arXiv:1210.7204v2 [gr-qc] 25 Apr 2013

Choosing a vacuum state in a spherical spacetime with a conformal Killing vector

A.M.Venditti^1, C.C.Dyer^2

Department of Physics, University of Toronto, 50 St. George Street, Toronto, Ontario M5S 3H4, Canada^1 Department of Astronomy and Astrophysics, University of Toronto, 50 St. George Street, Toronto, Ontario M5S 3H4, Canada^2 Department of Physical and Environment Sciences, University of Toronto at Scarborough, 1265 Military Trail, Scarborough, Ontario M1C 1A4, Canada^2

E-mail: avenditt@physics.utoronto.ca^1 , dyer@astro.utoronto.ca^2

Abstract. We consider the problem of picking a physically motivated vacuum state on a spherically symmetric spacetime with an extra conformal Killing vector, as opposed to an extra Killing vector as in the Schwarzschild case. Considering a conformal symmetry instead of a symmetry allows us to consider spacetimes that are dynamical and not static (like Schwarzschild). The extra conformal symmetry allows us to calculate the response of particle detectors however. We look at the specific example of a self-similar LTB spacetime that represents a spherically symmetric but inhomogeneous cosmology. We remark that the above procedure might be applied to a spherically symmetric collapse solution that represents black hole formation so that one can calculate the detailed spectrum of Hawking radiation during a collapse.

PACS numbers: 04.62.+v, 04.70.Dy

Submitted to: Class. Quantum Grav.

1. Introduction

In order to calculate the response of particle detectors following a given trajectory in a dynamic spacetime, one often picks spacetimes that have a large amount of symmetry. Symmetries of the spacetime make PDE’s such as the Klein-Gordon equation separable, allowing one to give a complete set of solutions to the PDE in terms of solutions to several ODE’s. The correlation function can be obtained from the complete set of solutions and hence the response of an Unruh-Dewitt detector [1] can be calculated.

The response of detectors in anisotropic Bianchi spacetimes can be calculated due to the existence of three translational Killing vector fields [2]. In the eternal Schwarschild spacetime, existence of spherical symmetry and a global time translation Killing vector field allow these calculations to be done everywhere [2], [3].

In [4] black holes without the global time translation Killing vector field were considered. It was demonstrated that all black holes formed from collapsing matter radiate with the characteristic black body spectrum. However, the trade off for making an argument for black hole solutions formed from a general spherically symmetric matter is that the spectrum of radiation can only be calculated on future null infinity.

The problem with requiring more symmetry is that it often makes the physical system less realistic. For example, the global time translation Killing vector in the Schwarzschild spacetime specifies a black hole that was not formed at a finite time in the past. Hence, by assuming this symmetry one would not be able to obtain a physically realistic response of particle detectors away from future null infinity for black holes formed from collapsing matter. In the cosmological realm, homogeneity is assumed to be true only at the largest scales and it is likely that at smaller scales the geometry of the universe is more like that of a Swiss Cheese model [5]. The swiss cheese model contains inhomogeneous regions such as a Lemaitre-Tolman-Bondi (LTB) spacetime.

We give a physically well motivated prescription for choosing a vacuum state that can be applied to any conformally coupled quantum field in a general spherically symmetric spacetime with an extra conformal Killing vector field. The reason for considering this type of spacetime is that it is more physical than considering a spherically symmetric solution with a time-like Killing vector (Schwarzschild) which is completely non-dynamical. The late time response of comoving detectors is given for the self-similar LTB spacetime given in [5].

2. A self-similar LTB spacetime

This section is an overview of the results given in [5] that are needed for this paper (for a full discussion one should consult [5]).

A model for an inhomogeneous, spherically symmetric universe filled with pressure-less dust is given by the following LTB metric.

ds^2 = dt^2 − exp(2λ)dr^2 − r^2S^2dΩ^2 (1)

where λ = λ(t, r) and S = S(t, r). The stress energy tensor is

T_{ab} = ρu_au_b (2)

where ρ is the density and u_a is the 4-velocity of the dust.

