arXiv:1210.7739v2 [hep-th] 27 May 2013

Noncommutative analogue Aharonov-Bohm effect and superresonance

M. A. Anacleto, F. A. Brito and E. Passos^∗ Departamento de Física, Universidade Federal de Campina Grande, Caixa Postal 10071, 58109-970 Campina Grande, Paraíba, Brazil

We consider the idea of modeling a rotating acoustic black hole by an idealized draining bathtub vortex which is a planar circulating flow phenomenon with a sink at the origin. We find the acoustic metric for this phenomenon from a noncommutative Abelian Higgs model. As such the acoustic metric not only describes a rotating acoustic black hole but also inherits the noncommutative characteristic of the spacetime. We address the issues of superresonance and analogue Aharonov-Bohm (AB) effect in this background. We mainly show that the scattering of planar waves by a draining bathtub vortex leads to a modified AB effect and due to spacetime noncommutativity, the phase shift persists even in the limit where the parameters associated with the circulation and draining vanish. Finally, we also find that the analogue AB effect and superresonance are competing phenomena at a noncommutative spacetime.

I. INTRODUCTION

Noncommutative theories have been discussed in the literature by many authors. The inherent nonlocality of these theories leads to the surprising mixture between ultraviolet (UV) and infrared (IR) divergences [1] which could break the perturbative expansion, lead to loss of unitarity [2] and violation of Lorentz invariance [3]. Noncommutative field theories have also been object of several investigations in planar physics.

Among several topics in planar physics, the Aharonov-Bohm (AB) effect [4] is one of the most extensively studied problems. This effect is essentially the scattering of charged particles by a flux tube and has been experimentally confirmed [5]. In quantum field theory the effect has been simulated, for instance, by using a nonrelativistic field theory describing bosonic particles interacting through a Chern- Simons field [6]. It was also found to have analogues in several physical systems such as in gravitation [7], fluid dynamics [8], optics [9] and Bose-Einstein condensates [10] appearing in a vast literature.

It was shown some years ago [11] that scattering by a standard vortex leads to an analogue of the AB effect, determined by a single dimensionless circulation parameter. More recently, it was shown in [12] that the scattering of planar waves by a draining bathtub vortex describes a modified AB effect which depends on two dimensionless parameters associated with the circulation and draining rates [13]. The effect was shown to be inherently asymmetric even in the low-frequency limit and leads to novel interference patterns. In [15] we extended this analysis to a Lorentz-violating background [14] which allows to have persistence of phase shifts even if circulation and draining vanish.

The purpose of this paper is to reconsider all the analysis done in [15] for Lorentz-violating background in order to investigate the effect of the noncommutativity on the scattering by a draining bathtub vortex that provides a simple analogue for the AB effect that naturally occurs in quantum mechanics. Thus, in this work we investigate how the AB effect due to a vortex flow is modified by the spacetime noncommutativity. As our results show, we find that there appears small noncommutative correction to the scattering amplitude, which modifies the qualitative and quantitative aspects of the AB effect.

The noncommutative AB effect has been already studied in the context of quantum mechanics [16, 17] and in the quantum field theory approach [18]. In [16] the noncommutative AB effect has been shown to be in contrast with the commutative situation. It was shown that the cross section for the scattering

∗Electronic address: anacleto, fabrito, passos@df.ufcg.edu.br

of scalar particles by a thin solenoid does not vanish even if the magnetic field assumes certain discrete values.

In the present calculations, we apply the acoustic black hole metrics obtained from a relativistic fluid in a noncommutative spacetime [19] via the Seiberg-Witten map and interestingly we obtain a result similar to the noncommutative AB effect found in [16]. A relativistic version of acoustic black holes from the Lorentz violating Abelian Higgs model has been also presented in [20, 21] (see also [22]). It was found in [21] that for suitable values of the Lorentz-violating parameter a wider or narrower spectrum of particle wave function can be scattered with increased amplitude by the acoustic black hole. This shows how the tuning of such parameter changes the superresonance phenomenon previously studied in [23]. Thus, the presence of Lorentz-violating background modifies the quantity of removed energy of the acoustic black hole (see [24–26] for some reviews and [27] for related issues). By computing the superresonance, we conclude that the spacetime noncommutativity also affects the rate of loss of mass of the acustic black hole in a way analogous to what happens in Lorentz-violating background previous considered in other setups [19–21] . Thus for suitable values of the spacetime noncommutativity parameter a wider or narrower spectrum of particle wave function can be scattered with increased amplitude by the acoustic black hole.

In our study we shall focus on the differential cross section due to the scattering of planar waves by a draining bathtub vortex that leads to a modified AB effect in a noncommutative spacetime. We anticipate that we have obtained a cross section similar to that obtained in [16] for noncommutative AB effect in quantum mechanics. The result implies that due to the spacetime noncommutativity pattern fringes can still persist even in the limit where the parameters associated with the circulation and draining go to zero. In this limit, the noncommutative background forms a conical defect, which is also responsible for the appearance of the analogue AB effect. We also find that the AB effect and superresonance are competing phenomena at a noncommutative spacetime.

The paper is organized as follows. In Sec. II we apply the black hole metrics obtained in the noncommutative Abelian Higgs model [19]. We then apply these metrics to a Klein-Gordon-like equation describing sound waves to study the scattering of planar waves by a draining bathtub vortex that leads to a modified AB effect embedded into two types of a noncommutative spacetime medium by choosing pure magnetic or electric sector. In Sec. III we make our final conclusions.

