arXiv:1210.8138v1 [gr-qc] 30 Oct 2012

Non-linear (loop) quantum cosmology

Martin Bojowald,^1 Alexander L. Chinchilli,^1 Christine C. Dantas,^2 Matthew Jaffe^3 and David Simpson^1

1 Institute for Gravitation and the Cosmos, The Pennsylvania State University, 104 Davey Lab, University Park, PA 16802, USA

2 Divisão de Materiais (AMR), Instituto de Aeronáutica e Espaco (IAE), Departamento de Ciência e Tecnologia Aeroespacial (DCTA), Brazil

3 University of California, Berkeley, Department of Physics, Berkeley, CA 94720, USA

Abstract

Inhomogeneous quantum cosmology is modeled as a dynamical system of discrete patches, whose interacting many-body equations can be mapped to a non-linear minisuperspace equation by methods analogous to Bose–Einstein condensation. Complicated gravitational dynamics can therefore be described by more-manageable equations for finitely many degrees of freedom, for which powerful solution procedures are available, including effective equations. The specific form of non-linear and non-local equations suggests new questions for mathematical and computational investigations, and general properties of non-linear wave equations lead to several new options for physical effects and tests of the consistency of loop quantum gravity. In particular, our quantum cosmological methods show how sizeable quantum corrections in a lowcurvature universe can arise from tiny local contributions adding up coherently in large regions.

1 Introduction

One of the main problems in deriving a reliable Planck-regime scenario in canonical quantum cosmology is the question of how to include inhomogeneity. While homogeneous models can easily be quantized, inhomogeneous degrees of freedom severely complicate mathematical evaluations. Even the formulation of consistent evolution equations, subject to the anomaly problem, remains incomplete: no consistent and covariant version of inhomogeneous modes valid at high density and including all relevant quantum effects is available at present.

As possible solutions, two approaches have been developed so far, mainly with the methods of loop quantum cosmology [1, 2]. First, effective equations have been successful in addressing the anomaly problem [3, 4] and in including all relevant quantum effects in sufficiently general form. (For details, see [5].) Potentially observable phenomena have been uncovered, showing physical consequences of discrete quantum geometry [4, 6, 7, 8, 9,

10, 11, 12, 13] and making the theory falsifiable [14, 15]. At high density, the implications of quantum space-time can be dramatic: general properties of effective constrained systems show the presence of signature change, turning Lorentzian space-time into a quantum version of 4-dimensional Euclidean space [16, 17, 18, 19]. Bounces as they had often been envisaged as non-singular versions of cosmology [20], and formulated in quite some detail [21] in homogeneous models of loop quantum cosmology, are then replaced by acausal pieces of 4-dimensional space devoid of deterministic evolution. Regarding specific field equations and details of the transition, however, present calculations remain incomplete because not all quantum effects could yet be implemented consistently at high density. Moreover, although state properties can be derived by canonical effective equations, finding full quantum states is difficult in this setting.

One of the alternatives is so-called hybrid quantization [22], in which one combines a loop-quantized homogeneous background model with Fock quantized inhomogeneous modes. Wave functions can then be solved for and evolved, at least numerically and with certain truncations [23]. However, using a Fock quantization for inhomogeneous modes, one does not directly deal with the discreteness of space-time. Moreover, the hybrid method does not address the anomaly problem; like related apporaches [24, 25, 26, 27], it rather avoids dealing with the problem by fixing the gauge or using deparameterization, choosing a time variable before quantization. With these additional steps, it is unlikely that the correct space-time picture is obtained in covariant form, and in fact the models evaluated so far have missed the signature change at high density.

In this article, we introduce a new way of incorporating effects of inhomogeneity in loop quantum cosmology, dealing directly with wave functions. Adapting ideas of condensedmatter physics used to describe Bose–Einstein condensates,^1 some effects of inhomogeneity will not be described by individual degrees of freedom but rather by non-linearity of wave equations for homogeneous models. The relationship between difference equations of loop quantum cosmology [29, 30] and certain integrable non-linear Schrödinger equations has been noted in [31], providing additional motivation. The aim of the present article is to lay down the main ideas and to point out several new consequences for quantum cosmology. We find that tiny quantum corrections from inhomogeneous contributions to a large universe can add up coherently to produce sizeable effects on average, to be included in minisuperspace models. At this level, we will not yet address the anomaly problem and derive a detailed model, but we will demonstrate the prospects for this to be done at a later stage.

2 Product states

We start with a common way of dealing with inhomogeneity, viewing quantum space at a given time (a spatial slice used in canonical quantum gravity) as a collection of small

1Bose–Einstein condensates have been used in cosmological models before [28], but for matter rather than quantum geometry. Moreover, we are not suggesting that there is physical condensation, but rather use related mathematical techniques to describe approximately homogeneous geometries.

homogeneous parts. As one moves between spatial slices, the geometry evolves, resembling a many-body system of “interacting” elementary building blocks. Each building block (called a patch) has a quantum geometry described by a wave function of one of the well-known homogeneous models of quantum cosmology, and they all interact dynamically according to the quantized gravitational Hamiltonian.

2.1 Classical model

For simplicity, in this article we will assume isotropic patch geometries, determined classically by a volume degree of freedom V_{i,j,k} per patch, labelled by integers i, j, k to count patches in each spatial direction. A given spatial slice Σ =

⋃_N 1/3 i,j,k=1 Vi,j,k — a differentiable manifold with a local atlas of coordinates — is then the union of N patches V_{i,j,k}, or N^{1/3} in each spatial direction. (Had we used anisotropic but still homogeneous patches, we would in general have three independent factors in N = N_1N_2N_3.) For now, we will assume N to be constant, which should be good for sufficiently brief evolution times. In more realistic models, the number N of patches should change in time, either by a fundamental process of discrete geometries being refined [32, 33], or by an approximation procedure akin to adaptive mesh refinement that maintains the decomposition into isotropic patches as a good model. (A time-dependent number of degrees of freedom is a general problem, studied for instance in [34, 35, 36, 37, 38].)