To solve the Einstein equations a self-similarity is imposed by making λ = λ(t/r) and S = S(t/r). The self-similarity implies the existence of a vector field (ξ_a) satisfying the equation ξ_{a||b} + ξ_{b||a} = 2g_{ab} (3) where ||b denotes covariant differentiation. ξ_a is called a homothetic Killing vector field. Self-similarity and the Einstein field equations imply that S and λ satisfy the following equations

S^{′2} = 2E + 2/S (4) exp(λ) = (S − sS^′)/ √ 1 + 2E (5) where s = t/r and S^′ =^{dS}_{ds} . E is an integration constant representing the energy of the shell in the infinite past. The case E = 0 will be used. The solution to equation (4) in the E = 0 case is s + a = ± √ 2 3 S^{3/2} (6)

where a is an integration constant representing the degree of inhomogeneity in the metric.

In the t, r coordinates the line element appears to be singular at r = 0 [5]. Since the behaviour of the Klein-Gordon field will be needed near r = 0 a coordinate transformation will be made to the coordinate ω given by r = 2ω^3/2t^2_0, where t_0 is some arbitrary time scale. In the ω coordinate the line element is

ds^2 = dt^2 − ( t + γ̃ω^3 t_0 )_{4/3} [( t + 3γ̃ω^3 t + γ̃ω^3 )_2 dω^2 + ω^2dΩ^2 ] (7) where γ̃ = 6a/(27t^2_0).

It is generally true that for a spacetime with a conformal vector field (CKV) there exists a conformally transformed spacetime in which that C.K.V. becomes a Killing vector field. To prove this consider a spacetime metric g_{ab} with a conformal Killing vector field satisfying L_kg_{ab} = ϕ(x^c)g_{ab} (8) where L_k is the Lie derivative along the trajectory of the vector field k^a. Consider a parameter τ along the trajectory of the vector field k^a so that k^a can be represented by the derivative^d_{dτ} . The conformally transformed spacetime given by

ḡ_{ab} = exp ( − ∫ dτϕ(τ) ) g_{ab} (9)

is a solution of the equation L_kḡ_{ab} = 0 (10) confirming that k^a is a Killing vector field in the spacetime with metric ḡ_{ab}.

A coordinate can be chosen along the trajectories of the Killing vector field k^a (say τ) so that the metric is independent of this coordinate. In a spherically symmetric, 4 dimensional spacetime this guarantees that the Klein-Gordon equation is separable and hence one can solve for a complete set of solutions.

The spacetime described above has a conformal Killing vector field given by ξ^a ∂ ∂x^a = t ∂ ∂t + ω 3 ∂ ∂ω (11)

The coordinate y will be chosen so that^d_{dy} is the conformal Killing vector field. The relationship to the t and ω coordinates can be obtained by equating (11) and the relation d dy = ∂ω ∂y ∂ ∂ω + ∂t ∂y ∂ ∂t (12)

We obtain ω = A exp(y/3) t = B exp(y) (13) where A and B are integration constants that are independent of y. We choose A = t_0x and B = t_0, where x will be another new coordinate. The coordinate x is constant along curves generated by the self-similarity transformation.

The line element in the y, x coordinates is given by

ds^2 = t^2_0 exp(2y) [ dy^2 − b^2 a^{2/3} (dx + x 3 dy)^2 − x^2a^{4/3}dΩ^2 ] (14)

where a ≡ 1 + γx^3 and b ≡ 1 + 3γx^3 with γ = 6a/27. The exp(2y) factor is the only dependence of the metric on y. Therefore, d/dy is a conformal Killing vector in the above metric g_{ab} and a Killing vector in the metric ḡ_{ab} given by ḡ_{ab} = exp(−2y)g_{ab} (15) The conformal Killing vector d/dy becomes null (g(d/dy, d/dy) = 0) when the coefficient of the dy^2 term in (14) vanishes. The surface where the C.K.V. d/dy becomes null defines a conformal Killing horizon [6]. So there is a conformal Killing horizon at the solutions of the following equation 1 − b^2 a^{2/3} x^2 9 = 0 (16)

