arXiv:1210.7588v2 [hep-ph] 21 Mar 2013

Correlations between multiplicities in rapidity and azimuthally separated windows

V.V. Vechernin

St.-Petersburg State University E-mail: vechernin@pobox.spbu.ru

Abstract The forward-backward (FB) multiplicity correlations in two windows separated in rapidity and azimuth are analyzed in the framework of the model with independent identical emitters (strings). Along with the long-range contribution, originating from the fluctuation in the number of strings due to multiple parton interactions, the short-range contribution, originating from the correlation between multiplicities produced by a single emitter is also taken into account. It is shown that the presence of the correlations between particles produced by one string turns the strings into non-poissonian emitters. The dependencies of the correlation coefficient on the rapidity and azimuthal acceptance of the windows and on the corresponding gaps between windows are studied. It is shown that the analysis of these dependencies enables to separate the contributions of two above mechanisms. The connection of the FB multiplicity correlation coefficient with double inclusive cross section and two-particle correlation function is also traced. The new suitable observables are proposed.

1 Introduction

In the multiparticle production in pp and AA collisions at high energies one can study the so-called forward-backward (FB) correlation between multiplicities n_F and n_B of charged particles produced in two windows (“forward” and “backward”) separated by some rapidity and azimuthal gaps. We consider this correlation in the framework of the model with independent emitters [1, 2, 3], suggesting that they are strings.

In contrast with AA collisions in the case of pp collisions in the first approximation one can neglect the effects of the interaction between strings and consider them as an identical emitters at least in the central rapidity region, where each string contributes to the particle production in the whole rapidity range of the region.

In previous note [4] we have considered only the long-range (LR) part of the correlation, originating from the fluctuation in the number of emitters (strings) due to multiple parton interactions or in another language due to the event-by-event fluctuation in number of cut pomerons. In the present paper we also take into account the short-range (SR) contribution, originating from the correlation between multiplicities produced by a single emitter.

For the FB correlation coefficient b one uses the following definition: b = ⟨n_Bn_F ⟩ − ⟨n_B⟩⟨n_F ⟩ √ D_{nB} D_{nF} , (1)

which for symmetric FB windows is equivalent to b = ⟨n_B n_F ⟩ − ⟨n_B ⟩⟨n_F ⟩ D_{nF} = ⟨n_B n_F ⟩ − ⟨n_B ⟩⟨n_F ⟩ ⟨n^2_F ⟩ − ⟨n_F ⟩^2 (2)

(see also the discussion in [4]). We use the notation D_n for the variance and ω_n for the scaled variance of the n:

D_n = ⟨n^2⟩ − ⟨n⟩^2 , ω_n = D_n ⟨n⟩ . (3)

Similarly one can define the correlation coefficient β, which characterizes the property of the emitter - the correlation between multiplicities μ_F and μ_B, produced by a single emitter in the forward and backward windows: β = ⟨μ_Bμ_F ⟩ − ⟨μ_B⟩⟨μ_F ⟩ √ D_{μB} D_{μF} , (4)

which for symmetric FB windows is equal to β = ⟨μ_Bμ_F ⟩ − ⟨μ_B⟩⟨μ_F ⟩ D_{μF} = ⟨μ_Bμ_F ⟩ − ⟨μ_B⟩⟨μ_F ⟩ ⟨μ^2_F ⟩ − ⟨μ_F ⟩^2 . (5)

2 The model

In the model with independent identical emitters [1] one assumes that P (n_B , n_F ) - the probability to observe simultaneously the n_F charged particles in the forward rapidity window and the n_B particles in the backward one is given by the expression: P (B, F ) = ∑ N w(N) ∑ B_1,...,B_N ∑ F_1,...,F_N δ_{B B1+...+BN} δ_{F F1+...+FN} N∏ i=1 p(B_i, F_i) , (6)

where we have used short notations: F ≡ n_F , B ≡ n_B ; F_i ≡ μ^i_F , B_i ≡ μ^i_B In the formula (6) the w(N) is the probability to have N emitters in the given event and the p(B_i, F_i) is the probability that i-th emitter produces the F_i charged particles in the forward rapidity window and the B_i particles in the backward one.

In the case of the long-range correlations considered in the previous paper [4] with a sufficiently large rapidity gap between windows one could assume that the every emitter (string) produces particles independently in the forward and backward windows (p(B_i, F_i) = p_B (B_i) p_F (F_i)), but in the present paper dealing with FB correlation we will not suppose this factorization. Then acting as in [4] we have ⟨n_Bn_F ⟩ ≡ ⟨BF ⟩ = ∑ B,F BF P (B, F ) = (7)

= ∑ N w(N) ∑ B_1,...,B_N ∑ F_1,...,F_N (B_1 +...+B_N )(F_1 +...+F_N ) N∏ i=1 p(B_i, F_i) = = ∑ N w(N)[N⟨μ_Bμ_F ⟩ + (N^2 − N)⟨μ_B ⟩⟨μ_F ⟩] = ⟨N⟩(⟨μ_Bμ_F ⟩ − ⟨μ_B ⟩⟨μ_F ⟩) + ⟨N^2⟩⟨μ_B⟩⟨μ_F ⟩ , where we have used that for identical emitters at any i: ∑ B_i,F_i B_i p(B_i, F_i) = ⟨μ_B⟩ , ∑ B_i,F_i F_i p(B_i, F_i) = ⟨μ_F ⟩ , ∑ B_i,F_i B_iF_i p(B_i, F_i) = ⟨μ_Bμ_F ⟩ .