II. THE ACOUSTIC METRIC IN NONCOMMUTATIVE ABELIAN HIGGS MODEL

In this section we consider the noncommutative version of the Abelian Higgs model. The noncommutativity is introduced by modifying its scalar and gauge sector by replacing the usual product of fields by the Moyal product [28–31]. Thus, the Lagrangian of the noncommutative Abelian Higgs model in flat space is

L̂ = − 1 4 F̂_{μν} ∗ F̂^{μν} + (D_μϕ̂)^† ∗ D^μϕ̂ + m^2ϕ̂^† ∗ ϕ̂ − bϕ̂^† ∗ ϕ̂ ∗ ϕ̂^† ∗ ϕ̂, (1)

where the hat indicates that the variable is noncommutative and the ∗-product is the so-called Moyal- Weyl product or star product which is defined in terms of a real antisymmetric matrix θ^{μν} that parameterizes the noncommutativity of Minkowski spacetime [x^μ, x^ν ] = iθ^{μν} , μ, ν = 0, 1, · · · , D − 1. (2) The ∗-product for two fields f(x) and g(x) is given by

f(x) ∗ g(x) = exp ( i 2 θ^{μν} ∂^x_μ ∂^y_ν ) f(x)g(y)|_{x=y}. (3) In (1) the noncommutative fields can be expanded in a formal series in θ. Using the Seiberg-Witten (SW) map this expansion can be constructed in terms of the original fields of a commutative theory transforming under the ordinary transformation laws.

Now using the Seiberg-Witten map [28], up to the lowest order in the spacetime noncommutative parameter θ^{μν} , we find

Â_μ = A_μ + θ^{νρ}A_ρ(∂_ν A_μ − 1 2 ∂_μA_ν ), F̂_{μν} = F_{μν} + θ^{ρβ} (F_{μρ}F_{νβ} + A_ρ∂_βF_{μν} ), ϕ̂ = ϕ − 1 2 θ^{μν} A_μ∂_ν ϕ. (4) This very useful map allows us to study noncommutative effects in the framework of commutative quantum field theory.

Thus the corresponding theory in a commutative spacetime is [29]

L̂ = − 1 4 F_{μν} F^{μν} ( 1 + 1 2 θ^{αβ} F_{αβ} ) + ( 1 − 1 4 θ^{αβ} F_{αβ} ) ( |D_μϕ|^2 + m^2|ϕ|^2 − b|ϕ|^4 )

+ 1 2 θ^{αβ} F_{αμ} [ (D_β ϕ)^†D^μϕ + (D^μϕ)^†D_βϕ ] , (5)

where F_{μν} = ∂_μA_ν − ∂_ν A_μ and D_μϕ = ∂_μϕ − ieA_μϕ. As one knows the parameter θ^{αβ} is a constant, real-valued antisymmetric D × D- matrix in D-dimensional spacetime with dimensions of length squared. For a review see [31].

Let us briefly review the steps to find the noncommutative acoustic black hole metric from quantum field theory. Firstly, we decompose the scalar field as ϕ = √ ρ(x, t) exp (iS(x, t)) into the original Lagrangian to find L = − 1 4 F_{μν} F^{μν} ( 1 − 2⃗θ · ⃗B ) + θ̃ [ ∂_μS∂^μS − 2eA_μ∂^μS + e^2A_μA^μ + m^2 ] ρ − θ̃bρ^2 + Θ^{μν} [ ∂_μS∂_ν S − eA_μ∂_ν S − eA_ν ∂_μS + e^2A_μA_ν ] ρ + ρ √ ρ [ θ̃∂_μ∂^μ + Θ^{μν} ∂_μ∂_ν ] √ ρ, (6) where θ̃ = (1 + ⃗θ · ⃗B), ⃗B = ∇ × ⃗A and Θ^{μν} = θ^{αμ}F_α^ν . In our calculations we consider the case where there is no noncommutativity between space and time, that is θ^{0i} = 0 and use θ^{ij} = ε^{ijk} θ^k, F^{i0} = E^i and F^{ij} = ε^{ijk}B^k.

Secondly, linearizing the equations of motion around the background (ρ_0, S_0), with ρ = ρ_0 + ρ_1 and S = S_0 + ψ we find the equation of motion for a linear acoustic disturbance ψ given by a Klein-Gordon equation in a curved space 1 √ −g ∂_μ( √ −gg^{μν} ∂_ν )ψ = 0, (7)

where g_{μν} just represents the acoustic metrics given explicitly in the examples below. We should comment that in our previous computation we assumed linear perturbations just in the scalar sector, whereas the vector field A_μ remain unchanged.

In the following we shall focus on the planar rotating acoustic noncommutative black hole metrics [19] to address the issues of superresonance phenomenon and analogue Aharonov-Bohm effect. For the sake of simplicity, we shall consider two types of a noncommutative spacetime medium by choosing first pure magnetic sector and then we shall focus on the pure electric sector.

A. The case B ≠ 0 and E = 0

The acoustic line element in polar coordinates on the noncommutative plane, up to an irrelevant position-independent factor, in the nonrelativistic limit (v^2 ≪ c^2) was obtained in [19] and is given by

ds^2 = −[(1 − 3θ_zB_z)c^2 − (1 + 3θ_zB_z )(v^2_r + v^2_ϕ)]dt^2 − 2(1 + 2θ_zB_z)(v_r dr + v_ϕrdϕ)dt

+ (1 + θ_zB_z)(dr^2 + r^2dϕ^2). (8) where B_z is the magnitude of the magnetic field in the z direction, θ_z is the noncommutative parameter, c is the sound velocity in the fluid and v is the fluid velocity. We consider the flow with the velocity potential ψ(r, ϕ) = A ln r + Bϕ whose velocity profile in polar coordinates on the plane is given by ⃗v = A r r̂ + B r ϕ̂, (9)

where B and A are the constants of circulation and draining rates of the fluid flow.

