arXiv:1210.7561v1 [gr-qc] 29 Oct 2012

Quasinormal modes and stability analysis for z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity

Ramón Becar^∗ Departamento de Ciencias Matemáticas y Físicas, Universidad Católica de Temuco, Montt 56, Casilla 15-D, Temuco, Chile.

P. A. González^† Escuela de Ingeniería Civil en Obras Civiles. Facultad de Ciencias Físicas y Matemáticas, Universidad Central de Chile, Avenida Santa Isabel 1186, Santiago, Chile and Universidad Diego Portales, Casilla 298-V, Santiago, Chile.

Yerko Vásquez^‡ Departamento de Ciencias Físicas, Facultad de Ingeniería, Ciencias y Administración, Universidad de La Frontera, Avenida Francisco Salazar 01145, Casilla 54-D, Temuco, Chile. (Dated: October 30, 2012)

We study z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity and we calculate analytically the quasinormal modes of scalar perturbations and from these quasinormal modes we show that z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity is stable.

PACS numbers:

I. INTRODUCTION

Few years ago, P. Horava proposed [1–3] a new class of quantum field theory as an UV complete theory of gravity, which is non-relativistic and exhibit anisotropic scaling between space and time. The Horava theory is power-counting renormalizable. However, the Lorentz symmetry is broken at short distances. Moreover, the theory can be reduced to Einstein’s gravity theory with a cosmological constant in the infrared (IR) limit. A lot of attention has been focused on this gravity theory. The Lifshitz-type black holes may provide a way to generalize AdS/CF T correspondence to non-relativistic condensed matter physics, [3–11]. Horava-Lifshitz with dynamical exponent z = 4 [3] has acquired a growing interest, in Ref. [12] was shown using the numerical Causal Dynamical Triangulations (CDT) approach [13] for quantum gravity in 3 + 1 dimensions that the definition of ”spectral dimension” can be extended to theories on smooth spacetimes with anisotropic scaling. Therefore, CDT approach to lattice gravity may in fact be a lattice version of the quantum gravity at z = 4 Lifshitz point.

In this paper, we focus our investigation in thez = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity, in the IR region obtained via detailed balance condition by [14], these black holes are similar to the topological black hole solution in the five-dimensional Chern-Simons gravity [15], or in the five-dimensional Gauss-Bonnet gravity with a special Gauss-Bonnet coefficient [16]. The lagrangian for this theory is given by [14]

L = L_0 + L_1 , (1)

where

L_0 = √ gN { 2 κ^2

(K^{ij} K_{ij} − λK^2) + κ^2μ^2(Λ_W R − 2Λ^2_W ) 4(1 − 4λ) } , (2)

L_1 = − √ gN κ^2 8 { μ^2G_{ij} G^{ij} + 2μ M G^{ij} L_{ij} + 2μ M Λ_W L + 1 M^2 L^{ij} L_{ij} − λ̃ ( L^2 M^2 − 2μL M (R − 4Λ_W ) + μ^2R^2 )} , (3)

∗Electronic address: rbecar@uct.cl †Electronic address: pgonzalezm@ucentral.cl ‡Electronic address: yvasquez@ufro.cl

L = 2(1 + 3β)∇^2R , (4)

the expressions G^{ij} and L^{ij} are given by G^{ij} = R^{ij} − 1 2 g^{ij} R , (5)

L^{ij} = (1 + 2β)(g^{ij} ∇^2 − ∇^i∇^j )R + ∇^2G^{ij} + 2βR(R^{ij} − 1 4 g^{ij} R) + 2(R^{imjn} − 1 4 g^{ij} R^{mn})R_{mn} . (6) and the term K^{ij} is given by K_{ij} = 1 2N (ġ_{ij} − ∇_iN_j − ∇_j N_i) , (7)

for a D + 1 dimensional metric written in the following form

ds^2 = −N^2c^2dt^2 + g_{ij} (dx^i − N^idt)(dx^j − N^j dt) , (8)

where i = 1, ..., D and c is the speed of light. Here, we focus our investigation in the z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity, in the IR region, [14]. Which, for β = −^1_3 , [14], is given by the metric

ds = −Ñ^2f(r)dt^2 + dr^2 f(r) + r^2dΩ^2_k, (9)

where f(r) = −^{ΛW r2}_3 + k ± √ c_0, Ñ(r) = 1, c_0 ≥ 0 and dΩ^2_k is the three-dimensional Einstein manifold with constant scalar curvature 6k, which we may choose to be k = 0,±1, corresponding to a spherical, plane or hyperbolic section, respectively. Which, is similar to the topological black hole solution in the five-dimensional Chern-Simons gravity [15], or in the five-dimensional Gauss-Bonnet gravity with a special Gauss-Bonnet coefficient [16].