In order to count the number of positive roots in x of the above equation we first factor the left hand side using the difference of squares. ( 1 − b a^{1/3} x 3 ) ( 1 + b a^{1/3} x 3 ) = 0 (17)

The factor on the right is always positive for γ > 0 and therefore has no roots for x > 0. Making the substitution z = x^3 into the factor on the left and simplifying gives that the positive roots of (16) has the same positive roots as the following equation. 27γ^3z^4 + 27γ^2z^3 + 9γz^2 + (1 − 27γ)z − 27 = 0 (18) There is only one sign change in the coefficients of the polynomial on the left hand side of (18). Therefore there can be at most one positive root. Using z = x^3 we see that there is only one positive real root for x > 0 and hence only one conformal Killing horizon in the expanding, inhomogeneous universe (t > 0).

We now introduce the mathematical tools to study the evolution of a bundle of null geodesic curves in the above spacetime. The purpose is to find other types of horizons. The scalar expansion of a congruence of geodesic curves is defined to be θ = u^a_{||a} (19) where u^a is a tangent vector to the congruence of curves given by d/dλ where λ is an affine parameter along the curves and ||a is the covariant derivative with respect to the coordinate x^a [7]. This quantity defines how the cross-sectional area of a small bundle of curves changes. For example, a bundle of curves representing radially outgoing light rays in Minkowski spacetime would have positive expansion because the curves move away from each other as they move to increasing radius, while the expansion for radially ingoing light rays in Minkowski spacetime would be negative.

A trapped surface of a spherically symmetric spacetime is defined as the surface where the expansion is negative for both ingoing and outgoing sets of null geodesics [8]. The apparent horizon is the boundary of all the trapped surfaces, meaning that the expansion is zero for one set of radial null geodesics and negative for the other. For example, the event horizon of the Schwarzschild spacetime is an apparent horizon [8].

It can be shown that the conformal Killing horizon (CKH) is also an apparent horizon of the spacetime (7) by calculating the expansion of the congruence of the two independent, future-directed, radially moving, null geodesics. The ingoing and outgoing tangent vectors, denoted by k^a_− and k^a_+ respectfully, are calculated by solving the equations k^bk^a_{||b} = 0 (20) k^ak_a = 0 (21) For convenience we will work in the conformally transformed spacetime ḡ_{ab} given by (15). We can work in the conformally transformed spacetime because null geodesics remain null geodesics under conformal transformations. The tangent vectors in affine parametrization in the original spacetime can be obtained by a conformal transformation even though working in the barred spacetime (ḡ_{ab}) changes the geodesics from affine parametrization to non-affine parametrization. Taking the null geodesics to be defined by an affine parameter λ in ḡ_{ab} and working in the coordinates of (7) we obtain the following expression for (21) ( ẏ − b a^{1/3} (ẋ + x 3 ẏ) ) ( ẏ + b a^{1/3} (ẋ + x 3 ẏ) ) = 0 (22)

with k^a = (ẏ, ẋ, 0, 0) (23) where ẏ ≡ dy/dλ. Setting each of the factors to zero gives us an equation representing one of the two independent null geodesics. ẏ ± b a^{1/3} (ẋ + x 3 ẏ) = 0 (24)

The geodesic equations for the null vector (20) reduce to the following expression ẏ − b^2x 3a^{2/3}

(ẋ + x 3 ẏ) = C (25)

where C is an integration constant. Solving equations (24) and (25) we obtain an expression for k^a_± in the conformally transformed spacetime

k^a_± = C ( (1 + xb/3a^{1/3})^{−1}, ∓ a^{1/3} b , 0, 0 ) (26)

It can be verified that in the original spacetime the tangent vectors given by the derivative with respect to an affine parameter are given by k^a_± = Ce^{−2y} ( (1 + xb/3a^{1/3})^{−1}, ∓ a^{1/3} b , 0, 0 ) (27)

It must also be determined where in the spacetime that the null vectors k^a are future pointing: the reason is because if we find that the expansion associated with k^a is negative for example but it is past pointing then as time runs forward the expansion is actually positive. To accomplish this the k^a vectors are expressed in the (t, ω) coordinates of (7). This is done because both the vectors d/dy and d/dx coordinates are time-like in certain regions while d/dω is space-like everywhere and d/dt is time-like everywhere. The d/dt component of the null vectors are

k^0_± = Ct e^{2y} 1 ± xb/3a^{1/3} (28)

So while the component k^0_+ is always positive for x > 0, the component k^0_− becomes negative when 1 − xb/3a^{1/3} < 0. Hence the vector k^a_+ is always future pointing but k^a_− becomes past pointing when 1 − xb/3a^{1/3} = 0. Note that this is also the value of x where the CKH is found.