For simplicity, we choose coordinates in space such that each patch has the same coordinate volume ∫ V_{i,j,k} d 3x = ℓ^3_0, with ℓ^3_0 = V_0/N in terms of the total coordinate volume V_0 of Σ (or of a large compact subset). The geometrical volume of each patch is then determined by the spatial metric which, if it is inhomogeneous, gives rise to different patch volumes V_{i,j,k}. We assume that the metric is close to the one of a spatially flat, isotropic model with a longitudinal scalar mode, h_{ab} = a(t)^2δ_{ab} + 2L(t, x, y, z)δ_{ab}. (We will use a lapse function corresponding to proper time, N = 1 − 2L/a^2.) The patch volumes then take the values V_{i,j,k} = ∫ V_{i,j,k} d^3x √ det h = a^3 ∫ V_{i,j,k} d^3x(1 + 2L/a^2)^{3/2}

≈ a^3ℓ^3_0 + 3a ∫ V_{i,j,k} d^3xL ≈ V N + 3aL(x_{i,j,k})ℓ^3_0 (1)

with the total volume V = a^3V_0 = a^3ℓ^3_0N . In the two approximations in the second line of this equation, we have first expanded the root and then replaced the patch-integrated L by its value at a point x_{i,j,k} ∈ V_{i,j,k}, such as the center. Since we assume the patches to be nearly isotropic and smaller than the variation scale of the perturbative inhomogeneity, L, both approximations are well justified. Solving (1) for L, we can therefore replace the continuum function L by deviations of the discrete variables V_{i,j,k} from the total volume V = N a^3ℓ^3_0: L(x_{i,j,k}) = V_{i,j,k} − V/N 3aℓ^3_0

. (2)

The dynamics of the V_{i,j,k} as functions of time is governed by a discretized version of the Hamiltonian constraint H_{grav} + H_{matter} = 0 (3)

of general relativity, with contributions from the gravitational field and from matter. At this point, one will eventually have to face the problem of time and the anomaly problem.^2 In this article, however, we focus on laying out the details of the new model, and therefore circumvent these difficult problems by formulating the dynamics in a specific gauge. With this choice, we may be blind to the complete quantum space-time structure, but new qualitative effects should still become visible. To proceed and to be specific, we assume matter to be dust, with Hamiltonian H_{matter} = p_t/a^3, where p_t is a momentum variable conjugate to a matter degree of freedom t that will play the role of time. The role of time is made clear if we rewrite the Hamiltonian constraint equation as

p_t = −a^3H_{grav} = − V ℓ^3_0

H_{grav} . (4)

The variable p_t then appears formally as an energy, or a canonical Hamiltonian that generates evolution with respect to t. (More generally, we could assume matter to contribute to the Hamiltonian constraint by H_{matter} = p_t′ /a^{3(1+w)} if there is a perfect fluid with equationof-state parameter w. A time variable t^′ different from t then parameterizes evolution.)

To derive the dynamics in detail, we start with the classical Hamiltonian constraint of general relativity and write it in discrete canonical variables V_{i,j,k} together with their momenta Π_{i,j,k}, related to V̇_{i,j,k}. In the ADM formulation of canonical gravity, the spatial metric h_{ab} is canonically conjugate to π^{ab} = √ det h 16πG (K^{ab} − K^c_c h^{ab}) . (5)

(See [45] for an introduction to canonical gravity.) We compute the canonical variables in our perturbed situation by writing h_{ab} = h̄δ_{ab} + δh_{ab} and π^{ab} = (π̄/V_0)δ^{ab} + δπ^{ab}, split into background variables h̄ = a^2 and π̄ (spatial constants) and inhomogeneity δh_{ab} and δπ^{ab}. We divide π̄ by V_0 in π^{ab} to ensure that the symplectic term ∫ Σ d^3xḣ_{ab}π^{ab} = ˙h̄π̄ + · · · assumes the canonical form in its background term. For scalar modes in longitudinal gauge, δh_{ab} = 2Lδ_{ab} and δπ^{ab} = δπδ^{ab}. To avoid overcounting of degrees of freedom, we require the inhomogeneity δf of any field f = f̄ + δf to satisfy ∫ Σ d^3xδf = 0 when integrated over all of space. (We turn inhomogeneities of tensor fields such as δh_{ab} into scalars using the background metric δ_{ab}.) As a consequence, f̄ = ∫ Σ d^3xf is indeed the spatial average. At this stage we do not assume that δf is of first or any specific order in perturbation theory; we have simply rearranged our degrees of freedom by splitting them into background variables and inhomogeneity.

2Regimes of interest here, with small inhomogeneity, are usually semiclassical regarding quantum geometry. In such a situation, effective constraints [39, 40, 41] can be used to solve the problems of time [42, 43, 44] and anomalies [3].

The symplectic structure, our current interst, only refers to degrees of freedom but not to orders of perturbation theory: higher perturbative orders do not introduce new degrees of freedom. We will introduce the perturbative expansion when we prepare our Hamiltonian for a derivation and analysis of equations of motion.

Any terms linear in δh_{ab} or δπ^{ab} in the Hamiltonian or symplectic term ∫ Σ d^3xḣ_{ab}π^{ab} therefore vanish. Inserting the inhomogeneous metric h_{ab} = (a^2 + 2L)δ_{ab} in (5) (with vanishing shift and longitudinal lapse in K_{ab}) results in the inhomogeneous momentum π^{ab} = − 1 8πG ( ȧ + a ( L a^2 )_•) δ^{ab} (6)

from which we read off the momentum of h̄ = a^2 as π̄ = −ȧV_0/8πG with the total coordinate volume V_0, and the momentum of δh_{ab} = 2Lδ_{ab} as δπ^{ab} = −(a(L/a^2)^•/8πG)δ^{ab}. By a canonical transformation we can switch to volume variables as defined in our patch model: we have momenta

Π_V = − 1 12πG V̇ V and Π_{i,j,k} = − 1 12πG ( N V_{i,j,k} V )_• (7) of V and V_{i,j,k}. For small inhomogeneity, it is sufficient to expand the Hamiltonian constraint to second order in δh_{ab} (or L) and its time and space derivatives. Starting from

H_{grav} = 1 16πG ∫ Σ d^3xN ( K^{ab}K_{ab} − K^2 −^3R ) √ det h = ∫ Σ d^3xH_{grav} , (8)

we obtain

H_{grav} ≈ − 3 8πG ( aȧ^2 + L̇2 − 4(ȧ/a)L̇L + 4(ȧ/a)2L2 a + a^{−3} 3∑ b=1 (( ∂L ∂x^b )_2 − 4 3 L ( ∂^2L ∂x^{b2} ))) . In the Hamiltonian H_{grav} = ∫ Σ d^3xH_{grav} we can integrate by parts in spatial derivatives, replacing second-order derivatives by first-order ones. (Boundary terms will play no role in what follows.) Moreover, it turns out that the time derivatives of L can be written more compactly if we use L/a^2, a combination of variables that is also more convenient when expressed by patch volumes: L̇^2 − 4(ȧ/a)L̇L + 4(ȧ/a)^2L^2 = ((L/a^2)^•)^2. The Hamiltonian density we use will therefore be

H_{grav} =

3a^3 8πG (( ȧ a )_2 + (( L a^2

)_•)_2 + 7 3 1 a^2 3∑ b=1 ( ∂(L/a^2) ∂x^b )_2) . (9)

We then introduce our background momentum ȧ/a = −4πGΠ_V and the patch momenta (L/a^2)^• → −4πGΠ_{i,j,k} after replacing the integral by a sum over patches, ∫ Σ d^3xH_{grav} ≈ ∑ i,j,k Hi,j,k. Our discretized Hamiltonian then is

H^{disc}_{grav} = −6πGV ( Π^2_V + 1 N ∑ i,j,k Π^2_{i,j,k} + · · · ) (10) where the dots indicate the derivative terms after discretization.

