmetric commutative Frobenius algebra in C. We restrict to a subclass of factorizable finite ribbon categories and consider the category H-mod of representations of a finite-dimensional factorizable ribbon Hopf algebra. We obtain a family of symmetric commutative Frobenius algebras in H-mod, and for each such algebra, we prove that the morphism C(Σ_{g,n}) is invariant under an action of the mapping class group of Σ_{g,n}. We interpret these morphisms as candidates for correlators of oriented closed world sheets.

Acknowledgements

First of all I would like to thank my supervisor Jürgen Fuchs for many interesting, helpful and inspiring discussions, for pleasant collaboration, and for generally making my time as a PhD student good in every respect. Further, many thanks to Christoph Schweigert for enjoyable collaboration, inspiration, the hospitality during my stay in Hamburg, and comments on parts of early versions of this text.

I also want to thank Jens Fjelstad for many helpful discussions, the pleasant collaboration, comments on parts of this text, and the good time in Nanjing. In addition I want to thank present and former staff of the department of physics and electrical engineering for making the everyday life at the university enjoyable.

Finally, thanks to friends and family for making my life great. In particular I am deeply grateful to Maria and Lova for love and support and for putting up with me during the time I finished this thesis.

Thanks also to Ingo Runkel for comments implemented in this updated version.

Introduction

A crucial property of physical systems are their symmetries. By a symmetry, or a symmetry transformation, of a physical system we mean a non-trivial transformation of the system such that some interesting quantity is left unaffected. By making use of the symmetries one can often simplify the analysis of a problem in physics considerably. In fact, it may even be necessary to explore the symmetries in order to be able to solve the problem at all. Symmetries are encoded mathematically in an algebraic structure, whose precise form depends on the situation one wants to describe.

Quantum field theories defined on two-dimensional surfaces naturally appear in connection with various physical models. Among these two-dimension-al theories are the conformal field theories, which have conformal transformations as part of their symmetries. One characterization of a conformal transformation is that it leaves the angle between any two vectors invariant. Two-dimensional conformal field theory appears in rather different areas in physics, ranging from various applications in statistical mechanics and condensed matters systems to string theory.

Conformal field theories form a very special class of quantum field theories in several respects. They are considered on arbitrary world sheets. A world sheet is a two-dimensional surfaces which may have a non-empty boundary. Thus, as opposed to quantum field theory as used in e.g. particle physics, there is no single preferred background space-time, and in particular the classification of boundary conditions is a non-trivial issue. Second, in the situations we consider in this thesis, the theory satisfies a finiteness condition which, combined with the huge amount of symmetries, allows one to solve the theory completely. This is in sharp contrast with e.g. the standard model of particle physics which can largely only be treated in a perturbative manner. In addition, the solution of a (local) conformal field theory on a world sheet can be obtained from a nonlocal theory on a related surface. The latter type of theory is called a chiral conformal field theory. This relationship, known as holomorphic factorization, naturally splits the process of solving the physical theory into two parts, the first one dealing only with chiral conformal field theory.

This thesis is concerned with issues related to the second part of the solution of conformal field theory, i.e. constructing the full (local) theory from the underlying chiral one. This is a purely algebraic and combinatorial problem that can be addressed by rigorous mathematical reasoning and by making use of the properties of the representation category for the symmetries. One great advantage of approaching the problem in terms of category theory is that we can treat an entire class of conformal field theories simultaneously. It is also worth pointing out that already when considering the algebraic part of the problem alone, one obtains certain physical quantities even without using an explicit solution of the first part of the problem, i.e. the underlying chiral theory.

The categories of interest have properties that allow us to perform calculations rigorously in terms of graphical calculus. This means that instead of writing mathematical expressions with the help of symbols, using letters from some alphabet, we use instead elements of a graphical code. This is not only a convenient, but even a crucial tool for many of the calculations in this thesis.

In addition to being part of solutions to various physical problems, conformal field theory is interesting on its own. It may serve as a "theoretical laboratory" for quantum field theory, which could help us to get a deeper understanding of more general theories. To justify this idea it is crucial that conformal field theory is not only a mathematically beautiful theory, but that it also appears in physical applications. Even though the methods and concepts used to obtain a complete solution are related to the very special nature of the conformal field theories, these methods and concepts are potentially of interest in more general situations as well. Conformal field theory has also given rise to many new developments in mathematics, such as vertex algebras and braided tensor categories.

Contents

1 A flavor of conformal field theory 1 1.1 Conformal invariance in d and 2 dimensions . . . . . . . . . . . . 1 1.2 Chiral and full CFT . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.3 Topological defect lines . . . . . . . . . . . . . . . . . . . . . . . . . 14 1.4 Logarithmic CFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2 Category theory 19 2.1 Monoidal categories . . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.2 Modular tensor categories . . . . . . . . . . . . . . . . . . . . . . . 21 2.3 Algebra objects in monoidal categories . . . . . . . . . . . . . . . . 26 2.4 Representation categories of factorizable ribbon Hopf algebras . . 33 2.5 Topological field theory . . . . . . . . . . . . . . . . . . . . . . . . 43 2.6 Further categorical notions . . . . . . . . . . . . . . . . . . . . . . . 46

3 Algebras in conformal field theory 54 3.1 Vertex operator algebras . . . . . . . . . . . . . . . . . . . . . . . . 54 3.2 Frobenius algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 3.3 Hopf algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4 Rational CFT 68 4.1 The TFT-construction . . . . . . . . . . . . . . . . . . . . . . . . . . 68 4.2 Constraints in the TFT-construction . . . . . . . . . . . . . . . . . . 85 4.3 Fundamental world sheets . . . . . . . . . . . . . . . . . . . . . . . 97

5 The classifying algebra for defects 100 5.1 The classifying algebra for defects . . . . . . . . . . . . . . . . . . 100 5.2 Structure constants from factorization . . . . . . . . . . . . . . . . 102 5.3 The algebra structure on D_{A|B} . . . . . . . . . . . . . . . . . . . . . 114 5.4 Defect partition functions . . . . . . . . . . . . . . . . . . . . . . . 117

6 Bulk Frobenius algebras beyond rational CFT 119 6.1 Representations of Map_{g,n} from L . . . . . . . . . . . . . . . . . . 121 6.2 The Cardy bulk Frobenius algebra in H-Bimod . . . . . . . . . . . 126 6.3 Mapping class group invariants in H-Bimod . . . . . . . . . . . . 135

6.4 Bulk Frobenius algebras from ribbon automorphisms . . . . . . . 152

A Appendix 158 A.1 Ribbon categories . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158 A.2 Algebra structure on morphism spaces . . . . . . . . . . . . . . . . 160 A.3 Some formulas used in the derivation of D_{A|B} . . . . . . . . . . . . 161 A.4 Identities used in the proof of Theorem 6.12 . . . . . . . . . . . . . 163

1 A flavor of conformal field theory

We start with a brief introduction to conformal field theory. The purpose of this chapter is to introduce, in a heuristic manner, a number of concepts which are relevant in conformal field theory, in order to put the questions we address in this thesis into a context. Since the focus in this chapter is on concepts the discussion will from time to time be somewhat over-simplified. Those concept that are central for the results presented in this thesis will be described in more detail in later chapters.

1.1 Conformal invariance in d and 2 dimensions

A conformal transformation of R^d is characterized by the property that it preserves the metric up to a scale-factor that may depend on position. Equivalently we can say that a conformal transformation preserves angles between vectors. For general dimension d, any conformal transformation can be written as a combination of translations, scalings, rotations and special conformal transformations. The latter is a translation preceded and followed by an inversion. In d dimensions, these transformations are well defined everywhere, and are accordingly referred to as global conformal transformations. The global conformal transformations form a Lie group with underlying Lie algebra so(d + 1, 1).

In two dimensions the situation is rather special. Considering the Riemann sphere C ∪ {∞}, the transformation z → 1/z is well defined everywhere. In particular, the group of global conformal transformations is the Möbius group – the group of automorphisms of the Riemann sphere. However, the conformal transformations are not exhausted by Möbius group. This is most easily realized by thinking of the Riemann sphere as endowed with a global complex coordinate and recalling that any analytic map constitutes a conformal transformation: The condition for a transformation to be conformal is equivalent to the Cauchy-Riemann equations (see e.g. [25, Chapter 5.1]), and consequently a conformal transformation in two dimensions is equivalent to a complex analytic map. The global conformal transformations described above are certainly analytic. However there are, in addition to the global transformations, analytic maps with poles of higher order. It follows that the group of conformal transformations that may not we well defined on the entire Riemann sphere is larger than the Möbius group.

Consider now a function ϕ(z) of a complex variable. Under an infinitesimal conformal transformation z → z^′ = z + ε(z), the function ϕ transforms as δϕ = ε(z)∂ϕ(z) = ∑ n c_nℓ_nϕ(z), where the last equality comes from a Laurent expansion of ε(z) and we have defined ℓ_n := −z^{n+1}∂_z for n ∈ Z. Thus the infinitesimal conformal transformations are generated by ℓ_n with n ∈ Z. These differential operators satisfy the commutations relations

[ℓ_m, ℓ_n] = (m − n)ℓ_{m+n} . (1.1)

The complex Lie algebra spanned by elements ℓ_n, with Lie bracket (1.1), is called the Witt algebra.

When considering quantum theories, we want the basis of the Witt algebra to become modes of a current that generates conformal transformations. The relevant algebra is then a central extension of the Witt algebra – the Virasoro algebra Vir, see e.g. [94, Section 3]. A basis of Vir is given by {L_n|n ∈ Z} ∪ C, where C is a central element, and the non-vanishing Lie brackets are

[L_m, L_n] = (m − n)L_{m+n} + C 12 m(m^2 − 1)δ_{m+n,0} . (1.2)

Note that from (1.2) it follows directly that the Virasoro algebra has a subalgebra with basis {L_{−1}, L_0, L_1} and this subalgebra is sl(2). Upon a detailed analysis of the action of this subalgebra in conformal field theory, one recovers [94, Section 2.8] the real form so(3, 1), i.e. the Lie algebra of the global conformal transformations. Since we will exclusively work in two dimensions we will drop the epithet "two-dimensional" and refer to a two-dimensional quantum field theory whose symmetry algebra contains the Virasoro algebra simply as conformal field theory, abbreviated as CFT.

1.2 Chiral and full CFT

Let us now set the stage for the considerations in this thesis. We will be interested in conformal field theories defined on world sheets. A world sheet is a twodimensional compact smooth manifold, possibly with non-empty boundary, equipped with a conformal structure with Euclidean signature, i.e. an equivalence class of metrics with respect to local rescalings. Note that we allow the world sheet to be non-orientable. In addition we require that world sheets can be equipped with the following structures:

• Boundary conditions • Defect lines • Field insertions

In order to give a somewhat more detailed description of these structures it is instructive to describe a couple of applications of conformal field theory.

Conformal field theory in physics

An important setting for CFT is the description of critical phenomena in statistical mechanics. A standard example is the two-dimensional Ising model. This is a model that describes the interaction of spin variables positioned on the sites of a square lattice in some domain. The system is characterized by two length scales, the lattice spacing a and the correlation length ξ, which describes the distance at which the interaction is effectively non-zero. Typical observables in the theory are local magnetization (the value s(r) = ±1 of the spin variable at site r) and the energy density. The scaling limit is obtained by taking a → 0 while keeping the domain and ξ fixed. In the scaling limit one obtains a continuous two -dimensional CFT that describes the long-range behavior of the system, see e.g. [19] for more details.

A similar phenomenon, for which CFT plays a role is critical percolation. Percolation describes the statistical process of a liquid that seeps through a porous medium. One of the simplest mathematical models for percolation is obtained by taking a square lattice, with lattice spacing a, such that each site can be either open, with some probability p, or closed, with probability 1−p. The crossing probability of such a lattice of size n×n in some domain D is the probability π_n(p) that there is at least one path, say from left to right, such that all sites along this path are open.

Just like for the Ising model, CFT is relevant for the understanding the critical behavior of such systems in the scaling limit, i.e. when we take the limit a → 0 while keeping D fixed. For percolation, the critical point is a distinguished value of p denoted by p_c. In the scaling limit, one finds 0 < π_n(p_c) < 1 at p = p_c while π_n(p) approaches 0 for p < p_c and 1 for p > p_c. The critical behavior can be described geometrically as follows: For small p the average size of clusters of open sites is small. However, at p = p_c the average size of the clusters diverges and for p > p_c there is a finite probability that a given site belongs to an infinitely large cluster. See e.g. [18, 54, 67] for more details on percolation and CFT.

CFT is also an important part of string theory, which is a candidate for a quantum theory unifying the four fundamental forces. The fundamental objects in string theory are one-dimensional strings which move in space-time. While moving, the string sweeps out a two-dimensional surface – the world sheet. One important ingredient is a CFT defined on this world sheet, see e.g. [87].

In addition there are condensed matter systems that are effectively 2- or 1 + 1-dimensional, giving rise to theories with approximate conformal symmetry. This happens e.g. when studying the Kondo effect [9] or quantum Hall fluids.

It is also worth pointing out that a generic CFT does not come with a Lagrangian formulation. However, there is an important class of models, the WZW-models, that come from the quantization of a Lagrangian. In that case, the fields take values in a group manifold and symmetries of this theory are encoded in what is known as a current algebra, which is based on an affine Lie algebra.

The world sheet

We are now in position to describe the structures of the world sheet in some more detail

Boundary conditions: In the case of non-empty boundary, we need to assign a boundary condition to each boundary component, describing the behavior of bulk fields close to the boundary. The classification of consistent boundary conditions is far from trivial. A consistent boundary condition always respects the conformal symmetry. However, we will usually require that the boundary conditions respect all the symmetries of the theory. There are examples of situation where the boundary conditions have a simple formulation:

• In lattice spin models, such as the Ising model, some boundary conditions can be obtained by imposing specific values for the spin variables on the sites at the boundary.

• In theories with a Lagrangian formulation, such as WZW-models, some boundary conditions may be described in terms of Dirichlet or Neumann conditions, i.e. by prescribing the value of the fields or their derivatives that appear in the Lagrangian on the boundary.

However, in general boundary conditions cannot be described this way. Even if some of them can, they typically do not exhaust all allowed boundary conditions. Consider e.g. the 3-states Potts model, which is a lattice model with three allowed values for each spin variable. In this model there are totally 8 conformal boundary conditions [11, 46]. One them has an interpretation of a free boundary condition, three of them as fixed directions and three of them as mixed spin directions which means that one direction is forbidden. The eighth one, constructed in [11] does not have such a nice interpretation.

Defect lines: The world sheet may be divided into several regions such that the CFT on the two sides are related in a sense that will be described later, but which may differ e.g. with respect to the field content and allowed boundary conditions. We say that the CFTs on the two sides of the line may be in different phases. The two regions are separated by a defect line, which may be thought of as a two-sided boundary. The behavior of fields in the vicinity of the defect line is described by assigning a defect condition to each defect line.

We will be interested in topological defect lines, which in particular means that the defect lines can be deformed without affecting the physics of the theory. Whenever two regions are in the same phase there is a particular defect condition – the trivial defect condition. This means that the defect line can be omitted and the two regions can be considered as one. Accordingly, we refer to such defect lines as trivial or invisible. Trivial defects can be added or removed freely from the world sheet. It is convenient to always require a minimal number of defects, which however may be trivial. Topological defects arise naturally e.g. in statistical systems modeling condensed matter systems of physical interest, see e.g. [93, 82]. The general description of defect lines will be continued in section 1.3.

Field insertions: There are field insertions in the bulk as well as on the boundary of the world sheet. We will refer to fields inserted in the bulk, on the boundary or on a defect line as bulk, boundary and defect fields, respectively. Boundary components and defect lines may be partitioned into several segments. Boundary and defect fields are inserted on the junction between to such segments and may change the boundary or defect condition. We will sometimes consider a bulk field as a defect field inserted on an invisible defect. A defect field that changes the defect condition to or from the trivial one is referred to as a disorder field. In other words, by disorder field we mean a field at which a non-trivial defect starts or ends.

The interpretation of the field insertions depend on the application. In statistical models the field insertions may e.g. be spin variables or disorder fields at which frustration lines may end, and in string theory the field insertions are interpreted as asymptotic string states.

Full CFT

We regard a conformal field theory as solved if we are able to obtain all correlation functions. That is, for any world sheet, give a linear map from the space of fields to the complex numbers that satisfies all consistency conditions of the theory. Of course, explicit calculation of all correlation functions would require an infinite amount of calculations. A more reasonable goal is to establish the existence of all correlation functions and give algorithms from which they can be computed. At least for an important class of theories, known as rational CFT, this has been achieved. In particular this approach turns part of the problem into a finite one. There is an algorithm describing how any correlation function can be calculated from a finite number of quantities. The purpose of the rest of this section is to explain this approach in some more detail.

We will be interested in full, local conformal field theory. By this we mean a conformal field theory defined on world sheets, as defined above, with singlevalued correlation functions. It is crucial to distinguish full CFT from chiral CFT. The latter, which will be discussed in somewhat more detail below, is instead defined on complex curves and the correlation "functions" are not necessarily single-valued. We will soon return to the discussion of chiral and full CFT, but first we introduce some concepts that will be useful in the discussion.

Consider two fields close to each other. Intuitively, one may argue that from a point very far away it is not possible to distinguish the two fields from a single one. However, for the manifolds of our interest, the notions of "close to each other" and "far away" are not well defined. A conformal transformation may separate points to an arbitrary distance and move a point far from away close to one of the insertion points. Nevertheless, this suggests the existence of a product of fields giving rise to a superposition of fields inserted at a single point. This is the operator product expansion (OPE for short), controlling the short distance behavior of fields. The OPE relates n + 1-point functions to n-point functions. That is, for two field insertions ϕ_a(z) and ϕ_b(w), such that |z − w| is much smaller than the distance between any other pair of fields in a correlator, we have ⟨ϕ_a(z) ϕ_b(w) · · · ⟩ = ∑ c C_{abc}(z, w) ⟨ϕ_c(w) · · · ⟩ . (1.3) This is the concrete meaning of the OPE. It is customary to write the OPE (1.3) in terms if the following shorthand notation: ϕ_a(z) ϕ_b(w) ∼ ∑ c C_{abc}(z, w) ϕ_c(w) . (1.4) There is a separation (which will be discussed in more detail below) of the fields into primary fields and their descendants. Conformal symmetry strongly restricts the dependance of C_{abc} on z and w. E.g. translation invariance implies that C_{abc} only depends on z − w. A more detailed analysis shows that, for rational CFTs, the OPE of two primary fields has the form ϕ_i(z)ϕ_j (w) ∼ ∑ k c_{ijk} (z − w)^{(Δk −Δi−Δj )}(z̄ − w̄)^{(Δ̄k −Δ̄i−Δ̄j )}ϕ_k(w) + desc, (1.5)

where the summation over k is over the primary fields, the coefficients c_{ijk} are constants, and "desc" stands for the terms involving the descendants. The numbers Δ_p and Δ̄_p are the conformal weights of the fields and describe how the fields behave under scaling transformations.

The fields with conformal weight Δ̄_p = 0 constitute the holomorphic fields, and the fields for which Δ_p = 0 constitute the anti-holomorphic fields. The holomorphic fields close under the OPE and thus furnish a closed "algebra" of fields – the chiral algebra. Analogously the anti-holomorphic fields generate the anti-chiral algebra. In non-rational CFTs, it is no longer guaranteed by the chiral symmetries that all coefficients in the expansion (1.5) are powers of z −w. However, the holomorphic fields still give rise to a chiral algebra.

Note that the expansion coefficients in the chiral algebra are not numbers but rather functions of the insertion points. Thus, the chiral algebra is not an algebra in the conventional sense. However, this property (and a lot more) can be taken care of in the structure of a conformal vertex algebra, also called chiral algebra, which will be discussed in more detail in section 3.1. One may consider theories in which the anti-chiral algebra is different from the chiral algebra. However, we will always assume that the chiral algebra is the same as the anti-chiral.

A conformal vertex algebra furnishes in particular a representation of the Virasoro Lie algebra. As a consequence, there will be two copies of Vir acting on the fields, one from the chiral and one from the anti-chiral algebra. The two conformal weights Δ_p and Δ̄_p mentioned above describe the transformation with respect to the actions of these two copies. The central element C of Vir acts as c id for some c ∈ C in all representations of the chiral algebra. The number c is called the central charge of the theory.

The OPE coefficients and correlation functions involving descendants can be obtained from the ones involving only primary fields via the chiral symmetry. In the case that the chiral algebra is built from the Virasoro algebra alone, the primary fields can be labeled by highest weight representations of Vir. However, in many situations we are interested in theories for which the chiral algebra is larger than the one associated with Vir. In general, there need no longer be a concept of highest weight state for a representation of the chiral algebra. However, there is still a subset of the fields with the property that all OPE coefficients and correlation functions can be obtained from the ones involving only this subset via the chiral symmetry. In the rational case, these fields, to which we below refer to as primary fields, are in bijection with the irreducible representations (counting multiplicities) that appear in the state space.

1.2.1 Chiral conformal field theory

Studying chiral CFT involves in particular studying the representation theory of conformal vertex algebras. Here we mention a few of the important properties of conformal vertex algebras. A full definition will be given in section 3.1. The data of a vertex algebra contain a graded vector space V and a vertex operation, Y (·, z) : V → End(V)�z^{±1}�, that assigns to each vector a ∈ V a formal power series Y (a, z) with coefficients in End(V). These power series are used to describe the fields in the chiral theory mathematically. The Laurent coefficients in the expansions constitute the modes of the fields. In a conformal vertex algebra there is a distinguished vector T ∈ V, the conformal vector, whose modes furnish a representation of the Virasoro algebra. The minimal chiral algebra is generated by Y (T, z) alone. The full CFTs with chiral algebras of this form are the minimal models. However, typically we deal with extensions, in which case the chiral algebra is generated by additional fields.

Chiral CFT is defined on a complex curve E^c, i.e. a closed surface with a complex structure. A complex structure is equivalent to having an orientation together with a conformal structure, i.e. an equivalence class of metrics with respect to local rescalings. The correlation "functions" of a chiral CFT are called conformal blocks. We will see below why here the term "function" is put in quotation marks. For the results in this thesis the existence and some properties of the conformal blocks are crucial, but we will not need a general definition of the conformal blocks.

Conformal blocks

Consider a complex curve E^c of genus g and with n marked points p_1, ..., p_n such that p_i is labeled by the representation R_i of V. For now, it is enough to think of a marked point as a distinguished point on E^c. It is common to think of the marked points as small open discs cut out from the world sheet. For this reason we sometimes refer to marked points as holes. The space of conformal blocks on E^c is a subspace

Bl(E^c) ⊂ (R_1 ⊗_C · · · ⊗_C R_n)^∗ (1.6)

of the space dual to R_1 ⊗_C · · · ⊗_C R_n. The dependence of the conformal blocks on the positions of the marked points enters in a coinvariance condition that determines the subspace Bl(E^c) in (1.6), see e.g. [14, Chapter 9].

Instead of giving the general definition of the space of conformal blocks we illustrate how the construction, via the coinvariance condition mentioned above, works in a WZW-model. A WZW-model is built from an affine Lie algebra ĝ, at a fixed integer value of the level k. Let E^c be a complex curve of genus g and with n marked points (p_1, ..., p_n) ≡ ⃗p, labeled by (irreducible) representations V_1, ..., V_n of ĝ. Consider the algebra F ⊗ g of g-valued functions that are holomorphic on E^c \ {p_1, ..., p_n} and meromorphic on E^c. There is a Lie algebra homomorphism [13, 12]

F ⊗ g → U(ĝ)_k ⊗ · · · ⊗ U(ĝ)_k , (1.7)

where U(ĝ)_k is the universal enveloping algebra of ĝ at level k. This defines an action of F ⊗ g on the tensor product V_1 ⊗ ... ⊗ V_n of ĝ-modules. Next, define V_{⃗n}(E^c, ⃗p) to be the quotient of V_1 ⊗ ... ⊗ V_n that is coinvariant under the action of F ⊗ g: V_{⃗n}(E^c, ⃗p) := V_1 ⊗ ... ⊗ V_n / F ⊗ g (V_1 ⊗ ... ⊗ V_n) . (1.8)

The space of conformal blocks, Bl(E^c), is defined to be the dual space

Bl(E^c) := V_{⃗n}(E^c, ⃗p)^∗ ∼= Hom_{F ⊗ g}(V_1 ⊗ ... ⊗ V_n, 1) , (1.9)

where 1 is the trivial F ⊗ g-module.

So far we restricted our attention to a fixed conformal structure and fixed locations of insertion points. When varying these moduli, the conformal blocks fit into a vector bundle, the bundle of conformal blocks, over the moduli space M̂_{g,n} of curves Ec. The fiber over each point in M̂_{g,n} is the corresponding space of conformal blocks. The term conformal blocks is not only used for the vector bundle, but also for locally defined sections in the vector bundle. The bundle of conformal blocks can be equipped with a projectively flat connection, the Knizhnik-Zamolodchikov connection [36]. By studying the holonomies of this connection the space of conformal blocks can be equipped with a projective action of the fundamental group of M̂_{g,n}, i.e. of the mapping class group of E^c. This fact will be crucial when solving a full CFT, and we will return to it later.

A bundle of conformal blocks is generically not trivial, i.e. it is not globally a product of the base and the fiber. In particular, the monodromies are generically non-trivial, and as a consequence there are no global sections, i.e. the conformal blocks do not give single-valued functions of the moduli of E^c.

1.2.2 Rational conformal field theory

The class of full CFTs that is best understood mathematically is the important (and particularly well-behaved) class known as rational conformal field theories. For a rational CFT, the chiral algebra, V, is a rational vertex algebra, see e.g. [105, definition 1.2.4] for a definition of this notion. The key feature is that a rational vertex algebra has a finite number of (isomorphism classes of) simple representations and any representation is a finite direct sum of the simple ones. The primary bulk fields are in the rational case labeled by pairs (i, j) of representatives of isomorphism classes of simple representations of V. A consequence of the nice structure of the representation theory of V is that, for each pair (i, j), the space of primary bulk fields is finite. In addition, any boundary or defect condition can be written as a superposition of a finite set of irreducible boundary or defect conditions. Thus there is a finite number of OPE’s and correlation functions^1 to calculate.

1.2.3 Full conformal field theory and holomorphic factorization

Despite their differences chiral and full CFT are not unrelated: Full CFT can be obtained from an underlying chiral CFT, via the principle of holomorphic factorization. This is sometimes phrased by saying that the correlation functions of the full CFT are obtained by combining two "chiral halves". This is done in such way that the correlation functions are single-valued and satisfy all consistency conditions. Holomorphic factorization has only been worked out and proven in full generality for rational conformal field theory. However, it is generally believed that holomorphic factorization works also beyond the rational case.

In the rational case, the notion of holomorphic factorization can be made precise: Given a world sheet Σ^C , the complex double, ^Σ^C , is obtained from Σ^C as the orientation bundle over Σ^C , modulo an identification of points over the boundary of Σ^C :

^ΣC := Or(ΣC ) / ∼ , (x, or) ∼ (x, −or) ∀x ∈ ∂ΣC . (1.10)

Thus, e.g. the double of a disc is a sphere and the double of a torus consists of two disjoint tori with opposite orientation. The double is a complex curve and consequently one can define a chiral CFT on ^Σ^C . In this setting, holomorphic factorization amounts to the statement that:

The correlation function of Σ^C is an element in the space of conformal blocks on ^Σ^C .

When constructing the double, a point p in the interior of Σ^C gets mapped to two points p^′ and p^{′′} on the double. By construction, the double admits an orientation reversing involution σ, that interchanges the two points on ^Σ^C over each point on Σ^C . Note that, in the chiral CFT on the double, the points p^′ and p^{′′} over p can be varied independently. However, when constructing the full

1Even after restricting to primary fields there is in principle still an infinite number of correlation functions to calculate, considering e.g. different topologies and an arbitrary number of field insertions. However, due to the factorization constraints, which will be described in section 1.2.4, all of them can be expressed through a finite number of fundamental correlation functions.

CFT from the chiral one, we require that the element in the space of conformal blocks that appears in the correlation is such that

p^{′′} = σ(p^′) . (1.11)

This way local coordinates around p^′ and p^{′′} are related.

Holomorphic factorization splits the solution of full CFT into two parts:

1. Study the chiral conformal field theory on the double ^Σ^C to obtain the space Bl( ^Σ^C ) of conformal blocks. That involves in particular solving "Ward identities". These implement the local chiral symmetries globally on the double and thus also on the world sheet.

2. For a given world sheet Σ^C , determine the actual correlation function of the full CFT on Σ^C as an element of Bl( ^Σ^C ) .

The strategy to solve the second part of the problem is to find a vector in the relevant space of conformal blocks that satisfies all consistency conditions of the theory. In the case of rational conformal field theory this problem has been worked out completely [43,44,45,33,34,1] in the TFT-construction of rational CFT. The TFT-constructions is used in this thesis to study rational CFT; it is described in section 4.1.

The second part of the solution is a purely algebraic consideration. For this reason it is convenient to work not directly with the vertex algebra V itself, but rather with the category of representations, Rep(V), of V. In fact we will not work directly in Rep(V) but rather in an abstract category that shares the properties of Rep(V). Relevant notions from category theory are described in detail in the next chapter. Working in an abstract category instead of with the vertex algebra itself has two major advantages. First of all it allows us to forget about a lot of the intricate structure of the vertex algebra. The representation category remembers exactly the information relevant to solve the problem. Second, and not less important, we are able to treat an entire class of CFTs simultaneously.

Below we will only be interested in questions related to the second part of the solution as described above, i.e. the problem to select the correlator out of a space of conformal blocks, in rational as well as non-rational theories. This means that we are able to suppress the conformal structure and consider topological world sheets, i.e. we think of the world sheet as a topological manifold. As a consequence we consider also the double as a topological manifold and suppress the conformal structure.

It is worth pointing out that even when considering the second problem alone, without having solved the chiral theory, one still obtains non-trivial relevant physical information, such as OPE coefficients.

1.2.4 Consistency conditions

In this subsection we describe the two types of non-chiral consistency conditions, mapping class group invariance and factorization constraints, that we require the correlators to satisfy.

Mapping class groups and modular transformations

The mapping class group Map(Σ) of a world sheet Σ consists of the homotopy classes [f] of homeomorphisms f : Σ → Σ that preserves the decorations (i.e. labels of field insertions and defect and boundary conditions), and for oriented world sheets, the orientation. The correlators are required to be invariant under an action of Map(Σ). This guarantees that the correlators are indeed singlevalued functions. Let us explain how this works in a bit more detail.

Recall from section 1.2.1 that conformal blocks fit into a (generically nontrivial) vector bundle over the moduli space, and as a consequence a conformal block is in general multi-valued with respect to the moduli of ^Σ. This is reflected in a non-trivial action of the fundamental group π_0(M̂_{g,n}) of the moduli space of ^Σ on the space Bl( ^Σ^C). The fundamental group π_0(M̂_{g,n}) is the same as the mapping class group Map(^Σ) of the double, see e.g. [12, Theorem 6.1.13].

For correlators, the relevant group is the subgroup of Map(^Σ) that commutes with the orientation reversing involution σ, which relates points pairwise on the double, c.f (1.11). This subgroup, sometimes called the relative modular group, is isomorphic to the mapping class group Map(Σ) of the world sheet. Invariance under the action of Map(Σ) therefore assures that the correlators are single-valued.

Let us describe a concrete example. Consider the torus without any field insertions. The mapping class group of this world sheet is the modular group P SL(2, Z). Any torus can be described as a quotient of the upper half plane by identifying points that differ by integer combinations of two vectors. Due to conformal invariance the CFT is invariant under scalings and rotations of this torus. Thus we can take the vectors to be τ with Im(τ) > 0 and 1. The group P SL(2, Z) has a presentation by 2 generators S and T modulo the relations S^2 = 1 and (ST )^3 = 1. In terms of the modular parameter τ, S and T acts as T : τ → τ + 1 and S : τ → −^1_τ , see e.g. [25] or [94] for more details. One can show that these transformations leave the conformal structure invariant.

Factorizations constraints

The sewing constraints, formulated in [97,98,71], relate world sheets of different topology. They require that when sewing world sheets together, the correlator of the so obtained world sheet can be expressed as a sum over the correlators of the various types of disjoint world sheets that are sewn together. In particular, one can obtain one and the same world sheet by sewing together world sheets in several distinct ways. One can, e.g. obtain a four-point function on the sphere by sewing together two three-point functions in three distinct ways, see [71, Fig. 9(a)]. The sewing constraints give relations between these different ways of sewing.

Equivalently to sewing we can consider the notion of factorization, which means that instead of sewing we give a prescription on how to cut a world sheet up into smaller pieces, such that the correlator of the original world sheet can be written as a sum over the correlators of the so obtained world sheets. Factorization is described in detail in [33].

There are two types of factorization: bulk and boundary factorization. Bulk factorization takes place in a cylindrical region of the world sheet and in short it works as follows in a rational CFT: A world sheet is cut along a circle embedded in the cylindrical region. This results in two holes in the world sheet, which are then closed by gluing a disc with one bulk field to each hole, see picture (4.45) below. The bulk fields that we place on the two discs are related by a non-degenerate pairing on the space of bulk fields. This pairing comes from the two-point function on the sphere. Thus, factorization gives rise to a collection of world sheets that are labeled by bulk fields. We will refer to world sheets obtained this way as factorized world sheets. It is sometimes useful to have the following picture of factorization in mind: Picture the cylindrical region, in which we cut, as a tube (as in picture (4.45)). Factorization can then be thought of as "squeezing" the tube to smaller and smaller diameter until it breaks. Boundary factorization works similarly, but the factorization is performed along a line segment embedded between two boundary components.

The factorization constraints should be thought of as a concrete realization of the notion of inserting a complete set of states. The factorization identity involves a sum over all primary bulk fields. This may be thought of as summing over the entire state space.

In [33] it is proven that the correlators of world sheets without defects, obtained via the TFT-construction, satisfy the factorization constraints. In [1] the proof is extended to orientable world sheets with an arbitrary network of defects. The factorization identity, Theorem 4.4, states that summing over the correlators of the collection of factorized world sheets, with suitable coefficients, we obtain the correlator of the world sheet we started with. Bulk factorization is described in more detail in section 4.2.1

The factorization identities drastically reduce the number of correlators that have to be calculated in order to know any correlator. In a rational CFT, the correlator of any oriented world sheet can be written as a sum involving correlators of world sheets of only three types [1]:

• Three defect fields on the sphere • Three boundary fields on the disc • One boundary and one disorder field on the disc

Any correlator is determined, via the factorization identity, by calculating all possible correlators of these types involving only primary fields. In addition, due to semisimplicity it is enough to consider the irreducible boundary and defect conditions. Thus, as explained in [1], there is a finite number of fundamental world sheets from which any correlator can be obtained algorithmically.

Historically, there have been attempts to solve full CFT by picking one of the constraints and search for all solutions that satisfy that constraint. For example searching for modular invariant torus partition functions, in order to find bulk state spaces of consistent conformal field theories, has led to what is known as the ADE-classification of torus partition functions for the su(2)-WZW-models [17]. However, considering modular invariance alone is far from enough. One can write down modular invariant partition functions which are not part of any consistent conformal field theory. The appearance of such spurious solutions should not come as a surprise. There could very well be modular invariant partitions functions that satisfy one consistency condition but not all. The set of constraints is highly over-determined and it is a priori not clear that a solution exists at all. One advantage of the TFT-construction is that it allows one to treat the whole set of constraints simultaneously.

1.3 Topological defect lines

Recall from section 1.2 that topological defect lines are characterized by the fact that they can be deformed without affecting the correlator, as long as the defect is not taken across a field insertion or another defect line. Technically that means that the defects we are interested in are tensionless in the sense that the holomorphic and the anti-holomorphic components, T and T , of the energymomentum tensor are continuous across the defect line. In fact we require more. We require that both the holomorphic and the antiholomorphic components of all generating currents of the chiral algebra are continuous across the defect line. Below "defect line" or simply "defect" will always refer to a defect line that is topological in this strong sense.

Even though some aspects of defect lines mentioned below are valid in a more general setting we will describe defects in rational CFT. In particular we will use that in a rational CFT there is a finite set of simple defect conditions and any defect condition can be written as a superposition of the simple ones. An A-B-defect separates two regions such that the region to the left (right) of the defect is in phase A (B):

X A

B (1.12)

We refer to such a defect line, with defect condition X, simply as the defect X. There is a notion of the dual X^∨ of an A-B-defect X. X^∨ is a B-A-defect obtained from X by reversing its orientation.

We will be interested in world sheets with arbitrary networks of defects. Thus, several defects may be joined at a single point or one or more defects may end on a single point on the boundary. We refer to such points as a network vertices.

Defect operators

A defect line gives rise an operator between spaces of bulk fields. Consider a bulk field ϕ in phase A encircled by an A-B-defect X. Since the defect line is topological it can be shrunk to an arbitrarily small radius ε. In the limit ε → 0, we obtain a bulk field D_X (ϕ) in phase B. Thus, the defect X gives rise to a linear map D_X between the spaces of bulk fields in phase A and B separated X. This is illustrated in the following picture:

X A ϕ B →^ϕ_X B →^{DX (ϕ)} B

(1.13)

Fusion of defects

Consider two parallel defects X and Y in a region where there are no field insertions or other defect lines between them. Since we can move the two defects arbitrarily close to each other they can be considered as a single defect: their fusion product X ⋆Y . In rational CFT, where there is a complete characterization of defect lines, there is a precise representation theoretic description of the defect condition that is assigned to X ⋆ Y . This description is given in section 4.1.2.

Fusion of defects allow us to take a defect across a bulk field at the cost of transforming the bulk field into a disorder field. In rational CFT we can, due to semisimplicity, map a bulk field in phase A to a sum over defect conditions and disorder fields in phase B as illustrated in the following picture:

Φ_α X A B = X A B

= ∑ Y ∑ τ

X

X

Y

A B = ∑ Y,τ ∑ γ d^{αγ}_{A,X,B;Xμ ,τ} X

Y

Θ_γ A B

(1.14)

Here, the summation over Y is a sum over the simple defects, the summation over τ is over the multiplicity of Y in the fusion of X with X^∨ and Θ_γ label the elementary disorder fields at which Y can end.

Considering the coefficients d^{αγ}_{A,X,B;B,τ} on the right hand side of (1.14), i.e. the contribution of the trivial defect condition Y = B, we obtain the defect transmission coefficients, which contain a lot of the physical information about defects. They describe the bulk field contribution in the sum over disorder fields in (1.14) and thus to what extent the defect line is transmissive with respect to bulk fields. As a consequence, the defect operator D_X , c.f. (1.13), is completely characterized by the defect transmission coefficients. In addition, as will be described in section 5.4, the defect partition function has an expansion in terms of the defect transmission coefficients. The defect transmission coefficients are in one-to-one correspondence with the irreducible representation of a finitedimensional commutative unital associative algebra over C [3], the classifying algebra for defects. Thus, the simple defects are classified by this algebra. This is described in chapter 5.

A defect can also be fused to a boundary. When an A-B-defect X is running parallel to a boundary condition M in phase B it can be moved arbitrarily close to the boundary. This gives rise to a fusion between the defect line and the boundary. The mathematical description of this fusion is analogous to the fusion of two defects and is described in section 4.1.2.

Defects in statistical models

Defect lines appear naturally in lattice models. Consider e.g. the Ising model on a square lattice with ferromagnetic coupling at low temperature. In that situation most bonds are locked into place by the ferromagnetic coupling. However, it may happen that there are plaquettes, i.e. squares in the lattice bounded by four bonds (edges in the lattice), such that the bonds around this plaquette are not locked. This phenomenon, known as frustration, may occur if an odd number of bonds that form the square are anti-ferromagnetic. Frustration is encoded in a disorder parameter placed in the middle of the plaquette (i.e. on a site of the dual lattice). The calculation of correlators of such disorder parameter involves a line, along some path in the lattice, connecting the disorder parameters. The choice of such path is in fact a gauge choice, i.e. the correlator is independent of the particular choice of path. In the scaling limit we obtain a CFT-correlator that involves disorder fields connected by defect lines. See e.g. [93] for more details.