According to the AdS/CFT correspondence [17], the quasinormal modes (QNMs) [18–24] allow us to obtain the relaxation time of a thermal state of the conformal theory at the boundary, which is proportional to the inverse of imaginary part of the QNMs of the dual gravity background [25]. In this work we investigate scalar perturbations in the background of z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity, see Refs. [26–31] for scalar perturbations in the background of a Topological black hole, and we present the exact QNMs, considering Dirichlet and Neumann boundary conditions. Then, we study the stability of this black hole analyzing the imaginary part of the QNMs.

The plan of the work is as follows: In section II we calculate the exact QNMs of the scalar perturbations in the background of z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity and we study the stability of this black hole from QNMs. Then, in section III, we discuss our results and conclude.

II. QUASINORMAL MODES

The behavior of the scalar field in the background of z = 4 Topological black hole in 4+1 dimensional Horava-Lifshitz gravity is given by the Klein-Gordon equation □ψ = 1 √ −g ∂_μ (√ −gg^{μν} ∂_ν ) ψ = m^2ψ , (10)

where m is the mass of the scalar field, ψ. In order to obtain exact QNMs, we consider the change of variables v = 1 −^{3p}_{Λω r2} , where p = k ± √ c_0. So, the metric Eq. (9) can be written as

ds^2 = pvc^2 1 − v dt^2 − 3 4Λ_ωv (1 − v)^2 dv^2 + 3p Λ_ω (1 − v) dΩ^2_k . (11)

Then, we adopt the ansatz ψ = R(y)Y ( ∑ )e^{−iωt}, where Y is a normalizable harmonic function on ∑ D−1 which satisfies ∇^2Y = −QY , with ∇^2 the Laplace operator on ∑ D−1 and Q = ( d − 3 2 )_2

+ ξ^2 , (12) are the eigenvalues for the hyperbolic manifold. Thus, Eq. (10) can be written as

v (1 − v) ∂^2_v R(v) + ∂_v R(v) + ( 3ω^2 4pvc^2Λ_ω + Q 4p + 3m^2 4Λ_ω (1 − v) ) R(v) = 0 . (13)

Which, can be written as a hypergeometric equation for K

v(1 − v)K^{′′}(v) + [c − (1 + a + b)v] K^′(v) − abK(v) = 0 , (14)

where the coefficients are given by a = − 1 2 + α + β ± 1 2p √ p (p + Q) , (15)

b = − 1 2 + α + β ∓ 1 2p √ p (p + Q) , (16)

c = 2α + 1 , (17)

if we perform the decomposition R(v) = v^α(1 − v)^β K(v), with

α_± = ± iω 2c √ 3 pΛ_ω , (18)

β_± = 1 ± √ 1 − 3m^2 4Λ_ω

, (19)

The general solution of Eq. (14) takes the form

K = D_1F_1(a, b, c; v) + D_2v^{1−c}F_1(a − c + 1, b − c + 1, 2 − c; v) , (20)

which has three regular singular points at v = 0, v = 1 and v = ∞. Here, F_1(a, b, c; v) is a hypergeometric function and D_1, D_2 are constants. Then, the solution for the radial function R(v) is

R(y) = D_1v^α(1 − v)^β F_1(a, b, c; v) + D_2v^{−α}(1 − v)^β F_1(a − c + 1, b − c + 1, 2 − c; v) . (21)

According to our change of variables, when r → r_+, then v → 0 and when r → ∞, then v → 1. In the vicinity of the horizon, the function R(v) behaves as

R(y) = D_1e^{α ln v} + D_2e^{−α ln v} , (22)

where we have used the property F (a, b, c, 0) = 1. Thus, the scalar field φ can be written in the following way

ψ ∼ D_1e^{−iω(t+χ ln v)} + D_2e^{−iω(t−χ ln v)} , (23)

where, we have chosen, without loss of generality, the negative signs for α, and χ = 1 2c √ 3 Λ_ωp

. (24)

The first term represents an ingoing wave and the second one an outgoing wave on the black hole background. For computing the QNMs, we have to impose that there exist only ingoing waves on the horizon. This fixes D_2 = 0. Then the radial solution becomes

