arXiv:1210.7222v1 [gr-qc] 26 Oct 2012

Solvable model for quantum gravity

Jack Gegenberg and Viqar Husain

Department of Mathematics and Statistics University of New Brunswick Fredericton, NB E3B 5A3, Canada

E-mail: geg@unb.ca, vhusain@unb.ca

Abstract.

We study a type of geometric theory with a non-dynamical one-form field. For a manifold that is R^4 , this is equivalent to a theory formulated on a symplectic manifold. Its dynamical variables are an su(2) gauge field and a triad of su(2) valued one-forms. Hamiltonian decomposition reveals that the theory has a true Hamiltonian, together with spatial diffeomorphism and Gauss law constraints, which generate the only local symmetries. Although perturbatively non-renormalizable, the model provides a test bed for the non-perturbative quantization techniques of loop quantum gravity.

PACS numbers: 00.00

1. Introduction

It is well known that the perturbative approach to finding a theory of quantum gravity faces the problem of non-renormalizability. This is partly solved in string theory, but at the expense of introducing extra dimensions. There exist however, non-renormalizable field theory models for which the quantum theory is known to exist non-perturbatively.

One example of this is the Gross-Neveu model in three dimensions which is a theory with a four-fermion interaction; the interaction coupling constant has negative mass dimension indicating power counting non-renormalizability. The model exists non-perturbatively in the ultraviolet regime [1]. Another is Einstein gravity in three dimensions [2, 3]. But this is a theory with no propagating degrees of freedom, and it is still not clear how to construct a consistent quantum theory of 3D gravity [4]. In any case, we do not know how to proceed from lower to higher dimensional theories, and so this case too may be considered special.

There is so far only one example of a four dimensional diffeomorphism invariant theory that is not renormalizable, but which exists as a non-perturbative quantum theory [5, 6] . The catch is that although the model has local degrees of freedom, its dynamics is trivial. It nevertheless shows that perturbative non-renormalizability is not always a sound criteria for discarding a theory.

The question of whether this could be the case for quantum gravity in four dimensions has been one motivation for seeking a non-perturbative canonical formulation. However, no such program has yet been completed due to the problem of dealing with the Hamiltonian constraint in the Dirac quantization approach, which leads to the Wheeler-DeWitt equation. Nevertheless there are recent indications that this can be circumvented by deparametrizing the system by using matter fields to fix time and space gauges. One such approach uses a pressureless dust to fix only a time gauge, thereby eliminating the Hamiltonian constraint problem [7] and replacing it by a true Hamiltonian with only spatial diffeomorphism symmetry.

Motivated by such approaches we present a new type of theory with dynamical metric that is defined on a symplectic manifold that is topologically R^4 . The theory is such that it has a built in time that does not arise via a gauge fixing as in the aforementioned approaches. Its canonical decomposition reveals that there is a true Hamiltonian together with spatial diffeomorphism and Gauss constraints, which generate the only gauge symmetry. The theory can be coupled to matter in natural way. Its quantization can be carried out using the methods of loop quantum gravity. It therefore provides an example of a non-renormalizable geometric theory whose quantum theory exists non-perturbatively.

In the following we describe the theory and its canonical formulation, and then outline a non-perturbative quantization scheme using the background independent techniques developed in the loop quantum gravity (LQG) program.

2. The model

The fields in the theory are an su(2) gauge field A^i_μ, a dreibein e^i_μ, scalar field ϕ, and a fixed non-dynamical one-form field ζ_α which gives the symplectic form ω = dζ. (i, j, k · · · are su(2) indices, and α, β · · · are world indices.) The dreibein fields e^i_μ define a degenerate 4−metric, and give rise to the tensor density

ũ^α = 1 3! η̃^{αβμν} e^i_β e^j_μe^k_ν ϵ_{ijk}, (1) where η̃^{αβμν} is the Levi-Civita density and ϵ^{ijk} is the su(2) structure constant. Using this we define a scalar density and vector field by

