arXiv:1211.0395v2 [hep-th] 26 Nov 2012

EMPG–12–24 NI–12034–BSM

Groupoids, Loop Spaces and Quantization of 2-Plectic Manifolds

Christian Sämann and Richard J. Szabo

Department of Mathematics Heriot-Watt University Colin Maclaurin Building, Riccarton, Edinburgh EH14 4AS, U.K. and Maxwell Institute for Mathematical Sciences, Edinburgh, U.K.

Email: C.Saemann@hw.ac.uk , R.J.Szabo@hw.ac.uk

Abstract

We describe the quantization of 2-plectic manifolds as they arise in the context of the quantum geometry of M-branes and non-geometric flux compactifications of closed string theory. We review the groupoid approach to quantizing Poisson manifolds in detail, and then extend it to the loop spaces of 2-plectic manifolds, which are naturally symplectic manifolds. In particular, we discuss the groupoid quantization of the loop spaces of R^3, T^3 and S^3, and derive some interesting implications which match physical expectations from string theory and M-theory.

Contents

1 Introduction and summary 2

2 Quantization of Poisson manifolds and symplectic groupoids 6 2.1 Quantization of Lie algebra duals . . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 Poisson geometry, Lie algebroids and integrating Lie groupoids . . . . . . . 10 2.3 Geometric, Berezin and Berezin-Toeplitz quantization . . . . . . . . . . . . 11 2.4 Prequantization and polarization of symplectic groupoids . . . . . . . . . . . 13 2.5 Twisted polarized convolution algebra . . . . . . . . . . . . . . . . . . . . . 14 2.6 Generalized Bohr-Sommerfeld quantization condition . . . . . . . . . . . . . 15 2.7 Quantization map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.8 Groupoid quantization and κ-Minkowski space . . . . . . . . . . . . . . . . 17

3 Quantization of 2-plectic manifolds and loop spaces 18 3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 3.2 Nambu-Poisson geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.3 Multisymplectic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.4 Prequantization of 2-plectic manifolds . . . . . . . . . . . . . . . . . . . . . 22 3.5 Differential geometry of loop spaces . . . . . . . . . . . . . . . . . . . . . . . 23 3.6 Knot spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 3.7 Transgression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 3.8 Poisson algebras on knot spaces . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.9 Kähler geometry of knot spaces of three-dimensional 2-plectic manifolds . . 28 3.10 Prequantization of symplectic groupoids on knot spaces . . . . . . . . . . . 29 3.11 Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 3.12 A generic example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 3.13 Winding sectors and Bohr-Sommerfeld 2-leaves . . . . . . . . . . . . . . . . 33

4 Quantization of vector spaces 34 4.1 Symplectic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 4.2 2-plectic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

5 Noncommutative tori 39 5.1 Symplectic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 5.2 2-plectic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

6 Fuzzy spheres 43 6.1 Symplectic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 6.2 2-plectic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

Appendix 51 A Lie groupoids and Lie algebroids . . . . . . . . . . . . . . . . . . . . . . . . 51 B p-gerbes with connective structures . . . . . . . . . . . . . . . . . . . . . . . 54 C Courant algebroids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

1. Introduction and summary

Higher quantization. The quantization of general physical systems is a long-standing problem. It is the inverse operation of taking the classical limit of a quantum mechanical system. As the classical limit cannot be expected to yield an injective map between quantum and classical systems, it is not surprising that quantization is not unique. Correspondingly, there is a wealth of different approaches to quantization. In this paper we will be interested in the groupoid approach, which also employs the techniques of geometric quantization. We will limit ourselves to the kinematical problem of quantization, i.e., the construction of an algebra of quantum operators from a classical phase space.

Aside from their quantum physics origin, there are many reasons for studying quantized phase spaces. In particular, the description of certain string theory backgrounds often requires generalized notions of geometry that can be regarded as quantized symplectic manifolds. As we will review below, both string theory as well as recent developments in M-theory also suggest to consider analogous extensions for multisymplectic manifolds. These are manifolds endowed with closed, non-degenerate differential forms of degrees larger than two. In the context of Nambu mechanics [1], multisymplectic manifolds serve as multiphase spaces leading to dynamical systems with time evolution governed by more than one Hamiltonian.

The development of quantization methods for multisymplectic manifolds is still only in its infancy; only the issue of prequantization has been explored in detail. Recall that to prequantize a symplectic manifold one constructs a principal circle bundle (or an associated line bundle) over the manifold which is endowed with a connection whose curvature is proportional to the symplectic form. These structures are used in the definition of the Atiyah algebroid, whose sections yield a faithful representation of the Poisson algebra of the symplectic manifold. In the simplest multisymplectic setting, the case of 2-plectic manifolds, the prequantum circle bundle is replaced by a prequantum gerbe. Furthermore, these manifolds come with a Lie 2-algebra that essentially takes over the role of the Poisson algebra [2]. A faithful representation of this Lie 2-algebra can be constructed on sections of a Courant algebroid that is naturally derived from the multisymplectic structure [3, 4]. While the prequantization of 2-plectic manifolds seems clear, the incorporation of a polarization turning the prequantization into an actual quantization is, however, far from obvious.

Here we will exploit the proposal of Hawkins [5] of how to include a polarization into the groupoid approach to quantization. In the general groupoid approach, see e.g. [6, 7, 8], one starts from the observation that any Poisson manifold naturally gives rise to a Lie algebroid. There is a standard technique for quantizing duals of Lie algebras as convolution algebras of the Lie groups obtained from integrating the Lie algebras. This technique can be extended to Lie algebroids, which yields convolution algebras of their integrating Lie groupoids. Quantization in this sense therefore corresponds to integration. The Lie algebroid of a Poisson manifold, however, has twice the dimension of the original manifold. To correct for this, one needs to introduce a polarization and in [5] it was shown how to do this. By using the resulting twisted polarized convolution algebras, one can use the groupoid approach to obtain Moyal planes, noncommutative tori, as well as any geometrically quantized Kähler manifold.

The groupoid approach is particularly interesting for the quantization of multisymplectic manifolds for two reasons. Firstly, multisymplectic manifolds are in a certain sense “categorified” symplectic manifolds, and the groupoid approach seems very suitable for a categorification. Secondly, Hawkins’ version of the groupoid approach directly constructs an algebra of operators, avoiding the introduction of a Hilbert space. This is useful as the Lie 2-algebra of a 2-plectic manifold should yield some nonassociative algebra of quantum operators, because its Jacobiator (or associator) is in general non-vanishing. Therefore a model of quantum operators as endomorphisms on some linear Hilbert space seems to be excluded.

Instead of categorifying Hawkins’ approach, we will follow a different route in this paper which goes back to ideas due to Gawędzki [9] and Brylinski [10]. The loop space of any 2-plectic manifold carries a natural symplectic structure. In the case of three-dimensional 2- plectic manifolds, this symplectic structure can moreover be extended to a Kähler structure. So instead of quantizing the 2-plectic manifold directly, we can apply the prescriptions of groupoid quantization to the loop space of the manifold. However, it should be stressed that the difficulties of dealing with multisymplectic manifolds and prequantum gerbes is traded for the difficulties of working with the corresponding infinite-dimensional loop spaces.

There is yet a fourth way of considering the problem of quantizing multisymplectic manifolds. As stated above, multisymplectic manifolds may give rise to multiphase spaces in Nambu mechanics. Just as a symplectic form yields a Poisson structure, certain multisymplectic forms encode a Nambu-Poisson structure. It has been suggested to use Nambu- Poisson structures as starting points for quantization and to quantize them in terms of Filippov’s n-Lie algebras [11]. This approach, however, has not delivered complete results so far; see [12] and references therein.

Physical context. The treatment of this paper is mostly technical, so let us briefly summarize some of the physical settings in which the implications of our loop space quantization are applicable. For a more detailed discussion of our motivation from the perspective of string theory, see [13].

Our approach to the quantization of 2-plectic manifolds from the perspective of their corresponding loop spaces is natural from several different points of view. In the context of M-theory, it was realized some time ago by [14, 15] that canonical quantization of an open membrane boundary on an M5-brane in a constant C-field background leads to a noncommutative loop space. This is a functional analog of the noncommutative geometry that arises in canonical quantization of open strings ending on D-branes in a constant Bfield background; as the M2-brane boundaries are strings, this describes a noncommutative closed string geometry. Further motivation for this approach comes from the fact that loop spaces have been recently used very successfully in lifting the Nahm construction of monopoles to self-dual strings, in a manner that is closely related to certain quantized 2-plectic manifolds [16, 17, 18].

A separate context in which our approach is applicable is to the description of nongeometric three-form flux compactifications of closed string theory. Loop space quantization is very natural from the point of view of closed string sigma-models, and it yields a tractable framework in which to analyze nonassociative structures which have been found recently. In certain duality frames, our results reproduce the noncommutative geometry probed by closed strings on a three-torus T^3 which wind around one of the cycles, as derived in [19] through canonical quantization and closed string mode expansions; in particular, we nicely reproduce the picture of [20] for the quantized T^3 with Q-flux (T-fold) as a fibration of noncommutative two-tori over the circle S^1. The Lie 2-algebraic nature of the nonassociative geometry found through closed string vertex operators in flat space in [21] is contained in our quantization of the loop space of R^3, while our quantization of the three-sphere S^3 should naturally contain the nonassociative structures which have been found in the SU(2) WZW model [22].

Some of the categorified ingredients of higher quantization also have natural physical relevance. Given a gerbe with integral curvature H on a manifold M, the generalized tangent bundle E = T M ⊕ T^∗M has the structure of an exact Courant algebroid with the H-twisted Courant-Dorfman bracket. This relationship between abelian gerbes and Courant algebroids is useful for understanding prequantization conditions. Thus Courant algebroids offer a unifying picture of approaches to quantization of 2-plectic manifolds; recall that they are the natural analogs of the Atiyah Lie algebroid for a U(1)-gerbe over M.

Courant algebroids also naturally appear in string phase spaces. This exemplifies the relation between exact Courant algebroids and gerbes, since a gerbe on M with connective structure naturally determines a U(1)-valued 2-holonomy over surfaces S ⊂ M. Dimensional reduction over torus bundles of exact Courant algebroids yields non-exact Courant algebroids with additional symmetries that can be understood in terms of T-duality. In particular, T-duality (including the Büscher rules) can be understood as an isomorphism of Courant algebroids over T-dual spaces. In this way Courant algebroids offer a geometric description of non-geometric fluxes and T-folds; see [23] for further details. The relevance of Courant algebroids for the geometrization and quantization of non-geometric R-flux backgrounds in terms of nonassociative geometry is also stressed in [24].

Lie 2-algebras have further recently proven useful as gauge structures in certain M-brane models [25, 26]. As explained in [13], these M2-brane models are closely related to the quantization of 2-plectic manifolds, in particular of S^3. Lie 2-algebras and their integrating Lie 2-groups also play an important role in the nonassociative quantum geometry of closed string R-flux compactifications [24] in the same manner as the quantizations spelled out in the present paper.

Summary. We now come to a summary of the results of this paper. Preliminary accounts of the material in this article can be found in the papers [27, 28, 13], to which the reader can turn for a more concise and relaxed presentation of our ideas and results, as well as further physical background and applications.

In the following we review all ingredients in the combination of the loop space and the groupoid approaches to quantization in detail. As an explicit example for the groupoid approach, we work out the quantization which yields the standard κ-Minkowski space. When it comes to loop spaces, the difficulty in using groupoids is that the convolution algebra requires the introduction of a measure. Unfortunately, there is no natural reparametrization invariant measure on loop space and we therefore cannot expect to arrive at a complete picture. We can, however, glean some interesting consequences from following the groupoid approach as far as possible. We will focus on three particular examples: three-dimensional Euclidean space R^3, the three-torus T^3 and the three-sphere S^3. In each case we demonstrate that the loop space quantization reduces to the standard geometric quantizations of R^2, T^2 and S^2, respectively, via an M-theory type dimensional reduction with the loops winding around the compactified direction.

In the case of the real affine space R^3, we find that the groupoid structure receives corrections in powers of the Poisson tensor that are unexpected from the corresponding structures on R^2. They combine into a twist element that yields an operator product which agrees with the noncommutative deformations of loop space derived directly from M-theory in [14, 15, 29].

In the case of the torus T^3, the loop space decomposes into different winding sectors. It is therefore necessary to introduce a Bohr-Sommerfeld quantization condition that essentially agrees with results expect from a closed string sigma-model analysis. Moreover, the Bohr- Sommerfeld variety exhibits an interesting non-trivial structure which reproduces exactly the Q-space noncommutative geometry of closed string zero modes from [19] as well as the noncommutative torus fibration of [20].

Finally, the case of the sphere S^3 follows more closely that of the groupoid quantization of S^2, where one identifies the space of global holomorphic sections of the prequantum line bundle over the pair groupoid with the Hilbert space. Just like line bundles over S^2, abelian (bundle) gerbes over S^3 are characterized up to isomorphism by an integer. When transgressed to loop space, they yield a special class of line bundles. One can readily define the global holomorphic sections of these line bundles. The explicit description of the space of such sections, however, is highly non-trivial. Using twistor techniques we manage to identify a special class of sections that reduce to the sections of the prequantum line bundles over S^2 when following the projection π : S^3 → S^2 of the Hopf fibration.

Our analysis leaves a number of open problems. First of all, it would be interesting to describe the full space of global holomorphic sections of the transgressed gerbes over S^3. Defining some notion of square integrability on these sections would require revisiting the issue of constructing suitable measures on loop spaces. If such measures were found and proven to be natural, one could also resolve the issue of how to define the groupoid convolution algebras that should appear in our quantization of loop spaces. Most importantly, however, one should explore a more direct approach to the quantization of 2-plectic manifolds. Just as the quantization of a symplectic manifold yields a prequantum line bundle and eventually a Hilbert space, the quantization of a 2-plectic manifold yields a prequantum gerbe and presumably a categorified or 2-Hilbert space. Correspondingly, the Lie algebra of quantum operators that forms a deformed representation of the Poisson algebra of a symplectic manifold should be replaced by a Lie 2-algebra of quantum operators forming a deformed representation of the Lie 2-algebra replacing the Poisson algebra in the case of a 2-plectic manifold.

Outline. This paper is structured as follows: In §2 we review the groupoid approach to quantization in some detail, in particular Hawkins’ proposal which incorporates polarization. In §3 we explain the extension of Poisson and symplectic geometry as well as prequantization to the categorified context. We review the Kähler geometry of certain loop spaces and show how they allow us to reduce categorified prequantization to ordinary prequantization. In §4–§6 we apply Hawkins’ version of the groupoid approach to the quantization of the loop spaces of R^3, T^3 and S^3, respectively. Three appendices at the end of the paper collect relevant definitions and some technical details for the reader’s convenience. In Appendix A we give all necessary details concerning Lie groupoids, Lie algebroids and integrating symplectic groupoids. In Appendix B we collect various features of gerbes in the different contexts that we need them in the main text of the paper. In Appendix C we present details on Courant algebroids within the context of categorified geometric quantization.

2. Quantization of Poisson manifolds and symplectic groupoids

The groupoid approach to quantization was introduced by Weinstein as a means of extending the framework of geometric quantization of symplectic manifolds to generic Poisson manifolds; in a certain sense, explained below and in Appendix A, Poisson manifolds are the infinitesimal objects associated with symplectic groupoids. In this section we will review the quantization of Poisson manifolds in the framework of Lie groupoids as presented by Hawkins in [5], who clarified the notion of polarization in this context. We are mainly interested in the application of this quantization procedure to R^d, T^d, S^2, and κ-deformed spaces. These are spaces for which many notions like that of groupoid polarization and the derivation of a twist element for the convolution algebra simplify. The review here will therefore be rather concise on the technical side. Instead, we will present a number of explicit examples in detail.

2.1. Quantization of Lie algebra duals

The motivation behind the groupoid approach to quantization is the observation that the quantization of the dual of a Lie algebra yields a noncommutative algebra of functions which can be identified with the twisted convolution C^∗-algebra of the integrating Lie group. Consider the two Kirillov-Kostant-Souriau (KKS) Poisson structures on M = g^∗, the dual of a Lie algebra g. Interpreting elements of g as linear functions on M, one defines {g_1, g_2}_±(x) := ± ⟨x, [g_1, g_2]⟩ for g_1, g_2 ∈ g, x ∈ M. These brackets extend to polynomial functions via the Leibniz identity for the Lie bracket. To obtain all smooth functions on g^∗, we consider the completion of the polynomial algebra with respect to a suitable norm. The resulting linear Poisson structures on C^∞(g^∗) are invariant under the coadjoint action of the corresponding connected Lie group G.

Quantization corresponds to a map from (a subset of) the algebra of smooth functions C^∞(g^∗) on the dual Lie algebra to the reduced convolution C^∗-algebra C^∗_r (G) of the integrating Lie group which is G-invariant. Roughly speaking, the steps are as follows: We start from the functions in C^∞(g^∗), which we Fourier transform to C^∞(g) and subsequently exponentiate to a group G. There, we can convolve and finally follow the steps back to C^∞(g^∗). Below we flush out some details of this construction, following [30, 31].

The basic idea is to identify the generators g^i of g as coordinates for g^∗ via duality. For small t ∈ R, this gives a one-to-one correspondence between group elements exp(t g) ∈ G, g ∈ g, and functions of the form e^{t x} on g^∗. Pulling back the group multiplication to these functions thus yields a quantization of C^∞(g^∗). The group multiplication is computed via the usual Baker-Campbell-Hausdorff formula

exp(g) exp(h) = exp ( H(g, h) ) (2.1)

with g, h ∈ g. Here

H(g, h) = g + h +^1_2 [g, h] +^1_{12} ([ g , [g, h] ] + [ [g, h] , h ]) + . . . (2.2)

is the Hausdorff series whose terms lie in g. For nilpotent Lie algebras, this construction is equivalent to Kontsevich’s quantization of the linear Poisson structure on g^∗ and to the quantization by the universal enveloping algebra of g; in this case the exponential map is a diffeomorphism from the whole of g to G.

At the level of Schwartz functions, the Fourier transform is a linear map S(g^∗) → S(g) which sends f ∈ S(g^∗) to f̃ ∈ S(g) with

f̃(g) = ∫ g^∗ dx e^{−2π i ⟨x,g⟩} f(x) (2.3) for g ∈ g, where dx is the translationally invariant Haar measure for the additive group structure on g^∗. For the inverse Fourier transform, we use the exponential map to “identify” g with G. Clearly, exp : g → G is not a bijection in general, so this can only be done on an open set U in g where the exponential map is a diffeomorphism. To circumvent this problem, we restrict to a dense subset of functions S_c(g^∗) ⊂ S(g^∗) which under Fourier transformation maps to the space C^∞_c (g) of smooth functions with compact support on g. This also ensures integrability with respect to the left-invariant Haar measure

dμ(s) = λ(g) dg with λ(g) := | | det(d exp)_g | | , (2.4)

where s = exp(g) and dg is the translationally invariant Haar measure on g. For nilpotent algebras, one can take the set U to be all of g and replace C^∞_c (g) ⊂ L^1(G, dμ) with the larger Schwartz space S(g); in this case det(d exp)_g = 1 for all g ∈ g.

In this picture, the inverse Fourier transform of f̃ ∈ C^∞_c (g) is defined by

W (f̃ ) := ∫ G dμ(s) W (s) f̃(s) , (2.5) where W (s) = exp ( 2π i ⟨x, g⟩ ) for s = exp(g) obeys W (s) W (t) = W (s t); it thus represents G with the various identifications made above. The C^∗-algebra generated by W (f̃ ) for f̃ ∈ C∞_c (g) is the image of the representation induced by W of the reduced C∗-algebra C^∗_r (G). This can be seen by explicitly computing

W (f̃ ) W (f̃^′ ) = ∫ G dμ(s) W (s) ( ∫ G dμ(t) f̃(t) f̃^′(t^{−1} s) ) = W (f̃ ⊛ f̃^′ ) , (2.6)

where

(f̃ ⊛ f̃^′ )(s) := ∫ G dμ(t) f̃(t) f̃^′(t^{−1} s) (2.7)

is the usual convolution product on C^∗_r (G). It follows that W defines an algebra homomorphism.

Rewriting all of this in terms of the identifications made above, the deformed product f ⋆ f^′ := W (f̃ ⊛ f̃^′ ) of functions f, f^′ ∈ S_c(g^∗) thereby reads

(f ⋆ f^′ )(x) = ∫ g dg λ(g) ∫ g dg^′ λ(g^′ ) e^{2π i ⟨x,g′ ⟩} f̃(g) f̃^′ ( H(−g, g^′ ) ) (2.8) = ∫ g dg λ(g) ∫ g dg^′ λ(g^′ ) e^{2π i ⟨x,g+g′ ⟩} e^{2π i ⟨x,H(−g,g′ )+g−g′ ⟩} f̃(g ) f̃^′(g^′ ) .

Example. The κ-Minkowski algebra is the solvable Lie algebra g_κ of dimension d with generators g^0, g^1, . . . , g^{d−1} obeying

[g^0, g^i] = i κ^{−1} g^i and [g^i, g^j ] = 0 (2.9)

for i, j = 1, . . . , d − 1 and κ > 0. Generally, if [g, h] = z h for z ∈ C, then the Hausdorff series can be summed explicitly to give the braiding identity

exp(g) exp(h) = exp ( e^z h ) exp(g) . (2.10)

It follows that exp ( i c_μ g^μ ) = exp ( i c_0 g^0 ) exp ( i c^′_i g^i ) with c^′_i := κ c_0 ( 1 − e^{−κ−1 c0} ) c_i . (2.11)

For p_0, p_1, . . . , p_{d−1} ∈ R, we write

W (p_0, ⃗p ) = V_{⃗p} U_{p0} , (2.12)

where ⃗p = (p_1, . . . , p_{d−1}), while

U_{p0} = exp ( i p_0 g^0 ) and V_{⃗p} = exp ( − i p_i g^i ) . (2.13)

These elements generate the non-abelian κ-Minkowski group G_κ [32] with the group law

W (p_0, ⃗p ) W (p^′_0, ⃗p^′ ) = W (p_0 + p^′_0, ⃗p + e^{−κ−1 p0} ⃗p^′ ) . (2.14)

This group law is that of the crossed product G_κ ∼= R^{d−1} ⋊_{ακ} R with the twisting group isomorphism α_κ(p_0)⃗p := e^{−κ−1 p0} ⃗p for ⃗p ∈ R^{d−1}. It is connected and simply-connected, hence G_κ is uniquely determined by its Lie algebra g_κ. The Jacobian in the Haar measure (2.4) is λ(p_0, ⃗p ) = e^{κ−1 p0} , and the C^∗-algebra generated by

W (f̃ ) := ∫ G_κ dp_0 d⃗p e^{κ−1 p0} f̃(p_0, ⃗p ) W (p_0, ⃗p ) , (2.15)

for f̃ ∈ C^∞_c (G_κ), is the representation of C^∗_r (G_κ) by W . The convolution product of two functions f̃, f̃^′ ∈ C^∞_c (G_κ) takes the explicit form

(f̃ ⊛_κ f̃^′ )(p_0, ⃗p ) = ∫ G_κ dp^′_0 d⃗p^′ e^{κ−1 p′0} f̃(p^′_0, ⃗p^′ ) f̃ ( p_0 − p^′_0 , e^{κ−1 p′0} (⃗p − ⃗p^′ ) ) . (2.16)

Example. The Moyal product is also a special case of this quantization. Consider the real vector space V = R^d with constant Poisson bivector π =^1_2 π^{ij} ∂_i ∧ ∂_j ∈

⋀_2 V^∗, π^{ij} = −π^{ji} ∈ R. The Heisenberg algebra is the 2-step nilpotent Lie algebra g_π of dimension d + 1 with basis g^1, . . . , g^d, h and relations

[g^i, g^j ] = i π^{ij} h and [h, g^i] = 0 . (2.17)

In this case, one defines the usual Weyl operators

W (p) = exp ( i p_i g^i ) (2.18)

for any p ∈ V^∗, which satisfy

W (p) W (p^′ ) = exp ( −^i_2 p_i π^{ij} p^′_j h ) W (p + p^′ ) . (2.19)

Here λ = 1, so the associated C^∗-algebra is generated by

W (f̃ ) := ∫ V^∗ dp W (p) f̃(p) (2.20)

for f̃ ∈ C^∞_c (V^∗). Because (2.19) is not a group representation, this C^∗-algebra is not related to the group C^∗-algebra; in fact, this is a projective representation of the abelian group structure on V^∗. One can transform it into a representation of the 2-step nilpotent Heisenberg group H^{d+1}_π which is a central extension of V^∗ by a fixed element π ∈

⋀_2

V^∗, in which case the C^∗-algebra associated to the relations (2.17) is related to the C^∗-algebra of H^{d+1}_π . Since h commutes with everything we can set it to a scalar h = ℏ; this means that the representation generated by W is irreducible. Then the twisting factor in (2.8) is given by H(−p^′, p) = p − p^′ −^ℏ_2 p_i π^{ij} p^′_j , (2.21)

and so in this case the convolution product on the Heisenberg group H^{d+1}_π induces the usual Moyal product on S_c(V ). This defines the twisted convolution C^∗-algebra C^∗_r (V^∗, σ_{π,ℏ}) where the twisting group two-cocycle σ_{π,ℏ} : V^∗ × V^∗ → U(1) is given by σ_{π,ℏ}(p, p^′ ) := e^{− i ℏ2 pi πij p′j} . (2.22) The cocycle condition here is equivalent to antisymmetry of π^{ij} and it ensures that the algebra of Weyl operators (2.19) is associative.

2.2. Poisson geometry, Lie algebroids and integrating Lie groupoids

The quantization of duals of Lie algebras can be lifted to a quantization of Lie algebroids.^1 As we briefly review below, Poisson manifolds come with a natural Lie algebroid structure. We can therefore generalize the above quantization procedure to this class of manifolds.