We have quadratic single-patch Hamiltonians in the first two terms, analogous to harmonic 1-particle Hamiltonians of our many-body problem. Spatial derivatives of L must be discretized before they can be expressed in terms of the V_{i,j,k}. The discretization procedure is a matter of choice and, to some degree, convenience; we will make use of ∂ ∂x^b L(x_{i,j,k}) a^2 −→ V_{(i,j,k)+}~_b − V_{(i,j,k)−}~_b 6ℓ_0(V/N )

, (11)

indicating by b̃ the unit vector in the b-direction.^3

Quadratic expressions of spatial derivatives in (9) then provide interaction terms that can be written as depending on either the patch geometries in product form, such as V_{(i,j,k)+}~_bV_{(i,j,k)−}~_b, or more conveniently, the difference (V_{(i,j,k)+}~_b − V_{(i,j,k)−}~_b) in discrete minisuperspace. The latter version is closer to interactions of many-body systems depending on the distance between particles.

In addition to interactions between neighboring patches, each patch volume interacts with the average volume V because it appears in some factors in the Hamiltonian. These variables are not independent but satisfy ∑ i,j,k Vi,j,k = V . In order to focus on the self-

interaction of inhomogeneity, we will treat V as an external parameter for the dynamics of the V_{i,j,k}, corresponding to the common approximation in cosmology that ignores backreaction of inhomogeneity on the background.

2.2 Quantization

Each patch of volume V_{i,j,k} and expansion rate related to Π_{i,j,k} is isotropic and may be quantized as a single minisuperspace model, corresponding to the 1-particle Hilbert space of a many-body system. One may follow either Wheeler–DeWitt quantization or loop quantization, both with volume representations in which V_{i,j,k} becomes a multiplication operator. In the former case, one deals with wave functions ψ(V_{i,j,k}) in L^2(R_+ , dV_{i,j,k}) and the momenta act by Π̂_{i,j,k} = −iℏd/dV_{i,j,k}; in the latter, ψ_{Vi,j,k} is an element of the non-separable sequence space ℓ^2(R) and exponentials of momenta, rather than momenta themselves, are quantized: ^ exp(iδ_{i,j,k}Π_{i,j,k}/ℏ)ψ_{Vi,j,k} = ψ_{Vi,j,k +δi,j,k} (12) for real numbers δ_{i,j,k} (whose values are to be fixed as part of quantization choices).^4 The action of ^ exp(iδ_{i,j,k}Π_{i,j,k}/ℏ) on the sequence space is not continuous in δ_{i,j,k}, and a derivative

3Choices in the discretization procedure affect physical implications and can therefore be tested for their consistency. These choices are related to quantization and regularization ambiguities in canonical quantum gravity from which our expressions should follow in some complicated way. If discretization choices can be restricted, the same will be true for ambiguities of an underlying fundamental theory.

4We work in a special Abelian sector of homogeneous loop quantum cosmology. The general non- Abelian structure is more complicated due to refinement features [46], but qualitative aspects are shown well by the Abelian simplification.

by δ_{i,j,k}, which would otherwise result in an operator for Π_{i,j,k}, does not exist. (A second difference between the quantizations is that V_{i,j,k} in Wheeler–DeWitt models is usually taken as the (positive) volume, while loop quantum cosmology is based on triad variables in which V_{i,j,k} is the oriented volume, which can turn negative if the orientation is reversed. We therefore use the full real line R in the sequence space, rather than R_+ . Note that this resolves self-adjointness issues of derivative operators on L^2(R_+ , dV_{i,j,k}).)

Both representations are well-defined but not unitarily related to each other; they lead to different physics. Especially at high curvature, where Π_{i,j,k} is large, effects of the loop quantization can differ significantly from those of the Wheeler–DeWitt quantization. The discreteness inherent in shift operators (12) relating derivatives is then important, in addition to the discreteness implemented by our treatment of inhomogeneity.

If inhomogeneity is small, the patches evolve nearly independently of one another without strong correlations, and the evolved state remains a product state Ψ(V_1, V_2, . . .) = ψ_1(V_1)ψ_2(V_2) · · · of the individual patch wave functions ψ_i if the initial state is of such a form. Each single-patch wave function evolves according to a differential (Wheeler–DeWitt [47]) or difference (loop quantum cosmology [29, 30]) equation if inhomogeneity can be ignored. With inhomogeneity included, interaction terms between the individual wave functions occur on superspace, complicating the dynamics. If inhomogeneity is sufficiently small, however, the interactions can be treated by approximation, such as perturbation theory.

Small inhomogeneity at the level of quantum geometry also implies that the individual wave functions are very similar to one another, so that the full state can approximately be written as Ψ(V_1, V_2, . . .) = ψ(V_1)ψ(V_2) · · · with a single wave function ψ to be solved for. This form of product states allows one to map many-body dynamics to 1-particle dynamics in a specific potential, described by a wave equation that turns out to be non-linear. At this stage, standard techniques to describe matter condensates, in which individual wave functions of different particles are exactly equal to one another, can be applied.

2.3 Condensate

By our preceding considerations in cosmology, we have realized a mathematical formulation with all the ingredients used in the description of Bose–Einstein condensation. We interrupt our discussion of cosmology to recall salient features of this important system in condensedmatter physics. In this example, Ψ is a many-body state, and ψ the 1-particle wave function common to all constituents of the condensate. Taking the same ψ is not an assumption because condensed particles have exactly the same wave function.