ũ = ũ^αζ_α, u^α = ũ^α ũ , (2)

and a co-triad by

e^α_i = 1 2ũ η̃^{αβμν} ζ_βe^j_μe^k_ν ϵ_{ijk}. (3) The scalar density ũ would vanish if ζ_a were a linear combination of the e^i_a, so we assume this is not the case. These definitions give the relations

u^αζ_α = 1, u^αe^i_α = 0, ζ_αe^α_i = 0 (4)

e^α_i e^j_α = δ^j_i , e^α_i e^i_β = δ^α_β , (5) which do not depend on a metric. We note finally that a non-degenerate Euclidean or Lorentzian signature 4−metric may be defined by g_{αβ} = ±ζ_αζ_β + e^i_αe^i_β . (6) We are now ready to define the action for the model which contains the field ζ_α as a fixed “background” structure. The action is S = S_G + S_Λ + S_ϕ = 1 l^2 ∫ M η̃^{αβμν} e^{ijk}e^i_αe^j_βF^k_{μν} (A) + Λ ∫ M ũ (7) + ∫ M ũ (−u^μu^ν ∂_μϕ∂_ν ϕ + e^μ_i e^ν_i ∂_μϕ∂_ν ϕ) . (8)

The first term is the action of the model introduced in [5], where F (A) is the curvature of the gauge field A. Its canonical theory has an identically vanishing Hamiltonian constraint, so it is a theory with three local degrees of freedom and no dynamics. The fixed one-form field ζ_α makes it possible to introduce the cosmological constant term and coupling to matter in the manner displayed. The coupling constant l is a fundamental length scale obtained by assigning the usual canonical dimension to the connection, i.e. A has mass dimension one, and e is dimensionless. This assignment makes the theory power counting non-renormlizable just as in Einstein gravity, since changing the gauge algebra from so(3, 1) to su(2) does not affect this counting.

2.1. Hamiltonian theory To construct the Hamiltonian theory let us introduce the embedding variable X^α(t, x^a) which provides a smooth map X : R × Σ −→ M (9) where Σ is a three manifold. The inverse map gives the functions x^a(X) and t(X). The 3+1 split of the first term in the action is obtained [5] by substituting into the action the decompositions η̃^{αβμν} = η̃^{abc}Ẋ^αX^β_{,a}X^μ_{,b}X^ν_{,c}, (10) where the time deformation vector field Ẋ^α decomposes as Ẋ^α = u^α + N^α = u^α + X^α_{,a}N^a. (11) We also used the spatial projections of the fields defined by e^i_a = e^i_αX^α_{,a}, A^i_a = A^i_αX^α_{,a}, ẽ^{ai} = η̃^{abc}e^j_be^k_c ϵ^{ijk}. (12) These are the decompositions needed to arrive at the canonical form of the first part of the action, which is S_G = ∫ M d^3xdt [ ẽ^{ai}Ȧ^i_a − N^a(∂_{[a}A^i_{b]}ẽ^{bi} − A^i_a∂_bẽ^{bi}) − Λ^iD_aẽ^{ai} ] (13) where N^a = e^{ai}(e^i_βẊ^β) and Λ^i = A^i_αu^α. This identifies the fundamental Poisson brackets for the geometric variables:

{A^i_a(x), ẽ^b_j (x^′)} = δ̃^3(x − x^′)δ^i_j δ^b_a. (14) To obtain the canonical decomposition of S_Λ and S_ϕ we note first that ũ = Ẋ^αζ_αẽ = (1 + X^α_{,a}ζ_αN^a)ẽ, e^{αi} = X^α_{,a}e^{ai} + Ẋ^α(t_{,β}e^{βi}). (15) Now the identity e^{αi}ζ_α = 0 applied to the last equation gives 0 = X^α_{,a}ζ_αe^{ai} + Ẋ^αζ_α(t_{,β}e^{βi}). (16) Thus if we choose the foliation X^α(t, x^a) such that X^α_{,a}ζ_α = 0 (ie. adapted to the fixed field ζ_α) we have ũ = ẽ, e^{αi} = X^α_{,a}e^{ai}. (17) Substituting these together with (11) into the action gives

S_Λ + S_ϕ = ∫ d^3xdt [ Λẽ +

P^2_ϕ 2ẽ + ẽe^{ai}e^{bi}∂_aϕ∂_bϕ − N^aP_ϕ∂_aϕ ] . (18)