Let us now consider the transformations of the time and the azimuthal angle coordinates as follows dτ = dt + (1 + 2θ_zB_z)Ardr [(1 − 3θ_zB_z)c^2r^2 − (1 + 3θ_zB_z )A^2] , dφ = dϕ + ABdr r[c^2r^2 − A^2]

. (10)

In these new coordinates the metric becomes

ds^2 =θ̃ [ −(1 − 4Θ) ( 1 − (1 + 6Θ)(A^2 + B^2) c^2r^2 ) dτ^2 + ( 1 − (1 + 6Θ)A^2 c^2r^2 )_{−1} dr^2 − 2θ̃B c dφdτ + r^2dφ^2 ] ,(11)

where Θ = θ_zB_z and θ̃ = 1+Θ. The radius of the ergosphere is given by g_{00}(r_e) = 0, whereas the horizon is given by the coordinate singularity g_{rr}(r_h) = 0, that is

r_e = √ r^2_h +

(1 + 6Θ)B^2 c^2

, r_h =

(1 + 6Θ)^{1/2}|A| c . (12)

We can observe from the equation (11) that for A > 0 we are dealing with a past event horizon, i.e., acoustic white hole and for A < 0 we are dealing with a future acoustic horizon, i.e., acoustic black hole. The metric can be now written in the form

g_{μν} = θ̃ −(1 − 4Θ) [ 1 −^{r2e}_{r2} ] 0 −^{θ̃B}_{cr} 0 ( 1 −^{r2h}_{r2} )_{−1} 0 −^{θ̃B}_{cr} 0 1 , (13)

with inverse g^{μν}

g^{μν} = θ̃ −^{(1+4Θ)}_{f (r)} 0 −^{(1+5Θ)B}_{crf (r)} 0 ( 1 −^{r2h}_{r2} ) 0 −^{(1+5Θ)B} crf (r) 0 [ 1 −^{r2e}_{r2} ] f(r)^{−1} , (14)

where f(r) = 1 −^{r2h}_{r2} .

We shall now consider the Klein-Gordon equation for a linear acoustic disturbance ψ(t, r, ϕ) in the background metric (52), i.e., 1 √ −g ∂_μ( √ −gg^{μν} ∂_ν )ψ = 0. (15)

We can make a separation of variables into the equation above as follows ψ(t, r, ϕ) = R(r)e^{i(ωt−mϕ)}. (16)

The radial function R(r) satisfies the linear second-order differential equation [ (1 + 4Θ)ω^2 −

2(1 + 5Θ)Bmω cr^2 − m^2 r^2 ( 1 − r^2_e r^2 )] R(r) + f(r) r d dr [ rf(r) d dr ] R(r) = 0. (17)

We now introduce the tortoise coordinate r^∗ by using the following equation d dr^∗ = f(r) d dr , f(r) = 1 − r^2_h r^2

= 1 −

(1 + 6Θ)A^2 c^2r^2

, (18)

which gives the solution

r^∗ = r + √ (1 + 6Θ)|A| 2c log r − √_{(1+6Θ)|A|} c r + √_{(1+6Θ)|A|} c . (19)

Observe that in this new coordinate the horizon r_h =^{(1+6Θ)1/2 |A|}_c maps to r^∗ → −∞ while r → ∞ corresponds to r^∗ → +∞. Now, we consider a new radial function, G(r^∗) = r^{1/2}R(r) and the modified radial equation obtained from (17) is

d^2G(r^∗) dr^{∗2} + [( (1 + 2Θ)ω −

(1 + 3Θ)Bm cr^2 )_2 − V (r) ] G(r^∗) = 0, (20)

where V (r) is the potential given by

V (r) = f(r) 4r^2 ( 4m^2 − 1 +

5(1 + 6Θ)A^2 cr^2 ) , (21)

a form that resembles that given in Refs. [12, 15].

1. Superresonance phenomenon

The superresonance (analog to the superradiance in black hole physics) is an effect where a spectrum of particle wave function can be scattered with increased amplitude by an acoustic black hole. As a consequence it causes the rate of loss of mass of the acustic black hole. In the following we shall compute this effect in the presence of spacetime noncommutativity.

In the asymptotic region (r^∗ → ∞), the equation (20) can be approximately written as follows

d^2G(r^∗) dr^{∗2} + ω̃^2G(r^∗) = 0, ω̃^2 = (1 + 2Θ)^2ω^2, (22)

which is satisfied by the simple solution G(r^∗) = Ce^{iω̃r∗} + Re^{−iω̃r∗} ≡ G_A(r^∗). (23) Notice that the first term in equation (60) corresponds to ingoing wave and the second term to the reflected wave, so that R is the reflection coefficient as in usual studies of potential scattering. The Wronskian of the solutions (60) can be computed to give

W(+∞) = −2iω̃(1 − |R|^2). (24)

Now, near the horizon region (r^∗ → −∞), we have

d^2G(r^∗) dr^{∗2} + ( ω̃ − mΩ̃_H )_2

G(r^∗) = 0, (25) where, Ω̃_H = Ω_H (1−3Θ) and Ω_H = Bc/A^2 is the angular velocity of the acoustic black hole. We suppose that just the solution identified by ingoing wave is physical, so that

G(r^∗) = T e^i(^{ω̃−mΩ̃H} )^{r∗} ≡ G_H (r^∗). (26)

The undetermined coefficient T is the transmission coefficient of our one dimensional Schroedinger problem. Now the Wronskian of the solution is W(−∞) = −2i ( ω̃ − mΩ̃_H ) |T |^2 (27)

Because both equations are approximate solutions of the asymptotic limit of the modified radial equation, the Wronskian is constant and then W(+∞) = W(−∞). Thus, we obtain the reflection coefficient

|R|^2 = 1 − ( ω̃ − mΩ̃_H ω̃ ) |T |^2. (28)

For frequencies in the interval 0 < ω̃ < mΩ̃_H the reflectance is always larger than unit, which implies in the superresonance phenomenon [21, 23]. Here m is the azimuthal mode number and Ω_H = Bc/A^2 is the angular velocity of the usual Kerr-like acoustic black hole. Furthermore, the interval of frequencies can be wider or narrower depending on the noncommutative parameter Θ = B_zθ_z . As a consequence, the tuning of the noncommutative parameter changes the rate of loss of mass of the acustic black hole.