Recall that the Poisson bivector field π which defines the Poisson bracket

{f, g}_π := π(df, dg) (2.23)

has vanishing Schouten bracket [π, π]_M = 0. This is equivalent to the the Leibniz rule and the Jacobi identity {f g, h}_π = f {g, h}_π + {f, h}_π g and {f, {g, h}_π }_π = {{f, g}_π , h}_π + {g, {f, h}_π }_π (2.24) being satisfied for all f, g, h ∈ C^∞(M). The pair ( C^∞(M) , {−, −}_π ) is called a Poisson algebra; it has in particular the structure of a Lie algebra. If M is a symplectic manifold with symplectic structure given by a closed non-degenerate two-form ω ∈ Ω^2(M), then the inverse of ω gives rise to a Poisson bivector field π = ω^{−1} and thus any symplectic manifold is also a Poisson manifold.

On the other hand, a bivector field π on M induces a map π^♯ : T^∗M → T M via contraction together with a bracket on C^∞(M, T^∗M) = Ω^1(M),

[α, β]_π := L_π♯_{(α)}β − L_π♯_{(β)}α − dπ(α, β) (2.25)

for α, β ∈ Ω^1(M), where L denotes the Lie derivative. The objects (T^∗M, π^♯, [−, −]_π) form a Lie algebroid if and only if the Schouten bracket of π vanishes. Thus, the cotangent bundle of a Poisson manifold is naturally a Lie algebroid. See [33] for further aspects of the connection between Poisson structures and Lie algebroids.

We would now like to generalize the quantization of Lie algebra duals to Lie algebroids E = T^∗M describing the Poisson manifolds (M, π). The dual bundle E^∗ of such a Lie algebroid E is naturally a Poisson manifold with Poisson structure inherited from the Lie bracket [−, −]_E of E [34]; explicitly, the Poisson bracket {−, −}_E∗ on C^∞(E^∗) is given by:

(i) {f ∘ p_E∗ , g ∘ p_E∗ }_E∗ = 0 for f, g ∈ C^∞(M), where p_E∗ : E^∗ → M is the bundle projection.

(ii) {X, f ∘ p_E∗ }_E∗ = (L_{ρ(X)}f) ∘ p_E∗ for f ∈ C^∞(M) and fiberwise linear functions X ∈ C^∞(M, E) ⊂ C^∞(E^∗). (iii) {X, Y }_E∗ = [X, Y ]_E for fiberwise linear functions X, Y ∈ C^∞(M, E) ⊂ C^∞(E^∗).

Note that the Poisson structure on E^∗ is completely determined by that on M.

By attempting to quantize the cotangent Lie algebroid E = T^∗M instead of M, we have doubled the dimension of the space to be quantized. This has to be undone by introducing a polarization. The next step in the quantization procedure is therefore to

1See Appendix A for the definition and examples of Lie algebroids.

derive a twisted polarized convolution algebra of an integrating Lie groupoid, generalizing that of a Lie group; see Appendix A for the relevant definitions. In this paper, we will follow Hawkins’ approach [5], in which the elements of geometric quantization are lifted to groupoids. Moreover, the notion of integration of the Lie algebroid T^∗M of a Poisson manifold (M, π) is shifted to the equivalent one of finding an integrating symplectic groupoid Σ of the Poisson manifold (M, π). The essential steps of his procedure are:

(1) Find an integrating symplectic groupoid Σ of the Poisson manifold (M, π).

(2) Construct a prequantization of Σ with data (E, ∇, σ), where E is the prequantum line bundle with connection ∇ and σ is a cocycle twist.

(3) Endow Σ with a groupoid polarization P.

(4) Construct the C^∗-algebra of Σ/P as a twisted polarized convolution algebra, either through half-densities or through a Haar system.

One issue with this prescription is that not every Poisson manifold allows for an integrating symplectic groupoid, see Appendix A for more details. This, however, is merely a groupoid version of the statement that not every manifold is quantizable. Note that integrability of T^∗M is equivalent to integrability of the brackets (2.25) on Ω^1(M). In the classes of examples that we consider in this paper, the integrating symplectic groupoid will always be taken to be a suitable variant of the pair groupoid Σ = Pair(M) = M ×M, which integrates the tangent Lie algebroid T M.

In the ensuing subsections, we will review Hawkins’ approach and its ingredients to the extent necessary for our further constructions. We shall also give the groupoid quantization yielding κ-Minkowski space as a novel example.

2.3. Geometric, Berezin and Berezin-Toeplitz quantization

Before coming to the groupoid formalism, let us briefly review the pertinent ingredients of geometric quantization. In the formulation of Kostant, a prequantization of a symplectic manifold (M, ω) consists of a hermitian line bundle E over M with connection ∇ and curvature two-form F_∇ = ∇^2 = −2π i ω; this imposes the prequantization condition that the symplectic form must define an integer cohomology class [ω] ∈ H^2(M, Z), i.e., ω ∈ Ω^2_{cl,Z}(M), where generally Ω^k_{cl,Z}(M) denotes the group of closed k-forms (i.e., de Rham k-cocycles) on M with integer periods. The prequantum Hilbert space is identified with the space of L^2-sections of E.^2 It is well-known that this Hilbert space is too large, and it is necessary to reduce it by choosing “half a canonical coordinate system” [35]. This can be done by introducing a polarization, i.e., a foliation of (M, ω) by Lagrangian submanifolds or, equivalently, a smooth distribution P ⊂ T_CM which is integrable and Lagrangian. Locally, the cotangent bundle T^∗N of a Lagrangian submanifold N ⊂ M can be naturally identified with the full symplectic manifold M; a real polarization then corresponds to a choice of

2The prequantization condition ensures that this space is sufficiently large.

“momentum space/position space” representation. A section ψ ∈ L^2(M, E) is polarized if it is covariantly constant along the leaves of the polarization P, i.e., ∇_X ψ = 0 for all X ∈ C^∞(M, P). The construction of the actual Hilbert space H from the prequantum Hilbert space and a polarization is in general quite complicated. Here we are merely interested in the quantization of Kähler manifolds using Kähler polarization: We identify H with (a completion of) H^0(M, E), the space of global holomorphic sections of E. This construction of the Hilbert space is common to geometric quantization [35] as well as to Berezin and Berezin-Toeplitz quantization [36, 37], see also [38]. The inner product on H is obtained from the hermitian structure h on E together with a suitable measure dμ on M such as, e.g., the Liouville measure^{ωn}_{n!} for a compact Kähler manifold (M, ω) of dimension dim_C M = n; it is given by ⟨ψ_1|ψ_2⟩ := ∫ M dμ(x) h(ψ_1(x), ψ_2(x)) for ψ_1, ψ_2 ∈ H^0(M, E) . (2.26)

To complete the quantization, we need a map from a quantizable subset of functions C^∞_q (M) ⊆ C^∞(M) to endomorphisms on H . In Berezin and Berezin-Toeplitz quantization,^3 one uses the Rawnsley coherent states [39] |x⟩ ∈ H , x ∈ M, to construct the coherent state projector P̂_x := |x⟩⟨x| ⟨x|x⟩ , (2.27)

which is simultaneously a function on M and an operator on H , and hence bridges the classical and quantum worlds. It induces the maps

B : End (H ) −→ C^∞_q (M) , B(f̂ )(x) := tr_H (f̂ P̂_x) ,

T : C^∞_q (M) −→ End (H ) , T (f) := ∫ M dμ(x) f(x) P̂_x . (2.28)

The image of the map B defines the set of quantizable functions C^∞_q (M). Since B is injective, we can define its inverse B^{−1} : C^∞_q (M) → End (H ), and this is the quantization map in Berezin quantization. The map T is used in Berezin-Toeplitz quantization. The classic example is the fuzzy sphere, which is the Berezin or Berezin-Toeplitz quantization of the Kähler manifold CP^1.

Instead of working with a prequantum line bundle, we can also follow Souriau and work with the corresponding principal U(1)-bundle p : P → M endowed with a connection A ∈ Ω^1(P ) such that dA = p^∗ω. The line bundle E is then recovered as the associated bundle E = P ×_ρ C, where ρ(e^{i ϕ}) ▷ z = e^{i ϕ} z for all z ∈ C. The KKS prequantization gives a faithful unitary representation of the Poisson algebra ( C^∞(M) , {−, −}_ω−1 ) on a Hilbert space, which can be constructed by using the Atiyah Lie algebroid associated to P . The Atiyah Lie algebroid sequence is the exact sequence of vector bundles

ad(P ) −→ E_{At}(P ) := T P / U(1) −→ T M , (2.29)

3While geometric quantization employs the same Hilbert space, the quantization map differs from the ensuing ones.

where T M is the tangent Lie algebroid of M and ad(P ), being a bundle of Lie algebras over M, is naturally a Lie algebroid with the zero anchor map and fiberwise Lie bracket. The vector bundle E_{At}(P ) := T P/U(1) → M naturally inherits from T P the structure of a Lie algebroid, called the Atiyah Lie algebroid; its smooth sections are the U(1)-invariant vector fields on P , and it integrates to the Atiyah Lie groupoid G_{At}(P ) = P ×_{U(1)} P which is the quotient of the pair groupoid Pair(P ) = P × P by U(1). In this sense, consideration of the Atiyah Lie algebroid over M is equivalent to considering the cotangent bundle T^∗M as a Lie algebroid.

A connection A on P is equivalent to a splitting of the exact sequence (2.29),^4 which gives a monomorphism of Lie algebras ( C^∞(M) , {−, −}_ω−1 ) −→ ( C^∞(M, E_{At}(P )) , [−, −]_{T P/U(1)} ) . (2.30)

This yields a faithful representation of the Poisson algebra of C^∞(M). In particular, the Poisson algebra of C^∞(M) acts as linear differential operators on U(1)-equivariant functions P → C, which correspond to (global) L^2-sections of the hermitian line bundle E associated to P . The Poisson algebra C^∞(M, T^∗P/U(1)) of the Lie algebroid E_{At}(P ) is quantized to the C^∗-algebra of the groupoid G_{At}(P ), which is isomorphic to the C^∗-algebra K (L^2(M))⊗ C^∗_r (U(1)) of U(1)-invariant compact operators on L^2(P ) (see §2.7 below).

This prequantization is only the first step, and to complete the picture one should introduce a polarization and restrict to a polarized Hilbert space. There are however no faithful representations of the Poisson algebra on the polarized Hilbert space and one has to use approximate Lie algebra homomorphisms. As we will be working in the Kostant picture using prequantum line bundles, we refrain from going into further details.

2.4. Prequantization and polarization of symplectic groupoids

Prequantization of groupoids dates back to work of Weinstein and Xu [6], see also [7, 8] for more recent accounts. Consider a symplectic groupoid (Σ, ω) integrating a Poisson manifold (M, π). This means that Σ ⇒ M is a Lie groupoid, (Σ, ω) is a symplectic manifold, ω is a multiplicative two-form and the target map^5 of the groupoid t : Σ → M is a Poisson map, see Appendix A. A prequantization of (Σ, ω) is given by the prequantization of Σ as a symplectic manifold, i.e., a hermitian line bundle E → Σ endowed with a connection ∇ such that F_∇ = −2π i ω, together with a two-cocycle σ.

The cocycle σ provides an associative multiplication on fibers of E at different composable points of Σ. It is a section of the hermitian coboundary line bundle ∂^∗E^∗ := pr^∗_1E^∗ ⊗ m^∗E ⊗ pr^∗_2E^∗ over the 2-nerve Σ_{(2)}, where E^∗ denotes the line bundle dual to E. The fiber multiplication is defined on ψ_{g1} ∈ E_{g1} and ψ_{g2} ∈ E_{g2} by

ψ_{g1} •_σ ψ_{g2} = ⟨ σ(g_1, g_2) , ψ_{g1} ⊗ ψ_{g2} ⟩ , (2.31)

4This splitting occurs in the category of vector bundles, not of Lie algebroids, or else the corresponding curvature vanishes. Alternatively, we can get non-trivial Chern classes by passing to L∞-algebroids.

5We use (s, t, m, 1) to denote the structure maps of the groupoid. Moreover, pr_1 and pr_2 denote the obvious projections from the “set of composable arrows” Σ_{(2)}, i.e. the 2-nerve of the simplicial manifold underlying Σ, to Σ.

which induces a multiplication •_σ : C^∞(Σ, E) ⊗ C^∞(Σ, E) → C^∞(Σ_{(2)}, m^∗E) on sections of E. Associativity is ensured by the multiplicative cocycle property σ ( g_1 , m(g_2, g_3) ) ⊗ σ(g_2, g_3) = σ(g_1, g_2) ⊗ σ ( m(g_1, g_2) , g_3 ) (2.32)

for g_1, g_2, g_3 ∈ Σ. We further demand that σ has unit norm, and that it is covariantly constant with respect to the (local) symplectic potential θ for ω,^6

∇σ = dσ − i (∂^∗θ) σ = 0 . (2.33)

The condition on Σ to be prequantizable is identical to that of M being prequantizable in the sense of Kostant [7, 8]: All the periods of M have to be integer multiples of 2π; in that case, the prequantization of Σ is unique (up to isomorphism).

A polarization of a symplectic groupoid Σ [5] is a polarization P of Σ as a symplectic manifold which is multiplicative, i.e., the distribution P ⊂ T_CΣ is compatible with and closed under the groupoid multiplication: m^∗(P_{(2)})_{(g1,g2)} = P_{m(g1,g2)}, where P_{(2)} := (P × P) ∩ T_CΣ_{(2)}; see [5] for further details. The polarizations P ⊂ T_CΣ that we will be mostly interested in are given in terms of foliations of a fibration of groupoids p : Σ → Σ/P,^7 which give rise to strongly admissible polarizations. If the leaves of P are simply connected, then E is trivial along these leaves and there is a canonical identification E ∼= p^∗E_P where E_P is a line bundle over Σ/P. Abusing notation, we denote the corresponding “reduced” cocycle with coefficients in E_P by the same symbol σ. Moreover, even when the polarization P is not the kernel foliation of a fibration of groupoids, we continue to use the same notation Σ/P to indicate the polarized symplectic groupoid.

2.5. Twisted polarized convolution algebra

To construct the twist element σ, we will always start from a symplectic potential θ with dθ = ω which is adapted, i.e., compatible with the polarization P in the sense that θ ∈ C^∞(Σ, P^⊥). In these cases, the line bundle E_P is trivial on Σ/P, and σ ∈ C^∞((Σ/P)_{(2)}, U(1)). To satisfy the multiplicativity condition 0 = ∂^∗ω = ∂^∗ dθ = d ∂^∗θ, we have to demand that ∂^∗θ is closed. The cocycle σ is then constructed from the projection p : Σ → Σ/P via p^∗(σ^{−1} dσ) = i ∂^∗θ , (2.34) where we have used (2.33).

The convolution product on C^∞_c (Σ/P) is now defined as follows. Introduce a left Haar system of measures {dμ^x | x ∈ (Σ/P)_{(0)}} on (Σ/P)^x := {g ∈ Σ/P | t(g) = x} = t^{−1}(x), i.e., dμ^{t(g)}(g^{−1} h) = dμ^{s(g)}(h), and set

(f̃ ⊛_σ f̃^′ )(g) = ∫ k k^′=g σ(k, k^′ ) f̃(k) f̃^′(k^′ ) := ∫ (Σ/P)^{t(g)}

dμ^{t(g)}(h) σ(g h, h^{−1}) f̃(g h) f̃^′(h^{−1}) (2.35)

6This condition is necessary for it to be compatible with the polarization later on. 7See Appendix A.

for f̃, f̃^′ ∈ C^∞_c (Σ/P). Then the appropriate completion defines the σ-twisted reduced convolution C^∗-algebra C^∗_r (Σ/P, σ) of the polarized symplectic groupoid Σ/P; it is the convolution algebra of polarized sections of E.

A more canonical definition uses half-densities and sections of the associated complex line bundle Ω^{1/2}_{Σ/P} → Σ/P to define C^∗_r (Σ/P, σ), which ensures that the integrand used in (2.35) is always a density on each fiber (Σ/P)^x of the map t; for the most part the above definition will suffice for the examples we consider.

2.6. Generalized Bohr-Sommerfeld quantization condition

If the leaves of the polarization P are not simply connected, then the construction above requires some further truncation. In this case, the leaves only admit parallel sections when the holonomy of the connection ∇ is trivial; if not, then the symplectic potential θ is not adapted. This condition on the holonomy can be regarded as a generalized Bohr-Sommerfeld quantization condition. We define the Bohr-Sommerfeld groupoid as the subvariety Σ_0 ⊆ Σ such that the holonomy^8

hol_γ (θ) := exp ( 2π i ∮ γ θ ) (2.36)

is equal to 1 for all conjugacy classes of loops [γ] ∈ π_1(Σ_0)^∼, i.e., ∮ γ θ ∈ Z. This in turn trivializes the line bundle E_P over Σ_0/P, and so the previous construction can now be applied to the reduced groupoid Σ_0/P.

2.7. Quantization map

Lagrangian submanifolds of Σ with a section that is covariantly constant along each leaf of the polarization P (and which vanishes on leaves not intersecting E) correspond to elements of A := C^∗_r (Σ/P, σ). From the definition of a symplectic groupoid, the graph of the multiplication m is a Lagrangian submanifold of^9 Σ × Σ × Σ and so quantizes to an element of A^∗ ⊗A^∗ ⊗A, i.e., a map A⊗A → A, the unit section 1 : M → Σ is a Lagrangian submanifold which quantizes to a unit element in A, and the graph of the inversion g → g^{−1} is a Lagrangian submanifold of Σ × Σ which quantizes to an element of A^∗ ⊗ A. These elements define the multiplication, identity and inversion in the noncommutative algebra A.

The procedure just outlined yields a quantization of the dual E^∗ of the associated Lie algebroid E = A(Σ/P). The quantization map E^∗ → C^∗_r (Σ/P, σ) is given by the composition of the extension of Fourier transform to vector bundles E → E^∗, described in [40, §7] using suitable left Haar systems on E and E^∗, with the extension of the exponential map E → Σ/P, described in [40, §2] in the case that the Lie algebroid E is endowed with a connection. Here we regard the twisted polarized convolution algebra C^∗_r (Σ/P, σ) as a

8The formula (2.36) for the holonomy as written is symbolic in general; for topologically non-trivial symplectic potentials θ, a precise expression is given in Appendix B.

9For a symplectic manifold (M, ω), we denote M = (M, −ω).

quantization of the Poisson manifold M, in the sense that the diagram Σ s ss t —— p (( M Σ/P

(2.37)

can be used to “pullback” the groupoid multiplication on Σ/P to C^∞(M); however, even though the target map t : Σ → M is a Poisson map and Σ is s-connected, the pullback t^∗(f) of a function f ∈ C^∞(M) is generically not quantizable, and in general the explicit quantization maps C^∞(M) → C^∗_r (Σ/P, σ) are not known.

Example. When M = pt is a one-point space and the Lie groupoid Σ is a Lie group G, the left-invariant Haar measure on G induces a left Haar system and the convolution algebra C^∗_r (G) is the reduced group C^∗-algebra. The Lie algebra g of G is the associated Lie algebroid A(G), and the Poisson structure on the dual A^∗(G) = g^∗ is the usual linear KKS Poisson structure. In this case the quantization map C^∞_c (g^∗) → C^∗_r (G) is essentially the composition of Fourier transformation on the affine space g^∗ → g with the exponential map exp : g → G, as constructed in §2.1.

Example. When Σ is the pair groupoid Pair(M) = M ×M of an oriented manifold M, the 2-nerve is Σ_{(2)} = M × M × M with multiplication map m(x, y, z) = (x, z) and projections pr_1(x, y, z) = (x, y), pr_2(x, y, z) = (y, z). The product in C^∗_r (M × M) is the convolution of kernels

(f̃ ⊛ f̃^′ )(x, z) = ∫ M d vol_M (y) f̃(x, y) f̃^′(y, z) , (2.38)

and the C^∗-algebra C^∗_r (M × M) acts as integral kernels on L^2(M), so that C^∗_r (M × M) is isomorphic to the algebra K (L^2(M)) of compact operators. In this case the associated Lie algebroid A(Pair(M)) is the tangent bundle T M, with the standard symplectic Poisson structure on the dual A^∗(Pair(M)) = T^∗M; the quantization map is thus C^∞_c (T^∗M) → K (L^2(M)). If M is additionally a symplectic manifold of dimension 2k with symplectic two-form ω_M = dθ_M , then it is easy to check that the symplectic structure ω := s^∗ω_M −t^∗ω_M on Σ is multiplicative: If we write ω(x, y) = ω_M (x) − ω_M (y) for x, y ∈ M, then one has

pr^∗_1ω(x, y, z) = ω_M (x) − ω_M (y) ,

pr^∗_2ω(x, y, z) = ω_M (y) − ω_M (z) , m^∗ω(x, y, z) = ω_M (x) − ω_M (z) , (2.39)

and hence ∂^∗ω = pr^∗_1ω − m^∗ω + pr^∗_2ω = 0. If E_M is a prequantum line bundle on M, then a prequantum line bundle on Σ = M × M is E = E_M ⊠ E_M ; if P_M is a polarization on M, then a symplectic groupoid polarization on Σ is given by P = P_M × P_M . The local symplectic potential θ := s^∗θ_M − t^∗θ_M is also multiplicative, ∂^∗θ = 0, whence the prequantization cocycle is σ = 1. The ensuing restriction to the algebra C^∗_r (Σ/P) with the convolution product (2.38) may be constructed from polarized sections of the line bundle E ⊗ Ω^{1/2}_P , where Ω_P := det(P^⊥_M ) ⊠ det( P_M^⊥) [5]. Then C^∗_r (Σ/P) is isomorphic to the algebra of compact operators on the space of P_M -polarized sections of the complex line bundle E_M → M. In (2.38) the product of polarized sections f̃(x, y) f̃^′(y, z) lives in the square root of (Ω_P )_{(x,y)} ⊗ (Ω_P )_{(y,z)}. In order to integrate this over t^{−1}(y) = (Σ/P)^y , we have to tensor with non-vanishing sections of the square root of det T^∗_{(x,y)}t^{−1}(y) and of det T^∗_{(y,z)}s^{−1}(y) to get a top form. By [5, Thm. 5.3], this can be done by contraction with the Liouville form dμ_M =^{(ωM )k}_{k!} = det ω_M | |_{t−1 (y)} on M. See [41] for a derivation of the Moyal product on M = R^2 within this framework.

2.8. Groupoid quantization and κ-Minkowski space

Let us now study a non-trivial example for the groupoid quantization of the dual of a Lie algebra in detail: the κ-Minkowski algebra from §2.1. We start from the real vector space V = R^d with the +-KKS Poisson structure induced by the κ-Minkowski Lie algebra (2.9). For d = 2 the corresponding κ-Minkowski group G_κ ∼= R⋊R^∗_{>0} is isomorphic to a connected affine group on the real line, also known as an a x+b-group (here with a = e^{−κ−1 p0} , b = p_1). A symplectic groupoid over an affine group on R has been constructed in [42]; in the following we work in a different parameterization for arbitrary d ≥ 2 and with a different affine group. This example is a special case of that studied in [5, §6.3].

As a manifold, the symplectic groupoid over V is the cotangent bundle Σ = T^∗G_κ; we will use coordinates x = (x^0, ⃗x ) on the affine space g^∗_κ ∼= T^∗_g G_κ and coordinates p = (p_0, ⃗p ) on the group manifold G_κ. We will follow now the general construction of groupoid structure maps on the cotangent bundle of a Lie group, see Appendix A. The unit embedding is trivially given by 1 : g^∗_κ → T^∗_e G_κ, or explicitly by 1_{(x}0_{,⃗x )} = ( (x^0, ⃗x ) , (0,⃗0 ) ) . To derive the source and target maps, note that the left and right actions of G_κ on itself read

L_p(q) = (p_0 + q_0, ⃗p + e^{−κ−1 p0} ⃗q ) and R_p(q) = (q_0 + p_0, ⃗q + e^{−κ−1 q0} ⃗p ) (2.40)

with inverses

L_p−1 (q) = ( q_0 − p_0 , e^{κ−1 p0} (⃗q − ⃗p ) ) and R_p−1 (q) = ( q_0 − p_0 , ⃗q − e^{−κ−1 (q0−p0)} ⃗p ) (2.41) where p^{−1} = (−p_0, e^{κ−1 p0} ⃗p ) for p, q ∈ G_κ. These actions induce derivative maps dL_p = L_{p∗} : T_qG_κ → T_{p q}G_κ and dR_p = R_{p∗} : T_qG_κ → T_{q p}G_κ. The source and target maps s, t : T^∗G_κ → g^∗_κ ∼= T^∗_e G_κ are then given by ⟨ s(x, p) , (y^0, ⃗y ) ⟩ := (x^0, ⃗x ) ∘ dR_p(y^0, ⃗y ) = ( x^0 − κ^{−1} p_i x^i ⃗x ) ( y^0 ⃗y^⊤ ) (2.42) and ⟨ t(x, p) , (y^0, ⃗y ) ⟩ := (x^0, ⃗x ) ∘ dL_p(y^0, ⃗y ) = ( x^0 e^{−κ−1 p0} ⃗x ) ( y^0 ⃗y^⊤ ) (2.43) where we identify V with its dual V^∗.

Multiplication of two points (x, p) and (y, q) in T^∗G_κ is defined if s(y, q) = t(x, p) or

y^0 = x^0 + κ^{−1} e^{−κ−1 p0} q_i x^i and ⃗y = e^{−κ−1 p0} ⃗x . (2.44)

As y ∈ T^∗_q G_κ is hence determined by (x, p) and the fiber point q, the 2-nerve of the groupoid Σ is Σ_{(2)} = T^∗G_κ ×G_κ. We will use coordinates ( (x^0, ⃗x ) , (p_0, ⃗p ) , (q_0, ⃗q ) ) on Σ_{(2)}. In these coordinates the product m and the projections pr_1, pr_2 read m(x, p, q) := ( (x^0 + κ^{−1} e^{−κ−1 p0} q_i x^i, ⃗x ) , (p_0 + q_0, ⃗p + e^{−κ−1 p0} ⃗q ) ) , pr_1(x, p, q) := ( (x^0, ⃗x ) , (p_0, ⃗p ) ) , pr_2(x, p, q) := ( (x^0 + κ^{−1} e^{−κ−1 p0} q_i x^i, e^{−κ−1 p0} ⃗x ) , (q_0, ⃗q ) ) . (2.45)

A polarization P of the groupoid Σ is given by the kernel of the tangent map to the bundle projection p : T^∗G_κ → G_κ, regarded as a fibration of groupoids, i.e., Σ/P = G_κ.