By (7) the enumerator of (1) can be written as follows ⟨n_B n_F ⟩ − ⟨n_B ⟩⟨n_F ⟩ = ⟨N⟩(⟨μ_Bμ_F ⟩ − ⟨μ_B⟩⟨μ_F ⟩) + D_N ⟨μ_B⟩⟨μ_F ⟩ (8) and in the denominator of (1) for variances D_{nF} and D_{nB} we have the same expressions as in [4]: D_{nF} = ⟨N⟩D_{μF} + D_N ⟨μ_F ⟩^2 , D_{nB} = ⟨N⟩D_{μB} + D_N ⟨μ_B⟩^2 . (9) Below we’ll consider only the case with symmetric FB windows of the same acceptance in rapidity and azimuth: δy_B = δy_F = δy , δφ_B = δφ_F = δφ , (10) which are separated by some gap y_{gap} in rapidity and φ_{gap} in azimuth. Then the distance between the centers of these FB windows in rapidity and in azimuth is equal to y = y_{gap} + δy , φ = φ_{gap} + δφ . (11) In this case ⟨n_B⟩ = ⟨n_F ⟩ = ⟨n⟩ , D_{nB} = D_{nF} = D_n (12) and ⟨μ_B⟩ = ⟨μ_F ⟩ = ⟨μ⟩ , D_{μB} = D_{μF} = D_μ . (13) For symmetric windows the formula (8) leads to the following expression for the FB correlation coefficient b: b = β + a 1 + a

, (14)

where β is given by (4) and a is equal to a = ω_N ω_μ ⟨μ⟩ , ω_N ≡ D_N ⟨N⟩ , ω_μ ≡ D_μ ⟨μ⟩ . (15)

Recall that ⟨N⟩ is the mean number of emitters (strings), the ⟨μ⟩ is the mean number of charged particles produced in the given acceptance δyδφ by one emitter, D_N and D_μ are the corresponding variances. Note that as follows from the derivation (7) the formula (14) for the correlation coefficient b is valid only in the central rapidity region, where each string contributes to the particle production in the whole rapidity range of the region.

In the central rapidity region one can also consider that ⟨μ⟩ = μ_0δyδφ/2π , (16) where μ_0 is the average rapidity density of the charged particles produced by one string in this region.

Clear that in the case β = 0, i.e. without correlation between multiplicities μ_F and μ_B produced by a single emitter in the forward and backward windows (4), we come back to our formula b^{LR} = a 1 + a

, (17)

obtained in [2, 3, 4] for the long-range correlation. So we can rewrite (14) as

b = b^{SR} + b^{LR} , (18)

where b^{SR} = β 1 + a

. (19)

3 Long-range correlation for poissonian emitters

Usually one supposes [1, 3, 5] the poissonian distribution of charge particles produced by one string in the given azimuth and rapidity acceptance δyδφ. In this case ω_μ = 1 and by (15) a = ω_N ⟨μ⟩ = ω_N μ_0δyδφ/2π = αδyδφ/2π , (20) with α = ω_N μ_0 . (21)

Note that the fluctuation in the number of strings in pp and especially in AA collisions [6] is not poissonian and hence ω_N ≠ 1. Its value depends on the collision energy. Recall also that μ_0 is the average rapidity density of the charged particles produced by one string.

By (17) and (20) we see that in this case the strength of long-range correlation b^{LR}, originating from the fluctuation in the number of emitters, depends only on this one parameter α and the acceptance δyδφ of the windows: b^{LR} = αδyδφ/2π 1 + αδyδφ/2π . (22)

4 Correlation between multiplicities produced by one string. Non-poissonian emitters.

In contrast with the LR contribution (17) the strength of the short-range correlation b^{SR} (19) depends also on the correlation strength β between multiplicities μ_F and μ_B, produced by a single emitter in the forward and backward windows (5). The strength β of the correlation depends on the details of the string fragmentation into hadrons.

In this section to simplify the notations we’ll self restrict by the case of the windows separated in rapidity. Generalization to the case of the windows separated also in azimuth is straightforward (see the next section). One can introduce λ_1(y) and λ_2(y_1, y_2) - the one- and two-particle rapidity densities of charge particles produced by one string. For given rapidity interval δy_F one has [7]: ∫ δy_F dy λ_1(y) = ⟨μ_F ⟩ , ∫ δy_F dy_1 ∫ δy_F dy_2 λ_2(y_1, y_2) = ⟨μ_F (μ_F − 1)⟩ (23)

and the same for backward window δy_B. At that ∫ δy_B dy_1 ∫ δy_F dy_2 λ_2(y_1, y_2) = ⟨μ_B μ_F ⟩ (24)

Note that (23) gives the following expression for the variance of the multiplicity produced by one string in given window δy_F :

D_{μF} ≡ ⟨μ^2_F ⟩ − ⟨μ_F ⟩^2 = ⟨μ_F ⟩ + ∫ δy_F dy_1 ∫ δy_F dy_2 [λ_2(y_1, y_2) − λ_1(y_1)λ_1(y_2)] . (25)

So if there is no correlation between charge particles produced by one string λ_2(y_1, y_2) = λ_1(y_1)λ_1(y_2) then such string will be a poissonian emitter D_{μF} = ⟨μ_F ⟩.

Substituting now (23) and (24) in (5) one gets β = ∫ δy_Bdy1 ∫ δy_Fdy2 [λ2(y1, y2) − λ1(y1)λ1(y2)] ⟨μ_F ⟩ + ∫ δy_Fdy1 ∫ δy_Fdy2 [λ2(y1, y2) − λ1(y1)λ1(y2)] . (26)

By a standard way one can also introduce two-particle correlation function for charged particles produced from a decay of a single string:

Λ(y_1, y_2) ≡ λ_2(y_1, y_2) λ_1(y_1)λ_1(y_2)

− 1 . (27)

Then (25) and (26) transform into D_{μF} = ∫ δy_F dy λ_1(y) + ∫ δy_F dy_1 ∫ δy_F dy_2 λ_1(y_1)λ_1(y_2)Λ(y_1, y_2) , (28)

β = ∫ δy_Bdy1 ∫ δy_Fdy2 λ1(y1)λ1(y2)Λ(y1, y2) ∫ δy_Fdy λ1(y) + ∫ δy_Fdy1 ∫ δy_Fdy2 λ1(y1)λ1(y2)Λ(y1, y2) . (29)

In the case when the width of the windows δy_F and δy_B is smaller than the characteristic correlation length y_c, determined by the behavior of the λ_1(y) and λ_2(y_1, y_2), one can simplify these expressions:

D_{μF} = δy_F λ_1(y_F ) + (δy_F )^2[λ_2(y_F , y_F ) − λ^2_1(y_F )] , (30) β = δy_B[λ_2(y_B, y_F ) − λ_1(y_B)λ_1(y_F )] λ_1(y_F ) + δy_F [λ_2(y_F , y_F ) − λ^2_1(y_F )]

, (31)

where y_B and y_F is the centers of the windows δy_B and δy_F .