Group-like and duality defects

Since defect lines connect different phases of a CFT, it should not come as a surprise that they can be used to derive non-chiral symmetries and dualities between CFTs. A group-like defect is an A-A-defect with the property that its fusion product with the dual X^∨ is the invisible defect. Group-like defects describe non-chiral symmetries of CFTs. Since non-isomorphic defect conditions describe distinct defect operators [40] non-isomorphic defect conditions give rise to distinct symmetries.

A generalization of group-like defects are duality defects. A duality defect X has the property that there is another defect X^′ such that first taking X across a bulk field as in (1.14) and then taking X^′ across the resulting disorder field results in a sum over bulk fields rather than genuine disorder fields. Duality defects can be used to derive duality relations between CFTs [40]. It has e.g. been shown in [37] that the order disorder duality of the critical Ising model can be implemented by a duality defect.

1.4 Logarithmic CFT

Above we have largely restricted our attention to rational CFT, whose mathematical formulation by now is fairly well understood. In recent years there has been a growing interest in a class of non-rational CFTs, called logarithmic CFT, first discussed in [53].

For logarithmic CFT we keep the requirement that the chiral algebra has a finite number of simple modules. The novelty as compared to rational CFT is that not every module is fully reducible, i.e. the relevant representation category is no longer semisimple. A consequence of the non-semisimplicity is that there are conformal blocks with logarithmic branch cuts. This is explained in e.g. section 5.2 of [48]. One might fear that chiral theories of this form cannot be used to construct a full (local) CFT. However, this has been achieved for e.g. the triplet models, the best understood type of logarithmic models. In [49] a modular invariant partition function is obtained, and a corresponding boundary theory has been studied in [50].

It is worth noting that semisimplicity arises in quantum physics as a consequence of unitarity. Nevertheless the logarithmic theories appear in various physical applications, despite the fact that they are not unitary. Logarithmic CFT can be used to understand e.g. the critical behavior of percolation, which was described in section 1.2, and critical polymers in two dimensions, see e.g. [79, 84].

So far it is not fully known how to formalize logarithmic CFT mathematically. In this context it is worth mentioning that for rational CFT it took two decades to obtain a model-independent mathematical description. The work in [4, 5, 6] presented in chapter 6 of this thesis aims at a better understanding of logarithmic CFT from a categorical perspective.

Holomorphic factorization is not expected to be valid only for rational CFT. Thus, one could explore whether the separation of the solution of full CFT, that was described in section 1.2.3, still works in the non-rational case. In this thesis we give a prescription of a morphism C(Σ_{g,n}) associated to a closed oriented surface Σ_{g,n} of genus g with n marked points. We show [4, 6] that for a particular class of non-semisimple categories, the morphism C(Σ_{g,n}) is invariant under a natural projective action [73] of the mapping class group of Σ_{g,n}. This motivates us to think of the morphisms C(Σ_{g,n}) as candidates for correlators in non-rational theories. Considering C(Σ_{1,0}) we also show that the partition function provided by this construction can be "chirally decomposed" [5]. In particular, in the semisimple case, the well known charge conjugation partition function, which is present in any rational CFT (see section 3.2.2), is reproduced. All of this is described in chapter 6.

2 Category theory

In this chapter we introduce various notions from category theory that we need in the rest of the thesis. A category C consists of two types of data: A collection of objects Obj(C) and for any ordered pair U, V ∈ Obj(C) a set of morphisms from U to V denoted by Hom(U, V ). The morphisms are subject to the following conditions:

• Any two morphisms f ∈ Hom(U, V ) and g ∈ Hom(V, W ) can be composed to a morphism g ∘ f ∈ Hom(U, W ) and the composition is associative • For any object V ∈ Obj(C) there is an identity morphism, id_V , such that

id_V ∘ f = f and g ∘ id_V = g , (2.1)

for any f ∈ Hom(U, V ) and g ∈ Hom(V, W )

As a first elementary example we mention the category Vect_C of finite dimensional complex vector space. The objects of the category Vect_C are the finite dimensional complex vectors spaces and the morphisms are the linear maps between such vector spaces. The composition of morphisms is the ordinary composition of linear maps. It is easily checked that the conditions above are indeed satisfied. So far this statement is just a formalization of a well known fact. However, we will see that the category Vect_C fits into a class of categories, relevant for CFT, with a lot more interesting structure. In particular we will see that there are natural generalizations of structures such as associative algebras and their representation theory.

In order to describe aspects of CFT we will be interested in categories with quite a lot additional structure. It is convenient to describe some of these structures in terms of functors. A functor F : C → D from a category C to a category D associates to each object U ∈ Obj(C) an object F (U) ∈ Obj(D) and to each morphism f ∈ Hom_C (U, V ) a morphism F (f) ∈ Hom_D(F (U), F (V )) in such a way that the morphisms in D satisfy

F (id_U ) = id_{F (U)} and F (g) ∘ F (f) = F (g ∘ f) , (2.2)

for all f ∈ Hom(X, Y ) and g ∈ Hom(Y, Z). Analogously a bifunctor is a functor F : C ×D → E (the category C ×D is the category whose objects and morphisms are just pairs of objects and morphisms from C and D) associating to a pair of objects (morphisms) in C×D an object (morphism) in E, such that F is functorial (i.e. (2.2) is satisfied) in each argument.

Below we introduce step by step all additional structure that impose on our categories. We will first introduce the special class of (semisimple) modular tensor categories. After that, we describe the category H-mod of representations of a finite-dimensional factorizable ribbon Hopf algebras, which may or may not be modular. In the end of this chapter we define a larger class of categories, in which we relax the semisimplicity condition, containing the semisimple modular ones, and in particular H-mod.

2.1 Monoidal categories

A monoidal category is a category C equipped with a bifunctor ⊗ : C × C → C associating to any pair of objects U, V ∈ Obj(C) an object U ⊗ V and to any pair of morphisms f ∈ Hom(U, V ) and g ∈ Hom(U^′, V^′) a morphism f ⊗ g ∈ Hom(U ⊗ U^′, V ⊗ V^′). In addition there is a tensor unit 1 ∈ Obj(C) and families of isomorphisms such that

U ⊗ (V ⊗ W ) ∼= (U ⊗ V ) ⊗ W and 1 ⊗ U ∼= U ∼= U ⊗ 1 , (2.3)

for all U, V, W ∈ Obj(C). The existence of such isomorphisms is not enough. They also have to satisfy the pentagon and triangle identities. The pentagon identity assures that the families of isomorphisms in (2.3) provide a unique isomorphism between any two bracketings of multiple tensor products and the triangle identity is a compatibility condition between the associativity and unit constraint. See e.g. [60, Chapter XI.2] for the explicit form of these identities.

Remark 2.1. Note that sometimes the word tensor category is used for a monoidal category. In mathematics literature, the notion of a tensor category typically involves additional structure. In particular a tensor category is required to be rigid. This means that left and right duals, that are introduced in the next subsection, exist for each object. We will sometimes use the word tensor category, but only in situations when the category is a tensor category in this stronger sense.

A monoidal category is called strict if all the isomorphisms in (2.3) are equalities. In many interesting situations this is not the case. However, according to the coherence theorems [77, Chapter VII.2], any monoidal category is equivalent to a strict one, see also [60, Chapter XI.5]. (Two categories are equivalent if there exists a functor between them that is invertible up to isomorphism, see eq. [77, Chapter IV.4].) Thus we can (and will) always replace any non-strict category by an equivalent strict one and accordingly take the isomorphisms in (2.3) to be equalities. Typically, this equivalence preserves also additional structures on the categories, see e.g. [81, Theorem 2.2].

In strict monoidal categories we will make extensive use of graphical calculus. In graphical calculus we write morphisms as pictures in the following manner: A morphism is drawn as a box (or some other shape) connecting lines labeled by the source and target object, and the identity morphism is drawn as a single line labeled by the corresponding object. The convention in this text is to read pictures from bottom to top. Composition of morphisms is depicted as concatenation of morphisms and the tensor product of morphisms as juxtaposition. This is illustrated in the following picture:

id_U =

U

U

f =

U

V

f g ∘ f =

W

U f g V f ⊗ f^′ =

U

V

f

U^′

V^′

f^′ (2.4)

2.2 Modular tensor categories

In this section we introduce (semisimple) modular tensor categories.

2.2.1 Ribbon categories

A ribbon category is a monoidal category with three additional compatible structures: Duality, braiding and twist:

• A (right) duality assigns to every object U a dual object U^∨ and a pair of morphisms, the evaluation and coevaluation morphisms:

d_U ∈ Hom(U^∨ ⊗ U, 1) and b_U ∈ Hom(1, U ⊗ U^∨) . (2.5)

Via the evaluation and coevaluation morphisms the duality also acts on morphism according to

f → f^∨ := (d_V ⊗ id_U ∨ ) ∘ (id_V ∨ ⊗ f ⊗ id_U ∨ ) ∘ (id_V ∨ ⊗ b_U ) . (2.6)

In fact, as is easily checked, this way the duality is a functor^∨ : C → C^{op}, where C^{op} is the opposite category defined below in section 2.6. The morphisms b_U , d_U and f^∨ are depicted graphically as:

b_U = U U^∨ d_U = U^∨ U f^∨ =

V^∨

U^∨

f (2.7)

The duality is unique up to unique isomorphism, see appendix A.1.2.

• A braiding is a family of natural isomorphisms c_{U,V} ∈ Hom(U ⊗ V, V ⊗ U), one for each pair of objects U.V ∈ Obj(C). We depict the braiding and its inverse as

c_{U,V} = U V

V U

c^{−1}_{U,V} = V U

U V

(2.8)

• A twist is a family of automorphisms θ_U ∈ End(U), one for each object U ∈ Obj(C). Graphically the twist and its inverse are denoted by

θ_U = U

U

θ^{−1}_U = U

U (2.9)

The duality, braiding and twist satisfy a number of consistency conditions. Among the them are the braid relations which state that the isomorphisms c_{U,V} (and analogously their inverses) have to satisfy

c_{U,V ⊗W} = (id_V ⊗ c_{U,W} ) ∘ (c_{U,V} ⊗ id_W ) and c_{U⊗V,W} = (c_{U,W} ⊗ id_V ) ∘ (id_U ⊗ c_{V,W} ) . (2.10)

The second of these equality is displayed in graphically in (A.3). The rest of the compatibility conditions is given in appendix A.1.1, see also e.g. [60, Chapter XIV.3].

Sovereignty

There is also a notion of left duality, i.e. a functor assigning to each object U ∈ Obj(C) a left dual object^∨U and to each morphism f the left dual morphism^∨f. The left evaluation and coevaluation morphisms will be denoted by d̃_U ∈ Hom(U ⊗ ∨U, 1) and b̃_U ∈ Hom(1, ∨U ⊗ U) respectively. The pictures for the left duality are the mirrored versions of (2.7), see (A.4).

In a ribbon category we can easily define a left duality by defining^∨U := U^∨ and taking the left (co)evaluation morphisms to be given by combinations of braidings, twists and right (co)evaluation morphisms, see (A.4). This defines a strictly sovereign structure.

For some purposes strict sovereignty is too strong. We wish to relax the equality of left and right duality to^∨U ∼= U^∨. Explicitly: If it exists (in ribbon categories it does), a sovereign structure is a choice of a monoidal natural isomorphism π between the right and left duality functors. Naturality means that the family {π_U } of isomorphisms is a natural transformation. Explicitly:

∨f ∘ π_V = π_U ∘ f^∨ (2.11)

for any f ∈ Hom(U, V ). That {π_U } is monoidal means that π_{U ⊗ V} = π_U ⊗ π_V . The equivalent notion of balanced, or sometimes also called pivotal, structure requires instead the existence of an isomorphism between the (left or right) double dual functors and the identity functor.

In a sovereign category C we can define right and left traces of an endomorphism f ∈ End(X) according to

trace_r (f ) := trace_l(f ) := f π_X f π^{−1}_X (2.12)

If C is in addition ribbon, it is spherical, i.e. the left and right traces coincide

trace_l(f) = trace_r(f) := trace(f) . (2.13)

Using the properties of the duality functors it is also easily checked that the trace is cyclic. The trace of the identity morphism is the quantum dimension of the object dim(U) := trace(id_U ) . (2.14)

Graphical calculus for sovereign ribbon categories

A nice way of thinking of the compatibility conditions for a strictly sovereign ribbon category is to think of the lines in graphical notation as two-dimensional ribbons. We then picture the twist endomorphism as a 2π rotation of a ribbon around its core:

U

U =

U

U

(2.15)

and dualities and braidings as ribbons with the same shapes. The compatibility conditions of the duality, braiding and twist are then exactly such that the allowed deformations of a morphism are the ones that are possible to perform with the corresponding two-dimensional ribbons.

2.2.2 Modular tensor categories

A modular tensor category is a finitely semisimple, abelian, k-linear ribbon category C, where kis an algebraically closed field of characteristic 0, with simple tensor unit and a non-degenerate s-matrix. Let us describe what this means.

That C is abelian k-linear means in particular that every morphism set is a vector space over k. What is relevant for CFT is the case k = C . In an abelian category there is also a notion of direct sum, see e.g. [77, Chapter VIII.3] for more details. When discussing modular categories we will assume that C is strictly sovereign.

A simple object is characterized by the property that it does not have a proper subobject (the notion of subobject is defined in section 2.6). In the present situation this implies that the space of endomorphisms of a simple object is the ground field. Such an object is called absolutely simple.

That C is finitely semisimple means that there is a finite number of simple object and every object is a finite direct sum of simple objects. We will denote a set of representatives of the simple objects by {U_i|i ∈ I}, where i = 0, ..., |I| − 1 and we choose U_0 = 1.

The s-matrix is the |I| × |I| matrix with entries

s_{i,j} := trace(c_{j,i} ∘ c_{i,j} ) ∈ k. (2.16)

Thus, a non-degenerate s-matrix constitutes a non-degeneracy condition on the braiding. Using that left and right traces coincide, the s-matrix can be written as

s_{i,j} =_{i j} (2.17)

Note that the first row (and column since the trace is symmetric) of the s-matrix consists of the quantum dimensions of the simple objects

dim(U_i) = s_{i,0} . (2.18)

The s-matrix together with the matrix T , with entries T_{ij} := δ_{ij} θ_i, furnish a projective representation of the modular group. There is also a genuine representation of the modular group in which the S-transformation is generated by a matrix whose elements are related to the elements of the matrix (2.16) by

S_{i,j} := S_{0,0} s_{i,j} . (2.19)

The category Vect_k The category Vect_k, of finite-dimensional vector spaces over an algebraically closed field k, is an elementary example of a ribbon category: The duality assigns to any vector space V the dual vector space V^∗ = Hom_k(V, k). The braiding is the flip map τ_{V,W} which just interchange the two factors V and W in a tensor product; in particular over- and under-braiding coincide. When the braiding and inverse braiding coincide the category is referred to as symmetric. Finally the twist is trivial: For any V ∈ Obj(Vect_k), θ_V = id_V . In fact Vect_k is even modular. There is a single simple object, the ground field k, and since the braiding is symmetric, the single s-matrix element equals 1.

On the other hand, the category of super vector spaces is not modular. The category of super vector spaces has two simple objects (both of them 1- dimensional), (k, 0) and (0, k), and again due to the symmetric braiding all four s-matrix elements are 1. Thus the s-matrix is degenerate.

Basis choices It is convenient to describe some aspects of modular tensor categories in terms of bases of morphisms spaces. For every object X and every simple object U_i we fix embedding and restriction morphisms e^X_{i,α} ∈ Hom(U_i, X) and r^X_{i,α} ∈ Hom(X, U_i). Here i ∈ I and α labels the multiplicity of U_i in X. The embedding and restriction morphisms have the properties r^X_{j,α} ∘ e^X_{i,β} = δ_{ij} δ_{αβ} id_{Ui} and ∑ i ∈ I ∑ α e^X_{i,α} ∘ r^X_{i,α} = id_X . (2.20)

Denote by N^k_{ij} = dim(Hom(U_i ⊗ U_j , U_k)) , (2.21)

i.e. the dimension of the space Hom(U_i ⊗ U_j , U_k) for all i, j, k in I and choose a basis {λ^α_{(i,j),k} |α = i, 2, ..., N^k_{ij} } for this space. The dual basis of Hom(U_k, U_i ⊗ U_j ) is denoted by {Λ^{(i,j),k}_α |α = 1, 2, ..., N^k_{ij} }. We depict the basis morphisms as

λ^α_{(i,j),k} =

i j k

α Λ^{(i,j),k} α =

k i j

α (2.22)

That the two bases are dual to each other means that they satisfy

λ^α_{(i,j),k} ∘ Λ^{(i,j),l}_β = δ_{kl} δ_{αβ} id_k . (2.23) In addition they satisfy ∑ k ∈ I

N^k_{ij}∑

α=1 Λ^{(i,j),k} α ∘ λ^α_{(i,j),k} = id_{Ui} ⊗ id_{Uj} . (2.24)

This is due to semisimplicity of C.

2.3 Algebra objects in monoidal categories

Recall the concept of an associative unital algebra A over a field k: A is a vector space over kendowed with an associative product m : A × A → A and a unit, e.g. an element e ∈ A such that m(e, a) = m(a, e) = a for all a ∈ A. We will make extensive use of a categorical version of this concept.

2.3.1 Algebras and coalgebras

Definition 2.2. An algebra (A, m, η) in a monoidal category C is an object A in C, together with a product m ∈ Hom(A ⊗ A, A), and a unit η ∈ Hom(1, A), such that m is associative and η satisfies the unit constraint. Explicitly, m ∘ (m ⊗ id_A) = m ∘ (id_A ⊗ m) and m ∘ (id_A ⊗ η) = id_A = m ∘ (η ⊗ id_A) .

(2.25)

Indeed, an associative algebra A in the classical sense described above is nothing but an algebra in the category Vect_k. We will also need the dual notion of a coalgebra:

Definition 2.3. A coalgebra (C, Δ, ε) in a monoidal category C is an object C in C, together with a coproduct Δ ∈ Hom(C, C ⊗ C), and a counit ε ∈ Hom(C, 1), such that Δ is associative and ε satisfies the unit constraint. Explicitly, (Δ ⊗ id_C ) ∘ Δ = (id_C ⊗ Δ) ∘ Δ and (id_C ⊗ ε) ∘ Δ = id_C = (ε ⊗ id_C ) ∘ Δ .

(2.26)

In pictures, depicting the product and the unit as

m = A

A

A η = A (2.27)

the associativity and unit properties are drawn as:

A A

A

A

=

A A

A

A

A

A = A

A = A

A

(2.28)

Analogously, depicting the coproduct and counit as

Δ = C

C

C ε = C (2.29)

the coassociativity and counit constraints are drawn as: C

C

C C

=

C

C

C C

C

C

=

C

C

=

C

C

(2.30)

A crucial ingredient in our description of conformal field theory will be objects which are both algebras and coalgebras and in addition posses some compatibility condition between these two structures. We will consider two different compatibility conditions. The first one is the notion of a Frobenius algebra:

Definition 2.4. A Frobenius algebra (A, m, η, Δ, ε) in a monoidal category C is an object A such that (A, m, η) is an algebra, (A, Δ, ε) is a coalgebra and the algebra and coalgebra structures are compatible in the sense that A

A

A

A

=

A

A

A

A

=

A

A

A

A

(2.31)

The Frobenius algebras of our interest typically have additional properties:

Definition 2.5.

(i) An algebra in a k-linear monoidal category C which is also a coalgebra is called special iff m ∘ Δ = β_A id_A and ε ∘ η = β_1 id_1 (2.32) for non-zero numbers β_1 and β_A.

(ii) An invariant pairing on an algebra A = (A, m, η) in a monoidal category C is a morphism κ ∈ Hom_C (A ⊗ A, 1) satisfying κ ∘ (m ⊗ id_A) = κ ∘ (id_A ⊗ m). (iii) A symmetric algebra (A, κ) in a sovereign category C is an algebra A in C together with an invariant pairing κ that is symmetric, i.e. satisfies

= A κ

A π^{−1}_A

A A κ = A κ

A π_A (2.33)

Remark 2.6. (i) In a sovereign category C, the Frobenius property (2.31) is equivalent to the statement that the morphisms Φ_r and Φ_l defined as

Φ_r := ((ε ⊗ m) ⊗ id_A∨ ) ∘ (id_A ⊗ b_A) ∈ Hom(A, A^∨) and Φ_l := (id∨_A ⊗ (m ⊗ ε)) ∘ (b̃_A ⊗ id_A) ∈ Hom(A,^∨A)

(2.34)

are isomorphisms of right- and left-modules, respectively [7]. In addition, if C is strictly sovereign, A is symmetric iff Φ_r = Φ_l. (ii) The two equalities in (2.33) imply each other.

(iii) An algebra with an invariant pairing κ, i.e. that satisfies κ ∘ (m ⊗ id_A) = κ ∘ (id_A ⊗ m), is Frobenius iff κ is non-degenerate [7]. In case A is Frobenius as in Definition 2.4, κ_ε := ε ∘ m is a non-degenerate invariant pairing. (iv) Note that not only algebras and coalgebras, but even Frobenius algebras can be defined in any monoidal category. We do not even need the category to be abelian. A natural setting for symmetric algebras is a sovereign monoidal category.

(v) For a special Frobenius algebra A, we will choose the normalization such that β_A = 1 and β_1 = dim(A).

In a braided monoidal category we can define:

Definition 2.7. A bialgebra (A, m, η, Δ, ε) in a braided monoidal category C is an object A such that (A, m, η) is an algebra, (A, Δ, ε) is a coalgebra and the algebra and coalgebra structures are compatible in the sense A

A

A

A

=

A

A

A

A

(2.35)

and in addition ε ∘ m = ε ⊗ ε and Δ ∘ η = η ⊗ η . (2.36)

We will in particular be interested in bialgebras with an additional property:

Definition 2.8. A Hopf algebra (H, m, η, Δ, ε, S) in a monoidal category C is an object H such that (H, m, η, Δ, ε) is a bialgebra, and the antipode S ∈ End(H) satisfies_H

H S =

H

H =

H

H S (2.37)

Graphically, we write the antipode as a circle (like in (2.37)), and if the antipode is invertible we write it as a filled circle:

S = H

H S−1 = H

H (2.38)

It follows (see e.g. [74, Section 3.1]) from (2.35) and (2.37) that S is an antiendomorphism of H as a (co)-algebra: H

H H =

H

H H and H

H H

= H

H H

(2.39)

If in addition the antipode is invertible, it follows that the inverse antipode satisfies analogous relations with braiding replaced by inverse braiding. In other words, antipodes can be pushed through products and coproducts at the cost of introducing extra braidings.

From (2.36) and the unit property it follows that

ε ∘ η = 1 . (2.40)

Furthermore, combining ε ∘ η = 1 with the defining property (2.37) of S and (2.36) it follows that ε ∘ S = ε and S ∘ η = η . (2.41)

Tensor products of (Frobenius) algebras

Consider two objects A and B in a braided category, such that A and B are algebras as well as coalgebras. We can define tensor products of algebras as well as coalgebras by using the braiding. Consider the following morphisms:

m^± := (m_A ⊗ m_B ) ∘ (id_A ⊗ c^∓_{A,B} ⊗ id_B ), η^± := η_A ⊗ η_B , Δ^± := (id_A ⊗ c^±_{A,B} ⊗ id_B ) ∘ (Δ_A ⊗ Δ_B ), ε^± := ε_A ⊗ ε_B .

(2.42)

If we don’t require any compatibility condition between product and coproduct on A ⊗ B it is easily checked that any choice of m^± and Δ^± as defined in (2.42) gives an algebra and a coalgebra structure on A ⊗ B. If A and B are Frobenius algebras in a braided category, then

A ⊗^±B ≡ (A ⊗^±B, m^±, η^±, Δ^±, ε^±) (2.43)

is a Frobenius algebra for either choice of ±. Note that, if A and B are bialgebras in a symmetric braided category, the structure morphisms in (2.42) give a bialgebra structure on A ⊗^+B = A ⊗^− B ≡ A ⊗ B.

2.3.2 Representations of algebras

The notion of representation of associative algebras have a straightforward categorical generalization.

Definition 2.9. A (left) module M(ρ) over an algebra A in a monoidal category C is an object M ∈ Obj(C) together with a morphism ρ ∈ Hom(A ⊗ M, M) that satisfies

A A M A A M ρ ρ ρ =

M M

and

M ρ = id_M .

M

(2.44)

Analogously a right module over an algebra A in a category C is an object M ∈ Obj(C) together with a morphism ρ

∈ Hom(M ⊗ A, M) satisfying the analogous relations. Finally a bimodule (X; ρ, ρ

) over A is an object X such that (X, ρ) is a left module, (X, ρ

) is a right module and ρ and ρ commute. In order to lighten notation we will omit labels of representation morphisms when the morphism is clear from the context.

For any two objects U and V and any A-B-bimodule (X, ρ, ρ

) of algebras A and B in a braided category we can define an induced bimodule U ⊗^+X ⊗^−V . As an object U ⊗^+X ⊗^−V is just U ⊗ X ⊗ V , and the action is obtained by combining the inverse braiding with the representation morphisms of X as follows:

A U X V B ρ ρ U X V

(2.45)

Note that modules can be defined in any monoidal category C. If C is in addition sovereign we can define:

Definition 2.10. The character χ^A_M of a module M over an algebra A in a sovereign monoidal category is the morphism

χ^A_M :=

A

M ρ^A_M π_M ∈ Hom(A, 1). (2.46)

For any algebra A in C, the category C_A of left A-modules has as objects all A-modules in C, and as morphisms the morphisms in C that intertwine the Aaction. For any two A-modules X and Y , the set of such morphisms is denoted by Hom_A(X, Y ). Analogously, there is a category C_{A|B} of A-B-bimodules. The objects of the category C_{A|B} consist of all A-B-bimodules in C and the morphisms in C_{A|B} consist of all morphisms in C that are A-B-bimodule morphisms. We denote the set of morphisms from X to Y in C_{A|B} by Hom_{A|B} (X, Y ). Note that if C is a modular category the categories C_A and C_{A|B} do not inherit this structure. In fact, they are in general not even monoidal categories. However, C_{A|A} may be naturally equipped with a monoidal structure. To see how this works, let us introduce tensor products of bimodules.

Tensor products of bimodules

If X is an A-B-bimodule and Y is a B-C bimodule for any algebras A, B and C in some monoidal category C, we can define the tensor product over B, X ⊗_B Y , of X and Y as the coequalizer in C_{A|C} of the left and right actions of B on X and Y . That means first of all that X ⊗_B Y is an object in C_{A|C} and there is a morphism r in Hom_{A|C} (X ⊗ Y, X ⊗_B Y ) such that r ∘ ( ρ

B X ⊗ id_Y ) = r ∘ (id_X ⊗ ρ^B_Y ). In addition r satisfies a universal property, see e.g. [77, Section III.3].

In the case we will be interested in, in which C is modular and B is a special symmetric Frobenius algebra, X ⊗_B Y can be written as the image (see [1, Lemma A.3]) X ⊗_B Y = Im(P_{X,Y} ) (2.47)

of the projector

P_{X,Y} : =

X Y ρ

B X ρ^B_Y (2.48)

In addition, a modular tensor category C is idempotent complete which implies that there are embedding and restriction morphisms r ∈ Hom_{A|C} (X ⊗ Y, X ⊗_B Y ) and e ∈ Hom_{A|C} (X ⊗_B Y, X ⊗ Y ) such that

P_{X,Y} = e ∘ r and r ∘ e = id_{X ⊗B Y} . (2.49)

This tensor product of bimodules turns the category C_{A|A} into a monoidal category. Note that by taking Y to be a B-1-bimodule M, this prescription defines X ⊗_B M ∈ C_A for any A-B-bimodule X and any left B-module M. Analogously, one can define the right C-module N ⊗_B Y , for any B-C-bimodule Y and any right B-module N

Tensor products of bialgebra (bi-)modules

For bialgebras we have the notion of tensor product of bimodules described above. However, the connecting axiom (2.35) allows also a different notion of tensor product, which can be defined not only for bimodules, but already for left or right modules. For two H-H^′-bimodules X and Y , over two bialgebras H and H^′, there is a tensor product X ⊗_Δ Y ≡ (X ⊗ Y, ρ_{X ⊗Δ Y} , ρ

X ⊗_Δ Y ). As

an object, X ⊗_Δ Y is just the underlying object X ⊗ Y in C, and the actions are constructed from the coproduct and the braiding as in the following picture:

H X Y H ρ_{⊗Δ} ρ

⊗Δ :=

H X Y H

(2.50)

It is straightforward to check that these actions indeed satisfy (2.44) and the corresponding condition for right actions. The tensor products of left- or rightmodules are obtained from this description by simply forgetting about the rightor left-action.

Remark 2.11. (i) Note that the connecting axiom (2.35) for a bialgebra means that the coproduct of a bialgebra is an algebra morphism from A to A ⊗^− A with A ⊗^− A as defined in (2.43).

(ii) Endowing the object A ⊗ A with a bimodule structure with left and right actions m ⊗ id_A and id_A ⊗ m, the Frobenius property (2.31) means that the coproduct of a Frobenius algebra is a bimodule morphism from A to A ⊗ A.

2.4 Representation categories of factorizable ribbon Hopf algebras

In this section we consider a finite-dimensional Hopf algebra H, over an algebraically closed field kof characteristic zero, or in other words, a Hopf algebra object in the category Vect_k, c.f Definition 2.8. We describe the relevant structures and properties of such Hopf algebras below. For more information see e.g. [60]. We denote by H-mod the category of left-modules over H. The objects of H-mod are the left-modules, i.e. vector spaces over kendowed with a left H-action, and the morphisms of H-mod are all left-module morphisms, i.e. linear maps that intertwine the action of H.

In our analysis we often work directly in the category Vect_k, i.e. morphisms are linear maps. In particular we will draw pictures in Vect_k rather than in H-mod. This has the advantage that various relations can be expressed in a more explicit manner. However, we have to be careful and make sure that the linear maps we deal with indeed are morphisms in H-mod. Recall that the braiding of Vect_kis symmetric, so we do not need to distinguish between overand under-braiding.

Below we will identify H with Hom_k(k, H) and accordingly think of elements of H as linear maps in Hom_k(k, H). Analogously we will think of elements of H^∗ as linear maps in Hom_k(H, k). Thus in pictures, elements h ∈ H and f ∈ H^∗ will be drawn as

h and^f (2.51)

respectively.

A left integral of a Hopf algebra H is an element Λ ∈ H satisfying

m ∘ (id_H ⊗ Λ) = Λ ∘ ε , (2.52)

and a right integral is an element Λ̃ ∈ H satisfying m ∘ (Λ̃ ⊗ id_H ) = Λ̃ ∘ ε. A right cointegral is an element λ ∈ H^∗ satisfying

(λ ⊗ id_H ) ∘ Δ = η ∘ λ , (2.53)

and a left cointegral is defined analogously.

For a finite dimensional Hopf algebra H over k, the antipode is invertible and H has a (up to normalization) unique non-zero left integral Λ and a nonzero right cointegral λ, see [69]. In addition λ ∘ Λ ∈ kis invertible. Recall from (2.39) that the antipode S, and consequently also S^{−1}, is an anti-algebra as well as an anti-coalgebra morphism.

2.4.1 Some Hopf algebra (bi-)modules

In the present setting, H can act on H as well as H^∗ in more than one way. Let us list the left and right actions that will be important to us

The regular bimodule Any algebra is a bimodule over itself with the actions given by the multiplication. We will refer to H endowed with this action as the regular bimodule.

The coregular bimodule Combining the antipode and dualities we obtain the coregular actions of H on H^∗. The coregular bimodule, F := (H^∗, ρ_F , ρ

F ), is the vector space H^∗ endowed with the following actions of H:

H ρ_F

H^∗

H^∗ ρ

F

H

:= S H H^∗

H^∗

H

S−1 (2.54)

The adjoint actions H can also act on itself via the adjoint left and right actions, defined by

ρ_⋄ := ρ

⋄ := (2.55)

The coadjoint left and right actions Analogously we can define the left and right coadjoint actions ρ_▷ and ρ

◁ of H on the vector space H^∗

ρ_▷ :=

H H^∗

S

H^∗

and ρ

◁ :=

H^∗

S

H^∗

H S−1

(2.56)

We will denote by H_⋄ = (H, ρ_⋄) and H^∗_▷ = (H^∗, ρ_▷) the adjoint and coadjoint left modules

Remark 2.12. Note that a left (right) integral is a left (right) module morphism from the trivial H-module (k, ε) to the regular left (right) H-module. Analogously a left (right) cointegral is left (right) comodule morphism from H with the regular left (right) coaction to the trivial comodule (k, η).

The Frobenius map

The Frobenius map Ψ : H → H^∗ and its inverse Ψ^{−1} : H^∗ → H defined by

Ψ =

H

S

λ

H^∗

and Ψ^{−1} = (λ ∘ Λ)^{−1}

H^∗ Λ

H

(2.57)

That Ψ and Ψ^{−1} are inverse to each other means that^1

S

H λ

Λ

H

= λ ∘ Λ

H

H

=

H

H

(2.58)

A graphical proof of this equality can be found in [47, Appendix A.2]

Remark 2.13. It is easily checked, using that S is an anti-algebra morphism, that the Frobenius map Ψ intertwines the regular and the coregular actions.

2.4.2 Monoidal structure on H-mod

Considering any left-module M as an H-bimodule, with right action given by id_M ⊗ ε, the tensor product defined in (2.50) turns H-mod into a monoidal category. Thus, the tensor product M ⊗ N of two H-modules is the vector space M ⊗_kN, equipped with the left action obtained from (2.50) by forgetting the right action. The monoidal unit is given by the trivial left-module (k, ε), i.e. the vector space k with the H-action given by the counit of H. From now on we will always think of H-mod as monoidal equipped with this tensor functor.

Analogously there is a monoidal category mod-H of right representations of H. The category H-Bimod is the corresponding monoidal category of bimodules, i.e. the category whose objects are simultaneously left and right modules, with commuting left and right actions, whose morphisms are bimodule morphisms and the tensor product given by (2.50). The monoidal unit is given by the trivial bimodule (k, ε, ε).

2.4.3 Factorizable ribbon Hopf algebras

We now introduce, step by step, the additional properties of H, that we will require in chapter 6.

Quasitriangular Hopf algebras

A Hopf algebra H is called quasitriangular if there is an invertible element R of H ⊗ H, called the R-matrix, that intertwines the coproduct and the opposite coproduct, i.e ad_R(Δ) := R · Δ · R^{−1} = Δ^{op} ≡ τ_{H,H} ∘ Δ , (2.59)

1In all considerations below we will have λ ∘ Λ = 1, c.f. (2.67).

where τ_{H,H} is the flip map, i.e. the braiding of Vect_k, and (id_H ⊗ Δ) ∘ R = R_{13} · R_{12}, (Δ ⊗ id_H ) ∘ R = R_{13} · R_{23} . (2.60) The R-matrix satisfies in addition (recall that H is finite-dimensional and accordingly the antipode S is invertible)

(S ⊗ id_H ) ∘ R = R^{−1} = (id_H ⊗ S^{−1}) ∘ R = R and (S ⊗ S) ∘ R = R. (2.61) We also define the monodromy matrix Q as Q := R_{21} · R ≡ (m ⊗ m) ∘ (τ_{H,H ⊗ H} ⊗ id_H ) ∘ (R ⊗ R) . (2.62) The monodromy matrix is invertible with inverse given by Q^{−1} = R^{−1} · R^{−1}_{21} . (2.63) From the definition of the Q-matrix and (2.61) it follows that (S ⊗ S) ∘ Q = τ_{H,H} ∘ Q , (2.64) and analogous relations with Q replaced by Q^{−1} or S replaced by S^{−1}. Ribbon Hopf algebras A ribbon Hopf algebra is a quasitriangular Hopf algebra (H, R) endowed with a central invertible element v, called the ribbon element, that satisfies ε ∘ v = 1, S ∘ v = v and Δ ∘ v = (v ⊗ v) · Q^{−1} . (2.65) When H is a ribbon Hopf algebra, the category H-mod is a ribbon category.

In particular, the R-matrix endows H-mod with a braiding as follows:

c^{H-mod} X,Y =

X

X

Y

Y

R τ_{X,Y} (2.66)

The braid relations, (2.10), follows directly from (2.66) and (2.60). The inverse braiding is obtained by replacing R in (2.66) by R^{−1}_{21} = τ_{H,H} ∘ R^{−1}.

Factorizable ribbon Hopf algebras

A quasitriangular Hopf algebra (H, R) is called factorizable if the monodromy matrix Q can be written as Q = ∑ ℓ h_ℓ ⊗ k_ℓ where {h_ℓ} and {k_ℓ} are two vector space bases of H. We will in particular be interested in the situation that H is a factorizable ribbon Hopf algebra. In this case H is unimodular [88, Proposition 3(c)], which means that the left integral Λ is also a right integral. This, in turn, implies S ∘ Λ = Λ. Recall that the integral and cointegral of a finite dimensional Hopf algebra are unique up to normalization. We choose the normalization such that λ ∘ Λ = 1 . (2.67)

In addition, when H is unimodular the right cointegral λ satisfies

λ ∘ m = λ ∘ τ_{H,H} ∘ (id_H ⊗ S^2) , (2.68)

which implies [22]

λ ∘ m ∘ ((S ∘ m) ⊗ id_H ) = λ ∘ m ∘ [S ⊗ (m ∘ τ_{H,H} ∘ (S^{−1} ⊗ id_H ))] . (2.69)

Convention 2.14. Below we will, unless explicitly stated otherwise, always take H to be a finite-dimensional factorizable ribbon Hopf algebra over an algebraically closed field kof characteristic zero.

The Drinfeld map The Drinfeld map is the linear map

f_Q :=

H^∗

H

Q ∈ Hom_k(H^∗, H) . (2.70)

For a quasitriangular Hopf algebra H, the Drinfeld map intertwines the coadjoint and adjoint left actions of H [20, Proposition 2.5 (5)]

f_Q ∈ Hom(H^∗_▷ , H_⋄) . (2.71)

In addition, for a finite-dimensional quasitriangular Hopf algebra, f_Q is invertible iff H is factorizable. If H is factorizable f_Q maps any non-zero cointegral λ to a non-zero integral Λ, see [21, Remark 2.4] and [52, Theorem 2.3.2]. We choose the normalization of λ and Λ such that in addition to (2.67) we have

f_Q(λ) = Λ . (2.72)

Together with (2.67) this fixes the normalization of Λ and λ up to a common factor ±1.

By [21, Lemma 2.5] the inverse of the Drinfeld map is obtained from

f_Q ∘ Ψ ∘ f_Q−1 ∘ Ψ = 1 , (2.73)

where f_Q−1 is given by the expression for the Drinfeld map with Q replaced by Q^{−1} Composing (2.73) with Ψ^{−1} from the right we obtain the first of the following two equalities: H

Q

S

λ

Q^{−1}

H

=

H

Λ

H

=

H

Q^{−1}

S

λ

Q

H

(2.74)

The second equality is obtained the same way as the first one by first by rewriting (2.73) as f_Q−1 ∘ Ψ ∘ f_Q ∘ Ψ = 1. By using that S is an anti-algebra morphism and (2.68) it is straightforward to check that

Ψ ∈ Hom(H_⋄, H^∗_▷ ) . (2.75)

Combining this result with (2.73) and the intertwining property (2.71) of f_Q, it follows that also f_{Q−1} intertwines the adjoint and coadjoint left-modules:

f_Q−1 ∈ Hom(H^∗_▷ , H_⋄) . (2.76)

In addition, composing the first equality in (2.74) with a counit on the right, it follows that f_Q−1 maps the cointegral to the integral

f_Q−1 (λ) = Λ . (2.77)

Remark 2.15. Here we have discussed Hopf algebras in Vect_k. However many of the notions described above have generalizations. For example, if H is a Hopf algebra in any symmetric category, such that the category of H-modules is braided, the braiding of the latter can be written in terms of an R-matrix. The notion of integral can be generalized to any rigid braided category [75]. In the more general setting one starts from the collection of morphisms in Hom(X, H) for any object X satisfying relations analogous to the ones for integrals. One then defines the object of integrals, IntH, in terms of a universal property with respect to these morphisms, see [15, definition 3.1 & Proposition 3.1]. In the case of Hopf algebras in Vect_kthe object of integrals is simply the trivial H-module.