Define the adapted symplectic potential θ = x^μ dp_μ, which gives rise to the canonical symplectic structure ω = dθ = dx^μ ∧ dp_μ on T^∗G_κ. Note that 1^∗θ = 0 and θ is conormal to the groupoid polarization T^∗G_κ → G_κ. Moreover, one has

∂^∗θ = x^μ dp_μ + ( x^0 + κ^{−1} e^{−κ−1 p0} q_i x^i ) dq_0 + e^{−κ−1 q0} x^i dq_i − ( x^0 + κ^{−1} e^{−κ−1 p0} q_i x^i ) ( dp_0 + dq_0 ) − x^i ( dp_i + e^{−κ−1 p0} dq_i − κ^{−1} e^{−κ−1 p0} q_i dp_0 ) = 0 . (2.46)

Thus the twist element σ = 1 is trivial and we obtain the untwisted convolution algebra (2.16). This is a more general feature of the groupoid quantization of duals of Lie algebras [5, §6.3].

3. Quantization of 2-plectic manifolds and loop spaces

In this section we will discuss the use of loop spaces and knot spaces in the quantization of 2-plectic manifolds. We start with an outline of our approach, and then review all necessary notions from loop space geometry before discussing the loop space extension of the groupoid approach to quantization.

3.1. Overview

Just as a symplectic structure on a manifold M is defined in terms of a closed, nondegenerate two-form, a 2-plectic structure is given by a closed, non-degenerate three-form. As we saw in §2.3, a symplectic form with integer periods represents the first Chern class of a prequantum line bundle in geometric quantization, fixing it up to isomorphism. Correspondingly, a 2-plectic form with integer periods specifies the Dixmier-Douady class of an abelian prequantum gerbe. Pushing the analogy further, we recall that the Hilbert space in geometric quantization is derived from the space of polarized global sections of the prequantum line bundle. The corresponding notions for a gerbe, however, seem to be still unclear.

One can in principle work with the realization of gerbes as principal PU(H)-bundles P → M where H is an infinite-dimensional separable Hilbert space (see e.g. [43, 44]), and consider the space of sections thereof; indeed, H^3(M, Z) is the group of isomorphism classes of projective bundles P (with infinite-dimensional separable fibers) while the automorphism group of P is the group H^2(M, Z) of complex line bundles on M, see e.g. [45]. However, the appropriate definition of a polarization still remains to be found. But the lesson here is that attempting to resort to conventional geometric settings thus inevitably leads us into the realm of infinite-dimensional analysis, which will be a recurrent theme below.

We can circumvent these quantization issues by using a trick that goes back to Gawędzki [9], see also [10]. The Dixmier-Douady class of the abelian prequantum gerbe on M gives rise to the first Chern class of a prequantum line bundle on the loop space LM of M via the cohomological transgression homomorphism. A representative of the first Chern class yields a symplectic structure on LM. We will focus on three-dimensional Riemannian 2-plectic manifolds. Their knot spaces, i.e. the loop spaces factored by the group of reparameterizations of the loops, comes with a natural complex structure. This complex structure can be combined with the symplectic structure obtained from the transgressed volume form to a Kähler structure. In principle, we can then follow the usual recipe of geometric quantization to construct a Hilbert space as the space of global sections of the corresponding prequantum line bundle on knot space. The problem with the definition of a polarization is solved e.g. by using ordinary Kähler polarization on the global sections.

This approach is also well-motivated from a different perspective: While a symplectic form on M induces a Lie algebra provided by a Poisson bracket on smooth functions on M, a 2-plectic form induces a Lie 2-algebra consisting of smooth functions together with a subspace of one-forms on M. The only non-trivial binary bracket in this Lie 2-algebra is a Poisson-like bracket on the one-forms. As we will see below, the prequantization of this Lie 2-algebra is rather clear. One can construct a representation of this Lie 2-algebra, just as the KKS prequantization gave a representation of the usual Poisson algebra. However, it is not known how to implement a polarization into this picture. If we apply the transgression map to switch to the loop space setting, the situation becomes much nicer: The transgression map embeds the subspace of one-forms on M into the space of smooth functions on the loop space of M and it maps the 2-plectic form on M to a symplectic form on LM. On loop space, the transgression of the Poisson-like brackets of two one-forms is precisely the loop space Poisson bracket of the transgression of the one-forms.

To actually quantize loop space, we then apply Hawkins’ groupoid approach. The reason for this is the following: Ultimately, we hope to establish a more direct quantization procedure for multisymplectic manifolds including polarization. It seems that the latter will involve nonassociative structures, and a model based on a Hilbert space and its endomorphisms seems no longer suitable. Hawkins’ approach, however, circumvents the construction of a Hilbert space. Moreover, it is much more suitable for categorification. It thus seems more likely that the groupoid approach will allow us to compare the loop space quantization with a yet to be developed direct quantization of 2-plectic manifolds.

3.2. Nambu-Poisson geometry

Consider a manifold M of dimension d together with its algebra of smooth functions A = C^∞(M). A Nambu-Poisson structure of order n on M [1, 46]^{10} is an n-ary, totally antisymmetric and multi-linear map {−, · · · , −} : A^{∧n} → A which satisfies the Leibniz rule

{f_1 f_2, f_3, . . . , f_{n+1}} = f_1 {f_2, . . . , f_{n+1}} + {f_1, . . . , f_{n+1}} f_2 , (3.1)

and the fundamental identity {f_1, . . . , f_{n−1}, {g_1, . . . , g_n}} = {{f_1, . . . , f_{n−1}, g_1}, g_2, . . . , g_n} + . . . + {g_1, . . . , g_{n−1}, {f_1, . . . , f_{n−1}, g_n}} (3.2)

for f_i, g_i ∈ C^∞(M). As special cases, we have the usual Poisson structures for n = 2 and a derivation {−} on A for n = 1.

Nambu-Poisson manifolds can be used as multiphase spaces in Nambu mechanics, akin to the way in which Poisson structures on manifolds define phase spaces in Hamiltonian mechanics; such multiphase spaces are a starting point for higher quantization. A Nambu- Poisson bracket gives the vector space C^∞(M) of smooth functions on M the structure of an n-Lie algebra [11] called a Nambu-Poisson algebra. An n-Lie algebra is a vector space A with an n-ary, totally antisymmetric multilinear map which satisfies the fundamental identity. It has often been suggested that a Nambu-Poisson structure of order n should turn into an n-Lie algebra under quantization, just as a Poisson algebra turns into a Lie algebra of endomorphisms on a Hilbert space, see e.g. [48, 12] and references therein. This suggestion, however, does not seem to yield quantum spaces with all the desired features.

Recall that a Poisson structure on M can be defined in terms of a bivector field π ∈ C^∞(M, T M ∧T M) via (2.23) for which the Schouten bracket vanishes. For general Nambu- Poisson structures, we consider a multivector field π ∈ C^∞(M, ⋀_n T M), which reads in local coordinates x^i, i = 1, . . . , d, as π = π^{i1...in} ∂ ∂x^{i1} ∧ · · · ∧ ∂ ∂x^{in} . (3.3)

The higher analogue of the vanishing of the Schouten bracket reads as π^{i1...in−1l} ∂ ∂x^l π^{j1...jn} − π^{lj2...jn} ∂ ∂x^l π^{i1...in−1j1} − · · · − π^{j1...jn−1l} ∂ ∂x^l π^{i1...in−1jn} = 0 (3.4) together with N_{i1i2...inj1j2...jn} + N_{j1i2...ini1j2...jn} = 0 , (3.5) where N_{i1...inj1...jn} := π_{i1...in} π_{j1...jn} + π_{jni1i3...in} π_{j1...jn} + · · · + π_{jni2...in−1i1} π_{j1...jn−1in} − π_{jni2...in} π_{j1...jn−1i1} . (3.6)

Now the n-vector field π defines a Nambu-Poisson structure on M via

{f_1, . . . , f_n}_π := π(df_1, . . . , df_n) (3.7)

if and only if π satisfies both (3.4) and (3.5), cf. [46]. Note that (3.5) is automatically satisfied for n = 2. For further details on Nambu-Poisson structures, see [49, 50].

10see also [47] for a very detailed review

3.3. Multisymplectic geometry

A Poisson structure is often derived from a symplectic structure on M: A symplectic form ω defines a map T M → T^∗M. As ω is non-degenerate, this map is invertible and its inverse is a bivector field π = ω^{−1} : T^∗M → T M. In particular, there is a Hamiltonian vector field X_f for every function f ∈ C^∞(M) which is defined through df = ι_{Xf} ω := ω(X_f , −). The Poisson structure is then given by {f, g}_π = ω(X_f , X_g) = L_{Xg} f = df(X_g). The Hamiltonian vector fields X_f satisfy L_{Xf} ω = 0 and therefore generate symplectomorphisms of the manifold M. Since [X_f , X_g] = X_{{f,g}}, the map f → X_f provides an embedding of the Poisson algebra (C^∞(M), {−, −}_π ) into the Lie algebra of symplectomorphisms. On two-dimensional manifolds these are the area-preserving diffeomorphisms, and in the cases M = R^2 and M = S^2 the Lie algebra of Hamiltonian vector fields coincides with the Lie algebra of symplectomorphisms.

To a certain extent, we can generalize this construction to Nambu-Poisson structures by introducing multisymplectic forms. An n-form ϖ is called a multisymplectic n-form or an n − 1-plectic form^{11} on M if it is closed and non-degenerate, i.e., ι_X ϖ = 0 if and only if X = 0 for X ∈ C^∞(M, T M). Simple examples of n-plectic forms are volume forms on orientable n-dimensional manifolds.

A multisymplectic n-form ϖ defines a map T M → ⋀_{n−1} T^∗M. This map is only invertible for d = n, in which case the multisymplectic structure is given by a volume form on M. Volume forms ϖ define a Nambu-Poisson structure via

{f_1, . . . , f_n}_ϖ−1 = ϖ^{−1}(df_1, . . . , df_n) . (3.8)

In this paper, we will be mostly interested in the case n = d = 3, and in particular we will consider the 2-plectic Nambu-Poisson manifolds R^3, T^3 and S^3.

Multisymplectic p + 1-forms also naturally give rise to Poisson-like brackets on certain p − 1-forms: Assume that the manifold M is endowed with a p-plectic structure ϖ. The space of Hamiltonian p−1-forms on M, H^{p−1}(M, ϖ), is the space of p−1-forms α for which there is an associated Hamiltonian vector field X_α ∈ C^∞(M, T M) such that dα = ι_{Xα} ϖ. Again, these Hamiltonian vector fields form a Lie algebra and satisfy L_{Xα} ϖ = 0; hence they generate multisymplectomorphisms of M. There are now two obvious generalizations of the Poisson bracket on H^{p−1}(M, ϖ) [2]: The hemi-bracket and the semi-bracket are defined on α, β ∈ H^{p−1}(M, ϖ) as {α, β}_{h,ϖ} := L_{Xα} β and {α, β}_{s,ϖ} := ι_{Xα} ι_{Xβ} ϖ , (3.9) respectively. Both brackets yield maps H^{p−1}(M, ϖ) × H^{p−1}(M, ϖ) → H^{p−1}(M, ϖ). Note that {α, β}_{h,ϖ} − {α, β}_{s,ϖ} = d ι_{Xα} β . (3.10) Furthermore, the hemi-bracket satisfies the Jacobi identity but is not antisymmetric, while

11The number n − 1 here indicates the degree of categorification of the notion of symplectic structure; in particular 1-plectic amounts to symplectic.

the semi-bracket is antisymmetric but does not satisfy the Jacobi identity.^{12} Due to (3.10), the failure of the brackets to be antisymmetric or to fulfill the Jacobi identity is always an exact form.

3.4. Prequantization of 2-plectic manifolds

We will now briefly review the prequantization of 2-plectic manifolds following [4], see also [2]. We will see that the Poisson Lie algebra Π_ω = C^∞(M) of smooth functions on a symplectic manifold (M, ω) is replaced by the Lie 2-algebra Π_ϖ = C^∞(M) ⊕ H^1(M, ϖ) on a 2-plectic manifold (M, ϖ). Moreover, just as the Atiyah Lie algebroid allowed us to construct a faithful representation of the Poisson algebra on its space of sections, i.e., a prequantization, an exact Courant algebroid^{13} allows us to define a representation of the Lie 2-algebra. As argued in [2, 4], this should be regarded as a prequantization of (M, ϖ).

The semi-bracket on a p-plectic manifold is well-defined on the quotient of the space H^{p−1}(M, ϖ) by the group of closed p − 1-forms on M; in particular, the quotient by exact p−1-forms is a Lie algebra and if M is contractible then it can be resolved by the augmented de Rham complex

R → C^∞(M)^d−−→ Ω^1(M)^d−−→ · · ·^d−−→ Ω^{p−2}(M)^d−−→ H^{p−1}(M, ϖ) . (3.11)

As shown in [52], such a resolution gives rise to an L_∞-algebra. Here, however, we will use a truncated form of this homotopy Lie algebra.

Recall that a Lie 2-algebra^{14} is a two-term L_∞-algebra L_{−1}^{μ1}−−−→ L_0 endowed with unary, binary and ternary maps μ_1, μ_2, μ_3 with grading 1, 0, −1 that satisfy homotopy Jacobi identities, see [54]. On a 2-plectic manifold (M, ϖ) we define the Lie 2-algebra Π_ϖ as the vector space

Π_ϖ = L_{−1} ⊕ L_0 with L_0 = H^1(M, ϖ) and L_{−1} = C^∞(M) (3.12)

together with the maps

μ_1(f + α) = df , μ_2(f + α, g + β) = {α, β}_{s,ϖ} = ϖ(X_α, X_β , −) , μ_3(f + α, g + β, h + γ) = ϖ(X_γ , X_β , X_α) ,

(3.13)

where f, g, h ∈ L_{−1}, α, β, γ ∈ L_0 and X_α denotes again the Hamiltonian vector field corresponding to the one-form α.

Consider now the exact Courant algebroid C associated with the 2-plectic manifold (M, ϖ) together with its associated strong homotopy Lie algebra L_∞(C) as reviewed in

12For “exact” multisymplectic manifolds, a further bracket can be constructed that is both antisymmetric and satisfies the Jacobi identity [51].

13See Appendix C for the definitions related to Courant algebroids.

14In this paper, we are interested in semistrict Lie 2-algebras. More general, weak Lie 2-algebras have been defined in [53]. Semistrict Lie 2-algebras (as well as the hemistrict ones derived from the hemi-bracket) are special cases of these.

Appendix C. By [4, §7] there exists a morphism of Lie 2-algebras, given by α → λ(X_α) + α, which embeds Π_ϖ into L_∞(C). In this sense, the Courant algebroid C allows us to construct a representation of the Lie 2-algebra Π_ϖ, just as the Atiyah Lie algebroid enabled us to construct a representation of the Poisson algebra on a symplectic manifold.

Altogether, the problem of prequantizing 2-plectic manifolds seems to be solved. To obtain a complete quantization, however, we have to restrict to polarized sections. A possible generalization of polarizations to multisymplectic manifolds is explored in [55]: For a p-plectic vector space (V, ϖ) the k-orthogonal complement of a subspace W ⊆ V is the subspace W^{⊥,k} = { v ∈ V | | ϖ(v, w_1, . . . , w_k) = 0 for all w_1, . . . , w_k ∈ W } . (3.14)

The subspace W is called k-Lagrangian if W = W^{⊥,k}. Correspondingly, a submanifold N of a p-plectic manifold (M, ϖ) is called k-Lagrangian if the tangent space T_xN is a k- Lagrangian subspace of T_xM for all x ∈ N. Despite this notion, it seems still unclear how to properly incorporate polarization into the quantization of multisymplectic manifolds. This is why we will now turn our attention to loop spaces, where this problem is under control.

3.5. Differential geometry of loop spaces

The free loop space LM of a d-dimensional manifold M is the space of smooth maps S^1 → M, LM := C^∞(S^1, M); it is the configuration space of a bosonic string sigma-model on S^1 × R with target space M. We can turn LM into a smooth manifold modeled on the loop space of R^d [56], see also [57]. In particular, there are open covers of LM given by U = (LU_a) where U = (U_a) is a cover of M. For example, the loop space LS^d of the d-dimensional sphere can be covered by the patches U_a = LU_a = L(S^d \ {a}), a ∈ S^d.

We will describe a loop by a map x : S^1 → M, and use local coordinates (x^i) on some patch U_a of M yielding parametrized loops ( x^i(τ) ) : S^1 → U_a. To streamline notation, we will usually combine the continuous loop parameter τ ∈ S^1 with the discrete index i = 1, . . . , d into a multi-index and write x^{iτ} := x^i(τ).

The infinite-dimensional tangent bundle T LM over the free loop space LM has fibers given by T_xLM := C^∞(S^1, x^∗T M), i.e., a tangent vector to a loop x ∈ LM is a vector field along the map x(τ). In local coordinates we can describe a section X of T LM as a map ( X^i(τ) ) : S^1 → x^∗T M. Together with the functional derivatives^δ_{δxi(τ )} , this map combines into a derivation acting on functionals on LM given by X = ∮ dτ X^i(τ) δ δx^i(τ) = ∮ dτ X^{iτ} δ δx^{iτ} , (3.15)

where throughout we denote integration over the circle S^1 by ∮ . There is a natural diffeomorphism of the manifolds T LM and LT M. Note that each loop x(τ) : S^1 → M comes with a natural tangent vector ẋ(τ) :=^{dx(τ )}_{dτ} ∈ LT M ∼= T LM.

We define the cotangent bundle T^∗LM as the vector bundle dual to T LM; it is the phase space of a closed string sigma-model on the cylinder S^1 × R with target space M. Unlike T LM, this definition is more subtle: While LT^∗M is modeled on the vector space LR^d, the model space for T^∗LM is the dual space (LR^d)^∗ consisting of R^d-valued distributions on the circle. In analogy with the tangent bundle, we hence define a restricted cotangent bundle T̂^∗LM by the union of pullbacks of the cotangent spaces of M, i.e., its fibers are T̂^∗_x LM := C^∞(S^1, x^∗T^∗M). Clearly T^∗LM ⊃ T̂^∗LM by the map f → ∮ dτ f(τ) on LR → R, and we have T̂^∗LM ∼= LT^∗M. In either case, we write a section of the (restricted) cotangent bundle α as α = ∮ dτ α_{iτ} δx^{iτ} , (3.16)

where ⟨ δx^{iτ} , δ δx^{jσ} ⟩ := δ^i_j δ(τ − σ) . (3.17)

For α ∈ C^∞(LM, T̂^∗LM) the quantity α_{iτ} is a function of τ, while for α ∈ C^∞(LM, T^∗LM) the map α_{iτ} : T LM −→ R , X = ∮ dτ X^{iτ} δ δx^{iτ} −→ ∮ dτ α_{iτ} X^{iτ} (3.18)

is generally a distribution.

The definition of T^∗LM gives rise to sections of the antisymmetric tensor products of this bundle, i.e., the loop space n-forms Ω^n(LM). We will call such differential forms local if they can be written in local coordinates as a single integral over the loop as α = ∮ dτ 1 n! α_{i1...inτ} δx^{i1τ} ∧ · · · ∧ δx^{in τ} . (3.19) Note that all one-forms on loop space are therefore local. Using the total differential δ, which in local coordinates reads as δ = ∮ dτ δx^{iτ} δ δx^{iτ} , (3.20)

we can define closed and exact forms, and therefore the de Rham cohomology groups H^n(LM, R). The differential geometry of LM can be made rigorous by regarding loop spaces e.g. as diffeological spaces, where the diffeology on LM is equivalent to a smooth Fréchet manifold structure. If (M, g) is a Riemannian manifold, then there is also a natural Riemannian structure on LM induced from that on M by

⟨X_1, X_2⟩ := ∮ dτ |ẋ(τ)| g_{x(τ )} ( X_1(τ) , X_2(τ) ) (3.21)

for X_1, X_2 ∈ T_xLM, together with a Banach manifold completion of T LM with respect to the L^∞-norm on T_xLM given by ‖X‖ := sup_{τ ∈S1} | X(τ) | . (3.22)

3.6. Knot spaces

For our purposes, the free loop space LM is too big and we have to impose various restrictions. First of all, we can demand that the maps x : S^1 → M have nice properties. We thus introduce the loop space of immersions L_iM ⊂ LM with the additional condition that up to isolated points, the map x is an embedding. The images of the maps contained in L_iM are called singular knots [10]. Moreover, we can restrict to the space of actual embeddings L_eM ⊂ L_iM ⊂ LM; here the images of the maps x ∈ L_eM are knots, and the maps themselves give rise to parametrizations of knots. We would like our description to be invariant under reparameterizations of these knots, which are given by the smooth action of the group of orientation-preserving diffeomorphisms of the circle R = Diff^+(S^1) via precomposition. Under such a coordinate change τ → τ̃ = R(τ), we have e.g. the relations

x̃(τ̃ ) = x(τ) , ˙x̃(τ̃) = dτ dτ̃ d dτ x(τ) = Ṙ(τ)^{−1} ẋ(τ) and dτ̃ = Ṙ(τ) dτ . (3.23)

The R-fixed points define a natural embedding M→LM given by the constant paths (zero modes) x(τ) = x_0 ∈ M. The quotient of LM by R is singular. But if we divide L_iM and L_eM by the action of R, we obtain the space of singular oriented knots, K_iM, and the space of oriented knots, K_eM [10]. Our constructions work on both types of knot spaces, and we will therefore simply write KM, leaving the choice of the type of knots to the reader. However, when referring to “knots” and “knot spaces” we will always mean oriented knots.

In our description of knot spaces, we will still use the local coordinates from the description of loop space. To do this, we will have to make sure that all formulas are invariant under reparameterizations. At infinitesimal level, reparameterizations are generated by the vector fields R = ∮ dτ R(τ) ẋ^{iτ} δ δx^{iτ} . (3.24)

A smooth functional f on KM therefore satisfies ẋ^{iτ} δ δx^{iτ} f = 0 . (3.25)

This restricts the tangent bundles of the knot spaces, if their local sections are regarded as derivations acting on functionals. In particular, we impose the relations ẋ^{iτ} δ δx^{iτ} = 0 and δx^{iτ} ẋ_{iτ} = 0 . (3.26)

For the second relation, we assumed a metric on knot space induced from the target manifold M to raise and lower indices. Because of these relations, differential forms on knot spaces are of a special form. For example, a one-form α can be written as α(x) = ∮ dτ α_{[i1i2]τ} (x) ẋ^{i1τ} δx^{i2 τ} , (3.27)

where α_{[i1i2]τ} (x) = −α_{[i2i1]τ} (x). Note that the identification of T KM with KT M does not hold for knot spaces, as reparametrization transformations act differently on both spaces.

3.7. Transgression

The transgression map

T : Ω^{k+1}(M) −→ Ω^k(LM) (3.28)

is defined via the correspondence LM × S^1 ev zzttt ttt ttt t_{pr} %%KK KKK KKK KK M LM

(3.29)

between M and its free loop space LM. Here ev is the evaluation map of the loop x(τ_0) ∈ M at the given angle τ_0 ∈ S^1, and pr is the obvious projection. The transgression map is the composition of the pullback along ev with the pushforward pr_! given by integration over the fiber S^1 of pr. It produces the loop space k-form

(T α)_x = ∮ dτ ι_ẋ(ev^∗α) for α ∈ Ω^{k+1}(M) , (3.30)

where ι_ẋ is contraction with the natural tangent vector ẋ(τ) to a loop x : S^1 → M. Explicitly, in local coordinates x^{iτ} we have α = 1 (k + 1)! α_{i1...ik+1} (x) dx^{i1} ∧ · · · ∧ dx^{ik+1} −→ T α := ∮ dτ 1 k! α_{i1...ik+1} (x(τ)) ẋ^{ik+1τ} δx^{i1τ} ∧ · · · ∧ δx^{ik τ} . (3.31)

Differential forms on loop space which are in the image of the transgression map and therefore of the above form are called ultra-local.

The image of a transgression is invariant under the group of loop reparameterizations R. Moreover, the transgression map commutes with the exterior derivative, i.e., δ(T α) = T (dα). In fact, it descends on integer cohomology to a homomorphism

T : H^{k+1}(M, Z) −→ H^k(LM, Z) . (3.32)

For k = 1 there is a natural transgression map which computes the holonomy of a connection on a line bundle over M. For k = 2 transgression takes a Dixmier-Douady class on a manifold M to a first Chern class on the free loop space LM; put differently, a bundle gerbe G on M gives rise to a line bundle T G on LM.^{15} In particular, transgression can also be refined to a homomorphism on differential cohomology Ĥ^3(M) → Ĥ^2(LM). We can thus take a prequantum gerbe on M and map it to a prequantum line bundle on LM, which can be quantized in the usual way.

We can restrict the image of the transgression to the open subsets L_iM and L_eM of LM consisting of restricted immersions and embeddings. As the transgression map is invariant

15See Appendix B for the pertinent definitions regarding gerbes.

under actions of the group of reparameterizations R = Diff^+(S^1), the restricted image of a transgression descends to a differential form on the corresponding knot spaces.

It should be stressed, however, that the transgression map is not surjective. In particular, one-forms on knot space are of the form (3.27) but this does not imply they are in the image of the transgression map: α_{[i1i2]τ} (x) is not necessarily of the form α_{[i1i2]}(x(τ)).

3.8. Poisson algebras on knot spaces

Every loop space LM is naturally a symplectic manifold with local symplectic potential ϑ = ∮ dτ ẋ_{iτ} δx^{iτ} . The corresponding two-form ω = δϑ is closed and it is weakly symplectic in the sense that it defines an injection T LM → T^∗LM with dense image.