Note that at fixed position of the center of the window y_F and δy_F → 0 one can also approximately consider the string as poissonian emitter because the first term in formula (30) due to different dependence on δy_F is dominating in this limit and hence D_{μF} ≈ ⟨μ_F ⟩.

Using (27) these formulae can be presented also as follows

D_{μF} = δy_F λ_1(y_F ) + (δy_F )^2λ^2_1(y_F )Λ(y_F , y_F ) = ⟨μ_F ⟩[1 + ⟨μ_F ⟩Λ(y_F , y_F )] , (32) β = ⟨μ_B⟩ ⟨μ_F ⟩ · δy_F λ_1(y_F )Λ(y_B, y_F ) 1 + δy_F λ_1(y_F )Λ(y_F , y_F ) = ⟨μ_B⟩ ⟨μ_F ⟩ · Λ(y_B, y_F ) ⟨μ_F ⟩^{−1} + Λ(y_F , y_F )

. (33)

For symmetric windows ⟨μ_B⟩ = ⟨μ_F ⟩ = ⟨μ⟩ and we have

D_{μF} = ⟨μ⟩[1 + ⟨μ⟩Λ(y_F , y_F )] , (34) β = Λ(y_B, y_F ) ⟨μ⟩^{−1} + Λ(y_F , y_F )

. (35)

In the central rapidity region, where each string contributes to the particle production in the whole rapidity range of the region, one can expect the invariance of the λ_1(y) and λ_2(y_1, y_2) on the translations in rapidity, what leads to the homogenous distribution for charged particles produced by one string λ_1(y) = μ_0 (16) and to the dependence of the corresponding twoparticle rapidity density only on the difference of the rapidities λ_2(y_1, y_2) = λ_2(y_1 − y_2).

In this approximation the two-particle correlation function for charged particles produced from a decay of a single string (27):

Λ(y_1, y_2) = λ_2(y_1 − y_2)

μ^2_0

− 1 = Λ(y_1 − y_2) (36)

will also depends only on the difference of rapidities. Then taking into account that

⟨μ⟩ = μ_0δy (37) from (34) and (35) we find ω_μ ≡ D_μ ⟨μ⟩ = 1 + ⟨μ⟩Λ(0) = 1 + μ_0δyΛ(0) , (38)

β = Λ(y) ⟨μ⟩^{−1} + Λ(0) = μ_0δyΛ(y) 1 + μ_0δyΛ(0)

. (39)

Recall that here y = y_F − y_B is the distance between the centers of forward and backward windows in rapidity (11) and δy = δy_B = δy_F is the width of these windows (10).

From formulae (38) and (39) we see that for non zero one string two-particle correlation function Λ(y) ≠ 0 the string will be non poissonian emitter ω_μ ≠ 1. If we’ll reduce the width of windows δy → 0 than the correlation coefficient β of the correlation between multiplicities μ_F and μ_B , produced by a single string in the forward and backward windows, will go to zero β → 0, at that the string will be more and more close to a poissonian emitter as ω_μ → 1.

Recall also that the last formulae are obtained for the windows, which are situated in the central rapidity region, where each string contributes to the particle production in the whole rapidity range of the region, and for the windows which width δy is smaller than the characteristic correlation length y_c, determined by the behavior of the two-particle correlation function for particles produced by one string Λ(y).

If it is not the case, then for large windows when δy ≥ y_c one has to use the general integral formulae (25) and (26) or (28) and (29) for the expression of the one string multiplicity variance D_μ and one string correlation coefficient β (5) through the two particle string correlation function Λ(y_1, y_2) (27). For large windows situated in the central rapidity region, where the invariance on the translations in rapidity takes place, these formulae take the following form

D_{μF} = ⟨μ_F ⟩ + μ^2_0 ∫ δy_F dy_1 ∫ δy_F dy_2 Λ(y_1 − y_2) , (40)

β = μ^2_0 ∫ δy_Bdy1 ∫ δy_Fdy2 Λ(y1 − y2) ⟨μ_F ⟩ + μ^2_0 ∫ δy_Fdy1 ∫ δy_Fdy2 Λ(y1 − y2) , (41)

where ⟨μ_F ⟩ = μ_0δy_F .

5 Resulting FB correlation coefficient b

In the case of the windows separated both in rapidity and in azimuth one can, similarly to the consideration in the previous section, introduce the λ_1(y, φ) and λ_2(y_1, φ_1; y_2, φ_2) - the one- and two-particle densities of charge particles produced by one string. Then for given acceptance interval δy_F δφ_F : ∫ δy_F δφ_F dydφ λ_1(y, φ) = ⟨μ_F ⟩ , (42) ∫ δy_F δφ_F dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 λ_2(y_1, φ_1; y_2, φ_2) = ⟨μ_F (μ_F − 1)⟩

and the same for backward window δy_Bδφ_B . At that ∫ δy_B δφ_B dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 λ_2(y_1, φ_1; y_2, φ_2) = ⟨μ_Bμ_F ⟩ (43)

Recall that ⟨μ_F ⟩ is an average multiplicity produced by one string in the acceptance δy_F δφ_F . In general case due to the rotation invariance in azimuth one has