R(y) = D_1e^{α ln v} (1 − v)^β F_1(a, b, c; v) = D_1e^{−iωχ ln v} (1 − v)^β F_1(a, b, c; v) . (25)

At infinity (v = 1), the radial function reads

R(v) = D_1e^{−iωχ ln v} (1 − v)^β Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b) F_1(a, b, a + b − c, 1 − v) +D_1e^{−iωχ ln v}(1 − v)^{c−a−b+β} Γ(c)Γ(a + b − c) Γ(a)Γ(b) F_1(c − a, c − b, c − a − b + 1, 1 − v) , (26) we have applied in Eq. (25) the Kummer’s formula for the hypergeometric function [32], F_1(a, b, c; v) = Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b) F_1(a, b, a+b−c, 1−v)+(1−v)^{c−a−b} Γ(c)Γ(a + b − c) Γ(a)Γ(b) F_1(c−a, c−b, c−a−b+1, 1−v) . (27) For, β_+ > 2 the field at infinity is regular if the gamma function Γ(x) has the poles at x = −n for n = 0, 1, 2, ....

Which, yields

ω_1 = ic √ Λ_ω 3p 1 + √ 4 − 3m^2 Λ_ω

+ 2n p + √ p (p + Q) . (28)

Let us now investigate the stability of z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity, for the positive branch, p = −1 + √ c_0, z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity is stable due to the imaginary part of the QNMs is negative, because p < 0. Then, for the negative branch, p = −1 − √ c_0.

There are two cases:

• p + Q > 0. The QNMs are given by Eq. (28) with p = −1 − √ c_0, which can be written as

ω_1 = −c √ −Λ_ω(p + Q) 3 + ic √ Λ_ω 3p 1 + √ 4 − 3m^2 Λ_ω

+ 2n p . (29)

Therefore, z = 4 Topological Horava-Lifshitz black hole in 4 + 1 dimensions is stable.

• p + Q < 0. The QNMs, given by Eq. (29) can be written as

ω_1 = −ic √ Λ_ωp 3 1 + √ 4 − 3m^2 Λ_ω + 2n − √ 1 + Q p . (30)

which is purely imaginary and the stability is guaranteed due to 1 +^Q_p < 1.

Such as we have showed, the quasinormal modes for scalar perturbations can be found by imposing the vanishing Dirichlet boundary condition at infinity. Adittionally, we can consider that the flux vanishes at infinity or vanishing Neumann boundary condition at infinity. It is due to that in asymptotically anti-de Sitter, a negative mass square for a scalar field is consistent, in agree with the analogue to the Breitenlohner-Freedman condition that any effective mass must satisfy in order to have a stable propagation, [33, 34]. That is, Dirichlet boundary condition leads to the same quasinormal modes for m^2 > 0 but does not lead to any quasinormal modes for m^2 < 0. So, quasinormal modes can be obtained by considering vanishing Neumann boundary conditions and in the context of conformal field theory, due to the correspondence AdS/CFT [17], the quasinormal modes match with the dual operators, [35]. So, in order to consider Neumann boundary condition at infinity, v → 1, the flux F = √ −gg^{rr} 2i (R^∗∂_rR − R∂_rR^∗) , (31)

at infinity, is given by

F (v → 1) = − 6γp^2 Λ_ω

|D_1|^2 Im(2 (1 − β) B^∗_1 B_2 + ( −iωχ − ab a + b − c ) |B_1|^2 (1 − v)^{2β−1} , (32) + ( −iωχ − (c − a) (c − b) c − a − b + 1 ) |B_2|^2 (1 − v)^{3−2β} ) , (33) where,

B_1 =

Γ (c) Γ (c − a − b) Γ (c − a) Γ (c − b)

, (34)

B_2 =

Γ (c) Γ (a + b − c)

Γ (a) Γ (b)

. (35)

For,^4_3 Λ_ω < m^2 < 0, 1 < β_+ < 2 and 0 < β_− < 1. So, if B_1 = 0, the flux vanishes at infinity if 3 − 2β > 0. For, β = β_+ is possible to obtain a new set of quasinormal modes. Note that, the condition 3 − 2β_+ > 0 implies that √ −Λ_ω < Im (m) < √ −^4_3 Λ_ω. Therefore, the QNMs are given by

ω_2 = ic √ Λ_ω 3p 1 − √ 4 − 3m^2 Λ_ω

+ 2n p − √ p (p + Q) , (36)

where, we have considered c − a|_{β+} = −n o c − b|_{β+} = −n. The condition B_2 = 0 leads to the same quasinormal modes that we have found by imposing Dirichlet boundary condition.