On the knot space KM, however, the symplectic potential ϑ vanishes and we have to find a different source for a symplectic structure. The most natural way is to assume a 2-plectic structure on M, that we can transgress to a symplectic structure on the knot space. Given a closed non-degenerate three-form ϖ on M, we define a symplectic structure ω on KM via the transgression ω = T ϖ = ∮ dτ ι_ẋ(ev^∗ϖ) . (3.33)

As the transgression map commutes with the exterior derivative, this form is closed. Moreover, its kernel consists of vector fields X = ∮ dτ X(τ) ẋ^{iτ} δ δx^{iτ} (3.34)

which generate reparameterizations and are therefore excluded from the tangent bundle on knot space. On T KM, the two-form ω is therefore non-degenerate and defines a symplectic structure.

We can now invert T ϖ to define a Poisson bracket on knot space KM. The result is a global bivector field Π ∈ C^∞(LM,

⋀_2

LT M) with vanishing Schouten bracket. Locally, we have ∮ dτ Π^{iσ,jτ} ω_{jτ,kρ} = δ^i_k δ(σ − ρ) , (3.35) where Π^{iσ,jτ} and ω_{jτ,kρ} are the components of the bivector field Π and of the two-form ω = T ϖ. In these components, the Poisson bracket reads as {f, g}_Π := ∮ dσ ∮ dτ Π^{iσ,jτ} ( δ δx^{iσ} f ) ( δ δx^{jτ} g ) (3.36)

for loop space functionals f, g ∈ C^∞(LM).

The hemi-bracket and semi-bracket that we defined in §3.3 are mapped to ordinary Poisson brackets on loop space under transgression. Recall that the 2-plectic structure yields Poisson-like brackets (3.9) of one-forms on M. The transgression map now converts these to the Poisson bracket on loop space as T ( {α, β}_{h,ϖ} ) = T ( {α, β}_{s,ϖ} ) = {T α, T β}_{(T ϖ)}−1 , (3.37) which follows from the observation T (ι_{Xα} ϖ) = ι_{XT α} (T ϖ) and that T (df) = δ(T f) = 0 as T f = 0 for f ∈ C^∞(M). This feature can be regarded as further motivation for using loop spaces or knot spaces.

With these structures inherited on the loop space LM, we may formally follow the recipes of §2. Alternatively, we could have started from a Nambu-Poisson structure induced by a trivector field π on M. The key feature here is that the local quantity Π^{ij} = π^{ijk} ẋ_k behaves like an ordinary Poisson structure.

3.9. Kähler geometry of knot spaces of three-dimensional 2-plectic manifolds

Let us now restrict to Riemannian three-dimensional manifolds M. In these cases there is a natural complex structure on the corresponding knot space KM [58]: The tangent space T_xKM restricted to a point x(τ) on the loop x is the orthogonal complement of the tangent vector ẋ(τ) in T_{x(τ )}M and therefore isomorphic to the plane R^2. The tangent vector to the loop provides an axis of rotation on this plane, and we define the action of an almost complex structure J as the rotation of the restricted vector around this axis by angle^π_2 . This action clearly extends smoothly to the whole of T_xKM and we have J^2 = −id.

In local coordinates x^{iτ} , we have J X = J ∮ dτ X^{iτ} δ δx^{iτ} = ∮ dτ ε̃^{ijk} X_{jτ} ẋ_{kτ} |ẋ^τ | δ δx^{iτ} , (3.38)

where indices are raised and lowered with the metric g on M, e.g., X_{jτ} := g_{jl}(x(τ)) X^{lτ} , and ε̃^{ijk} is the “metric-corrected” Levi-Civita symbol given by

ε̃_{ijk} = det(g)^{1/2} ε_{ijk} and ε̃^{ijk} = det(g)^{−1/2} ε^{ijk} = det(g)^{−1} ε̃_{ijk} . (3.39)

A straightforward calculation confirms J^2 = −id. It should be stressed that this almost complex structure is not integrable, in the sense that no non-empty subset of a complex Fréchet space is biholomorphic to an open subset. However, it is formally integrable in the sense that the corresponding Nijenhuis tensor vanishes. Formal integrability is in fact sufficient for the introduction of a Dolbeault differential and the definition of holomorphic functions.

One can now show that ω = T ϖ is of type (1, 1) with respect to the complex structure J , i.e., ω(J X_1, J X_2) = ω(X_1, X_2). Furthermore, the induced inner product ⟨−, −⟩ on T KM defined in (3.21) satisfies

⟨X_1, X_2⟩ = ω(X_1, J X_2) , (3.40)

because the volume form ϖ on M originates from the Riemannian metric g on M. Altogether, we have turned the knot space KM into a Kähler manifold, up to technical issues associated with the notions of integrability of the complex structure. For further details on symplectic and complex structures on loop spaces and knot spaces, see [10] and references therein.

3.10. Prequantization of symplectic groupoids on knot spaces

Our aim is to map the problem of quantizing a 2-plectic manifold (M, ϖ) onto a geometric quantization problem on the knot space KM of M. Thus far we have established the transgression map [10] that takes a prequantum gerbe over a manifold M to a prequantum line bundle over its knot space KM. Let us discuss this point in some more detail.

The 2-plectic structure on M is specified by a closed, non-degenerate globally defined three-form ϖ; if ϖ ∈ Ω^3_{cl,Z}(M), then ϖ arises as the curvature of the connective structure of a gerbe G represented by a smooth Deligne two-cocycle (g_{abc}, A_{ab}, B_a) with respect to an open cover U = (U_a) of M (see Appendix B). We assume that the cover U is fine enough for U = (U_a) := (KU_a) to cover the free knot space KM. The transgression map then yields the closed symplectic two-form ω := T ϖ on knot space KM. The corresponding smooth hermitian line bundle T G over LM has fiber T G_x over a circle x : S^1 → M equal to the set of isomorphism classes of flat trivializations of the pullback x^∗G of the gerbe G to S^1. It comes with a product, inherited from the bundle gerbe product: If two knots x_1 and x_2 are composable, then T G_{x1∘x2} ∼= T G_{x1} ⊗ T G_{x2} . The connection ϑ_G ∈ Ω^1(T G) whose curvature is T ϖ can be written in the patch KU_a as

ϑ_G = δz_a + T B_a on KU_a , (3.41)

where z_a ∈ C are coordinates on the fibers. Since B_a − B_b = dA_{ab} on the intersection U_{ab} = U_a ∩ U_b, one has

z_a − z_b = T A_{ab} on KU_{ab} . (3.42)

The U(1)-action on the fibers is given by the gauge group of the gerbe, described in Appendix B, i.e., the Cheeger-Simons cohomology group Ĥ^2(M) of line bundles with connection (E, a) modulo gauge transformations; from (3.41) it follows that the fiber coordinate z ∈ C shifts under this action as z → z + T a. Since Ĥ^2(S^1) ∼= U(1), the pullback x^∗E of the line bundle E → M to a knot x ∼= S^1 is a trivial line bundle with flat connection, i.e., the pullback x^∗G of the gerbe G over M to a knot is a principal homogeneous space for U(1), and T G becomes a principal U(1)-bundle on KM.

Instead of directly quantizing the prequantum gerbe G over M, we will use the Poisson structure on KM induced by T ϖ and apply Hawkins’ groupoid approach to quantization. We will make no attempt here to develop a proper rigorous theory of symplectic groupoids over knot spaces and their quantization, paralleling the description of the previous section; this is a highly involved technical task that could presumably invoke the setting of diffeological spaces. Our main concern here will be to understand what sort of noncommutative knot spaces arise, and how they capture the quantum geometry of closed strings and M-branes in background fluxes. In all examples that we treat later on the groupoids over knot space KM will be of the form KΣ for a (not necessarily symplectic) groupoid Σ ⇒ M; this will simplify the development somewhat as the appropriate groupoid structures on KΣ ⇒ KM can be obtained by using functoriality of the transgression map. But even then, the complete construction of appropriate analogs of entities like a convolution

C^∗-algebra appear to be prohibitively complicated. In particular, it is well-known that there are no reparametrization invariant measures on the loop space LM, and suitable convolution products should presumably be constructed in some way from the quasi-invariant Wiener measure Dx(τ) exp ( −^1_2 ∮ dτ |ẋ(τ)|^2 ) for the quantum mechanics of free geodesic motion on M.

Our choice of symplectic groupoid will be partly dictated by the existence of suitable coisotropic restrictions of the velocity vectors ẋ(τ) to one-dimensional sub-bundles of T M ⊂ KT M for which our quantization will reduce to a known quantization of the induced Poisson structure on a corresponding codimension one submanifold N of M. We may then mimick the symplectic groupoid quantization of N by using transgression techniques.

3.11. Regression

Let (KΣ, ω) be a symplectic groupoid integrating the Poisson manifold (KM, Π). We will investigate what the symplectic groupoid quantization corresponds to on the original groupoid Σ ⇒ M. As a start, one can ask to what corresponds the prequantization data of (KΣ, ω); naturally, the answer would be a particular prequantum bundle gerbe on Σ with connective structure. For this, one requires an inverse to the transgression map T , called a regression map, whose details have been recently worked out by Waldorf [59, 60] (see also [61]). Note that because the map T is not surjective, the inverse of the transgression exists only on the image of T . We will briefly sketch the construction of the connective structure T^{−1}ω on the bundle gerbe, glossing over many of the intricate technical details. For simplicity, we perform the inversion on loop space.

For this, we embed loop space LΣ into path space PΣ; after factoring out reparameterizations and thin homotopy, the path space is naturally a groupoid PΣ ⇒ Σ with source and target fibrations ev_0, ev_1 : PΣ → Σ which evaluate a path g(τ) ∈ C^∞([0, 1], Σ) at its initial and final endpoints g(0), g(1) ∈ Σ, and groupoid multiplication given by concatenation of paths. In what follows we take PΣ to be the space of smooth oriented paths with the same initial points g(0) = g_0 ∈ Σ. It can be shown that the resulting regression map is independent of the choice of g_0. The fibered product PΣ^{[2]} over g ∈ Σ consists of pairs of paths between g_0 and g in Σ. By reversing the orientation of one of the paths, such a pair may be identified with a loop based at g_0; to simplify notation, in the ensuing construction we will take LΣ to be the space of smooth loops in Σ based at g_0. Then we can identify PΣ^{[2]} with LΣ. A technical subtlety here is that the loop resulting from concatenation of two paths may not be smooth at the two points where the paths are composed. This problem is rectified by reparametrizing the paths g(τ) in PΣ such that they have “sitting instants” at these points, i.e., they are locally constant in neighborhoods of τ = 0 and τ = 1. On LΣ this structure is defined in terms of an integral over [0, 1] which is invariant under such reparameterizations. In particular, differential forms η ∈ Ω^k(LΣ) which are compatible with the multiplication in the smooth path groupoid PΣ ⇒ Σ respect composability of paths; if in addition they are reparametrization invariant then we may define the regression form T^{−1}η ∈ Ω^{k+1}(Σ) at the point g_0 ∈ Σ by

(T^{−1}η)_{g0} (v_0, v_1, . . . , v_k) := lim_{σ→0+} 1 σ η_{g(τ )|[−1,σ]} (ṽ_1, . . . , ṽ_k) | |_{g(0)=g0 ,ġ(0)=v0} (3.43)

where v_i ∈ T_{g0} Σ, g(τ) ∈ PΣ is any smooth path such that g(τ) | |_{[−1,0]} is thin-homotopic to the constant path g_0, and ṽ_i ∈ LT_{g0} Σ are extensions of the tangent vectors v_i along the path g(τ) such that η_{g(τ )|[−1,0]} (ṽ_1, . . . , ṽ_k) = 0, see e.g. [17]. This map also commutes with the exterior derivative, i.e., d(T^{−1}η) = T^{−1}(δη), where the exterior derivative δ on PΣ respects the groupoid structure by including boundary contributions from evaluation at the endpoints.

Let L be a hermitian line bundle over LΣ with an associative fiberwise product [59]. Regression then maps the line bundle L → LΣ to the bundle gerbe T^{−1}L on Σ given by L fflffl LΣ^{pr1} //_{pr2} // PΣ ev_1 fflffl Σ

(3.44)

Note that this construction holds without the need of introducing a connection [60]; however, in this case the gerbe is unique only up to thin homotopies of paths and there is no distinguished inverse map in general.

Let ∇ = δ + ϑ be a reparametrization invariant connection on L → LΣ of curvature F_∇ = −2π i ω which commutes with the multiplication on L . Then we may apply (3.43) to F_∇ ∈ Ω^2(LΣ) to get a three-form H := T^{−1}F_∇ ∈ Ω^3(Σ). We define a curving B ∈ Ω^2(PΣ) by pulling H back along the evaluation map ev : PΣ × [0, 1] → Σ and integrating over the fiber to get B = ∫_1 0 dτ ι_ẋ ev^∗ ( T^{−1}F_∇ ) . (3.45)

One readily checks the requisite compatibility equations

pr^∗_1(B) − pr^∗_2(B) = F_∇ and δB = ev^∗_1 ( T^{−1}F_∇ ) (3.46)

over LΣ and PΣ, respectively. Note that the two-form B depends only on the curvature of the line bundle L ; see [59] for further technical details and requirements of this construction.

The regression map T^{−1} provides a functorial isomorphism between the differential cohomology group Ĥ^3(Σ) and the subgroup of Ĥ^2(LΣ) consisting of classes of line bundles on LΣ with fiberwise product and reparametrization invariant compatible connection. It gives a functorial equivalence between flat bundles on LΣ and flat gerbes on Σ. It also restricts to a bijection between stable isomorphism classes of trivial gerbes with connection and isomorphism classes of trivial bundles with fiberwise product and reparametrization invariant compatible connection; the transgression map (3.30) in this case induces a group isomorphism between the gauge equivalence classes Ω^2(Σ)/Ω^2_{cl,Z}(Σ) of topologically trivial B-fields b and the subgroup of Ω^1(LΣ)/δC^∞(LΣ, R) consisting of reparametrization invariant compatible topologically trivial gauge fields a modulo compatible gauge transformations, with the inverse map given by (3.43). Note that here we implement the distinction stable isomorphism (as opposed to actual isomorphism) in order to account for the fact that gauge transformations of gerbes consist themselves of line bundles and so are naturally compared via bundle morphisms, see Appendix B; put differently, bundle gerbes are objects of a 2-category, in contrast to line bundles which are objects of a category.

3.12. A generic example

A representative class of symplectic groupoids that we shall frequently encounter are cotangent groupoids with arrow set the cotangent bundle Σ = T^∗M over a manifold M of dimension d, the canonical symplectic structure, and various choices for the structure maps (s, t, 1, m). The cotangent bundle T^∗KM is the phase space of a closed string sigma-model on S^1 ×R, but in the following we will restrict ourselves to the sub-bundle T̂^∗KM ⊂ T^∗KM which is defined analogously to the tangent bundle, see §3.5. The cotangent bundle over the knot space of M is naturally an infinite-dimensional symplectic manifold with symplectic two-form written in local canonical coordinates (x, p) on Σ = T^∗M as ω = ∮ dτ δx^{iτ} ∧ δp_{iτ} (3.47) at a given knot x : S^1 → M. The corresponding Poisson brackets should be evaluated on smooth global sections of the (trivializable) infinite jet bundle J^∞(Σ × S^1) → S^1, i.e., equivalence classes (or “jets”) of smooth sections of the trivial fibration Σ × S^1 → S^1 whose Taylor coefficients coincide to all orders, with induced coordinates (τ, x, p, ẋ, ṗ, . . . ); if we wish to consider only ultra-local functionals that do not depend explicitly on the loop parameter τ, then we should restrict to functionals on the infinite jet space J^∞(LΣ) ⊂ J^∞(Σ × S^1) consisting of jets of smooth maps S^1 → Σ. There is a symplectic potential ϑ ∈ Ω^1(LΣ), with ω = δϑ ∈ Ω^2_{cl,Z}(LΣ), given by ϑ = ∮ dτ p(τ) , (3.48)

where the globally defined momentum

p(τ) = p_{iτ} δx^{iτ} (3.49)

is a normal covector field on the knot x, i.e., a section p ∈ T̂^∗_x LM = C^∞(S^1, x^∗T^∗M). Since ω is exact, it is the curvature of the trivial prequantum line bundle L = T̂^∗KM × C, which naturally has a trivial fiberwise product (induced by multiplication in C); the wave functionals of the quantum sigma-model are sections of this bundle.

The corresponding bundle gerbe is also trivial and up to thin homotopy it is given by T̂ ∗KM × C fflffl T̂ ∗PM × C fflffl T̂ ∗KM^{pr1} //_{pr2} // T̂ ∗PM ev_1 fflffl T^∗M

(3.50)

Even though the symplectic potential (3.48) is not in the image of the transgression map, let us apply the regression formula (3.43) to it. This yields a quadratic form b̃ := T^{−1}ϑ given at a point (x, p) ∈ T^∗M by

b̃_{(x,p)}(v ,^∂_{∂pi} ) = 0 and b̃_{(x,p)}(v ,^∂_{∂xi} ) = p_i (3.51)

for all tangent vectors v ∈ T_{(x,p)}Σ. Note that b̃ only defines a section of T^∗Σ ⊗ T^∗Σ: Although ϑ commutes with the multiplication on L , it is not a reparametrization invariant one-form on T̂^∗KM and so its regression T^{−1}ϑ does not automatically antisymmetrize to give an element of Ω^2(Σ). On the other hand, as a section of KΣ the momentum p(τ) transforms as in (3.23) and the symplectic potential (3.48) is reparametrization invariant; when viewed in this way the antisymmetrization of the section b̃ yields the two-form b = − d∑ i,j=1 (_1 2 (p_i − p_j) dx^i ∧ dx^j + p_i dx^i ∧ dp_j ) (3.52)

with curvature

H = db = d∑ i,j=1 ( dx^i ∧ dx^j ∧ dp_i + dx^i ∧ dp_i ∧ dp_j ) . (3.53)

Note that we may shift b by any closed two-form β ∈ Ω^2(Σ), dβ = 0, which transgresses to a gauge transformation of the symplectic potential

ϑ_β = ∮ dτ ( p(τ) + ι_ẋ ev^∗β ) . (3.54)

This modification generally affects the quantization of T̂^∗KM; it depends on the cohomology class of a flat gerbe 1-connection in H^2(M, U(1)).

3.13. Winding sectors and Bohr-Sommerfeld 2-leaves

There are two main modifications which must be made when the 2-plectic manifold M is multiply connected. They can be deduced by noting that the homotopy groups of the loop space are given by

π_n(LM) ∼= π_{n+1}(M) × π_n(M) (3.55) whenever M is connected.

Firstly, setting n = 0 in (3.55) we note that in this case the knot space KM (and the underlying loop space LM) is disconnected with connected components K_wM, called “winding sectors”, parametrized by the set w ∈ π_1(M)^∼ of conjugacy classes of the fundamental group of M. These winding modes appear as zero modes for the velocity vectors such that ∮ dτ ẋ(τ) = w. Formally, the twisted convolution C^∗-algebra of the polarized symplectic groupoid on KM then decomposes as a graded vector space C^∗_r (KΣ/P, σ) = ⨁ w∈π_1(M)^∼ C^∗_{r,(w)}(K_wΣ/P, σ) , (3.56) where C^∗_{r,(w)}(K_wΣ/P, σ) is the space of polarized sections of a line bundle L_w → K_wΣ in the topological sector w ∈ π_1(M)^∼. The collection of these line bundles L = (L_w)_{w∈π1(M)}∼ is regarded as a single line bundle on KΣ. Hence on loop space one quantizes not just a functional f but rather a pair (f, w) ∈ C^∞(KM) × π_1(M)^∼. In general the multiplication in C^∗_r (KΣ/P, σ) does not preserve the grading; instead, the group multiplication in π_1(M) gives C^∗_r (KΣ/P, σ) the structure of an algebra over C^∗_{r,(e)}(K_eΣ/P, σ).

Secondly, setting n = 1 in (3.55) we see that we must impose a Bohr-Sommerfeld quantization condition over the leaves of the polarization as we did in §2.6, but now parametrized by conjugacy classes [S] ∈ π_2(M)^∼ of the second homotopy group of M in each winding sector w ∈ π_1(M)^∼. For this, we construct a subvariety Σ_0 ⊆ Σ by demanding that the holonomy hol_{γw} (ϑ) = 1 for all loops γ_w on K_wΣ_0 and for all w ∈ π_1(M)^∼. If the symplectic potential ϑ happens to lie in the image of the transgression map, then this condition should be compatible with the regressed picture: Under regression, the trivialization of L_w over K_wΣ_0/P determines a gauge equivalence class of trivial gerbes with connective structure over Σ_0/P. To fix a trivialization, we note that if γ_w is the image of the smooth map ℓ_w(ρ) : S^1 → K_wΣ_0, then the image of the adjoint map ℓ^∨_w(τ, ρ) := ℓ_w(ρ)(τ) is a torus T^2_{γw} ∼= S^1 × S^1, or “2-loop”, in Σ_0 ⊆ Σ; conversely, any smooth 2-loop T^2 ⊂ Σ_0 defines a loop on K_wΣ_0 for each winding mode w ∈ π_1(M)^∼. Then the holonomy of the symplectic potential around the loop γ_w is equal to the 2-holonomy of the regressed connective structure on the gerbe T^{−1}L_w around the associated 2-loop [59],^{16}

hol_{γw} (ϑ) = hol_T2_{γw} (B_w) := exp ( 2π i ∮ T^2_{γw} B_w ) , (3.57)

and hence Bohr-Sommerfeld quantization on K_wΣ requires that ∮ T^2 Bw ∈ Z for all 2-loops

T^2 ⊂ Σ_0.

4. Quantization of vector spaces

In these remaining sections we will consider three explicit examples of the formalism described in the preceding sections. Here we will derive the Moyal product on the Euclidean space R^d, which was reviewed in §2.1, using the groupoid approach to quantization. We shall then extend it to the 2-plectic manifold R^3 endowed with its natural volume form.

16See Appendix B for the precise expression for the 2-holonomy of a topologically non-trivial B-field.

4.1. Symplectic geometry

The following construction is an extended version of that presented in [5, §6.2]. As we will draw parallels to our new construction in the next subsection, we will be very explicit in our discussion. We consider the Poisson manifold given by the real vector space V = R^d with constant Poisson structure π^{ij} = −π^{ji}, i, j = 1, . . . , d. As discussed in §2.2, the Poisson structure on V turns the cotangent bundle T^∗V into a Lie algebroid. This Lie algebroid can be integrated to a Lie groupoid if and only if there is an integrating symplectic groupoid for V as defined in Appendix A [62].

The preferred choice for such an integrating symplectic groupoid is (Σ, ω), where Σ is the cotangent bundle T^∗V ∼= V × V^∗. We will use dual Cartesian coordinates x^i on V and p_i on V^∗. In these coordinates, the symplectic two-form ω is given by ω = −⟨dp, dx⟩ = dx^i ∧ dp_i. The groupoid structure on Σ depends on the matrix π = (π^{ij} ), regarded as a linear map π : V^∗ → V . The object inclusion map of the groupoid Σ is trivially given by 1_x : (x^i) → (x^i, x^i), where we used the isomorphism between V and its dual V^∗. We can encode an arrow α ∈ Σ by a pair (x^i, p_i) using the Bopp shifts

(x^i +^1_2 π^{ij} p_j) α && (x^i −^1_2 π^{ij} p_j) . (4.1)

The source and target maps on the groupoid Σ are thus

s(α) = s(x, p) = (x^i +^1_2 π^{ij} p_j) and t(α) = t(x, p) = (x^i −^1_2 π^{ij} p_j) . (4.2)

Recall that one condition for Σ to be an integrating groupoid is that t : Σ → V is a Poisson map. That this is indeed the case here follows from a straightforward computation {t^∗f, t^∗g}_ω−1 = ( ∂ ti ∂x^k ∂f(y) ∂y^i ∂ t^j ∂p_k ∂g(y) ∂y^j − ∂ t^i ∂x^k ∂g(y) ∂y^i ∂ t^j ∂p_k ∂f(y) ∂y^j )| | y=t(x,p) = t^∗{f, g}_π . (4.3) The set of composable arrows (2-nerve) Σ_{(2)} can be identified with V × V^∗ × V^∗: An element (x, p, p^′ ) represents the concatenation α_1 ∘ α_2 of two arrows α_1 and α_2 as

x^i + π^{ij} (p_j + p^′_j )

α_1 ’’ x^i + π^{ij} (p_j − p^′_j )

α_2 ’’ x^i − π^{ij} (p_j + p^′_j ) . (4.4)

In coordinates, the projections pr_1(α_1 ∘ α_2) = α_1 and pr_2(α_1 ∘ α_2) = α_2 are given by

pr_1(x, p, p^′ ) = (x^i +^1_2 π^{ij} p_j , p^′_i ) and pr_2(x, p, p^′ ) = (x^i −^1_2 π^{ij} p^′_j, p_i) , (4.5)

and the groupoid multiplication m(α_1, α_2) = α_1 ∘ α_2 reads

m(x, p, p^′ ) = (x^i, p_i + p^′_i ) . (4.6)

This completes the construction of the relevant structures on the groupoid Σ. To verify that Σ integrates V , we have to check that ω = dx^i ∧ dp_i is multiplicative for this groupoid structure, i.e., ∂^∗ω = 0. One readily computes

pr^∗_1ω = dx^i ∧ dp^′_i +^1_2 π^{ij} dp_i ∧ dp^′_j ,

pr^∗_2ω = dx^i ∧ dp_i −^1_2 π^{ij} dp^′_i ∧ dp_j ,

m^∗ω = dx^i ∧ dp_i + dx^i ∧ dp^′_i ,

(4.7)

and thus ∂^∗ω := pr^∗_1ω − m^∗ω + pr^∗_2ω = 0.

The prequantization and polarization of Σ are straightforward: Since ω is exact, the prequantum line bundle is the trivial bundle Σ × C, which we endow with a connection ∇ of curvature F_∇ = −2π i ω. The projection p : Σ → Σ/P, p = s − t with P = span {_∂ ∂x^i } maps Σ to V^∗. Note that p is a fibration of groupoids if we regard V^∗ as an additive group.