2.4.4 The ribbon category H-Bimod

For any finite-dimensional ribbon Hopf algebra H, we can equip H-mod as well as H-Bimod with the structure of a ribbon category. We will describe the ribbon structure of H-Bimod in detail. The ribbon structure of H-mod can then be obtained by forgetting about the right action of H in the relevant formulas.

Recall from section 2.4.2 that the tensor product of H-bimodules, defined in (2.50), with the monoidal unit given by the trivial bimodule (k, ε, ε), equips H-Bimod with the structure of a monoidal category. The ribbon structure of H-Bimod is the following:

• Duality: The right (left) dual object of the H-bimodule X is the dual vector space X^∗ endowed with the left and right actions ρ_∨ and ρ

∨ (_∨ρ and_∨ ρ

) given by:

ρ_∨ :=

H X^∗ ρ

X^∗

ρ

∨ :=

X^∗ ρ

X^∗

H

(2.78)

and

∨ρ :=

H

X^∗

ρ

X^∗

∨

ρ

:=

ρ

X^∗

X^∗

H

(2.79)

The (co)evaluation morphisms appearing here are the ones of Vect_k. It is straightforward to check that they are indeed bimodule morphisms. The left and right duality functors map a morphism f to the dual linear map f^∗.

Note that the coregular bimodule is the right dual of the regular bimodule, c.f. (2.54)

• Braiding: We have already seen that the R-matrix endows H-mod with a braiding. Analogously the R-matrix endows mod-H with a braiding.

Combining them we can have the following braiding in H-Bimod:

c_{X,Y} =

X

Y

Y

X

R^{−1}

R τ_{X,Y} (2.80)

Just like in the H-mod case it follows from (2.60) (and the analogous relations for R^{−1}) that (2.80) indeed satisfies the braid relations (2.10).

• Twist: The twist of H-Bimod is obtained by acting with the ribbon element v from the left and v^{−1} from the right [4, Lemma 4.8]

θ_X =

X

X

v v^{−1} (2.81)

The equalities in (2.65) assure the compatibility with the duality and the braiding and that the trivial module has trivial twist.

Sovereign structure A quasitriangular Hopf algebra with invertible antipode possess a distinguished invertible element u, known as the canonical element or the Drinfeld element, defined by

u := m ∘ (S ⊗ id_H ) ∘ τ_{H,H} ∘ R . (2.82)

The element u satisfies ad_u = S^2 [60, prop VIII.4.1] and consequently (S^{−1})^2 = ad_u−1 . The product of u and the inverse of the ribbon element

t := uv^{−1} ≡ m ∘ (u ⊗ v^{−1}) (2.83)

is the special group-like element. A group-like element g is an element that satisfies Δ ∘ g = g ⊗ g. Since v^{−1} is central, the relation ad_u = S^2 with the antipode is inherited by t:

S2 = ad_t . (2.84)

H-Bimod is sovereign [4, Lemma 4.1] with the isomorphism π_X of the sovereign structure and its inverse for the bimodule X given by the linear maps

π_X :=

X^∗

X^∗

t t π^{−1}_X :=

X^∗

X^∗

t^{−1} t^{−1} (2.85)

It follows from (2.84), and the fact that t is group-like, that these linear maps are indeed monoidal bimodule morphisms. Naturality then follows from properties of the duality, see [4, Lemma 4.1].

Remark 2.16. (i) The formula (2.81) for the twist is in fact obtained from the more general formula

θ_X =

X

X c_{X,X} π_X (2.86)

for the twist of a sovereign braided monoidal category, see [4, Lemma 4.8]. (ii) Note that upon forgetting the right action on bimodules we obtain H-mod with the inverse braiding and twist, c.f. (2.66) and comment afterwards. This is a deliberate choice we make for H-Bimod that will be motivated in section 6.2.1, see Remark 6.3. We denote the so-obtained ribbon category by (H-Mod)^{rev}, c.f. (2.96).

(iii) To obtain the ribbon category H-mod from the ribbon category H-Bimod, we use instead the braiding defined in (2.66) and the define the twist as in (2.81), but with the inverse ribbon element v^{−1} acting from the left. (iv) We have not assumed that H is semisimple. H-mod is semisimple iff H is semisimple. If H is semisimple H-mod is in fact also modular.

Convention 2.17. Below H-Bimod denotes the category of H-bimodules with the ribbon structure just introduced. Analogously, H-mod denotes the category of left H-modules with the analogous ribbon structure.

2.5 Topological field theory

In this section we describe the notion of 3-dimensional topological field theory (3d TFT for short) in the sense developed in [89, 90, 99, 100]. See also [12, 103].

2.5.1 The cobordism category 3-Cob(C)

Given a strictly sovereign modular tensor category C, there is another geometric category 3-Cob(C) associated to C. By geometric we mean that objects as well as morphisms are manifolds. The underlying modular category C enters in terms of decoration of the objects and morphisms. Explicitly:

• The objects of 3-Cob(C) are extended surfaces. An extended surface E is a compact oriented closed two-dimensional surface with a finite number of marked points and a choice of Lagrangian subspace λ ∈ H_1(E, R).

• The morphisms of 3-Cob(C) are cobordisms. A cobordism M(E, E^′) is a compact oriented three-manifold M, bounded by −E ⊔ E^′, with an embedded ribbon graph such that there is a ribbon ending at each marked point.

Let us describe the notions appearing here. A marked point (p_i[γ_i], V_i, ε_i) is defined by a quadruple of data: p_i is a point on E, [γ_i] is a germ of arcs such that γ_i(0) = p_i, V_i is an object in C and ε_i ∈ {±1}. A germ of arcs is an equivalence class of embeddings γ of an interval [−δ, δ] into E. Two embeddings γ : [−δ, δ] → E and γ^′ : [−δ^′, δ^′] → E are equivalent iff there is an ε < δ, δ^′ such that the two embeddings coincide when restricted to [−ε, ε]. We will refer to a germ of arcs such that γ(0) = p as an arc germ at p. ε_i is related to orientation; we will soon describe its precise meaning.

For a symplectic vector space H, with a symplectic form ω, a Lagrangian subspace λ ⊂ H is defined as a maximal subspace λ such that ω(λ, λ) = 0.

A ribbon is an embedding of a rectangle in a three-manifold together with a choice of 2-orientation and orientation of its core. By this we mean that we choose a natural parametrization ϕ : [0, 1] × [−^1_{10} ,^1_{10} ] → M of the ribbon. This defines an orientation of the ribbon. The interval [0, 1]×{0}, two which we refer to as the core of the ribbon, has a natural 1-orientation as a subset of the X-axis. Each ribbon is labeled by an object of C. A ribbon ending at a marked point is labeled by the object labeling that point. The label ε_i at this marked point is +1 if the core of this ribbon is pointing away from the surface and −1 otherwise. Ribbons can be joined giving rise to a ribbon graph. Ribbons are joined at a coupon, that is an embedding of an oriented rectangle with two preferred sides at which ribbons are attached. The coupon is labeled by a morphism in

Hom(W_{in}, W_{out}), where W_{in} ∈ Obj(C) is a tensor product of the objects decorating the ribbons on the bottom side of the coupon and W_{out} ∈ Obj(C) is a tensor product of the objects coloring the ribbons on the top side. Here, a ribbon labeled by U is interpreted as U if the core is pointing towards the bottom side or away from the top side of the coupon and as U^∨ otherwise, As an illustration, the coupon in X Y Z

φ

U V (2.87)

is labeled by a morphism in Hom(U ⊗ V^∨, X ⊗ Y^∨ ⊗ Z).

We display an example of an extended surface E and a cobordism (M, E, E^′): E → E^′ in the following picture:

(U, +)

(V, −)

E

(U, −)

(V, +)

−E

U

V

W

V f

(W, −) E^′

(2.88)

Remark 2.18. (i) We will think of the two possible orientations of the ribbons as if the ribbon is showing one of its two sides. Thus we will say that a ribbon with its preferred 2-orientation is showing its white side, whereas a ribbon with the opposite 2-orientation is showing its black side.

(ii) In case an extended surface E = ∂M appears as the boundary of some oriented three-manifold M, a natural choice of Lagrangian subspace is the kernel of the inclusion map H_1(E, R) → H_1(M, R), see [99, Section IV:4.1]. This is indeed the situation that will be most relevant for us. For instance if E is a torus, H_1(E, R) is spanned by the two standard non-contractible cycles. With this convention we choose, as Lagrangian subspace, the span of the cycle that becomes contractible when we "fill out" the torus to a solid torus. (iii) We will display ribbon graphs in blackboard framing. This means that a ribbon that shows its white side is drawn as a solid line and a ribbon that shows its black side is drawn as a dashed line. A ribbon rotated by an angle π, is depicted as in the following picture

= (2.89)

Composition of two cobordisms (M_1, E_1, E^′_1) and (M_2, E_2, E^′_2) is achieved via a homeomorphism f : E^′_1 → E_2. It is clear that this composition is associative. The category 3-Cob(C) has a natural structure of a monoidal category with the tensor product being the disjoint union of extended surfaces and cobordisms. The monoidal unit is given by the empty set.

2.5.2 3d TFT and the tft-functor

A 3d TFT is a symmetric monoidal functor

tft : 3-Cob(C) → Vect_C . (2.90)

Thus, to any extended surface E, the tft-functor assigns a vector space

tft(E) =: H(E) ∈ Vect_C , (2.91)

and to any cobordism (M, E, E^′) it assigns a linear map tft(M, E, E^′) =: Z(M, E, E^′) ≡ Z(M) ∈ Hom_{VectC} (H(E), H(E^′)) . (2.92) To describe a tft-functor, these mappings must satisfy a number of axioms; these are listed in e.g. [12, Definition 5.1.13]. In particular the tft-functor assigns to any homeomorphism f : E → E^′ of extended surfaces an isomorphism

f_♯ : H(E) → H(E^′) (2.93)

of vector spaces which depends only on the isotopy class of f. As a consequence H(E) carries a (projective) action of the mapping class group of E, such that any mapping class [f] is represented as f_♯.

By projecting a piece of ribbon graph locally to R^2 in a non-singular manner^2 we can interpret the result as a morphism in C and perform manipulations of this morphism following the rules of graphical calculus. Manipulations of this kind leaves Z(M) invariant. In addition, Z(M) is invariant under any homeomorphism that restricts to the identity on ∂M. We will refer to Z(M) as the invariant of M.

In fact, the tft-functor is in general only a projective functor. That means that if two cobordisms (M_1, E_1, E^′_1) and (M_2, E_2, E^′_2) are composed via a homeomorphism f : E^′_1 → E_2, the tft-functor satisfies

Z(M, E_1, E^′_2) = κ^mZ(M_2, E_2, E^′_2) ∘ f_♯ ∘ Z(M_1, E_1, E^′_1) , (2.94)

where f_♯ : H(E^′_1) → H(E_2) is the linear map assigned to f by the tft-functor, m is an integer and κ is the charge of the theory. However, when using the tftfunctor to construct CFT, the extended surfaces of interest will often be doubles of world sheets. Remember that the double comes with an orientation reversing involution, which implies [32, Lemma 2.2] that m = 0. Thus whenever we glue at such a surface with an orientation reversing involution the gluing anomaly κ^m vanishes. In addition, we will always glue by the identity. Thus in the applications we will consider we indeed have

Z(M, E_1, E^′_2) = Z(M_2, E_2, E^′_2) ∘ Z(M_1, E_1, E^′_1). (2.95)

As a consequence, in the construction of CFT via the tft-functor, mapping class groups act genuinely.

2.6 Further categorical notions

In this section we collect additional notions from category theory that we need in the rest of the thesis. We will introduce the categories C^{op} and C^{rev}, describe a finiteness condition, which we will assume later in the text, and finally introduce the notions of Deligne product and of coend.

The opposite category For any category C the opposite category C^{op} is the category whose objects are the objects of C and for any morphism f ∈ Hom(U, V ) in C there is a morphism f^{op} ∈ Hom(V, U) in C^{op}. Note that the duality furnishes a functor from C to C^{op}.

2This means that we first project ribbons that show their white sides to R^2, and then shrink them to lines. We do that in such a way that not more than two points on the lines are mapped to the same point in the plane. Two points are allowed to be mapped to the same point only at isolated points, in which case we interpret the resulting morphism as a braiding. In addition, whenever a ribbon is twisted around its core by an angle 2π we interpret this as a twist morphism.

The category C^{rev} Given a braided category C the category C^{rev} is obtained from C by exchanging the braiding by its inverse. As a consequence, for a ribbon category, also the twist is replaced by the inverse twist:

c^{Crev}_{U,V} = (c^C_{V,U} )^{−1} and θ^{Crev}_U = θ^{−1}_U , (2.96)

for all U, V ∈ Obj(C).

Subobjects and quotient objects A morphism e ∈ Hom(U, V ) is an epimorphism iff for any two morphisms f_1 and f_2 in Hom(V, W ), f_1 ∘ e = f_2 ∘ e implies f_1 = f_2. The dual notion is the one of a monomorphism: A morphism m ∈ Hom(V, W ) is a monomorphism iff for any two g_1 and g_2 in Hom(U, V ), m ∘ g_1 = m ∘ g_2 implies g_1 = g_2.

We will need the categorical version of a submodules and quotient modules. We say that f ∈ Hom(U, V ) factors through g ∈ Hom(W, V ) iff there exists a morphism f^′ ∈ Hom(U, W ) such that f = g ∘ f^′. There is an equivalence relation among the monomorphisms with common codomain V : We say that f ≡ g if f factors through g and g factors through f. The equivalence classes with respect to this equivalence relation are the subobjects of V . We will refer to any representative f ∈ Hom(U, V ), and also to the domain U, as a subobject of V .

There is an obvious equivalence relation among epimorphisms: Two epimorphisms r ∈ Hom(U, V ) and s ∈ Hom(U, W ) are equivalent if r = θ s for some invertible θ ∈ Hom(W, V ). The equivalence classes of such epimorphisms are the quotient objects of U. See e.g. [77, Chapter V. 7] for more details on subobjects and quotient objects.

Projective objects We are now in a position to define the notion of a projective object:

Definition 2.19. (i) An object P is projective iff every morphism f ∈ Hom(P, U) factors through every epimorphism g ∈ Hom(V, U). That is, there exists a morphism f^′ ∈ Hom(P, V ) such that f = g ∘ f^′.

(ii) The projective cover of an object U is a pair (P, π) where P is a projective object and π is an epimorphism in Hom(P, U) such that for any subobject (N, m) of P with N ≠ P , Im(π ∘ m) ≠ U.

Finiteness For an object U ∈ C the Jordan-Hölder series is a sequence

U ≡ U_n ⊃ U_{n−1} ⊃ U_{n−2} ⊃ · · · ⊃ U_2 ⊃ U_1 ⊃ U_0 ≡ 0 (2.97)

such that each U_i/U_{i−1} is non-zero and simple. If there is such a finite series, the integer n only depends on the object U, and we say that the object is of finite length n. We will use the following notion of local finiteness (see e.g. [24, (2.12.1)]).

Definition 2.20. A locally finite category is a k-linear abelian category such that all morphism spaces are finite-dimensional and every object has finite length.

We will apply the stronger condition, c.f. [27]:

Definition 2.21. (i) A finite category is a locally finite category such that there is a finite number of isomorphism classes of simple objects, each of them having a projective cover.

(ii) A finite tensor category is a rigid monoidal category that is finite in the sense (i) and has simple tensor unit.

In a finite category we can define the Cartan matrix with elements given by

c_{i,j} := [P_i : S_j ] , (2.98)

where [P_i : S_j ] is the multiplicity of the simple objects S_j in the Jordan-Hölder series of the projective cover P_i of the simple object S_i, see e.g. [72] for more details on Cartan matrices.

2.6.1 Deligne product

We define the Deligne product of two abelian k-linear categories C and D in the sense of [26, Definition 1.46.1].

Definition 2.22. Let C and D be two k-linear abelian categories. The Deligne product of C and D is a k-linear abelian category C ⊠ D together with a bifunctor ⊠ : C × D → C ⊠ D that is right exact and k-linear in both variables and satisfies the following universal property: for any bifunctor G from C × D to a k-linear abelian category E that is right exact and k-linear in both variables there exists a unique right exact k-linear functor G_□ : C ⊠ D → E such that G = G_□ ∘ ⊠ , i.e. such that the following diagram commutes:

C × D^⊠ // G $$JJ JJJ JJJ JJJ JJ C ⊠ D ∃ ! G_□ fflffl E

(2.99)

Given two abelian k-linear locally finite braided categories C and D, their Deligne product is again a braided category, see e.g. [92, Section 3.3].

Among the objects of C ⊠ D there are in particular the ⊠-factorizable objects, which are of the form U ⊠ V ∈ C ⊠ D with U ∈ C and V ∈ D. Not any object in C ⊠ D is of this form. However, any object in C ⊠ D admits a resolution by ⊠-factorizable injective objects [26, Section 1.46]. This allows one to make statements about all objects of C ⊠ D by considering only the ⊠-factorizable ones.

Monoidal structure on C ⊠ D If C and D are in addition monoidal and locally finite, then C ⊠ D is a monoidal category [24, Proposition 5.17]. The tensor product of two ⊠ -factorizable objects is

(U ⊠ V ) ⊗_{C ⊠ D} (U^′ ⊠ V^′) = (U ⊗_C U^′) ⊠ (V ⊗_D V^′) , (2.100)

and analogously for morphisms.

C ⊠ D as a braided category If C and D are locally finite abelian k-linear braided categories, then C ⊠ D can be equipped with a braiding, see e.g. [92, Section 3.3]. Denote by c^C , the braiding of C, and by c^D the braiding of D. The braiding of C ⊠ D satisfies c_{U ⊠ V,U} ′_{⊠ V} ′ = c_{U,V} ⊠ c_U ′_{,V} ′ . (2.101) The category C ⊠ C^{rev} Note that the defining property of a locally finite category (see Definition 2.20) is not only satisfied for any modular category, but the condition is far more general. E.g. the category H-mod described above is in this class even when H is not semisimple, and accordingly H-mod is not semisimple.

We will later consider an abstract category C that is in particular an abelian k-linear locally finite braided category. In this case the category C ⊠ C^{rev} exists and is an abelian k-linear locally finite braided category as well. This follows from [24, Proposition 5.13] and the braiding described above. For a more detailed discussion concerning Deligne products see e.g. [92, Section 3.2-3.3].

2.6.2 Coends

Consider a functor F : C^{op} × C → D. A dinatural transformation from F to an object B ∈ Obj(D) is a family of morphisms φ = {φ_X : F (X, X) → B | X ∈ C} such that the diagram

F (Y, X)^{F (idY ,f )} //

F (f,id_X ) fflffl

F (Y, Y ) φ_Y fflffl F (X, X)^{φX} // B (2.102) commutes for all morphisms f ∈ Hom(X, Y ).

A coend (A, ι) of a functor F : C^{op} × C → D is an object A together with a dinatural transformation ι : F ⇒ A satisfying a universal property: For any dinatural transformation φ : F ⇒ B there is a unique morphism h : A → B that makes the diagram

F (Y, X)^{F (idY ,f )} //

F (f,id_X ) fflffl

F (Y, Y ) ι_Y fflffl^{φY}

fifi

F (X, X)

φ_X 33 ι_X // A h !!D D D D D

B

(2.103)

commute for all f ∈ Hom(X, Y ). If the coend exists it is unique up to unique isomorphism. The notation for the coend is ∫_X F (X, X). Even though the a coend is a pair (A, ι), we will, in what follows, for brevity refer to the object A as the coend.

Remark 2.23. An important property when working with coends is that a morphism f : ∫_X F (X, X) → Y is equivalent to a dinatural family {f_X |X ∈ Obj(C)} from F (X, X) to Y . To see that this holds, assume that f ∈ Hom( ∫_X F (X, X), Y ); then it is clear that {f ∘ ι_X |X ∈ Obj(C)} defines a dinatural family. Conversely, assume that we are given a dinatural family {f_X |X ∈ Obj(C)} from F (X, X) to Y . Then, due to the universal property of the coend (c.f. (2.103)), there exists a unique f ∈ Hom( ∫_X F (X, X), Y ) such that f_X = f ∘ ι_X . In what follows we often define morphisms f : ∫_X F (X, X) → Y by giving explicitly the composition f ∘ ι_X . The Lyubashenko coend

Let now C be a k-linear finite braided category with a duality. It is worth pointing out that the modular tensor categories are among these categories but the class is much larger. Consider the functor

F_0 := ⊗ ∘ (?^∨ ⊗ Id) : C^{op} × C → C (2.104)

acting as X × Y → X^∨ ⊗ Y and f × g → f^∨ ⊗ g . (2.105) As shown in [75, 78] (see also [101]) the coend

L := ∫_X X^∨ ⊗ X (2.106) of F_0 exists and carries the structure of a Hopf algebra in C. In this case the defining property (2.102) of the dinatural family is written graphically as

Y^∨

B

X

Y f =

Y^∨

B

X

X^∨ f^∨ (2.107)

The Hopf algebra structure is the following, c.f. Remark 2.23:

U^∨U ι_U ι_V

L

m_L

V^∨V

:=

U^∨U γ_{U,V} ι_{V ⊗U} id_{V ⊗U}

L

V^∨V

L L

U^∨U

Δ_L ι_U :=

L L

U^∨ U ι_U ι_U

L

η_L := L

ι_1 U^∨ U ε_L ι_U := U^∨ U U^∨ U

SL

L

ι_U :=

U^∨ U

L ι_{U∨}

(2.108)

Here, γ_{U,V} is the identification of U^∨ ⊗ V^∨ with (V ⊗ U)^∨. The proof that (2.108) equips L with the structure of a bialgebra essentially amounts to some simple braid moves. The antipode property requires a little bit more work and involves in particular the dinaturality property of ι. The calculation is given in appendix A.1, see eq. (A.7).

The Hopf algebra L can be equipped with a Hopf pairing ω_L, defined via the dinatural family by [73]

U^∨ U V^∨ V ω_L

:= (2.109)

Below we will be interested in categories satisfying the following conditions:

(FIN): C is a an abelian k-linear finite ribbon category, with k an algebraically closed field of characteristic zero.

(MOD): C satisfies (FIN) and in addition the Hopf pairing (2.109) is nondegenerate. We will refer to a category satisfying this condition as a factorizable finite ribbon category.

Note that [62, Corollary 5.1.8] if C satisfies (FIN), then the Hopf algebra L indeed exists as an object of C and consequently condition (MOD) makes sense.

For a factorizable finite ribbon category C, the coend L provides actions of mapping class groups. Denote by Σ_{g,n} a closed oriented surface of genus g with n marked points marked by objects U_1, ...U_n in C and denote by Map_{g,n} the mapping class group of Σ_{g,n}. If C satisfies condition (MOD) there is [73, 76] a projective action π^{g,n}_L of Map_{g,n} on the space Hom(L^{⊗ g} , U^n), where the object U^n is defined below in (6.14). This action is described in detail in section 6.1.3, see Proposition 6.1.

Modules over L Any object in C can be endowed with the structure of an L-module. The action of L on any object V in C is given by

ρ^L_V ∘ ι_U := (d_U ⊗ id_V ) ∘ [id_U ∨ ⊗ (c_{V,U} ∘ c_{U,V} )] . (2.110)

That this defines an action follows directly from (2.108) and a sequence of braid moves:

X^∨X Y^∨Y V

V

m_L ρ^L_V

ι_X ι_Y =

X^∨X Y^∨Y V

V

=

X^∨ X Y^∨Y V

V

=

X^∨X Y^∨Y V

V

ρ^L_V ρ^L_V

ι_X ι_Y

(2.111)

Remark 2.24. Any object V in C is also equipped with a right coaction ρ

L V of L defined by ρ

= (id_V ⊗ ι_V ) ∘ (b_V ⊗ id_V ) ∈ Hom(V, V ⊗ L) . (2.112) That this defines a coaction follows directly from the definition (2.108) of the coproduct of L. Furthermore, it follows from the dinatural property of ι_V that the left module structure and right comodule structure on V fit together to a Yetter-Drinfeld module over L.

L for modular C When C is modular, then L is as an object

L_{ssi} = ⨁ i ∈ I U^∨_i ⊗ U_i , (2.113)

see [101, Section 3.2] or [61, Lemma 2]. Denote by e^{Lssi}_i and r^{Lssi}_i the embedding and restriction morphism of U^∨_i ⊗ U_i into L_{ssi}. The dinatural family, corresponding to (2.113), is given by

ι_U = ∑ i,α e^{Lssi}_i ∘ [ (e^U_{i,α})^∨ ⊗ r^U_{i,α} ] , (2.114)

where e^U_{i,α} and r^U_{i,α} are the embedding and restriction morphisms in (2.20). That this defines a dinatural family can be seen by decomposing any morphism into simple summands on both sides of (2.107). In addition, given any dinatural transformation (ψ_U , B) the unique morphism in Hom(L_{ssi}, B) in (2.103), required to turn L_{ssi} into a coend is given by ∑ i ∈ I ψUi ∘ r L i,·. Remark 2.25. As any algebra in a modular tensor category, the algebra L turns the space Hom(1, L_{ssi}) into an associative algebra over k, see appendix A.2. Taking a basis {b̃_{Ui} |i ∈ I} for Hom(1, L_{ssi}), consisting of the left coevaluation morphisms of the simple objects, the structure constants of the algebra Hom(1, L_{ssi}) are nothing but the fusion rules, i.e. Hom(1, L_{ssi}) is the Verlinde algebra.

3 Algebras in conformal field theory

The purpose of this chapter is to give an overview over several classes of algebras that arise naturally in the study of CFT. For details we will refer to the literature or to later chapters in this text. Recall Definition 2.2 of an algebra in a monoidal category. Considering e.g. an algebra in Vect_C , we obtain an ordinary algebra over C , i.e. a complex vector space equipped with an associative product. The first "algebra" we consider is not an algebra in this ordinary sense.

3.1 Vertex operator algebras

In this section we give a short description of vertex operators algebras, often referred to simply as vertex algebras. Since the rest of this thesis will not involve vertex algebras explicitly the discussion in this section will be very brief, for more details see e.g. [14, 59, 70]. Vertex algebras are formulated in the language of formal distributions. A formal distribution is an expression of the form ∑ n ∈ Zan z n, where the sum over n extends to infinitely large positive and negative powers and z is a formal variable, not to be confused with a complex coordinate. We will be interested in the case that the coefficients a_n ∈ U for some algebra U over C . The space of such formal distributions is denoted by U�z^±�. Calculus of formal distributions requires some caution, e.g. when multiplying formal distributions. Two formal distributions in some formal variable cannot in general be multiplied to form a single formal distribution in the same formal variable. However, two formal distributions in different formal variables, say z and w can be multiplied to form a formal distribution in U�z^±, w^±�, see e.g. [14, Chapter 1.1] for details.

Definition 3.1. A vertex algebra consists of the following data:

• The space of states: a Z_{≥0}-graded vector space V = ⨁ n∈Z_{≥0} Vn with dim(V_n < ∞) • A vacuum vector |0⟩ ∈ V_0 • A translation operator: T : V → V • A vertex operation: a linear map

Y (·, z) : V → End(V)�z^±� , (3.1) taking each a ∈ V to a field Y (a, z) = ∑ n ∈ Za(n)z −n−1. Here Y (a, z) is a

formal distribution with coefficients a_{(n)} ∈ End(V).

The data satisfy the following axioms:

• Translation axiom: [T, Y (a, z)] = ∂Y (a, z) for any a ∈ V and T |0⟩ = |0⟩. • Vacuum axiom: Y (|0⟩, z) = id_V and, for any a ∈ V, Y (a, z)|0⟩|_{z=0} = a. • Locality: (z − w)^N Y (a, z) Y (b, w) = (z − w)^N Y (b, w) Y (a, z) for some N ≫ 0. A field Y (ν, z) is called a Virasoro field if the modes of Y (ν, z) furnish a representation of the Virasoro algebra. In CFT we are typically interested in conformal vertex algebras defined as follows:

Definition 3.2. A conformal vertex algebra is a vertex algebra with a distinguished vector ν ∈ V_2 such that Y (ν, z) = ∑ n ∈ ZLn z −n−2 is a Virasoro field,

L_{−1} = T equals the infinitesimal translation operator and L_0 is diagonalizable on V.

The notion of a vertex algebra can be regarded as a formalization of the Wightman axioms and the chiral operator product expansion. There is e.g. a unique vacuum, invariant under an action of the symmetry group of space-time (in the CFT-case this involves the conformal transformations) and a notion of completeness in the sense that acting with all fields on the vacuum generates the entire state space. In addition, using multiplication of formal distributions we can write down the OPE of two chiral fields Y (a, z) and Y (b, w). Note that the variable z above is a formal variable and should not be thought of as a complex number. However, in CFT, the formal variable z is identified with the complex local coordinate of the world sheet in the end of the analysis.

We will not at all go into representation theory of vertex algebras, see e.g. [14, Definition 5.1.1.] for the definition of a module over a vertex algebra. The reason is that we will not need any detailed information about the representation theory, only the properties of the representation category, for the considerations in this thesis. Let us just mention that, as many algebraic structures, V is a module over itself. In the representation category, Rep(V), V is in fact the tensor unit. This nicely illustrates the power of working in categories. The involved structure of V is something very simple in the category.

In addition we mention that there is a notion of a character χ_M of a module M. What is relevant for us is that for rational CFT the characters of the simple modules provide a basis of the space of conformal blocks on a torus with modular parameter τ and without holes. In simple situations, the character of a simple module M can be written as tr_M q^{LM0 −c/24} where q is a formal parameter. A basis for the space of conformal blocks on a torus is in such situations obtained by taking the characters of the simple modules and identifying q ≡ e^{2πiτ} .

Remember that when studying full CFT, our starting point will be an abstract category with the properties of the representation category of the vertex algebra of the corresponding class of CFTs. In particular, working in an abstract category allow us to treat an entire class of categories simultaneously.

Sufficient conditions for C to be modular have been given in [56, Theorem 3.1]. Since Rep(V) is in general not strict, our starting point will be the equivalent strict category C – the strictification of Rep(V). In fact we define the notion of rational CFT by saying that a rational CFT is a CFT such that the strictification of Rep(V) is modular together with an additional requirement concerning the relation to 3-d TFT, see section 4.1.1.

3.2 Frobenius algebras

Recall from Remark 2.6 (iii) that an algebra A is a Frobenius algebra iff it can be equipped with a non-degenerate invariant pairing, or equivalently, iff A is also a coalgebra that satisfies the compatibility condition (2.31). There are several types of Frobenius algebras which are relevant when studying full CFT. We will discuss Frobenius algebras in representation categories of vertex algebras. These algebras arise as state spaces of full CFT. We will also discuss interesting examples of Frobenius algebras in Vect_C .

3.2.1 The boundary Frobenius algebra

Starting from the pair (C, A), where C is a modular tensor category and A is a symmetric special Frobenius algebra in C, one can construct a full (rational) CFT with the help of the TFT-construction, which is described in section 4.1. In fact, a full rational CFT is uniquely determined by a Morita class of Frobenius algebras in a modular tensor category C [34]. As a consequence, the label of a phase A of a rational CFT can be taken to be a special symmetric Frobenius algebra in C. With the pair (C, A) as input, the TFT-construction gives a prescription for how to calculate any correlator of a rational CFT. More generally, if there are several different phases on a world sheet we need a tuple (C, A_1, ..., A_n) where A_i, i = 1, ..., n, label the phases in various regions of the world sheet. Here we will consider a single phase and describe how the algebra A, which we call the boundary Frobenius algebra, can be constructed from one of the boundary conditions. The description summarizes the one given in [5, Section 3.2].

Consider a rational CFT with some maximally symmetric boundary condition M_∘. As an object in C, the boundary Frobenius algebra A can be decomposed as A ∼= ⨁ a ∈ I U^{⊕na}_a , (3.2)

with n_a ∈ Z_{≥0} and n_0 = 1. In field theoretic terms, i.e. when considering C concretely as (the strictification of) a representation category of a vertex algebra, the V-module A is the space of states living on the boundary segment M_∘, see [43, eqs. (3.9) & (3.13)]. In fact, M_∘ is isomorphic to A as an A-module. Let us also mention the boundary partition function, i.e. the correlator A^N_M of the annulus with no field insertions. The double of the annulus is a torus and accordingly the boundary partition function, A^N_M , is an element in the space Bl(T ) of conformal blocks on the torus. As mentioned in the previous section a basis for the space Bl(T ) is given by the characters of the irreducible V-modules. Thus, the boundary partition function A^N_M can be expanded in terms of the characters: A^N_M = ∑ a∈I A^N_{kM} χ_k . (3.3)

In particular, the multiplicities in (3.2) are given by n^a = A^A_{aA} . A basis of the space of conformal blocks in the TFT-framework is given in (4.30).

As mentioned in the introduction, there is a bijection between the simple summands in (3.2) and the primary boundary fields. Now take, for each space Hom(U_a, A), a basis of the type in (2.20). In terms of this basis, the OPE coefficients involving only primary boundary fields can be used to equip the object A in (3.2) with the structure of an algebra in C, see [43, eq. 3.14]. It is a direct consequence of the sewing constraint [71] for four boundary fields on a disc that the product is associative, see [43, Section 3.2]. The unit of A is the embedding of the tensor unit U_0 into A.

The correlator of two boundary fields on a disc is required to be nondegenerate in the sense that for every boundary field Ψ there is at least one field Ψ^′ such that the correlator of these two fields is non-zero. This is so because if a field would have zero correlator with any other field it would decouple completely from the theory: every correlator involving that field would vanish. Non-degeneracy of the boundary two-point functions gives rise to a non-degenerate invariant bilinear form on A [43, eq. 3.16]. This is equivalent to A being Frobenius in the sense of Definition 2.4 [7, Proposition 3.1], see also Remark 2.6 (iii). Thus, the Frobenius property is a consequence of the nondegeneracy of two-point boundary correlators.

That A is also special and symmetric can be derived from the sewing constraint for one boundary field on an annulus. This is described in section 3.2 and Theorem 3.6 of [43]. In addition, it is shown in [43, Section 4.4] that the maximally symmetric boundary conditions can be labeled by isomorphism classes of left-modules over A. In particular, the elementary boundary conditions are in bijection with simple A-modules. In addition elementary topological defect lines, separating two regions labeled by A and B, are labeled by isomorphism classes of simple A-B-bimodules

The derivation of A took as an input just one of the maximally symmetric boundary conditions. It is natural to ask what would have happened if we would have started from another boundary condition. Doing so gives rise to a symmetric special Frobenius algebra A^′ that is Morita equivalent to A, see [43, Section 4.1]. A and A^′ are Morita equivalent iff the categories C_A and C_A′ are equivalent as abelian categories. For a precise description of the equivalence one uses a pair of A-A^′- and A^′-A-bimodules, see e.g. [83, Theorem 5.1].

It follows that if A and A^′ are Morita equivalent, then there is a bijection between isomorphism classes of left-modules over A and A^′. As a consequence, Morita equivalent boundary Frobenius algebras give rise to physically equivalent rational CFTs. Conversely, it has been shown [34] that any solution to the sewing constraints arises as a Morita class of symmetric special Frobenius algebras. We will also explain below that the set of maximally symmetric boundary conditions for a given bulk theory is exhausted by those associated with a single Morita class of special symmetric Frobenius algebras in C. Thus, indeed equivalence classes of full rational CFTs with given chiral algebra V are classified by Morita classes of symmetric special Frobenius algebras in the strictification C of Rep(V). Some classes of boundary Frobenius algebras

Finally, let us list a couple of examples of boundary Frobenius algebras:

• The tensor unit in any rigid monoidal category. This is clearly a symmetric special Frobenius algebra. The full CFT built from this boundary Frobenius algebra is known as the "Cardy case".

• A Schellekens algebra is an algebra that is a direct sum of invertible objects.

An invertible object J has an inverse J^′ such that J ⊗ J^′ ∼= 1. The isomorphism classes of invertible objects form a group, known as the Picard group of C. There is a Schellekens algebra, with the properties of a boundary Frobenius algebra, for every subgroup of the Picard group satisfying a certain simple cohomological property, see e.g. [38, Section 5].

• Considering modular tensor categories based on sl(2) at integral level, the ADE-classification of modular invariant partition functions can be formulated in terms of boundary Frobenius algebras in C, see [63, table 1].

3.2.2 The bulk Frobenius algebra

Just like the space of states on the boundary in a rational CFT carries the structure of an algebra, the space of bulk states in a rational CFT can be equipped with the structure of a symmetric special commutative Frobenius algebra. Bulk states are elements in some V ⊗_C V-module. Thus, in categorical terms, the bulk Frobenius algebra B is an element in C ⊠ C^{rev}: B = ⨁ p,q ∈ I (U_p ⊠ U_q)^{⊕Zp,q} . (3.4)

The bulk partition function is expanded in terms of the V-characters according to Z = ∑ p,q ∈ I Z_{p,q} χ_p ⊗ χ^∗_q . (3.5)

We will first consider the case A = 1, i.e. the Cardy case. This result may serve as a building block for the bulk Frobenius algebras of a general rational CFT. In the Cardy case the coefficients of the partition function are

Z_{p,q} = δ_{p,q̄} , (3.6)

i.e. the two representations in each summand of (3.4) are related via charge conjugation and there is exactly one term for each simple object of C. Accordingly, the partition function (3.5), with coefficients given by (3.6), is known as the charge conjugation partition function. Thus, the bulk Frobenius algebra, which we in the Cardy case denote by F_∘, is

F_∘ = ⨁ p ∈ I U_p ⊠ U_{p̄} ∈ C ⊠ C^{rev} . (3.7)

It can be shown [39, Section 6.3] that the object F_∘ can be endowed with a natural structure of a special symmetric commutative Frobenius algebra. In [39], F_∘ is called the trivializing algebra. Here we will refer to F_∘ as the Cardy case bulk algebra.

The algebra structure on B

Just like in the case of the boundary Frobenius algebra, the fact that the bulk state space can be equipped with the structure of a Frobenius algebra can be deduced from physical arguments: Using the OPE-coefficients one defines an algebra structure on the space of bulk states, with a unit obtained from the identity field. Requiring that the two-point function on the sphere is non-degenerate then implies that this algebra is Frobenius.