2. Analogue Aharonov-Bohm effect

Let us now consider the analogue Aharonov-Bohm effect by considering the scattering of a monochromatic planar wave of frequency ω given in the form ψ(t, r, ϕ) = e^{−iωt} ∞∑ m=−∞ R_m(r)e^{imϕ}/ √ r, (29)

such that far from the vortex, the function ψ can be written in terms of the sum of a plane wave and a scattered wave, i.e., ψ(t, r, ϕ) ∼ e^{−iωt}(e^{iωx} + f_ω(ϕ)e^{iωr} / √ r), (30)

where e^{iωx} = ∑_∞ m=−∞ i mJ_m(ωr)e^{imϕ} and J_m(ωr) is a Bessel function of the first kind. The scattering amplitude f_ω(ϕ) has the partial-wave representation

f_ω(ϕ) = √ 1 2iπω ∞∑ m=−∞ (e^{2iδm} − 1)e^{imϕ}, (31) and the phase shift is defined as e^{2iδm} = i(−1)^m C R . (32)

In order to compute the phase shift, at some level of approximation, let us first rewrite the equation (20) in terms of a new function X(r) = f(r)^{1/2}G(r^∗), that is

d^2X(r) dr^2 + ( − 3r^2_h f(r)r^4 + r^4_h f(r)^2r^6 ) X(r) + [( (1 + 2Θ)ω −

(1 + 3Θ)Bm cr^2 )_2 − V (r) ] X(r) f^2(r)

= 0,(33) that written as a power series in 1/r, we have

d^2X(r) dr^2 + [ ω̃^2 −

(4m̃^2 − 1) 4r^2 + U(r) ] X(r) = 0, (34)

where m̃^2 = m^2 + 2am − 2b^2, a = ω̃(1 + 3Θ)B, b = ω̃(1 + 3Θ)A and U(r) = (a^2 − b^2)m^2 − 4b^2am + 2b^2 + 3b^4 ω̃^2r^4 + b^2(2a^2 − b^2)m^2 − 6b^4am + 3b^4 + 4b^6 ω̃^4r^6

+ O(ω̃^{−6}r^{−8}), (35)

a and b being parameters that describe the coupling to circulation and draining, respectively. Now applying the approximation formula δ_m ≈ π 2 (m − m̃) + π 2 ∫_∞ 0 r[J_{m̃}(~ωr)]^2U(r)dr, (36) and using |m| ≫ √ a^2 + b^2, we obtain [12, 15] δ_m ∼= − aπ 2 m |m| + 3π(a^2 + b^2) 8|m| − 5aπ(a^2 + b^2) 8m^2 m |m| , (37)

with the isotropic mode m = 0 giving the imaginary phase shift

δ_{m=0} = 1 2 iπb. (38) Thus, by using Eqs. (37) and (38), to lowest order in a and b, we can compute the differential scattering cross section (with units of length) that is given by dσ_{ab} dϕ = |f_ω(ϕ)|^2 ∼= π 2ω̃ [a cos(ϕ/2) − b sin(ϕ/2)]^2 sin^2(ϕ/2)

. (39)

For b = 0 (the nondraining limit), we have the vortex result of Fetter [13] dσ_{vortex} dϕ = πa^2 2ω̃ cot^2(ϕ/2) =

(1 − 2Θ)π^2a^2 2πω cot^2(ϕ/2), (40)

that should be compared with the Aharonov-Bohm (AB) effect in the small angle or small coupling limits dσ_{AB} dϕ = 1 2πω̃ sin^2(πa) sin^2(ϕ/2) = (1 − 2Θ) 2πω sin^2(πa) sin^2(ϕ/2)

. (41)

For small θ and small angle ϕ, the Eq. (40) becomes dσ_{vortex} dϕ = (1 − 2Θ)π^2a^2 2πω [ 4 ϕ^2 − 2 3 + ϕ^2 60 + O(ϕ^3) ] . (42)

In the present case, if the circulation a → 0 the differential scattering cross section vanishes. This is not necessary true for other noncommutative sectors. In the next section we shall show this explicitly.

Taking into account the superresonance phenomenon described above let us relate it to the AB effect for small θ. We see that the range of frequencies can be written as

0 < ω < m(1 − 5θ)Ω_H , (43) and the differential cross section (40) written in terms of the circulation parameter a and frequencies ω̃ is dσ_{vortex} dϕ ≃ π 2 (1 + 8θ)ω cot^2(ϕ/2) <∼ π 2 (1 + 3θ)mΩ_H cot^2(ϕ/2). (44)

Notice that the range of scattering frequencies is narrowing (widening) while the differential cross section is increasing (decreasing) with the noncommutativity strength. This means that AB effect is favored by the scattering of low-frequency waves — this is also implicit in the approximation (37) — whereas the superresonance becomes small. In summary, AB effect and superresonance are competing phenomena at a noncommutative spacetime.