Assuming pointlike interactions between the particles, described by a delta-function potential of strength α, we have the many-body Hamiltonian

Ĥ =^n ∑ i=1 ( 1 2m p̂^2_i + V (x̂_i) ) + 1 2 α ∑ i≠j δ(x̂_i − x̂_j ) (13)

for n particles of mass m in individual potentials V (x_i). With a product state Ψ(x_1, x_2, . . .) = ψ(x_1)ψ(x_2) · · · for the condensate, we compute the expectation value of the Hamiltonian as ⟨Ĥ⟩_Ψ = n⟨p̂^2/2m + V (x̂)⟩_ψ + 1 2 n(n − 1)α ∫ d^3x|ψ(x)|^4 . (14)

The first term just adds up the 1-particle expectation values computed for the wave function ψ. The second term is not equal to a 1-particle expectation value. However, we can formally interpret it as the expectation value of a “potential” |ψ(x)|^2 depending on the wave function. Accordingly, the 1-particle dynamics and energy spectra are governed by a non-linear Schrödinger equation, the Gross–Pitaevski equation iℏ ∂ψ ∂t = − ℏ^2 2m ∂^2ψ ∂x^2 + V (x)ψ + 1 2 (n − 1)α|ψ(x)|^2ψ . (15) For a full and rigorous derivation, see [48, 49].

Interacting many-body dynamics of the condensate wave function can therefore be mapped to non-linear 1-particle dynamics.

3 Non-linear dynamics in quantum cosmology

With the preparations presented in the preceding section, we propose a new method to deal with small cosmological inhomogeneity, making use of the same ideas and initial constructions employed to describe matter condensates. Well-established methods then provide a tractable approximate description by non-linear dynamics of a homogeneous model.

3.1 Equation of motion

Except for the differences in the conceptual nature, regarding for instance the approximations and assumptions used, our model for inhomogeneous quantum cosmology so far resembles those of matter condensates rather closely. The main mathematical difference lies in the interaction potential. For particles in a condensate, a delta function of the distance between particles is a good approximation for nearly pointlike interactions, which can be smeared out to more-complicated functions for realistic systems. The interaction potential we obtain in cosmology, expanding and discretizing the gravitational Hamiltonian constraint, is a quadratic polynomial in the distances in minisuperspace. Although the single-patch wave equation we obtain is still non-linear, as in the presence of any kind of interactions, it is more complicated than in the Gross-Pitaevski equation.

Another difference between the models is the discreteness of the quantum representation used in a loop quantization, in addition to the discretization of space by patches V_{i,j,k}. Not only space but also superspace is then discrete. As a consequence, wave equations in loop quantum cosmology are difference equations, and with our method to include inhomogeneity we will be dealing with some version of a discrete non-linear Schrödinger equation, one example given by iℏ ∂ψ_n ∂t = 1 2 (ψ_{n+1} − 2|ψ_n|^2ψ_n + ψ_{n−1}) . (16)

However, since we are not dealing with pointlike interactions in superspace, modeled by delta functions, but rather with polynomials, the non-linearity will be different. In fact, our equation will not only be non-linear but also non-local but nevertheless, as it turns out, well-suited to canonical effective methods.

Using the same starting point as in Bose–Einstein condensation, the key step is to evaluate the expectation value of the interaction Hamiltonian in a product state. To illustrate the main consequence, we consider just two variables V_1 and V_2 interacting with each other via a potential W_{int}(V_1, V_2) = α(V_1 − V_2)^2/V^2 as in a discretized (9). We divide by the total volume squared, treated as an external but time-dependent parameter, in order to have the correct scaling behavior of the Hamiltonian under a change of the spatial region. The expectation value of the quantized W_{int} then produces a term

⟨Ŵ_{int}⟩_Ψ = α V^2 ∫ dV_1dV_2|ψ(V_1)|^2|ψ(V_2)|^2(V_1 − V_2)^2 (17) = α V^2 ∫ dV_1|ψ(V_1)|^2 ∫ dδV |ψ(V_1 + δV )|^2(δV )^2 (18)

where we introduce δV := V_2 − V_1.

We can perform the second integration independently of the first over V_1. It depends on the wave function, but if we assume that ψ is sharply peaked around the expectation value ⟨V_1⟩, the dominant contribution to ⟨Ŵ_{int}⟩_Ψ comes from values of V_1 for which the second integration ∫ dδV |ψ(⟨V ⟩ + δV )|^2(δV )^2 = (ΔV )^2 (19)

equals the quantum fluctuation of V in the state ψ(V ). Instead of a non-linearity potential depending on ψ(V ) or ψ_n as in (16), we have a non-linearity potential that depends on the wave function via moments such as ΔV . For instance, following the preceding arguments and noting that the minisuperspace V is quantized to a discrete parameter n, we need to consider an equation of the form iℏ ∂ψ_n ∂t = ψ_{n+1} − 2 ( 1 − 1 2 α (Δn)^2_ψ n ) ψ_n + ψ_{n−1} . (20)

We note that equation (20) is not only non-linear but also non-local: the coefficient (Δn)^2_ψ = ∑ n(n − ⟨n⟩_ψ)^2|ψ_n|^2 depends on all values of ψ_n. Moreover, the equation as written is meaningful only for n ≠ 0. At n = 0, the volume vanishes and we encounter a cosmological singularity. By inverse-triad corrections [50], loop quantum cosmology resolves this singularity in such a way that 1/n is replaced by a bounded function. For simplicity, we will not discuss these terms here and instead focus on evolution at large n.

We must ensure that our assumption of a sharply peaked state remains true for the approximation to be valid. If the state is not sharply peaked or if the approximation is to be driven to higher orders, we can use a derivative expansion of ψ. Writing

|ψ(V_1 + δV )|^2 = |ψ(⟨V ⟩ + δV + (V_1 − ⟨V ⟩))|^2 and expanding by V_1 − ⟨V ⟩, we obtain

⟨Ŵ_{int}⟩_Ψ = ∫ dV_1|ψ(V_1)|^2W_{nonlin}(V_1)

with the non-linearity potential

W_{nonlin}(V ) = ∞∑ j=0 1 j! (ΔV )^2_{ρ(j)} (V − ⟨V ⟩)^j (21)

where the moment (ΔV )^2_{ρ(j)} is the V -fluctuation computed with the “distribution” ρ^{(j)}, defined as the j-th derivative of ρ(V ) = |ψ(V )|^2. Note that these derivatives need not be normalized or positive, so that we do not have probability distributions and fluctuations in the statistical sense. Nevertheless, the resulting numbers are well-defined as parameterizations of the non-linearity potential.

We continue with a discussion of the leading-order equation (20).

3.2 Solution procedures

An inverse scattering transform is the method of choice to solve non-linear discrete or differential Schrödinger equations [51]. However, the equation we obtain here, (20), is not only non-linear but also non-local. Standard techniques are therefore not readily available.

Non-local equations can sometimes be treated by replacing the non-local coefficient by new auxiliary degrees of freedom, as in [52] in the context of the non-linear Schrödinger equation. If the new degree of freedom is subject to a differential or difference equation with a source term given by the original wave function ψ, its general solution is a nonlocal expression in ψ (integrating its product with the Green’s function of the auxiliary equation). If the right equation is chosen, the general solution for the auxiliary variable may provide the non-local coefficient, (Δn)^2 in our case. Here, however, such a treatment is not obvious.