The expansion of each set of null geodesics is found to be given by the expressions

θ_± =

2e^{2y}(2x ∓ 3a^{1/3}) (3a^{1/3} + xb)xa^{2/3}

(29)

It can be verified that for γ > 8/27 and x > 0, θ_+ < 0 and θ_− > 0 everywhere. However k^a_− becomes past directed at the CKH so the true expansion associated with these null geodesic congruences becomes negative. Hence, the CKH is also an apparent horizon for γ > 8/27. This will be of importance later when we use the existence of the CKH to give a low frequency cut-off for the two point function.

3. Conformally coupled Klein-Gordon field

A conformally coupled Klein-Gordon (KG) field in 4 dimensional spacetime satisfies the equation 1 √ −g ∂_a (√ −gg^{ab}∂_bψ ) + 1 6 Rψ = 0 (30)

where R is the Ricci scalar given by R = − 4 3 27γ^2x^6 + 18γx^3 + 1 ab (31)

The conformally coupled KG field has the property that if ψ satisfies (30) in the metric g_{ab} then the field ψ̄ = ϕ^{−1}ψ will satisfy the KG equation in the conformally transformed metric ḡ_{ab} = ϕ^2g_{ab}. We can solve for the conformal fields in the metric ḡ_{ab} given by (15) because the KG equation is separable there and then obtain the fields in the metric g_{ab} by a conformal transformation.

In the metric where d/dy is a Killing vector, the following ansatz is used. ψ̄_{νlm} = exp(−iνy)f_{νl}(x)Y_{lm}(θ, φ) (32) The vacuum of the ansatz (32) is invariant under translations along the Killing vector d/dy (because the modes are multiplied by a phase under shifts in y). Substituting (32) in the KG equation the following differential equation for f_{νl} follows. ( x^2 9 − a^{2/3} b^2 ) abx^2 d^2f_{νl} dx^2 + ( 2iν 3 abx^3 + d dx (( x^2 9 − a^{2/3} b^2 ) abx^2 )) df_{νl} dx (33) + ( −ν^2abx^2 + iν 3 d dx (abx^3) + l(l + 1) b a^{1/3} − 2 9 x^2(27γ^2x^6 + 18γx^3 + 1) ) f_{νl} = 0

The singularities at x = 0 are regular; the powers of x appearing the equation 33 have a finite negative power. Therefore (33) can be solved perturbatively by expressing the coefficients as a series expanded around x = 0. The two independent solutions take the form

f_{νl} = x^l ∞∑ 0 a_nx^n (34)

f_{νl} = x^{−l−1} ∞∑ 0 b_nx^n (35)

where l > 0. The solution (34) is regular at x = 0 while (35) is singular there. The line element (14) at x = 0 reveals that the metric is regular there. The dΩ^2 term in (14) is multiplied by x^2, so it does not contribute at x = 0. The same behaviour occurs in flat spacetime in spherical coordinates at r = 0 even though it is a regular point, therefore we expect the spacetime to be completely well behaved at x = 0. Since the metric is well behaved at x = 0, it is expected that the modes will be also. Hence, only equation (34) will be used for the f_{νl} part of the modes.