B. The case B = 0 and E ≠ 0

In the present subsection we repeat the previous analysis for B = 0 and E ≠ 0. As in the earlier case we take the acoustic line element obtained in [19], in polar coordinates on the noncommutative plane, up to first order in θ, in the ‘non-relativistic’ limit (v^2 ≪ c^2), given by

ds^2 = ( 1 − 3 2 θ ⃗E · ⃗v ) { −[c^2 − (v^2_r + v^2_ϕ + θE_rv_r + θE_ϕv_ϕ)]dt^2 − 2 ( v_r + θE_r 2 ) drdt − 2 ( v_ϕ + θE_ϕ 2 ) rdϕdt + (1 − θE_rv_r − θE_ϕv_ϕ)(dr^2 + r^2dϕ^2) } . (45)

where θ ⃗E = θ⃗n × ⃗E, θE_r = θ(⃗n × ⃗E)_r , θE_ϕ = θ(⃗n × ⃗E)_ϕ and E is the magnitude of the electric field. Let us now consider the transformations of the time and the azimuthal angle coordinates as follows dτ = dt + ṽ_rdr (c^2 − ṽ^2_r ) , dφ = dϕ + ṽ_ϕṽ_rdr r(c^2 − ṽ^2_r )

. (46)

where we have defined ṽ_r = v_r +^{θEr}_2 and ṽ_ϕ = v_ϕ +^{θEϕ}_2 . Now, we consider the flow with the velocity potential ψ(r, φ) = A ln r + Bφ whose velocity profile in polar coordinates on the plane is given by ⃗v =^A_r r̂ +^B_r ϕ̂. Therefore, in these new coordinates the metric becomes

ds^2 = ( 1 − 3θE_rA 2r − 3θE_ϕB 2r ) { − [ 1 − (A^2 + B^2 + θE_rAr + θE_ϕBr) c^2r^2 ] dτ^2 + ( 1 − θE_rA r − θE_ϕB r ) [( 1 − A^2 + θE_rAr c^2r^2 )_{−1} dr^2 + r^2dφ^2 ] − 2 ( B cr + θE_ϕ 2c ) rdφdτ } , (47)

The radius of the ergosphere is given by g_{00}(r̃_e) = 0, whereas the horizon is given by the coordinate singularity g_{rr}(r̃_h) = 0, that is

r̃_e = θE_rA + θE_ϕB 2c^2 ± 1 2 √ (θE_rA + θE_ϕB)^2 c^4

+ 4r^2_e , r̃_{h±} = θE_rA 2c^2 ± r_h √ 1 + (θE_r)^2 4c^2

, (48)

where r_e = √ (A^2 + B^2)/c^2 and r_h = |A|/c are the radii of the ergosphere and the horizon in the usual case. For θ = 0, we have r̃_e = r_e and r̃_h = r_h.

Therefore, we can rewrite Eq. (47) in the limit of small θ as follows

ds^2 = ( 1 − θξc^2 2r ) [ − ( 1 − R^2_e r^2 ) dτ^2 + ( 1 − R^2_h r^2 ) dr^2 − 2B cr rdφdτ + r^2dφ^2 ] , (49) where

R^2_e = ( 1 + θξc^2 r ) r^2_e + θξ(1 − c^2)r, R^2_h = r^2_h + θE_rAr c^2 , B = 2B + θE_ϕ 2 + θBξc^2 r , ξ = (E_rA + E_ϕB)/c^2. (50)

The components of the metric are

g_{μν} = ( 1 − θξc^2 2r ) [ 1 −^{R2e}_{r2} ] 0 −^B_{cr} 0 ( 1 −^{R2h}_{r2} )_{−1} 0 −^B_{cr} 0 1 , (51)

and its inverse g^{μν} reads

g^{μν} = ( 1 − θξc^2 2r ) −f(r)^{−1} 0 −^B_{crf (r)} 0 ( 1 −^{R2h}_{r2} ) 0 −^B_{crf (r)} 0 [ 1 −^{R2e}_{r2} ] f(r)^{−1} , (52)

where f(r) = 1 −^{R2h}_{r2} . Now, the radial function R(r), as in the previous case, satisfies the linear second order differential equation [ ω^2 − 2Bmω cr^2 − m^2 r^2 ( 1 − R^2_e r^2 )] R(r) + f(r) r d dr [ rf(r) d dr ] R(r) = 0. (53)

We now just as in the previous case we introduce the tortoise coordinate r^∗ by using the following equation d dr^∗ = f(r) d dr , f(r) = 1 − R^2_h r^2

= 1 − r^2_h r^2 − θE_rA c^2r

, (54)

which gives the solution

r^∗ = r + r̃^2_{h+} r̃_{h+} − r̃_{h−} ln |r − r̃_{h+} | − r̃^2_{h−} r̃_{h+} − r̃_{h−} ln |r − r̃_{h−} |. (55) Observe that in this new coordinate the horizons r̃_{h±} defined in (48) map to r^∗ → ∓∞ while r → ∞ corresponds to r^∗ → +∞.

Let us now focus on the coordinate running from the outer horizon to infinity, i.e., from r = r_{h+} to r = ∞. Again, we introduce a new radial function G(r^∗) = r^{1/2}R(r) and the modified radial equation (53), becomes d^2G(r^∗) dr^{∗2} + [ ω^2 − 2Bmω cr^2 + m^2η^2 r^4 − V (r) ] G(r^∗) = 0, (56)

where,

V (r) = f(r) 4r^2 ( 4m^2 − 1 +

5r^2_h r^2 + 3θE_rA c^2r ) , (57)

η^2 = ( 1 + θξc^2 r ) ( B^2 c^2 − θE_rAr c^2 ) + θξ(1 − c^2)r + θξc^2r^2_h r . (58)

1. Superresonance phenomenon

Here, in order to compute the superresonance phenomenon, we follow the same analysis done in the pure magnetic case. Thus, in the asymptotic region (r^∗ → ∞), the equation (56) can be approximately written as

d^2G(r^∗) dr^{∗2} + ω^2G(r^∗) = 0, (59)

which solution is G(r^∗) = Ce^{iωr∗} + Re^{−iωr∗} ≡ G_A(r^∗). (60) Now, near the horizon region (r^∗ → −∞), we have

d^2G(r^∗) dr^{∗2} + [( ω − mΩ̃_H )_2 − 2mω ( θE_ϕ 2B + θξc^3 A ) + m^2 ( θE_rA^2 cB^2 + θξc^3 A + θξcA B^2 )] G(r^∗) = 0, (61)

where, Ω̃_H = Ω_H ( 1 −^{θEr}_c ) and Ω_H = Bc/A^2 is the angular velocity of the acoustic black hole.

