arXiv:1211.0564v1 [cond-mat.stat-mech] 2 Nov 2012

Holographic Symmetries and Generalized Order Parameters for Topological Matter

Emilio Cobanera,^1 Gerardo Ortiz,^2 and Zohar Nussinov^3 1Instituut-Lorentz, Universiteit Leiden, P.O. Box 9506, 2300 RA Leiden, The Netherlands^∗ 2Department of Physics, Indiana University, Bloomington, IN 47405, USA 3Department of Physics, Washington University, St. Louis, MO 63160, USA (Dated: November 6, 2012)

We introduce a universally applicable method, based on the bond-algebraic theory of dualities, to search for generalized order parameters in disparate systems including non-Landau systems with topological order. A key notion that we advance is that of holographic symmetry. It reflects situations wherein global symmetries become, under a duality mapping, symmetries that act solely on the system’s boundary. Holographic symmetries are naturally related to edge modes and localization. The utility of our approach is illustrated by systematically deriving generalized order parameters for pure and matter-coupled Abelian gauge theories, and for some models of topological matter.

PACS numbers: 05.30.Rt,75.10.Kt,11.15.Ha

Introduction.— Landau’s concept of an order parameter (OP) and its relation to spontaneous symmetry breaking are central in physics [1]. In systems with long-range Landau orders, two-point correlation functions of an OP field O(r), in their large distance limit, tend to a finite (i.e., non-zero) value, lim |r−r^′ |→∞ lim N^d→∞ ⟨O(r)O^†(r^′)⟩ ≠ 0, (1) where N is the linear size of the d-dimensional system, and O(r) is local in the (spatial) variable r. It is in Landau’s spirit to use the OP as a macroscopic variable characterizing the ordered phase and as an indicator of a possible phase transition (classical or quantum) to a disordered state where the right hand-side of (1) vanishes.

There is much experience, including systematic methods [2, 3], for deriving Landau OPs and their effective field theories [1]. Landau’s ideas of a (local) OP cannot be extended to topological states of matter as, by their definition [4, 5], these lie beyond Landau’s paradigm. However, the crucial notion of long-range order can be extended to topological phases - phases that can only be meaningfully examined by non-local probes [5]. Topological orders appear in gauge theories, quantum Hall and spin liquid states (when defined as deconfined phases of emergent gauge theories [6]), including well studied exactly solvable models [7, 8].

In this paper we demonstrate that generalized nonlocal OPs may diagnose topological phases of matter. Most importantly, we outline a method based on bondalgebraic duality mappings to search systematically for generalized OPs. Dualities have the striking capability of mapping Landau to topological orders and viceversa for essentially two reasons. First, dualities in general represent non-local transformations of elementary degrees of freedom [9] and may even perform transmutation of statistics [10]. Second, bond-algebra techniques [10–12] allows for generation of dualities in finite and infinite systems. As we will show, in systems with a boundary, dualities realize a form of holography [13] capable of transforming a global symmetry that may drive spontaneous symmetry breakdown into a boundary symmetry. We term these distinguished boundary symmetries holographic. They are under suitable further conditions connected to edge (boundary) states.

To illustrate the method, we show that deconfined phases of matter-coupled gauge theories, known to be unidentifiable by standard OPs and Wilson loops, can nonetheless be diagnosed by generalized non-local OPs that we explicitly derive. Some of these OPs turn out to be closely related to ratios of gauge-invariant correlators conjectured in the past [14, 15] in this connection.

The search for generalized order parameters.— A natural mathematical language to describe a physical system is that for which the system’s degrees of freedom couple locally. This simple observation is key to understanding that topological order is a property of a state(s) relative to the algebra of observables used to probe the system experimentally [5]. In the language in which the system is topologically ordered, it is also robust (at zero temperature [16]) against perturbations local in that language. Spectral properties (including degeneracies) are invariant under unitary transformations of the local Hamiltonian H governing the system, H → UHU^†. If UHU^† corresponds to a sensible, local theory, then the unitary transformation U establishes a duality [10]. A duality may map a system that displays topological order to one that does not [5]. Dualities for several of Kitaev’s models [7, 8, 17] epitomize this idea [5, 12, 16].

Since dualities are unitary transformations (or, more generally, partial isometries) [10] they cannot change a phase diagram, only its interpretation. This leads to a central point of our work: A duality mapping a Landau to a topologically ordered system must map the Landau OP to a generalized OP characterizing the topological order. Our method to search for generalized OPs combines this observation with the advantages of the bond-algebraic theory of dualities. In this framework, dualities in arbitrary size (finite or infinite) systems can be systematically searched for as alternative local representations of algebras of interactions (bond algebras) associated to a Hamiltonian H. Hence it is possible for any system possessing topological order to systematically search for a duality mapping it to a Landau order. When a dual Landau theory is found, the dual system’s OP can be mapped back to obtain a generalized OP for the topologically ordered system.

In what follows, we study various quantum gauge and topologically ordered theories and their duals to illustrate our ideas. In the supplemental material [18], we discuss the construction of correlation functions and candidates for (generalized) OPs directly from products of bonds.