λ_1(y, φ) = λ_1(y)/2π , λ_2(y_1, φ_1; y_2, φ_2) = λ_2(y_1, y_2; φ_1 − φ_2)/(2π)^2 . (44) Similarly (27) we can also introduce two-particle correlation function for charged particles produced from a decay of a single string Λ(y_1, y_2; φ_1 − φ_2) by a standard way: Λ(y_1, y_2; φ_1 − φ_2) = λ_2(y_1, y_2; φ_1 − φ_2) λ_1(y_1)λ_1(y_2)

− 1 . (45) Then the formulae (42) and (43) take the form δφ_F 2π ∫ δy_F dy λ_1(y) = ⟨μ_F ⟩ , (46)

(2π)^{−2} ∫ δy_F δφ_F dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 λ_2(y_1, y_2; φ_1 − φ_2) = ⟨μ_F (μ_F − 1)⟩ , (47) (2π)^{−2} ∫ δy_B δφ_B dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 λ_2(y_1, y_2; φ_1 − φ_2) = ⟨μ_Bμ_F ⟩ . (48) What leads to the following expressions for the variance D_{μF} and the coefficient β of the correlation between multiplicities μ_F and μ_B, produced by a single string: D_{μF} = ⟨μ_F ⟩ + J_{F F} , (49) β = J_{BF} D_{μF} = J_{BF} ⟨μ_F ⟩ + J_{F F} , (50) where J_{BF} = ⟨μ_Bμ_F ⟩ − ⟨μ_B⟩⟨μ_F ⟩ = (51) = (2π)^{−2} ∫ δy_B δφ_B dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 λ_1(y_1)λ_1(y_2)Λ(y_1, y_2; φ_1 − φ_2) , J_{F F} = ⟨μ_F (μ_F − 1)⟩ − ⟨μ_F ⟩^2 = (52) = (2π)^{−2} ∫ δy_F δφ_F dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 λ_1(y_1)λ_1(y_2)Λ(y_1, y_2; φ_1 − φ_2) .

For small windows in which one can consider Λ(y_1, y_2; φ_1 − φ_2) and λ_1(y) to be constant ⟨μ_F ⟩ = λ_1(y_F )δ_F , ⟨μ_B⟩ = λ_1(y_B)δ_B , (53) J_{BF} = δ_B δ_F λ_1(y_B )λ_1(y_F )Λ(y_B, y_F ; φ) , (54) J_{F F} = δ^2_F λ^2_1(y_F )Λ(y_F , y_F ; 0) , (55) and D_{μF} = ⟨μ_F ⟩[1 + δ_F λ_1(y_F )Λ(y_F , y_F ; 0)] , (56) β = δ_B λ_1(y_B)Λ(y_B, y_F ; φ) 1 + δ_F λ_1(y_F )Λ(y_F , y_F ; 0)

. (57) where we have introduced the short notations for the window acceptances δ_F ≡ δy_F δφ_F /2π , δ_B ≡ δy_B δφ_B/2π . (58)

In formula (57) φ = φ_F − φ_B is the distance between the centers of forward and backward windows in azimuth (11).

If the windows situated in the central rapidity region, where each string contributes to the particle production in the whole rapidity region, then due to the translation invariance in rapidity λ_1(y) = μ_0 , Λ(y_1, y_2; φ) = Λ(y_1 − y_2; φ) (59) and the formulae (53)-(57) take the form

⟨μ_F ⟩ = μ_0δ_F , ⟨μ_B⟩ = μ_0δ_B , (60)

D_{μF} = ⟨μ_F ⟩[1 + μ_0δ_F Λ(0; 0)] , (61) β = δ_B μ_0Λ(y; φ) 1 + δ_F μ_0Λ(0; 0)

, (62)

which is similar to formula (39), where y = y_F − y_B is the distance between the centers of forward and backward windows in rapidity (11).

Note that in this case the dependence on the width of the windows and on the distances between their centers is factorized in formula (62). In particular, for symmetric windows, when δ_B = δ_F , we have

β = k(δ_F )μ_0Λ(y; φ) , k(δ_F ) = δ_F 1 + δ_F μ_0Λ(0; 0)

. (63)

At last for large windows situated in the central rapidity region along with (59) and (60) we must to use the following formulae

D_{μF} = ⟨μ_F ⟩ + μ^2_0(2π)^{−2} ∫ δy_F δφ_F dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 Λ(y_1 − y_2; φ_1 − φ_2) , (64)

β = μ_0(2π)^{−2} ∫ δy_B δφ_Bdy1dφ1 ∫ δy_F δφ_Fdy2dφ2 Λ(y1 − y2; φ1 − φ2) δ_F + μ_0(2π)^{−2} ∫ δy_F δφ_Fdy1dφ1 ∫ δy_F δφ_Fdy2dφ2 Λ(y1 − y2; φ1 − φ2) , (65)

which corresponds to formula (41) of the previous section. Further obvious simplification of the integrals in (65) is discussed in Appendix A.

Knowing β and D_μ one can easy calculate the FB correlation coefficient b in the central rapidity region by the formulae (14) and (15).

For example, for small symmetric windows, when δ_B = δ_F , by (60) and (61) we have ω_μ ≡ D_μ ⟨μ⟩ = 1 + δ_F μ_0Λ(0; 0) , a = ω_N ω_μ ⟨μ⟩ = δ_F μ_0ω_N 1 + δ_F μ_0Λ(0; 0)

. (66)

Recall that at δ_F → 0 by these formulae ω_μ → 1, a ≈ δ_F μ_0ω_N = δ_F α, where we have used notation (21) α ≡ μ_0ω_N , and the strings can be considered as poissonian emitters.