Requiring a vacuum that is invariant along the Killing trajectory reduced the arbitrariness down to two complex constants (b_0 and a_0 in (34) and (35)). Imposing regularity at x = 0 implied b_0 = 0, reducing the choice of vacuum down to one complex constant (a_0). Finally, the canonical commutation relations of the KG field operator imply the modes must satisfy the following normalization. (ψ_ν′_l′_m′ , ψ_{νlm}) = ∫ dx^3 √ −gg^{0a} (ψ^∗_ν′_l′_m′ ∂_aψ_{νlm} − ψ_{νlm}∂_aψ^∗_ν′_l′_m′ ) (36) = iδ(ν − ν^′)δ_{ll}′ δ_{mm}′ where the integration is done over the x^1, x^2 and x^3 direction. The normalization (36) fixes one of the two remaining real constants leaving only a phase factor unfixed. The phase factor disappears when calculating correlation functions. Hence imposing the conditions of regularity at x = 0, invariance under y translations and the normalization (36) uniquely specifies the vacuum state.

To find the specific condition that the normalization condition (36) places on the field modes we note that if we choose a value for the a_0 term in the series (34) then we have uniquely specified the solution f_{ωl}. This follows from the fact that equation (33) is linear and that the Frobenius method will specify each of the coefficients in the series in terms of a_0. Hence we can write the coefficients as:

a_m = c_ma_0 (37)

where m is a non-negative integer and the c_m only depend on ν, l and γ (the parameters appearing in (33)). So we see from (37) that specifying a_0 will fix the rest of the a_n’s and hence fix the function f_{ωl}.

For convenience we introduce the following function: h_{ωl} = f_{ωl} a_0 = x^l ( 1 + ∞∑ n=1 c_nx^n ) (38) where we have used c_0 = 1 by definition. Using the ansatz (32) the normalization condition (36) reduces to the following condition on a_0.

|a_0|^2 = i ( 2πabx^2 [ 2iωx 3 |h_{ωl}|^2 + ( x^2 9 − a^{2/3} b^2 ) ( h^∗_{ωl}h^′_{ωl} − h_{ωl}h^{∗′}_{ωl} )])^{−1} (39)

The integration (36) is done over a constant x surface so the condition (39) is evaluated at some constant x = u.

From the expansion (37) we see that f_{ωl} = a_0h_{ωl} where h_{ωl} does not depend on a_0 and hence does not depend on the normalization surface we choose. Our results should not depend on the normalization surface chosen hence it follows that^{dfωl}_{du} =^{da0}_{du} = 0 where x = u is the normalization surface. Of course^{da0}_{du} = 0 follows from the fact that the inner product given in (36) is conserved. This is because the normalization factor is simply √ (h_{ωl}, h_{ωl}). However for the sake of exposition one can use equation 33 to show that the right hand side of (39) is indeed a constant, this derivation is given in the appendix.

The correlation function in the vacuum state defined above (the vacuum state which is regular at r = 0 and has a conformal symmetry along d/dy) can be calculated by using the usual sum over all modes formula. The general formula can be found in [2]. G(x, x^′) = ∑ l,m ∫_∞ 0 dω exp(−iω(y − y^′) − (y + y^′))f_{ωl}(x)f^∗_{ωl}(x^′)Y_{lm}(θ, φ)Y^∗_{lm}(θ^′, φ^′)(40) Only the correlation function evaluated along the points θ = θ^′ and φ = φ^′ will be of interest. The following formula can be used to simplify the sum over modes: m=l∑ m=−l Y_{lm}(θ, φ)Y^∗_{lm}(θ, φ) = (2l + 1)/4π (41)

giving G(x, x^′) = ∞∑ l=0 ∫_∞ 0 dω exp(−iω(y − y^′) − (y + y^′))f_{ωl}(x)f^∗_{ωl}(x^′) 2l + 1 4π (42)

Evaluating |a_0|^2 for at the lowest order in x, the following expression is obtained

|a_0|^2 = 3 4π(1 + gu^3)(1 + 3gu^3)u^3ω

(43)

where u is the constant x surface that the modes are normalized on. The Taylor expansion for f_{ωl} is given by f_{ωl} = a_0x^l(1 + O(x^2)) (44) It can be seen that the correlation function will be divergent at ω = 0 due to the normalization on the modes. To solve this an IR cutoff must be imposed. A value for the cutoff is given by the constant x surface that is the conformal Killing horizon. This surface is also an apparent horizon, so it would be natural to impose that no wave mode have a wavelength that is larger than the apparent horizon. The single solution to (16) is denoted by x = β. The function f_{ωl}(x) has approximately the wavelength