For the sake of simplicity, we assume there exist relationships among the parameters A, B, E_r, E_ϕ, e.g., A = − 1 2 (B − √ B^2 − 2)Bc, E_ϕ = −

2E_rB(4A + c)

4B^2 + 1

, (62)

such that we simply have

d^2G(r^∗) dr^{∗2} + ( ω − mΩ̃_H )_2 G(r^∗) = 0. (63)

Now we repeat the analysis of the previous case. Again, we suppose that just the solution identified by ingoing wave is physical, so that

G(r^∗) = T e^i(^{ω−mΩ̃H} )^{r∗} ≡ G_H (r^∗). (64)

The undetermined coefficient T is the transmission coefficient of our one dimensional Schroedinger problem. Now the Wronskian of the solution is W(−∞) = −2i ( ω − mΩ̃_H ) |T |^2 (65)

Just as in the previous case, because both equations are approximate solutions of the asymptotic limit of the modified radial equation, the Wronskian is constant and then W(+∞) = W(−∞). Thus, we obtain the reflection coefficient

|R|^2 = 1 − ( ω − mΩ̃_H ω ) |T |^2. (66)

Again, for frequencies in the interval 0 < ω < mΩ̃_H the reflectance is always larger than unit, which implies in the superresonance phenomenon. Furthermore, the interval of frequencies can be wider or narrower depending on the noncommutative parameter relationship E_rθ. Thus, just as in the pure magnetic case, the tuning of the noncommutative parameter affects the rate of loss of mass of the acustic black hole.

2. Analogue Aharonov-Bohm effect

As in the previous case, in order to compute the phase shift, at some level of approximation, let us first rewrite the equation (56) in terms of a new function X(r) = f(r)^{1/2}G(r^∗), that is

d^2X(r) dr^2 + [ −3 ( r^2_h + θE_rAr/3c^2 ) f(r)r^4 + ( r^2_h + θE_rAr/2c^2 )_2

f(r)^2r^6 ] X(r) + [ ω^2 − 2Bmω cr^2 + m^2η^2 r^4 − V (r) ] X(r) f^2(r)

= 0, (67)

and then written as a power series in 1/r, we have

d^2X(r) dr^2 + [ ω^2 + 2θbωE_r r − (4m̃^2 − 1) 4r^2 + U(r) ] X(r) = 0, (68)

where we define the parameters m̃^2 = m^2 + (2a + θE_ϕ)m − 2b^2, a = ωB, b = ωA and the function U(r) = (a^2 − b^2)m^2 − 4b^2am + 2b^2 + 3b^4 ω^2r^4 + b^2(2a^2 − b^2)m^2 − 6b^4am + 3b^4 + 4b^6 ω^4r^6 + θ [ − (m^2 − 1/2)bE_r + 4bamE_r + m^2E_rb + 2ma(E_rb + E_ϕa) ωr^3 − 2b^2mE_ϕ ω^2r^4 + (3b^3 − 4ab^3m)E_r − 4a^2b^2mE_ϕ + m^2(a^2bE_r + a^3E_ϕ + b^3E_r + b^2aE_ϕ) − 2m^2b^3E_r ω^3r^5 − 3b^4mE_ϕ ω^4r^6 ] + O(ω̃^{−5}r^{−7}). (69)

As in the previous case, by applying again the approximation formula δ_m ≈ π 2 (m − m̃) + π 2 ∫_∞ 0 r[J_{m̃}(ωr)]^2U(r)dr, (70)

we obtain δ_m ∼= − (2aπ + πθE_ϕ + 4bθE_r) 4 m |m| + [ π(3a^2 + 3b^2 + 2aE_ϕθ) 8 − (a^2θE_ϕ + abθE_r) ] 1 |m| + [ − (2a + θE_ϕ)π(5a^2 + 5b^2 + 2aE_ϕθ) 16 + θ(7a^3E_ϕ − 7b^3E_r + 7a^2bE_r + ab^2E_ϕ) 3 ] 1 m^2 m |m| . (71)

Thus, to lowest order in a, the differential scattering cross section with b = 0 and for small θ, is dσ_{vortex} dϕ = π(a + θE_ϕ/2)^2 2ω cot^2(ϕ/2). (72)

Starting from this equation one may find the same conclusion of the previously analysis that AB effect and superresonance are competing phenomena.

Computing the differential scattering cross section for small angles ϕ ≠ 0, we have dσ_{vortex} dϕ = π^2(a^2 + aθE_ϕ + θ^2E^2_ϕ/4) 2πω [ 4 ϕ^2 − 2 3 + ϕ^2 60 + O(ϕ^3) ] . (73)

Now, if the a = 0, the differential cross section at small angles is dominated by dσ_{vortex} dϕ = θ^2E^2_ϕ π 2ωϕ^2 . (74)

Note that, contrarily to the usual Aharonov-Bohm effect, in the noncommutative case the differential scattering cross section is different from zero when a = 0. Our results are qualitatively in agreement with that obtained in [16], for the AB effect in the context of noncommutative quantum mechanics. This correction vanishes in the limit θ → 0 so that no singularities are generated. This correction (∼ θ^2) due to effect of spacetime noncommutativity may be relevant at high energy physics or even in condensed matter physics since noncommutativity can manifest there. In this case the theory of the electrons in a constant magnetic field, projected to the lowest Landau level, is naturally thought of as a noncommutative field theory [31]. Our result shows that pattern fringes can appear even when a = 0, unlike the commutative case. One can make some estimative of the aforementioned effect by estimating θ following similar calculations already known in the literature [32, 33].