Holographic symmetries and edge states: the gauged Kitaev wire.— We next illustrate the concept of holographic symmetry and its relation to generalized OPs and edge modes. Consider the Kitaev wire Hamiltonian [17] with open boundary conditions, here generalized to include a Z_2 gauge field,

H_{GK} = −ih N∑ m=1 b_ma_m − N−1∑ m=1 [iJb_mσ^z_{(m;1)}a_{m+1} + κσ^x_{(m;1)}], (2) where a_m = a^†_m, b_m = b^†_m denote two Majorana fermions ({a_m, a_n} = 2δ_{mn} = {b_m, b_n}, {a_m, b_n} = 0) placed on each site of an open chain with N sites. The Pauli matrices σ^α_{(m;1)}, α = x, z, placed on the links (m; 1) connecting sites m and m + 1 represent a Z_2 gauge field. For the gauged Kitaev wire, fermionic parity is obtained as the product of the local (gauge) Z_2 symmetries ib_1a_1σ^x_{(1;1)}, σ^x_{(N−1;1)}ib_N a_N , and σ^x_{(m;1)}ib_{m+1}a_{m+1}σ^x_{(m+1;1)} (m = 1, · · · , N − 2). Just like the standard Kitaev wire, H_{GK}[h = 0] has two free edge modes a_1 and b_N .

The gauged Kitaev wire possesses two important dualities. It is dual to the one-dimensional Z_2 Higgs model [19]

H_H = −h N∑ i=1 σ^x_i − N−1∑ i=1 [Jσ^z_i σ^z_{(i;1)}σ^z_{i+1} + κσ^x_{(i;1)}], (3)

with Pauli matrices σ^α_i placed on sites i. Moreover, the gauge-reducing [10] duality mapping Φ_d ib_ma_m^{Φd}−→ σ^z_mσ^z_{m+1}, m = 1, · · · , N, (4) ib_mσ^z_{(m;1)}a_{m+1}^{Φd}−→ σ^x_{m+1}, m = 1, · · · , N − 1,

σ^x_{(m;1)}^{Φd}−→ σ^z_{m+1}, m = 1, · · · , N − 1,

transforms H_{GK} into a spin-1/2 system

H^D_{GK} = −h N∑ m=1 σ^z_mσ^z_{m+1} − N∑ m=2 [Jσ^x_m + κσ^z_m]. (5)

defined on (N + 1) sites. The fermionic parity maps to a holographic symmetry under this duality, since

P = ∏_N m=1 ib_ma_m^{Φd}−→ σ^z_1 σ^z_{N+1}, i.e., the product of two (commuting) boundary symmetries. Holography is a relational phenomenon (see [18] for numerous examples). A duality that uncovers an holographic symmetry links a global (higher-dimensional) symmetry of a system to a boundary (lower-dimensional) symmetry of the system’s dual. Boundary symmetries need not in general be duals of global symmetries.

What is the physical consequence of having an holographic symmetry? Consider the not uncommon situation in which the holographic symmetry is supplemented by some other non-commuting boundary symmetry in some region of the phase diagram, and is also known to originate from a global symmetry spontaneously broken in that region. Then the many-body level degeneracy of the ground state may be ascribed purely to boundary effects. If the system’s couplings are now changed, the ground state degeneracy may get removed, together with some of the boundary symmetries. However, as long as the system remains in the topological phase dual to the (spontaneous symmetry breaking) ordered phase, the ground-state splitting will be exponentially small in the system size, so that in the thermodynamic limit the ground state becomes again degenerate.

The language providing the most local operator description of the ground-state manifold is the one realizing the edge modes, which are expected to be exponentially localized to the boundary. Thus as long as the thermodynamic-limit degeneracy remains, a suitable local probe will detect localization on the boundary for those states. Conversely, non-commuting edge mode operators in a gapped phase reflect the existence of lowenergy many-body states whose energy difference vanishes exponentially in the system size. Many-body (zeroenergy) edge states are thus simply a natural consequence of a degenerate ground state manifold in a gapped system. They are witnesses of an ordered (degenerate) phase described in a most local language. Note that boundary operators that commute with the Hamiltonian at special values of the coupling(s) are a necessary but not sufficient condition to realize exact (zero-energy) edge modes.