Let us now investigate the stability of z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity and let us consider the positive branch, p = −1 + √ c_0. In this case, z = 4 Topological black hole in 4 + 1 dimensional

Horava-Lifshitz gravity is stable due to the imaginary part is negative, in the range √ −Λ_ω < Im (m) < √ −^4_3 Λ_ω. On the hand, for the negative branch, p = −1 − √ c_0. There are two cases:

• p + Q > 0. The QNMs are given by Eq. (36) with p = −1 − √ c_0, that is

ω_2 = c √ −Λ_ω(p + Q) 3 + ic √ Λ_ω 3p 1 − √ 4 − 3m^2 Λ_ω

+ 2n p . (37)

Therefore, z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity is stable.

• p + Q < 0. The QNMs, given by Eq. (37) can be written as

ω_2 = −ic √ Λ_ωp 3 1 − √ 4 − 3m^2 Λ_ω

+ 2n + √ 1 + Q p . (38)

which is purely imaginary and the stability of z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity is guaranteed in the range √ −Λ_ω < Im (m) < √ −^4_3 Λ_ω.

III. CONCLUSIONS

In this work we have studied scalar perturbations in the background of a z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity and we have found the quasinormal modes using the Dirichlet and Neumann boundary conditions. The QNMs that we have found, generally are complex but for a certain range of parameters they are purely imaginary. Then, from these QNMs we have analyzed the stability of this black hole and we have found that z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity is stable and the relaxation time τ for a thermal state to reach thermal equilibrium in the boundary conformal field theory is finite, according to the AdS/CFT correspondence. Is interesting note that from a thermodynamics point of view the z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity is stable [14], which agree with the QNMs point of view.

Acknowledgments

Y. V. is supported by FONDECYT grant 11121148, and by Dirección de Investigación y Desarrollo, Universidad de La Frontera, DIUFRO DI11-0071.

[1] P. Horava, “Quantum Criticality and Yang-Mills Gauge Theory,” Phys. Lett. B 694, 172 (2010) [arXiv:0811.2217 [hep-th]]. [2] P. Horava, “Membranes at Quantum Criticality,” JHEP 0903, 020 (2009) [arXiv:0812.4287 [hep-th]]. [3] P. Horava, “Quantum Gravity at a Lifshitz Point,” Phys. Rev. D 79, 084008 (2009) [arXiv:0901.3775 [hep-th]]. [4] H. Lu, J. Mei and C. N. Pope, “Solutions to Horava Gravity,” Phys. Rev. Lett. 103, 091301 (2009) [arXiv:0904.1595 [hep-th]].

[5] R. -G. Cai, L. -M. Cao and N. Ohta, “Topological Black Holes in Horava-Lifshitz Gravity,” Phys. Rev. D 80, 024003 (2009) [arXiv:0904.3670 [hep-th]].

[6] A. Kehagias and K. Sfetsos, “The Black hole and FRW geometries of non-relativistic gravity,” Phys. Lett. B 678, 123 (2009) [arXiv:0905.0477 [hep-th]].

[7] A. Ghodsi and E. Hatefi, “Extremal rotating solutions in Horava Gravity,” Phys. Rev. D 81, 044016 (2010) [arXiv:0906.1237 [hep-th]].

[8] K. Balasubramanian and J. McGreevy, “An Analytic Lifshitz black hole,” Phys. Rev. D 80, 104039 (2009) [arXiv:0909.0263 [hep-th]].

[9] M. Taylor, “Non-relativistic holography,” arXiv:0812.0530 [hep-th].

[10] J. Matulich and R. Troncoso, “Asymptotically Lifshitz wormholes and black holes for Lovelock gravity in vacuum,” JHEP 1110, 118 (2011) [arXiv:1107.5568 [hep-th]].

[11] G. Koutsoumbas, E. Papantonopoulos, P. Pasipoularides and M. Tsoukalas, “Black Hole Solutions in 5D Horava-Lifshitz Gravity,” Phys. Rev. D 81, 124014 (2010) [arXiv:1004.2289 [hep-th]].

[12] P. Horava, “Spectral Dimension of the Universe in Quantum Gravity at a Lifshitz Point,” Phys. Rev. Lett. 102, 161301 (2009) [arXiv:0902.3657 [hep-th]].