The statement that the bulk Frobenius algebra B, defined in (3.4), is a symmetric commutative Frobenius algebra has also been proved rigorously in the TFT-framework: The bulk Frobenius algebra is isomorphic to the full center Z(A) of the boundary Frobenius algebra A. We refer the reader to e.g. [92, Definition 3.14] for a definition of the full center. For a modular category, the full center Z(A) can be written in terms of the boundary Frobenius algebra and F_∘ (see e.g. [23, Remark 8.2]):

Z(A) = C_l((A ⊠ 1) ⊗^+ F_∘) ∈ C ⊠ C^{rev} . (3.8)

Let us explain this equation: First, A is the boundary Frobenius algebra and (A ⊠ 1) ⊗^+ F_∘ is the tensor product of Frobenius algebras as defined in (2.42). For any algebra B, C_l(B) denotes its left center. The left center C_l(B) of an algebra B in a sovereign category can be defined as the kernel

C_l(B) := ker [ (((m∘c_{B,B} ) ⊗ id_B∨ )∘(id_B ⊗ b_B ))−(m ⊗ id_B∨ )∘(id_B ⊗ b_B ) ] . (3.9)

Thus, in a modular category, the left center is the maximal subobject of B such that

C_l(B)

B

B

=

C_l(B)

B

B

(3.10)

Here, the half-discs represent the embedding morphism of C_l(B) into B. Note that indeed Z(1) = F_∘ since F_∘ is commutative. The left center of an algebra B can be described as the image

C^l(B) = Im(P^l_B ) (3.11)

of the projector

P^l_B := B

B

B

B (3.12)

It can be shown [91, Appendix A] that the bulk Frobenius algebra (3.4) is isomorphic as an object to the full center:

B ∼= Z(A) . (3.13)

That the boundary Frobenius algebra A is a symmetric special Frobenius algebra in C implies that A ⊠ 1 is a symmetric special Frobenius algebra in C ⊠ C^{rev}, just like the Cardy case bulk algebra F_∘. Thus, the object (A ⊠ 1) ⊗ F_∘ ∈ C ⊠ C^{rev} can be equipped with the structure of a symmetric special Frobenius algebra in C ⊠ C^{rev}, via the structure morphisms m^+, η^+, δ^+ and ε^+ in (2.42). By [39, Proposition 2.37], taking the left center of such an algebra we obtain a commutative symmetric Frobenius algebra. Thus, Z(A), and accordingly also B, is indeed a commutative symmetric Frobenius algebra.

Given a modular tensor category C, a compatible set of boundary conditions, which we describe as a Morita class of boundary Frobenius algebras, determines a consistent bulk state space by the TFT-construction. A natural question to ask is whether there could be several different sets of boundary conditions consistent with one and the same bulk state space. The answer is no. For two boundary Frobenius algebras A and B, the bulk Frobenius algebras Z(A) and Z(B) are isomorphic iff A and B are Morita equivalent [65]. Thus, in particular a single Morita class of symmetric special Frobenius algebras exhausts all possible boundary conditions for a given bulk theory.

The Cardy case bulk algebra as a coend

The description above of the Cardy case bulk algebra F_∘ is tailored for a semisimple category. In order to be able to describe more general situations we describe F_∘ in terms of a coend. To this end, consider the functor^1

?^∨ ⊠ Id : C^{op} × C → C^{rev}⊠ C , (3.14)

acting as X × Y → X^∨ ⊠ Y on objects and as f × g → f^∨ ⊠ g on morphisms. The coend F := ∫_X X^∨ ⊠ X ∈ C^{rev}⊠ C (3.15)

of the functor (3.14) has been considered in [62]. It follows from [62, Corollary 5.1.8] that if C is finite k-linear, the coend F exists as an object in C^{rev}⊠ C.

If C is in addition braided, then F can be equipped with the structure of a unital algebra, in a way similar to the way L is equipped with an algebra

1Note that here we have switched from C ⊠ C^{rev} to C^{rev}⊠ C. This is in order to follow some standard conventions for coends, c.f. section 2.6.2. In order to use C ⊠ C^{rev} we would have to replace C^{op} × C by C × C^{op} when discussing coends.

structure in (2.108). Concretely, the product of F is defined by

m_F ∘ (ι_U ⊗ ι_V ) := ι_{V ⊗U} ∘ (id_U ∨_{⊗V} ∨ ⊠ c_{U,V} ) , (3.16)

and the unit is given by η_F = ι_1. Thus, in particular for a factorizable finite ribbon category C, i.e. a category that satisfies condition (MOD) described on page 52, the coend F can be equipped with the structure of an algebra in C^{rev}⊠ C. A pictorial description for the product of F looks the same as the picture for the product of L in (2.108). However one has to be careful to take into account that in such a picture there is now a "two-layered" structure corresponding to the two factors in C^{rev}⊠ C. This means that even though the pictorial description of the product looks exactly like the picture for the product in (2.108), the crossing between the U- and V^∨-lines in the following picture is not a braiding:

U^∨U ι_U ι_V

F

m_F

V^∨V

:=

U^∨U γ_{U,V} ι_{V ⊗U} id_{V ⊗U}

F

V^∨V c (3.17)

The coend F, defined in, (3.15) indeed reproduces the algebra F_∘ in (3.7) in the case that C is modular. In particular, the definition (3.16) of the product reproduces the one in [39, eq. (6.48)]. Whenever C is such that F can be equipped with the structure of a symmetric commutative Frobenius algebra we will refer to F as the Cardy bulk Frobenius algebra.

So far it is not known how to obtain a Frobenius coproduct for F in the case of a general finite k-linear ribbon category. However, we will see in section 6.2 that taking C to be the category H-mod of representations of a finitedimensional factorizable ribbon Hopf algebra over an algebraically closed field k of characteristic zero, we can use the integral and cointegral of H to construct a coalgebra structure on F that turns it into a Frobenius algebra. To this end we work in the category H-Bimod, which is braided equivalent to (H-Mod)^{rev} ⊠ H-Mod. In fact, the so-obtained Frobenius algebra F ≡ F is in addition symmetric and commutative. Note that we do not assume H to be semisimple, and accordingly H-mod is not necessarily semisimple. We will show that F is special iff H is semisimple. More generally, we obtain a family {F_ω} of symmetric commutative Frobenius algebras in H-Bimod. They provide candidates for bulk Frobenius algebras of full conformal field theories whose chiral data are described by H-mod. We show in section 6.4 that we can associate such a bulk Frobenius algebra F_ω to any ribbon Hopf algebra automorphism ω of H.

3.2.3 Classifying algebras

We have argued that in rational CFT the boundary conditions and defect lines have a simple description in terms of the representation theory of boundary Frobenius algebras. Boundary conditions of a CFT in a phase labeled by the boundary Frobenius algebra A are characterized by left A-modules, and defect lines separating two phases A and B are characterized by A-B-bimodules. However, there also exists a different characterization of the irreducible boundary conditions and defect lines in terms of representation theory of an associative algebra over C .

Consider two phases, labeled by simple boundary Frobenius algebras A and B, of a CFT. There is a classifying algebra for defects, D_{A|B}, which classifies the defect lines separating the two phases [3]. As a vector space, D_{A|B} is given by D_{A|B} = ⨁ p,q ∈ I Hom_{A|A}(U_p ⊗^+A ⊗^− U_q, A) ⊗_C Hom_{B|B} (U_{p̄} ⊗^+A ⊗^− U_{q̄}, B) .

(3.18) Using the factorization constraints we will derive a product on this space that turns it into a semisimple, commutative, associative unital algebra over C [3]. In fact, D_{A|B} comes with a non-degenerate invariant bilinear form, i.e. D_{A|B} is a Frobenius algebra. The bilinear form is (up to normalization) given by a product of two two-point functions on the sphere, see (5.37). Thus, just like in the case of boundary and bulk Frobenius algebras, the Frobenius property follows from the non-degeneracy of a two-point function. The important property of D_{A|B} is that the irreducible representations of D_{A|B} are in bijection with the elementary defect conditions, and the representation matrices (which are all one-dimensional) are exactly the defect transmission coefficients discussed in section 1.3, see (1.14). In this sense, D_{A|B} classifies the A-B-defect lines of the theory. We will return to the algebra D_{A|B} in chapter 5.

There is also a classifying algebra for boundary conditions [2], denoted by A. As a vector space, the classifying algebra for boundary conditions of a CFT in phase A is A = ⨁ p ∈ I Hom_{A|A}(U_p ⊗^+ A ⊗^− U_{p̄}, A) . (3.19)

Since any left A-module is trivially also a right 1-module, the categories of Amodules and A-1-bimodules are equivalent. As a consequence, A is isomorphic to the classifying algebra D_{A|1} of A-1-defects. Indeed, after an appropriate choice of basis, the structure constants of D_{A|1} coincide with the ones of A, see [3, Section 2]. In particular, all the properties of D_{A|B} are inherited by A. Thus, A is a semisimple commutative Frobenius algebra over C .

The irreducible representations of A are in bijection with the elementary boundary conditions. The representation matrices are the reflection coefficients, which can be collected in what one calls boundary states. A reflection coefficient b^{q,γ}_N is (up to a factor dim(N)) the single structure constant of the expansion, in the one-dimensional space of conformal blocks, of the correlator a disc with boundary condition N and a single bulk field ϕ^γ_{qq̄} inserted. The boundary states contain essential physical information regarding boundary conditions such as ground state degeneracies [10] and Ramond-Ramond charges of string compactifications [16]. In addition, the annulus coefficients, i.e. the coefficients A^N_{kM} appearing in the decomposition (3.3) of the annulus partition function, can be expanded in terms of the invariant bilinear form of A and the reflection coefficients [8]:

A^N_{kM} = dim(M) dim(N)S^2_{0,0} dim(A) ∑ q∈I S_{k,q} S_{0,q} Z_{qq̄}∑

γ,δ=1 (ω^{−1})_{q̄δ,qγ} b^{q,γ}_N b^{q̄,δ}_M , (3.20)

where the numbers (ω^{−1})_{q̄δ,qγ} are the elements of the inverse of the dim(A) × dim(A)-matrix ω that implements the non-degenerate bilinear form on A.

Remark 3.3. We conclude the discussion of classifying algebras by mentioning that the classifying algebra for boundary conditions can be obtained from a generalization of the coend L. Consider the functor

F_A = ?^∨ ⊗^+A ⊗^− ? : C^{op} × C → C_{A|A} , (3.21)

acting on objects as X × Y → X^∨ ⊗^+A ⊗^− Y , (3.22)

and on morphisms as f × g → f^∨ ⊗ id_A ⊗ g . (3.23)

Denote by H_A, the coend of F_A:

H_A := ∫_X F_A(X, X) = ∫_X X^∨ ⊗^+A ⊗^− X . (3.24)

Assume that the coequalizer of the right and left actions on X and Y exist for all bimodules X and Y in C_{A|A}. In this case C_{A|A} is monoidal. Assume further that X ⊗_A Y is a retract of (X ⊗ Y, ρ_X ⊗ id_Y , id_X ⊗ ρ

Y ), with embedding and restriction morphisms e_{X⊗AY ≺} and r_{≻X⊗AY} . Finally, we assume that the projectors p_{X⊗AY} := e_{X⊗AY ≺} ∘ r_{≻X⊗AY} commute with bimodule morphisms and that the left and right unit constraints of the monoidal category C_{A|A} are given by the representation morphisms. In fact we need the last two assumptions only for X and Y that are tensor powers of H_A.

Under these assumptions, the object H_A can be equipped with the structure of an algebra in C_{A|A}. The algebra structure on H_A is generalization^2 of the one on L:

X^∨A X Y^∨A Y ι_X ι_Y H_A H_A

H_A ⊗_AH_A m_{HA}

H_A

r_{≻HA⊗AHA} :=

X^∨A X Y^∨A Y γ_{X,Y} id^{Y ⊗X}

H_A

ι_{Y ⊗X}

and η_{HA} = ι_1. (3.25)

Taking C to be a modular tensor category, H_A is as an object, given by

H_A ∼= ⨁ i∈I U^∨_i ⊗^+A ⊗^− U_i . (3.26)

All the properties of the category that we assumed above are indeed satisfied for a modular tensor category. Accordingly, for a modular category, H_A is an algebra in C_{A|A}. As described in appendix A.2, the product on H_A induces a product on the vector space

Hom_{A|A}(A, H_A) ∼= ∑ i∈I Hom_{A|A}(A, U_i ⊗^+A ⊗^− U_ī) . (3.27)

Note that Hom_{A|A}(A, H_A) is isomorphic, as a vector space, to the classifying algebra for boundary condition A, given in (3.19). In fact, this isomorphism extends to an isomorphism of algebras: One can check that with a suitable choice of basis for Hom_{A|A}(A, H_A), the structure constants that endow Hom_{A|A}(A, H_A) with an algebra structure coincide with the ones of the classifying algebra.

3.3 Hopf algebras

Hopf algebras play a fundamental role in physics. To mention a couple of standard examples, Hopf algebras appear in connection with representations of finite groups and of Lie algebras. When dealing with representations of a finite group G in physics, one is typically dealing with representations of the group

2To be precise, we generalize a version of L, in which we have interchanged over- and underbraiding in the definition of the product.

algebra A[G]. Similarly, the representations of a Lie algebra g are really to be considered as representations of the enveloping algebra U(g). The group algebra A[G], as well as the enveloping algebra U(g), is a Hopf algebras.

In conformal field theory, Hopf algebras have been associated, via what has been termed Kazhdan-Lusztig correspondence, to the logarithmic (1, p)- models [30,80]. The category of representations of the vertex algebra of a (1, p)- model is equivalent, as an abelian category, to the category of finite dimensional representations of the restricted quantum group Ū_q(sl_2) at q = e^{πi/p}. However, the equivalence does not extend to an equivalence of braided categories [64], but there has been attempts to improve the situation, see e.g. [96].

3.3.1 The bulk handle Hopf algebra

In section 2.5 we introduced the notion of a topological field theory in terms of a modular functor, the tft-functor. This is a central ingredient in the description of full rational CFT via the TFT-construction. In particular it provides representations of mapping class groups.

Many aspects of modular functors have been generalized by Lyubashenko and others to a much larger class of braided categories, which are not required to be semisimple (see [62] and references therein). In particular one can construct an action of the mapping class group Map_{g,n} of any closed oriented surface Σ_{g,n} of genus g with n holes. For any factorizable finite ribbon category C, i.e. a category that satisfies condition (MOD), described in on page 52, there is an action π^{g,n}_L of Map_{g,n} on a suitable morphism space. This construction uses as a central ingredient the coend L, defined in (2.106).

Let C be a factorizable finite ribbon category. Since C is a k-linear finite (in the sense of Definition 2.21) category, the category C^{rev}⊠ C is k-linear finite as well [92, Corally 3.7]. In addition, the tensor product, the braiding and the sovereign structure on C can be used to equip C^{rev}⊠ C with the structure of a ribbon category. Thus the coend K := L_Crev_{⊠ C} indeed exists in C^{rev}⊠ C and carries the structure of a Hopf algebra in C^{rev}⊠ C. This is the bulk handle Hopf algebra:

K := L_Crev_{⊠ C} = ∫_X X^∨ ⊗ X ∈ C^{rev}⊠ C . (3.28)

If in addition, the Hopf pairing of K is non-degenerate, C^{rev}⊠ C is factorizable ribbon as well. In particular, as described in section 2.6.2, we obtain an action of the mapping class group Map_{g,n} on the space Hom(K^{⊗g} , F^{⊗n}), where F is the Cardy bulk Frobenius algebra, for any integers g, n ≥ 0. In chapter 6 we give a prescription of how to associate a morphism C(Σ_{g,n}) in Hom(K^{⊗g}, F^{⊗n}) to any surface Σ_{g,n}, see (6.3). This prescription uses in addition to the structure morphisms of F the action (2.110) of K on F.

In the case C = H-mod we show that the morphism C(Σ_{g,n}) is invariant under the projective action π_K ≡ π^{g,n}_L of Map_{g,n}on Hom(K^{⊗g} , F^{⊗n}). In particular, considering the case g = 1, n = 0, we obtain a candidate for the torus partition. In the case that C is modular, the partition function reduces to the charge conjugation modular invariant partition function. Due to the properties just mentioned the morphisms C(Σ_{g,n}) qualify as candidates for correlators of bulk fields also in non-semisimple CFT.

In section 6.4 we generalize the considerations by replacing F by the symmetric commutative Frobenius algebra F_ω associated to a ribbon Hopf algebra automorphism ω. We construct a morphism C^ω(Σ_{g,n}) ∈ Hom(K^{⊗g}, F^{⊗n}_ω ) from each symmetric commutative Frobenius algebra F_ω . We will show that the morphism C^ω(Σ_{g,n}) ∈ Hom(K^{⊗g} , F^{⊗n}_ω ) is also invariant under the action of the mapping class group of Σ_{g,n} for any g, n ≥ 0.

4 Rational CFT

In this chapter we describe the relevant details of the TFT-construction of rational CFT and show that the proof in [33] that the correlators of the TFTconstruction satisfy the factorization constraints extends also to the situation that the world sheet contains an arbitrary network of topological defect lines. Throughout this chapter, C denotes a modular tensor category, with ground field C , as defined in section 2.2.

4.1 The TFT-construction

As discussed in the introduction, the calculation of correlation functions of a world sheet Σ^C can be split into two parts, see section 1.2.3. Recall that the second part of the problem amounts to assigning to a surface decorated by data of a modular tensor category a vector in the space of conformal blocks on the double ^Σ^C , that satisfies the factorization constraints and mapping class group invariance. For a rational CFT a model independent solution of this problem is provided by the TFT-construction [43, 44, 45, 33, 34, 1].

The two key ingredients of the TFT-construction are the tft-functor, relevant to the chiral theory, and the concept of the double ^Σ^C of a world sheet Σ^C , that links the full theory to the chiral. To any world sheet Σ, the TFTconstruction assigns a cobordism M_Σ : ∅ → ^Σ, the connecting manifold. Applying the invariant Z(M_Σ) : C → H(^Σ) to 1 ∈ C , specifies a vector in H(^Σ). This vector is the correlator of the topological world sheet Σ. By identifying the TFTspace H(^Σ) with the space Bl( ^Σ^C) of conformal blocks on ^Σ^C , this mechanism also selects a vector in Bl( ^Σ^C ), which is the correlator of Σ^C .

4.1.1 Conformal blocks and the TFT-state space

The TFT-state space H(^Σ), associated to the extended surface ^Σ by the tftfunctor, and the space Bl( ^Σ^C ) of conformal blocks of the associated vertex algebra both take a modular tensor category C as an input. Apart from that, the two spaces are a priori unrelated.

Note that we do not just want to identify H(^Σ) and Bl( ^Σ^C) as vector spaces, this would merely be a statement about dimensions. Remember that both

Bl( ^Σ^C) and H(^Σ) are equipped with actions of the mapping class group of ^Σ^C . The first one comes from a projectively flat connection on the bundle of conformal blocks, whereas the latter comes from the isomorphisms (2.93) which are part of the tft-functor. By identifying Bl( ^Σ^C ) and H(^Σ) we mean first that these two representations are isomorphic. Second, we require that the isomorphism is consistent with cutting and gluing of extended surfaces, i.e. with factorization. It is therefore a non-trivial statement that the two spaces can be identified. In the case of three-dimensional Chern-Simons theory the TFT-state space on a component of the boundary can be thought of as the space of conformal blocks of the corresponding WZW-model, [104, 41].

For general rational theories there are some results at genus zero and genus one: At genus zero, an explicit isomorphism, consistent with the mapping class group representations, between H(^Σ) and Bl( ^Σ^C) is constructed in [43, Section 5.3.3]. Furthermore, as a consequence of the Verlinde conjecture, which is proved in [55, Theroem 5.2], the two spaces H(^Σ) and Bl( ^Σ^C ) can be identified also in the case g = 1 and without insertions. Even though there is no general treatment for g > 1, it is generally believed that such an identification is possible at any genus. To be on the safe side we here impose the condition (which is possibly not a restriction) that the vertex operator algebra V is such that we can identify the two spaces, and refer to H(^Σ) as the space of conformal blocks. Thus, we define full rational CFT to be a CFT with vertex algebra V such that:

• The strictification C of the representation category of the chiral algebra V is modular.

• The space of conformal blocks Bl( ^Σ^C ) of V can be identified (in the sense described above) with the TFT-state space H(^Σ) of the associated topological manifold, at arbitrary genus.

The TFT-construction solves full CFT which is rational in this sense. In particular, in such a theory we are able to restrict to topological world sheets when discussing the algebraic side of full CFT.

4.1.2 Decoration of the world sheet

We now describe how to obtain the correlators of such a rational CFT via the tft-functor described in section 2.5. The construction involves many subtleties and technical aspects, which are omitted in the description below. See e.g. [45, Section 3-4] for a more complete description or [33, Appendix B] for a shorter summary of the TFT-construction. The following description should be considered as a recipe for how to cook up the connecting manifold of a world sheet Σ. For the considerations in this thesis we only need oriented world sheets. For this reason, we restrict to orientable world sheets in the description below. In fact, we even implicitly assume that Σ is oriented. However, the constructions for the non-orientable case is similar, see [45] for details.

Consider a topological oriented world sheet Σ, with field insertions and possibly with non-empty boundary and a network of finitely many defect lines. We will only consider trivalent network vertices of defect lines. Since defect lines can be fused this is not a restriction, see Remark 4.1 (i) below.

Remember that phases of a full CFT are separated by defect lines. As was explained in section 3.2.1, each phase is labeled by a boundary Frobenius algebra, i.e. a symmetric special Frobenius algebra A in C. Each boundary segment is labeled by a module over A, and each defect line by an A-B-bimodule, where A and B are the labels of the adjacent phases. The fusion product of two defects, labeled by an A-B-defect X and a B-C-defect Y , is labeled by X ⊗_B Y , c.f. (2.47). Analogously, a fusion product between an A-B defect X and a boundary component labeled by the B-module M is labeled by X ⊗_B M.

In addition there are fields living in the bulk, on defect lines or on boundary components. The fields are decorated as follows:

• A bulk field in phase A is a tuple Φ = (U, V, ϕ, p, [γ], or_2(p)). Here U, V are objects in C, ϕ ∈ Hom_{A|A}(U ⊗^+A ⊗^− V, A), p ∈ Σ \ ∂Σ is the point where the field is inserted, [γ] is an arc germ at p such that γ(0) = p, and or_2(p) is the orientation of Σ in a neighborhood around p.

• A defect field changing an A-B defect Y to the A-B defect X is a tuple Φ = (X, Y, U, V, ϕ, p, [γ], or_2(p)). Here U and V are objects in C, X and Y are A-B-bimodules, ϕ ∈ Hom_{A|B}(U ⊗^+X ⊗^− V, Y ), p ∈ Σ is the point on the defect line where the field is inserted, [γ] is an arc germ at p, and or_2(p) is the orientation of Σ in a neighborhood around p. Recall that a bulk field can be considered as a defect field on the invisible defect, and that a defect field changing the defect condition to or from the trivial defect is called a disorder field.

• A boundary field in phase A is a tuple Ψ = (M, N, V, ψ, p, [γ]). Here M and N are left A-modules, V is an object in C, ψ ∈ Hom_A(M ⊗ V, N), p ∈ ∂Σ is the insertion point of the boundary field and [γ] is an arc germ at p such that γ is aligned to ∂Σ at p. A boundary field of this type changes the boundary condition from N to M.

Here, U ⊗^+X ⊗^− V is the bimodule with actions given in (2.45).

For an orientable world sheet we can fix the orientation of the entire world sheet once and for all. Thus the datum of orientation at insertion points of bulk- and defect fields is somewhat superfluous when dealing with orientable world sheets. The arc germ at p ∈ Σ can be thought of as a remnant of the local coordinates around p in the world sheet Σ^C from which we obtain the topological world sheet Σ, c.f. [45, Section 5.3.1].

Due to semisimplicity, it is enough to take the objects in C that label field insertions to be simple. For A-A-defects X and Y we fix once and for all a basis { ϕ^α_{pq} | p, q ∈ I, α = 1, 2, ..., dim(H^{X,Y}_{p,q} ) } (4.1) for the space H^{X,Y}_{p,q} := Hom_{A|A}(U_p ⊗^+X ⊗^−U_q , Y ) . (4.2)

The space H^{X,Y}_{p,q} is the space of defect fields, with chiral labels p and q, changing the defect condition from Y to X. We will also need a basis of the space dual to (4.2). We denote it by { ϕ̄^α_{pq} | p, q ∈ I, α = 1, 2, ..., dim(H^{X,Y}_{p,q} ) }. (4.3) We will abbreviate ϕ^α_{pq} ≡ α and ϕ̄^α_{pq} ≡ ᾱ (4.4)

whenever the labels p, q can be read of from the context. The two bases are dual in the sense that Tr ( ϕ^α_{pq} ∘ ϕ̄^β_{pq} ) = δ_{α,β} dim(Y ) . (4.5)

Such dual bases exist due to a non-degenerate pairing of the spaces Hom_{A|A}(U_p ⊗^+X ⊗^− U_q, Y ) and Hom_{A|A}(Y, U_p ⊗^+ ⊗^− U_q). The existence of such a pairing, in turn, follows from the following arguments: Due to semisimplicity of C there exists a non-degenerate pairing of the spaces Hom(U_p ⊗ X ⊗ U_q, Y ) and Hom(Y, U_p ⊗ X ⊗ U_q). We may chose bases of those spaces in such a way that the pairing is mapping a pair of basis elements ψ^α_{pq} ∈ Hom(U_p ⊗ X ⊗ U_q , Y ) and ψ̄β_{pq} ∈ Hom(Y, U_p ⊗ X ⊗ U_q) to Tr ( ψ^α_{pq} ∘ ψ̄^β_{pq} ) = δ_{α,β} dim(Y ) . (4.6)

Taking ψ^α_{pq} ∈ Hom_{A|A}(U_p ⊗^+X ⊗^− U_q, Y ) one shows, by using that A is symmetric Frobenius together with the representation properties, that this pairing restricts to a pairing between Hom_{A|A}(U_p ⊗^+X ⊗^− U_q, Y ) and Hom_{A|A}(Y, U_p ⊗^+X ⊗^− U_q). (The calculation is an obvious generalization of eq. (C.16) in [33].) Analogously, taking ψ̄^β_{pq} ∈ Hom_{A|A}(Y, U_p ⊗^+X ⊗^− U_q), the non-degene-rate pairing Tr ( ψ^α_{pq} ∘ ψ̄^β_{pq} ) again restricts to a pairing between Hom_{A|A}(U_p ⊗^+X ⊗^− U_q, Y ) and Hom_{A|A}(Y, U_p ⊗^+X ⊗^− U_q).

4.1.3 The connecting manifold

We are now in a position to describe the connecting manifold M_Σ of an oriented world sheet. As a three-manifold, M_Σ is constructed from an interval bundle Σ × [−1, 1] over the world sheet by pairwise identifying points over the boundary:

M_Σ = Σ × [−1, 1] / ∼ , (4.7)

where (x, t) ∼ (x, −t) ∀ x ∈ ∂Σ and ∀ t ∈ [−1, 1]. (4.8) Thus, the connecting manifold is obtained by "filling out" the double ^Σ of Σ to a three-manifold. By construction there is an embedding ι : Σ → M_Σ of the world sheet in M_Σ as the set of points (p, 0) ∈ Σ × [−1, 1]. Note that the boundary of the connecting manifold is the double of the world sheet,

∂M_Σ = ^Σ . (4.9)

The double is orientable. We fix once and for all the orientation by the inward pointing normal. There is an interval p×[−1, 1] connecting the two points on the double p^′ and p^{′′} over each point p in the interior of the world sheet. We refer to this interval as the connecting interval. A point p on the boundary of the world sheet gives rise to a single point p^′ on the double and a connecting interval [0, 1] stretching from p to p^′. When a point in the interior is moved to the boundary, the two halves of the connecting interval merge into an interval connecting the point p ∈ ∂Σ with the corresponding point p^′ ∈ ^Σ. All of this is illustrated in the following picture of the connecting manifold of a disc:

p_1 p^′_1

p^{′′}_1 p_2

p^′_2

(4.10)

Here, the thicker lines are examples of connecting intervals over the points p_1, in the interior of the world sheet Σ, and p_2 ∈ ∂Σ.

The double as an extended surface

Part of the data of the field insertions are lifted to the double. Each defect field (X, Y, U, V, ϕ, p, [γ], or_2(p)) gives rise to two marked points, p^′ and p^{′′}, on the double, one of them in a neighborhood with orientation coinciding with the one around p, and the other one in a neighborhood with opposite orientation. The one in a neighborhood with orientation or_2(p) gets labeled by the object U and the other one by V . The arc germ [γ] induces arc germs at the two marked points p^′, p^{′′} ∈ ^Σ, and for each marked point, the datum ε is taken to be ε = −1. Thus, a ribbon ending on the boundary always has core orientation pointing away from the boundary. Since we may think of a bulk field as a special kind of defect field the data of a bulk field are lifted in the same way. The data of boundary fields are lifted to the single point over the insertion on the double in the obvious analogous fashion. Finally, in order to turn the double into an extended surface we make the canonical choice of lagrangian subspace described in Remark 2.18 (ii).

The ribbon graph in M_Σ

Let us now describe how to construct the ribbon graph embedded in M_Σ. First we choose a dual triangulation of the world sheet. This involves decorating the world sheet such that there is a line running along each defect line and along each boundary component. We require that every vertex is trivalent and every field insertion lies on an edge of the triangulation and that vertices of the dual triangulation coincide with the network vertices, i.e. vertices at which three defect lines are joined. Note that to fulfill the last requirement, it may be necessary to include some invisible defect lines.

The dual triangulation is then covered by ribbons and coupons. First we place a ribbon on each edge of the triangulation of the embedded world sheet as follows:

• On a defect line we place a ribbon labeled by the bimodule describing the corresponding defect or condition. Analogously, on a boundary segment we place a ribbon labeled by the left module describing the corresponding boundary condition. Each ribbon is embedded with core orientation opposite to the one of the corresponding defect line or boundary condition.

• On any other edge of the dual triangulation we place a ribbon labeled by a trivial defect condition, i.e. the boundary Frobenius algebra that labels the adjacent regions.

All ribbons placed on the dual triangulation are embedded with two-orientation opposite to the one of the world sheet. I.e., using the terminology of Remark 2.18 (i), the ribbons are embedded with the black side facing up.

In addition we place coupons on field insertions. The coupon at a defect field changing the defect condition from Y to X is labeled by the morphism labeling the defect field, i.e. a morphism ϕ in Hom_{A|B}(U ⊗^+X ⊗^−V, Y ). The order of X and Y is reversed in the morphism since ribbons are embedded with core orientation opposite to the actual defect. The coupon has three incoming ribbons labeled by U, X and V and one outgoing labeled by Y . The ones labeled by X and Y are the ones placed on the dual triangulation, whereas the ones labeled by U and V are taken to end on the marked points over the insertion point. We illustrate the ribbon graph in a region around a defect field in the following picture^1:

x zy

x y x y x y U

V

X Y d d or(d) or(d)

ϕ

(4.11)

Again this description covers also the bulk field case. The coupon at a boundary field is labeled by the morphism labeling the boundary field and the ribbons are joined with the rest of the ribbon graph in the obvious analogous fashion.

In order complete the description of the ribbon graph we need to describe how to join the ribbons at trivalent vertices. At trivalent vertices for which at least one edge is labeled by a boundary Frobenius algebra we join ribbons by coupons labeled as follows:

• At each vertex joining three ribbons labeled by a boundary Frobenius algebra the coupon is labeled by the product or coproduct of that algebra.

• At each vertex such that there is a ribbon labeled by a boundary Frobenius algebra ending on a defect line or boundary component the coupon is labeled by the corresponding representation morphism.

1In (4.11) the ribbon graph around the coupon labeled by ϕ is rotated by an angle π in such a way that it shows it white side. This emphasizes that when this piece of ribbon graph is projected to R^2 , as described in section 2.5.2, it is interpreted as the morphism ϕ.

In order for this convention to make sense we have to be able to reverse the core orientation of a ribbon labeled by a boundary Frobenius algebra. The conventions listed above may give rise to an edge of the triangulation at which two parts of ribbons labeled by some boundary Frobenius algebra A meet with coreorientation pointing towards or away from each other. Whenever this happens, we join them by a coupon labeled by η ∘m or by Δ∘ε. The corresponding pieces of ribbon graphs looks as follows:

or (4.12)

Finally, consider a network vertex joining three ribbons labeled by an A-B-bimodule X and a B-C-bimodule Y with core-orientation pointing towards the vertex, and an A-C-bimodule Z with core-orientation pointing away from the vertex. On this vertex we place a coupon as in the following picture: Z

Y X κ (4.13)

The coupon is labeled by a morphism

κ ∈ Hom^P_{A|C} (X ⊗ Y, Z) . (4.14)

Here Hom^P_{A|C} (X ⊗ Y, Z) ⊆ Hom_{A|C} (X ⊗ Y, Z) is the space of morphisms f ∈ Hom_{A|C} (X ⊗ Y, Z) that satisfy

f ∘ P_{X,Y} = f , (4.15)

where P_{X,Y} ∈ End(X ⊗ Y ) is the projector, defined in (2.48), whose image is X ⊗_B Y . Any vertex such that the core orientations of ribbons are not exactly as described above can be described analogously by using that reversing the orientation of a ribbon corresponds to exchanging the label of that ribbon by its dual, c.f. section 2.5.1 (see picture (2.87)). If, e.g. the ribbon labeled by Y have core orientation pointing away from the vertex, we label the vertex by a morphism in Hom^P_{A|C} (X ⊗ Y^∨, Z) instead.

In fact, it is natural to label a vertex with one ingoing defect labeled by an A-C-bimodule X and two outgoing defects labeled by an A-B-bimodule Y and a B-C-bimodule Z by a morphism

κ ∈ Hom^P_{A|C} (X, Y ⊗ Z) , (4.16) with Hom^P_{A|C} (X, Y ⊗ Z) defined, analogously to Hom^P_{A|C} (X ⊗ Y, Z), by the property that f ∈ Hom^P_{A|C} (X, Y ⊗ Z) iff

P_{X,Y} ∘ f = f . (4.17)

It is straightforward to show that if κ ∈ Hom^P_{A|C} (X, Y ⊗ Z), then the morphism κ^′ := (id_Y ⊗ d̃_Z ) ∘ (κ ⊗ id_Z∨ ) is an element in Hom^P_{A|C} (X ⊗ Z^∨, Y ).

Remark 4.1. (i) As already mentioned, we will consider an n-valent network vertex of defects as an equivalent network vertex being a composition of several trivalent ones by fusing defects with each other as in the following picture

⇝ (4.18)

For brevity we will sometimes say that there is an n-valent vertex labeled by some morphism f. By this we mean that f is a suitable composition of morphisms labeling the trivalent vertices that together constitute the n-valent network vertex.

(ii) In [1] a slightly different decoration of the world sheet is used, see [1, Definition 3.1]. One way in which that description differs from the present one is that instead of a dual triangulation we require only a cell-decomposition of the world sheet. This is useful for proving some of the statements in [1], e.g. it takes care of the issues mentioned in part (i) of this remark. However, here we will not present those proofs in detail, and accordingly we omit that description in favor of the slightly more transparent one given above.

This completes the description of the construction of the connecting manifold M_Σ : ∅ → ^Σ . (4.19)

By applying the tft-functor we obtain a linear map

tft(M_Σ) = Z(M_Σ) : C → H(^Σ) . (4.20)

The correlator Cor(Σ) of the world sheet Σ is obtained by applying this map to 1 ∈ C :

Cor(Σ) = Z(M_Σ) 1 ≡ Z(M_Σ) . (4.21)

Here and below, by a slight abuse of notation, we suppress applying Z(M_Σ) to 1 ∈ C . This procedure defines a vector in the space of conformal blocks on the double ^Σ. It has been proven that the collection of vectors Cor(Σ), for all world sheets Σ, satisfy the factorization constraints and invariance under the action of the mapping class group provided by the tft-functor. This is proved in [33] for world sheets without defects, and is generalized to oriented world sheets with an arbitrary network of defect lines in [1]. Section 4.2 summarizes the proof that the vectors Cor(Σ) indeed satisfy the consistency conditions just mentioned.

4.1.4 Structure constants

Below we will be interested in calculating the structure constants, i.e. the expansion coefficients in a basis of the space of conformal blocks on the double:

Cor(Σ) = ∑ i c_i b_i , (4.22)

where {b_i} is basis for H(^Σ). We will realize each b_i as the invariant Z(M_{bi} ) of some cobordism M_{bi} : ∅ → ^Σ. Analogously there is a dual basis {b^∗_i } satisfying b^∗_j (b_i) = δ_{i,j} , obtained as invariants of cobordisms M^∗_{bi} : ^Σ → ∅. Thus, the structure constants in (4.22), obtained in a standard manner by composing both sides with an element of the dual basis, can be written as

c_i = Z(M^∗_{bi} )Z(M_Σ) = Z(M^∗_{bi} ∘ M_Σ) . (4.23)

This is a ribbon graph in a closed three-manifold. Consider a closed threemanifold M with a ribbon graph contained in a contractible region. By projecting the ribbon graph in a non-singular manner, as described in section 2.5.2, to R^2 we obtain a morphism f, that is an endomorphism of the tensor unit of C. Since End(1) = C , f is given by a complex number w_f . Thus, the invariant of M is given by:

Z(M) := Z(M_0) w_f , (4.24)

where M_0 is the manifold M with an empty ribbon graph. Of particular interest to us are the following two cases:

Z(S^2 × S^1) = 1 and Z(S^3) = S_{0,0} . (4.25)

n-point blocks on the sphere Consider the two-sphere S^2 with n marked points, labeled by objects U_1, ..., U_n. Denote by B(U_1, ...U_n) the corresponding space of conformal blocks. A basis for B(U_1, ...U_n) with every U_p = U_{ıp} simple is given by (see e.g. [12, Chapter 4.4]) B[ı_1, ..., ı_n]_{p1...pn−3,β1...βn−2} := Z( ^B(ı_1, ..., ı_n)_{p1 ...pn−3,β1...βn−2} ), (4.26) where ^B(ı_1, ..., ı_n)_{p1 ...pn−3,β1...βn−2} is the following ribbon graph in a full threeball B^3: ^B(ı_1, ı_2, ..., ı_n)_{p1p2 ...pn−3,β1β2...βn−2} :=

ı_1 ı_2 ı_3 ı_4 ı_{n−1} ı_n

ī_1 p_1 p_2 p_{n−3}

β_1 β_2 β_3 β_{n−2} (4.27)

Here p_1, ...p_{n−3} ∈ I and β_s, with s = 1, ..., n − 2, labels the basis depicted in (2.22) of Hom(U_{ps} ⊗ U_{ıs+1} , U_{ps−1} ), where we identify p_0 ≡ ī_1 and p_{n−2} ≡ ı_n. The dual basis is obtained as the invariants B^∗[ı_1, ..., ı_n]_{p1...pn−3,}¯_{β1...}¯_{βn−2} := 1 S_{0,0} Z( ^B^∗(ı_1, ..., ı_n)_{p1 ...pn−3,}¯_{β1...}¯_{βn−2} ) (4.28) of the ribbon graph ^B∗(ı_1, ı_2, ..., ı_n)_{p1 p2 ...pn−3,β̄1β̄2...β̄n−2} :=

ı_1 ı_2 ı_3 ı_4 ı_{n−1} ı_n ī_1 p_1 p_2 p_{n−3} β_1 β_2 β_3 β_{n−2}

(4.29)

in B^3. Here p_1, ...p_{n−3} ∈ I and β̄_s labels the basis depicted in (2.22) that is dual to the one used in (4.27). That (4.26) and (4.28) are dual follows from duality of the bases (2.22) of each space Hom(U_{ps} ⊗ U_{ıs+1} , U_{ps−1} ) and its dual, and that the invariant Z(S^3) of empty S^3 equals S_{0,0}.

Conformal blocks on the torus A basis for the space of conformal blocks on the torus is given by {|χ_i; T^2⟩|i ∈ I}, where |χ_i; T^2⟩ is the invariant of a full torus M_{T ;i} with a single annular ribbon, labeled by U_i, running along the noncontractible standard cycle of the full torus. Thus

|χ_i; T^2⟩ = Z(M_{T ;i}) , (4.30)

with M_{T ;i} given by

M_{T ;i} :=^i (4.31)

considered as a cobordism from the empty set to T^2, i.e. in (4.30) top and bottom are identified. The dual basis is spanned by invariants of similar full tori with opposite orientation of the boundary, see [43, eq. (5.18)].