2π/ω. Therefore only modes with ω > 2π/β will be included in the sum to calculate the correlation function. G(x, x^′) = ∞∑ l=0 ∫_∞ 2π/β dω exp(−iω(y − y^′) − (y + y^′))f_{ωl}(x)f^∗_{ωl}(x^′) 2l + 1 4π (45)

Performing the integration and summation gives G(x, x^′) = N(u, γ) Ei ( 1,^{2π}_β (ϵ + i(y − y^′)) ) (_{xx′} u^2 )_{1/4} P (_1 2 ,^1_2 ,^{1+xx′/u2} 1−xx^′/u^2 ) ( 1 −^{xx′}_{u2} )_{3/2} exp(y + y^′)

(46)

where N(u, γ) is only dependent on the normalization surface x = u and the inhomogeneity parameter γ. Ei(1, x) is the exponential integral special function and P (a, b, x) is the associated Legendre polynomial of the first kind. They are given by the following. Ei(1, x) = ∫_∞ 1 dy exp(−yx)y^{−1} (47) P (1/2, 1/2, x) = (x + 1)^{b/2}_2F_1(−a, a + 1, 1 − b, 1/2 − 1/2x) (x − 1)^{b/2}Γ(1 − b)

(48)

The correlation function is being considered for small values of x so it will be expanded around x = 0 in a series. Keeping only the leading term the following is obtained G(x, x^′) = N(u, γ) Ei ( 1,^{2π}_β (ϵ + i(y − y^′)) ) π^{1/2} exp(y + y^′)

(49)

The above function is the correlation function for an observer following the trajectory x = 0. It is also the leading order approximation to the correlation function for an observer at small x.

One might expect that the modes that define the vacuum state should oscillate infinitely rapidly as the apparent horizon is approached. For example, the modes defining the Unruh vacuum state oscillate infinitely rapidly near the future horizon of the eternal Schwarzschild spacetime. This is not the case for the other two standard vacuums on the Schwarzschild spacetime. However the Unruh vacuum is thought to be the physically correct vacuum for an object collapsing to form a black hole. In other words, it is the correct vacuum for a star that collapses to form a future horizon.

Solving (33) numerically for regular initial conditions at x = 0, it is found that the modes f_{ωl}(x) seem to oscillate infinitely rapidly at the conformal Killing horizon. Hence the modes (32) that specify the vacuum state have the physically desired property that they oscillate infinitely rapidly at the conformal Killing horizon.

4. Response of Particle Detectors

The response rate of an Unruh-Dewitt detector will be calculated for observers comoving with the dust of the above LTB metric. The expression for the response rate is given by

Ḟ_τ (ω) = ℜ (∫_{τ −τ0} 0 ds exp(−iωs)G(x(τ), x(τ − s)) ) (50) s is the amount of proper time passed since the initial time τ_0 at which the detector is in its ground state. G(x, x^′) is the correlation function and τ is the time at which the response rate of the detector is evaluated.

The r and t coordinates of the metric (1) will be used to parametrize a co-moving observer. r is constant for a radially infalling dust particle and t is the proper time of this dust particle. The coordinate transformation (x, y) → (t, r) is given by (x, y) = (( 9r 2t )_{1/3} , ln(t) ) (51)

The trajectory of a comoving dust particle can therefore be parametrized by the y coordinate. Making the substitution t = exp(y) the integral becomes

Ḟ_y (ω) = ℜ ( 1 exp(y) ∫_y y_0

dy^′ exp ( −iω ( e^y − e^{y′} )) Ei(1, 2π β (ϵ + i(y − y^′))) ) (52)

where y = ln(τ) is the time at which the detector response is evaluated and y_0 = ln(τ_0) is the time at which the detector is taken to be in its ground state. The correlation function for the observer at x = 0 given by (49) was used.

It can be demonstrated that the response rate given by equation (52) goes to zero as y → 0 for a fixed initial time y_0. This is true simply due to the fact that the exp(−y) factor dominates over integral part of the equation. A detailed proof of this result is given in the appendix.