The twist element σ = σ_π used in the construction of the twisted convolution algebra can be obtained from an adapted symplectic potential θ as described in §2.4 and §2.5. The simplest choice is θ = x^i dp_i, for which ∂^∗θ is closed. Moreover, this symplectic potential is perpendicular to the polarization P and therefore adapted. The twist element σ_π on (Σ/P)_{(2)} = V^∗ × V^∗ is obtained from the equation

σ^{−1}_π dσ_π = i ∂^∗θ = d ( −^1_2 p_i π^{ij} p^′_j ) , (4.8)

and up to an irrelevant constant phase we arrive at the group cocycle

σ_π(p, p^′ ) = e^{− i2 pi πij p′j} . (4.9)

A Haar system is given by the translationally invariant Haar measure dp on V^∗. Alternatively, the relevant half-form bundles are

Ω^{1/2}_Σ = √⋀_d T^∗(V × V^∗) and Ω^{1/2}_P = √⋀_d T^∗V . (4.10)

Altogether, the twisted polarized convolution algebra on Σ/P ∼= V^∗ is then given by functions on V^∗ with the convolution product

(f̃ ⊛_π g̃)(p) = ∫ V^∗ dp^′ σ_π(p^′, p − p^′ ) f̃(p^′ ) g̃(p − p^′ ) , (4.11)

since in this case (Σ/P)^{pt} = V^∗ = t^{−1}(t(p)) for all p ∈ V^∗. We therefore recover the algebra of functions on the Moyal plane V_π as a quantization of the associated dual Lie algebroid A^∗(Σ/P) = V .

4.2. 2-plectic geometry

We will now generalize the above discussion to the case of the 2-plectic manifold (R^3, ϖ). In usual Cartesian coordinates, the 2-plectic form reads as ϖ = π^{−1} dx^1 ∧ dx^2 ∧ dx^3. To quantize this space, we switch to its knot space KR^3 which is a symplectic manifold with symplectic form obtained by transgressing the 2-plectic form to get

ω := T ϖ = ∮ dτ ϖ_{ijk} ẋ^{kτ} δx^{iτ} ∧ δx^{jτ} = ∮ dρ ∮ dτ ϖ_{ijk} ẋ^{kτ} δ(τ − ρ) δx^{iρ} ∧ δx^{jτ} , (4.12) as explained in §3.8. We define a Poisson structure from the symplectic structure via the formula {f, g}_ω−1 := ι_{Xf} ι_{Xg} ω for f, g ∈ C^∞(KR^3), where X_f denotes the Hamiltonian vector field defined through ι_{Xf} ω = df. Here we find {f, g}_π := ∮ dρ ∮ dτ δ(τ − ρ) π^{ijk} ẋ_{kτ} |ẋ^τ |^2 ( δ δx^{iρ} f ) ( δ δx^{jτ} g ) , (4.13)

where π^{ijk} = π ε^{ijk}. One readily checks that this Poisson bracket indeed satisfies the Jacobi identity. We shall now use the groupoid approach to quantize the underlying Poisson algebra on knot space.

First, we need an integrating symplectic groupoid. The groupoid quantization of V = R^3 suggests using the (restricted) cotangent groupoid T̂^∗KR^3. As before, we describe this space by the standard coordinates (x^{iτ} , p_{iτ} ) on the (restricted) loop space T̂^∗L_iR^3 ∼= L_iT^∗R^3 = L_iΣ. This is possible as long as all expressions obtained are invariant under the appropriate action of the group of reparametrization transformations R = Diff^+(S^1). In particular, the loop space coordinates x^{iτ} are invariant under actions of R and the p_{iτ} transform in the same representation of R as ẋ^{iτ} . In these coordinates the canonical symplectic two-form ω on L_iΣ is given by ω = ∮ dτ ∮ dρ δ(τ − ρ) δx^{iτ} ∧ δp_{iρ} , (4.14) and it can be derived from the symplectic potential ϑ = ∮ dτ x^{iτ} δp_{iτ} . (4.15)

Both of these differential forms are invariant under the group of reparametrization transformations R.

On L_iΣ, we choose source and target maps invariant under the action of R which are given by s ( x^{iτ} , p_{iτ} ) = x^{iτ} + 1 2 π^{ijk} p_{jτ} ẋ_{kτ} |ẋ^τ |^2 , t ( x^{iτ} , p_{iτ} ) = x^{iτ} − 1 2 π^{ijk} p_{jτ} ẋ_{kτ} |ẋ^τ |^2 , (4.16)

where we used the Euclidean metric on R^3 to lower indices as ẋ_{iτ} := δ_{ij} ẋ^{jτ} . Here the target map t is a Poisson map only to lowest order in π, i.e.,

{t^∗f, t^∗g}_ω−1 := ∮ dτ (( δ δx^{iτ} t^∗f ) ( δ δp_{iτ} t^∗g ) − ( δ δx^{iτ} t^∗g ) ( δ δp_{iτ} t^∗f ))

= t^∗{f, g}_π + O(π^2) for f, g ∈ C^∞(L_iR^3) .

(4.17)

For the moment, let us nevertheless continue and complete the groupoid structure first to lowest order in π. The 2-nerve of L_iΣ is K_iΣ_{(2)} = L_i(R^3 × R^3 × R^3)/R, and comparison with the case V = R^3 suggests using the projections and multiplication maps given by

pr_1(x^{iτ} , p_{iτ} , p^′_{iτ} ) := ( x^{iτ} + 1 2 π^{ijk} p_{jτ} ẋ_{kτ} |ẋ^τ |^2 , p^′_{iτ} ) , pr_2(x^{iτ} , p_{iτ} , p^′_{iτ} ) := ( x^{iτ} − 1 2 π^{ijk} p^′_{jτ} ẋ_{kτ} |ẋ^τ |^2 , p_{iτ} ) , m(x^{iτ} , p_{iτ} , p^′_{iτ} ) := ( x^{iτ} , p_{iτ} + p^′_{iτ} ) . (4.18)

The canonical symplectic structure ω on L_iΣ is also multiplicative only to lowest order in π, i.e., ∂^∗ω = O(π). We have therefore arrived at an integrating symplectic groupoid for (L_iR^3, π) to lowest order in π, and we can now attempt to correct these structures order by order. We will demonstrate this procedure to the first non-trivial order in π.

The first step is to ensure that t is a Poisson map to order O(π^2). To preserve the groupoid structures, we will attempt to do so by replacing p_{iτ} in all groupoid maps and the symplectic form by a more general expression p̃_{iτ} = p_{iτ} + π p^{(1)}_{iτ} . Such an expression can indeed be found and it reads as

p̃_{iτ} = p_{iτ} + π ( p_{iτ} ẍ^{jτ} ẋ_{jτ} 3|ẋ^τ |^4 + ε_{ijk} |ẋ^τ |^4 ( 1 2 ẍ^{jτ} p^{kτ} ẋ^{lτ} p_{lτ} + 4 3 ẋ^{jτ} ẍ^{kτ} p_{lτ} p^{lτ} + 1 2 ẋ^{jτ} p_{kτ} ẋ^{lτ} ṗ_{lτ} + ṗ^{jτ} ẋ^{kτ} p_{iτ} ẋ^{iτ} )) . (4.19)

To lowest order in π, we can invert this formula to get p_{iτ} = p̃_{iτ} − π ( p̃_{iτ} ẍjτ ẋ_{jτ} 3|ẋ^τ |^4 + . . . ) , (4.20)

and therefore replacing p_{iτ} by p̃_{iτ} corresponds to a mere coordinate change.

The next step requires us to modify the groupoid structure so that ω is multiplicative to lowest order in π. We have ∂^∗ω = pr^∗_1ω + pr^∗_2ω − m^∗ω = 1 2 ∮ dτ π^{ijk} δ ( ẋ_{kτ} |ẋ^τ |^2 ) ∧ δ(p̃^′_{iτ} p̃_{jτ} ) = ∮ dτ δx^{iτ} ∧ R_{iτ} , (4.21)

where R_{iτ} can be chosen to be a closed one-form of order O(π) which transforms like p_{iτ} under actions of the group R. For closed R_{iτ} , there is a potential R_{iτ} = δr_{iτ} and we can use this to modify the groupoid multiplication according to

m(x, p̃, p̃^′ ) = (x^{iτ} , p̃_{iτ} + p̃^′_{iτ} + r_{iτ} ) . (4.22)

Note that both s(m(x, p̃, p̃^′ )) and t(m(x, p̃, p̃^′ )) are modified to second order in π and therefore the groupoid structure is still preserved to first order in π. Moreover, this modification ensures that ω is multiplicative, and therefore there is a symplectic potential with ∂^∗ϑ = δ ( − 1 2 ∮ dτ π^{ijk} p̃_{iτ} p̃^′_{jτ} ẋ_{kτ} |ẋ^τ |^2 ) . (4.23)

This form is clear to first order in π by computing ∂^∗ϑ for r_{iτ} = 0. The contributions from r_{iτ} add the missing terms of the form −^1_2 ∮ dτ π^{ijk} p̃_{iτ} p̃^′_{jτ} δ (_{ẋkτ} |ẋ^τ |^2 ) . This algorithm can presumably be iterated to compute the corrections to arbitrary order in π.

The group cocycle corresponding to (4.23) reads as

σ_π(x, p̃, p̃^′ ) = exp ( − i 2 ∮ dτ π^{ijk} p̃_{iτ} p̃^′_{jτ} ẋ_{kτ} |ẋ^τ |^2 ) . (4.24)

As discussed in §3.10, we will not attempt a precise definition of the corresponding convolution algebra, as e.g. the choice of measure on loop space is unclear to us. We can nevertheless glean a few features of the quantization from the form of the twisting cocycle (4.24). Recall that we worked with the symplectic two-form ω = ∮ dτ δx^{iτ} ∧δp̃_{iτ} . Therefore the variable p̃ is canonically conjugate to x and the form of σ_π(x, p̃, p̃^′ ) implies a relation between quantized coordinate functions given by [ x̂^{iτ} , x̂^{jρ} ] = i π^{ijk} ^ẋ_{kτ} |ẋ^τ |^2 δ(τ − ρ) . (4.25)

To first order in π, this relation is identical to those of the noncommutative loop spaces found in [14, 15, 29] describing the quantum geometry of open membranes ending on M5-branes in a constant supergravity C-field background. The higher order terms in π computed by [15, 29] could presumably come from higher order corrections to the groupoid structure above.

This loop space construction can be reduced to that of the symplectic space (R^2, ω) by applying a simple dimensional reduction prescription from M-theory to string theory: We choose a particular M-theory direction, say x^3, and compactify R^3 → R^2 × S^1 along this direction on a circle S^1 of radius r. Imposing the condition that loops extend around this direction yields

x^i(τ) = x^i_0 + τ r δ^{i,3} , ẋ^i(τ) = 1 r δ^{i,3} and p^3(τ) = 0 (4.26)

with x^i_0 ∈ R constant zero modes. The Nambu-Poisson and multisymplectic structures on R^3 reduce to Poisson and symplectic structures on R^2 given by π^{ij} = r π^{ij3} and ω_{ij} = r^{−1} ϖ_{ij3}. In general, the loop space groupoid structure at a given τ_0 ∈ S^1 reduces to that of R^2 after integrating over the loop parameter.

5. Noncommutative tori

In this section we extend the groupoid quantization of §4 to tori. The underlying groupoid structures turn out to be the essentially the same; the novelty in this class of examples is that the generalized Bohr-Sommerfeld quantizations of §2.6 and §3.13 come into play. Hence we shall only highlight the topological aspects which crucially affect the quantization.

5.1. Symplectic geometry

Geometric quantization on the symplectic groupoid associated to the Poisson d-torus leads rather naturally to the noncommutative torus. The groupoid quantization of the torus T^2 with its standard constant symplectic structure was originally done by Weinstein [63], who was the first to apply Bohr-Sommerfeld quantization to a symplectic groupoid with polarization having multiply connected leaves. Here we follow again [5, §6.5] and work on tori of arbitrary dimension. Let V = R^d be a real vector space of dimension d, and let Λ = Z^d ⊂ V be a lattice of rank d. Then the quotient T^d = V/Λ is a d-dimensional torus. We endow T^d with a constant Poisson structure given as before by an antisymmetric d × d matrix π on V .

As in the case of vector spaces from §4.1, we take the symplectic groupoid (Σ, ω) to be the cotangent groupoid Σ = T^∗T^d ∼= T^d × V^∗ with the canonical symplectic structure ω = dx^i ∧ dp_i for x = (x^i) ∈ T^d and p = (p_i) ∈ V^∗. The structure maps of the groupoid are exactly those described in §4.1. Likewise, the prequantization is given by the trivial line bundle E = Σ × C with connection ∇ = d + θ, where now the global symplectic potential is θ = p_i dx^i . (5.1)

The polarization P = span {_∂ ∂x^i } is the kernel of the fibration of groupoids T^d × V^∗ → V^∗, so that again Σ/P ∼= V^∗.

The crucial distinction now from the quantization of the universal covering space V is that the symplectic potential (5.1) is not adapted to P; this is also reflected in the fact that the leaves of P, being d-tori, are not simply connected. There are natural identifications H_1(T^d, Z) = Λ and H^1(T^d, Z) = Λ^∗. Let γ_i ⊂ T^d for i = 1, . . . , d be a basis of one-cycles dual to the one-forms dx^i in this sense. Given an arbitrary cycle γ = m^i γ_i, with winding numbers m = (m^i) ∈ π_1(T^d) = π_0(Λ) = Λ, the holonomy of the connection given by (5.1) is hol_γ (θ) = e^{2π i ⟨p,m⟩} . (5.2)

The Bohr-Sommerfeld quantization condition hol_γ (θ) = 1 thus holds if and only if ⟨p, m⟩ ∈ Z for all m ∈ Λ, i.e., p ∈ Λ^∗ ⊂ V^∗. The Bohr-Sommerfeld groupoid is then Σ_0 = T^d × Λ^∗, which is a disconnected union

Σ_0 = ⨆ p∈Λ^∗ T^d_p (5.3)

of the Bohr-Sommerfeld leaves T^d_p ∼= T^d; its quantization is given by the twisted convolution algebra of Σ_0/P = Λ^∗. Note that while the locations of the Bohr-Sommerfeld leaves depend on the particular choice of symplectic potential θ, any two such choices are intertwined by the action of the group SL(d, Z) of automorphisms of the lattice Λ, which preserve the symplectic two-form ω.

The computation of the group two-cocycle σ_π : Λ^∗ × Λ^∗ → U(1) proceeds exactly as before and results in the skew bicharacter (4.9), but now with p, p^′ ∈ Λ^∗. A left Haar system is given by discrete measure on the abelian group Λ^∗, and the twisted convolution product is (f̃ ⊛_π g̃)(p) = ∑ p^′∈Λ^∗ σ_π(p^′, p − p^′ ) f̃(p^′ ) g̃(p − p^′ ) . (5.4)

Thus for f̃, g̃ ∈ S(Λ^∗), the twisted group convolution algebra C^∗_r (Λ^∗, σ_π) is the usual algebra of functions on the noncommutative torus T^d_π, regarded as a deformation of the algebra of Fourier series on T^d; the quantization map is achieved via pullback along the Fourier transformation C^∞(T^d) → S(Λ^∗).

5.2. 2-plectic geometry

Now let us endow T^3 with a constant Nambu-Poisson structure specified by an antisymmetric tensor π^{ijk} of rank 3. Equivalently, we can consider the three-torus T^3 with its standard 2-plectic structure ϖ = π^{−1} dx^1 ∧ dx^2 ∧ dx^2; the standard prequantum bundle gerbe with connective structure associated to this 2-plectic form is described in Appendix B. We transgress the quantization problem to the knot space KT^3, using the cotangent groupoid KΣ = KT^∗T^3, which we may identify with T̂^∗KT^3. A loop x(τ) : S^1 → T^3 induces a homomorphism of homology groups H_1(S^1, Z) → H_1(T^3, Z). Since H_1(S^1, Z) = Z and H_1(T^3, Z) = Λ, it follows that to any map x(τ) ∈ KT^3 we may assign an element w = w ( x(τ) ) = (w^i) ∈ Λ whose components are the winding numbers of the loop. The Fourier mode expansion of any knot x is therefore given by

x(τ) = x_0 + τ w + ∑ n≠0 e^{2π i n τ} ξ_n (5.5)

with x_0 ∈ T^3 and ξ_{−n} = ξ_n complex numbers, so that the tangent vectors ẋ(τ) now have zero modes, i.e., ∮ dτ ẋ(τ) = w. This defines a decomposition of the knot space

KT^3 ∼= T^3 × Λ × V (5.6)

where V is the infinite-dimensional real vector space of “oscillators”; in particular the knot space is Pontryagin self-dual, i.e., ^KT^3 ∼= KT^3, and hence respects the T-duality symmetry of closed string theory with target space T^3. Thus the cotangent groupoid is a disconnected union

KΣ = ⨆ w∈Λ K_wΣ , (5.7)

where each connected component is an identical copy K_wΣ ∼= T^3 × V^∗ × V; this decomposition nicely parallels the decomposition of the prequantum bundle gerbe on T^3 given in Appendix B. On each component we construct the analogous groupoid structures to the ones in the case of KR^3 from §4.2, and then take the direct sum over all winding sectors w ∈ Λ. To lowest order in π, the symplectic two-form on K_wΣ is given by (3.47). The global symplectic potential is given by (3.48), and its holonomy can be computed as the 2-holonomy around the 2-loop T^2_{w,γ} ⊂ T^3 associated to a cycle γ = m^i γ_i with m = (m^i) ∈ Λ in the topological sector w ∈ Λ. The 2-loop is parametrized by the adjoint map

ℓ^∨_w(τ, ρ) = ℓ_0 + m ρ + w τ + ∑ l,n≠0 e^{2π i (l ρ+n τ )} λ_{l,n} (5.8)

with ℓ_0 ∈ T^3, while the global momentum p(τ) ∈ C^∞(S^1, x^∗T^∗M) has mode expansion

p(τ) = p_{0,i} dx^i_0 + ∑ n≠0 e^{2π i n τ} ρ_{n,i} dξ^i_n (5.9)

with p_0 = (p_{0,i}) ∈ V^∗. The 2-holonomy is then given by

hol_{w,γ}(ϑ) = exp ( 2π i ∮ dρ ∮ dτ ∂ℓ^{∨,i}_w (τ, ρ) ∂ρ p_i(τ) ) = e^{2π i ⟨p0,m⟩} . (5.10)

The Bohr-Sommerfeld 2-leaves are thus parametrized by quantized momentum zero modes p_0 ∈ Λ^∗ ⊂ V^∗, and hence to lowest order the Bohr-Sommerfeld variety is

K_wΣ_0 = T^3 × Λ^∗ × V , (5.11)

independently of the winding mode w ∈ Λ. The locations of the Bohr-Sommerfeld 2- leaves do however depend on the gauge orbits of the symplectic potential through the winding sectors. Given a constant two-form β on T^3, representing the cohomology class of a flat gerbe 1-connection in H^2(T^3, U(1)), consider a gauge transformation (3.54) of the symplectic potential. Then the Bohr-Sommerfeld quantization condition is generalized to

p_0 + ι_wβ ∈ Λ^∗ , (5.12)

which defines a lattice Λ^∗_{w,β} ∼= Λ^∗ with Λ^∗_{0,β} = Λ^∗ = Λ^∗_{w,0}.

At higher order in π, we can redefine the momentum p(τ) to p̃(τ) as described in §4.2, and the Bohr-Sommerfeld quantization condition now reads p̃_0 ∈ Λ^∗; as above, this modification only affects the precise locations of the Bohr-Sommerfeld 2-leaves. It is easy to see that, in each fixed topological sector w ∈ Λ, the corrected groupoid structures follow exactly as described in §4.2; although additional terms do arise through ∮ dτ ẋ(τ) = w from integrating by parts over the loop, they are always hit by the loop space exterior derivative δ and therefore vanish. We thus arrive again at the twisting cocycle (4.24), but now with the quantized zero mode condition p̃_0, p̃^′_0 ∈ Λ^∗.

We can see the effect of the winding sectors w ∈ Λ on the quantization of loop space explicitly at the level of zero modes: Integrating the commutation relations (4.25) over the loop parameters τ, ρ we arrive at [ x̂^i_0 , x̂^j_0 ] = i π^{ijk} w_k . (5.13)

This relation reproduces the expected noncommutative geometry of closed strings in T^3 with constant H-flux in the non-geometric Q-space duality frame [19, 64]: Only closed strings which extend around cycles of the torus can probe noncommutativity, in which case the geometry is that of the noncommutative torus T^3_{πw} where π^{ij}_w = π^{ijk} w_k. On the other hand, after summing over all winding sectors w ∈ Λ as in (5.7) we obtain the anticipated quantum geometry of the corresponding T-fold obtained via T-duality from the torus T^3 with H-flux [20]:^{17} Since π^{ij}_w has rank 2, the full quantized loop space contains a fibration of noncommutative two-tori.

6. Fuzzy spheres

For our final example, we demonstrate how to recover the standard fuzzy two-sphere from the groupoid quantization of S^2; this is a special instance of the class of examples given in §2.7. Then we describe how to extend this quantization to the loop space of the 2-plectic manifold S^3.

6.1. Symplectic geometry

Let us start with a detailed discussion of the groupoid quantization of S^2; we will refer to it later on when discussing the groupoid quantization of L_iS^3. The canonical symplectic structure on S^2 is given by its area form

ω_S2 =^1_{4π} sin θ^1 dθ^1 ∧ dθ^2 (6.1)

written in standard angular coordinates 0 ≤ θ^1 ≤ π, 0 ≤ θ^2 ≤ 2π. The sphere has unit area with respect to this area form, ∫ S^2 ωS^2 = 1. Over S

2, we can define a family of prequantum line bundles E_k, k ∈ Z, with connection ∇ and associated curvature F_∇ such that F_∇ := ∇^2 = −2π i k ω. The first Chern number of E_k is computed as

c_1(E_k) = ∫ S^2 i F 2π = k . (6.2)

To construct a Kähler polarization on the sections of E_k, we introduce local gauge potentials for the connection ∇ and consider the natural complex structure on S^2. We will cover S^2 by the two patches U_+, for which θ^1 ≠ π, and U_−, for which θ^1 ≠ 0. On these patches we define the respective potentials

A_+ = i k 2 ( cos θ^1 − 1 ) dθ^2 and A_− = i k 2 ( cos θ^1 + 1 ) dθ^2 . (6.3)

The complex structure on S^2 is given by the linear map J acting on the vector fields^∂_{∂θi} that span C^∞(S^2, T S^2) as J ∂ ∂θ^1 = 1 sin θ^1 ∂ ∂θ^2 and J ∂ ∂θ^2 = − sin θ^1 ∂ ∂θ^1 (6.4)

with J^2 = −id. The usual projection of a one-form onto its antiholomorphic part is given by Π^{0,1} : ξ −→ ξ^{0,1} =^1_2 (ξ + i ξ ∘ J) , (6.5)

17See [24] for a discussion of the relation between these two perspectives on the noncommutative Q-space geometry.

and thus the antiholomorphic parts of the connections read as

∇^{0,1}_± = Π^{0,1} ∘ (d_± + A_±) = 1 2 ( ∂ ∂θ^1 + i sin θ^1 ∂ ∂θ^2 − k (cos θ^1 ± 1) 2 sin θ^1 ) dθ^1 + 1 2 ( ∂ ∂θ^2 − i sin θ^1 ∂ ∂θ^1 + i k 2 (cos θ^1 ± 1) ) dθ^2

(6.6)

on U_±. We will now construct covariantly constant L^2-sections ψ of the line bundle E_k. For example, on U_+ we look for solutions to ∇^{0,1}_+ ψ_+ = 0 or equivalently ( ∂ ∂θ^2 − i sin θ^1 ∂ ∂θ^1 + i k 2 (cos θ^1 − 1) ) ψ_+ = 0 . (6.7)

The general solution is the product of a particular solution and solutions s_+ to ∂_+s_+ := Π^{0,1} ∘ d_+s_+ = 0, giving

ψ_+(θ^1, θ^2) = ( 1 1 + tan^2 (_{θ1} 2 ) )_{k/2} s_+ ( tan (_{θ1} 2 ) e^{i θ2} ) . (6.8)

Square integrability with respect to the area form (6.1), 1 4π ∫_π 0 dθ^1 ∫_{2π} 0 dθ^2 sin θ^1 ψ_+ ψ_+ < ∞ , (6.9)

implies that s_+ is a polynomial of degree p ≤ k. By introducing complex stereographic coordinates z_+ = tan (_{θ1} 2 ) e^{i θ2} , we arrive at a more familiar formulation: Then s_+ are polynomials of maximal degree k in z_+ and therefore determine sections of the holomorphic line bundle O_{CP} 1 (k) of degree k over the complex projective line CP^1 ∼= S^2, which is a Kähler manifold with Kähler two-form

ω_{CP} 1 = ω_S2 , ω_{CP} 1 | |_{U+} = i 2π ∂_+ ∂_+ log(1 + z_+ z_+) = i 2π dz_+ ∧ dz_+ (1 + z_+ z_+)^2

. (6.10)

For the integrating symplectic groupoid we take the pair groupoid Σ = Pair(CP^1) = CP^1×CP^1 with multiplicative symplectic two-form ω = s^∗ω_{CP} 1 −t^∗ω_{CP} 1 . The prequantum line bundle on Σ is E = O_Σ(k, 0)⊗O_Σ(0, k), endowed with connection of curvature −2π i k ω, while the prequantization cocycle is trivial, σ = 1. The polarization on Σ is given by the generalized Kähler polarization P = T^{0,1}_C CP^1 × T^{1,0}_C CP^1; in local complex coordinates (z, z; w, w ) ∈ C × C one has P = span {_∂ ∂z ,^∂_{∂w} } , and a basis of covariantly constant sections is given by ε = (dz, dw ).