The Hamiltonian decomposition of the full action then shows that the phase space variables are the canonical pairs (e^{ai}, A^i_a) and (ϕ, P_ϕ) with the Hamiltonian H = ∫ d^3xdt [ Λẽ +

P^2_ϕ 4ẽ + ẽe^{ai}e^{bi}∂_aϕ∂_bϕ ] . (19)

The theory has two sets of first class constraints that generate SU(2) gauge transformations and spatial diffeomorphisms. Thus the theory has four local configuration degrees of freedom of which three are geometric and one is matter. The remarkable feature is that true dynamics is obtained by introducing a fixed one-form field which may be interpreted as providing a symplectic structure on the manifold. Thus the presence of this structure may be viewed as providing a time variable, while maintaining full general covariance of the action.

The Hamiltonian equations of motion provide a view of the dynamics. Evolution is a combination of gauge (Gauss and spatial diffeomorphisms) and true motion via H. We note first that the three geometry does not evolve:

˙ẽ^{ai} = {ẽ^{ai}, H} = 0, (20)

but its conjugate connection does Ȧ^i_a = {A^i_a, H} = e^i_a ( Λ − P^2_ϕ 4ẽ^2 − e^{bj} e^{cj}∂_bϕ∂_cϕ ) + 2∂_aϕe^b_i ∂_bϕ. (21)

The scalar field equations are the usual ones for a field on a curved space-time given by the metric (6).

The geometrical phase space variables in our theory are identical to those of the Ashtekar-Barbero canonical formulation of general relativity. There the connection A^i_a is a sum of the (spatial) metric connection and the extrinsic curvature. Thus the comparison allows us to interpret the canonical equations of motion of our model as evolving the extrinsic curvature, but not the spatial metric. With this in mind, the model may be viewed as evolving both the matter field and the four-geometry (through the connection A^i_a).

3. Quantization

Using the similarity of the geometrical part of the phase space with that of general relativity in the connection-triad variables, we turn to a discussion of the quantum theory of this model. Using an extension of the spin network Hilbert space used in loop quantum gravity to include scalar matter degrees of freedom [12], we will see that it is possible to set up a complete quantum theory.

The starting point of the LQG approach is the set of phase space functions

U_γ [A] = P exp ∫ γ A^i_aτ^idx^a, F^i_S = ∫ S ẽ^i_adS^a, (22)

where γ is a loop and S a surface in a spatial hypersurface Σ, and τ^i are generators of SU(2). Gauge invariant versions of these were first used for quantization of BF theory [13] and in [14]. Their Poisson bracket forms the so called holonomy-flux algebra {H_γ [A], F^i_S } = ∫ γ ds ∫ S d^2σU_γ [A]τ^iδ^3(γ(s), S(σ)). (23)

The analogous observables for the scalar field are

V_k(ϕ(x)) = exp[ikϕ(x)], P_f = ∫ Σ fP_ϕd^3x, (24)

where k ∈ R and f(x) is a suitable function with rapid fall-off. These satisfy {V_k(x), P_f } = ikf(x)V_k(x). (25) 3.1. Geometry Hilbert space

There is a well-defined path to quantization of the gravitational variables which are discussed in detail in a number of reviews [15]. Therefore we restrict attention to describing the basic intuition. A crucial first step is the choice of Hilbert space for a connection representation Ψ[A]. One considers an oriented graph Γ with ordered edges e_1, e_2 · · · e_N , and vertices n_1, n_2 · · · n_M embedded in the spatial surface Σ, and associates the holonomy function in the representation j of SU(2), H^j_e [A], with edge e. A spin network state is a function of such holonomies f[A] = f(U^{j1}_{e1} , U^{j2}_{e2} , · · · U^{jN}_{eN} ). (26) These are essentially functions of SU(2) group elements, so the natural inner product is the Haar measure on (tensor product copies) of this group. A convenient orthonormal basis for this space of functions is the spin network basis; the wave function of a graph with a single edge e is the matrix (U^j_e )[A]_{m1,m2} ≡ ⟨A|j; m_1, m_2⟩ in the representation j, where m_1, m_2 are its matrix indices. This generalizes readily to multi-edges graphs.