Instead, canonical effective methods [53] based on the dynamics of moments of a state provide solution techniques well-suited for equations such as (20). The non-local coefficient is a second-order moment of the wave function; using equations for the moments instead of ψ_n itself then provides a reformulation of the problem in variables in which the non-locality disappears. Morally, this procedure is a version of introducing new degrees of freedom related to the wave function non-locally, for moments^5 such as Δ(n^a) := ∑ n(n−⟨n⟩)^a|ψ_n|^2 with the expectation value ⟨n⟩ = ∑ n n|ψ_n|^2 are non-local in ψ_n. However, in quantum physics the moments are not auxiliary variables but rather variables of prime physical interest. For a = 2, we have quantum fluctuations, and higher moments with a > 2 provide additional statistical information about the state.

For linear discrete or differential Schrödinger equations, canonical effective techniques [53] amount to a systematic expansion of Ehrenfest’s equations, used not just to derive the

5Our notation is a variation of the common (Δn)^2 = Δ(n^2) at second order, the parenthesis displaced to be unambiguous at higher orders.

semiclassical limit in rigorous terms [54] but also to compute quantum corrections to any desired order in ℏ. For our purposes, we need to generalize these methods to non-linear equations as encountered here.

In quantum mechanics, a set of N basic operators Ĵ_i with closed linear commutators

[Ĵ_i, Ĵ_j] = ∑ k C_{ij}^kJ_k (22)

(perhaps including the identity operator if some commutators are constants) provides a closed algebra for expectation values under Poisson brackets {⟨Ĵ_i⟩, ⟨Ĵ_j⟩} = ⟨[Ĵ_i, Ĵ_j]⟩ iℏ . (23)

If the operators are complete, any observable can be expressed as a function of the expectation values ⟨Ĵ_i⟩ and moments Δ ( ∏ i J^{ai}_i ) := ⟨ ∏ i (Ĵ_i − ⟨Ĵ_i⟩)^{ai} ⟩ symm

(24)

with operator products in totally symmetric ordering. Using linearity and the Leibniz rule for Poisson brackets, these expectation values and moments form a Poisson manifold. Their dynamics is determined by the Hamiltonian flow generated by the expectation value H_Q := ⟨Ĥ⟩ of the Hamiltonian constraint, another observable interpreted as a function of expectation values and moments. Hamiltonian equations of motion usually couple infinitely many moments to the expectation values, but a semiclassical expansion to some finite order in ℏ results in finitely coupled equations which can be solved at least numerically. Computer-algebra codes exist to automate the generation of equations to rather high orders [55] (so far restricted to canonical commutators).

Writing Ĵ_i = ⟨Ĵ_i⟩ + (Ĵ_i − ⟨Ĵ_i⟩) in the quantum Hamiltonian H_Q = ⟨H(Ĵ_i)⟩ and performing a formal expansion in (Ĵ_i − ⟨Ĵ_i⟩), the Hamiltonian flow is generated by

H_Q = H(⟨Ĵ_i⟩) + ∑ a_i 1 a_1! · · · 1 a_N ! ∂^{a1 +···aN} H(⟨Ĵ_j⟩) ∂⟨Ĵ_1⟩^{a1} · · · ∂⟨Ĵ_N ⟩^{aN} Δ ( ∏ i J^{ai}_i ) . (25)

The first term is the classical Hamiltonian evaluated in expectation values, and the series includes quantum corrections of progressing order ∑ i a_i. Equations of motion follow from Poisson brackets.

These constructions rely on commutators of linear operators and cannot be used directly for non-linear Schrödinger-type equations. Nevertheless, a closely related procedure can be followed for equations such as (20) in which the non-linearity comes from non-local coefficients depending on the moments. As one can readily confirm by computing time derivatives of expectation values directly using (20) for wave-function factors, the evolution of moments is now governed by a quantum Hamiltonian (25) in which one initially treats the moments that appear in the non-local coefficients as external functions; because they do not come from a linear operator, they do not appear in commutators or in Poisson brackets of the moments when equations of motion are derived. In the equations of motion, once derived, these variables are to be equated to the moments they signify, providing additional coupling terms between moments compared with a linear Hamiltonian.

In our case, the Ĵ_i are given by three basic operators, a multiplication operator by n (the volume operator) and two shift operators ĥ and ĥ^† that change n by ±1, implementing (12) with δ = 1. In terms of canonical variables (n, P ), we can write shift operators as quantizations of h = exp(iP ). The commutators

[n̂, ĥ] = −ℏĥ , [n̂, ĥ^†] = ℏĥ^† , [ĥ, ĥ^†] = 0 (26)

then define the basic algebra (22) of our loop-quantized theory, and correspondingly the Poisson brackets of expectation values and moments of n and h. Moreover, since we introduced complex variables, the reality condition ĥĥ^† = 1 as well as analogs for the moments (such as Δ(hh^∗) = 1 − hh^∗) must be satisfied.

We can realize the linear part of (20) as the Schrödinger equation with Hamiltonian operator ĥ+ĥ^† −2, resulting in the quantum Hamiltonian H^{lin}_Q = h+h^∗ −2 depending only on expectation values but not on moments. Adding the non-linearity, we have an extra term −^1_2 αA⟨^n^{−2}⟩ with A treated as a constant to be set equal to A = (Δn)^2 in equations of motion, and ⟨^n^{−2}⟩ to be expanded by moments as in (25). For the difference equation (20), we then have the quantum Hamiltonian

H_Q = h + h^∗ − (2 − αA⟨^n^{−2}⟩) = h + h^∗ − 2 + αA(3n^{−4}(Δn)^2 − 20n^{−5}Δ(n^3) + · · ·) (27)

with the non-local coefficient A treated for now as an external parameter. (Instead of the inverse of n, which is ill-defined at n = 0, modifications due to inverse-triad corrections in loop quantum cosmology should be used at small n [50].)

We obtain the equations of motion from Poisson brackets, in which we then set A = (Δn)^2:

ṅ = i(h − h^∗) (28) ḣ = 12iα h n ( Δn n )_4 − 6iα (Δn)^2Δ(nh) n^4

+ · · · (29)

d(Δn)^2 dt = 2i(Δ(nh) − Δ(nh^∗)) (30)

and so on for further moments. Instead of n̈ = 0 as in the linear case, we can combine the first two equations to obtain

n̈ = i(ḣ − ḣ^∗) = −12α h + h^∗ n ( Δn n )_4 − 6α (Δn)^2(Δ(nh) + Δ(nh^∗)) n^4

+ · · · . (31)

Non-zero moments imply (negative) acceleration of the volume expansion.