The algebra C^∗_r (Σ/P) is constructed from polarized sections ψ ⊗ √ ε ∈ C^∞ ( Σ, E ⊗Ω^{1/2}_P ) , where Ω_P = det ( T^{0,1}_C CP^1 ) ⊠ det ( T^{1,0}_C CP^1 ) . This identifies

C^∗_r (Σ/P) ∼= H^0 ( CP^1 , O_{CP} 1 (k) ) ⊗ H^0 ( CP^1 , O_{CP} 1 (k) ) , (6.11)

which is the operator algebra K ( H^0(CP^1, O_{CP} 1 (k)) ) anticipated from §2.3. The Hilbert space H_k := H^0(CP^1, O_{CP} 1 (k)) is finite-dimensional, and in terms of homogeneous coordinates (z_0, z_1) ∈ C^2 on CP^1 it is spanned by homogeneous polynomials of degree k. It follows that a basis of C^∗_r (Σ/P) is provided by the sections ψ_{p,q}(z, z; w, w ) = z^p_0 z^{k−p}_1 w^q_0 w^{k−q}_1 |z|^k |w|^k , p, q = 0, 1, . . . , k (6.12) where |z|^2 := z_0 z_0 + z_1 z_1. Hence any section f̃ ∈ C^∗_r (Σ/P) can be expanded as a finite linear combination f̃(z, z; w, w ) =^k ∑ p,q=0 F_{pq} ψ_{p,q}(z, z; w, w ) , F_{pq} ∈ C , (6.13)

which under the mapping f̃ → F := (F_{pq}) identifies C^∗_r (Σ/P) with the linear space Mat_C(k + 1) of (k + 1) × (k + 1) complex matrices. The convolution product (2.38) is given by (f̃ ⊛ f̃^′ )(z, z; w, w ) = ∫ CP^1 ω_{CP} 1 (y, y ) f̃(z, z; y, y ) f̃^′(y, y; w, w )

= k∑ p,q,p^′,q^′=0 F_{pq} F^′_p′_q′ ψ_{p,q}′ (z, z; w, w ) × ∫ CP^1 ω_{CP} 1 (y, y ) ψ_{q,p}′ (y, y; y, y ) (6.14) for polarized sections f̃ = ∑ p,q F_{pq} ψ_{p,q} and f̃^′ = ∑ p,q F^′_{pq} ψ_{p,q}. That this formula induces the matrix product F · F^′ now follows from the identity ∫ CP^1 ω_{CP} 1 (y, y ) ψ_{p,q}(y, y; y, y ) = δ_{p,q} (6.15) expressing orthonormality of the basis sections of H_k = H^0 ( CP^1 , O_{CP} 1 (k) ) , and therefore (f̃ ⊛ f̃^′ )(z, z; w, w ) = k∑ p,q=0 (F · F^′ )_{pq} ψ_{p,q}(z, z; w, w ) (6.16)

with (F · F^′ )_{pq} = ∑ r F_{pr} F^′_{rq}. Hence C^∗_r (Σ/P) ∼= Mat_C(k + 1) as C^∗-algebras.

Note that the “diagonal” subalgebra of C^∗_r (Σ/P) consists of functions on CP^1. The explicit quantization map can then be given by identifying the space of homogeneous polynomials of degree k with the k-particle Hilbert space in the Fock space of two harmonic oscillators as

H^0 ( CP^1 , O_{CP} 1 (k) ) ∼ = span { |p⟩ | | p = 0, 1, . . . k} , |p⟩ := ( â^†_0 )_p ( â^†_1 )_{k−p} √ p! (k − p)! |0⟩ (6.17)

where |p⟩ are orthonormal number basis states in the Fock space generated by creation and annihilation operators obeying [â_α, â^†_β ] = δ_{αβ} and â_α|0⟩ = 0 for α, β = 0, 1. The Berezin quantization map of §2.3 in this case is given by [38]

B^{−1} : C^∞_q (CP^1) −→ C^∗_r (Σ/P) , B^{−1} ( ψ_{p,q}(z, z; z, z ) ) = |p⟩⟨q| . (6.18)

The orthonormality relation (6.15) then follows from ∫ CP^1 ω_{CP} 1 (z, z ) ψ_{p,q}(z, z; z, z ) = tr_{Hk} ( B^{−1}(ψ_{p,q}) )

= k∑ r=0 ⟨r|p⟩ ⟨q|r⟩ = δ_{p,q} . (6.19) This construction can be straightforwardly generalized to all complex projective spaces CP^n with n ≥ 1, and in fact to arbitrary compact Kähler manifolds with integral symplectic two-forms. See [65] for the symplectic groupoid quantization of S^2 as a coset space, which yields the standard Podles̀ quantum sphere.

6.2. 2-plectic geometry

Let us now come to the quantization of S^3; as previously we closely parallel the quantization of S^2. Following our strategy, the notion of a prequantum line bundle is replaced by that of a prequantum gerbe. To simplify the analysis involved, we then transgress the gerbe to a line bundle over loop space and from this derive a Hilbert space.

Just as the line bundles over S^2 are characterized by their Chern class k ∈ H^2(S^2, Z) ∼= Z up to isomorphism, the gerbes over S^3 are characterized by their Dixmier-Douady class k ∈ H^3(S^3, Z) ∼= Z. The canonical 2-plectic form on S^3 is given by its volume form which reads as ϖ_S3 =^1_{2π2} sin^2 θ^1 sin θ^2 dθ^1 ∧ dθ^2 ∧ dθ^3 (6.20)

in standard angular coordinates 0 ≤ θ^1, θ^2 ≤ π, 0 ≤ θ^3 ≤ 2π, and the volume of the three-sphere with respect to ϖ_S3 is ∫ S^3 ϖS^3 = 1. This volume form is determined by a

contact structure on S^3 which is specified by a connection one-form κ on the Hopf fibration π : S^3 → S^2 defined via the pullback dκ = π^∗(ω_S2 ). The global contact form κ determines a splitting T^∗S^3 = E^∗ ⊕ E^0 of the co-oriented contact distribution E → S^3, a trivialization E^0 = S^3 × R, and an orientation on S^3 with volume form ϖ_S3 = κ ∧ dκ. Moreover, it makes S^3 locally isomorphic to the first jet bundle T^∗N × R of real-valued functions on a Legendrian submanifold N, i.e., a one-dimensional submanifold whose tangent bundle lies in the hyperplane field ker κ. The pushforward π_! : H^1(S^3, ϖ_S3 ) → C^∞(S^2) of Hamiltonian one-forms on S^3 by integration over the S^1-fibers of the Hopf fibration then yields the Poisson algebra of functions on S^2.

The prequantum gerbes G_k, k ∈ Z, have Dixmier-Douady class [k ϖ_S3 ], curvature H = −2π^2 i k ϖ_S3 and topological charge dd(G_k) = ∫ S^3 i H 2π^2

= k . (6.21)

We cover S^3 by the two patches U_+ and U_−, for which θ^1 ≠ π and θ^1 ≠ 0 respectively. The connective structure with respect to these patches reads as

B_+ = − i k 2 ( θ^1 −^1_2 sin(2θ^1) ) sin θ^2 dθ^2 ∧ dθ^3 ,

B_− = − i k 2 ( θ^1 −^1_2 sin(2θ^1) − π ) sin θ^2 dθ^2 ∧ dθ^3 ,

A_{+−} = π i k 2 cos θ^2 dθ^3 .

(6.22)

Note that the intersection U_{+−} = U_+ ∩ U_− is homotopic to S^2 and the gauge potential A_{+−} coincides (up to an exact term) with the standard gauge potential on the line bundle E_k → S^2 from §6.1.

We now transgress the prequantum gerbe G_k to a line bundle T G_k on knot space KS^3. As we want a local description in terms of components of a connective structure, we have to introduce a cover of KS^3. For this, we start from the cover (U_a), a ∈ S^3, with U_a := S^3 \ {a} and consider the knot spaces of the open sets KU_a. We thus cover KS^3 by the patches U_a := KU_a. Working with angular coordinates has the advantage that different patches U_a merely correspond to different ranges of the angles.

The gauge potentials of the prequantum line bundle on the patches U_a can be obtained from a transgression of the B-fields on the patch U_a. For example, over U_+ we have

A_+ := T B_+ = − i k 2 ∮ dτ ( θ^{1τ} − 1 2 sin(2θ^{1τ} ) ) sin θ^{2τ} (˙ θ^{2τ} δθ^{3τ} − θ̇^{3τ} δθ^{2τ} ) . (6.23)

The canonical complex structure J_S3 on KS^3 acts in local coordinates on the vector fields δ δθ^{iτ} as J_S3 δ δθ^{iτ} = ε̃_{ijk} θ̇kτ |˙ θ^τ | g^{jl} δ δθ^{lτ} , (6.24)

where g is the metric on S^3 defined by the line element

ds^2 = (dθ^1)^2 + sin^2 θ^1 ( (dθ^2)^2 + sin^2 θ^2 (dθ^3)^2 ) , (6.25)

while ε̃_{ijk} := √ g ε_{ijk} , ε̃^{ijk} := 1 √ g ε_{ijk} and √ g = sin^2 θ^1 sin θ^2 . (6.26)

One easily verifies that J^2_{S3} = −id.

Let us now analyze the covariantly constant sections with respect to the antiholomorphic part of the connection ∇^{0,1} on the line bundle T G_k defined by the gauge potentials A_a on the patches U_a. Using (6.5), we have for example on U_+ the formula

∇^{0,1}_+ = 1 2 ∮ dτ δθ^{iτ} ( δ δθ^{iτ} + i ε̃_{ijk} θ̇kτ |˙ θ^τ | g^{jl} δ δθ^{lτ} ) + A^{0,1}_+ , (6.27)

and a corresponding formula involving A^{1,0}_+ . From comparison with the analysis of covariantly constant sections of the prequantum line bundles E_k on S^2, the interesting part of covariantly constant sections ψ_a of T G_k over U_a are the holomorphic functionals s_a satisfying δ_as_a = 0. The construction of these sections is surprisingly complicated, and we will use results of [66] for this. Instead of reviewing these constructions in generality, we present the concrete application to the case at hand.

Let us restrict to the patch U_a ∼= KR^3. In Cartesian coordinates x^i, i = 1, 2, 3, the metric g can be read off from the line element

ds^2 = ( 2 1 + (x^1)^2 + (x^2)^2 + (x^3)^2

)_2 (

(dx^1)^2 + (dx^2)^2 + (dx^3)^2 ) . (6.28)

The Dolbeault operator on loop space is rewritten as

δ_a = 1 2 ∮ dτ δx^{iτ} ( δ δx^{iτ} + i ε̃_{ijk} ẋ^{kτ} |ẋ^τ | g^{jl} δ δx^{lτ} ) . (6.29)

Plugging in (6.28), the Dolbeault operator reduces to that on the knot space KR^3 of Euclidean space R^3 given by

δ_a = 1 2 ∮ dτ δx^{iτ} ( δ δx^{iτ} + i ε_{ijk} ẋ^{kτ} |ẋ^τ | δ δx^{jτ} ) , (6.30)

where in this formula |ẋ^τ | denotes the norm of the vector ẋ^τ with respect to the Euclidean metric on R^3. Constructing the holomorphic local sections s_a thus amounts to finding holomorphic functionals on KR^3.

Recall that the tangent space at a loop x ∈ KR^3 consists of the two-dimensional orthogonal complements to the tangent vector to the loop at every point x(τ). To describe these complements, it is helpful to switch to a twistor formulation as in [66]. This idea goes back to Drinfeld and LeBrun. The twistor description we will use was developed in full generality in [67]; see also [68] for a detailed discussion in a notation closely related to ours here. The connection between loop spaces and twistor geometry arises because oriented lines in a Riemannian three-manifold, like the tangent space to a loop at a point x(τ), are parametrized by LeBrun’s twistor Cauchy-Riemann manifolds. At the heart of any twistor geometry is the double fibration, which for R^3 reads as F Π_1

¨¨¨¨ ¨¨ ¨¨ ¨¨_{Π2} A AA AA AA P R^3

(6.31)

The space F = R^3 × CP^1 is called the correspondence space, while P is the (mini)twistor space which can be identified with the total space of the holomorphic line bundle O_{CP} 1 (2) or equivalently with the holomorphic tangent bundle over CP^1. The map Π_1 is given by

Π_1(x, λ) = x^{α̇β̇} λ_{α̇} λ_{β̇} , (6.32)

where λ_{α̇}, α̇ = 1, 2, are homogeneous coordinates on CP^1 and ( x^{α̇β̇} ) = ( x^{β̇α̇} ) = ( x^1 + i x^2 −x^3 −x^3 −x^1 + i x^2 ) . (6.33)

The map Π_2 is the trivial projection from F ∼= R^3 × CP^1 to R^3. It is easy to see that this double fibration establishes two correspondences: Between points in R^3 and sections of P ∼= O_{CP} 1 (2), and between points in P and oriented lines in R^3.

The correspondence space F is a Cauchy-Riemann manifold: it comes with an integrable distribution D ⊂ T F that is almost Lagrangian, i.e., [D, D] ⊆ D and D ∩ D = ∅. As with many Cauchy-Riemann manifolds, the distribution D is induced by an embedding into a complex manifold. Here we can embed F into Penrose’s twistor space T ∼= R^4 × S^2, which is biholomorphic to the total space of the rank two holomorphic vector bundle O_{CP} 1 (1) ⊕ O_{CP} 1 (1), cf. [68]. Explicitly, we have

D = span { λ^{α̇} λ^{β̇ ∂}_{∂xα̇β̇} } ⊕ T^{0,1}_C CP^1 . (6.34)

Using D, we can define the smooth sub-bundle HF = T F ∩ (D ⊕ D ). On this sub-bundle, there is an endomorphism J_F mapping Re(X) ∈ HF to −Im(X) ∈ HF for every X ∈ D; it satisfies J^2_F = −id and the bundle HF → F has a canonical orientation.

At every point x(τ) of the loop, we can now write the tangent vector as

ẋ^{α̇β̇τ} = λ^{α̇τ} λ̂^{β̇τ} + λ̂^{α̇τ} λ^{β̇τ} , (6.35)

where λ^{α̇τ} := ε^{α̇β̇} λ_{β̇τ} and λ̂^{α̇τ} := ε^{α̇β̇} λ^{β̇τ} . The ambiguity in the choice of λ^{α̇τ} is a phase, which is factored out because we consider them as homogeneous coordinates on CP^1. We thus obtain a map x(τ) → λ^{α̇τ} ∈ CP^1, and we can lift a loop x ∈ KR^3 to a loop x̃ = (x, λ) ∈ K_T F ; the loop space K_T F is the space of transverse loops in F [66], i.e., the loops form equivalence classes of smooth immersions x̃ : S^1 → F under reparametrization transformations such that for every τ ∈ S^1, x̃(τ) is transverse to H_{x̃(τ )}F . One can show that the tangent space to K_T F at a loop x̃ is isomorphic to C^∞(S^1, x̃^∗HF ), and the endomorphism J_F on HF induces a complex structure J_F on T K_T F at each point of the loop [66].

The interesting point now is that the map x → x̃, which embeds KR^3 into K_T F , intertwines the complex structure J_F with the complex structure J_R3 on KR^3. The (complexified) orthogonal complement to ẋ^{α̇β̇τ} , which is the tangent space at x restricted to the point x(τ), is spanned by the vectors

v^{α̇β̇τ} := λ^{α̇τ} λ^{β̇τ} and v^{α̇β̇τ} := λ̂^{α̇τ} λ̂^{β̇τ} , (6.36)

because the Euclidean inner product reads explicitly as

(v, ẋ) = −^1_2 ε_{α̇γ̇} ε_{β̇δ̇} v^{α̇β̇τ} ẋ^{γ̇δ̇τ} (6.37)

and λ^{α̇τ} λ_{α̇τ} = λ̂^{α̇τ} λ̂_{α̇τ} = 0. We rewrite the loop space Dolbeault operator as

δ_a = 1 2 ∮ dτ δx^{α̇β̇τ} δ_{α̇β̇τ} (6.38)

and examine the vector fields

λ^{α̇τ} λ^{β̇τ} δ_{α̇β̇τ} , λ^{α̇τ} λ̂^{β̇τ} δ_{α̇β̇τ} and λ̂^{α̇τ} λ̂^{β̇τ} δ_{α̇β̇τ} . (6.39)

We find that λ^{α̇τ} λ^{β̇τ} δ_{α̇β̇τ} f = 0 is equivalent to λ^{α̇τ} λ^{β̇τ δ}_{δxα̇β̇τ} f = 0 for any f ∈ C^∞(KR^3). Moreover, we have λ̂^{α̇τ} λ̂^{β̇τ} δ_{α̇β̇τ} = 0, and λ^{α̇τ} λ̂^{β̇τ} δ_{α̇β̇τ} contains the vector field ẋ^{α̇β̇τ δ}_{δxα̇β̇τ} which generates loop reparameterizations and therefore vanishes. We thus saw the intertwining of the complex structures explicitly.

It follows that we can pullback any holomorphic function on K_T F along the map x → x̃ to obtain a holomorphic function on KR^3. Lempert gives a nice way of constructing holomorphic functions on K_T F in [66]: Take a (1, 0)-form α on T ∼= O_{CP} 1 (1) ⊕ O_{CP} 1 (1) ⊃ F . Then the map y −→ f(y) = (T α)_y = ∮ dτ ι_ẏ(ev^∗α) , y ∈ K_T F (6.40)

defines a holomorphic function K_T F → C. This formula can be generalized to expressions of multiple integrals, as products of holomorphic functions are holomorphic. Lempert explains this generalization, which follows in the spirit of Chen’s iterated integrals, and conjectures that the space of functions thus obtained is locally dense in the space of holomorphic functions on K_T F .

However, it seems rather clear to us that the corresponding set of holomorphic functions obtained via pullback is not even dense in the space of holomorphic functions on KR^3 (although we have no proof). Let us nevertheless push the analysis a little further. For example, consider the (1, 0)-form α = x^{1α̇} λ_{α̇} d ( x^{2β̇} λ_{β̇} ) (λ_1)^2

(6.41)

on T , yielding the function f(x) = ∮ dτ x^{1α̇τ} λ_{α̇τ} ( ẋ^{2β̇τ} λ_{β̇τ} + x^{2β̇τ} λ̇_{β̇τ} ) (λ_{1τ} )^2 with ẋ^{α̇β̇τ} = λ^{α̇τ} λ̂^{β̇τ} . (6.42)

If we restrict ourselves to loops with ẋ^{1τ} = ẋ^{2τ} = 0 ≠ ẋ^{3τ} and λ^1 = λ̂^2 = 0 = λ̇^{α̇}, then this function restricts to f(x) = ( x^1 + i x^2 ) ∮ dτ λ̂^{1τ} λ^{2τ} = ( x^1 + i x^2 ) V , (6.43)

where V is some constant volume factor (possibly requiring regularization). This restriction can roughly be interpreted as a reduction^{18} KS^3 → S^2 ∼= CP^1, and the function f correspondingly restricts to the function z_+ := x^1 + i x^2 which is a building block for global holomorphic sections of the line bundle O_{CP} 1 (1) → CP^1. Powers of f will correspondingly reduce to functions yielding sections of the bundles O_{CP} 1 (k).

We have thus far described the space of holomorphic sections of the line bundles T G_k that are transgressions of the prequantum gerbes G_k over S^3. From here, one can in principle

18Note that more appropriately, one should use the embedding of CP^1 into KS^3 which is induced by the preimage of the Hopf fibration π : S^3 → CP^1. A reduction of the function f on KS^3 to CP^1 would then correspond to the pullback of f along the embedding map. However, the corresponding formulas for (1, 0)-forms are complicated and resisted our attempts of an analytical treatment.

follow the steps in the quantization of S^2: We define the Hilbert space H to be the (infinite-dimensional) space of holomorphic sections of T G_k with some restrictive condition imposed. On this space, we define some natural inner product, pair “elementary sections” with a suitable set of creation and annihilation operators, and use the outer tensor product H ⊗ H^∗ as a quantized algebra of functions on KS^3. Altogether, we have shown that a quantization of S^3 using knot space is fruitful and exhibits some of the desired features, such as the reduction to the geometric quantization of S^2. The access to a detailed description, however, seems to be obstructed by technical difficulties and, most importantly, the lack of suitable measures on knot space.

Acknowledgements

Parts of this work were carried out while the authors were visiting the Isaac Newton Institute for Mathematical Sciences in Cambridge, UK, in February/March 2012 under the auspices of the Programme “Mathematics and Applications of Branes in String and M-Theory”; we would like to thank David Berman, Neil Lambert and Sunil Mukhi for the invitation to participate and hospitality during the programme. This work was supported in part by the Consolidated Grant ST/J000310/1 from the UK Science and Technology Facilities Council. The work of CS was supported in part by a Career Acceleration Fellowship from the UK Engineering and Physical Sciences Research Council. The work of RJS was supported in part by Grant RPG-404 from the Leverhulme Trust.

Appendix

A. Lie groupoids and Lie algebroids

In this appendix we collect a number of definitions and examples concerning groupoids as they appear for example in [5]. For a book on groupoids see [69], and for a review of the use of groupoids in quantization see e.g. [70].

Groupoids. Recall that a group is a small category^{19} with one object, in which all morphisms are invertible. The single object corresponds to the unit in the group, while the morphisms correspond to the group elements. Removing the condition that there is a single object, we arrive at the notion of a groupoid: A groupoid is a small category in which every morphism is an isomorphism.

More explicitly, a groupoid consists of a base set G_{(0)} = M and a set of arrows G_{(1)} = G between elements of M. Each arrow can be projected onto its source and target, yielding two maps s, t : G → M. We write G ⇒ M and say that G is a groupoid over M. Each arrow g ∈ G has an inverse arrow g^{−1} ∈ G in the opposite direction. Two arrows with matching head and tail can be concatenated leading to a partial multiplication on G × G: (g, h) → m(g, h) =: g h ∈ G. There is an inclusion map 1 : M → G, x → 1_x of an object

19“Small” means that both the objects and morphisms in the category form sets.

x to an arrow loop x → x. The picture of arrows between elements of the base yields the following consistency relations between the maps s, t, m, 1:

(i) The concatenation of arrows via the multiplication m is associative when defined; (ii) s(m(g, h)) = s(g) and t(m(g, h)) = t(h); (iii) s(1_x) = t(1_x) = x; (iv) g 1_{t(g)} = 1_{s(g)} g = g;

(v) The inverse g^{−1} of g is two-sided: s(g^{−1}) = t(g), t(g^{−1}) = s(g), g^{−1} g = 1_{t(g)}, g g^{−1} = 1_{s(g)}; where g, h ∈ G, x ∈ M. Lie groupoids. A Lie groupoid is a groupoid where both sets of objects and morphisms are smooth manifolds, the source and target maps are surjective submersions, and all operations are smooth. In this paper, all groupoids are Lie groupoids.

Note that every Lie group G is a Lie groupoid G ⇒ pt over a one-point manifold pt. The source and target maps are both s(g) = t(g) = pt and the unit map is given by the group identity element 1_{pt} = e.

A non-trivial example of a Lie groupoid important for our discussion is the pair groupoid Pair(M) = M ×M over a smooth manifold M. Here an element (x, y) of M ×M corresponds to an arrow with source x and target y: s(x, y) = x and t(x, y) = y. This interpretation implies that the inverse is given by (x, y)^{−1} = (y, x), that the multiplication law is (x, y) · (y, z) = (x, z) for x, y, z ∈ M and that the unit map is 1_x = (x, x).

Lie algebroids. A Lie algebroid is a smooth vector bundle E → M over a manifold M endowed with a Lie bracket on the C^∞(M)-module of smooth sections [−, −]_E : C^∞(M, E)⊗ C^∞(M, E) → C^∞(M, E) and a vector bundle map ρ : E → T M, ψ → ρ_ψ called an anchor map such that:

(i) The map ρ is a Lie algebra homomorphism:

ρ_{[ψ1,ψ2]E} = [ρ_{ψ1} , ρ_{ψ2} ]_{T M} , ψ_1, ψ_2 ∈ C^∞(M, E) . (A.1)

(ii) The Leibniz rule is satisfied:

[ψ_1, f ψ_2]_E = f [ψ_1, ψ_2]_E + ρ_{ψ1} (f) ψ_2 , ψ_1, ψ_2 ∈ C^∞(M, E) , f ∈ C^∞(M) . (A.2)

The tangent bundle E = T M is trivially a Lie algebroid, with the usual commutator Lie bracket on vector fields over M and the identity anchor map. Note also that every Lie algebra g is a Lie algebroid g → pt over a one-point manifold pt with trivial anchor map ρ = 0.

We are mostly interested in the Lie algebroid arising from the cotangent bundle T^∗M of a Poisson manifold (M, π), where the anchor map ρ : T^∗M → T M is given by contraction with the Poisson bivector field π, see §2.2.

Differentiation. Just as a Lie algebra is the linearization of a Lie group at the unit element, a Lie algebroid is obtained by linearizing a Lie groupoid at the units, i.e. the objects. The Lie algebroid A(G) → M of a Lie groupoid G ⇒ M is given by setting:

1. The vector bundle

A(G) = ker dt | |_M = 1^∗ ker dt = ⨆ x∈M T_{1x} t^{−1}(x) ⊂ T G (A.3)

is the normal bundle to the embedding 1 : M → G, with bundle projection given by s or t (which coincide on M).

2. The anchor map is given by ρ = ds : ker dt → T M, restricted to A(G). 3. The Lie bracket [−, −]_{A(G)} is inherited from the usual commutator on C^∞(G, T G), restricted to left-invariant vector fields.

This construction defines a functor from the category of Lie groupoids (and smooth homomorphisms) to the category of Lie algebroids, which generalizes the classical Lie functor from Lie groups to Lie algebras: Let g be the Lie algebra of a Lie group G. Then g is the Lie algebroid of the Lie groupoid G.

The tangent bundle T M is the Lie algebroid of the pair groupoid Pair(M) = M × M, as A(M × M) = ⨆ x∈M x × T_xM = T M. Integration. We say that a Lie groupoid G ⇒ M is an integration of a Lie algebroid E → M if A(G) ∼= E as Lie algebroids. While every Lie algebra can be integrated to a Lie group by the exponential map, the same is not true in general for Lie groupoids. For a discussion of the corresponding obstructions, see e.g. [71]. However, if a Lie algebroid E → M does integrate to a Lie groupoid, then there exists a unique Lie groupoid G ⇒ M (up to isomorphism) with connected and simply connected s-fibers whose Lie algebroid is A(G) = E. See [40, §2] for the construction of an exponential map A(G) → G for a general Lie groupoid G whose Lie algebroid A(G) is endowed with a connection; this generalizes the exponential map on the tangent bundle exp : T M → M of a manifold M with connection.