The space H_{Kin} is not the physical Hilbert space of our model, since its elements are neither gauge nor spatial diffeomorphism invariant. The LQG path to achieve invariance under these transformations is done in two steps. The first step is the formulation of H^G_{Kin}, the space of SU(2) invariant states. The usual formulation of this involves group averaging of states in H_{Kin}. Intuitively this amounts to tracing over matrix indices using SU(2) invariant tensors (called intertwiners) at all vertices of the graph Γ, and ensuring there are no open “dangling” edges. This gives the Gauss invariant states. Such states may be represented as the kets

|Γ; j; I⟩ := |Γ; j_1, · · · j_N ; I_1, · · · I_M ⟩, (27)

where a spin j is associated with each edge and an intertwiner I with each vertex of the graph Γ. The inner product in H^G_{Kin} is the obvious one guided by this characterization of the basis:

⟨Γ; j_1, · · · j_N ; I_1, · · · I_M |Γ; j^′_1, · · · j^′_N ; I^′_1, · · · I^′_M ⟩ = δ_{j1,j}′_1 · · · δ_{jN ,j}′_N δ_{i1,i}′_1 · · · δ_{iM ,i}′_M , (28) if the graphs are the same, and zero otherwise. For spin networks with only trivalent vertices, the intertwiners are unique (up to a multiplicative constant). An explicit example of a gauge invariant trivalent spin network state with three edges is

ψ[A]_{1,} 1_{2 ,} 1_2 = ⟨A|1,^1_2 ,^1_2 ; σ, σ⟩ = [U^{12}e_1 ]^A_B [U^1_{e2} ]^i_j [U^{12}e_3 ]^C_Dσ^{i C}_A σ^{j B}_D , (29)

where σ^i are the Pauli matrices. This example also illustrates that the reason edges must be oriented; the matrix indices (ACi) come together at one vertex and (BDj) at the other.

Having characterized H^G_{Kin} in this manner, the next step is to address the requirement of invariance under spatial diffeomorphisms. We note first that there is a natural action of diffeomorphisms on the gauge invariant spin network states such as (29). This stems from the observation that such transformations “drag the graph around” but do not affect the combinatoric information in the spins and intertwiners. Formally, for ϕ ∈ Diff(Σ), we have

U_D[ϕ]|Γ; j_1, · · · j_N ; I_1, · · · I_M ⟩ = |ϕ^{−1}Γ; j_1, · · · j_N ; I_1, · · · I_M ⟩. (30)

Thus for a fixed graph Γ the diffeomorphism invariant information is just the set of spins and intertwiners (up to some subtleties [15]). We denote this Hilbert space by H_{geom}, and in the following consider the case where the underlying graph is a cubic (abstract) lattice. Thus each node will be 6-valent, and we will assume that the associated nonzero spins and intertwiners form a finite set. This will aid in defining the physical Hamiltonian operator.

3.2. Matter Hilbert space

The geometry Hilbert space H_{geom} described above is the physical Hilbert space of the model without matter. Its extension to include matter is accomplished by associating an additional quantum number with the vertices of graphs. Given a graph Γ with vertices v_1 · · · v_M , a basis for the matter Hilbert space, (H_{matter} ) is |k_1, · · · k_M ⟩, where k_i ∈ R are the quantum numbers associated with matter. The inner product is ⟨k^′_1, · · · , k^′_M |k_1, · · · , k_M ⟩ = δ_k′_{1,k1} · · · δ_k′_{M ,kM} . (31) The classical scalar field variables V_k(ϕ(x)), P_f defined above have the quantum realizations V̂_k(v_l)|k_1, · · · , k_M ⟩ = |k_1, · · · , k_l + k, · · · , k_M ⟩, (32) P̂_f |k_1, · · · , k_M ⟩ = M∑ i=1 k_if(v_i)|k_1, · · · , k_M ⟩, (33) where v_i is a vertex. It is readily verified that these definitions provide a representation of the classical Poisson algebra.

3.3. Physical Hilbert space and Hamiltonian

The physical Hilbert space of our model is the tensor product H_{geom} ⊗ H_{matter}, with basis

|Γ; j; I; k⟩ = |Γ; j_1, · · · , j_N ; I_1, · · · , I_M ; k_1, · · · , k_M ⟩. (34)

As mentioned above we assume that the geometric and matter excitations are on an infinite cubic graph. Its regularity provides a systematic way to construct the Hamiltonian operator to which we now turn.