3.3 Interpretation

Irrespective of the precise form of non-linearity, its presence has several general consequences of potential importance for quantum cosmology. An obvious and seemingly problematic implication is a loss of unitarity: wave functions evolved by the non-linear equation do not have preserved scalar products with other evolved states. There is no linear operator that could serve as a Hamiltonian whose adjointness properties one could analyze by standard techniques. Still, a straightforward direct calculation shows that the norms ⟨ψ|ψ⟩ of states (but not scalar products ⟨ϕ|ψ⟩ of different states) are preserved. However, the original many-body system is clearly unitary, and therefore non-unitarity is a consequence of the reductions and approximations used. In order to interpret the nonlinearity correctly, we should therefore look back on the constructions used to descend from many-body dynamics to a 1-particle equation.

For a matter condensate, we obtain the non-linear wave equation (15) in a rather indirect way: We do not reduce the many-body wave equation for Ψ directly, but rather compute the expectation value of the Hamiltonian (14), rewrite it in terms of the 1-particle wave function ψ, and recognize the extra term as a formal analog of a potential depending on the wave function. This potential, inserted in the standard Schrödinger equation, then provides (15), a step which is again only formal. Experience shows that the resulting nonlinear equation nevertheless captures crucial properties of the many-body problem, and rigorous proofs have been provided [48, 49].

One can avoid the last formal step by forgoing wave equations and instead using the expectation value (14) to compute the spectrum of the many-body Hamiltonian, for instance by variational methods applied to the 1-particle wave function ψ on the right-hand side of (14). If the spectrum of the Hamiltonian is known, evolution properties then follow without directly using the non-linear equation (15). Similarly, effective canonical equations in quantum mechanics refer to expectation values of the Hamiltonian, such as (14) rather than wave equations, and are therefore less sensitive to the apparent loss of unitarity.

The physics of the system therefore does not suffer from a lack of unitarity. Moreover, since the norm is still preserved, the probability interpretation of a single state remains meaningful. Instead of using (15) as a fundamental wave equation for some function ψ in a Hilbert space, the equation models other dynamical effects, such as the evolution of particle distributions or the approach and possible interaction of superposed states. Properties such as the overlap of superposed states or the distance between different distributions can be determined from moments of a single wave function for the superposition and are independent of scalar products of the wave function with other states; they can be analyzed with a formal equation lacking unitarity. These are also the properties that effective equations are sensitive to. In quantum cosmology, such questions are usually of most interest because the exact state or wave function of quantum space is not accessible by observations available now or in the foreseeable future. Our model and with analog (20) of the Gross-Pitaevski equation (15) is therefore reasonable.

4 Discussion

We have introduced a new model for inhomogeneous quantum cosmology, aiming to capture essential features of the interacting dynamics of different parts of quantum space. The processes we describe therefore provide the dynamics of structure formation at a fundamental level. Using several approximations, justified when inhomogeneity is sufficiently small, and importing ideas of condensed-matter physics, we have been able to map the complicated many-body dynamics to a non-linear minisuperspace equation.^6 In addition to the approximate nature, several differences with the condensate model occur:

• In the cosmological model, “interactions” between different patches are realized in superspace, not in actual space. Patches do not interact depending on their spatial distance, but depending on what their geometries are: The gravitational Hamiltonian depends on inhomogeneous modes, or on deviations of patch geometries from the spatial average.

• There is no delta-function potential (for pointlike interactions) but rather a polynomial potential, obtained by expanding the gravitational Hamiltonian as a function of patch geometries. As a consequence, the non-linearity is realized non-locally in the configuration space of wave functions.

• While the many-body Hamiltonian of a condensate is well known but difficult to deal with, a consistent version of an inhomogeneous gravitational Hamiltonian in quantum gravity is still lacking. In particular, covariance conditions and the related problem of anomalies have not been evaluated in sufficient detail [60, 61, 62, 63, 64]. (But see [65, 66, 67, 68, 69] for recent progress.)

In this situation, having an approximate description of incompletely known dynamics, we cannot expect to derive detailed quantitative cosmological scenarios. (This statement does not only apply to our new method, but to all derivations possible in quantum cosmology so far.) Effective techniques, as used in our solution procedure for non-linear non-local equations, provide means to parameterize ambiguities and ignorance, and to discuss anomalies, but no details are available yet. We therefore focus our discussion on new qualitative features suggested by the non-linearity of the homogeneous model.

Non-linear wave equations provide new forms of minisuperspace effects that capture crucial properties of averaged inhomogeneity. These terms need not require high, near- Planckian densities to be significant because they could potentially be large when many patch contributions are added up, even if each of them is tiny. All leading contributions have the same sign because they come from volume fluctuations, required to be positive. No cancellations happen when one sums over all patches, potentially giving large effects.

6Other versions of non-linear quantum cosmology have been proposed [56, 57, 58, 59], motivated by non-commutativity and information-theoretic arguments.

For certain behaviors of quantum fluctuations as functions of time or the volume, our nonlinearity can be interpreted as a cosmological-constant term, which turns out to be negative. (Again, the sign is determined because quantum fluctuations are always positive.) It remains to be seen whether more-refined models, including those with anisotropic patches, or higher orders in the moments in (21), not all of which are restricted by positivity, as well as perturbed Hamiltonians beyond second order can turn the sign to provide an overall positive cosmological constant.

An interesting feature of non-linear wave equations is the existence of a particular type of solutions: solitons. These are sharply peaked wave packets which evolve without changing shape. Moreover, if solitons occur in superposition, moving in different directions, they may occasionally overlap but do not influence each other. After they have moved through the same spot, they retain their old shapes. Such states are a promising candidate for new dynamical coherent states in quantum cosmology. In contrast to kinematical coherent states (or Gaussians) commonly used in such cases, solitons are adapted to the dynamics and, in the indirect way that employs non-linear wave equations, capture properties of inhomogeneity; in fact, their existence as solutions relies on deviations from exact homogeneity.

The existence of solitons and the integrability of equations, together with the associated possibility of chaos, depends sensitively on the form of discrete equation [70]. The discreteness, in turn, is related to quantization and regularization ambiguities in canonical quantum gravity. The strong sensitivity of some physical features may allow one to find tight restrictions on ambiguities.

We end by mentioning another, more speculative consequence. In quantum cosmology, solitons in superposition would correspond to different universes superposed in the same state. Solitons may overlap but do not affect each other’s motion; they always form separate contributions to the total state. Solitons and the non-linear wave equations they solve could therefore play a role in the description and analysis of multiverse models.