Symplectic groupoids. A Lie groupoid G ⇒ M naturally has the structure of a simplicial manifold with 0-nerve M and 1-nerve G. We define the 2-nerve of a Lie groupoid G as the set of composable arrows G_{(2)} ⊂ G × G; whence (g_1, g_2) ∈ G_{(2)} if and only if t(g_1) = s(g_2). On this set we have the multiplication map m : G_{(2)} → G satisfying s(m(g_1, g_2)) = s(g_1) and t(m(g_1, g_2)) = t(g_2) for g_1, g_2 ∈ G. There are also projections pr_1 : G_{(2)} → G and pr_2 : G_{(2)} → G onto the first and second arrow, respectively: pr_1(g_1, g_2) = g_1 and pr_2(g_1, g_2) = g_2. The maps s, t, m, pr_1, and pr_2 are face maps for this simplicial structure. This leads to the definition of the simplicial coboundary operator

∂^∗ := pr^∗_1 − m^∗ + pr^∗_2 : Ω^k(G) −→ Ω^k(G_{(2)}) , (A.4)

which commutes with the exterior derivative.

A symplectic groupoid Σ is a Lie groupoid endowed with a symplectic form ω ∈ Ω^2(Σ) which is multiplicative, i.e., ∂^∗ω := pr^∗_1ω − m^∗ω + pr^∗_2ω = 0. For a detailed discussion of multiplicative two-forms, see e.g. [72]. We say that a symplectic groupoid Σ over a Poisson manifold M integrates M if t : Σ → M is a Poisson map^{20} and the fibers of s : Σ → M are connected (Σ is “s-connected”); in fact, if Σ ⇒ M is a symplectic groupoid then its base M is always a Poisson manifold. When it exists, an integrating symplectic groupoid for a Poisson manifold M is unique up to isomorphism.

It is shown in [62] that a Poisson manifold is integrable in this sense if and only if the Lie algebroid T^∗M is integrable to a Lie groupoid; in this case there is a canonical isomorphism A(Σ) ∼= T^∗M of Lie algebroids.

Note that on a symplectic groupoid Σ, there is a unique Poisson structure on the base such that t and s are respectively Poisson and anti-Poisson maps [73].

Example. The cotangent bundle T^∗G of a Lie group G can be extended to a symplectic groupoid over g^∗ where g is the Lie algebra of G [34], see [74] for a review. The embedding 1 is trivially given by 1 : g^∗ → T^∗_e G. Recall that the left and right G-actions on G, L_h(g) := h g and R_h(g) := g h with g, h ∈ G, have derivative maps dL_h, dR_h : g → T_hG. Given an element (x, h) ∈ T^∗G with h ∈ G and x ∈ T^∗_h G ∼= g^∗, we define the source and target maps s(x, h) := x ∘ dR_h and t(x, h) := x ∘ dL_h , (A.5)

which live in the dual space of g. The product (x, h) := (x_1, h_1) · (x_2, h_2) of two elements of T^∗G is defined if t(x_1, h_1) = s(x_2, h_2), i.e., x_1 ∘ dL_{h1} = x_2 ∘ dR_{h2} . We then put (x, h) := x_1 ∘ dR_h−1_2 = x_2 ∘ dL_h−1_1 , and one has s(x, h) = s(x_1, h_1) and t(x, h) = t(x_2, h_2). Moreover, the target map t is a Poisson map with respect to the canonical symplectic Poisson structure on T^∗G and the +-KKS Poisson structure on g^∗.

Fibrations of groupoids. A fibration of Lie groupoids is a smooth homomorphism p : G → G^′ between Lie groupoids G and G^′, such that the base map p_{(0)} : G_{(0)} → G^′_{(0)} and the map F^∗ : G → p^∗_{(0)}G^′ are surjective submersions; here p^∗_{(0)}G^′ denotes the pullback bundle of G^′ along p_{(0)}.

B. p-gerbes with connective structures

Below we summarize some definitions concerning gerbes with connective structure. In this paper we use both the concrete description of a gerbe provided by Čech cohomology, following the approach of Hitchin and Chatterjee (see [75, §1.2] and [76]), and also Murray’s description in terms of bundle gerbes [77, 78]. See [79] for a comprehensive review with further details and additional references. Smooth functions, line bundles and gerbes are the first three elements in a sequence of p-gerbes with p = −1, 0, 1. As it is effortless to generalize most of the notions introduced below to p-gerbes, we will do so immediately.

We start by reviewing Cheeger-Simons differential characters and how they capture a generalized notion of holonomy for p-gerbes. We then come to Deligne cohomology, which

20This means that (Σ, t) forms a symplectic realization of the Poisson manifold M.

gives a cochain model for Cheeger-Simons differential characters and classifies abelian pgerbes with connective structure. Finally, we look at the description for p = 1 in terms of bundle gerbes and its relation to differential cohomology, with the d-torus serving as an illustrative example which makes contact with some of our loop space constructions from §5.2.

Cheeger-Simons cohomology. Let M be a smooth manifold. Let Z_k(M) denote the group of smooth k-cycles on M, and Ω^k_{cl,Z}(M) the closed k-forms on M with integer periods. Recall [80, 10] that the degree k Cheeger-Simons cohomology group of differential characters Ĥk(M) is the infinite-dimensional abelian group which can described in terms of two exact sequences. Firstly, one has 0 −→ H^{k−1} ( M , U(1) ) −→ Ĥ^k(M)^ω−−→ Ω^k_{cl,Z}(M) −→ 0 , (B.1)

where the field strength map χ → ω_χ defines the curvature of the differential character χ; its kernel is the group of flat fields on M. Secondly, one has

0 −→ Ω^{k−1}(M) / Ω^{k−1}_{cl,Z} (M) −→ Ĥ^k(M)^c−−→ H^k(M, Z) −→ 0 , (B.2)

where the map χ → c(χ) defines the characteristic class of the differential character which obeys the compatibility condition c(χ) = [ω_χ]; the kernel of this map is the torus of topologically trivial fields whose classes [θ] have curvature dθ.

A differential character χ ∈ Ĥ^k(M) defines a holonomy

hol_S(χ) := exp ( 2π i ∮ S θ_χ ) ∈ U(1) (B.3)

for any k−1-cycle S ∈ Z_{k−1}(M), where the potential θ_χ ∈ Ω^{k−1}(S) is defined by ω_{χ|S} = dθ_χ and we have used H^k(S, Z) = 0. For flat fields ω_χ = 0, the holonomy defines an element [ hol(χ) ] ∈ H^{k−1}(M, U(1)).

The Cheeger-Simons cohomology Ĥ^1(M) is the space of differentiable maps g : M → U(1); the characteristic class map is c(g) = g^∗([dϕ]) ∈ H^1(M, Z) where [dϕ] is the fundamental class of S^1, the curvature is the one-form ω_g = d log g, and the holonomy is the evaluation hol_x(g) = g(x) of g at x ∈ M.

The differential cohomology Ĥ^2(M) is the group of gauge equivalence classes of line bundles with connection (E, ∇) on M and gauge group generated by Ĥ^1(M); the characteristic class map in this case computes the first Chern class c_1(L) ∈ H^2(M, Z), while the connection ∇ determines a curvature F_∇ and a holonomy hol_∇(γ) for γ ∈ Z_1(M) which coincide with the curvature and holonomy of the corresponding differential character.

The abelian group Ĥ^3(M) consists of differential characters in degree three, which are gauge equivalence classes of gerbes G over M with connective structure (A, B) and gauge group generated by the differential cohomology Ĥ^2(M).

Following this pattern, the gauge equivalence classes of p-gerbes with connective structure over M are given by the differential cohomology Ĥ^{p+2}(M) with gauge group generated by Ĥp+1(M).

Deligne cohomology. An explicit cochain model for the Cheeger-Simons groups is pro-

vided by Deligne cohomology. Recall [10] that the degree k smooth Deligne cohomology is

the k-th Čech hypercohomology of the truncated sheaf complex D(k)

0 −→ U(1)_M^{d log}−−−→ Ω^1_M^d−−→ Ω^2_M^d−−→ · · ·^d−−→ Ω^k_M , (B.4)

where U(1)_M is the sheaf of smooth U(1)-valued functions on M and Ω^k_M is the sheaf of

differential k-forms on M. Consider thus the double complex with respect to a Stein cover

U = (U_a)_{a∈I} of M given by . . . . . .

C^2 ( U , U(1)_M ) δ OO

d log //

C^2 ( U , Ω^1_M ) δ OO

d // · · ·^d // C^2(U , Ω^k_M ) δ OO

C^1 ( U , U(1)_M ) δ OO d log //

C^1 ( U , Ω^1_M ) δ OO

d // · · ·^d // C^1(U , Ω^k_M ) δ OO

C^0 ( U , U(1)_M ) δ OO d log //

C^0 ( U , Ω^1_M ) δ OO

d // · · ·^d // C^0(U , Ω^k_M ) δ OO (B.5)

Here δ is the usual Čech coboundary operator, and C^p(U, U(1)_M ) and C^p(U, Ω^n_M ) denote

the Čech p-cochains. The degree n Deligne cohomology group H^n_D(M, D(k)) is computed

from the ‘diagonal complex’

C^0 ( U , U(1)_M

)_d −−−→ C^1 ( U , U(1)_M ) ⊕ C^0 ( U , Ω^1_M ) d−−−→ C^2 ( U , U(1)_M ) ⊕ C^1 ( U , Ω^1_M ) ⊕ C^0 ( U , Ω^2_M

)_d −−−→ · · · (B.6)

truncated to sheaves in D(k). The differentials d are defined as

dθ := δθ + (−1)^{p 1}_{2π i} d log θ , θ ∈ C^p ( U , U(1)_M ) , k > 0 0 , θ ∈ C^p ( U , U(1)_M ) , k = 0 δθ + (−1)^p dθ , θ ∈ C^p ( U , Ω^n_M ) , n < k , 0 , θ ∈ C^p ( U , Ω^n_M ) , n ≥ k . (B.7)

where we inserted a convenient factor^1_{2π i} into the logarithmic differential. Note that the

Čech coboundary operator acting on Čech cochains with values in U(1)_M has to be regarded

as the multiplicative one.

Examples. Below we denote contractible n-fold intersections of open sets of the cover U by U_{a1...an} := U_{a1} ∩ · · · ∩ U_{an} . A degree 0 smooth Deligne class g ∈ H^0_D(M, D(0)) is a Čech cochain (g_a) ∈ C^0(U, U(1)_M )

satisfying d(g_a) = 1 or, equivalently, δ(g_a) = g^{−1}_a g_b = 1. Therefore (g_a) defines a smooth

map g : M → U(1).

A Deligne class (g_a, A_{ab}) ∈ H^1_D(M, D(1)) is a pair (g_a, A_{ab}) ∈ C^1 ( U , U(1)_M ) ⊕ C^0 ( U , Ω^1_M ) (B.8)

satisfying the cocycle conditions d(g_a, A_{ab}) = (1, 0), which explicitly reads as g_{ab} g_{bc} g_{ca} = 1 on U_{abc} , A_a − A_b = 1 2π i d log g_{ab} on U_{ab} . (B.9)

The equivalence relations, including gauge transformations, are captured by a Deligne onecoboundary d(h_a) with (h_a) ∈ C^0(U, U(1)_M ). In formulas, (g_a, A_{ab}) ∼ (g_a, A_{ab}) + d(h_a) reads as g_{ab} ∼ g_{ab} (δh)_{ab} = g_{ab} h^{−1}_a h_b = h^{−1}_a g_{ab} h_b ,

A_a ∼ A_a +^1_{2π i} d log h_a .

(B.10)

The U(1) Čech one-cocycle g_{ab} : U_{ab} → U(1) determines smooth transition functions on overlaps for a hermitian line bundle E → M. This cocycle represents the first Chern class c_1(L) = [g_{ab}] ∈ H^1(Σ, U(1)) ∼= H^2(Σ, Z), where the canonical isomorphism follows from the exponential sequence

0 −→ Z −→ R^{exp}−−→ U(1) −→ 1 ; (B.11)

it is the obstruction to triviality of the line bundle E → M. The local one-forms A_a ∈ Ω^1(U_a) define a unitary connection ∇ = d + A on E. When restricted to U_a, its curvature F is given by dA_a.

A Deligne class (g_{abc}, A_{ab}, B_a) ∈ H^2_D(M, D(2)) is a triple (g_{abc}, A_{ab}, B_a) ∈ C^2 ( U , U(1)_M ) ⊕ C^1 ( U , Ω^1_M ) ⊕ C^0 ( U , Ω^2_M ) (B.12)

satisfying the cocycle conditions d(g_{abc}, A_{ab}, B_a) = (1, 0, 0). That is, g_{abc} g^{−1}_{bcd} g_{cda} g^{−1}_{dab} = 1 on U_{abcd} , A_{ab} + A_{bc} + A_{ca} = 1 2π i d log g_{abc} on U_{abc} ,

B_a − B_b = dA_{ab} on U_{ab} . (B.13)

A Deligne two-coboundary d(h_{ab}, a_a) with (h_{ab}, a_a) ∈ C^1(U, U(1)_M ) ⊕ C^0(U, Ω^1_M ) defines a gauge transformation (g_{abc}, A_{ab}, B_a) ∼ (g_{abc}, A_{ab}, B_a) + d(h_{ab}, a_a), or g_{abc} ∼ g_{abc} (δh)_{abc} = g_{abc} h_{ab} h_{bc} h_{ca} , A_{ab} ∼ A_{ab} +^1_{2π i} d log h_{ab} + a_a − a_b , B_a ∼ da_b . (B.14)

The U(1) Čech two-cocycle g_{abc} : U_{abc} → U(1) specifies a hermitian “transition” line bundle E_{ab} over each overlap U_{ab}, an isomorphism E_{ab} ∼= E^∗_{ba}, and a trivialization of the line bundle

E_{ab} ⊗ E_{bc} ⊗ E_{ca} on each triple overlap U_{abc}; the pair G = (E_{ab}, g_{abc}) is called a local gerbe on M. This cocycle represents the Dixmier-Douady class dd(G) = [g_{abc}] ∈ H^2(M, U(1)) ∼= H^3(M, Z); it is the obstruction to triviality of the gerbe. The Čech one-cochain A_{ab} defines connection one-forms on each line bundle E_{ab} → U_{ab} such that the section g_{abc} is covariantly constant with respect to the induced connection on E_{ab} ⊗ E_{bc} ⊗ E_{ca}. The collection of twoforms B_a ∈ Ω^2(U_a) are called the curving of the Čech one-cochain A_{ab}. Together, the pair (A_{ab}, B_a) defines a connective structure on the gerbe G = (E_{ab}, g_{abc}). When restricted to U_a, its curvature is given by H = dB_a. The gauge group of the gerbe is generated by line bundles η → M with connection ∇ = d + a and curvature f_∇ = da with ω = −^1_{2π i} f_∇ ∈ Ω^2_{cl,Z}(M) through the gauge transformations E −→ E_{ab} ⊗ η | U_{ab} , Aab −→ Aab + a | U_{ab} and Ba −→ Ba + f∇ . (B.15) In general, a Deligne p + 1-cocycle defines the connective structure of a p-gerbe. The details of the construction are evident from the above examples.

Holonomy and curvature. The construction of holonomy and curvature of a Deligne class defines an isomorphism H^{p+1}_D (M) → Ĥ^{p+2}(M).

Given a degree 1 smooth Deligne class [(g_{ab}, A_a)] represented by a hermitian line bundle E → M with unitary connection ∇ = d + A, the curvature is the globally defined twoform given by F_∇ = dA_a on U_a with ω = −^1_{2π i} F_∇ ∈ Ω^2_{cl,Z}(M). By Stokes’ theorem, the holonomy of ∇ around any one-cycle γ ⊂ M is then obtained from the product formula [9, 81] hol_γ (A) = ∏ a∈I exp ( 2π i ∫ γ_a A_a ) ∏ a,b∈I g_{ab}(γ_{ab}) , (B.16)

where γ_a ⊂ U_a is a path in a subdivision of the loop γ into segments and γ_{ab} = γ_a ∩ γ_b is a point in U_{ab}. This definition agrees with the general definition of holonomy in terms of differential characters.

Given a degree 2 smooth Deligne class [(g_{abc}, A_{ab}, B_a)] represented by a gerbe G over M with connective structure (A, B), the curvature of the corresponding differential character is the globally defined closed three-form H = H_{(A,B)} given by H = dB_a on U_a with ϖ = −^1_{2π2 i} H ∈ Ω^3_{cl,Z}(M), while its characteristic class is the Dixmier-Douady class dd(G) ∈ H^3(M, Z) of the gerbe G. Its holonomy around a two-cycle S ⊂ M is obtained by choosing a triangulation {S_a}_{a∈I} of S subordinate to the open cover S ∩ U. Keeping careful track of orientations, by repeated application of Stokes’ theorem one arrives at the product formula [9, 10, 82, 81]

hol_S (B) = ∏ a∈I exp ( 2π i ∫ S_a B_a ) ∏ a,b∈I exp ( 2π i ∫ S_{ab} A_{ab} ) ∏ a,b,c∈I g_{abc}(S_{abc}) , (B.17) where S_{ab} is the common boundary edge of the surfaces S_a and S_b, and S_{abc} = S_{ab} ∩S_{bc} ∩S_{ca} are vertices of the triangulation of S. The coincidence between this expression and the general formula in terms of differential characters is shown explicitly in [83].

Bundle gerbes. A bundle gerbe on M [77] is a pair G = (E, X), where ϕ : X → M is a surjective submersion and E is a hermitian line bundle^{21} over the fiber product X^{[2]} equipped with an associative fiber multiplication

E_{(x1,x2)} ⊗ E_{(x2,x3)} −→ E_{(x1,x3)} (B.18)

for all (x_1, x_2), (x_2, x_3) ∈ X^{[2]}. Recall that the fiber product X^{[2]} := X ×_M X = {(x_1, x_2) ∈ X × X | ϕ(x_1) = ϕ(x_2)} is a pair groupoid X^{[2]} ⇒ X with base X, and source and target maps pr_1 : (x_1, x_2) → x_1 and pr_2 : (x_1, x_2) → x_2, respectively. Note that the map ϕ admits local sections, and hence defines a “quasi-cover” of M. For each k there is a linear map

δ := pr^∗_1 − pr^∗_2 : Ω^k(X) −→ Ω^k ( X^{[2]} ) (B.19)

which commutes with the exterior derivative. The kernel of δ is the image of the injection ϕ^∗ : Ω^k(M) → Ω^k(X), while its image is the subspace of forms in Ω^k(X^{[2]}) which commute with the multiplication in the groupoid X^{[2]} ⇒ X. Due to the bundle gerbe product, the bundle E yields a U(1)-groupoid extension of X^{[2]} and there are isomorphisms E_{(x,x)} ∼= C and E_{(x1,x2)} ∼= E^∗_{(x2,x1)}.

A connective structure (∇, B) on a bundle gerbe E fflffl X^{[2] pr1} //_{pr2} // X ϕ fflffl M

(B.20)

is given by a unitary connection ∇ = d + A on E which commutes with the multiplication on E. Then there exists a (not unique) curving B ∈ Ω^2(X) such that

F_∇ = δ(B) = pr^∗_1(B) − pr^∗_2(B) ∈ Ω^2 ( X^{[2]} ) . (B.21)

Since δ(dB) = d δ(B) = dF_∇ = 0, it satisfies dB = ϕ^∗(H) for a unique three-form H = H_{(∇,B)} with ϖ = −^1_{2π2 i} H ∈ Ω^3_{cl,Z}(M). The curvature ϖ is again the de Rham representative of the Dixmier-Douady class dd(G) ∈ H^3(M, Z), which is the obstruction to triviality of the bundle gerbe.

For the Deligne cohomology of bundle gerbes with connective structure, choose a Stein cover U = (U_a)_{a∈I} of M with local sections ψ_a : U_a → X of ϕ : X → M, and let X_U := ⨆ a U_a be the nerve of U with the obvious surjective submersion X_U → M. Then X^{[2]}_U = ⨆ a,b U_{ab}, and the sections ψ_a define a fiber preserving map ψ : X_U → X. We use this map to pullback the bundle gerbe (E, X) to a stably isomorphic^{22} bundle gerbe (ψ^∗(E), X_U ), which is just a collection of line bundles ψ^∗(E)_{ab} → U_{ab} satisfying the cocycle

21In the case of a bundle p-gerbe, E would be a bundle p − 1-gerbe. For simplicity, we restrict ourselves here to bundle (1-)gerbes.

22The notion of stable isomorphism of bundle gerbes is explained below.

conditions for a local gerbe. We can trivialize the line bundles by unit norm sections σ_{ab} : U_{ab} → ψ^∗(E)_{ab} over each overlap. Then we may multiply σ_{ab} and σ_{bc} together using the bundle gerbe product; on U_{abc} we have σ_{ab}σ_{bc} = g_{abc} σ_{ac}, and associativity implies that g_{abc} : U_{abc} → U(1) is a Čech two-cocycle. We also define A_{ab} ∈ Ω^1(U_{ab}) by A_{ab} = (ψ_a, ψ_b)^∗(A), so that ∇σ_{ab} = A_{ab} ⊗ σ_{ab}, and B_a ∈ Ω^2(U_a) by B_a = ψ^∗_a(B). From (B.21) the cocycle conditions (B.13) then easily follow.

Example. Let M = T^d = V/Λ be a d-dimensional torus, where V = R^d is a real vector space of dimension d and Λ = Z^d a lattice in V of maximal rank. Let X = V , and let ϕ : V → T^d be the universal cover of T^d; it has disconnected fibers whose connected components are labeled by “winding numbers” w = (w^1, . . . , w^d) ∈ Λ. We write v = (v^1, . . . , v^d) for a vector in V . Then (u, v) ∈ V^{[2]} if and only if w := u − v ∈ Λ, so there is a disconnected union

V^{[2]} = ⨆ w∈Λ V_w (B.22)

with connected components V_w ∼= V for all w ∈ Λ. Define a line bundle E → V^{[2]} by E := ⨆ w∈Λ E_w, with E_w ∼= V ×C the trivial line bundle over each connected component endowed with trivial fiberwise product induced by the multiplication in C. Then G(T^d) = (E, V ) is a bundle gerbe on T^d. If dx^i, i = 1, . . . , d, denotes the basis for H^1(T^d, Z) = Λ^∗ dual to a canonical basis of one-cycles γ_i for H_1(T^d, Z) = Λ, i.e., ∮ γ_i dx j = δ_i^j , then the pullback by either of the projections pr_1, pr_2 : V^{[2]} → V of the basis forms dv^i := ϕ^∗(dx^i) will also be denoted dv^i on each connected component V_w (note that du^i = dv^i for (u, v) ∈ V^{[2]}). For each winding sector w ∈ Λ, endow the line bundle E_w → V with connection ∇_w = d + A_w given by

A_w =^1_{3!} ϖ_{ijk} w^i v^j dv^k (B.23)

where ϖ_{ijk} is a totally anti-symmetric constant three-tensor. Then the collection of oneforms A = (A_w)_{w∈Λ} are part of a connective structure for the bundle gerbe G(T^d). One has F_{∇w} = dA_w = δ_w(B), where δ_w is the restriction of the image of the map δ to Ω^2(V ) → Ω^2(V_w), and the curving B ∈ Ω^2(V ) is given by

B =^1_{3!} ϖ_{ijk} v^i dv^j ∧ dv^k . (B.24)

Since dB =^1_{3!} ϖ_{ijk} dv^i ∧ dv^j ∧ dv^k, the curvature H ∈ Ω^3(T^d) reads as

H =^1_{3!} ϖ_{ijk} dx^i ∧ dx^j ∧ dx^j . (B.25)

When d = 3 and ϖ_{ijk} = ε_{ijk}, then H ∈ Ω^3_{cl,Z}(T^3) and the Dixmier-Douady class of the bundle gerbe G(T^3) is the natural generator of H^3(T^3, Z) = Z.

Stable isomorphism. For any line bundle T → X we define a bundle gerbe δ(T ) fflffl T fflffl X^{[2] pr1} //_{pr2} // X ϕ fflffl M

(B.26)

where δ(T ) = pr^∗_1(T )⊗pr^∗_2(T^∗), i.e., δ(T )_{(x1 ,x2)} = T_{x2} ⊗T^∗_{x1} . A bundle gerbe G over M which is isomorphic to a bundle gerbe of the form (δ(T ), X) has vanishing Dixmier-Douady class dd(G) = 0 and is said to be trivial. The gerbe (δ(T ), X) has a natural connective structure provided by choosing a connection ▼ on T → X, and taking the induced connection ∇ := δ(▼) = pr^∗_1(▼) − pr^∗_2(▼) on δ(T ) → X^{[2]} with curving B = F_▼ ∈ Ω^2(X); then dB = 0 so (δ(T ), X) is a flat gerbe, i.e., H = 0. More generally, a connective structure on a trivial gerbe is specified by a two-form b ∈ Ω^2(M) such that

B = F_▼ + π^∗(b) . (B.27)

Its curvature is

H = db , (B.28)

and the Deligne two-cocycle (g_{abc}, A_{ab}, B_a) of this connective structure is a gauge transform of the trivial two-cocycle (1, 0, b) by a Deligne two-coboundary d(h_{ab}, a_a), cf. (B.14), g_{abc} = h_{ab} h_{bc} h_{ca} , A_{ab} = a_a − a_b + 1 2π i d log h_{ab} and B_a = b + da_a , (B.29)

where (h, a) is the Deligne one-cocycle of the line bundle (T , ▼). The gauge equivalence classes of connective structures on the trivial gerbe thus form the group Ω^2(M)/Ω^2_{cl,Z}(M) of topologically trivial B-fields on M.