4.1.5 The defect two-point function

As an illustration and as preparation for the proof of bulk factorization we calculate the structure constants of the defect two-point function. Denote by S^2_{X;pq,αβ} the world sheet which is a two-sphere with a defect line, labeled by X, running from the disorder field Θ^X_{pq,α} to the disorder field Θ̃^X_{p̄q̄,β} . The world sheet S^2_{X;pq,αβ} is displayed in the following picture:

Θ^X_{p̄q̄,β}

Θ^X_{pq,α}

X (4.32)

Following the recipe in section 4.1.3, the connecting manifold of S^2_{X;pq,αβ} is given by

M^{S2;X}_{pq,αβ} = ϕ_α ϕ_β A p̄ p

q̄ q

X

(4.33)

Here each vertical rectangle represents a two-sphere. The top and bottom rectangle represent the two components of the boundary of the double of S^2_{X;pq,αβ} , while the shaded rectangle represents the world sheet S^2_{X;pq,αβ} .

The correlator, given by Cor(S^2_{X;pq,αβ} ) = Z(M^{S2;X}_{pq,αβ} ), is an element in the space of conformal blocks on the double of the 2-holed sphere, that is in the tensor product of two conformal blocks of the type (4.26) with n = 2:

Cor(S^2_{X;pq,αβ} ) ∈ B(U_p, U_{p̄}) ⊗ B^−(U_q , U_{q̄}) . (4.34)

Here B(U_p, U_{p̄}) is the space of blocks on the sphere oriented by the outward pointing normal, whereas B^−(U_q , U_{q̄}) is the space of blocks on the sphere oriented by the inward pointing normal. The space of conformal blocks on a sphere with two marked points, labeled by simple objects, is zero unless the two points are related by charge conjugation, in which case it is one-dimensional. This is the reason why we only consider pairs of fields with chiral labels related by charge conjugation in any two point function on the sphere. Using the basis in (4.34) of 2-point blocks on the sphere, the structure constants of Cor(S^2_{X;pq,αβ} ) are obtained by gluing two copies of (4.29) with n = 2 to the manifold (4.33). Thus, we have

Cor(S^2_{X;pq,αβ} ) = (c^{def}_{X,pq} )_{αβ} B[p, p̄] ⊗ B^−[q, q̄] , (4.35) with

(c^{def}_{X,pq} )_{αβ} = 1 S_{0,0}

p

p̄ q

q̄ β α

X (4.36)

Here, the factor 1/S_{0,0} is a consequence of the normalization (4.28) and the invariant of empty S^3. To arrive at (4.36) we have, after projecting the ribbon graph to R^2 , used that A is special and symmetric and that ϕ_α and ϕ_β are bimodule morphisms. The defect two point function, and in particular the matrix c^{def}_{pq} consisting of structure constants of the defect two-point function with chiral labels p, q, will play a central role when we discuss factorization.

4.1.6 Equivalences of world sheets

There are many world sheets whose decorations differ slightly, but which still have the same correlator. We will say that two world sheets Σ and Σ^′ with the same underlying surface Σ̊ are equivalent iff

Cor(Σ) = Cor(Σ^′) . (4.37)

Below we will describe some important equivalences of world sheets, see [1, Section 3.2] for some more details.

Intrinsic equivalence

Recall from section 4.1.3 that, when constructing the correlator, network vertices such that at least one edge is labeled by a trivial defect are labeled by structure morphisms of boundary Frobenius algebras and their (bi-)modules. Two world sheets Σ and Σ^′ are intrinsically equivalent if Σ̊ = Σ̊^′ and the dual triangulations differ only in the edges labeled by trivial bimodules and the network vertices involving at least one boundary Frobenius algebra. The physical interpretation of this statement is that any modification of a world sheet involving only trivial defects leaves the correlators invariant. The key ingredient in the proof of intrinsic equivalence is the following lemma, see [1, Lemma A.1 and A.2]:

Lemma 4.2. Let A be a special symmetric Frobenius algebra. Denote by A^ε, with ε ∈ {±1}, the algebra A if ε = +1, and A^∨ if ε = −1. Consider the space

R := Hom(A^{ε1} ⊗ A^{ε2} ⊗ · · · ⊗ A^{εp} , A^{ε1} ⊗ A^{ε2} ⊗ · · · ⊗ A^{εq} ) , (4.38)

where ε_i ∈ {±1}. Let f ∈ R be a morphism composed of structure morphisms of A such that when written graphically, f is a connected graph. There is a unique such morphism and it can be written as

f = (g^{ε1} ⊗ g^{ε2} ⊗ · · · ⊗ g^{εp} ) ∘ ψ ∘ φ ∘ (h^{ε1} ⊗ h^{ε2} ⊗ · · · ⊗ h^{εq} ) , (4.39)

where h^{+1} = id_A = g^{+1}, g^{−1} = Φ ∈ Hom(A, A^∨) and h^{−1} = Φ^{−1}, with Φ defined in (2.34), and φ and ψ the following morphisms:

φ :=

A A A · · · A A

A

and ψ :=

A A A · · · A A

A (4.40)

Remark 4.3. The notion of intrinsic equivalence used here differs from the one in [1], where intrinsic equivalence only refers to the auxiliary datum of a defect graph used in that paper. Here, intrinsic equivalence is a statement about the world sheets and thus includes the additional requirement Σ̊ = Σ̊^′, c.f. [1, Lemma 3.4].

Fusion of defect lines

As already mentioned, defect lines may be fused, either with another defect line or with a boundary component. Let us make this concrete in the TFTconstruction: Assume that Σ^′ and Σ coincide outside the two regions D and D^′ displayed in the following picture: D

Y X

D^′ Y

X

Y

X

X ⊗_B Y r e

(4.41)

Here X and Y are A-B- and B-C-bimodules, respectively. If the morphisms e and r, labeling the two network vertices in D^′, are the embedding and restriction morphisms in (2.49), the two world sheets are equivalent.

Analogously a defect line labeled by an A-B-bimodule X may be fused with a boundary component labeled by some left B-module M. This equivalence is in fact covered by defect fusion, by considering M as an A-1-defect.

Removal of internal vertices

Consider a defect line connecting two network vertices v and w of defect lines. Such a defect line can be removed provided that the remaining defect lines are joined at a single vertex v^′. To make this statement more concrete, assume that two world sheets Σ and Σ^′ coincide outside the following two regions:

D^{Xv1} X^v_2

X^v_k v X_{vw} w

X^w_1

X^w_{m−1} X^w_m D′ X^′m+1

X^′_{m+2}

X^′_{k+m} X^′_1

X^′_{m−1} X^′_m

v^′

(4.42)

The world sheet Σ^′ is equivalent to Σ if the vertex v^′ is labeled by a suitable composition of the two morphisms labeling the vertices v and w. Recalling Remark 4.1 this statement is almost a tautology.

Similarly, if a defect line X is joining a defect field and a two-valent network vertex, then there is an equivalent vertex, where the defect line together with the network vertex and defect field is replaced by a single defect field. Again the labeling of the latter is a composition of the morphisms labeling the original configuration.

A boundary component stretching between two network vertices can be removed by completely analogous manipulations.

Collapsing bubbles

A defect configuration forming a "defect bubble" involving a single defect field may be replaced by a single defect field. Assume again that Σ and Σ^′ coincide outside the following regions: D X_1 X_{21}

X_{23} X_{31}

X_2

v_1 v_2

v_3

D^′ X_1 X^2 w

(4.43)

Here, X_1 and X_2 are A-C-bimodules, X_{23} and X_{31} are B-C bimodules and X_{21} is an A-B bimodule. Let the vertices in D be labeled by κ_{v1} ∈ Hom^P_{A|C} (X_{21} ⊗_B X_{31}, X_1), κ_{v2} ∈ Hom^P_{A|C} (X_2, X_{21} ⊗_B X_{23}) and ϕ_{v3} ∈ Hom_{B|C} (U_i ⊗^+X_{23} ⊗^− U_j , X_{31}), respectively. The world sheets are equivalent if w in D^′ is labeled by the morphism

ϕ_w =

U_i U_j X_2

X_{23} κ_{v2} ϕ_{v3} X_{21} κ_{v1}

X_1

X_{31}

(4.44)

The morphism ϕ_w is the same as the one obtained from the region D. Note that ϕ_w ∈ Hom_{A|C} (U_i ⊗^+X_2 ⊗^−U_j , X_1) and is accordingly an adequate morphism to label the defect field at w.

There is again an analogous result involving boundaries: Consider the situation that two end-points of a defect without insertions end at trivalent network vertices on the same boundary component, such that at most one boundary field is located in between the two network vertices. In this situation the bubble can be collapsed, giving rise to just a boundary field by arguments analogous to the ones above. This situation is treated analogously as the "defect bubble" case involving only defects by considering the case C = 1.

4.2 Constraints in the TFT-construction

In this section we outline the proofs in [1] that mapping class group invariance and the factorization constraints are satisfied by the correlators, obtained via the TFT-construction, of oriented world sheets containing defects. We will describe bulk factorization in the presence of defects in some detail, since bulk factorization across defect lines will be a crucial ingredient in the next chapter. Boundary factorization across defect lines on the other hand, is not new. It is covered by the results in [33] by using fusion of defect lines with a boundary component. Thus we will only briefly discuss boundary factorization.

4.2.1 Bulk factorization

Bulk factorization associates to a world sheet Σ a collection {Σ^′} of world sheets, with topology different from Σ. The factorization constraints require that the correlator of Σ can be written as a linear combination in which we sum over the correlators of the world sheets in {Σ^′}. Bulk factorization takes place along a circle S_{cut}, the cutting circle, embedded in a cylindrical region of Σ. We consider the situation that the circle S_{cut} is crossed by a single A-A-defect X. By using fusion of defects this situation covers also the case that there is a finite number of defects running parallel to each other and crossing the circle S_{cut}.

Factorization of the world sheet

In order to obtain the world sheets Σ^′ related to Σ via factorization we proceed in two steps:

1. Cut Σ along S_{cut}. This creates two new circular boundary components.

2. Cut the world sheet S^2_{X;pq,αβ} of the defect two-point function, displayed in (4.32), along the equator. The so-obtained half-spheres are glued to the circular boundary components created in step 1 such that two-orientations and core orientations of defect lines match.

The procedure is illustrated in the following picture (compare with the picture (4.32) of S^2_{X;pq,αβ} ):

S_{cut}

−→ X X X Θ^X_{pq,α} Θ̃^X_{p̄q̄,β}

(4.45)

This way a collection {Σ^′} = {Σ_{pq,αβ} } of world sheets is obtained. There is one world sheet for each pair (Θ^X_{pq,α}, Θ̃^X_{p̄q̄,β} ) of disorder fields having non-zero defect two-point function on the sphere. We will refer to the world sheets in the collection {Σ_{pq,αβ} } as the factorized world sheets.

The gluing homomorphism

Note that Σ_{pq,αβ} differs from Σ in two respects. Factorization changes the topology of the world sheet and increases the number of marked points. Consequently, the two spaces H(^Σ) and H( ^Σ_{pq,αβ} ) of conformal blocks do not coincide. Thus, Cor(Σ) cannot immediately be expanded in terms of the correlators Cor(Σ_{pq,αβ} ). However, there is a linear map which we call gluing homomorphism

Gℓ_{pq} : H( ^Σ_{pq} ) → H(^Σ) (4.46)

that relates the two spaces. We will write ^Σ_{pq} ≡ ^Σ_{pq,αβ} since the double of Σ_{pq,αβ} , and accordingly the associated space of conformal blocks, does not depend on the multiplicity labels α and β. A gluing homomorphism was obtained already in [33], where factorization across a trivial defect was proven, see [33, eq. (2.49)]. This is the relevant gluing homomorphism also in the case of non-trivial defects. The reason is that what is relevant for the gluing homomorphism is the double of the world sheet, and the double of Σ_{pq,αβ} indeed coincides with the double of the cut world sheet considered in [33]. However, we will use a slightly different normalization of the gluing homomorphism than the one considered in [33]. The construction of Gℓ_{pq} uses a basis {λ̄^{kk̄}} of the one-dimensional space Hom(1, U_k ⊗ U¯_k) for each k ∈ I. We will use k k̄

λ̄^{k̄k} = θ_k R^{(k̄ k)0}_{· ·} λ̄^{k̄k} = θ^{−1}_k R^{− (k̄ k)0}_{· ·} λ̄^{k̄k} (4.47)

instead of λ̄^{kk̄} , c.f. Remark 2.4 of [1].

The factorization identity

It is easy to see that Gℓ_{pq} (Cor(Σ_{pq,αβ} )) and Cor(Σ) lie in the same space. In fact, there is [12, Definition 5.1.13(iv)] an isomorphism ⨁ p,q Gℓ_{pq} : ⨁ p,q H( ^Σ_{pq} )^{∼=}−→ H(^Σ) (4.48)

of vector spaces. However, this does not guarantee the existence of a factorization identity, since the collection {Cor(Σ_{pq,αβ} )} of correlators is far from a basis of ⨁ p,q H( ^Σ_{pq} ). Nonetheless, we have indeed the following statement from [1] about bulk factorization:

Theorem 4.4. The correlator C(Σ) for an oriented world sheet Σ can be expressed in terms of the correlators C(Σ_{pq,αβ} ) of the factorized world sheets as

Cor(Σ) = ∑ p,q∈I ∑ α∈H^{A,X}_{p,q} ∑ β∈H^{X,A}_{p̄,q̄} C^{fact;X} pq,αβ Gℓpq (Cor(Σpq,αβ )) , (4.49)

with C^{fact;X}_{pq,αβ} given by

C^{fact;X} pq,αβ = dim(Up) dim(Uq ) (c def −1 X,p̄q̄ )αβ . (4.50) The rest of this subsection is devoted to the proof of Theorem 4.4. The proof follows quite closely the proof in [33] of bulk factorization without defects. Here we will summarize the proof and indicate how the proof in [33] is modified or generalized. However, there are some technicalities, which will also not be discussed in any detail here, see e.g. Lemma A.4 and Lemma A.5 of [1].

4.2.2 Proof of bulk factorization

In order to prove the bulk factorization identity (4.49) it is instructive to analyze the action of the gluing homomorphism (4.46) in some more detail. The gluing homomorphism is obtained as the invariant of the gluing cobordism M_{Gℓ} ≡ M_{Gℓ,pq} : ^Σ_{pq} → ^Σ . (4.51) Thus, Gℓ_{pq} (Cor(Σ_{pq,αβ} )) = Z(M_{Gℓ} ∘ M_{Σpq,αβ} ) . (4.52)

While both are cobordisms from ∅ to H(Σ), the cobordisms M_Σ and M_{Gℓ} ∘M_Σ′ do not coincide, not even as topological manifolds. However, the discrepancy between the two manifolds, including the ribbon graphs, is entirely confined in a suitably embedded solid torus. Explicitly, M_Σ and M_{Gℓ} ∘M_Σ′ can be realized as M_Σ = M_{Σ,T}2 ∘ T_X (4.53) and M_{Gℓ} ∘ M_Σ′ = M_{Σ,T}2 ∘ T̃_X . (4.54)

Here M_{Σ,T}2 : T_{X,X} → ^Σ (4.55)

is a cobordism from T_{X,X} , which is the torus T^2 with two marked points labeled by X, to the double of the original world sheet. T̃_X and T_X are both cobordisms from ∅ to T_{X,X} . However T̃_X and T_X differ with respect to the embedded ribbon graph and, informally, by a modular S-transformation of their boundary, see (5.3) and (5.9) of [33] and section 2.2 of [1]. To make the latter statement concrete, consider the mapping cylinder M_S over T^2 of a homeomorphism in the class of the S-transformation of T^2. Then T_X and M_S ∘ T̃_X differ, apart from in the embedded ribbon graphs, by an orientation preserving homeomorphism that restricts to the identity on ∂T_X = ∂(M_S ∘ T̃_X ). Since the derivation of the cobordisms T_X and T̃_X = T̃_{X;pq,αβ} is completely analogous to the derivation of the cobordisms appearing^2 in (5.3) and (5.9) in [33], we omit the derivation here and only give the result:

T̃_{X;pq,αβ} =

1 2 q

q̄

q p̄ p α β

(X, +)

(X, −)

λ̄q̄q λ̄p̄p

(4.56)

2In eq. (5.3) and (5.9) of [33], the cobordisms M_{Σ,T}2 ∘ T_X and M_{Σ,T}2 ∘ T̃_X are displayed for the case X = A.

and

T_X =

1 2

(X, +)

(X, −)

A X (4.57)

Here, the cobordisms are displayed in "wedge presentation". This means that top and bottom, as well as horizontal white faces, are to be identified, see [33, Section 5.1] for more details. In (4.56), α and β label the bases, defined in (4.1), of the spaces Hom_{A|A}(U_p ⊗^+A ⊗^− U_q , X) and Hom_{A|A}(U_{p̄} ⊗^+X ⊗^− U_{q̄}, A) respectively.

Applying the tft-functor to the cobordisms (4.53) and (4.54) we get

Cor(Σ) = Z(M_{Σ,T}2 ) ∘ Z(T_X ) (4.58) and Gℓ_{pq} (Cor(Σ_{pq,αβ} )) = Z(M_{Gℓ}) ∘ Z(M_Σ′ ) = Z(M_{Σ,T}2 ) ∘ Z(T̃_{X;pq,αβ} ) . (4.59)

for the correlators. Thus the factorization identity (4.49) amounts to a relation between the invariant of T_X and the invariants of T̃_{X;pq,αβ} for all possible labels of p, q, α, β. Indeed we have the following result from [1]:

Proposition 4.5. The invariant Z(T_X ) can be expanded as

Z(T_X ) = ∑ p,q∈I ∑ α∈H^{A,X}_{p,q} ∑ β∈H^{X,A}_{p̄,q̄} C^{fact;X} pq,αβ Z(T̃X;pq,αβ ) , (4.60) where the coefficients C_{pq,αβ} are given by

C^{fact;X} pq,αβ = dim(Up) dim(Uq) (c def −1 X,p̄q̄ )αβ . (4.61)

Proof. First observe that Z(T_X ) indeed can be expanded in terms of the invariants Z(T̃_{X;pq,αβ} ). Let us motivate this statement. Consider the space Im(P), where P = Z(P) (4.62)

is the projector obtained as the invariant of the cobordism

P :=

1 2

(X, −)

A A

(X, +) (X, +)

A

A

(X, −)

1 2

(4.63)

In this picture top and bottom as well as front and back are to be identified, i.e. we deal with a cylinder over a torus T_{X,X} = ∂T_X = ∂T̃_{X;pq,αβ} . In particular the two "loose ends" of A-ribbons, starting and ending on an X-ribbon are to be identified. The proof that P is a projector follows from the representation properties and the fact that A is special symmetric Frobenius. In the case that X = A, the proof reduces to the proof of Lemma 5.2 (i) of [33]. Now we make two observations. First, Z(T_X ) lies in the space Im(P). To see that this is the case, first note that the difference between the composition P ∘T_X and T_X is that in P ∘ T_X there are two annular A-ribbons instead of one ending on each of the two X-ribbons. Next, using the representation property and then applying lemma 4.2, it follows that Z(P ∘ T_X ) is not affected if one of the two annular A-ribbons ending on each X-ribbon is omitted. This implies that Z(P ∘ T_X ) = Z(T_X ). In the case that A = X this proof reduces to the proof of lemma 5.2 (iii) of [33]. The second observation is that the set B := {Z(T̃_{X;pq,αβ} )|p, q ∈ I , α ∈ H^{A,X}_{p,q} β ∈ H^{X,A}_{p̄,q̄} } (4.64) constitutes a basis of Im(P). In the situation that X = A, this statement reduces to Lemma 5.2 (ii) of [33]. The difference in the present setting is that the ribbons here labeled by X are labeled by a boundary Frobenius algebra in [33], but the proof works in the same way. The proof of Lemma 5.2 (ii) of [33] combines results of two types: On the one hand statements in which the ribbons here labeled by X are labeled by an arbitrary object in C, and on the other hand results in which they are labeled by an arbitrary A-A-bimodule. As a consequence we can combine those results in exactly the same way as in [33] to prove that the vectors in (4.64) forms a basis of Im(P). Since Z(T_X ) lies in the space Im(P), it follows that an expansion of the form (4.60) exists for suitable coefficients. In order to obtain the values of the coefficients in (4.60) we compose both sides with a basis B^∗ dual to the one in (4.64). Lemma A.4 of [1] proves that B^∗ is spanned by the vectors Z(L^X_{p,q,α,β} ), with L^X_{p,q,α,β} the cobordism

N^{−1} L^X_{p,q,α,β} :=

λ_{q̄q}

λ_{p̄p}

1 2

q

q̄

q p̄

p

β̄

ᾱ

(X, +)

(X, −)

(4.65)

where ᾱ and β̄ labels bases defined in (4.3) and N is the number N = (dim(U_p) dim(U_q ))^2 dim(A) dim(X)

. (4.66)

The proof of this statement is a generalization of the proof of [33, eq. (5.20)]. In particular the proof uses that the basis (4.1), of the space H^{A,X}_{p,q} , and the basis (4.3), of the space dual to H^{A,X}_{p,q} , satisfy (4.5). Composing both sides of (4.60) with Z(L^X_{p,q,α,β} ) we obtain

N^{−1} C^{fact;X}_{pq,αβ} = p̄ p q̄ q

q ᾱ β̄

A

X

(4.67)

Above, the right hand side is regarded as the invariant of a ribbon graph in S^3. Using that ᾱ labels a bimodule morphism and that A is symmetric special Frobenius and deforming the ribbon graph we get the following morphism in C:

C^{fact;X} pq,αβ = S0,0 N p

p̄ q

q̄ β̄ ᾱ X (4.68)

The factor S_{0,0} arises when evaluating the ribbon graph in S^3. The number on the left hand side equals dim(U_p) dim(U_q ) (c^{def −1}_{X,p̄q̄} )_{αβ} , see Lemma A.5 of [33]. □

Combining Proposition 4.5 with the expressions (4.58) and (4.59) proves Theorem 4.4.

Remark 4.6. Due to our choice of normalization of the gluing homomorphism our result does not directly reproduce the one in [33] for X = A. If we instead normalize the gluing homomorphism as in [33] the coefficients C^{fact;X}_{pq,αβ} gets replaced by C^{FFRS;X} pq,αβ = θp θ −1 q R^{(p̄ p)0}_{· ·} R^{− (q̄ q)0}_{· ·} C^{fact;X}_{pq,αβ} , (4.69)

which for X = A reproduces the result in [33], see [1, Remark 2.4].

4.2.3 Boundary factorization

Boundary factorization is performed along a line segment, the cutting interval, embedded in the world sheet in such a way that it connects two boundary components. Boundary factorization in the presence of only trivial defects is treated in [33, Theorem 2.9 & 2.10]. In fact, including non-trivial defects does not add any new features: Consider a strip of a world sheet such that there is a finite number of defect lines running parallel to each other and crossing the cutting interval connecting the two boundary components. Using fusion of defect lines, as described in section 4.1.6, all defects can be fused to the boundary so that we obtain an equivalent world sheet with no defect lines crossing the cutting interval. This is the situation studied in [33]. The procedure is illustrated in the following picture:

−→ (4.70)

Using this equivalence it is straightforward to establish a genuine boundary defect result.

Let Σ be of the type displayed to the left in (4.70), but with a single defect line. The role played by the defect two-point function in bulk factorization is in boundary factorization played by the correlator of a disc with two boundary fields and one defect line. Denote by D = D(M_l, M_r, X, i, ψ_+, ψ_−, r, e) the world sheet pictorially given by

ψ_+ r

ψ_− e

M_r M_l X (4.71)

Here the defect line is labeled by the A-B-bimodule X and the boundary edges are labeled the modules M_l, X ⊗_B M_l (twice) and M_r, respectively. Two of the vertices are insertion vertices, labeled by ψ_+ ∈ Hom_A((X ⊗_B M_l) ⊗ U_i, M_r) and by ψ_− ∈ Hom_A(M_r ⊗ U_ī, X ⊗_B M_l), respectively, and the other two are labeled by the embedding and restriction morphisms e ∈ Hom^P_A(X ⊗_B M_l, X ⊗ M_l) and r ∈ Hom^P_A(X ⊗ M_l, X ⊗_B M_l) appearing in (2.49), respectively. Denoting by {ψ_α} and {φ_β} choices of bases of the morphism spaces for the two boundary fields, the structure constants c^{bdef} of the correlator are defined through C(D) = (c^{bdef}_{Ml ,Mr ,X,p})_{αβ} B[p, p̄] , (4.72) with B[p, p̄] defined in (4.26).

Boundary factorization amounts to cutting the original world sheet Σ along the cutting interval and gluing to the so obtained boundary components the top and bottom halves of D(M_l, M_r, X, i, ψ_+, ψ_−, r, e). This is illustrated in the following picture:

M_r M_l

X −→ M_r M_l X

M_r M_l X −→

M_r M_l X

M_r M_l X

φ_β ψ_α e r

(4.73)

Equation (2.37) of [33] gives the gluing homomorphism Gℓ^{bnd}_p relevant for boundary factorization. Just like in the case of bulk factorization it is not relevant for the gluing homomorphism whether we deal with trivial or non-trivial defects. We can now give the following result for oriented world sheets.

Theorem 4.7. Boundary defect factorization: The correlators of the world sheets Σ and Σ_{p,αβ} are related as

C(Σ) = ∑ p∈I ∑ α,β dim(U_p) (c^{bdef −1} M_l,M_r ,X,p)βα Gℓ bnd p ( C(Σ_{p,αβ} ) ) . (4.74)

By the procedure illustrated in (4.70) the proof of this statement follows directly from [33, Theorem 2.9].

4.2.4 Bulk factorization in practice

In the next section we will use Theorem 4.4 to derive the classifying algebra for defects. In order to prepare that description we describe here how to actively "perform factorization" on a world sheet. That is, we will explain how to obtain the cobordisms M_{Gℓ} ∘ M_{Σpq,αβ} from the connecting manifold of a given world sheet Σ.

Consider bulk factorization along an embedded circle S ⊂ Σ such that there is exactly one defect line (which may be trivial) labeled by X intersecting the embedding circle S ⊂ Σ. The preimage

Y_S := π^{−1}_Σ (ι(S)) ⊂ M_Σ (4.75)

of the canonical projection π_Σ from M_Σ to Σ will be relevant. Y_S is the union of all connecting intervals intersecting the image of S under the embedding ι : Σ → M_Σ. Y_S is an annulus whose two boundary components lie on ∂M_Σ, one on each of the two copies of Σ on the double with opposite orientation, c.f. (4.7) and (4.10). Next we cut M_Σ along the annulus Y_S . That is, we remove Y_S from M_Σ and take the closure of the so obtained manifold. The result is a manifold with corners M^{cut}_Σ whose boundary contains two copies Y^1_S and Y^2_S of Y_S . With the choice of triangulation made above, there is exactly one ribbon ending on each Y^i_S . Both of them are labeled by X; one has core orientation pointing towards Y^1_S , and the other has core orientation pointing away from Y^2_S . We will refer to these parts of the boundary as the sticky parts.

Next, consider another manifold with corners, which we refer to as the factorization torus T_{q1 q2 γδ}. The factorization torus is the following full torus with embedded ribbon graph

T^{A,X}_{pqγδ} =

q q̄

p̄

p

ϕ_γ ϕ_δ

X

X A

Y^2_T

Y^1_T

(4.76)

with top and bottom identified, c.f. (4.56). Here there are ribbons labeled by the A-A-bimodule X ending at the annular sticky parts Y^1_T and Y^2_T , displayed with a shading in (4.76), of the boundary. The morphisms ϕ_γ and ϕ_δ label the bases of H^{A,X}_{p,q} and H^{X,A}_{p̄,q̄} defined in (4.2), respectively. Identifying the sticky parts of Y^i_S of M_Σ with the sticky parts Y^i_T of T^{A,X}_{pqγδ} for i = 1, 2 we obtain the cobordism M_{Gℓ} ∘ M_{Σpq,αβ} . That this is indeed the case can be verified by comparing with (4.53), (4.54), (4.57) and (4.56) and using the fact that, apart from the embedded ribbon graph, T_X and T̃_X differ by a modular S-transformation.

4.2.5 Mapping class group invariance

In [33] it is proved that in the TFT-construction any correlator involving only trivial defects are invariant under the action of the mapping class group that comes with the tft-functor. In fact, a more general result has been established: Correlators behave covariantly under isomorphisms of world sheet. In [1] we generalize this result to world sheets with an arbitrary network of finitely many defects, see Theorem 5.2 and Corollary 5.3 of [1]. The following discussion summarizes these results.

An isomorphism f : Σ → Σ^′ of world sheets is an orientation preserving homeomorphism h : Σ̊ → Σ̊^′ between world sheets such that f(Σ) is intrinsically equivalent, in the sense defined on page 81, to Σ^′ and for which h^{−1} shares these properties. Note that in particular any representative f of a mapping class [f] is an isomorphism of world sheets with Σ̊ = Σ̊^′.

As explained in [1, Section 5.1] any isomorphism of word sheets f has a unique lift to an isomorphism f̂ : ^Σ → ^Σ of the doubles. Recall that the tft-functor associates to f̂ a linear map, see (2.93), f̂_♯ : H(^Σ → H(^Σ^′)). In fact for any isomorphism of world sheets f, the correlators behave covariantly [1, Theorem 5.2]: Cor(Σ^′) = f̂_♯ ( Cor(Σ) ) . (4.77)

The mapping class group Map(Σ) of the world sheet with defects can be identified with the subgroup of Map(^Σ) that commutes with the orientation reversing involution of the double and that preserves the homotopy class of the network of defects. As a consequence, for [f] ∈ Map(Σ) the projective action of the mapping class group Map(^Σ) of the double on H(^Σ), that comes with the tft-functor, furnishes an action of Map(Σ) on correlators via the linear map f̂_♯. In fact, due to the vanishing of the gluing anomaly, Map(Σ) acts genuinely, see [33, Remark 3.7]. We are now in position to state:

Corollary 4.8. Mapping class group invariance of correlators with defects: We have Cor(Σ) = f̂_♯ ( Cor(Σ) ) (4.78)

for any mapping class [f] ∈ Map(Σ).

Let us just outline the proof and refer the reader to [1] for further details. The map f̂_♯ is realized as the invariant of a cobordism M_f : ^Σ → ^Σ. Thus f̂_♯ ( Cor(Σ) ) is the invariant of the composition M_f ∘ M_Σ. This manifold is homeomorphic, via a homeomorphism that restricts to the identity in the boundary, to the connecting manifold of a world sheet Σ^′ that is intrinsically equivalent to Σ. It follows that f̂_♯ ( Cor(Σ) ) = Cor(Σ^′) = Cor(Σ).

4.3 Fundamental world sheets

Let us conclude the discussion of the TFT-construction by discussing fundamental world sheets. We can define a category of world sheets by taking as objects all world sheets and as morphisms isomorphisms of world sheets. In fact it is convenient to think of isomorphisms and factorization as two types of arrows in a larger structure, say of isomorphisms as vertical arrows and factorization as horizontal ones.

Consider a world sheet Σ and a sequence of such arrows from Σ to some world sheet Σ^′. The factorization theorems 4.4 and 4.7 and covariance under isomorphisms (4.77) assign to every such sequence a way of expressing Cor(Σ) in terms of Cor(Σ^′); or rather as a sum involving a collection of target world sheets differing only in their decoration data. In addition we may, using the equivalences of world sheets in section 4.1.6, replace the collection of world sheets Σ^′ by an equivalent collection Σ^{′′}.

In fact, the procedure just described allows us to identify a collection S of fundamental world sheets with the property that the correlators of any world sheet can be written as a sum involving only correlators of world sheet in S. For oriented CFT, this set is in the absence of non-trivial defect lines a finite set S_∘, which can be taken to consist of the following world sheets, see e.g. [71,45]:

• three bulk fields on the sphere; • three boundary fields on the disc; • one bulk and one boundary field on the disc.

As it turns out, when including also arbitrary networks of defect lines the set S is not much more complicated [1]:

Theorem 4.9. The set S of fundamental world sheets with defects can be taken to consist of

• three boundary fields on the disc (without non-trivial defect lines); • three defect fields on a circular configuration of defect lines on the sphere; • one boundary field and one disorder field on the disc.

We refer the reader to [1, Section 5.2] for the details of the proof. The basic ideas are the following: Note that inclusion of non-trivial defects does not impose any restrictions on the possible ways to factorize. Thus S is certainly included in the set S̃ that is obtained from S_∘ by replacing bulk fields by defect fields on arbitrary defects and including arbitrary networks of defect lines. However due to equivalences of world sheets the set S̃ is hugely redundant. By using the equivalences of world sheets, described in section 4.1.6, this set is reduced to the set S given in Theorem 4.9. We will explain how this works in one of the three cases.

Take Σ to be the disc with one boundary field and one defect field and an arbitrary network of defect lines. Without loss of generality we may assume that there is only a single defect line ending on the boundary. If this is not the case we can remove a boundary component, as explained on page 83, and fuse defects to achieve that situation. Thus Σ is equivalent to the leftmost world sheet in the following picture: ψ

χ ϕ −→ ψ

χ ϕ −→ ψ

χ ϕ^′

(4.79)

Here the region with a lighter shading contains an arbitrary network of defect lines. We may assume that this network is connected. If it is not, then we can e.g. use fusion of defects to achieve a connected network. If no defect is crossing the dashed line in (4.79) we immediately obtain the third picture. If there are more than one defect line crossing the dashed line they may be fused in order to obtain the world sheet in the second picture. The world sheet in the third picture is then obtained by fusing the two parallel defects in the second picture and replacing the resulting defect bubble by a single defect field. Assuming again that the defect network in the shaded region of the last picture is connected, we use equivalences to replace it with a network with a single vertex in that region, as on the left side in the following picture ψ

χ ϕ^′ κ −→ ψ

χ ϕ^{′′} (4.80)

The world sheet in the second picture is obtained from the first by removing the defect bubble.

By analogous arguments the two other types of world sheets in S̃ can be reduced to the ones in the set S given in Theorem 4.9, see [1] for details. This concludes the discussion on fundamental world sheets.

5 The classifying algebra for defects

In this chapter we describe the classifying algebra for defects, introduced in section 3.2.3 in more detail. We start by describing the defect transmission coefficients: Let A and B be simple boundary Frobenius algebra, and let X be a simple A-B-defect. Consider the world sheet consisting of a sphere with two bulk fields, ϕ^α_{pq} and ϕ^β_{p̄q̄} in phase A and B inserted on the northern and southern hemisphere respectively, separated by a defect running along the equator, labeled by a simple A-B-bimodule X. Labeling the bulk fields by the basis defined in (4.1), the defect transmission coefficient d^{ij,αβ}_X is (up to a normalization factor) the structure constant, expressed in terms of our standard basis (4.26) of conformal blocks, of this correlator. Via the TFT-construction we obtain:

dim(X) d^{ıȷ,αβ}_X =

X

ϕ_α

ϕ_β

A

B

ı ī ȷ j̄

(5.1)

5.1 The classifying algebra for defects

Recall from (3.18) that, as a vector space, D_{A|B} is the morphism space D_{A|B} = ⨁ p,q ∈ I Hom_{A|A}(U_p ⊗^+ A⊗^− U_p, A)⊗_C Hom_{B|B}(U_{p̄} ⊗^+ A⊗^− U_{q̄} , B) . (5.2)

Using the basis introduced in (4.1) we also choose a basis {ϕ^{pq,αβ} } = {ϕ^{pq,α}_A ⊗ ϕ^{p̄q̄,β}_B | p, q ∈ I , α = 1, ..., Z_{pq}(A) , β = 1, ..., Z_{pq}(B)} (5.3) for D_{A|B}. For clarity we here display the phase of each bulk field. That is, ϕ^{pq,α}_A equals ϕ^α_{pq} in (4.1) with X = Y = A and similarly for ϕ^{p̄q̄,β}_B . Note that the dimension of D_{A|B} is given by

dim_C (D_{A|B} ) = tr(Z(A)Z(B)^t) . (5.4)

We define a product on D_{A|B} in terms of the basis (5.3): ϕ^{ij,αβ} · ϕ^{kl,γδ} := ∑ p,q∈I ∑ μ,ν C^{ij,αβ;kl,γδ} pq,μν ϕ pq,μν , (5.5)

with the structure constants defined by C^{ıȷ,αβ;kl,γδ} pq,μν := 1 S^2_{0,0} dim(U_p) dim(U_q ) θ_ȷ θ_l θ_q ∑ κ,λ (c^{bulk −1} A;pq )κμ (c bulk −1 B;p̄q̄ )λν Z(K αγκ;βδλ īk̄p;j̄l̄q ) , (5.6)

where Z(K^{αγκ;βδλ} īk̄p;j̄l̄q ) is the invariant of the cobordism

K^{α3 α4β2;α1α2 β4} ı_1 ı_2p;ȷ_1ȷ_2q := ϕ_{α3} ϕα_4 ϕ_{β2} ī_1 ī_2

ı_1

ı_2 p p̄

ϕ_{α1} ϕ_{α2} ϕ_{β4}

ȷ_1 ȷ_2 q j̄_1 j̄_2 q̄ A

B

(5.7)

in S^2 × S^1. Here, the dotted cylinder represents the 3-manifold S^2 × S^1. The S^2-direction is horizontal, i.e. each horizontal disc represents a two-sphere, and the vertical direction is the S^1-direction, i.e. top and bottom are to be identified. In the sequel we will always represent S^2 × S^1 this way.

We are now in a position to state:

Theorem 5.1. (i) The complex vector space D_{A|B} endowed with the product (5.6) has the structure of a semisimple commutative unital associative algebra.

(ii) The (one-dimensional) irreducible representations of the algebra D_{A|B} are in bijection with the types of simple topological defects separating the phases A and B, i.e. with the isomorphism classes of simple A-B-bimodules. Their representation matrices are furnished by the defect transmission coefficients.

The rest of this chapter is devoted to the proof of this statement.

5.2 Structure constants from factorization

In this section we will describe the procedure in [3], that uses the bulk factorization identity (4.49), to show that the defect transmission coefficients indeed are one-dimensional representation matrices of D_{A|B}: d^{ij,αβ}_X d^{kl,γδ}_X = ∑ p,q ∑ μ,ν C^{ij,αβ;kl,γδ} pq,μν d pq,μν X . (5.8)

Our strategy is to start from a suitable world sheet and perform factorization in two different directions. By projecting the correlator to a particular basis element in the space of conformal blocks we obtain the two sides of (5.8). We start from the world sheet Σ which is a sphere with two bulk fields in phase A on the northern hemisphere and two bulk fields in phase B on the southern. The two phases are separated by a simple A-B-defect X running along the equator. We display the connecting manifold of Σ:

M_Σ =_{ϕα1}^{ϕα}_3 ϕ_{α2} ϕ_{α4} A A B B ı_1 ı_3 ı_2 ı_4

ȷ_1 ȷ_3 ȷ_2 ȷ_4

X

(5.9)

Note that, just like in (4.33), each vertical rectangle represents a two-sphere. In particular the middle shaded rectangle is the world sheet Σ embedded into M_Σ. The world sheets obtained from the two factorization operations is illustrated schematically in the following picture^1:

X A

B

←− defect-crossing factoriz.

X A B X A

B

A

X A

B

B

−→ double bulk factorization

(5.10)

The defect crossing factorization is a factorization along a circle intersecting the defect line twice and running between the two bulk fields in phase A and phase B, respectively. In the double bulk factorization two separate factorization operations are performed along circles running parallel with the defect line such that there are no bulk fields in between. Note that the result of the defect crossing factorization yields two copies of the world sheet underlying the defect transmission coefficients whereas the double bulk factorization yields one copy of this world sheet together with two three-point functions on the sphere. This should be compared to the occurrences of factors of defect transmission coefficients in (5.8).