Using now (14), (62) and (66) we get the final result for small windows b = β + a 1 + a = δ_F μ_0[ω_N + Λ(y; φ)] 1 + δ_F μ_0[ω_N + Λ(0; 0)] = ⟨μ_F ⟩[ω_N + Λ(y; φ)] 1 + ⟨μ_F ⟩[ω_N + Λ(0; 0)]

. (67)

As in section 2 (see formulae (17)-(19)) one can present the result as the sum of two terms: b^{LR} = a 1 + a = δ_F μ_0ω_N 1 + δ_F μ_0[ω_N + Λ(0; 0)]

, (68) and b^{SR} = β 1 + a = δ_F μ_0 1 + δ_F μ_0[ω_N + Λ(0; 0)]

Λ(y; φ) . (69)

The first term depends on the acceptance of the windows, but doesn’t depends on the distance between the centers of forward and backward windows in rapidity y = y_F −y_B and in azimuth φ = φ_F − φ_B, which justified the name of this contribution as the long range (LR) one. This contribution reveals itself as the common ”plateau” when one plots the value of the FB correlation coefficient b as the function of y and φ. The height of this ”plateau” is determined by the event-by-event fluctuation of the number of the strings (emitters) N and can be used for the evaluation of the extent of this fluctuation. Note that at any fixed number of emitters there will be no such contribution, as ω_N ≡ D_N /⟨N⟩ = 0.

The second term is proportional to the two-particle correlation function for charged particles produced from a decay of a single string Λ(y; φ) with some common factor depending on acceptance. In the plot of the FB correlation coefficient b as the function of y and φ this contribution manifests itself as some peaks on the common ”plateau”, which we have discussed above. This justified the name of this contribution as the short range (SR) one. This different behavior enables separate the contribution of two mechanisms.

We would like to emphasize that if the two-particle correlation function for charged particles produced from a decay of a single string Λ(y; φ) (see definitions (45) and (59)) is equal to zero: Λ(y; φ) = 0 , we still have nonzero FB correlation: b = δ_F μ_0ω_N 1 + δ_F μ_0ω_N = ⟨μ_F ⟩ω_N 1 + ⟨μ_F ⟩ω_N , (70)

which characterizes the event-by-event fluctuation of the number of the strings (emitters) N. Note that at Λ(y; φ) = 0 by (64) and (66) the strings became a poissonian emitters and the answer (70) coincides with the result (22), obtained in the case of poissonian emitters in section 3.

Recall that the last results are valid for the small acceptance windows situated in the central rapidity region, where each string contributes to the particle production in the whole rapidity range and the translations invariance in rapidity take place. For large windows, within which one can’t consider Λ(y; φ) to be constant, the formula (67) still can be used in the central rapidity region (see formulae (64) and (65)) but with the corresponding substitutions:

Λ(y; φ) → δ^{−1}_B δ^{−1}_F (2π)^{−2} ∫ δy_B δφ_B dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 Λ(y_1 − y_2; φ_1 − φ_2) , (71)

Λ(0; 0) → δ^{−2}_F (2π)^{−2} ∫ δy_F δφ_F dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 Λ(y_1 − y_2; φ_1 − φ_2) . (72)

Further simplification of the integrals see in Appendix A.

6 Short-range correlation

The strength of the short-range correlation b^{SR} (19) depends on the correlation strength β between multiplicities μ_F and μ_B , produced by a single string in the forward and backward windows (5), which for small windows by (69) is proportional to the two-particle correlation function Λ(y; φ) for charged particles produced from a decay of a single string. The strength of the correlation depends on the details of the string fragmentation into hadrons.

In Schwinger mechanism the string breaks into the pieces by the creation of the quarkantiquark pairs. In very first approximation one can consider that the string decomposes into the segments of the same length y_0 in rapidity. This assumption is consistent with the fact of the homogenous rapidity distribution of produced charged particles. Each i-th string segment has some transverse momentum p_i, which is equal to the sum of the transverse momenta of the quark and antiquark at its ends

p_i = p^q_i + p^q_i . (73)

Further fragmentation of the string segment of the length y_0 with the transverse momentum p_i into hadrons goes through the formation of the minijet and the decay of resonances. If the particles from the fragmentation of the same minijet (same string segment) are registered in both our windows (forward and backward), then we’ll have the additional short-range near side correlation with some characteristic length in rapidity y_1 and width φ_1 in azimuth.

The additional away side correlation will also take place. It arises because of the transverse momentum conservation in the process of the quark-antiquark pair creation. Due to this reason we have:

p^q_i = −p^q_{i−1} , p^q_i = −p^q_{i+1} . (74)

But because we have to add some arbitrary momentum p^q_{i−1} to the momentum p^q_{i−1} to obtain the transverse momentum of the (i–1)-th string segment and some arbitrary momentum p^q_{i+1} to the momentum p^q_{i+1} to obtain the transverse momentum of the (i+1)-th string segment

p_{i−1} = p^q_{i−1} + p^q_{i−1} , p_{i+1} = p^q_{i+1} + p^q_{i+1} , (75)

we expect in the away side the two broader (than in the near side) correlation peaks displaced on the ±y_0 in the rapidity with the characteristic length y_2 > y_1 in rapidity and the width φ_2 > φ_1 in azimuth. Such behavior of two-particle correlation function Λ(y; φ) for charged particles produced from a decay of a single string can be modeled by the following function:

Λ(y; φ) = Λ_1e^{− |y|y}1 e^− φ2 φ21 + Λ_2 ( e^{− |y−y0|y}2 + e^{− |y+y0|y}2 ) e^− (φ−π)2 φ2 , (76)

which depends on the distances y and φ between the centers of our observation windows in rapidity and in azimuth (11). We imply that in formula (76) |φ| ≤ π . (77) If |φ| > π, then we use the replacement φ → φ + 2πk, so that (77) was fulfilled. With such completions the Λ(y; φ) meets the following properties

Λ(−y; φ) = Λ(y; φ) , Λ(y; −φ) = Λ(y; φ) , Λ(y; φ + 2πk) = Λ(y; φ) . (78)

7 Analysis of resulting FB correlation strength

We start our analysis from the most simple case of small windows in azimuth and in rapidity situated in the central region, which described by the formulae (67)-(69).