A stable isomorphism between bundle gerbes G = (E, X) and G^′ = (E^′, X^′ ) with connective structure is a trivialization of the product G^∗ ⊗ G^′ := (E^∗ ⊗ E^′, X ×_M X^′ ) as a gerbe with connective structure; their connections coincide ∇^′ = ∇, while their B-fields and H-fluxes are related by B^′ = B + F_▼ + ϕ^∗(b) and H^′ = H + db for some two-form b ∈ Ω^2(M). The set of stable isomorphism classes of bundle gerbes with connective structure is the Cheeger-Simons differential cohomology group Ĥ^3(M).

C. Courant algebroids

In this appendix we collect relevant definitions and results concerning Courant algebroids, which are the appropriate generalizations of Lie algebroids arising in higher quantization. A more detailed overview of this material can be found e.g. in [84].

Courant algebroids. Courant algebroids are symplectic Lie 2-algebroids [53]. Explicitly, consider a vector bundle E → M over a smooth manifold M equipped with a non-degenerate symmetric bilinear form ⟨−, −⟩ and a skew-symmetric bracket [−, −]_E : C^∞(M, E) ⊗ C^∞(M, E) −→ C^∞(M, E) , (C.1) together with an anchor map ρ : E → T M. We define further the Jacobiator J : C^∞(M, E)⊗ C^∞(M, E) ⊗ C^∞(M, E) → C^∞(M, E) by J(ψ_1, ψ_2, ψ_3) := [ [ψ_1, ψ_2]_E , ψ_3 ] E + [ [ψ_2, ψ_3]_E , ψ_1 ] E + [ [ψ_3, ψ_1]_E , ψ_2 ] E , (C.2)

a ternary map T : C^∞(M, E) ⊗ C^∞(M, E) ⊗ C^∞(M, E) → C^∞(M) by

T (ψ_1, ψ_2, ψ_3) = ⟨ [ψ_1, ψ_2]_E , ψ_3 ⟩ + ⟨ [ψ_2, ψ_3]_E , ψ_1 ⟩ + ⟨ [ψ_3, ψ_1]_E , ψ_2 ⟩ , (C.3)

and the pullback D : C^∞(M) → C^∞(M, E) of the exterior derivative d via the adjoint map ρ^∗ by ⟨Df, ψ⟩ = ρ_ψ(f) , (C.4) where f ∈ C^∞(M) and ψ, ψ_i ∈ C^∞(M, E).

Such a vector bundle is called a Courant algebroid [85] if the following conditions are satisfied:

(i) The Jacobi identity holds up to an exact expression: J(ψ_1, ψ_2, ψ_3) = DT (ψ_1, ψ_2, ψ_3); (ii) The anchor map ρ is compatible with the bracket: ρ_{[ψ1,ψ2]E} = [ρ_{ψ1} , ρ_{ψ2} ]_{T M} ; (iii) There is a Leibniz rule: [ψ_1, f ψ_2]_E = f [ψ_1, ψ_2]_E + ρ_{ψ1} (f) ψ_2 −^1_2 ⟨ψ_1, ψ_2⟩ Df; (iv) ⟨Df, Dg⟩ = 0; (v) ρ_ψ ( ⟨ψ_1, ψ_2⟩ ) = ⟨ [ψ, ψ_1]_E +^1_2 D⟨ψ, ψ_1⟩ , ψ_2 ⟩ + ⟨ ψ_1 , [ψ, ψ_2]_E +^1_2 D⟨ψ, ψ_2⟩ ⟩ ; where ψ, ψ_i ∈ C^∞(M, E) and f, g ∈ C^∞(M).

An involutive Lagrangian sub-bundle D ⊆ E, i.e., D ∼= D^⊥ with respect to the metric ⟨−, −⟩, is called a Dirac structure along M. The integrability condition for a Dirac structure is the requirement that its space of sections C^∞(M, D) is closed under the bracket [−, −]_E of the Courant algebroid. Dirac structures provide a generalized and unified framework in which to treat symplectic and Poisson structures on manifolds.

Exact Courant algebroids. The Courant algebroid we are exclusively interested in is given by the standard Courant algebroid structure on the Pontryagin bundle C = T M ⊕ T^∗M. On sections of C, we define the Dorfman bracket

(X_1, α_1) ∘ (X_2, α_2) := [X_1, X_2]_{T M} + L_{X1} α_2 − ι_{X2} dα_1 . (C.5)

This bracket is convenient, as it satisfies a Leibniz rule: ψ_1 ∘ (ψ_2 ∘ ψ_3) = (ψ_1 ∘ ψ_2) ∘ ψ_3 + ψ_2 ∘ (ψ_1 ∘ ψ_3) for ψ_i ∈ C^∞(M, C). We are, however, more interested in the Courant(-Dorfman) bracket which is the skew-symmetrization of the Dorfman bracket given by [ (X_1, α_1) , (X_2, α_2) ] := ( [X_1, X_2]_{T M} , L_{X1} α_2 − L_{X2} α_1 −^1_2 d(ι_{X1} α_2 − ι_{X2} α_1) ) . (C.6)

The Courant algebroid structure on C is given by the Courant bracket, the metric induced by the natural pairing between T M and T^∗M, ⟨ (X_1, α_1) , (X_2, α_2) ⟩ = ι_{X1} α_2 + ι_{X2} α_1 , (C.7)

and the anchor map is the trivial projection ρ : C → T M; the map D : C^∞(M) → C^∞(M, C) is given by Df =^1_2 df. This is an exact Courant algebroid, i.e., it fits into the short exact sequence 0 −→ T^∗M^{ρ∗}−→ C^ρ−→ T M −→ 0 . (C.8) The bundle metric on C is of split signature, and the cotangent bundle T^∗M is a Lagrangian sub-bundle defining a Dirac structure along M.

Conversely, any closed three-form ϖ on M yields an exact Courant algebroid with a Lagrangian splitting: We endow C = T M ⊕T^∗M with the structure of a Courant algebroid with the ϖ-twisted Courant bracket given by [86] [ (X_1, α_1) , (X_2, α_2) ] ϖ := ( [X_1, X_2]_{T M} , L_{X1} α_2 − L_{X2} α_1 (C.9) −^1_2 d(ι_{X1} α_2 − ι_{X2} α_1) + ι_{X1} ι_{X2} ϖ ) , and the remaining structure maps given as above. Every exact Courant algebroid on M is isomorphic to one of this form; given a Lagrangian splitting λ : T M → C, the closed three-form ϖ ∈ Z^3(M) is obtained as

ϖ(X_1, X_2, X_3) = ⟨ [λ(X_1), λ(X_2)]_C , λ(X_3) ⟩ . (C.10)

Given two closed three-forms ϖ and ϖ^′, the associated exact Courant algebroids are isomorphic if and only if [ϖ] = [ϖ^′ ] in H^3(M, R). Thus exact Courant algebroids over a manifold M are classified by the degree three cohomology H^3(M, R). In particular, given a bundle gerbe with connective structure encoded in a Deligne two-cocycle [(g_{abc}, A_{ab}, B_a)] with respect to a Stein cover U = (U_a → M) of M, we put the standard Courant algebroid C_a := T U_a ⊕ T^∗U_a on each patch U_a and glue them together using dA_{ab}; this gives an exact Courant algebroid C → M with a splitting λ : T M → C given by the curving (B_a). Under this correspondence, a Dirac structure D ⊂ C along M corresponds to a canonical flat D-connection on the associated gerbe.

For details on how to integrate exact Courant algebroids, see [87, 88] and references therein. Polarization in this context should be described as a lift of a Dirac structure D of the standard Courant algebroid C = T M ⊕ T^∗M to an integrating Courant groupoid T G ⊕ T^∗G over T M ⊕ A^∗(G), where G ⇒ M is a Lie groupoid. Note that the vector bundle D → M is naturally a Lie algebroid with bracket given by the Courant bracket and anchor map the restriction to D of the canonical projection E → T M; the general problem of integration of Dirac structures was solved in [72].

Lie 2-algebras. Given an exact Courant algebroid C associated to a 2-plectic manifold, we can define an associated Lie 2-algebra^{23} L_∞(C) as follows [89, 53]: The underlying

23Recall that a (semistrict) Lie 2-algebra is a 2-term L∞-algebra.

graded vector space is

L_∞(C) = L_{−1} ⊕ L_0 with L_0 = C^∞(M, C) and L_{−1} = C^∞(M) , (C.11)

endowed with maps

μ_1(f + ψ) := Df ,

μ_2(f_1 + ψ_1, f_2 + ψ_2) := [ψ_1, ψ_2]_E +^1_2 ( ⟨ψ_1, Df_2⟩ − ⟨Df_1, ψ_2⟩ ) , μ_3(f_1 + ψ_1, f_2 + ψ_2, f_3 + ψ_3) := −T (ψ_1, ψ_2, ψ_3) ,

(C.12)

where f, f_i ∈ C^∞(M) and ψ, ψ_i ∈ C^∞(M, C).

Example. Let M = T^d be the d-dimensional torus with the constant H-flux (B.25). In the local coordinates (x^i) for T^d used in (B.25), a natural frame for T M ⊕ T^∗M is given by X_i = ∂ ∂x^i and P^i = dx^i . (C.13)

Writing X_i for (X_i, 0) and P^i for (0, P^i) for simplicity, the metric is given by

⟨X_i, P^j ⟩ = δ_i^j . (C.14)

The corresponding twisted Courant-Dorfman algebra is isomorphic to the d-dimensional Heisenberg algebra, realized as the 2-step nilpotent Lie algebra of rank d with the nontrivial brackets

[X_i, X_j ]_H = ϖ_{ijk} P^k . (C.15)

Together with the remaining non-trivial structure map

T (X_i, X_j , X_k) = 3 ϖ_{ijk} , (C.16)

this yields the Lie 2-algebra describing the nonassociative deformation of the closed string phase space by a constant background H-flux in the R-space duality frame [19, 64, 24].

Generalized geometry. In generalized geometry, the standard Courant algebroid C = T M ⊕ T^∗M is called the generalized tangent bundle and it is a replacement for the ordinary tangent bundle. The Courant-Dorfman bracket is similarly thought of as a replacement for the ordinary commutator of vector fields. Just as the group of diffeomorphisms Diff(M) acts as bundle maps of T M preserving the Lie bracket [−, −]_{T M} , the group Diff(M) ⋉ Ω^2_{cl}(M) acts as bundle morphisms of C preserving the Courant algebroid structure.

More generally, for any Courant algebroid E → M we define a generalized complex structure to be a vector bundle map J : E → E with J^2 = −1_E which preserves the fiberwise metric and satisfies an integrability condition. The map J can be equivalently encoded by a complex Dirac structure D ⊂ E ⊗ C which is transverse to its complex conjugate D: The bundle D corresponds to the +i-eigenbundle of the complexification of J and D to the −i-eigenbundle. Then E ⊗ C is a complex Courant algebroid with a splitting E ⊗ C = D ⊕ D into Dirac sub-bundles. This induces flat D-connections on the corresponding gerbes which may be thought of as generalized holomorphic structures in prequantization, see [90].

References

[1] Y. Nambu, Generalized Hamiltonian dynamics, Phys. Rev. D 7 (1973) 2405.

[2] J. C. Baez, A. E. Hoffnung, and C. L. Rogers, Categorified symplectic geometry and the classical string, Commun. Math. Phys. 293 (2010) 701 [0808.0246 [math-ph]].

[3] C. L. Rogers, Courant algebroids from categorified symplectic geometry, 1001.0040 [math-ph].

[4] C. L. Rogers, 2-plectic geometry, Courant algebroids, and categorified prequantization, 1009.2975 [math-ph].

[5] E. Hawkins, A groupoid approach to quantization, J. Symplectic Geom. 6 (2008) 61 [math.SG/0612363].

[6] A. Weinstein and P. Xu, Extensions of symplectic groupoids and quantization, J. Reine Angew. Math. 417 (1991) 159.

[7] M. Crainic, Prequantization and Lie brackets, J. Symplectic Geom. 2 (2004) 579 [math.DG/0403269].

[8] M. Crainic and C. Zhu, Integrability of Jacobi structures, Ann. Inst. Fourier (Grenoble) 57 (2007) 1181 [math.DG/0403268].

[9] K. Gawędzki, Topological actions in two-dimensional quantum field theories, Nonperturbative quantum field theory (Cargèse, 1987), 101–141, NATO Adv. Sci. Inst. Ser. B Phys., 185, Plenum, New York, 1988.

[10] J.-L. Brylinski, Loop spaces, characteristic classes and geometric quantization, Birkhäuser, 2007.

[11] V. T. Filippov, n-Lie algebras, Sib. Mat. Zh. 26 (1985) 126.

[12] J. DeBellis, C. Saemann, and R. J. Szabo, Quantized Nambu-Poisson manifolds and n-Lie algebras, J. Math. Phys. 51 (2010) 122303 [1001.3275 [hep-th]].

[13] C. Saemann and R. J. Szabo, Groupoid quantization of loop spaces, PoS CORFU2011 (2012) 46 [1203.5921 [hep-th]].

[14] E. Bergshoeff, D. S. Berman, J. P. van der Schaar, and P. Sundell, A noncommutative M-theory five-brane, Nucl. Phys. B 590 (2000) 173 [hep-th/0005026].

[15] S. Kawamoto and N. Sasakura, Open membranes in a constant C-field background and noncommutative boundary strings, JHEP 0007 (2000) 014 [hep-th/0005123].

[16] A. Gustavsson, Self-dual strings and loop space Nahm equations, JHEP 0804 (2008) 083 [0802.3456 [hep-th]].

[17] C. Saemann, Constructing self-dual strings, Commun. Math. Phys. 305 (2011) 513 [1007.3301 [hep-th]].

[18] S. Palmer and C. Saemann, Constructing generalized self-dual strings, JHEP 1110 (2011) 008 [1105.3904 [hep-th]].

[19] D. Lüst, T-duality and closed string non-commutative (doubled) geometry, JHEP 1012 (2010) 084 [1010.1361 [hep-th]].

[20] P. Bouwknegt, K. Hannabuss, and V. Mathai, Nonassociative tori and applications to T-duality, Commun. Math. Phys. 264 (2006) 41 [hep-th/0412092].

[21] R. Blumenhagen, A. Deser, D. Lüst, E. Plauschinn, and F. Rennecke, Non-geometric fluxes, asymmetric strings and nonassociative geometry, J. Phys. A 44 (2011) 385401 [1106.0316 [hep-th]].

[22] R. Blumenhagen and E. Plauschinn, Nonassociative gravity in string theory?, J. Phys. A 44 (2011) 015401 [1010.1263 [hep-th]].

[23] D. Baraglia, Leibniz algebroids, twistings and exceptional generalized geometry, J. Geom. Phys. 62 (2012) 903 [1101.0856 [math.DG]].

[24] D. Mylonas, P. Schupp, and R. J. Szabo, Membrane sigma-models and quantization of non-geometric flux backgrounds, JHEP 1209 (2012) 012 [1207.0926 [hep-th]].

[25] S. Palmer and C. Saemann, M-brane models from non-abelian gerbes, JHEP 1207 (2012) 010 [1203.5757 [hep-th]].

[26] C. Saemann and M. Wolf, Non-abelian tensor multiplet equations from twistor space, 1205.3108 [hep-th].

[27] C. Saemann and R. J. Szabo, Branes, quantization and fuzzy spheres, PoS CNCFG2010 (2010) 005 [1101.5987 [hep-th]].

[28] C. Saemann and R. J. Szabo, Quantization of 2-plectic manifolds, Proc. of the 4-th Annual Meeting of the European Non-Commutative Geometry Network, Bucharest, 25.4.–30.4. 2011 1106.1890 [hep-th].

[29] D. S. Berman and B. Pioline, Open membranes, ribbons and deformed Schild strings, Phys. Rev. D 70 (2004) 045007 [hep-th/0404049].

[30] M. A. Rieffel, Lie group convolution algebras as deformation quantizations of linear Poisson structures, Am. J. Math. 112 (1990) 657.

[31] V. Kathotia, Kontsevich’s universal formula for deformation quantization and the Campbell-Baker-Hausdorff formula, Int. J. Math. 11 (2000) 523 [math.QA/9811174].

[32] A. Agostini, κ-Minkowski representations on Hilbert spaces, J. Math. Phys. 48 (2007) 052305 [hep-th/0512114].

[33] Y. Kosmann-Schwarzbach, Poisson manifolds, Lie algebroids, modular classes: A survey, SIGMA 4 (2008) 005 [0710.3098 [math.SG]].

[34] A. Coste, P. Dazord, and A. Weinstein, Groupoïdes symplectiques, in: “Publications du département de mathématiques de l’université de Lyon,” I, number 2/A-1987.

[35] N. M. J. Woodhouse, Geometric quantization, Oxford mathematical monographs, Clarendon, New York, 1992.

[36] M. Bordemann, E. Meinrenken, and M. Schlichenmaier, Toeplitz quantization of Kähler manifolds and gl(N), N → ∞ limits, Commun. Math. Phys. 165 (1994) 281 [hep-th/9309134].

[37] M. Schlichenmaier, Berezin-Toeplitz quantization of compact Kähler manifolds, in:

“Quantization, coherent states and Poisson structures” (Bialowiecza 1995), 101, PWN Warsaw, 1998, Mannheimer Manuskripte Nr. 203 q-alg/9601016.

[38] C. Iuliu-Lazaroiu, D. McNamee, and C. Saemann, Generalized Berezin quantization, Bergman metrics and fuzzy Laplacians, JHEP 0809 (2008) 059 [0804.4555 [hep-th]].

[39] J. Rawnsley, Coherent states and Kähler manifolds, Quat. J. Math. Oxford 28 (1977) 403.

[40] N. P. Landsman and B. Ramazan, Quantization of Poisson algebras associated to Lie algebroids, in: “Groupoids in Analysis, Geometry, and Physics,” (Boulder, CO, 1999), 159–192, Contemp. Math., 282, Amer. Math. Soc., Providence, RI, 2001. math-ph/0001005.

[41] P. de M. Rios and G. M. Tuynman, On Weyl quantization from geometric quantization, Talk given at the XVII Bialowieza conference on geometric methods in physics, Bialowieza (Poland), 1–8 July 1998 math-ph/0201044.

[42] K. Mikami, Symplectic double groupoids over Poisson (ax + b)-groups, Trans. Am.

Math. Soc. 324 (1991) 447.

[43] P. Bouwknegt and V. Mathai, D-branes, B-fields and twisted K-theory, JHEP 0003 (2000) 007 [hep-th/0002023].

[44] P. Bouwknegt, A. L. Carey, V. Mathai, M. K. Murray, and D. Stevenson, Twisted K-theory and K-theory of bundle gerbes, Commun. Math. Phys. 228 (2002) 17 [hep-th/0106194].

[45] M. F. Atiyah and G. Segal, Twisted K-theory, math.KT/0407054.

[46] L. Takhtajan, On foundation of the generalized Nambu mechanics, Commun. Math. Phys. 160 (1994) 295 [hep-th/9301111].

[47] J. A. de Azcarraga and J. M. Izquierdo, n-ary algebras: A review with applications, J. Phys. A 43 (2010) 293001 [1005.1028 [hep-th]].

[48] M. Axenides and E. Floratos, Nambu-Lie 3-algebras on fuzzy 3-manifolds, JHEP 02 (2009) 039 [0809.3493 [hep-th]].

[49] P. Gautheron, Some remarks concerning Nambu mechanics, Lett. Math. Phys. 37 (1996) 103.

[50] I. Vaisman, A survey on Nambu-Poisson brackets, Acta Math. Univ. Comenianae 68 (1999) 213 [math.DG/9901047].

[51] M. Forger, C. Paufler, and H. Römer, The Poisson bracket for Poisson forms in multisymplectic field theory, Rev. Math. Phys. 15 (2003) 705 [math-ph/0202043].

[52] G. Barnich, R. Fulp, T. Lada, and J. Stasheff, The sh Lie structure of Poisson brackets in field theory, Commun. Math. Phys. 191 (1998) 585 [hep-th/9702176].

[53] D. Roytenberg, On weak Lie 2-algebras, in: “XXVI Workshop on Geometrical Methods in Physics 2007,” ed. Piotr Kielanowski et al., AIP Conference Proceedings volume 956, American Institute of Physics, Melville, NY 0712.3461 [math.QA].

[54] J. Baez and A. S. Crans, Higher-dimensional algebra VI: Lie 2-algebras, Theory Appl.

Categ. 12 (2004) 492 [math.QA/0307263].

[55] F. Cantrijn, A. Ibort, and M. de Leon, On the geometry of multisymplectic manifolds, J. Austr. Math. Soc. 66 (1999) 303.

[56] A. Pressley and G. Segal, Loop groups, Oxford Mathematical Monographs, 1988.

[57] A. Stacey, Constructing smooth manifolds of loop spaces, Proc. London Math. Soc. 99 (2009) 195 [math.DG/0612096].

[58] J. E. Marsden and A. Weinstein, Coadjoint orbits, vortices and Clebsch variables for incompressible fluids, Physica D 7 (1983) 305.

[59] K. Waldorf, Transgression to loop spaces and its inverse, II. Gerbes and fusion bundles with connection, 1004.0031 [math-ph].

[60] K. Waldorf, Transgression to loop spaces and its inverse, III. Gerbes and thin fusion bundles, Adv. Math. 231 (2012) 3445 [1109.0480 [math-ph]].

[61] M. Mackaay and R. Picken, The holonomy of gerbes with connections, Adv. Math. 170 (2002) 287 [math.DG/0007053].

[62] M. Crainic and R. L. Fernandes, Integrability of Poisson brackets, J. Diff. Geom. 66 (2004) 71 [math.DG/0210152].

[63] A. Weinstein, Symplectic groupoids, geometric quantization, and irrational rotation algebras, in: “Symplectic Geometry, Groupoids, and Integrable Systems,” Springer, New York, 1991.

[64] C. Condeescu, I. Florakis, and D. Lüst, Asymmetric orbifolds, non-geometric fluxes and non-commutativity in closed string theory, JHEP 1204 (2012) 121 [1202.6366 [hep-th]].

[65] F. Bonechi, N. Ciccoli, N. Staffolani, and M. Tarlini, The quantization of the symplectic groupoid of the standard Podles̀ sphere, J. Geom. Phys. 62 (2012) 1851 [1004.3163 [math.SG]].

[66] L. Lempert, Loop spaces as complex manifolds, J. Diff. Geom. 38 (1993) 519.

[67] C. R. LeBrun, Twistor CR manifolds and three-dimensional conformal geometry, Trans. Am. Math. Soc. 284 (1984) 601.

[68] A. D. Popov, C. Saemann, and M. Wolf, The topological B-model on a mini-supertwistor space and supersymmetric Bogomolny monopole equations, JHEP 0510 (2005) 058 [hep-th/0505161].

[69] K. C. H. Mackenzie, General theory of Lie groupoids and Lie algebroids, Cambridge University Press, 2005.

[70] A. Connes, Noncommutative geometry, Academic Press, 1994.

[71] M. Crainic and R. L. Fernandes, Integrability of Lie brackets, Ann. of Math. 157 (2003) 575 [math.DG/0105033].

[72] H. Bursztyn, M. Crainic, A. Weinstein, and C. Zhu, Integration of twisted Dirac brackets, Duke Math. J. 123 (2004) 549 [math.DG/0303180].

[73] A. Weinstein, Symplectic groupoids and Poisson manifolds, Bull. Amer. Math. Soc. 16 (1987) 101.

[74] I. Vaisman, Lectures on the geometry of Poisson manifolds, Birkhäuser, 1994. [75] N. J. Hitchin, The moduli space of complex Lagrangian submanifolds, Asian J. Math 3 (1999) 77 [math.DG/9901069].

[76] D. S. Chatterjee, On gerbs, PhD thesis, University of Oxford, 1998. [77] M. K. Murray, Bundle gerbes, J. London Math. Soc. 54 (1996) 403 [dg-ga/9407015]. [78] M. K. Murray and D. Stevenson, Bundle gerbes: Stable isomorphism and local theory, J. London Math. Soc. 62 (2000) 925 [math.DG/9908135].

[79] M. K. Murray, An Introduction to bundle gerbes, in: The many facets of geometry:

A tribute to Nigel Hitchin, eds. O. Garcia-Prada, J.-P. Bourguignon and S. Salamon, Oxford University Press, Oxford, 2010 0712.1651 [math.DG].

[80] J. Cheeger and J. Simons, Differential characters and geometric invariants, Lect. Notes Math. 1167 (1985) 50.

[81] K. Gomi and Y. Terashima, Higher-dimensional parallel transports, Math. Res. Lett.

8 (2001) 25.

[82] A. Kapustin, D-branes in a topologically nontrivial B-field, Adv. Theor. Math. Phys.

4 (2000) 127 [hep-th/9909089].

[83] A. L. Carey, S. Johnson, and M. K. Murray, Holonomy on D-branes, J. Geom. Phys. 52 (2002) 186 [hep-th/0204199].

[84] D. Roytenberg, Courant algebroids, derived brackets and even symplectic supermanifolds, PhD thesis, University of California at Berkeley, 1999 [math.DG/9910078] .

[85] Z.-J. Liu, A. Weinstein, and P. Xu, Manin triples for Lie bialgebroids, J. Diff. Geom.

45 (1997) 457 [math.DG/9508013].

[86] P. Severa and A. Weinstein, Poisson geometry with a 3 form background, Prog. Theor. Phys. Suppl. 144 (2001) 145 [math.SG/0107133].

[87] D. Li-Bland and P. Severa, Integration of exact Courant algebroids, ERAMS 19 (2012) 58 [1101.3996 [math.DG]].

[88] Y. Sheng and C. Zhu, Higher extensions of Lie algebroids and application to Courant algebroids, 1103.5920 [math-ph].

[89] D. Roytenberg, On the structure of graded symplectic supermanifolds and Courant algebroids, in: “Quantization, Poisson Brackets and Beyond,” ed. Th. Voronov, Contemp. Math., Vol. 315, Am. Math. Soc., Providence, RI, 2002 math.SG/0203110.

[90] M. Gualtieri, Generalized Kähler geometry, 1007.3485 [math.DG].