The classical expression for the Hamiltonian (19) contains geometric terms that appear in the Hamiltonian constraint of LQG. The operator realizations of these are well studied in the literature [12]. For example ẽ term in the Hamiltonian is realized using the LQG volume operator, and its inverse is realized as a commutator of the square root of the volume and holonomy operators, a construction well known in LQG.

Turning to the matter operators, the P^2_ϕ factor is diagonal in the basis we are using. It can be localized by writing the integral for P_f as a sum over vertices of the graph, taking f to be unity, ie ∫ d^3x

P^2_ϕ ẽ −→ ∑ i ^1 ẽ v_i P^2(v_i) (35)

The factors of ∂_aϕ may be realized by using a “finite difference” approach. We first define a local field operator as

Φ_k(v_i) := 1 2ik (V_k(v_i) − V_{−k}(v_i)) . (36)

Using this, one way to define the operator corresponding to the matter gradient e^a∂_aϕ via a finite difference scheme. The simplest such scheme is forward Euler, where for a single direction z_k on the cubic lattice we have

e^z∂_z(v_i)ϕ −→ F̂_{zk} (Φ_k(v_{i+zk} ) − Φ_k(v_k)), (37) where F̂_{zk} is the flux operator associated with the edge z_k that connects the adjacent vertices v_{i+zk} and v_k. It is evident that there are other ways to write this operator; our purpose is to point out that the Hamiltonian can be defined using the basic operators.

4. Summary

We have developed a new type of geometric theory defined on a symplectic manifold that is topologically R^4 . The theory has a “built in” time that does not arise via a gauge fixing as in the aforementioned approaches. Its canonical decomposition reveals that there is a true Hamiltonian together with spatial diffeomorphism and Gauss constraints, which generate the only gauge symmetry. The theory can be coupled to matter in a natural way. The connection A^i_a defines an extrinsic curvature via the Ashtekar-Barbero relation A^i_a = Γ^i_a(e)+K^i_a. From this we note the theory may be interpreted as giving a dynamical 4-geometry, even though the 3-geometry given by e^a_i does not evolve. Quantization of the theory can be carried out using the methods of LQG. The model therefore provides an example of a perturbatively non-renormalizable geometric theory that exists nonperturbatively at the quantum level.

5. Acknowledgements

This work was supported by the Natural Science and Engineering Research Council of Canada.

References

[1] C. de Calan, P. A. Faria da Veiga, J. Magnen, and R. Snor , Phys. Rev. Lett. 66, 32333236 (1991). [2] E. Witten, Nucl.Phys. B311 (1988) 46.

[3] A. Ashtekar, V. Husain, C. Rovelli, J. Samuel, L Smolin, Class. Quant. Grav. 6 (1989) L185. [4] E. Witten,‘Three-Dimensional Gravity Revisited’ (2007), arXiv:hep-th/0706.3359 . [5] Viqar Husain, Karel V. Kuchar, Phys.Rev. D42 (1990) 4070.

[6] Abhay Ashtekar , Jerzy Lewandowski, Donald Marolf , Jose Mourao, Thomas Thiemann, J. Math.

Phys. 36 (1995) 6456-6493 [7] Viqar Husain, Tomasz Pawlowski, Phys. Rev. Lett. 108, 141301 (2012).

[8] Kuchar K 1991 in Time and the interpretations of quantum gravity Proceedings, General relativity and relativistic astrophysics 211-314.

[9] Brown J D, Kuchar K, Phys. Rev. D51, 5600-5629 (1995); arXiv: gr-qc/ 9409001. [10] Ashtekar A, Pawlowski T, Singh P, Phys. Rev. Lett. 96, 141301 (2006); arXiv: gr-qc/0602086. [11] Kaminski W, Lewandowski J, Pawlowski T, Class. Quantum Grav. 26: 035012 2009. [12] T. Thiemann, Class. Quantum Grav. 15: 1281 1998.

[13] V. Husain Phys. Rev. D43, (1991) 1803; Phys. Rev. Lett. 96 (2006) 221303. [14] Y. Bi, J. Gegenberg Class. Quantum Grav. 11: 883 1994. [15] See eg. A. Perez, arXiv; gr-gc/0409061, and references therein.