An example of the resulting behavior of the FB correlation coefficient b (2) as a function of the distance y between the centers of backward and forward windows in rapidity with taking into account the LR and SR contributions, calculated by formulae (67)-(69) and (76) at the

Figure 1: The forward-backward (FB) correlation coefficient b (2), with taking into account the long-range (LR) and short-range (SR) contributions, calculated by formulae (67)-(69) and (76), for the windows with small acceptance δy = 0.2 and δφ = π/4.

different values of the distance φ between the windows in azimuth, is presented in Fig.1 for the FB windows with small acceptance δy = 0.2 and δφ = π/4 at some typical values of the parameters:

μ_0ω_N = 2.2, y_0 = 0.9, μ_0Λ_1 = 2.5, y_1 = 0.55, φ_1 = 1.0, μ_0Λ_2 = 0.4, y_2 = 2.0, φ_2 = 2.0. At that by (76)

μ_0Λ(0; 0) = μ_0Λ_1 + 2μ_0Λ_2e^{− y0y}2 e^− π2 φ2 = 2.54 . (79)

Note that only the products μ_0ω_N , μ_0Λ_1 and μ_0Λ_2 are entering in the resulting formulae (67)-(69).

In Fig.1 we see that even at the rather small value of the acceptance δyδφ/2π = 0.2/8 = 0.025 the contribution of the LR correlation mechanism is the dominating one.

With these parameters, fixed by the data with small acceptance windows on the FB correlation coefficient b as a function of the distances y and φ between the centers of these windows in rapidity and in azimuth, one can now calculate (without any additional parameters!) the values of the FB correlation coefficient b for large acceptance windows, in which one cannot consider the Λ(y, φ) to be constant.

For example, we can calculate the values of the FB correlation coefficient b in windows separated only in rapidity, i.e. for 2π-windows in azimuth. We can also find the dependence of the FB correlation coefficient b on the width δy of FB windows in central rapidity region.

To do this one has to use the formulae (67)-(69) with the substitution (120), (121) described in Appendix A.

8 Two-particle correlation function

Similarly to the consideration in the sections 4 and 5, along with the two-particle correlation function Λ(y_1, y_2; φ_1 − φ_2) for charged particles produced from a decay of a single string, one can also introduce the total two-particle correlation function C_2(y_1, y_2; φ_1 − φ_2). To do this, we have to introduce the ρ_1(y, φ) and ρ_2(y_1, φ_1; y_2, φ_2) - the one- and two-particle densities of charge particles:

ρ_1(y, φ) = d^2N dy dφ , ρ_2(y_1, φ_1; y_2, φ_2) = d^4N dy_1 dφ_1 dy_2 dφ_2

. (80)

Then for given acceptance interval δy_F δφ_F we have [7]: ∫ δy_F δφ_F dydφ ρ_1(y, φ) = ⟨n_F ⟩ , (81) ∫ δy_F δφ_F dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 ρ_2(y_1, φ_1; y_2, φ_2) = ⟨n_F (n_F − 1)⟩ and the same for backward window δy_Bδφ_B . At that ∫ δy_B δφ_B dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 ρ_2(y_1, φ_1; y_2, φ_2) = ⟨n_B n_F ⟩ (82)

Recall that ⟨n_F ⟩ is an average multiplicity produced in the acceptance δy_F δφ_F . Due to the rotation invariance in azimuth one has

ρ_1(y, φ) = ρ_1(y)/2π , ρ_2(y_1, φ_1; y_2, φ_2) = ρ_2(y_1, y_2; φ_1 − φ_2)/(2π)^2 . (83) Then we introduce two-particle correlation function C_2(y_1, y_2; φ_1 − φ_2) by a standard way:

C_2(y_1, y_2; φ_1 − φ_2) = ρ_2(y_1, y_2; φ_1 − φ_2) ρ_1(y_1)ρ_1(y_2)

− 1 . (84)

At that the formulae (81) and (82) take the form δφ_F 2π ∫ δy_F dy ρ_1(y) = ⟨n_F ⟩ , (85)

(2π)^{−2} ∫ δy_F δφ_F dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 ρ_2(y_1, y_2; φ_1 − φ_2) = ⟨n_F (n_F − 1)⟩ , (86)

(2π)^{−2} ∫ δy_B δφ_B dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 ρ_2(y_1, y_2; φ_1 − φ_2) = ⟨n_B n_F ⟩ . (87) What leads to the following expressions for the variance D_{nF} and the coefficient b (2) of the correlation between multiplicities n_F and n_B : D_{nF} = ⟨n_F ⟩ + I_{F F} , (88) b = I_{BF} D_{nF} = I_{BF} ⟨n_F ⟩ + I_{F F} , (89) where I_{BF} = ⟨n_Bn_F ⟩ − ⟨n_B⟩⟨n_F ⟩ = (90) = (2π)^{−2} ∫ δy_B δφ_B dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 ρ_1(y_1)ρ_1(y_2)C_2(y_1, y_2; φ_1 − φ_2) ,

I_{F F} = ⟨n_F (n_F − 1)⟩ − ⟨n_F ⟩^2 = (91) = (2π)^{−2} ∫ δy_F δφ_F dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 ρ_1(y_1)ρ_1(y_2)C_2(y_1, y_2; φ_1 − φ_2) .