One can understand this effect as follows. In the limit of circulation a = ωB and draining b = ωA vanishes then for nonzero ω, we automatically have A = B = r_h = r_e = 0 such that the metric (49) simply becomes the metric of a conical defect

ds^2 = (−dτ^2 + dr^2 + r^2dφ^2 − 2 θE_ϕ 2c rdφdτ), (75) that is

ds^2 = ( −dτ̃^2 + dr^2 + r^2 ( θE_ϕ 2c )_{−1} dφ̃^2 − 2rdφ̃dτ̃ ) , (76)

where τ̃ = (_{θEϕ} 2c )_{1/2} τ, φ̃ = (_{θEϕ} 2c )_{1/2} φ with angle deficit δ = 2π ( 1 − (_{θEϕ} 2c )_{−1/2}) . Thus, even though

there is no vortex in the above limit, the noncommutative background forms a conical defect, which is responsible for the appearance of the analogue AB effect in an even more interesting way.

III. CONCLUSIONS

In this paper we have considered the superresonance phenomenon and analogue Aharonov-Bohm effect due to an idealized draining bathtub vortex in a noncommutative spacetime whose metric is the metric of a noncommutative acoustic black hole obtained in noncommutative Abelian Higgs model [19]. We show there exist both superresonance phenomenon and analogue Aharonov-Bohm (AB) effect in this background. In the superresonance effect the range of frequencies of scattering waves where the superresonance occurs can be wider or narrower depending on relations involving the parameter that controls the spacetime noncommutativity. On the other hand, the scattering of planar waves by a draining bathtub vortex leads to a modified AB effect and due to spacetime noncommutativity the phase shift persists even in the limit where the parameters associated with the circulation and draining vanish, as previously showed in Aharonov-Bohm effect in the context of noncommutative quantum mechanics [16]. Furthermore, even though there is no vortex in certain limits, the noncommutative background can still forms a conical defect, which is responsible for the appearance of the analogue AB effect in an even more interesting way. Finally, we also have found that AB effect and superresonance are competing phenomena at a noncommutative spacetime.

Acknowledgments

We would like to thank CNPq, CAPES and PNPD/PROCAD - CAPES for partial financial support.

[1] S. Minwalla, M. Van Raamsdonk and N. Seiberg,, JHEP 0002 (2000)020.

[2] J. Gomis and T. Mehen, Nucl. Phys. B591 (2000)265; Dah-Wei Chiou and O. J. Ganor, hepth/0310233. [3] N. Seiberg, L. Susskind and N. Toumbas, hep-th/0005015; S.Ghosh, Mod. Phys. Lett. A19 2505(2004). [4] Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959). [5] R. G. Chambers, Phys. Rev. Lett. 5 (1960) 3.

[6] O. Bergman, G. Lozano, Annals Phys. 229 (1994) 416, [hep-th/9302116 [hep-th]]. [7] L. H. Ford, A. Vilenkin, J. Phys. A 14 (1981) 2353.

[8] M. V. Berry, R. G. Chambers, M. D. Large, C. Upstill, J. C. Walmsley, Eur. J. Phys. 1 (1980) 154; E. Cerda, F. Lund, Phys. Rev. Lett. 70 (1993) 3896; C. Coste, F. Lund, M. Umeki, Phys. Rev. E 60 (1999) 4908; F. Vivanco, F. Melo, C. Coste, F. Lund, Phys. Rev. Lett. 83 (1999) 1966.

[9] D. Neshev, A. Nepomnyashchy, Y. S. Kivshar, Phys. Rev. Lett. 87 (2001) 043901. [10] U. Leonhardt, P. Ohberg, Phys. Rev. A 67 (2003) 053616; M. Stone, Phys. Rev. B 61 (2000) 11780. [11] M. V. Berry, R. G. Chambers, M. D. Large, C. Upstill, J. C. Walmsley, Eur. J. Phys. 1 (1980) 154. [12] S.R. Dolan, E.S. Oliveira, L.C.B. Crispino, Phys. Lett. B 701, 485 (2011). [13] A. L. Fetter, Phys. Rev. 136 (1964) A1488.

[14] D. Bazeia and R. Menezes, Phys. Rev. D 73, 065015 (2006) [arXiv:hep-th/0506262]; D. Bazeia, M. M. Ferreira Jr., A. R. Gomes and R. Menezes, Physica D 239, 942 (2010); A. de Souza Dutra, R. A. C. Correa, Phys. Rev. D 83, 105007 (2011), [arXiv:1012.0268 [hep-th]].

[15] M. A. Anacleto, F. A. Brito and E. Passos, “Analogue Aharonov-Bohm effect in a Lorentz-violating background,” arXiv:1208.2615 [hep-th].

[16] H. Falomir, J. Gamboa, M. Loewe, F. Mendez, and J. C. Rojas, Phys. Rev. D 66, 045018 (2002), hepth/0203260 [hep-th].

[17] M. Chaichian, A. Demichev, P. Presnajder, M. H. Sheikh- Jabbari, and A. Tureanu, Nucl. Phys. B611, 383 (2001). Phys. Lett. B 527, 149 (2002); A. F. Ferrari, M. Gomes, C. A. Stechhahn, Phys. Rev. D 76, 085008 (2007), hep-th/0708.3862.

[18] M. A. Anacleto, M. Gomes, A. J. da Silva, and D. Spehler, Phys. Rev. D 70, 085005 (2004)[Erratumibid. D 70, 089903 (2004 ERRAT,D70,129905.2004)], hep-th/0407133; Phys. Rev. D 71, 107701 (2005), hep-th/0411168; M. A. Anacleto, J. R. Nascimento and A. Yu. Petrov, Phys. Lett. B 637, 344 (2006), hep-th/0512289.

[19] M. A. Anacleto, F. A. Brito, E. Passos, Phys. Rev. D 85, 025013 (2012) [arXiv:1109.6298 [hep-th]]. [20] M. A. Anacleto, F. A. Brito, E. Passos, Phys. Lett. B 694, 149 (2010) [arXiv:1004.5360 [hep-th]]. [21] M. A. Anacleto, F. A. Brito, E. Passos, Phys. Lett. B 703, 609 (2011) [arXiv:1101.2891 [hep-th]]. [22] X.-H. Ge, S.-J. Sin, JHEP 1006, 087 (2010) [arXiv:hep-th/1001.0371]; N. Bilic, Class. Quant. Grav. 16 (1999) 3953; S. Fagnocchi, S. Finazzi, S. Liberati, M. Kormos and A. Trombettoni [arXiv:1001.1044[gr-qc]]; M. Visser and C. Molina-Paris, [arXiv:1001.1310[hep-th]].