[13] J. Ambjorn, J. Jurkiewicz and R. Loll, “Spectral dimension of the universe,” Phys. Rev. Lett. 95, 171301 (2005) [hepth/0505113].

[14] R. -G. Cai, Y. Liu and Y. -W. Sun, “On the z=4 Horava-Lifshitz Gravity,” JHEP 0906, 010 (2009) [arXiv:0904.4104 [hep-th]].

[15] R. -G. Cai and K. -S. Soh, “Topological black holes in the dimensionally continued gravity,” Phys. Rev. D 59, 044013 (1999) [gr-qc/9808067].

[16] R. -G. Cai, “Gauss-Bonnet black holes in AdS spaces,” Phys. Rev. D 65, 084014 (2002) [hep-th/0109133]. [17] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [arXiv:hep-th/9711200].

[18] T. Regge and J. A. Wheeler, “Stability Of A Schwarzschild Singularity,” Phys. Rev. 108, 1063 (1957). [19] F. J. Zerilli, “Gravitational field of a particle falling in a schwarzschild geometry analyzed in tensor harmonics,” Phys.

Rev. D 2, 2141 (1970).

[20] F. J. Zerilli, “Effective Potential For Even Parity Regge-Wheeler Gravitational Perturbation Equations,” Phys. Rev. Lett.

24, 737 (1970).

[21] K. D. Kokkotas and B. G. Schmidt, “Quasi-normal modes of stars and black holes,” Living Rev. Rel. 2, 2 (1999) [arXiv:grqc/9909058].

[22] H. P. Nollert, “TOPICAL REVIEW: Quasinormal modes: the characteristic ‘sound’ of black holes and neutron stars,” Class. Quant. Grav. 16, R159 (1999).

[23] E. Berti, V. Cardoso and A. O. Starinets, “Quasinormal modes of black holes and black branes,” Class. Quant. Grav. 26, 163001 (2009) [arXiv:0905.2975 [gr-qc]].

[24] R. A. Konoplya and A. Zhidenko, “Quasinormal modes of black holes: From astrophysics to string theory,” Rev. Mod.

Phys. 83, 793 (2011) [arXiv:1102.4014 [gr-qc]].

[25] G. T. Horowitz and V. E. Hubeny, “Quasinormal modes of AdS black holes and the approach to thermal equilibrium,” Phys. Rev. D 62, 024027 (2000) [arXiv:hep-th/9909056].

[26] J. S. F. Chan and R. B. Mann, “Scalar wave falloff in topological black hole backgrounds,” Phys. Rev. D 59, 064025 (1999).

[27] B. Wang, E. Abdalla and R. B. Mann, “Scalar wave propagation in topological black hole backgrounds,” Phys. Rev. D 65, 084006 (2002) [hep-th/0107243].

[28] R. Aros, C. Martinez, R. Troncoso and J. Zanelli, “Quasinormal modes for massless topological black holes,” Phys. Rev.

D 67, 044014 (2003) [hep-th/0211024].

[29] P. Gonzalez, E. Papantonopoulos and J. Saavedra, “Chern-Simons black holes: scalar perturbations, mass and area spectrum and greybody factors,” JHEP 1008, 050 (2010) [arXiv:1003.1381 [hep-th]].

[30] P. A. Gonzalez, J. Saavedra and Y. Vasquez, “Quasinormal modes and Stability Analysis for 4-dimensional Lifshitz Black Hole,” Int. J. Mod. Phys. D 21, 1250054 (2012) [arXiv:1201.4521 [gr-qc]].

[31] P. A. Gonzalez, F. Moncada and Y. Vasquez, “Quasinormal Modes, Stability Analysis and Absorption Cross Section for

4-dimensional Topological Lifshitz Black Hole,” arXiv:1205.0582 [gr-qc].

[32] M. Abramowitz and A. Stegun, Handbook of Mathematical functions, (Dover publications, New York, 1970). [33] P. Breitenlohner and D. Z. Freedman, “Positive Energy In Anti-De Sitter Backgrounds And Gauged Extended Supergravity,” Phys. Lett. B 115, 197 (1982);

[34] P. Breitenlohner and D. Z. Freedman, “Stability In Gauged Extended Supergravity,” Annals Phys. 144, 249 (1982). [35] D. Birmingham, I. Sachs and S. N. Solodukhin, “Conformal field theory interpretation of black hole quasinormal modes,” Phys. Rev. Lett. 88, 151301 (2002) [hep-th/0112055].