For small windows in which one can consider C_2(y_1, y_2; φ_1 − φ_2) and ρ_1(y) to be constant, we have ⟨n_F ⟩ = ρ_1(y_F )δ_F , ⟨n_B ⟩ = ρ_1(y_B)δ_B , (92) I_{BF} = δ_B δ_F ρ_1(y_B)ρ_1(y_F )C_2(y_B , y_F ; φ) , (93) I_{F F} = δ^2_F ρ^2_1(y_F )C_2(y_F , y_F ; 0) , (94) and D_{nF} = ⟨n_F ⟩[1 + δ_F ρ_1(y_F )C_2(y_F , y_F ; 0)] , (95) b = δ_Bρ_1(y_B)C_2(y_B, y_F ; φ) 1 + δ_F ρ_1(y_F )C_2(y_F , y_F ; 0)

. (96) Recall our short notations for the window acceptances: δ_F ≡ δy_F δφ_F /2π , δ_B ≡ δy_B δφ_B/2π . (97) In formulae (93) and (96) φ = φ_F − φ_B is the distance between the centers of forward and backward windows in azimuth (11).

If the windows situated in the central rapidity region, where each string contributes to the particle production in the whole rapidity region, then due to the translation invariance in rapidity ρ_1(y) = ρ_0 , C_2(y_1, y_2; φ) = C_2(y_1 − y_2; φ) (98) and the formulae (92)-(96) take the form ⟨n_F ⟩ = ρ_0δ_F , ⟨n_B ⟩ = ρ_0δ_B , (99) D_{nF} = ⟨n_F ⟩[1 + δ_F ρ_0C_2(0; 0)] , (100) b = δ_B ρ_0C_2(y; φ) 1 + δ_F ρ_0C_2(0; 0)

. (101) where y = y_F − y_B is the distance between the centers of forward and backward windows in rapidity (11).

Note that in this case the dependence on the width of the windows and on the distances between their centers is factorized in formula (101). In particular, for symmetric windows, when δ_B = δ_F , we have b = δ_F 1 + δ_F ρ_0C_2(0; 0)

· ρ_0C_2(y; φ) . (102) At last for large windows situated in the central rapidity region along with (98) and (99) we must to use the following formulae (88) and (89), in which

I_{BF} = ρ^2_0(2π)^{−2} ∫ δy_B δφ_B dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 C_2(y_1 − y_2; φ_1 − φ_2) , (103)

I_{F F} = ρ^2_0(2π)^{−2} ∫ δy_F δφ_F dy_1dφ_1 ∫ δy_F δφ_F dy_2dφ_2 C_2(y_1 − y_2; φ_1 − φ_2) , (104)

Further obvious simplification of the integrals is discussed in Appendix A.

In the central region comparing two expressions (67) and (102) for the correlation coefficient b we can connect the total two-particle correlation function C_2(y; φ) with the two-particle correlation function Λ(y; φ) for charged particles produced from a decay of a single string, we have C_2(y; φ) = μ_0 ρ_0

[ω_N + Λ(y; φ)] = ω_N + Λ(y; φ) ⟨N⟩ . (105)

One can obtain (105) also directly using the expression (8) for the correlator. Indeed by (93) for small FB windows δy_Bδφ_B and δy_F δφ_F we have

C_2(y_B , y_F ; φ_F − φ_B ) ≡ ρ_2(y_B, y_F ; φ_F − φ_B) ρ_1(y_B)ρ_1(y_F )

− 1 = ⟨n_Bn_F ⟩ − ⟨n_B⟩⟨n_F ⟩ ⟨n_B ⟩⟨n_F ⟩ = ⟨ n_B ⟨n_B ⟩ n_F ⟨n_F ⟩ ⟩ − 1 (106) where y_B, y_F and φ_B , φ_F are the positions of the centers of backward and forward windows in rapidity and azimuth (11).

Note that one can use the (106) for the experimental determination of the two-particle correlation function C_2(y_B, y_F ; φ_F − φ_B ). In contrast with b (1) this variable doesn’t depends on the width of these small windows, i.e. it has the finite limit (105) at δy_Bδφ_B and δy_F δφ_F go to zero. Recall that b → 0 in this limit, as it was demonstrated in sections 4 and 5.

By (54) we have the same for the two-particle correlation function Λ(y_B, y_F ; φ_F − φ_B ) for charged particles produced from a decay of a single string

Λ(y_B, y_F ; φ_F − φ_B) = ⟨μ_Bμ_F ⟩ − ⟨μ_B⟩⟨μ_F ⟩ ⟨μ_B⟩⟨μ_F ⟩ (107)

If the windows situated in the central rapidity region, where each string contributes to the particle production in the whole rapidity region, the formula (8) is valid ⟨n_Bn_F ⟩ − ⟨n_B⟩⟨n_F ⟩ = ⟨N⟩(⟨μ_Bμ_F ⟩ − ⟨μ_B⟩⟨μ_F ⟩) + D_N ⟨μ_B⟩⟨μ_F ⟩ = (108) = [ Λ(y; φ) ⟨N⟩ + D_N ⟨N⟩^2 ] ⟨n_B⟩⟨n_F ⟩ . Here in last transition we have used else that in the central rapidity region ⟨n_B ⟩ = ⟨N⟩⟨μ_B⟩, ⟨n_F ⟩ = ⟨N⟩⟨μ_F ⟩ and due to the translation invariance in rapidity Λ(y_B, y_F ; φ_F − φ_B) = Λ(y; φ), where y = y_F − y_B , φ = φ_F − φ_B are the distances between the centers of forward and backward windows in rapidity and azimuth (11). The formula (105) follows from (108).

We would like to emphasize that if the two-particle correlation function for charged particles produced from a decay of a single string Λ(y; φ) (see definitions (84) and (98)) is equal to zero: Λ(y; φ) = 0 , we still have nonzero the total two-particle correlation function C_2(y; φ) in the central region: C_2(y; φ) = ω_N ⟨N⟩ = D_N ⟨N⟩^2 = const . (109) Here ω_N = D_N /⟨N⟩ (15) characterizes the event-by-event fluctuation of the number of the strings (emitters) N and the ⟨N⟩ is the mean number of strings. Note that at Λ(y; φ) = 0 by (64) and (66) the strings became a poissonian emitters and the expression for b (101) coincides with the result (22), obtained in the case of poissonian emitters in section 3.