We have therefore demonstrated that the response of a comoving particle detector near x = 0 has a null response at late times in the vacuum we have described previously. The null response at late times confirms that the vacuum state we have chosen is physically reasonable because the spacetime (7) approaches Minkowski spacetime at late times. The spacetime approaches Minkowski at late times in the sense that the Ricci scalar R or the Kretschmann scalar R_{abcd}R^{abcd} approaches zero at late times, hence the curvature goes to zero at late times. Therefore any geodesic particle detector should register zero particles.

A similar argument can demonstrate that any comoving detector (constant r, θ, ϕ trajectory) will not click. This can be seen by using the relation x = (9r/2t)^{1/3}. As t → ∞, x → 0. The integral (50) can be divided into two parts, one for late times or 0 < x < x_0, and one for early times x > x_0 > 0. The late time part of the response rate is given by (52) and hence becomes zero at late times as before. The early time part of the response rate will also be exponentially damped by the exp(−y) factor and hence tend to zero as y → 0. Therefore, the response rate for a comoving (constant r) particle detector will also tend to zero at late times.

5. Discussion

The selection of a vacuum state is a non-trivial process for a general background metric. In the eternal Schwarzschild spacetime, there are three common choices for the vacuum state. The Hawking-Hartle vacuum [9] is a state that is regular on the past and future horizons. The Boulware [10] vacuum is symmetric with respect to the time translation Killing vector field ∂/∂t. Finally the Unruh vacuum state [1] is symmetric with respect to the Killing vector on the past horizon and symmetric with respect to the Killing vector on past null infinity.

We have given a physically motivated prescription for choosing a vacuum state of a conformally coupled quantum field on the spacetime given in [5]. The response of a particle detector was given in this state so that the response along any trajectory could be given by integrating numerically. The late time response of comoving particle detectors was found to be zero in this vacuum.

The above prescription for the vacuum state can be used for any conformally coupled field on a spherically symmetric background with an extra conformal Killing vector field. In particular, there are solutions to the Einstein Field Equations representing spherically symmetric matter collapsing to form a black hole [11]. The solution in [11] also has a conformal Killing vector field. One could therefore study the detailed spectrum of Hawking radiation from this black hole.

A solution of Einstein’s equations representing matter collapsing to some central point (r = 0) should be regular along the line of points specified by r = 0 before some specified time when the singularity forms. The metric is regular at these points; hence we expect the vacuum state to also be regular there which gives us one of the conditions we have used to specify the above vacuum state. Further, we expect a conformally coupled field to have the same conformal symmetry as the background spacetime, which gives us the second condition on our vacuum state. These two conditions uniquely specify the vacuum state and for the above reasons we believe that it is the physically correct vacuum for spherically symmetric collapse solutions with a conformal Killing vector.

We note that the condition of regularity at r = 0 cannot be used on the eternal Schwarzschild spacetime because there is always a singularity in the metric at r = 0 and therefore there is no reason to expect that other scalars (such as a Klein-Gordon field) would not also blow up there. By ‘eternal Schwarzschild spacetime’ we mean the spherically symmetric spacetime that everywhere has a time translational Killing vector. This spacetime cannot represent matter collapsing to form a black hole. The conditions we have used to define a vacuum are more physically realistic in the sense that they apply to a spacetime representing a black hole that was formed at some finite time in the past.

Appendix A. Proof of null response of (52)

Here we demonstrate that the response rate given by (52) tends to zero as y → 0. For convenience we make the following definition for the integrand of (52).

H(y, y^′) = exp ( −iω ( e^y − e^{y′} )) Ei(1, 2π β (ϵ + i(y − y^′))) (A.1)

So the response rate (52) becomes exp(−y)ℜ (∫_y y_0 dy^′H(y, y^′) ) (A.2)

The following set of inequalities hold: 0 ≤ ℜ (∫_y y_0 dy^′H(y, y^′) ) ≤ | | | | ∫_y y_0 dy^′H(y, y^′) | | | | ≤ ∫_y y_0 dy^′ |H(y, y^′)| (A.3) where we have assumed that the response rate is non-negative. The definition of the exponential integral function Ei(1, z) for complex z with ℜ(z) > 0 is given by: Ei(1, z) = ∫_∞ 1 exp(−az) a da (A.4)