[23] S. Basak and P. Majumdar, Class. Quant. Grav. 20, 3907 (2003)[arXiv:gr-qc/0203059]; S. Basak and P.

Majumdar, Class. Quant. Grav. 20, 2929 (2003); S. Basak, Analog of superradiance effect in BEC [arXiv:grqc/0501097]; S. Basak, Sound wave in vortex with sink [arXiv:gr-qc/0310105]; M. Richartz, S. Weinfurtner, A. J. Penner, W. G. Unruh, Phys. Rev. D 80, 124016 (2009), [arXiv:0909.2317 [gr-qc]].

[24] M. Visser, Class. Quant. Grav. 15 1767 (1998).

[25] G. Volovik, The Universe in a Helium Droplet, Oxford University Press, 2003; M. Novello, M. Visser and G.

Volovik (Eds.), Artificial Black Holes, World Scientific, Singapore, (2002);

[26] W. Unruh, Phys. Rev. Lett. 46, 1351 (1981), -ibid, Phys. Rev. D 51, 2827 (1995) [arXiv:gr-qc/9409008].

L.C.B. Crispino, A. Higuchi, G.E.A. Matsas, Rev. Mod. Phys. 80 (2008) 787, arXiv:0710.5373 [gr-qc]. [27] L. C. Garcia de Andrade, Phys. Rev. D 70 (2004) 64004; T. K. Das, Transonic black hole accretion as analogue system, [arXiv:gr-qc/0411006]; G. Chapline, P.O. Mazur, Superfluid picture for rotating spacetimes,[arXiv:grqc/0407033]; O. K. Pashaev, J.-H. Lee, Theor. Math. Phys. 127 (2001) 779, [arXiv:hep-th/0104258]; S. E. Perez Bergliaffa, K. Hibberd, M. Stone, M. Visser, Physica D 191 (2004) 121, [arXiv:cond-mat/0106255]; S. W. Kim, W.T. Kim, J.J. Oh, Phys. Lett. B 608 (2005) 10, [arXiv:gr-qc/0409003]; Xian-Hui Ge, Shao- Feng Wu, Yunping Wang, Guo-Hong Yang, You-Gen Shen, Int. J. Mod. Phys. D21 (2012) 1250038, arXiv:1010.4961 [gr-qc]; C. Barcelo, S. Liberati, M. Visser, Living Rev. Rel. 8 (2005) 12, [arXiv:grqc/0505065]; E. Berti, V. Cardoso, J.P.S. Lemos, Phys. Rev. D 70 (2004) 124006, [arXiv:gr-qc/0408099]; V. Cardoso, J.P.S. Lemos, S. Yoshida, Phys. Rev. D 70 (2004) 124032, [arXiv:gr-qc/0410107]; Li-Chun Zhang, Huai-Fan Li, Ren Zhao, Phys. Lett. B 698 (2011) 438. C. Furtado, A. M. M. de Carvalho, L. C. Garcia de Andrade and F. Moraes, Holonomy, Aharonov-Bohm effect and phonon scattering in superfluids, gr-qc/0401025; F. M. Andrade, E. O. Silva and M. Pereira, Phys. Rev. D 85, 041701 (2012) [arXiv:1112.0265 [quant-ph]]; F. Correa, H. Falomir, V. Jakubsky, M. S. Plyushchay, J. Phys. A 43 (2010)

075202, [arXiv:0906.4055 [hep-th]]; Francisco Correa, Horacio Falomir, Vit Jakubsky, Mikhail S. Plyushchay, Annals Phys. 325 (2010) 2653, [arXiv:1003.1434 [hep-th]]; Peter A. Horvathy, Mikhail S. Plyushchay. Phys. Lett. B 595 (2004) 547, [hep-th/0404137]; Sergey M. Klishevich, Mikhail S. Plyushchay, Michel Rausch de Traubenberg. Nucl. Phys. B 616 (2001) 419, [hep-th/0101190].

[28] N. Seiberg and E. Witten, JHEP 09 032 (1999), [hep-th/9908142]. [29] S. Ghosh, Mod. Phys. Lett. A20, 1227 (2005).

[30] V.O. Rivelles, Phys. Lett. B 558 191 (2003), hep-th/0212262; V.O. Rivelles, PoS WC2004, 029 (2004), hepth/0409161; T. Mariz, J.R. Nascimento, V.O. Rivelles, Phys. Rev. D 75, 025020 (2007), hep-th/0609132.

[31] For a review on noncommutative field theories see: R. J. Szabo, Phys. Rept. 378, 207 (2003), [arXiv:hepth/0109162]; M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73, 977 (2001), [arXiv:hep-th/0106048]; V. O. Rivelles, Braz. J. Phys. 31, 255 (2001) [arXiv:hep-th/0103131]; M. Gomes, in Proceedings of the XI Jorge André Swieca Summer School, Particles and Fields, edited by G. A. Alves, O. J. P. Éboli, and V. O. Rivelles (World Scientific, Singapore, 2002); H. O. Girotti, hep-th/0301237; Piero Nicolini, Int. J. Mod. Phys. A24, 1229 (2009) , [arXiv:0807.1939 [hep-th]].

[32] R. Casana and K. A. T. da Silva, [arXiv:1106.5534 [hep-th]].

[33] A. Kobakhidze and B. H. J. McKellar, Phys. Rev. D 76, 093004 (2007), [arXiv:0707.0343 [hep-ph]].