Recall that even though the world sheets we arrive at after factorization have different topology and additional field insertions compared to the original world sheet Σ, the factorization identity is a statement about vectors in the space of conformal blocks on the double ^Σ of the original world sheet. The space of conformal blocks on ^Σ is in analogy with (4.34) given by

B(U_{ı1} , U_{ı3} , U_{ı2} , U_{ı4} ) ⊗ B^−(U_{ȷ1} , U_{ȷ3} , U_{ȷ2} , U_{ȷ4} ) . (5.11)

1We are interested in a projection to a subspace of conformal blocks (c.f. (5.13)). For this reason, two identity defect fields have been left out in the picture of the world sheet obtained from the defect-crossing factorization.

We will be interested in the contribution to the vacuum channel for both factors in (5.11). This means first that we will be interested in the subspace of conformal in which ı_3 = ī_1 , ı_4 = ī_2 , ȷ_3 = j̄_1 and ȷ_4 = j̄_2 . (5.12)

Second, using the basis (4.26) of four-point blocks on the sphere, the simple object labeling the basis elements is taken to be the tensor unit. This space is zero-dimensional unless the labels of the marked points are related as in (5.12), in which case it is one-dimensional, c.f (4.27). Thus, we will be interested in coefficient of the basis element

B[ı_1,ī_1, ı_2,ī_2]_0 ⊗ B^−[ȷ_1, j̄_1, ȷ_2, j̄_2]_0 (5.13)

for each ı_1, ı_2, ȷ_1, ȷ_2 ∈ Obj(C). Here B[ı_1,ī_1, ı_2,ī_2]_0 is the invariant of the cobordism

^B(ı_1,ī_1, ı_2,ī_2)_0 :=

ı_1 ī_1

ī_1 0 ı_2

ī_2

≡

ı_1 ī_1 ı_2

ī_2

(5.14)

and B^−[ȷ_1, j̄_1, ȷ_2, j̄_2]_0 is the invariant of the corresponding cobordism with oppositely oriented boundary. We denote by

c_{X;0} ≡ c(Φ^{ī1j̄1 (A)}

α_3 , Φ ī_2j̄_2 (A) α_4 ; X; Φ ı_1ȷ_1 (B) α_1 , Φ ı_2 ȷ_2 (B) α_2 )0 , (5.15)

the structure constant of Cor(Σ) ≡ C(Φ^{ī1j̄1 (A)}_{α3} , Φ^{ī2j̄2 (A)}_{α4} ; X; Φ^{ı1ȷ1 (B)}_{α1} , Φ^{ı2ȷ2 (B)}_{α2} ), corresponding to the basis element (5.13).

Before going into details we illustrate the procedure schematically, also in terms of cobordisms, in the following picture (in which the connecting manifold on the top is the one of Σ, c.f. (5.9)) defect-crossing ←− factorization double bulk −→ factorization projection −→ to vacuum channel projection ←− to vacuum channel

X X (5.8) X

(5.16)

Here we have left out various summations and labels. The pictures of man-

ifolds should be thought of as representing their invariants. All cylinders in

(5.16) represent S^2 × S^1.

When studying bulk factorization of a correlator of a sphere, using the strat-

egy described in section 4.2.4, the manifold with corners M^{cut}_Σ will always we

a disjoint union of two three-balls. Thus the topology of the manifold obtained

from the pairwise identification of sticky components of M^{cut}_Σ and (4.76) is not

obvious if we use the embedding (4.76) of the factorization torus T^{A,X}_{pqγδ} into R^3 .

We will resolve this issue by instead embedding T^{A,X}_{pqγδ} into S^2 × S^1. Thus we display T^{A,X}_{pqγδ} as

T^{A,Y}_{pqγδ} =

q q̄

p̄ p ϕ_γ ϕ_δ

Y

Y

A

A (5.17)

Here the dotted cylinder represents S^2 × S^1 as described after (5.7). Note also that in this chapter we follow the conventions in [3] to use the normalization in [33] of the gluing homomorphism, c.f. Remark 4.6. Therefore, the ribbon graph embedded in (5.17) differs slightly from the one in (4.76). With the description (5.17) of T^{A,Y}_{pqγδ} it is straightforward to glue in two three-balls with corners with embedded ribbon graphs.

5.2.1 Defect crossing factorization

Making use of the prescription, given in section 4.2.4, for how to perform factorization of a correlator, and the embedding (5.17) of the factorization torus into S^2 × S^1, it is straightforward to perform the defect crossing factorization. We first replace Σ by an equivalent world sheet in which we have fused the defect X with it self in the region between the two bulk fields ϕ_{α3} and ϕ_{α4} . Thus we may write the connecting manifold as

M_Σ = ∑ Y ∑ τ

ϕ_{α1} ϕ_{α3}

ϕ_{α2} ϕ_{α4} A A B B X

Y ι(S) τ τ̄ ı_1 ı_3 ı_2 ı_4

ȷ_1 ȷ_3 ȷ_2 ȷ_4

X

(5.18)

Here and below we slightly abuse notation. The equality (5.18) is to be read as an equality of invariants: The invariant of M_Σ equals the sum over the invariants of the manifolds displayed on the right hand side. The summation over Y is taken over isomorphism classes of simple A-B-bimodules and τ labels a basis of the morphism space Hom_{B|B} (X^∨ ⊗_A X, Y ). The dashed-dotted line in (5.18) is the embedding ι(S_{cut}) of the cutting circle.

Next we cut the connecting manifold in (5.18) along the preimage of ι(S_{cut}) as described in section 4.2.4. The so obtained manifold with corners consists of two three-balls, each of them with a ribbon labeled by Y ending or starting at the "sticky" annular part. The identification of these sticky parts with the ones in (5.17) is now straightforward. The result is the following manifold:

M^{Y,τ}_{pqγδ} =^{p̄}_p

q q̄

ϕ_γ ϕ_δ

Y

Y

ϕ_{α1} ϕ_{α3} ı_1

ȷ_1 ı_3

ȷ_3 ϕ_{α2} ϕ_{α4}

ȷ_2 ı_2

ȷ_4 ı_4

A

A

B

τ̄ τ X

X (5.19)

Thus we have obtained an expression for the composition M_{Gℓ} ∘ M_Σ′ , whose invariant equals the gluing cobordism applied to one of the factorized world sheets, c.f. section 4.2.2. The factorization identity (4.49) implies that the correlator of Σ can be written as

Cor(Σ) = ∑ Y ∑ τ ∑ q,p∈I ∑ γ,δ C^{FFRS;Y} pq,αβ Z(M Y,τ pqγδ ) . (5.20) Next we project to the vacuum sector. That is, we compose both sides of (5.20) with the vector in (4.28) dual to the one in (5.13). In terms of manifolds this amounts to composing (5.19) with cobordisms of the types displayed in (4.29). The result is the following expression for the vacuum channel structure constants: c_{X;0} = 1 S^2_{0,0} ∑ Y ∑ τ ∑ p,q,γ,δ C^{FFRS;X} pq,αβ Z(M̆ Y,τ pqγδ) , (5.21)

with M̆^{Y,τ}_{pqγδ} the following ribbon graph:

M̆^{Y,τ}_{pqγδ} =

q q̄

p p̄ ϕ_γ ϕ_δ

Y

Y

ϕ_{α1} ϕ_{α3} ı_1

ȷ_1 ī_1

j̄_1 ϕ_{α2} ϕ_{α4} ı_2

ȷ_2 ī_2

j̄_2

A

A

B

τ̄ τ X

X (5.22)

in the closed three-manifold S^2 × S^1. However, the summation in (5.21) is redundant. First note that Z(M̆^{Y,τ}_{pqγδ}) is the trace of an endomorphism in the space of conformal one-point blocks on the sphere. This space is zero unless p = q = 0. Second, due to semisimplicity of C_{B|B} and the fact that B and Y are simple, the space Hom_{B|B} (U_0 ⊗^+Y ⊗^− U_0, B) ∼= Hom_{B|B} (Y, B) is zero unless Y = B. Thus only Y = B gives a contribution to the sum in (5.21). Finally, the space Hom_{B|B} (X^∨ ⊗_A X, B) is one-dimensional. By choosing a suitable basis of this space and its dual (see [3, eq. (4.13)]) in terms of (co-)evaluation morphisms we end up with the following expression for c_{X;0}:

c_{X;0} = 1 S_{0,0} dim(X) d^{ī1j̄1,α3α1} X d^{ī2j̄2,α4α2} X . (5.23)

5.2.2 Double bulk factorization

The double bulk factorization is more involved than the defect crossing factorization. We indicate the cutting circles in the following picture of the connecting manifold:

M_Σ =^{ϕα}1

ϕ_{α2} ϕα_3 ϕ^α4 A B ι_1(S) ι_2(S) ı_1 ı_2 ı_3 ı_4

ȷ_1 ȷ2 ȷ3 ȷ4

X

(5.24)

Our aim is to obtain a manifold M^{β1β2β3β4}_{n;pqrs} whose invariant is a double application of a gluing homomorphism to the correlator of the world sheet after a double factorization. We perform both factorizations simultaneously; accordingly the procedure involves two sticky full tori. Thus M_Σ is cut into three pieces. Two of them (the ones being the union of the connecting intervals over the regions inside the two circles in (5.24)) are three-balls with sticky part running along the equator, see (A.10) for pictures. The third one, depicted in (A.11), is a full torus with two sticky components running along the non-contractible cycle.

There are in total four identifications of sticky parts to be performed. Three of them are straight-forward to perform. The sticky parts of the two three-balls in (A.10) and the sticky part on the "exterior" of the full torus in (A.11) are easily identified with the sticky parts of the two full tori embedded in S^2 × S^1. We omit all details (see [3, Section 5] for details) and only display the result. After the three pairwise identifications we obtain the two following manifolds with corners:

N^{A; ı3ȷ3,ı4ȷ4} pqβ_1 β_2 =

p p̄

q q̄ ϕ_{β1} ϕ_{β2}

A

A ȷ_3 ȷ^4

ı_3 ı^4 ϕ_{α3} ϕ_{α4}

Y^2_{T ;A}

(5.25) and

N^{B;X,ı1 ȷ1,ı2ȷ2} rsβ_3β_4 =

r r̄

s s̄

ϕ_{β3} ϕ_{β4}

B

B ȷ_1 ȷ_2

ı_1 ı^2 ϕ_{α1} ϕ_{α2}

X Y^2_{S;A}

(5.26)

The manifold M^{β1β2 β3β4}

n;pqrs is then obtained by identifying the sticky components

of the manifolds in (5.25) and (5.26).

The procedure to perform the final identification is a bit lengthy; it is described in appendix A of [3]. Informally it can be described as follows: The manifold N^{B;X,ı1 ȷ1,ı2ȷ2} rsβ_3β_4 in (5.26) can be turned into a ribbon graph in S

3 by performing surgery along a suitable tubular neighborhood. The resulting manifold is a ribbon graph in a manifold with corners that topologically is S^3 with a three-ball cut out and a annular component running along the boundary. This manifold, which is topologically a three-ball, can be "turned inside out" in the sense that we embedded it in R^3 as the interior of a three-ball with an annular sticky component along the equator. This sticky component can easily be identified with the one of N^{A; ı3ȷ3 ,ı4ȷ4}

pqβ_1β_2 in (5.25). The result is

M^{β1β2β3β4} n;pqrs = ϕ_{α3} ϕ_{α4} ϕ_{β2}

ϕ_{β1}

A

A B

X ı_3 ı_4

ı_1 ı_2 p̄

q ϕ_{α1} ϕ_{α2} ϕ_{β4}

ϕ_{β3} r̄

ȷ_3 ȷ^4 ȷ_1 ȷ2 n

s

(5.27)

Having obtained M^{β1β2β3β4}_{n;pqrs} we can apply the bulk factorization formula (4.49) twice. Thus Cor(Σ) can be written as

Cor(Σ) = ∑ p,q,r,s∈I dim(U_p) dim(U_q ) dim(U_r) dim(U_s) ∑ β_1,β_2,β_3,β_4

(c^{bulk −1}

A;p,q )β_2β_1 (c bulk −1 B;r,s )β_4β_3 ∑ n∈I S_{0,n} Z(M^{β1β2β3β4} n;pqrs ) . (5.28) The summation over n is a result of the surgery turning S^2 × S^1 into S^3.

Next we project the result (5.28) to the vacuum channel. That amounts to composing M^{β1β2β3β4}

n;pqrs with manifolds of the type displayed in (4.29), dual to

the ones in (5.14). The result of this composition is

M̌^{β1β2β3β4} 0;pqp̄q̄ =

A ϕ_{α3} ϕ_{α4} ϕ^β2 ϕ_{β1} ī_1 ī_2

ı_1 ı_2 p̄

q q̄

B ϕ_{α1} ϕ_{α2} ϕ_{β4} ϕ_{β3} X

A

B

p

q̄ ȷ_1 ȷ_2 j̄_1 j̄_2

p p̄ q q̄

(5.29)

To obtain (5.29) we have, after having composed with the basis element dual to (5.13), performed a series of straightforward manipulations of the ribbon graph, see appendix B of [3] for details. This way we obtain a second expression for the coefficient c_{X;0} ≡ c(Φ^{ī1j̄1 (A)}_{α3} , Φ^{ī2j̄2 (A)}_{α4} ; X; Φ^{ı1ȷ1 (B)}_{α1} , Φ^{ı2ȷ2 (B)}_{α2} )_0:

c_{X;0} = 1 S^3_{0,0} ∑ p,q∈I dim(U_p)^2 dim(U_q )^2 ∑ β_1,β_2,β_3,β_4

(c^{bulk −1}

A;p,q )β_2β_1 (c bulk −1 B;p̄,q̄ )β_4β_3 Z(M̌ β_1β_2β_3β_4 0;pqp̄q̄ ) . (5.30)

Finally, comparing with the expression (5.1) for the defect transmission coefficients we can perform a few more manipulations resulting in

c_{X;0} = 1 S^3_{0,0} dim(X) θ_{ȷ1} θ_{ȷ2} ∑ p,q∈I dim(U_p) dim(U_q ) θ_q ∑ β_1,β_2,β_3,β_4

(c^{bulk −1}

A;p,q )β_2β_1 (c bulk −1 B;p,q )β_4β_3 Z(K α_3 α_4β_2 ;α_1α_2β_4 ı_1 ı_2 p;ȷ_1ȷ_2q ) d pq,β_1 β_3 X , (5.31) with Z(K^{α3 α4β2;α1α2 β4}

ı_1 ı_2p;ȷ_1ȷ_2q ) as given in (5.7). Comparing (5.23) and (5.31) proves

(5.8) and thus that the defect transmission coefficients furnish one-dimensional representations of the algebra D_{A|B} with the product (5.6).

5.3 The algebra structure on D_{A|B}

Here we outline the rest of the proof of Theorem 5.1, i.e. that D_{A|B} is a semisimple commutative unital associative algebra and that the defect transmission coefficients exhaust the irreducible representations of D_{A|B} . We refer to [3] for a more detailed proof.

Commutativity Let C be a boundary Frobenius algebra. Using the unit property of C and the bimodule property one shows that for any ϕ_α ∈ Hom_{C|C} (U_i ⊗^+C ⊗^− U_l, C) and ϕ_β ∈ Hom_{C|C} (U_j ⊗^+C ⊗^− U_k, C) one has:

i j C

C

C

k l ϕ_β ϕ_α =

i j C

C

C

k l

=

i j C

C

k l

=

i j C

C

k l

=

i j C

C

C

k l ϕ_α ϕ_β

(5.32) and the analogous relation with braidings and inverse braidings exchanged:

i j C

C

C

k l ϕ_β ϕ_α

=

i j C

C

C

k l ϕ_α ϕ_β

(5.33)

Using (5.32) and (5.33) one establishes that the invariant Z(K^{αγκ;βδλ}_{ikp;jlq} ) is totally symmetric in the three quadruples (ijαβ), (klγδ) and (pqκλ). By comparing with (5.6) we see that this result extends to a symmetry of the structure constants: C^{ij,αβ;kl,γδ} pq,μν = C kl,γδ;ij,αβ pq,μν . (5.34) Thus D_{A|B} is commutative.

Unitality Using dominance it is easily checked that if one pair of bulk fields in each phase is an identity field, the invariant of (5.7) is (up to normalization) a product of two two-point functions on the sphere: Z(K^{βδ·;αγ·} ık0;ȷl0 ) = S^2_{0,0} dim(U_ı) dim(U_ȷ) θ_ı θ_ȷ δ_{ī,k} δ_{j̄,l} (c^{bulk}_{B;ı,ȷ})_{γα} (c^{bulk}_{A;ī,j̄})_{βδ} , (5.35)

and analogously (using the symmetry of the invariant) if ı = ȷ = 0 or k = l = 0. There are two implications of this result. First: C^{00,··;ij,αβ} pq,μν = δi,p δj,q δα,μ δβ,ν = C ij,αβ;00,·· pq,μν , (5.36) which means that the basis element ϕ^{00,··} is a unit for D_{A|B}. Second, the linear map from D_{A|B} ⊗_C D_{A|B} to C defined by ϕ^{ij,αβ} ⊗ ϕ^{kl,γδ} → C^{ij,αβ;kl,γδ} 00,·· (5.37)

is a non-degenerate bilinear form on D_{A|B}.

Associativity Proving associativity is more lengthy. The strategy is to define a commutative ternary product and show that one bracketing of the twofold binary product equals the ternary product. It is then an elementary fact that this implies associativity of D_{A|B} .

The ternary product on D_{A|B} used for this calculation is obtained by defining structure constants similar to the ones (5.6) for the binary product. The difference is that the invariant of (5.7), which is a trace over an endomorphism of the three-holed sphere, is replaced by the trace over the analogous endomorphism (with one extra pair of bulk fields) of a four-holed sphere, see [3, eq. (6.22)]

Let us also remark that associativity implies that the non-degenerate bilinear form in (5.37) is also invariant in the sense of Definition 2.5 (ii). Thus D_{A|B} is in addition Frobenius, c.f. Remark 2.6 (iii).

Semisimplicity and representation matrices We have already shown that the defect transmission coefficients furnish one-dimensional representations of D_{A|B} labeled by isomorphism classes of simple A-B-bimodules. Since the dim_C (D_{A|B} ) × dim_C (D_{A|B})-matrix furnished by the defect transmission coefficients is non-degenerate [40, Theorem 4.2], non-isomorphic simple bimodules give rise to inequivalent representations. Thus, the number of inequivalent irreducible representations is at least as large as the dimension of D_{A|B} :

n_{simp}(D_{A|B} ) ≥ dim_C (D_{A|B}) . (5.38)

However, as any finite-dimensional associative algebra, D_{A|B} is isomorphic as a module over itself to the direct sum over all inequivalent indecomposable projective D_{A|B}-modules, each one occurring with the multiplicity of the dimension of the corresponding simple module, see e.g. [58, Satz G.10]. In particular this means that n_{simp}(D_{A|B} ) ≤ dim_C (D_{A|B}) . (5.39)

In view of (5.38) this is only possible if the number of inequivalent indecomposable representations equals the dimension of D_{A|B}, which implies that all irreducible representations are one-dimensional and projective. This in turn implies that D_{A|B} is semisimple.

In addition, the dimension tr(Z(A)Z(B)^t) of D_{A|B} equals the number of isomorphism classes of simple bimodules, see [43, Remark 5.19 (ii)]. Thus, the irreducible representations are exhausted by the defect transmission coefficients. This completes the proof of Theorem 5.1.

Remark 5.2. In the case A = B, an algebra D^{PZ}_{A|A} over C with the same dimension as D_{A|A} has been obtained in [86]. That construction uses the numbers Ψ^{ij,αβ}_X := √ dim(U_i) dim(U_j ) dim(X) d^{ij,αβ}_X . (5.40)

Under the assumption that the matrix formed by these numbers is unitary and that the mapping Ψ^{ij,αβ}_X → (Ψ^{ij,αβ}_X )^∗ corresponds to an involution on the set of labels (ijαβ), it follows that D^{PZ}_{A|A} is commutative. Under the same assumptions one can show that D_{A|A} is isomorphic to D^{PZ}_{A|A} as an algebra over C and that the irreducible representations of D^{PZ}_{A|A} are given by the defect transmission coefficients, see [3] for some more details. Thus, D_{A|B} can be seen as a generalization of the results in [86] to the case B ≠ A.

5.4 Defect partition functions

We conclude the discussion of the classifying algebra by considering the defect partition function Z^{X|Y}_{T2} . That is, the partition function of a torus with two circular defect lines, labeled by an A-B-defect X and a B-A-defect Y , running parallel to a non-contractible cycle. Such partition functions where introduced in [85] were they where called "generalized twisted partition functions". Via the TFT-construction, Z^{X|Y}_{T2} , is obtained as the invariant of

M^{X|Y}_{T2} = X

Y

B

A (5.41)

see e.g. [5, Section 5.10]. In (5.41) top and bottom are identified, i.e. each horizontal cylinder represents a torus.

The defect partition function partition function is a vector in the space of conformal blocks on the double T^2 ⊔−T^2 of the torus. Recall from section 4.1.4 that a basis of the space of conformal blocks on the torus is given by {|χ_i; T^2⟩|i ∈ I} with |χ_i; T^2⟩ the invariant of the full torus (4.31). Thus we can expand the defect partition function as

Z^{X|Y}_{T2} = ∑ i,j ∈ I Z^{X|Y}_{T2 , ij} |χ_i; T^2⟩ ⊗ |χ_j ; −T^2⟩ . (5.42)

The structure constants are obtained by gluing to (5.41), the manifolds underlying the basis elements dual to the ones in (4.30).

In [3] we apply a double bulk factorization along two circles running parallel to, and in between, the two defect lines. Thus the two cutting circles lie in horizontal planes in (5.41). The procedure is very similar to the factorizations performed in order to derive the classifying algebra for defects and introduce no novelties. We refer the reader to [3, Section 7] for details. The result is that

Z^{X|Y}_{T2} = ∑ p,q,r,s∈I dim(U_p) dim(U_q ) dim(U_r) dim(U_s) ∑ β_1,β_2,β_3,β_4

(c^{bulk −1}

A;p,q )β_2β_1 (c bulk −1 B;r,s )β_4β_3 Z(M T^2 ,XY prβ_1β_2,rsβ_3β_4 ) ,

(5.43) where M^{T2,XY}_{pqβ1β2,rsβ3β4} is the ribbon graph

M^{T2,XY} pqβ_1β_2,rsβ_3β_4 =

s s̄

r r̄ ϕ_{β3} ϕ_{β4}

A

B

B B

A Y

q p̄ p̄

ϕ_{β2} ϕ_{β1}

X (5.44)

in S^2 × S^1 with two full tori cut out. Upon composing (5.43) with dual basis elements we obtain an expansion of the structure constants in (5.42) in terms of the defect transmission coefficients (see [3, Section 7] for details): Z^{X|Y}_{T2, ij} = dim(X) dim(Y ) S^2_{0,0} ∑ p,q∈I S_{i,p} S^∗_{j,q} ∑ β_1,β_2,β_3,β_4

(c^{bulk −1}

A;p,q )β_2β_1 (c bulk −1 B;p,q )β_4β_3 d pq,β_1 β_4 X d^{pq,β3β2} Y . (5.45)

6 Bulk Frobenius algebras beyond rational CFT In this chapter we loosen the restrictions of rational CFT and take C to be a factorizable finite ribbon category. Recall from section 2.6.2 that this means that C satisfies condition (MOD), given in page 52. That is, C is a finite (in the sense of Definition 2.21) k-linear ribbon category such that the Hopf pairing of the canonical Hopf algebra L is non-degenerate. This is a natural generalization of the notion of a modular tensor category. The modular categories are contained in this class of theories but we do not require C to be semisimple.

The problem of characterizing the proper class of categories relevant for logarithmic CFT has been addressed in the literature from various points of view, see e.g. [31, 42, 51, 57, 64, 80]. The categories suggested have many similarities with factorizable finite ribbon categories. Below we consider C = H-mod for H a finite-dimensional factorizable ribbon Hopf algebra over an algebraically closed field kof characteristic zero, c.f. section 2.4.3. The Hopf algebras appearing in connection with the (1, p)-models [29, 30, 80] are not quite of this form, but very close. While having a factorizable Q-matrix, they do not have an Rmatrix. We will see below that in our construction the Q-matrix, rather than the R-matrix, plays a fundamental role.

In section 3.2.2 the Cardy bulk Frobenius algebra F was described in terms of a coend, see (3.15). This description does not rest on semisimplicity of C and is consequently suitable for the present setting. In the case C = H-mod, F can be endowed with the structure of a commutative (as well as cocommutative) symmetric Frobenius algebra. Note that H-mod is a factorizable finite ribbon category but need not be semisimple; H-mod is semisimple iff H is semisimple as an algebra, in which case H-mod is even modular.

We are now in a position to describe the morphism

C(Σ_{g,n}) ∈ Hom_Crev_{⊠ C} (K^{⊗g} , F^{⊗n}) (6.1)

that will be the center of our attention for the rest of this chapter. Let C be a factorizable finite ribbon category. Recall from section 3.3.1 that this means that also C^{rev}⊠ C is a finite k-linear ribbon category. Assume that the Hopf pairing of the bulk handle Hopf algebra in C^{rev}⊠ C, i.e. the coend K defined in (3.28), is non-degenerate. This means that C^{rev}⊠ C satisfies condition (MOD), i.e. C^{rev}⊠ C is a factorizable finite ribbon category. When C is such that the coend F in C^{rev}⊠ Ccan be equipped with the structure of a symmetric commutative Frobenius algebra, i.e. F has an interpretation as a Cardy bulk Frobenius algebra, we define the morphism

F^g_{p,q} :=

K K . . . K F . . . F F

F F . . . F

ρ^K_F ρ^K_F ρ^K_F

C

∈ Hom_Crev_{⊠ C} (K^{⊗g} ⊗ F^{⊗p}, F^{⊗q} ). (6.2)

In this chapter, most pictures will be drawn in Vect_C . However, some pictures, like (6.2) above, will be drawn in a general factorizable finite ribbon category C, or in H-Bimod. From here on, whenever we draw pictures in a category other than Vect_C , this will be indicated as in (6.2).

We define the morphism C(Σ_{g,n}) associated to the surface Σ_{g,n} to be

C(Σ_{g,n}) := F^g_{1,n} ∘ (id_K⊗g ⊗ η_F) ≡ F^g_{0,n} . (6.3)

The morphism space Hom_Crev_{⊠ C} (K^{⊗g} , F^{⊗n}) carries a projective action, π_K, of the mapping class group Map_{g,n} of Σ_{g,n}, see Proposition 6.1. We show in section 6.3 that, in the case C = H-mod, the morphism C(Σ_{g,n}) is invariant under this action for any g, n ≥ 0. To this end we work in the category H-Bimod, which is braided equivalent to H-Mod^{rev} ⊠ H-Mod

More generally, we obtain a family of symmetric commutative Frobenius algebras in H-Bimod as follows: We associate to any ribbon Hopf algebra automorphism ω a commutative (as well as cocommutative) symmetric Frobenius algebra F_ω. Thus any such algebra, F_ω , shares essential properties with the bulk state space of a full CFT. We show in section 6.4 that for any surface Σ_{g,n} the morphism in C^ω(Σ_{g,n}) ∈ Hom(K^{⊗g}, F^{⊗n}_ω ), obtained by replacing F by F_ω in

(6.3), is invariant under the projective action π_K of the mapping class group. Thus, for any ω, we refer to the algebra F_ω as a bulk Frobenius algebra of a full CFT whose chiral data are described by the category H-mod, and the morphisms C^ω(Σ_{g,n}) are then candidates for correlators of bulk fields. However, we do not have a classification of the possible bulk state spaces. It is natural to explore whether a classification, similar to the one for rational theories, see (3.13), also exists in the non-semisimple case. An analysis in this direction is carried out in [92].

6.1 Representations of Map_{g,n} from L

In order to prepare the description of the morphisms C(Σ_{g,n}) we will discuss the coend L in some more detail. Recall that when C satisfies condition (FIN), then the coend L exists and carries the structure of a Hopf algebra in C. If in addition the Hopf pairing (2.109) is non-degenerate, i.e. if C is factorizable ribbon, L can be equipped with a two-sided integral [75]. By comparing (2.109) and (2.17) it follows that in the semisimple case, non-degeneracy of ω_L is equivalent to a non-degenerate s-matrix. For this reason, non-degeneracy of ω_L is a natural generalization of the condition that the s-matrix is non-degenerate to the nonsemisimple setting. For any factorizable finite ribbon category, the coend L gives rise to an action of the mapping class group Map_{g,n} for any g, n ≥ 0.

6.1.1 Generators of the mapping class group Map_{g,n}

Denote, as in section 3.3.1, by Σ_{g,n} a closed oriented surface of genus g with n holes, labeled by objects U_1, . . . U_n, and by Map_{g,n}, the mapping class group of Σ_{g,n}. There are various finite presentations of Map_{g,n}. For checking invariance of the morphism C(Σ_{g,n}), under the action π_K, it is enough to consider the generators. One finite set of generators arises from exact sequence

1 → B_{g,n} → Map_{g,n} → Map_{g,0} → 1 , (6.4)

(compare [28, Thm. 9.1]), where B_{g,n} is a central extension of the surface braid group by Z^n. As a consequence of this exact sequence one can take, as a set of generators for Map_{g,n}, the union of the set of generators for a presentation of Map_{g,0} [102], and the one for a presentation of B_{g,n} [95]. This set of generators is used in [73] and [76]. There are many slightly different notions of mapping class groups in the literature, see e.g. for a discussion [28]. Here we include explicitly generators that interchanges two holes.

Generators of Map_{g,n} The mapping class group Map_{g,n} of the surface Σ_{g,n}, depicted in (6.5), is generated by (see [73, Section 4] and [76, Section 3]):

• Braidings ω_i interchanging the i’th and i+1’st hole, for i = 1, ..., n−1 • Dehn twists R_i around the i’th hole, for i = 1, ..., n.

• Homeomorphisms S_l, for l = 1, ..., g, which act as the identity outside the T^2 \ D neighborhood F_l and as an S-transformations of a one-holed torus F^′_l ⊂ F_l.

• Inverse Dehn twists in tubular neighborhoods of the cycles a_m and e_m for m = 2, ..., g. • Inverse Dehn twists in tubular neighborhoods of the cycles b_m and d_m for m = 1, ..., g. • Inverse Dehn twists in tubular neighborhoods of the cycles t_{j,k} for k = 1, ..., g and j = 1, ..., n − 1. The cycles and the neighborhoods F_l are depicted in the following picture:

a_m b_m d_m

e_m

S_l b_l b_k bg t_{j,k}

U_1

U_j U_{j+1}

U_n (6.5)

For brevity we refer to Dehn twists around any of these cycles by the same symbol as the cycle itself.

6.1.2 Partial monodromies

We can use the dinatural family ι^L, of the coend L, to define endomorphisms of L ⊗ L and L ⊗ Y for any Y ∈ Obj(C). We define the partial monodromy Q_{L,L} ∈ End(L ⊗ L) by

QL,L

ι^L_X

X^∨

L

X Y^∨

L

Y ι^L_Y :=

X^∨ ι^L_X

X

L

c c

Y^∨

L ι^L_Y

Y

C

(6.6)

Similarly we have the left partial monodromy Q^l_{L,Y} ∈ End(L ⊗ Y ), defined for any Y ∈ Obj(C) by

Q^l_{L,Y}

X^∨

L

X Y

Y

:=

X^∨

L

X c c

Y

Y C

(6.7)

Since the composition of the partial monodromy Q^l_{L,Y} with a member ι^L_X of the dinatural family is nothing but an ordinary monodromy between X and Y , it follows that Q^l_{L,Y} ∘ (id_L ⊗ f) = (id_L ⊗ f) ∘ Q^l_{L,Z} , (6.8)

for any f ∈ Hom(Z, Y ).

Note that, with ε_L the counit of L (see(2.108)), the Hopf pairing (2.109) can be written as ω_L = (ε_L ⊗ ε_L) ∘ Q_{L,L} . (6.9)

In addition, the action (2.110) of L on V ∈ Obj(C) can be written in terms of Q^l_{L,Y} as ρ^L_V = (ε_L ⊗ id_Y ) ∘ Q^l_{L,Y} . (6.10)

Using the partial monodromy Q_{L,L} we construct two additional morphisms T_L and S_L in End(L). First, we define a morphism T_L via the dinatural family

T_L ∘ ι^L_U := ι^L_U ∘ (θ_U ∨ ⊗ id_U ) . (6.11)

Second, using the partial monodromy Q_{L,L}, the counit and two-sided integral of L, the morphism S_L is given by

S_L := (ε_L ⊗ id_L) ∘ Q_{L,L} ∘ (id_L ⊗ Λ_L) . (6.12)

It can be shown [75] that

(S_L T_L)^3 = λS^2_L and S^2_L = S^{−1}_L , (6.13)

with S_L the antipode of L, for some scalar λ that depends only on the category C in question. Together with the partial monodromies, the morphisms S_K and T_K will be central ingredients in the projective representations of mapping class, to which we now turn our attention.

6.1.3 Actions of mapping class groups

We are now in a position to describe the projective actions of mapping class groups associated to L. Consider a surface Σ_{g,n} with n holes labeled by objects U_1, ..., U_n. Denote by N = N(U_1, ..., U_n) the subgroup of the symmetric group S_n that is generated by those permutations σ ∈ S_n for which U_i and U_{σ(i)} are non-isomorphic for at least on i = 1, ..., n. We define the object

U^n := ⨁ σ ∈ N U_{σ(1)} ⊗ U_{σ(2)} ⊗ · · · ⊗ U_{σ(n)} . (6.14)

To prepare the description of the action of Map_{g,n} we introduce a collection of morphisms, one for each generator γ of the mapping class group Map_{g,n}. First, for any integer g ≥ 1 and any γ = a_k, e_k, b_k, d_k, S_k, with k = 2, ..., g and k = 1, ..., g respectively, we define the endomorphisms

Z_{ak} := id_L⊗g−k ⊗ [Q_{L,L} ∘ (T_L ⊗ T_L)] ⊗ id_L⊗k−2 , Z_{ek} := id_L⊗g−k ⊗ (T_L ⊗ θ_L⊗k−1 ) ∘ Q^l_{L,L}⊗k−1 , Z_{bk} := id_L⊗g−k ⊗ (S^{−1}_L ∘ T_L ∘ S_L) ⊗ id_L⊗k−1 , Z_{dk} := id_L⊗g−k ⊗ T_L ⊗ id_L⊗k−1 , Z_{Sk} := id_L⊗g−k ⊗ S_L ⊗ id_L⊗k−1 ,

(6.15)

in End(L^g ). Second, we define the endomorphisms Z_{ωi} , with i = 1, ..., n−1, and Z_{Ri} , with i = 1, ..., n, of U^n, that act as Z_{ωi} | |_{U1 ⊗ ··· ⊗ Un} = id_{U1} ⊗ · · · c_{Ui ,Ui+1} ⊗ · · · ⊗ id_{Un} , Z_{Ri} | |_{U1 ⊗ ··· ⊗ Un} = id_{U1} ⊗ · · · θ_{Ui} ⊗ · · · ⊗ id_{Un} , (6.16)

on the direct summand U_1 ⊗ · · · ⊗ U_n of U^n. Finally, for any j = 1, ..., n − 1 and any k = 1, ..., g we define the linear map Z_{tj,k} that maps any f ∈ Hom(L^{⊗g} , U_1 ⊗ ... ⊗ U_n) to Z_{tj,k} (f) := ( [ (id_{U1 ⊗···⊗Uj} ⊗ d̃_{Uj+1 ⊗···⊗Un} ) ∘ (f ⊗ id ∨_{Un⊗···⊗} ∨_{Uj+1} ) ∘ {id_L⊗g−k ⊗ [Q^l_{L⊗k−1⊗ ∨Un⊗···⊗ ∨Uj+1} ∘ (T_L ⊗ θ_L⊗k−1_⊗ ∨_{Un⊗···⊗} ∨_{Uj+1} )]} ] ⊗ id_{Uj+1 ⊗···⊗Un} ) ∘ ( id_L⊗g ⊗ b̃_{Uj+1 ⊗···⊗Un} ) , (6.17) in Hom(L^{⊗g} , U_1 ⊗ ... ⊗ U_n), and acts analogously on a any morphism in Hom(L^{⊗g}, U_{σ(1)} ⊗ ... ⊗ U_{σ(n)}) for any σ ∈ N.

Pictorially, Z_{tj,k} acts as

Z_{tj,k} (f) :=

f

Q^l_{L,L⊗k−1 ⊗ ∨Un⊗··· ⊗ ∨Uj+1}

T_K

L . . . L L L . . . L

U_1 . . . U_j U_{j+1} . . . U_n C

(6.18)

We can now rephrase the results of [73, Section 4] and [76, Section 3] as follows Proposition 6.1. Consider the morphism space Hom_C (L^{⊗g} , U^n), with U^n as defined in (6.14). The morphisms Z_γ , defined in (6.15), (6.16) and (6.17), associated to the generators γ of Map_{g,n}, endow the space Hom_C (L^{⊗g} , U^n) with a projective action π^{g,n}_L of Map_{g,n}. For any f ∈ Hom_C (L^{⊗g}, U^n), and for γ = a_k, e_k with k = 2, ..., g and for b_k, d_k, S_k with k = 1, ..., g, the action is given by [π^{g,n}_L (γ)](f) = f ∘ Z^{−1}_γ . (6.19) For γ = ω_i, R_i, with i = 1, ..., n − 1 and i = 1, ..., n respectively, the action is given by [π^{g,n}_L (γ)](f) = Z^{−1}_γ ∘ f . (6.20) Finally, for γ = t_{j,k}, with j = 1, ..., n − 1 and k = 1, ..., n, the action of t_{j,k} is given by [π^{g,n}_L (t_{j,k})](f) = Z^{−1}_{tj,k} (f) . (6.21)

Remark 6.2. Consider the subgroup Map_{g,p,q} of the mapping class group Map_{g,p+q} that leaves two subsets, of size p and q, of the holes invariant. Take the labels of the two sets of holes to be U_1, ..., U_p and V_1, ..., V_q , respectively, and define object U^p and V^q analogously as in (6.14). The right duality of C provides a linear isomorphism

φ : Hom(L^{⊗g} ⊗ V, U)^{∼=}−→ Hom(L^{⊗g} , U ⊗ V^∨) . (6.22)

Then π^{g,p,q}_L := φ^{−1} ∘ π^{g,p+q}_L ∘ φ (6.23)

defines a projective representation of Map_{g,p,q} on Hom(L^{⊗g} ⊗ V, U).

6.2 The Cardy bulk Frobenius algebra in H-Bimod

We now turn to the description of the Cardy bulk Frobenius algebra F in the case C = H-mod for H a finite-dimensional factorizable ribbon Hopf algebra over an algebraically closed field of characteristic zero. As we will explain below, we will be able to work in H-Bimod instead of (H-mod)^{rev} ⊠ H-mod.

Consider the functor

G^H_{⊗k}: H-mod^{op} × H-mod → H-Bimod , (6.24)

that acts on objects as (X, ρ_X ) × (Y, ρ_Y ) G^H_{⊗k} −→ ( X^∨ ⊗_kY , ρ_X ∨ ⊗ id_Y , id_X ∗ ⊗ (ρ_Y ∘ τ_{Y,H} ∘ (id_Y ⊗ S^{−1})) ) , (6.25)

and on morphisms as f × g → f^∨⊗_kg. Pictorially, the action on objects looks as

H X

X

ρ_X ×

H Y

Y

ρ_Y GH_{⊗k} −→

H X^∨

X^∨

Y

Y

H S−1 ≡ S H X^∗ ρ_X

X^∗

Y

Y

ρ_Y

H S−1

(6.26)

For C = H-mod, the Cardy bulk Frobenius algebra F is the coend

F := ∫_X G^H_{⊗k}(X, X) (6.27) in H-Bimod. The next subsection motivates this terminology. That is, that the coend F in (6.27) should be considered as a special case of the coend F = ∫_X X^∨ ⊠ X, introduced in (3.15).