Acknowledgements

This work was supported in part by NSF grant PHY0748336.

References

[1] M. Bojowald, Loop Quantum Cosmology, Living Rev. Relativity 11 (2008) 4, [gr-qc/0601085], http://www.livingreviews.org/lrr-2008-4

[2] M. Bojowald, Quantum Cosmology: A Fundamental Theory of the Universe, Springer, New York, 2011

[3] M. Bojowald, G. Hossain, M. Kagan, and S. Shankaranarayanan, Anomaly freedom in perturbative loop quantum gravity, Phys. Rev. D 78 (2008) 063547, [arXiv:0806.3929]

[4] M. Bojowald, G. Hossain, M. Kagan, and S. Shankaranarayanan, Gauge invariant cosmological perturbation equations with corrections from loop quantum gravity, Phys. Rev. D 79 (2009) 043505, [arXiv:0811.1572]

[5] M. Bojowald, Quantum Cosmology: Effective Theory, Class. Quantum Grav. 29 (2012) 213001, [arXiv:1209.3403]

[6] E. J. Copeland, D. J. Mulryne, N. J. Nunes, and M. Shaeri, The gravitational wave background from super-inflation in Loop Quantum Cosmology, Phys. Rev. D 79 (2009) 023508, [arXiv:0810.0104]

[7] G. Calcagni and G. Hossain, Loop quantum cosmology and tensor perturbations in the early universe, Adv. Sci. Lett. 2 (2009) 184, [arXiv:0810.4330]

[8] J. Mielczarek, The Observational Implications of Loop Quantum Cosmology, Phys.

Rev. D 81 (2010) 063503, [arXiv:0908.4329]

[9] A. Barrau and J. Grain, Cosmological footprint of loop quantum gravity, Phys. Rev.

Lett. 102 (2009) 081301, [arXiv:0902.0145]

[10] J. Grain, A. Barrau, and A. Gorecki, Inverse volume corrections from loop quantum gravity and the primordial tensor power spectrum in slow-roll inflation, Phys. Rev. D 79 (2009) 084015, [arXiv:0902.3605]

[11] J. Grain, T. Cailleteau, A. Barrau, and A. Gorecki, Fully LQC-corrected propagation of gravitational waves during slow-roll inflation, Phys. Rev. D 81 (2010) 024040, [arXiv:0910.2892]

[12] J. Mielczarek, T. Cailleteau, J. Grain, and A. Barrau, Inflation in loop quantum cosmology: Dynamics and spectrum of gravitational waves, Phys. Rev. D 81 (2010) 104049, [arXiv:1003.4660]

[13] G. Calcagni, Observational Effects from Quantum Cosmology, Annalen Phys. (2012) to appear, [arXiv:1209.0473]

[14] M. Bojowald, G. Calcagni, and S. Tsujikawa, Observational constraints on loop quantum cosmology, Phys. Rev. Lett. 107 (2011) 211302, [arXiv:1101.5391]

[15] M. Bojowald, G. Calcagni, and S. Tsujikawa, Observational test of inflation in loop quantum cosmology, JCAP 11 (2001) 046, [arXiv:1107.1540]

[16] J. D. Reyes, Spherically Symmetric Loop Quantum Gravity: Connections to 2- Dimensional Models and Applications to Gravitational Collapse, PhD thesis, The Pennsylvania State University, 2009

[17] T. Cailleteau, J. Mielczarek, A. Barrau, and J. Grain, Anomaly-free scalar perturbations with holonomy corrections in loop quantum cosmology, Class. Quant. Grav. 29 (2012) 095010, [arXiv:1111.3535]

[18] M. Bojowald and G. M. Paily, Deformed General Relativity and Effective Actions from Loop Quantum Gravity, Phys. Rev. D (2012) to appear, [arXiv:1112.1899]

[19] J. Mielczarek, Signature change in loop quantum cosmology, [arXiv:1207.4657]

[20] M. Novello and S. E. P. Bergliaffa, Bouncing cosmologies, Phys. Rep. 463 (2008) 127–213

[21] A. Ashtekar, T. Pawlowski, and P. Singh, Quantum Nature of the Big Bang: An Analytical and Numerical Investigation, Phys. Rev. D 73 (2006) 124038, [gr-qc/0604013]

[22] M. Martín-Benito, L. J. Garay, and G. A. Mena Marugán, Hybrid Quantum Gowdy Cosmology: Combining Loop and Fock Quantizations, Phys. Rev. D 78 (2008) 083516, [arXiv:0804.1098]

[23] D. Brizuela, G. A. Mena Marugán, and T. Pawlowski, Big Bounce and inhomogeneities, Class. Quantum Grav. 27 (2010) 052001, [arXiv:0902.0697]

[24] K. Giesel, S. Hofmann, T. Thiemann, and O. Winkler, Manifestly Gauge-Invariant General Relativistic Perturbation Theory: I. Foundations, Class. Quantum Grav. 27 (2010) 055005, [arXiv:0711.0115]

[25] K. Giesel, S. Hofmann, T. Thiemann, and O. Winkler, Manifestly Gauge-Invariant General Relativistic Perturbation Theory: II. FRW Background and First Order, Class. Quantum Grav. 27 (2010) 055006, [arXiv:0711.0117]

[26] M. Domagala, K. Giesel, W. Kaminski, and J. Lewandowski, Gravity quantized, Phys.

Rev. D 82 (2010) 104038, [arXiv:1009.2445]

[27] K. Giesel and T. Thiemann, Scalar Material Reference Systems and Loop Quantum Gravity, [arXiv:1206.3807]

[28] S. Alexander and D. Vaid, Gravity Induced Chiral Condensate Formation and the Cosmological Constant, [hep-th/0609066]

[29] M. Bojowald, Loop Quantum Cosmology IV: Discrete Time Evolution, Class. Quantum Grav. 18 (2001) 1071–1088, [gr-qc/0008053]

[30] M. Bojowald, Isotropic Loop Quantum Cosmology, Class. Quantum Grav. 19 (2002) 2717–2741, [gr-qc/0202077]

[31] C. C. Dantas, An Approach to Loop Quantum Cosmology Through Integrable Discrete Heisenberg Spin Chains, [arXiv:1209.3623]

[32] M. Bojowald, Loop quantum cosmology and inhomogeneities, Gen. Rel. Grav. 38 (2006) 1771–1795, [gr-qc/0609034]

[33] M. Bojowald, The dark side of a patchwork universe, Gen. Rel. Grav. 40 (2008) 639–660, [arXiv:0705.4398]

[34] N. Weiss, Constraints on Hamiltonian lattice formulations of field theories in an expanding universe, Phys. Rev. D 32 (1985) 3228–3232