Along with two-particle correlation function C_2 (106), which has a finite limit when width of the windows do to zero, one can also introduce instead of b (1) the modified correlation coefficient as follows b_{rob} = ⟨n_B n_F ⟩ − ⟨n_B ⟩⟨n_F ⟩ √ [⟨n_B (n_B − 1)⟩ − ⟨n_B⟩^2][⟨n_F (n_F − 1)⟩ − ⟨n_F ⟩^2] =

= ⟨n_B n_F ⟩ − ⟨n_B ⟩⟨n_F ⟩ √ (D_{nB} − ⟨n_B ⟩)(D_{nF} − ⟨n_F ⟩) = C_2 √ R_{nB} R_{nF} (110)

or for symmetric windows b_{rob} = ⟨n_Bn_F ⟩ − ⟨n_B⟩⟨n_F ⟩ ⟨n_F (n_F − 1)⟩ − ⟨n_F ⟩^2 = ⟨n_B n_F ⟩ − ⟨n_B ⟩⟨n_F ⟩ D_{nF} − ⟨n_F ⟩ . (111)

This definition is closely connected with so-called robust variance [7, 8, 9]

R_n = ω_n − 1 ⟨n⟩ = D_n − ⟨n⟩ ⟨n⟩^2 . (112)

In our string approach by (9)

D_{nF} − ⟨n_F ⟩ = ⟨N⟩(D_{μF} − ⟨μ_F ⟩) + D_N ⟨μ_F ⟩^2 (113)

and by (61) we have for the modified correlation coefficient b_{rob} (110) b_{rob} = ω_N + Λ(y; φ) ω_N + Λ(0; 0)

. (114)

We see that in contrast with b (1) the modified b_{rob} (110) doesn’t depends on the width of small observation windows, i.e. it has the finite limit at δy_Bδφ_B and δy_F δφ_F go to zero.

Note also that if there are no correlation between particles emitted by one string Λ(y; φ) = 0, what, as we have seen, corresponds to the case of poissonian emitters, then b_{rob} = 1.

So using variables C_2 (106) and b_{rob} (110) by (105) and (114) one can determine experimentally the mean number of strings ⟨N⟩, their event-by-event variance D_N = ω_N ⟨N⟩, the mean number of particles produced from a decay of one string μ_0 = ρ_0/⟨N⟩ (98) and the two-particle correlation function Λ(y; φ) for charged particles produced from a decay of a single string.

Appendix A. Calculation of integrals.

For symmetric rapidity windows δy_B = δy_F = δy with the distance y = y_F − y_B between their centers one has ∫ δy_B dy_1 ∫ δy_F dy_2 f(|y_1 − y_2|) = ∫_{δy} −δy dy^′ f(|y + y^′|) t_{δy}(y^′) , (115)

where t_{δy}(y^′) is a ”triangular” weight function:

t_{δy}(y^′) = [θ(−y^′)(δy + y^′) + θ(y^′)(δy − y^′)] θ(δy − |y^′|) . (116)

The formula (115) is valid for any distance between the centers of windows, in particular for coinciding windows. In this case y = 0 and we have ∫ δy_F dy_1 ∫ δy_F dy_2 f(|y_1 − y_2|) = ∫_{δy} −δy dy^′ f(|y^′|) t_{δy}(y^′) = 2 ∫_{δy} 0 dy^′ f(|y^′|)(δy − y^′) (117) The same formula ∫ δφ_B dφ_1 ∫ δφ_F dφ_2 f(|φ_1 − φ_2|) = ∫_{δφ} −δφ dφ^′ f(|φ + φ^′|) t_{δφ}(φ^′) (118) are valid for the integration over azimuthal windows, but in this case one has also to take into account the periodicity: f(|φ|) = f(|φ + 2πk|). The last leads to significant simplification of the formula (118) in the case of windows with full 2π acceptance in azimuth: ∫_{2π} −2π dφ^′ f(|φ + φ^′|) t_{2π}(φ^′) = 2π ∫_{2π} 0 dφ^′ f(|φ^′|) = 4π ∫_π 0 dφ^′ f(|φ^′|) . (119) So for large symmetric windows in the central rapidity region by (115)-(117) the formulae (71) and (72) in general case can be written in the following form Λ(y; φ) → (δyδφ)^{−2} ∫_{δy} −δy dy^′ ∫_{δφ} −δφ dφ^′ Λ(y + y^′; φ + φ^′) t_{δy}(y^′) t_{δφ}(φ^′) , (120)

Λ(0; 0) → 4(δyδφ)^{−2} ∫_{δy} 0 dy^′ ∫_{δφ} 0 dφ^′ Λ(y^′; φ^′) (δy − y^′) (δφ − φ^′) , (121) The δy and δφ are the width of the observation windows in rapidity and in azimuth, and the y and φ are the corresponding distances between their centers. We imply that Λ(y; φ) satisfies the conditions (78).

References

[1] M.A. Braun, C. Pajares and V.V. Vechernin, Phys. Lett. B493, 54 (2000). [2] V.V. Vechernin, R.S. Kolevatov, hep-ph/0304295 (2003);

Vestnik SPbU, ser.4, no.2, 12 (2004).

[3] M.A. Braun, R.S. Kolevatov, C. Pajares, V.V. Vechernin, Eur. Phys. J. C32, 535 (2004). [4] V.V. Vechernin. Proceedings of the Baldin ISHEPP XX, vol.2, JINR, Dubna, 2011, 10-15;

arXiv:1012.0214 [hep-ph] (2010).

[5] V.V. Vechernin, R.S. Kolevatov, Physics of Atomic Nuclei 70, 1797 (2007). [6] V. V. Vechernin and H. S. Nguyen, Phys. Rev. C 84, 054909 (2011). [7] C. Pruneau, S. Gavin, and S. Voloshin, Phys. Rev. C 66, 044904 (2002). [8] J. Whitmore, Phys. Rep. 27, 187 (1976). [9] L. Foa, Phys. Rep. 22, 1 (1975).