6.2.1 Equivalences of categories

Denote by H^{coop}, the Hopf algebra obtained from H by replacing the coproduct by the opposite product, as in (2.59). Analogously H^{op} is obtained from H by replacing the product by the opposite product m^{op} := m ∘ τ_{H,H} . When H is quasitriangular with R-matrix R there are, according to [4, Lemma A.4], equivalences

H-Bimod ≃ (H⊗_kH^{coop})-mod ≃ (H⊗_kH^{op})-mod (6.28)

of braided monoidal categories. Here H-Bimod is equipped with the braiding (2.80) and H is obtained from H by replacing the R-matrix by R^{−1}_{21} and the ribbon element v by the inverse ribbon element v^{−1}. The equivalence is furnished by two functors which act as the identity on morphisms, and on objects as

H H M

M

ρ^{H⊗H} →

H M

M

H

S−1 ρ^{H⊗H} ρ^{H⊗H} and as

H ρ^H

M

M ρ

H

H

→

H H M

M

S

(6.29)

respectively. In addition, the R-matrix furnishes a braided monoidal equivalence between H-mod and H^{coop}-mod. Thus, combined with (6.28) we also have an equivalence H-Bimod ≃ (H⊗_kH)-mod (6.30)

as braided monoidal categories.

Next, by the universal property (2.99) of the Deligne product there is a unique functor

G^H_□ : H-mod ⊠ H-mod −→ H-Bimod (6.31)

such that G^H_{⊗k}= G^H_□ ∘ (?^∨ ⊠ Id) , (6.32) where (?^∨ ⊠ Id) is the functor (3.14). Note that on objects of the form X ⊠ Y ∈ H-mod ⊠ H-mod, G^H_□ acts as (X, ρ_X ) ⊠ (Y, ρ_Y ) G^H_□ −→ ( X ⊗_kY , ρ_X ⊗ id_Y , id_X ⊗ (ρ_Y ∘ τ_{Y,H} ∘ (id_Y ⊗S^{−1})) ) . (6.33)

By [24, Proposition 5.3] (see also [35, Example 7.10]) there is an equivalence H-mod ⊠ H-mod ≃ (H⊗_kH)-mod of abelian categories. Combining this equivalence with the equivalence (6.30), it follows that the functor (6.31) furnishes an equivalence of abelian categories. Next, remember from section 2.6.1 that H-mod ⊠ H-mod can be equipped with the structure of a braided monoidal category, c.f. (2.100) and (2.101). With respect to this tensor product and braiding, (6.31) extends to an equivalence of braided monoidal categories. In view of this equivalence of categories and the functors (6.32) and (3.15), the coend F , as defined in (6.27), is indeed the Cardy bulk Frobenius algebra in H-Bimod.

Remark 6.3. Recall that we want to describe (H-Mod)^{rev} ⊠ H-Mod. The arguments above imply that (H-Mod)^{rev} ⊠ H-Mod is equivalent, as a braided monoidal category, to H-Bimod with the braiding defined in (2.80).

6.2.2 The coregular bimodule as a coend

Let us now describe the coend F , defined in (6.27), in detail. As an object in H-Bimod, F is the coregular bimodule, i.e. the vectors space H^∗ endowed with the actions (2.54). Indeed we have, [4, Lemma A.2]:

Lemma 6.4. The family ı^F of morphisms

ı^F_X := (d_X ⊗ id_H∗ ) ∘ [id_X ∗ ⊗ (ρ_X ∘ τ_{X,H} ) ⊗ id_H∗ ] ∘ (id_X ∗ ⊗ id_X ⊗ b_H ) (6.34)

with X ∈ H-mod is a dinatural family from G^H_{⊗k}to the coregular bimodule F in H-Bimod.

Pictorially, ı^F_X is given by

X^∗ ı^F_X

H^∗

X

=

X^∗ X ρ_X

H^∗

(6.35)

That ı^F_X is a morphism of bimodules follows directly by using the action (6.26) of G^H_{⊗k}on objects, the representation properties and (2.54), see [4, eq. (A.8) and

(A.9)]. That ı^F_X is dinatural, i.e. satisfies (2.102) for any f in H-mod follows directly from the action of G^H_{⊗k}on morphisms and that f is a morphism of Hmodules, see [4, eq. (A.10)]. In addition we have the following result:

Proposition 6.5. The H-bimodule F together with the dinatural family (ı^F_X ) given by (6.35) is the coend of the functor G^H_{⊗k}:

(F, ı^F ) = ∫_X G^H_{⊗k}(X, X) . (6.36)

Proof. We have to show that the dinatural family ı^F satisfies (2.103). Thus, let j^Z be any dinatural transformation from G^H_{⊗k}to Z ∈ H-Bimod. Given any X ∈ H-mod, take any element x_∘ in X, described as x_∘ ∈ Hom_k(k, X), and consider the morphism f_{x∘} := ρ_X ∘ (id_H ⊗ x_∘) ∈ Hom_H (H, X). Here H is regarded as an H-module via the left regular action. Applying dinaturalness to f_{x∘} yields

X^∗ j^Z_X

Z

H x_∘ ≡

X^∗ j^Z_X

Z

H f_{x∘} = f^∗_{x∘}

X^∗ j^Z_H

Z

H

≡

X^∗ x_∘ j^Z_H

Z

H

(6.37)

Next we compose this equality with id_X ∗ ⊗ η:

j^Z_X ∘ (id_X^∗ ⊗ x_0) =

X^∗ j^Z_X

Z

=

X^∗ j^Z_H

Z

(6.38)

Since x_∘ is an arbitrary element of X this implies

j^Z_X = κ^Z ∘ ı^F_X , (6.39)

with κ^Z defined as κ^Z := j^Z_H ∘ (id_H ∗ ⊗ η) . (6.40)

In fact, κ^Z is a bimodule morphism from F to Z. Compatibility with the left H-action is immediate from the fact that j^Z_H is a morphism of left modules.

Compatibility with the right action is seen from the following chain of equalities:

ρ

F

H^∗ j^Z_H

Z

h =

H^∗

Z

h j^Z_H =

H^∗

Z

h j^Z_H =

H^∗

Z

h j^Z_H =

H^∗

Z ρ

Z

h j^Z_H

(6.41)

Here the second equality invokes dinaturalness for the morphism m ∘ (id_H ⊗ (S^{−1} ∘ h)) ∈ End_H (H), and the last equality follows from the definition (6.26) of G^H_{⊗k}and the fact that j^Z_H is a morphism of right H-modules. Thus there indeed exists a morphism κ^Z ∈ H-Bimod from F to Z. It remains to show that κ^Z is unique. Assume that κ^{′Z} is any morphism in Hom(F, Z) making (2.103) commute, i.e.

j^Z_X = κ^{′Z} ∘ ı^F_X . (6.42)

Next, note that ı^F_H ∘ (id_H ∗ ⊗ η) = (d_H ⊗ id_H ∗ ) ∘ (id_H ∗ ⊗ b_H ) = id_H ∗ . Considering (6.42) with X = H and composing with id_H ∗ ⊗ η it therefore follows that

κ^{′Z} = j^Z_H ∘ (id_H ∗ ⊗ η) = κ^Z . (6.43)

Thus κ^Z is indeed uniquely determined. □

6.2.3 The Frobenius algebra structure on F

In this subsection we prove that F can be naturally equipped with the structure of a commutative symmetric Frobenius algebra.

The structure morphisms

We start by introducing the structure morphisms. To this end we define the following linear maps:

m_F :=

H^∗H^∗

H^∗

η_F := H^∗ Δ_F :=

H^∗ λ H^∗H^∗

ε_F := H^∗ Λ

(6.44)

When H^∗ is equipped with the bimodule structure (2.54), these morphisms are not just linear maps, but bimodule morphisms, i.e. morphisms in H-Bimod [4, Proposition 2.9]. In order to discuss the proof of this statement we give the following useful identities from [4, Lemma 2.7]. First, for any Hopf algebra H we have

H

H

H

H

=

H

H

H

H

=

H

H

H

H

=

H

H H

H

=

H

H

H

H

(6.45)

Further, if H is unimodular with integral Λ, we have

H

H

Λ

H

=

H

H H

Λ and

H

Λ

H

H

=

H

Λ

H

H

(6.46)

We now outline the proof of the statement that the maps (6.44) are bimodule morphisms.

m_F is a bimodule morphism That m_F intertwines the left action of H can be seen as follows:

H H^∗H^∗

H^∗

=

H H^∗H^∗

H^∗

=

H H^∗H^∗

H^∗

=

H H^∗H^∗

H^∗

=

H H^∗H^∗

H^∗

(6.47)

Here, the first and the last equality just implement (2.54). The second and third equality follow from the connecting axiom (2.35) and the anti-coalgebra morphism property (2.39), respectively. That m_F is also a morphism of right Hmodules follows in an analogous fashion, see [4, eq. (2.22)].

η_F is a bimodule morphism That η_F is a bimodule morphism follows from (2.54) and direct application of (2.36) and (2.41), see [4, eq. (2.23) & (2.24)].

Δ_F is a bimodule morphism The chain of equalities

H H^∗

H^∗H^∗

=

H H^∗

H^∗H^∗

=

H H^∗

H^∗H^∗

=

H H^∗

H^∗H^∗

(6.48)

establishes that Δ_F is a morphism of left H-modules. Here the first equality follows from (6.45), while the second and third equality uses (2.39) and associativity respectively.

In order to show that Δ_F is also a morphisms of right modules, we use that there is an alternative expression for Δ_F , [4, Lemma 2.8]:

Δ^′_F := H^∗ λ H^∗H^∗

(6.49)

That Δ^′_F = Δ_F follows by using (2.58) and coassociativity of the coproduct Δ of H. Using the expression (6.49), the following chain of equalities establishes that Δ_F is a morphism of left modules:

H^∗

H^∗H^∗

H

=

H^∗ H

H^∗H^∗

=

H^∗ H

H^∗H^∗

=

H^∗ H

H^∗H^∗

=

H^∗ H

H^∗H^∗

=

H^∗ H

H^∗H^∗

(6.50)

Here, the first equality uses the anti-coalgebra morphism property of S^{−1} and the connecting axiom. The second equality follows from (2.69). In the third equality the upper inverse antipode is pushed through the product by using that S^{−1} is an anti-coalgebra morphism. The two last equalities use associativity and the defining property (2.37) of S.

ε_F is a bimodule morphism Finally, that ε_F is a bimodule morphism follows directly from the actions (2.54), the defining property of the two-sided integral (i.e. that Λ satisfies (2.52) and the corresponding equality for a right integral) and (2.41), see [4, eq. (2.28)].

The Frobenius algebra structure

Having verified that the maps (6.44) are indeed morphisms in H-Bimod, we continue to state [4, Proposition 2.5]

Proposition 6.6. The morphisms (6.44) endow the object F = (H^∗, ρ_F , ρ

F ) with the structure of a Frobenius algebra in H-Bimod. That is, (F, m_F , η_F ) is a (unital associative) algebra, (F, Δ_F , ε_F ) is a (counital coassociative) coalgebra, and the two structures are compatible in the sense

(id_F ⊗ m_F ) ∘ (Δ_F ⊗ id_F ) = Δ_F ∘ m_F = (m_F ⊗ id_F ) ∘ (id_F ⊗ Δ_F ) . (6.51)

Proof. We outline the proof given in [4]. First, that (F, m_F , η_F ) = (H^∗, Δ^∗, ε^∗) is a unital algebra follows directly by duality from the fact that (H, Δ, ε) is a counital coalgebra. Second, coassociativity of Δ immediately implies

(id_H∗ ⊗ Δ^′_F ) ∘ Δ_F = (Δ_F ⊗ id_H∗ ) ∘ Δ^′_F , (6.52)

which in turn implies that Δ^′_F = Δ_F is a coassociative coproduct. That ε_F is a counit for this product follows from (2.58), see [4, eq. (2.32)]. Finally that F satisfies the first equality in (2.31) follows by writing out the linear maps, inserting Δ_F and using coassociativity of Δ. Analogously the second equality in (2.31) follows by inserting Δ^′_F and using coassociativity of Δ. Thus F is indeed a Frobenius algebra in H-Bimod. □

F is commutative and has trivial twist

We have from [4, Proposition 3.1]

Proposition 6.7. The product m_F of the Frobenius algebra F in H-Bimod is commutative with respect to the braiding (2.80):

m_F ∘ c_{F,F} = m_F . (6.53)

Proof. By applying (2.80), (2.54), (2.61) and (2.59) it follows that

m_F ∘ c_{F,F} =

H^∗H^∗

H^∗

=

H^∗H^∗

H^∗

=

H^∗H^∗

H^∗

=

H^∗H^∗

H^∗

=

H^∗H^∗

H^∗

= m_F .

(6.54) Thus F is commutative. □

Next we observe Proposition 6.8. The twist of F is trivial: θ_F = id_F . (6.55) Proof. After having inserted the left and right actions (2.54) of H on F in the expression (2.81) for the twist of H-Bimod, the equality (6.55) is obtained by using S ∘ v = v and that v is central. □

F is symmetric We have [4, Theorem 4.4] the following result Proposition 6.9. The Frobenius algebra F is symmetric.

Proof. According to Definition 2.5 (iii) and Remark 2.6 (iii) F is symmetric if (2.33) holds for κ = ε_F ∘ m_F . Indeed we have the following chain of equalities

F F m_F ε_F = =

F ε_F m_F

F π_F

F ε_F m_F

F π_F

H−Bimod

(6.56) in H-Bimod. Note that this is a picture drawn in H-Bimod, not in Vect_C . In particular the braiding is the braiding of H-Bimod. Here the first equality is a deformation. The second equality is obtained by first using (2.86) to recognize the twist θ_F , which is trivial, and then using that F is commutative. (6.56) proves the rightmost equality in (2.33) and thus that F is symmetric. □

Remark 6.10. Any symmetric commutative Frobenius algebra in a sovereign braided category is also cocommutative and has trivial twist. For a strictly sovereign category C, this has been shown in [39, Proposition 2.25]. The proof easily extends to the non-strict case.

Specialness

We first note that [4, Lemma 4.5]

ε_F ∘ η_F = ε ∘ Λ and m_F ∘ Δ_F = (λ ∘ ε) id^∗_H . (6.57)

The first equality is immediate from (6.44), while the second uses coassociativity of H and the defining property of the antipode, see [4, eq. (4.18)]. A finite-dimensional Hopf algebra is semisimple iff the Maschke number ε ∘ Λ ∈ kis non-zero, and it is cosemisimple iff λ ∘ η ∈ kis non-zero [69]. In addition, when k is of characteristic zero, cosemisimplicity is implied by semisimplicity [68]. Thus we have

Corollary 6.11. The Frobenius algebra F in H-Bimod is special iff H is semisimple.

6.3 Mapping class group invariants in H-Bimod

We are now a in position to give the main result of this chapter. Recall the projective action, π^{g,n}_L , of mapping class groups, given in Proposition 6.1. Note that for U_1 = . . . = U_n = V we have U^n = V^{⊗n}. Accordingly, π^{g,n}_L is a projective action on the space Hom(L^{⊗g} , V^{⊗n}).

Theorem 6.12. Let H be a finite-dimensional factorizable ribbon Hopf algebra over an algebraically closed field k of characteristic zero and Map_{g,n}, the mapping class group of a closed oriented surface Σ_{g,n}. Then, for C = H-mod, the morphism C(Σ_{g,n}) ∈ Hom(K^{⊗g}, F^{⊗n}), defined in (6.3), is invariant under the projective action π_K of Map_{g,n}, given in Proposition 6.1, for any g, n ≥ 0.

The rest of this section is devoted to the proof of this statement. It will be convenient to work in the category H−Bimod ≃ H-Mod^{rev} ⊠ H-Mod.

6.3.1 The bulk handle Hopf algebrain H-Bimod

In the case C = H-mod, i.e. C^{rev}⊠ C ≃ H-Bimod, the bulk handle Hopf algebra defined in (3.28), is the coend K = L_{H-Bimod}. As an object in H-Bimod, K is the bimodule [4, Proposition A.6]

K = (H^∗⊗_kH^∗, ρ_▷ ⊗ id_H ∗ , id_H ∗ ⊗ ρ_◁) . (6.58)

That is, K is the vector space H^∗ ⊗_kH^∗, endowed with the left and right coadjoint actions, defined in (2.56), on the first and second factor, respectively. The dinatural family for the coend is given by H^∗ ⊗H^∗

X^∨ ι^K_X

X

:=

X^∗ ρ

X

X ρ_X

H^∗ H^∗

(6.59)

We omit the proof of this statement and refer the reader to [2] for details.

Since K = L_{H-Bimod} is the coend of the tensor product functor F_0, defined in (2.104), considered in H-Bimod, K carries a natural structure of a Hopf algebra in H-Bimod. The structure morphisms are obtained by inserting (6.59) in (2.108). The unit, counit and coproduct are

η_K = ε^∨ ⊗ ε^∨ , ε_K = η^∨ ⊗ η^∨ ,

Δ_K = (id_H ∗ ⊗ τ_H∗_{,H}∗ ⊗ id_H ∗ ) ∘ ( (m^{op})^∨ ⊗ m^∨ ) , (6.60)

and the antipode and product are given by

S_K =

H^∗

H^∗

R^{−1} H^∗

H^∗

R

(6.61) and

m_K =

H^∗ H^∗

R^{−1}

H^∗

H^∗ H^∗

R

H^∗

=

H^∗ H^∗

R^{−1}

H^∗

H^∗ H^∗

R

H^∗

(6.62)

The second expression for m_K is obtained by using that the R-matrix intertwines the coproduct and the opposite coproduct.

In addition, the right cointegral λ and the two-sided integral Λ of H give rise to an integral and a cointegral of K. Explicitly

λ_K := Λ^∨ ⊗ Λ^∨ (6.63)

is a two-sided cointegral of (K, m_K , η_K , Δ_K , ε_K , S_K ) and

Λ_K := λ^∨ ⊗ λ^∨ (6.64)

is a two-sided integral of (K, m_K , η_K , Δ_K , ε_K , S_K ) [4, Proposition A.8]. That λ_K is a two-sided cointegral is an immediate consequence of the fact that Λ is a twosided integral. That Λ_K is a left integral follows from the left-most expression in (6.62) together with the fact that λ is a right cointegral and satisfies (2.68). It follows in the same manner, by using the rightmost expression in (6.62), that Λ_K is a right integral.

6.3.2 Morphisms in H-Bimod as linear maps

In order to work with the underlying linear maps for performing calculations in H-Bimod we need to express various morphisms, introduced earlier in this chapter, as linear maps. We start by writing down the relevant morphisms, implementing the representation in Proposition 6.1, as linear maps.

Partial monodromies Inserting the dinatural family (6.59) and the linear map (2.80), implementing the braiding in H-Bimod, in the expressions (6.6) and (6.7) for the two partial monodromies, we obtain the partial monodromies of K:

Q_{K,K} =

H^∗ H^∗

H^∗

Q

H^∗

S−1 H^∗

Q^{−1}

S

H^∗

H^∗ H^∗

(6.65)

and

Q^l_{K,X} =

H^∗ H^∗ X Q

Q^{−1} ρ

X

ρ_X

H^∗ H^∗ X

(6.66)

Recall from (6.9) that the Hopf pairing of K is given by ω_K = (ε_K ⊗ ε_K ) ∘ Q_{K,K} . It follows that ω_K is non-degenerate iff the Drinfeld map of H is invertible. Thus H-Bimod satisfies condition (MOD), i.e. H-Bimod is factorizable, iff H is factorizable.

Inserting this result for Q^l_{K,X} , together with ε_K = η^∨ ⊗ η^∨, into the expression (6.10) for the action of L on any object in C, it follows that the action of K on any H-bimodule X is given by

ρ^K_X =

H^∗ H^∗ X Q

Q^{−1} ρ

X

ρ_X X

(6.67)

The maps T_L and S_L In order to study the mapping class group representation in Proposition 6.1 we also need the maps T_L and S_L, which in the H-Bimod case we denote by T_K and S_K . First, inserting the dinatural family ι^K , given in (6.59), and the expression (2.81) for the twist of H−Bimod in the definition (6.11) of T_L we obtain

T_K =

H^∗ v

H^∗

H^∗ v^{−1}

H^∗

(6.68)

Second, inserting the expression (6.65) for Q_{K,K} , and the unit ε_K = η^∨ ⊗ η^∨ and integral Λ_K = λ^∨ ⊗ λ^∨ of K, in the definition (6.12) of S_L we obtain

S_K =

H^∗

Q^{−1}

H^∗ λ H^∗

Q λ

H^∗

(6.69)

Remark 6.13. Note that, using the definitions (2.57) and (2.70) of the Frobenius map and the Drinfeld map, combined with the property (2.68) of λ, the map S_K can be written as S_K = (Ψ ∘ f_Q−1 ) ⊗ (Ψ ∘ f_Q) . (6.70)

Thus, S_K is invertible iff the Drinfeld map is invertible, i.e. iff H is factorizable. It is easily checked, using the relations (2.58) and (2.74), that the inverse is given by S^{−1}_K = (Ψ ∘ f_Q) ⊗ (Ψ ∘ f_Q−1 ) . (6.71)

The morphism F^g_{1,1} We will also need the morphism F^g_{1,1}, defined in (6.2), expressed as a linear map. In the H-Bimod case we denote the morphism F^g_{1,1} by F^{H,g}_{1,1} . We start with F^{H,1}_{0,1} = C_H (Σ_{1,1}). Inserting the expressions, given in (6.44), for the product and coproduct of F , and the action (6.67) of K, combined with the left and right action (2.54) of H on F , in the definition (6.2) of F^{H,1}_{0,1} , we obtain

F^{H,1}_{0,1} =

H^∗ H^∗

Q^{−1}

Q λ H^∗

=

H^∗ H^∗

Q^{−1} Q λ

H^∗

=

H^∗ H^∗

Q^{−1} Q λ

H^∗

(6.72)

Here the second equality follows from associativity of m and the third follows by using several times that S is a anti-(co)algebra morphism. Next, using that the morphism f_Q−1 intertwines the coadjoint and the adjoint left action, see (2.76), we obtain the first of the following equalities:

F^{H,1}_{0,1} =

H^∗ H^∗ Q^{−1} Q λ

H^∗

=

H^∗ H^∗ Q^{−1} Q λ

H^∗

=

H^∗ H^∗ Λ

H^∗

(6.73)

Here the second equality follows from S ⊗ S ∘ Q = τ_{H,H} ∘ Q. The third equality is obtained by applying the second equality in (2.74) and then using that S^{−1} is an anti-coalgebra morphism and S ∘ Λ = Λ.

Having obtained the morphism F^{H,1}_{0,1} = C_H (Σ_{1,1}) as a linear map, we can easily write down the linear map underlying F^{H,1}_{1,1} . By the unit property, the Frobenius property and associativity of F we have

F^{H,1}_{1,1} = m_F ∘ [(F^{H,1}_{1,1} ∘ (id_K ⊗ η_F )) ⊗ id_F ] = m_F ∘ (C_H (Σ_{1,1}) ⊗ id_F ) . (6.74)

Inserting m_F = Δ^∨_H and the right-most expression in (6.73) for C_H (Σ_{1,1}) = F^{H,1}_{0,1} in (6.74) we obtain

F^{H,1}_{1,1} =

K F

F

H−Bimod

=

H^∗H^∗ H^∗ Λ

H^∗ Vect_k

=

H^∗H^∗ H^∗ Λ ρ

⋄

H^∗ Vect_k

(6.75)

Here, the third equality follows by recognizing the right adjoint action (2.55). Note that in (6.75), the first picture is a morphism in H−Bimod, whereas the two last pictures are linear maps.

Below we will need the linear map underlying F^{H,g}_{p,q} only for p = q = 1. From the definition (6.2) of F^g_{p,q}, and the result (6.75) for g = 1, it follows immediately that, as a linear map, F^{H,g}_{1,1} is given by

F^{H,g}_{1,1} =

g factors of H∗⊗H∗ H^∗ H^∗ H^∗H^∗ . . . . . . H^∗H^∗ H^∗

H^∗

Λ

Λ

Λ ρ

⋄

ρ

⋄

ρ

⋄ (6.76)

Here, the dotted lines in the pictures means that a piece of the morphism is repeated g times: There are g − 3 additional occurrences of the "loops" containing the integral and there are g − 3 additional coproducts such that the rightmost line coming out of this coproduct is ending on the adjoint right action on one of those "loops". Similar notation will be used in various pictures below.

6.3.3 Proof of invariance

This subsection is devoted to the proof of Theorem 6.12. We will establish a series of lemmas, which together prove Theorem 6.12. First of all, we recall Lemma 5.8 and 5.9 of [4]:

Lemma 6.14. The one-point function on the torus C_H (Σ_{1,1}) = F^{H,1}_{1,1} ∘ (id_K ⊗ η_F) satisfies C_H (Σ_{1,1}) ∘ S_K = C_H (Σ_{1,1}) (6.77) and C_H (Σ_{1,1}) ∘ T_K = C_H (Σ_{1,1}) . (6.78)

Proof. (i) We will show invariance under S^{−1}_K . Recall from (6.71) that S^{−1}_K is given by

S^{−1}_K =

H^∗

Q

H^∗ λ H^∗

Q^{−1} λ

H^∗

(6.79)

Thus, composing S^{−1}_K with the first expression in (6.72) we obtain

C_H (Σ_{1,1}) ∘ S^{−1}_K =

H^∗ H^∗

Q Q^{−1}

Q^{−1} Q λ λ λ H^∗

=

H^∗ H^∗

Λ

Λ λ H^∗

(6.80)

Here we have used the anti-algebra morphism property of the antipode S in the first equality. The second equality is obtained by applying (2.74) together with the property (2.68) of λ. According to Lemma A.1, the last expression in (6.80) equals

C_H (Σ_{1,1}) ∘ S^{−1}_K =

H^∗ H^∗ Λ

H^∗

=

H^∗ H^∗ Λ

H^∗

(6.81)

The second expression in (6.81) coincides with the right-most expression in (6.73) for C_H (Σ_{1,1}). This proves C_H (Σ_{1,1}) ∘ S_K = C_H (Σ_{1,1}).

(ii) From the expression (6.68) for T_K and the last expression in (6.73) it follows that

C_H (Σ_{1,1}) ∘ T_K =

H^∗ H^∗ v v^{−1} Λ

H^∗

(6.82)

After applying (6.46), the central elements v and v^{−1} cancel each other. This proves C_H (Σ_{1,1}) ∘ T_K = C_H (Σ_{1,1}). □

A direct consequence of this result is Lemma 6.15. For any integer k ≥ 0, the morphism F^{H,k}_{1,1} satisfies

F^{H,k}_{1,1} ∘ (id^{⊗r}_K ⊗ S_K ⊗ id^{⊗s}_K ⊗ id_F ) = F^{H,k}_{1,1} (6.83) and F^{H,k}_{1,1} ∘ (id^{⊗r}_K ⊗ T_K ⊗ id^{⊗s}_K ⊗ id_F ) = F^{H,k}_{1,1} , (6.84) for all r + s = k − 1.

Proof. From (6.74) and Lemma 6.14 it follows that the morphism F^{H,1}_{1,1} satisfies F^{H,1}_{1,1} ∘ (T_K ⊗ id_F ) = F^{H,1}_{1,1} and F^{H,1}_{1,1} ∘ (S_K ⊗ id_F ) = F^{H,1}_{1,1} . (6.85) These equalities directly imply (6.83) and (6.84). □

Lemma 6.16. F^{H,k}_{1,1} satisfies F^{H,k}_{1,1} ∘ (id^{⊗ r}_K ⊗ θ_K⊗s ⊗ id^{⊗ t}_K ⊗ id_F ) = F^{H,k}_{1,1} , (6.86) for any integers r, s, t such that r + s + t = k.

Proof. First we apply the expression (2.81) for the twist and use Lemma A.7 (ii) to replace the left and right actions of v and v^{−1} on K^{⊗s} by left and right multiplication. Then, the left hand side of (6.86) differs from the right hand side by a left multiplication with v ∘ S and a right multiplication with v^{−1} ∘ S^{−1}, both of them multiplying the same H-line. The equality (6.86) then follows by using v ∘ S = v and that the ribbon element v is central. □

Lemma 6.17. For any k = 2, ..., g, we have C_H (Σ_{g,n}) ∘ (id^{⊗g−k}_K ⊗ Q_{K,K} ⊗ id^{⊗k−2}_K ) = C_H (Σ_{g,n}) . (6.87) Proof. From the expression (6.65) for Q_{K,K} and the expression (6.76) for F^{H,2}_{1,1} it follows that

F^{H,2}_{1,1} ∘ (Q_{K,K} ⊗ id_F ) =

K K F

Q_{K,K}

F H−Bimod

=

H^∗ H^∗ H^∗ H^∗ H^∗

Λ

Λ

Q

Q^{−1} ρ

⋄

ρ

⋄

H^∗ Vect_k

(6.88)

Using first (6.46) and then that S^{−1} is an anti-algebra morphism we obtain the left hand side of the following equality:

H^∗H^∗ H^∗H^∗ H^∗

Λ

Λ

Q

Q^{−1} ρ

⋄

ρ

⋄

H^∗

=

H^∗H^∗ H^∗H^∗ H^∗

Λ

Λ

Q

Q^{−1}

H^∗

(6.89)

The right hand side of (6.89) is obtained by inserting the definition (2.55) of the right adjoint action followed by associativity of H and again that the antipode is the anti-algebra morphism.

By applying (S^2 ⊗ S^2) ∘ Q = Q and then Lemma A.4 (i) we can omit the Qmatrices on the left hand side of (6.89). Comparing the result with (6.76) it follows that F^{H,2}_{1,1} ∘ (Q_{K,K} ⊗ id_F ) = F^{H,2}_{1,1} . (6.90)

Finally, the left hand side of (6.87) differs from the right hand side exactly by the action the application of Q_{K,K} on two adjacent K-factors. Thus (6.87) follows directly from (6.90). □

Lemma 6.18. For any integer k ≥ 2, F^{H,k}_{0,2} satisfies

(id_F ⊗ b̃_F) ∘ (F^{H,k}_{0,2} ⊗ id∨_F) ∘ Q^l_{K,K}⊗k−1_⊗ ∨_F = (id_F ⊗ b̃_F) ∘ (F^{H,k}_{0,2} ⊗ id∨_F) (6.91)

in Hom_{H|H} (K^{⊗k} ⊗^∨F, F).

That is, graphically

Q^l_{K,K⊗k−1 ⊗ ∨F}

K . . . K^∨F

F

=

K . . . K^∨F

F H−Bimod

(6.92)

Proof. The left hand side of (6.92) is expressed as a linear map by using the expression (6.76) for F^{H,k}_{0,1} , the unit η_F = η^∨_H and coproduct of F , given in (6.44), and the expression (6.66) for Q^l_{K,K⊗k−1 ⊗ ∨F} . It then follows, by applying Lemma A.7 (ii), that

(id_F ⊗ b̃_F) ∘ (F^{H,k}_{0,2} ⊗ id∨_F) ∘ Q^l_{K,K⊗k−1 ⊗ ∨F} =

H^∗ H^∗ H^∗H^∗ · · · · · · H

H^∗

Λ

Λ λ

Q

Q^{−1}

(6.93)

Next, inserting the definition (2.55) of ρ

⋄, using (6.46), then associativity of m_H together with the properties of S, and finally (A.22) we obtain

(id_F ⊗ b̃_F) ∘ (F^{H,k}_{0,2} ⊗ id∨_F) ∘ Q^l_{K,K⊗k−1 ⊗ ∨F} =

H^∗H^∗ H^∗H^∗ . . . . . . H

H^∗

Λ

Λ Λ

Q

Q^{−1}

(6.94)

Now, by Lemma A.6 (ii), the Q-matrices can be omitted. The so-obtained linear map is (id_F ⊗ b̃_F) ∘ (F^{H,k}_{0,2} ⊗ id∨_F). □ By composing (6.92) with id_K⊗k ⊗^∨ε_F and using (6.8) we obtain Corollary 6.19. For any integer k ≥ 2 we have F^{H,k}_{0,1} ∘ Q^l_{K,K}⊗k−1 = F^{H,k}_{0,1} . (6.95)

Lemma 6.20. For any integer k > 0, we have the following equality

K . . . K

F F

θ_{K⊗k ⊗∨F}

=

K . . . K

F F

=

K . . . K

F F

H−Bimod

(6.96)

of morphisms in Hom_{H|H} (K^{⊗p}, F ⊗ F ).

Proof. Using that F has trivial twist and Lemma 6.16 , it follows from the compatibility between braiding and twist (see (A.3)) that the twist morphism on the left hand side can be replaced by a monodromy c∨_{F,K}⊗k ∘ c_K⊗k_,∨_F between K^{⊗k} and^∨F . The so-obtained monodromy can be commuted through all the F -loops. This results in the first equality. The second equality is obtained by using that F is commutative Frobenius, by a calculation analogous tot the one in the proof of Lemma A.5. □

Lemma 6.21. For any integers g, n ≥ 0 we have

= C_H (Σ_{g,n})

j factors n^{−j factors}

Q^l_{K,K⊗k−1 ⊗ ∨F} θ_{K⊗m−1⊗∨F}

T_K

K · · · K K · · · K

F F · · · F F F · · · F H−Bimod

g−m+1 factors m−1 factors

(6.97)

for all m = 1, 2, ..., g.

Proof. We first note that by Lemma 6.18, the endomorphism Q^l_{K,K⊗k−1 ⊗ ∨F} can be omitted. Having done that, it follows from Lemma 6.15 that T_K acts trivially. Finally, by Lemma 6.20, combined with the Frobenius property, the twist can be omitted as well. By duality, the Frobenius property and coassociativity of Δ_H , the so-obtained morphism equals C_H (Σ_{g,n}). □

Proof of Theorem 6.12

We are now in a position to prove Theorem 6.12.

Proof. We first verify that the morphism C_H (Σ_{g,n}) in H-Bimod is invariant under the action π_K for all generators of the presentation, given in section 6.1, of Map_{g,n} for any g, n ≥ 0. That is, we prove that the actions defined in (6.19), (6.20) and (6.21) acts trivially on C_H (Σ_{g,n}):

(i) b_k, d_k and S_k for k = 1, ..., g: Invariance follows from the expressions (6.15) for Z_{bk} , Z_{dk} and Z_{Sk} and straightforward application of Lemma 6.15. (ii) ω_i for i = 1, ..., n − 1: Invariance follows since F is cocommutative. (iii) R_i for i = 1, , , n: Invariance follows since F has trivial twist. (iv) a_k, for k = 2, ..., g: It follows from Lemma 6.15 that

C_H (Σ_{g,n}) ∘ [id_K⊗g−k ⊗ (T_K ⊗ T_K ) ⊗ id_K⊗k−2 ] = C_H (Σ_{g,n}) . (6.98)

Together with Lemma 6.17 this proves invariance. (v): e_k for k = 2, ..., g: Invariance amounts to the equality

F^{H,k}_{0,1} ∘ [(T_K ⊗ θ_K⊗k−1 ) ∘ Q^l_{K,K}⊗k−1 ] = F^{H,k}_{0,1} , (6.99)

for k = 2, ..., g. It follows from Lemma 6.15 and 6.16 that F^{H,k}_{0,1} ∘(T_K ⊗ θ_K⊗k−1 ) = F^{H,k}_{0,1} . Together with Corollary 6.19 this establishes (6.99).

(vi): t_{j,k}, for j = 1, ..., n − 1 and k = 1, ..., g: First, recall from (6.8) that any f ∈ Hom(X, Y ) can be commuted through the partial monodromy Q^l_{K,Y} . Second, inserting the definition of C_H (Σ_{g,n}) in the action (6.18) of t_{j,k} and using first coassociativity and the Frobenius property of F and then (6.8) together with functionality of the twist it follows that the n−j−1-fold coproduct of F can be pushed through the partial monodromy Q^l_{K,K⊗k−1 ⊗ (∨F )⊗(n−j)} and the twist. The so-obtained morphism coincides with the left hand side of (6.97). Thus, invariance under t_{j,k} follows from Lemma 6.21.

This proves that the morphism C_H (Σ_{g,n}) in H-Bimod is invariant under the action π_K of Map_{g,n} for any g, n ≥ 0. Finally, combining this result with the equivalences in section 6.2.1 completes the proof of Theorem 6.12. □

Remark 6.22. (i) When discussing factorization in CFT, one has to distinguish between ingoing and outgoing insertions. This means that there is a partition of the holes of the into p outgoing and q ingoing holes for any integers p and q such that p + q = n. The correlator has to be invariant under an action of the subgroup Map_{g,p,q} of the mapping class group Map_{g,p+q} that leaves each of these two subsets of ingoing and outgoing insertions separately invariant, c.f. Remark 6.2. In that setting, a natural candidate for a correlator is the morphism F^g_{q,p} ∈ Hom_{H|H} (K^{⊗g} ⊗ F^{⊗q}, F^{⊗p}), defined in (6.2). Combining the projective action π^{g,p,q}_L of Map_{g,p,q}, constructed in Remark 6.2, with the isomorphism Φ ∈ Hom(F^∨, F ), that comes with the Frobenius structure of F , we obtain a projective action π̃^{g,p,q}_K of Map_{g,p,q} on Hom_{H|H} (K^{⊗g} ⊗ F^{⊗q} , F^{⊗p}). It is straightforward to verify, using that F is a symmetric Frobenius algebra, that invariance under this action follows from Theorem 6.12.

(ii) As explained above, the morphism F^1_{1,0} is invariant under π̃^{1,1,0}_K (S_k). In the semisimple case, this is equivalent to F being modular invariant in the sense of [66, Definition 3.1 (ii)].

6.3.4 Holomorphic factorization

Recall that holomorphic factorization implies that the partition function of a rational CFT is a bilinear combination, with integer coefficients Z_{i,j} , of characters of the vertex algebra V of the theory, see c.f. (3.5). A similar result is established for C_H (Σ_{1,0}) in [5].

Consider Σ_{1,0}, i.e. the torus without holes. The morphism C_H (Σ_{1,0}) serves as a candidate for a partition function. Using that the Cardy bulk Frobenius algebra F is symmetric Frobenius it follows that C_H (Σ_{1,0}) is nothing but the Kcharacter, as defined in Definition 2.10, of F . Via the equivalences described in section 6.2.1, the Cardy bulk Frobenius algebra F can be considered as a module over K in H ⊗ H^{op}-mod, with the action of H ⊗ H^{op} obtained by translating the bimodule structure of F via the equivalence in (6.29).

Denote by L the categorical Hopf algebra L, described in section 2.6.2, in H-Mod. Recall that even when H-mod is not semisimple, it still has a finite set number of isomorphism classes of simple objects. We choose a set {M_j |j ∈ J } of representatives of the isomorphism classes of simple objects. Working in H ⊗ H^{op}-mod, we establish the following Theorem [5, Theorem 3] Theorem 6.23. The partition function Z = C_H (Σ_{1,0}) can be chirally decomposed as Z = ∑ i,j∈J c_{i,j} χ^L_i ⊗ χ^L_j , (6.100)

where for each i ∈ J , χ^L_i is the character of the L-module given by the simple Hmodule M_i, with the L-action defined in (2.110), i ∈ J is the label of the isomorphism class of M^∨_i , and C = ( c_{i,j} ) i,j∈J is the Cartan matrix of H-Mod.

In particular (recall the definition (2.98) of the Cartan matrix) the coefficients in (6.100) are integers and in the semisimple case c_{i,j} = δ_{i,j} . Furthermore, as shown in [5, Lemma 6], the character χ^L_i is, as a linear map, given by

χ^L_i = χ^H_{Mi} ∘ m ∘ (f_Q ⊗ t), (6.101)

where t is the special group-like element, defined in (2.83), and f_Q the Drinfeld map. Recall that f_Q and t are invertible. Thus χ^L_i , and a consequently also the partition function Z, is non-zero.