[35] W. Unruh, Time, gravity, and quantum mechanics, In Time’s arrows today, pages 23–94, Cambridge University Press, 1997, [gr-qc/9312027]

[36] T. Jacobson, Trans-Planckian redshifts and the substance of the space-time river (2000), [hep-th/0001085]

[37] R. Doldán, R. Gambini, and P. Mora, Quantum mechanics for totally constrained dynamical systems and evolving Hilbert spaces, Int. J. Theor. Phys. 35 (1996) 2057, [hep-th/9404169]

[38] B. Dittrich and P. A. Höhn, Canonical simplicial gravity, Class. Quant. Grav. 29 (2012) 115009, [arXiv:1108.1974]

[39] M. Bojowald, B. Sandhöfer, A. Skirzewski, and A. Tsobanjan, Effective constraints for quantum systems, Rev. Math. Phys. 21 (2009) 111–154, [arXiv:0804.3365]

[40] M. Bojowald and A. Tsobanjan, Effective constraints for relativistic quantum systems, Phys. Rev. D 80 (2009) 125008, [arXiv:0906.1772]

[41] M. Bojowald and A. Tsobanjan, Effective constraints and physical coherent states in quantum cosmology: A numerical comparison, Class. Quantum Grav. 27 (2010) 145004, [arXiv:0911.4950]

[42] M. Bojowald, P. A. Höhn, and A. Tsobanjan, An effective approach to the problem of time, Class. Quantum Grav. 28 (2011) 035006, [arXiv:1009.5953]

[43] M. Bojowald, P. A. Höhn, and A. Tsobanjan, An effective approach to the problem of time: general features and examples, Phys. Rev. D 83 (2011) 125023, [arXiv:1011.3040]

[44] P. A. Höhn, E. Kubalova, and A. Tsobanjan, Effective relational dynamics of the closed FRW model universe minimally coupled to a massive scalar field, [arXiv:1111.5193]

[45] M. Bojowald, Canonical Gravity and Applications: Cosmology, Black Holes, and Quantum Gravity, Cambridge University Press, Cambridge, 2010

[46] M. Bojowald, Mathematical structure of loop quantum cosmology: Homogeneous models, [arXiv:1206.6088]

[47] B. S. DeWitt, Quantum Theory of Gravity. I. The Canonical Theory, Phys. Rev. 160 (1967) 1113–1148

[48] H. Spohn, Kinetic equations from Hamiltonian dynamics: Markovian limits, Rev.

Mod. Phys. 53 (1980) 569–615

[49] L. Erdös and H.-T. Yau, Derivation of the nonlinear Schrdinger equation with Coulomb potential, Adv. Theor. Math. Phys. 5 (2001) 1169–1205, [math-ph/0111042]

[50] M. Bojowald, Inverse Scale Factor in Isotropic Quantum Geometry, Phys. Rev. D 64 (2001) 084018, [gr-qc/0105067]

[51] M. J. Ablowitz and J. F. Ladik, Nonlinear differential-difference equations, J. Math.

Phys. 16 (1975)

[52] M. J. Ablowitz, I. Bakirtas, and B. Ilan, On a class of nonlocal nonlinear Schrödinger equations and wave collapse, Eur. Phys. J. Special Topics 147 (2007) 343–362

[53] M. Bojowald and A. Skirzewski, Effective Equations of Motion for Quantum Systems, Rev. Math. Phys. 18 (2006) 713–745, [math-ph/0511043]

[54] K. Hepp, The Classical Limit for Quantum Mechanical Correlation Functions, Commun. Math. Phys. 35 (1974) 265–277

[55] M. Bojowald, D. Brizuela, H. H. Hernandez, M. J. Koop, and H. A. Morales-Técotl, High-order quantum back-reaction and quantum cosmology with a positive cosmological constant, Phys. Rev. D 84 (2011) 043514, [arXiv:1011.3022]

[56] T. P. Singh, Quantum mechanics without spacetime: a case for noncommutative geometry, Bulg. J. Phys. 33 (2006) 217, [gr-qc/0510042]

[57] T. P. Singh, Quantum mechanics without spacetime III: a proposal for a non-linear Schrodinger equation, [gr-qc/0306110]

[58] L.-H. Nguyen and R. R. Parwani, Nonlinear Quantum Cosmology, [arXiv:0805.4294]

[59] L.-H. Nguyen and R. R. Parwani, Singularity Avoidance in Nonlinear Quantum Cosmology, AIP Conf. Proc. 1115 (2009) 180–185, [arXiv:0902.2844]

[60] A. Komar, Consistent Factor Ordering Of General Relativistic Constraints, Phys.

Rev. D 20 (1979) 830–833

[61] A. Komar, Constraints, Hermiticity, and Correspondence, Phys. Rev. D 19 (1979) 2908–2912

[62] T. Thiemann, Quantum Spin Dynamics (QSD), Class. Quantum Grav. 15 (1998) 839–873, [gr-qc/9606089]

[63] J. Lewandowski and D. Marolf, Loop Constraints: A Habitat and their Algebra, Int.

J. Mod. Phys. D 7 (1998) 299–330, [gr-qc/9710016]

[64] R. Gambini, J. Lewandowski, D. Marolf, and J. Pullin, On the Consistency of the Constraint Algebra in Spin Network Quantum Gravity, Int. J. Mod. Phys. D 7 (1998) 97–109, [gr-qc/9710018]

[65] A. Perez and D. Pranzetti, On the regularization of the constraints algebra of Quantum Gravity in 2+1 dimensions with non-vanishing cosmological constant, Class. Quantum Grav. 27 (2010) 145009, [arXiv:1001.3292]

[66] A. Henderson, A. Laddha, and C. Tomlin, Constraint algebra in LQG reloaded : Toy model of a U(1)^3 Gauge Theory I, [arXiv:1204.0211]

[67] A. Henderson, A. Laddha, and C. Tomlin, Constraint algebra in LQG reloaded : Toy model of an Abelian gauge theory - II Spatial Diffeomorphisms, [arXiv:1210.3960]

[68] C. Tomlin and M. Varadarajan, Towards an Anomaly-Free Quantum Dynamics for a Weak Coupling Limit of Euclidean Gravity, [arXiv:1210.6869]

[69] M. Varadarajan, Towards an Anomaly-Free Quantum Dynamics for a Weak Coupling Limit of Euclidean Gravity: Diffeomorphism Covariance, [arXiv:1210.6877]

[70] M. J. Ablowitz, Y. Ohta, and A. D. Trubatch, On integrability and chaos in discrete systems, Chaos, Solitons and Fractals 11 (2000) 159–169