Using this defintion we further have the following set of (in)equalities holding: ∫_y y_0 dy^′ |H(y, y^′)| ≤ ∫_y y_0 dy^′ ∫_∞ 1 da | | | | | exp ( −a (_{2π} β (ϵ + i(y − y^′)) )) a | | | | | (A.5)

= ∫_y y_0 dy^′ ∫_∞ 1 da exp ( −^{2πϵa}_β ) a = (y − y_0)Ei(1, 2πϵ/β) Combining all these results we have that the response rate obeys the following inequality 0 ≤ exp(−y)ℜ (∫_y y_0 dy^′H(y, y^′) ) ≤ exp(−y)(y − y_0)Ei(1, 2πϵ/β) (A.6) which clearly demonstrates that the response rate goes to zero at late times (y → ∞).

Appendix B. Proof that the right hand side of 39 is a constant

Consider any function h(x) which is a solution to (33). For convenience we define the following function: α(x) ≡ ( x^2 9 − a^{2/3} b^2 ) (B.1)

In terms of α(x) equation (33) is given by αabx^2 d^2h dx^2 + ( 2iν 3 abx^3 + d dx ( αabx^2 ) ) dh dx (B.2) + ( −ν^2abx^2 + iν 3 d dx (abx^3) + l(l + 1) b a^{1/3} − 2 9 x^2(27γ^2x^6 + 18γx^3 + 1) ) h = 0

Multiplying (B.2) by h^∗ (the complex conjugate of h) and then subtracting the complex conjugate of the resulting equation we end up with αabx^2 ( d^2h dx^2 h^∗ − h d^2h^∗ dx^2 ) + d dx (αabx^2) ( dh dx h^∗ − h dh^∗ dx ) (B.3) + 2iν 3 abx^3 ( dh dx h^∗ + h dh^∗ dx ) + 2iν 3 d dx (abx^3)|h|^2 = 0

The two terms of the first line of B.3 are a total derivative and the two terms on the second line of B.3 are also a total derivative. d dx ( αabx^2 ( dh dx h^∗ − h dh^∗ dx )) + 2iν 3 d dx ( abx^3|h|^2 ) = 0 (B.4)

After factoring we finally end up with: d dx ( abx^2 ( 2iνx 3 |h|^2 + α ( h^∗ dh dx − h dh^∗ dx ))) = 0 (B.5)

which means abx^2 ( 2iνx 3 |h|^2 + α ( h^∗ dh dx − h dh^∗ dx )) (B.6)

is a constant. This is the right hand side of equation (39).

[1] W. G. Unruh. Notes on black-hole evaporation. Physical Review D, 14(4), 1976. [2] N.D. Birrell and P.C.W. Davies. Quantum fields in curved space. Cambridge University Press, 1982.

[3] Leonard Parker and David Toms. Quantum Field Theory in Curved Spacetime. Cambridge University Press, 2009.

[4] S. W. Hawking. Particle creation by black holes. Communications in Mathematical Physics, 43:199–220, 1975.

[5] C. C. Dyer. A spherically symmetric self-similar universe. Mon. Not. R. ast.Soc., 189:189–201, 1979.

[6] C. C. Dyer and E. Honig. Conformal killing horizons. Journal of Mathematical Phyiscs, 20:409– 412, 1979.

[7] Robert M. Wald. Quantum Field Theory in Curved Spacetime and Black Hole Thermodynamics.

Chicago University Press, 1994.

[8] E. Poisson. A Relativist’s Toolkit. Cambridge University Press, 2004. [9] S. W. Hawking J. B. Hartle. Path-integral derivation of black-hole radiance. Physical Review D, 13(8):2188–2203, 1976.

[10] David G. Boulware. Quantum field theory in schwarzschild and rindler spaces. Physical Review D, 11(6):1404–1423, 1975.

[11] Erik A. Martinez Viqar Husain and Dario Núñez. Exact solution for scalar field collapse.

Physical Review D, 50(6):3783–3786, 1994.