6.4 Bulk Frobenius algebras from ribbon automorphisms

In this section we generalize the construction described in the previous section by twisting F by an automorphism of H.

Definition 6.24. (i) A Hopf algebra automorphism of a Hopf algebra H is a linear map ω from H to H that is both an algebra and a coalgebra automorphism and that commutes with the antipode.

(ii) A ribbon automorphism of a Hopf algebra H is a Hopf algebra automorphism that preserves the ribbon element and the R-matrix of H:

ω ∘ v = v and (ω ⊗ ω) ∘ R = R . (6.102)

For any two Hopf algebra automorphisms ω and ω^′, the ω-ω’-twisted bimodule^ωX^{ω′} is obtained from X ≡ (X, ρ_X , ρ

X ) by twisting the actions according to_ω X^{ω′} = (X, ρ_X ∘ (ω ⊗ id_X ), ρ

X ∘ (id_X ⊗ ω^′)) . (6.103)

The twisting is compatible with the monoidal structure of H-Bimod, and if ω and ω^′ are in addition ribbon automorphisms the twisting is also compatible with the ribbon structure. It also follows immediately that for any H-bimodule morphism f : X → Y , f also intertwines the ω-ω^′-twisted actions.

6.4.1 Twisting the Cardy bulk Frobenius algebra

Consider now the twisted Cardy bulk Frobenius algebra

F_ω :=^{idH}F^ω . (6.104)

The ω-twisted actions of F_ω differs from the untwisted ones only by pre-compo-sing the right action by ω. Since any H-bimodule morphism also intertwines the ω-twisted right action, F_ω is a symmetric commutative Frobenius algebra in H-Bimod with the structure morphisms given by the same linear maps (6.44) as F , see [4, Proposition 6.1]. In addition, just like in the untwisted case, F_ω is special iff H is semisimple. It is also worth mentioning that for any two ribbon automorphisms ω and ω^′, there is an isomorphism ω^′F ω ∼= id_HF ω^{′−1} ∘ ω = F ω^{′−1} ∘ ω , (6.105)

furnished by ω^{′∗}. Thus (6.104) is the most general twisting of F_ω.

F_ω as a coend Consider the functor

G^{H;ω}_{⊗k} : H-Mod^{op} × H-Mod → H−Bimod (6.106)

acting on morphisms as f × g → f^∨ ⊗_kg, and on objects as ( X^∨ ⊗_kY , [ρ_X ∨ ∘ (ω^{−1} ⊗ id_X ∗ )] ⊗ id_Y , id_X ∗ ⊗ (ρ_Y ∘ τ_{Y,H} ∘ (id_Y ⊗ S^{−1})) ) . (6.107) That is, G^{H;ω}_{⊗k} acts on objects by composing the action of the functor G^H_{⊗k}, defined in (6.25), with a twisting by ω^{−1} of the left action. It is straightforward to check [4, Proposition 6.2] that:

Proposition 6.25. The H-bimodule F_ω together with the dinatural family of morphisms ı^{Fω}_X := (ω^{−1})^∗ ∘ ı^F_X , (6.108)

with ı^F_X as defined in (6.34), is the coend of the functor G^{H;ω}_{⊗k}.

In order to proceed we need to know how a ribbon automorphism acts on the cointegral. To this end, we first note:

Lemma 6.26. For any factorizable ribbon Hopf algebra H, the following equality holds: f_Q−1 ( λ ∘ m ∘ (v ⊗ id_H ) ) = (λ ∘ v) v^{−1} . (6.109)

Proof. The equality is obtained by using the compatibility (2.65) between the ribbon element and the monodromy matrix, and then the defining property (2.53) of the cointegral. □

As a consequence we have:

Lemma 6.27. Any ribbon automorphism ω of a finite-dimensional factorizable ribbon Hopf algebra H preserves the integral and cointegral:

λ ∘ ω = λ and ω ∘ Λ = Λ . (6.110)

Proof. Compose the equality (6.109) with ω^{−1}. Using that ω preserves v, the right hand side remains unchanged. On the left hand side we can use that ω also preserves Q^{−1} to obtain an expression that differs from the left hand side of (6.109) only in that λ is replaced by λ ∘ ω. Thus: f_Q−1 ( (λ ∘ ω) ∘ m ∘ (v ⊗ id_H ) ) = f_Q−1 ( λ ∘ m ∘ (v ⊗ id_H ) ) . (6.111)

Since f_Q−1 and v are invertible, this implies the first equality in (6.110). The second equality in (6.110) is obtained from the first by using that ω ∘ Λ is a non-zero integral (and thus proportional to Λ) and that λ ∘ Λ ∈ kis non-zero. □

6.4.2 Mapping class group invariants from F_ω

By replacing F by F_ω in the prescription (6.2) we define a morphism F^{H,ω;g} p,q ∈ Hom(K^{⊗g} ⊗ F^{⊗p}_ω , F^{⊗q}_ω ) , (6.112) for any ribbon automorphism ω. By composing with the unit of F_ω we obtain a morphism

C^ω(Σ_{g,n}) := F^{H,ω;g}_{1,n} ∘ (id_K⊗g ⊗ η_{Fω} ) ∈ Hom(K^{⊗g}, F^{⊗n}_ω ) (6.113) for any g, n ≥ 0.

In order to proceed we need to express F^{H,ω;g}_{1,1} as a linear map. To this end, first note that, since ω commutes with the antipode and (ω ⊗ ω) ∘ Q = Q, the automorphism ω can be pushed through the Q-matrix: (id_H ⊗ (ω ∘ S^{−1})) ∘ Q = (ω^{−1} ⊗ S^{−1}) ∘ Q . (6.114) Inserting the ω-twisted right action in the first expression in (6.72) and using (6.114), it follows that F^{H,ω;1}_{0,1} is related to the untwisted version by F^{H,ω;1} 0,1 = F^{H,1}_{0,1} ∘ (id_H∗ ⊗ (ω^{−1})^∗) . (6.115) As a consequence we have the following twisted version of (6.76)

F^{H,ω;g} 1,1 =

H^∗ H^∗ H^∗H^∗ . . . . . . H^∗H^∗ H^∗

H^∗

Λ

Λ

Λ ω^{−1}

ω^{−1}

ω^{−1} ρ

⋄

ρ

⋄

ρ

⋄

(6.116)

In particular it follows that

C^ω(Σ_{g,n}) = C(Σ_{g,n}) ∘ (id_H∗ ⊗ (ω^{−1})^∗)^{⊗g} . (6.117)

We have the following generalization of Theorem 6.12:

Theorem 6.28. For any ribbon automorphism ω, the morphism C^ω(Σ_{g,n}) is invariant under the action, described in Proposition 6.1, of the mapping class group Map_{g,n} on Hom(K^{⊗g} , F^{⊗n}_ω ).

Proof. Using the expression (6.116) for F^{H,ω;g}_{1,1} it is straightforward to establish the invariance under the action of Map_{g,n} by using the results from the untwisted case:

(i) That C^ω(Σ_{g,n}) is invariant under the actions of ω_i and R_i follows, just like in the untwisted case, directly from the fact that F_ω is symmetric with trivial twist.

(ii) Next consider any endomorphism Z_∘ ∈ End(K^{⊗g}) appearing in the morphisms Z_{ak} , Z_{bk} , Z_{dk} , Z_{ek} and Z_{Sk} defined in (6.15). We can use that ω is a ribbon automorphism that preserves the cointegral to show that Z_∘ commutes with (id^∗_H ⊗ (ω^{−1})^∗)^{⊗g}. Consider e.g. the endomorphism S_K . We have the following chain of equalities

H^∗

Q^{−1}

H^∗ λ H^∗

Q λ

H^∗

ω^{−1}

=

H^∗

Q^{−1}

H^∗ λ H^∗

Q λ

H^∗

ω^{−1}

ω =

H^∗

Q^{−1}

H^∗ λ H^∗

Q λ

H^∗

ω^{−1}

(6.118)

Here the first equality follows by pushing ω through the product and using ω ∘ S^{−1} = S^{−1} ∘ ω. The second equality is a consequence of λ ∘ ω = λ (see Lemma 6.27) and (ω ⊗ ω) ∘ Q = Q. From (6.118) it follows that

(id^∗_H ⊗ (ω^{−1})^∗) ∘ S_K = S_K ∘ (id^∗_H ⊗ (ω^{−1})^∗) . (6.119)

It is shown in a completely analogous manner that any of the endomorphisms of K^{⊗g}, appearing in (6.15), commutes with (id^∗_H ⊗ (ω^{−1})^∗)^{⊗g} . Invariance of C^ω(Σ_{g,n}) under the action of the generators a_k, b_k, d_k, e_k and S_k then follows from (6.117) and invariance in the untwisted case.

(iii) Finally, invariance of C^ω(Σ_{g,n}) under the action of t_{j,k} is a bit more lengthy but works in manner similar to the other generators. Due to (6.116), there is a version of Lemma 6.15 with F replaced by F_ω. In addition Lemma A.8 implies that there are ω-twisted versions of Lemma 6.18 and Lemma 6.20 in which F has been replaced by F_ω. The ω-twisted versions of Lemma 6.15, 6.18 and 6.20 imply that there is a version of Lemma 6.21 in which F has been replaced by F_ω. Next we observe that in the case ω = id_H , invariance of C_H (Σ_{g,n}) under the action of t_{j,k} follows by using that F is Frobenius and Lemma 6.21. Thus, using the ω-twisted version of Lemma 6.21, invariance of C^ω(Σ_{g,n}) under the action of t_{j,k} follows in precisely the same manner as for ω = id_H . □

Conclusion and outlook

In this thesis we have discussed on one hand results for rational CFT, and on the other hand results that are motivated by the quest for a model independent description of logarithmic CFT. The extension of the proof that the correlators of the TFT-construction satisfy all consistency conditions of the theory and the derivation of the classifying algebra for defects give additional insight into the already quite well understood structure of rational conformal field theory. The classifying algebras show that boundary conditions and defect conditions can be largely understood without the need to resort to the full TFT-construction. Furthermore, as briefly described, the classifying algebra for boundary conditions can be obtained from a coend, without explicitly referring to semisimplicity. Thus, one might expect that the existence of classifying algebras is not a feature unique for rational CFT, but that similar structures exist also beyond the rational case.

The construction of the bulk Frobenius algebra F and the mapping class group invariant morphisms C_H (Σ_{g,n}) in H-Bimod aims at gaining insight into the so far much less developed class of logarithmic conformal field theories. A natural goal is to generalize the construction to an arbitrary factorizable finite ribbon category C. For a general category C in this class, the coend F is naturally equipped with an algebra structure. In the case C = H-mod, the coalgebra structure of the coend F, i.e. the bulk Frobenius algebra, uses the integral of H. What we are missing so far is the corresponding property of the category H-Bimod that is related to the integral and equips the coend with a coalgebra structure.

A different direction of generalization of the coend F is to, inspired by the structure of the bulk state space of a rational conformal field theory, consider the object C_l((A ⊠ 1) ⊗ F) ∈ C ⊠ C^{rev}, for A a special symmetric Frobenius algebra in C. Checking whether this object still gives rise to a symmetric commutative Frobenius algebra and mapping class group invariants would be interesting already in the particular case C = H-mod.

Appendix

In this appendix we collect some formulas, results and calculations, that are relevant for the main text.

A.1 Ribbon categories

A.1.1 Compatibility conditions for ribbon categories

Here we give the full list of compatibility conditions for the structures of a (strict) ribbon category. The axioms for right the duality and the compatibility between the right duality and the twist looks graphically as follows:

U^∨

U^∨

=

U^∨

U^∨ U

U

=

U

U

axioms for (right-) duality

U U^∨ = U U^∨

duality and twist:

θ_U ∨ = (θ_U )^∨

(A.1)

The braiding and twist is functorial:

U f

X

c_{Y,X}

V g

Y

=

U g X

c_{U,V}

V f

Y

functoriality of braiding

U f

V

=

U f V

functoriality of twist

(A.2)

The braid relations and compatibility between braiding and twist looks as follows (note that this is only one of the braid relations, c.f. (2.10)):

c_{U ⊗V,W}

U

W

V

U

W

V

=^{cU,Y}

U

W

V

U

W

V

c_{V,W}

tensoriality of braiding θ_{U ⊗V}

U

U

V

V

= θ_V

U

U

V

V

θ_U

braiding and twist

(A.3)

A.1.2 More on dualities

The (co)-evaluation morphisms of the left duality in a strictly sovereign ribbon category can be obtained from the right duality, via the braiding and twist, as in the following picture. For completeness we also display the expression for the left duality applied to a morphism f ∈ Hom(U, V ).

∨U U

=

∨U U

U^∨U = U^∨U_∨ V

∨U

∨f = ∨U

f

∨V

(A.4)

Uniqueness of duality If a duality exists it is unique up to natural isomorphism. Assume we have two dualities, ?^∨ and ? √ , with evaluation and coevaluation morphisms d_U , b_U and d^′_U , b^′_U , respectively. Then the two dualities are naturally isomorphic via the isomorphism

Φ^{U√} := (d_U ⊗ id_U^√ ) ∘ (id_U ∨ ⊗ b^′_U ) ∈ Hom(U^∨, U √ ) . (A.5)

It is straightforward to check that for any f ∈ Hom(U, V ) we have:

Φ^{U√} ∘ f^∨ = f √ ∘ Φ^{V√} . (A.6)

A.1.3 The antipode of L

Here we provide the calculation, showing that the definition of S_L in (2.108) indeed defines an antipode.

U^∨ U

= = U^{∨∨} U^∨ =

U^∨

U U^∨ =

(U^∨⊗X )^∨ U^∨ ⊗X

∗=

U^∨

(U^∨⊗U )^∨ U^{∨∨}

U

U^∨⊗U =

U^∨

U^{∨∨}

U

= ≡

(A.7)

To enlighten notation we have omitted many labels in this equations. The equality marked by ∗ implements the dinaturalness of the dinatural family applied to the morphism id_U ∨_{⊗ U} ∘ c_{U,U} ∨ ∘ b_U . The rest of the equalities are either straightforward implementations of the definitions in (2.108) or just deformations. The equality m_L ∘ (S_L ⊗ id_L) ∘ Δ_L = η_L ∘ ε_L follows in an analogous manner.

A.2 Algebra structure on morphism spaces

Given an algebra A, in a k-linear monoidal category, the space V_A := Hom(1, A) can be equipped with the structure of an associative unital algebra over k. We define the product of two elements f, g ∈ Hom(1, A) by f · g = m ∘ (f ⊗ g) . (A.8) It follows immediately from associativity and unitality of A that this is an associative product on V_A, and that it is unital with unit map

η_{VA} = η_A . (A.9)

A.3 Some formulas used in the derivation of D_{A|B}

Below we display, the three manifolds that are obtained when cutting the connecting manifold M_Σ in (5.24) along the annuli over the two cutting circles. The two three-balls with corners looks as follows, [3, eq. (5.2)]:

M^A_{ı3 ȷ3,ı4ȷ4} = ϕ_{α3 ϕα4} A ı_3 ı_4

ȷ_3 ȷ_4

Y^1_{S;A}

M^B_{ı1ȷ1,ı2 ȷ2} =_{ϕα1 ϕα2} B ı_1 ı_2

ȷ_1 ȷ_2

Y^1_{S;B}

(A.10) and the full torus with corners looks as follows [3, eq. (5.3)]:

M^{AB}_X =_A

B X Y^2_{S;B}

Y^2_{S;A}

(A.11)

A.4 Identities used in the proof of Theorem 6.12

In this appendix we collect a number of identities that are used in the proofs in section 6.3.3. As a consequence of the invertibility of the Frobenius map we have

Lemma A.1. We have the following equality

H^∗H^∗ Λ λ H^∗

=

H^∗H^∗ Λ λ H^∗

=

H^∗H^∗ Λ λ H^∗

=

H^∗H^∗ Λ λ

H^∗

= H^∗H^∗

H^∗

(A.12)

Proof. The second equality from the property (2.68) of the cointegral, the third from S ∘ Λ = Λ and associativity, and the last from the invertibility of the Frobenius map, see (2.58). □

We continue with a number of results involving coproducts and monodromy matrices:

Lemma A.2. Conjugating by the monodromy matrix preserves the coproduct:

H Q Q^{−1}

H H

= Δ_H =

H Q^{−1} Q

H H

(A.13)

Proof. The first equality follows by using twice the fact that the R-matrix intertwines the coproduct and the opposite coproduct of H. The second follows from the first by multiplying with Q^{−1} and Q. □

Remark A.3. The equality (A.13) also follows directly by writing down the equality m_F = m_F ∘ c_{F,F} ∘ c_{F,F} of morphisms in Hom_{H|H} (F ⊗ F, F ) (which holds since F is commutative), where c_{F,F} is the braiding of H-Bimod.

A consequence of Lemma A.2 is the following results, which are used in the proof of mapping class group invariance.

Lemma A.4. We have the following identities involving the coproduct and monodromy matrices: (i) H H

H

H H

Q Q^{−1}

=

H H

H

H H

Q Q^{−1}

=

H H

H

H H

=

H H

H

H H

(A.14)

(ii)

H^∗ H

H

Q

H

Q^{−1}

H

=_Q−1

H^∗ H

H H H

Q =_{Q−1}

H^∗ H

H H H

Q =

H^∗ H

H H H

(A.15)

Proof. (i) The first equality follows by pushing the inverse antipodes through the coproduct, followed by a deformation compatible with the braid relations. The second equality follows from coassociativity combined with Lemma A.2. The third equality follows from coassociativity and the anti-coalgebra morphism property of S^{−1}.

(ii) The first equality is obtained by pushing S^{−1} through the upper coproduct and products. The second equality follows from coassociativity and (S ⊗ S) ∘ Q = τ_{H,H} ∘ Q. The third equality is obtained by applying (A.13), followed by coassociativity and that S^{−1} is an anti-algebra morphism, i.e. by undoing the corresponding rewritings in the previous equalities. □

Next we observe

Lemma A.5. For any commutative Frobenius algebra C in a ribbon category C we have

C C C

C

=

C C C

C

=

C C C

C C

(A.16)

Proof. The first equality follows by using that C is Frobenius and inserting Id∨_C = Φ_l ∘ Φ^{−1}_l , with Φ_l the isomorphism defined in (2.34). The second equality is obtained by first using associativity, commutativity twice and then again associativity followed by the Frobenius property (2.31). □

A consequence of Lemma A.5 is

Lemma A.6. We have the following identities involving the coproduct and monodromy matrices: (i)

H

H H H

Q^{−1} Q =

H H H

H

(A.17)

(ii)_{H H}

H

H H

Q^{−1} Q

=

H H

H

H H

(A.18)

Proof. (i) Writing out the right-most expression in (A.16) for C = F , which is a commutative Frobenius algebra in H-Bimod, as a linear map and composing with dualities we obtain the right hand side of (A.17). The left hand side of (A.17) is obtained from the left-most expression in (A.16) by applying Lemma A.7 (iii) (note that (A.17) involves a monodromy between F and^∨F ) and composing with dualities.

(ii) Starting from the left hand side of (A.18), pushing the upper inverse antipode to the top and then using the bialgebra axiom several times to push the two lower products, we obtain the left hand side of

H Q^{−1} Q

H H H H

=

H Q^{−1} Q

H H H H

=

H Q^{−1} Q

H H H H

(A.19)

Here the first equality follows from associativity and coassociativity applied to the coproducts taken after the Q-matrices. The second equality follows from the defining property of the antipode and coassociativity. That the right hand side of (A.19) equals the right hand side of (A.18) follows by applying first the connecting axiom to the coproducts taken after the monodromy matrices and then (A.17). □

In addition, we have the following identities for linear maps in H-Bimod:

Lemma A.7. We have the following identities: (i)

H

Λ ρ

⋄ H H

=

H Λ ρ

⋄ H H

(A.20)

(ii) Denoting the left and right H-actions on K^{⊗p} by ρ_{K⊗p} and ρ

K^{⊗p} , respectively,

we have

ρF

ρ

:=

H K K ρ^K_F ρ^K_F

H F

F ρ

H K⊗p

ρ^H_{K⊗p}

=

H H^∗H^∗ H^∗H^∗ H H^∗

H^∗

Λ

Λ ρ

⋄

ρ

⋄

(A.21)

where ρ^H_{K⊗p} ( ρ

H K^{⊗p} ) is the left (right) action of H on K ⊗p. (iii)

H^∨F H

∨

ρ

H ∨ρ^H

H

=

H^∨F H

H

(A.22)

where here_∨ ρ

H and_∨ρ^H are the left dual actions of H on^∨F .

Proof.

(i) The equality follows by inserting the definition of the right adjoint action, applying (6.46) and the algebra anti-automorphism property of S^{−1}.

(ii) Starting from the left hand side of (A.21), inserting the expression (6.75) for F^{H,1}_{1,1} , and the definitions of ρ^H_{K⊗p} and ρ

H K^{⊗p} , we obtain, after applying (A.20): ρF

ρ

=

H H^∗H^∗ · · · · · · H^∗H^∗ H^∗H^∗ H H^∗

H^∗

Λ

Λ

Λ ρ

⋄

ρ

⋄

ρ

⋄

ρ

⋄

ρ

⋄

ρ

⋄

ρ

⋄

ρ

⋄

ρ

⋄

(A.23) Next, invoking the representation property of ρ

⋄ and the anti-(co)algebra morphism property of the antipode several times we obtain ρF

ρ

=

H H^∗H^∗ · · · H^∗H^∗ H^∗H^∗ H H^∗

H^∗

Λ

Λ

Λ

(A.24)

That this expression is equal to the right hand side of (A.21) is seen by using the fact that any concatenation of p − 1 of H is a bimodule morphism from H to H^{⊗p}.

(iii) The equality (A.22) follows directly from duality, by inserting the left and right action (2.54) of H on F , and the definition (2.78) of the left dual actions. □

We also have the following generalization of Lemma A.7 (ii):

Lemma A.8. Denoting, as in picture (A.21), by ρ^H_{K⊗p} and ρ

H K^{⊗p} the left and right

H-actions on K^{⊗p}, we have

H K K H F_ω

F_ω

ρ^H_{K⊗p} ρ

H K⊗p

=

H H^∗ H^∗ H^∗ H^∗ H H^∗

H^∗

Λ

Λ ρ

⋄

ρ

⋄

ω

(ω^{−1})^∗

(ω^{−1})^∗

(A.25)

Proof. This follows by the same line of arguments as in Lemma A.7 (ii), combined with the identity ρ

⋄ ∘ (ω^{−1} ⊗ id_H ) = ω^{−1} ∘ ρ

⋄ ∘ (id_H ⊗ ω). □

Bibliography

[1] J. Fjelstad, J. Fuchs, C. Stigner, RCFT with defects: Factorization and fundamental world sheets, Nucl. Phys. B 863 (2012) 213 [1202.3929] [2] J. Fuchs, C. Schweigert, and C. Stigner, The three-dimensional origin of the classifying algebra, Nucl. Phys. B 824 (2010) 333 [0907.0685] [3] J. Fuchs, C. Schweigert, and C. Stigner, The classifying algebra for defects, Nucl. Phys.

B 843 (2011) 673 [1007.0401] [4] J. Fuchs, C. Schweigert, and C. Stigner, Modular invariant Frobenius algebras from ribbon Hopf algebra automorphisms, J. Algebra 363 (2012) 29 [math.QA/1106.0210] [5] J. Fuchs, C. Schweigert, and C. Stigner, The Cardy-Cartan modular invariant, in:

Strings, Gauge Fields, and the Geometry Behind. The legacy of Maximilian Kreuzer, A. Rebhan, L. Katzarkov, J. Knapp, R. Rashkov, and E. Scheidegger, eds. (World Scientific, Singapore 2012), p. 289 [1201.4267] [6] J. Fuchs, C. Schweigert, and C. Stigner, Higher genus mapping class group invariants from factorizable Hopf algebras, preprint 1207.6863 [math.QA] , [7] J. Fuchs and C. Stigner, On Frobenius algebras in rigid monoidal categories, Arabian Journal for Science and Engineering 33-2C (2008) 175 [0901.4886] [8] C. Stigner, Factorization constraints and boundary conditions in rational CFT, Banach Center Publ. 93 (2011) 211 [1006.5923]

————————————————————————————————————- ————————————————————————————————————-

[9] I. Affleck, Conformal field theory approach to the Kondo effect, Acta Phys. Pol. B 26 (1995) 1869 [cond-mat/9512099] [10] I. Affleck and A.W.W. Ludwig, Universal noninteger “ground-state degeneracy" in critical quantum systems, Phys. Rev. Lett. 67 (1991) 161 [11] I. Affleck, M. Oshikawa, and H. Saleur, Boundary critical phenomena in the three-state Potts model, J. Phys. A 31 (1998) 5827 [cond-mat/9804117] [12] B. Bakalov and A.A. Kirillov, Lectures on Tensor Categories and Modular Functors (American Mathematical Society, Providence 2001) [13] A. Beauville, Conformal blocks, fusion rules and the Verlinde formula, Proceedings of the Hirzebruch 65 Conference on Algebraic Geometry, Israel Math. Conf. Proc. 9 (1996) 75 [alg-geom/9405001v1] [14] D. Ben-Zvi and E. Frenkel, Vertex algebras and algebraic curves (AMS, Providence 2004)

[15] Yu.N. Bespalov, T. Kerler, V. Lyubashenko, and V. Turaev, Integrals for braided Hopf algebras, J. Pure Appl. Alg. 148 (2000) 113 [q-alg/9709020] [16] I. Brunner, M.R. Douglas, A. Lawrence, and C. Römelsberger, D-branes on the quintic, J. High Energy Phys. 0008 (2000) 015 [hep-th/9906200] [17] A. Cappelli, C. Itzykson, and J.-B. Zuber, The A-D-E classification of minimal and A^{(1)}_1 conformal invariant theories, Commun. Math. Phys. 113 (1987) 1 [18] J.L. Cardy, Conformal invariance and percolation, preprint math-ph/0103018 [19] J.L. Cardy, Conformal field theory and statistical mechanics, Lecture notes Les Houches summer schoolon Exact Methods in Low-Dimensional Statistical Physics and Quantum Computing (July 2008)[0807.3472] [20] M. Cohen and S. Westreich, Some interrelations between Hopf algebras and their duals, J. Algebra 283 (2005) 42 [21] M. Cohen and S. Westreich, Fourier transforms for Hopf algebras, Contemp. Math. 433 (2007) 115 [22] M. Cohen and S. Westreich, Characters and a Verlinde-type formula for symmetric Hopf algebras, J. Algebra 320 (2008) 4300 [23] A.A. Davydov, Centre of an algebra, Adv. in Math. 225 (2010) 319 [math.

CT/0908.1250]

[24] P. Deligne, Catégories tannakiennes, in: The Grothendieck Festschrift, vol. II, P. Cartier et al., eds. (Birkhäuser, Boston 1990), p. 111 [25] P. di Francesco, P. Mathieu, and D. Senechal, Conformal Field Theory (Springer Verlag, New York 1996) [26] P.I. Etingof, S. Gelaki, D. Nikshych, and V. Ostrik Tensor cateogires, published electronically at http:www-math.mit.edu/ etingof/tenscat1.pdf [27] P.I. Etingof and V. Ostrik, Finite tensor categories, Moscow Math. J. 4 (2004) 627

[math.QA/0301027]

[28] B. Farb and D. Margalit, A Primer on Mapping Class Groups (Princeton University Press, Princeton 2011) [29] B.L. Feigin, A.M. Gainutdinov, A.M. Semikhatov, and I.Yu. Tipunin, Modular group representations and fusion in logarithmic conformal field theories and in the quantum group center, Commun. Math. Phys. 265 (2006) 47 [hep-th/0504093] [30] B.L. Feigin, A.M. Gainutdinov, A.M. Semikhatov, and I.Yu. Tipunin, Kazhdan- Lusztig correspondence for the representation category of the triplet W -algebra in logarithmic CFT, Theor. Math. Phys. 148 (2006) 1210 [math.QA/0512621] [31] B.L. Feigin, A.M. Gainutdinov, A.M. Semikhatov, and I.Yu. Tipunin, Logarithmic extensions of minimal models: characters and modular transformations, Nucl. Phys. B 757 (2006) 303 [hep-th/0606196] [32] G. Felder, J. Fröhlich, J. Fuchs, and C. Schweigert, Correlation functions and boundary conditions in RCFT and three-dimensional topology, Compos. Math. 131 (2002) 189

[hep-th/9912239]

[33] J. Fjelstad, J. Fuchs, I. Runkel, and C. Schweigert, TFT construction of RCFT correlators V: Proof of modular invariance and factorisation, Theory and Appl. Cat. 16 (2006) 342 [hep-th/0503194]

[34] J. Fjelstad, J. Fuchs, I. Runkel, and C. Schweigert, Uniqueness of open/closed rational CFT with given algebra of open states, Adv. Theor. Math. Phys. 12 (2008) 1281

[hep-th/0612306]

[35] I.L. Franco, Autonomous pseudomonoids, Ph.D. thesis (Cambridge, UK, 2008) [36] D.H. Friedan and S.H. Shenker, The analytic geometry of two-dimensional conformal field theory, Nucl. Phys. B 281 (1987) 509 [37] J. Fröhlich, J. Fuchs, I. Runkel, and C. Schweigert, Kramers-Wannier duality from conformal defects, Phys. Rev. Lett. 93 (2004) 070601 [cond-mat/0404051] [38] J. Fröhlich, J. Fuchs, I. Runkel, and C. Schweigert, Picard groups in rational conformal field theory, Contemp. Math. 391 (2005) 85 [math.CT/0411507] [39] J. Fröhlich, J. Fuchs, I. Runkel, and C. Schweigert, Correspondences of ribbon categories, Adv. in Math. 199 (2006) 192 [math.CT/0309465] [40] J. Fröhlich, J. Fuchs, I. Runkel, and C. Schweigert, Duality and defects in rational conformal field theory, Nucl. Phys. B 763 (2007) 354 [hep-th/0607247] [41] J. Fröhlich and C. King, The Chern-Simons theory and knot polynomials, Commun.

Math. Phys. 126 (1989) 167 [42] J. Fuchs, On non-semisimple fusion rules and tensor categories, Contemp. Math. 442 (2007) 315 [hep-th/0602051] [43] J. Fuchs, I. Runkel, and C. Schweigert, TFT construction of RCFT correlators I: Partition functions, Nucl. Phys. B 646 (2002) 353 [hep-th/0204148] [44] J. Fuchs, I. Runkel, and C. Schweigert, TFT construction of RCFT correlators II: Unoriented world sheets, Nucl. Phys. B 678 (2004) 511 [hep-th/0306164] [45] J. Fuchs, I. Runkel, and C. Schweigert, TFT construction of RCFT correlators IV: Structure constants and correlation functions, Nucl. Phys. B 715 (2005) 539

[hep-th/0412290]

[46] J. Fuchs and C. Schweigert, Completeness of boundary conditions for the critical threestate Potts model, Phys. Lett. B 441 (1998) 141 [hep-th/9806121] [47] J. Fuchs and C. Schweigert, Hopf algebras and finite tensor categories in conformal field theory, Revista de la Unión Matemática Argentina 51 (2010) 41 [1004.3405] [48] M.R. Gaberdiel, An introduction to conformal field theory, Rep. Prog. in Phys. 63 (2000) 607 [hep-th/9910156] [49] M.R. Gaberdiel and H.G. Kausch, A local logarithmic conformal field theory, Nucl.

Phys. B 538 (1999) 631 [hep-th/9807091] [50] M.R. Gaberdiel and I. Runkel, The logarithmic triplet theory with boundary, J. Phys. A 39 (2006) 14745 [hep-th/0608184] [51] M.R. Gaberdiel, I. Runkel, and S. Wood, Fusion rules and boundary conditions in the c = 0 triplet model, J. Phys. A 42 (2009) 325403 [0905.0916] [52] S. Gelaki and S. Westreich, Hopf algebras of types Uq (sln)^′ and Oq (SLn)^′ which give rise to certain invariants of knots, links and 3-manifolds, Trans. Amer. Math. Soc. 352 (2000) 3821 [53] V. Gurarie, Logarithmic operators in conformal field theory, Nucl. Phys. B 410 (1993) 535

[hep-th/9303160]

[54] M. Henkel, Conformal Invariance and Critical Phenomena (Springer Verlag, Berlin 1999) [55] Y.-Z. Huang, Vertex operator algebras and the Verlinde conjecture, Commun. Contemp.

Math. 10 (2008) 103 [math.QA/0406291] [56] Y.-Z. Huang, Vertex operator algebras, the Verlinde conjecture and modular tensor categories, Proc. Natl. Acad. Sci. USA 102 (2005) 5352 [math.QA/0412261] [57] Y.-Z. Huang, Representations of vertex operator algebras and braided finite tensor categories, Contemp. Math. 497 (2009) 97 [math.CT/0903.4233] [58] J.C. Jantzen and J. Schwermer, Algebra (Springer Verlag, Berlin 2005) [59] V.G. Kac, Vertex Algebras for Beginners (American Mathematical Society, Providence 1996) [60] C. Kassel, Quantum Groups (Springer Verlag, New York 1995) [61] T. Kerler, Genealogy of nonperturbative quantum-invariants of 3-manifolds: The surgical family, in: Quantum Invariants and Low-Dimensional Topology, J.E. Andersen et al. (Dekker, New York 1997), p. 503 [q-alg/9601021] [62] T. Kerler and V.V. Lyubashenko, Non-Semisimple Topological Quantum Field Theories for 3-Manifolds with Corners (Springer Verlag, New York 2001) [63] A.A. Kirillov and V. Ostrik, On a q-analog of McKay correspondence and the ADE classification of ^sl(2) conformal field theories, Adv. in Math. 171 (2002) 183

[math.QA/0101219]

[64] J. Kondo and Y. Saito, Indecomposable decomposition of tensor products of modules over the restricted quantum universal enveloping algebra associated to sl2, J. Algebra 330 (2011) 103 [math.QA/0901.4221] [65] L. Kong and I. Runkel, Morita classes of algebras in modular tensor categories, Adv. in Math. 219 (2008) 1548 [math.CT/0708.1897] [66] L. Kong and I. Runkel, Cardy algebras and sewing constraints, I, Commun. Math.

Phys. 292 (2009) 871 [math.QA/0807.3356] [67] R.P. Langlands, P. Pouliot, and Y. Saint-Aubin, Conformal invariance in two-di-mensional percolation, Bull. Amer. Math. Soc. 30 (1994) 1 [math/9401222] [68] R.G. Larson and D.E. Radford, Finite-dimensional cosemisimple Hopf algebras in characteristic 0 are semisimple, J. Algebra 117 (1988) 267 [69] R.G. Larson and M.E. Sweedler, An associative orthogonal bilinear form for Hopf algebras, Amer. J. Math 91 (1969) 75 [70] J. Lepowsky and H. Li, Introduction to Vertex Operator Algebras and their Representations (Birkhäuser, Boston 2004) [71] D.C. Lewellen, Sewing constraints for conformal field theories on surfaces with boundaries, Nucl. Phys. B 372 (1992) 654 [72] M. Lorenz, Representations of finite-dimensional Hopf algebras, J. Algebra 188 (1997) 476 [73] V.V. Lyubashenko, Invariants of 3-manifolds and projective representations of mapping class groups via quantum groups at roots of unity, Commun. Math. Phys. 172 (1995) 467 [hep-th/9405167]

[74] V.V. Lyubashenko, Tangles and Hopf algebras in braided categories, J. Pure Appl. Alg.

98 (1995) 245 [75] V.V. Lyubashenko, Modular transformations for tensor categories, J. Pure Appl. Alg. 98 (1995) 279 [76] V.V. Lyubashenko, Ribbon abelian categories as modular categories, J. Knot Theory and its Ramif. 5 (1996) 311 [77] S. Mac Lane, Categories for the working mathematician, 2nd ed (Springer Verlag, New York 1998) [78] S. Majid, Braided groups, J. Pure Appl. Alg. 86 (1993) 187 [79] P. Mathieu and D. Ridout, From percolation to logarithmic conformal field theory, Phys.

Lett. B 657 (2007) 120 [0708.0802] [80] K. Nagatomo and A. Tsuchiya, The triplet vertex operator algebra W (p) and the restricted quantum group at root of unity, in: Exploring new structures and natural constructions in mathematical physics, K. Hasegawa, T. Hayashi, S. Hisono and Y. Yamada eds. (Advanced studies in pure mathematics 61, Math Soc of Japan 2010), p. 1 [math.QA/0902.4607] [81] S.-H. Ng and P. Schauenburg, Higher Frobenius-Schur indicators for pivotal categories, Contemp. Math. 441 (2007) 63 [math.QA/0503167] [82] M. Oshikawa and I. Affleck, Boundary conformal field theory approach to the critical two-dimensional Ising model with a defect line, Nucl. Phys. B 495 (1997) 533

[cond-mat/9612187]

[83] B. Pareigis, Non-additive ring and module theory III. Morita theorems, Publ. Math.

Debrecen 25 (1978) 177 [84] P.A. Pearce and J. Rasmussen, Solvable Critical Dense Polymers, J. Stat. Mech. (2007) P02015 [hep-th/0610273] [85] V.B. Petkova and J.-B. Zuber, Generalized twisted partition functions, Phys. Lett. B 504 (2001) 157 [hep-th/0011021] [86] V.B. Petkova and J.-B. Zuber, The many faces of Ocneanu cells, Nucl. Phys. B 603 (2001) 449 [hep-th/0101151] [87] J. Polchinski, String Theory (Cambridge University Press, Cambridge 1998) [88] D.E. Radford, On Kauffman’s knot invariants arising from finite-dimensional Hopf algebras, in: Advances in Hopf Algebras, J. Bergen and S. Montgomery, eds. (Marcel Dekker, NewYork 1994), p. 205 [89] N.Yu. Reshetikhin and V.G. Turaev, Ribbon graphs and their invariants derived from quantum groups, Commun. Math. Phys. 127 (1990) 1 [90] N.Yu. Reshetikhin and V.G. Turaev, Invariants of 3-manifolds via link polynomials and quantum groups, Invent. math. 103 (1991) 547 [91] I. Runkel, J. Fjelstad, J. Fuchs, and C. Schweigert, Topological and conformal field theory as Frobenius algebras, Contemp. Math. 431 (2007) 225 [math.CT/0512076] [92] I. Runkel, M.R. Gaberdiel, and S. Wood, Logarithmic bulk and boundary conformal field theory and the full centre construction, preprint 1201.6273 [hep-th] [93] R. Savit, Duality in field theory and statistical systems, Rev. Mod. Phys. 52 (1980) 453

[94] A.N. Schellekens, Introduction to conformal field theory, Fortschr. Phys. 44 (1996) 605 [95] G.P. Scott, Braid groups and the group of homeomorphisms of a surface, Proc. Cambridge Philos. Soc. 68 (1970) 605 [96] A.M. Semikhatov, and I.Yu. Tipunin, The Nichols algebra of screenings, preprint

1101.5810v3 [math.QA]

[97] H. Sonoda, Sewing conformal field theories, Nucl. Phys. B 311 (1988) 401 [98] H. Sonoda, Sewing conformal field theories 2, Nucl. Phys. B 311 (1988) 417 [99] V.G. Turaev, Quantum Invariants of Knots and 3-Manifolds (de Gruyter, New York 1994) [100] V.G. Turaev and A. Virelizier, On two approaches to 3-dimensional TQFTs, preprint

math.GT/1006.3501

[101] A. Virelizier, Kirby elements and quantum invariants, Proc. London Math. Soc. 93 (2006) 474 [math.GT/0312337] [102] B. Wajnryb, A simple presentation for the mapping class group of an orientable surface, Israel J. Math. 45 (1983) 157 [103] K. Walker, On Witten’s 3-manifold invariants, unpublished notes (1991), available at http://canyon23.net/math/ [104] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121 (1989) 351 [105] Y. Zhu, Modular invariance of characters of vertex operator algebras, J. Amer. Math. Soc.

9 (1996) 237