The duality H_H → H_{GK} maps a global symmetry of H_H[κ, h = 0] to a boundary symmetry of H_{GK}[κ, h = 0], σ^x_1 · · · σ^x_{N−1}σ^y_N → b_N , and a boundary symmetry to another, σ^z_1 → a_1. If we now turn on h < J, keeping κ = 0, the edge mode operators a_1, b_N , evolve respectively into Γ_1 = ∑_N m=1(−h/J)^{m−1}a_m( ∏_{m−1} s=1 σ^z_{(s;1)}) and Γ_2 = ∑_N m=1(h/J)^{N−m}b_m( ∏_{N−1} s=m σ^z_{(s;1)}). These modes are exponentially localized as long as the system is in the ordered gapped phase within a gauge sector [22]. The Majorana language affords a local boundary description of these (partly non-local in the Higgs language) zero-energy modes. For h > J, and/or κ > 0, the ground state is unique, even in the thermodynamic limit, as we learn from the phase diagram of the onedimensional Higgs model [19]. Hence the zero-energy modes disappear together with the ground-state degeneracy. For κ > 0, they disappear despite the fact that fermionic parity remains an exact symmetry and cannot be spontaneously broken [20]. Consider now H^D_{GK} of Eq. (5). At h = 0, it has zero-energy edge mode operators σ^z_1 , σ^x_1 , σ^z_{N+1}, σ^x_{N+1}. For h > 0, and κ = 0, two of these remain unchanged, and the other two evolve into Σ_1 = σ^x_1 + ∑_{N−1} m=1(h/J)^mσ^y_1 ( ∏_m s=2 σ^x_s )σ^y_{m+1} and Σ_2 = σ^x_{N+1} + ∑_N m=2(h/J)^mσ^y_m( ∏_N s=m+1 σ x s )σ^y_{N+1}. These behave just as their Majorana relatives, yet they are recognized as non-local. The Majorana language distinguishes itself as the most local one for zero modes.

To obtain a generalized OP for the gauged Kitaev wire, notice that H^D_{GK}[κ = 0] reduces to the transversefield Ising (TI) chain. Hence it exhibits a second-order phase transition at J = h, κ = 0. For H^D_{GK}[κ = 0], this transition is witnessed by the Landau OP correlator lim_{|i−j|→∞}⟨TI|σ^z_i σ^z_j |TI⟩ (|·⟩ = ground state). Our duality maps this correlator back to a generalized OP for the gauged Kitaev wire, the string correlator lim_{|i−j|→∞}⟨GK|ib_ia_iib_{i+1}a_{i+1} · · · ib_j a_j |GK⟩. Generalized OPs in higher-dimensional theories— We now systematically derive string OPs in two-dimensional quantum Z (solid-on-solid type) gauge [21] and Abelian (U(1)) Higgs theories. In Ref. [18], we discuss Ising and Z_p gauge and Higgs theories, the Z_p extended toric code as a direct example of topological order, and the XY model on the Kagome lattice as an example of a frustrated system. Extensions, based on the bondalgebraic theory of non-Abelian dualities [11], to non- Abelian groups and Hopf-algebraic models of anyons are under investigation. Some of our results are related to physically inspired counterparts in matter-coupled gauge theories [14, 15]. We consider the quantum XY model,

FIG. 1. The Z gauge theory exactly dual to the quantum XY model must satisfy special boundary conditions and possesses a boundary symmetry. The lattice corresponding to the XY model is shown in thick lines, for N = 4.

H_{XY} = J 2 N−1∑ i=1 N∑ j=1 (s_{(i,j)}s^†_{(i+1,j)} + h.c.) (6)

+ J 2 N∑ i=1 N−1∑ j=1 (s_{(i,j)}s^†_{(i,j+1)} + h.c.) + h N∑ i,j=1 L^2_{(i,j)}. Here, s_r ≡ e^{−iθr} are U(1) spins, where the site locations r = (i, j) in the square lattice coordinate system, L_r ≡ −i∂/∂θ_r. The XY model is dual to (the gaugeinvariant sector of) a Z (solid-on-solid like) gauge theory. Before explicitly writing down its Hamiltonian, we first describe this dual theory. The quantum solid-on-solid type gauge theory which forms the dual to this theory is defined on a square lattice on which there is an integer m ∈ Z associated with each link (r; μ = 1, 2). The link operators in the dual theory satisfy X|m⟩ = m|m⟩, R|m⟩ = |m − 1⟩, R^†|m⟩ = |m + 1⟩. Operators associated with different links commute with one another. With these preliminaries, we now write the Hamiltonian of the exact dual of H_{XY} for open boundary conditions,

H_{ZG}= −h N∑ i,j=1 b^2_{(i,j)} + J 2 N∑ i=2 N∑ j=1 (R_{(i,j;2)} + h.c.)

+ J 2 N∑ i=1 N∑ j=2 (R_{(i,j;1)} + h.c.). (7) We will denote those link indices (i, j; μ = 1, 2) labeling the R operators that explicitly appear in H_{ZG} as system indices and term the remaining link indices as extra indices. In the bulk, the plaquette operator b_{(i,j)} reads

b_{(i,j)} ≡ X_{(i,j;1)} + X_{(i+1,j;2)} − X_{(i,j+1;1)} − X_{(i,j;2)}. (8)

On the lattice boundary, the plaquette operators are set by two rules: (i) b_{(1,N)} = X_{(1,N;1)} −X_{(2,N;2)} −X_{(1,N+1;1)}. Thus, b_{(1,N)} involves one degree of freedom X_{(1,N+1;1)} labelled by an extra link index. (ii) The remaining boundary plaquettes are determined by Eq. (8) provided operators labelled by extra link indices are omitted. With these definitions in tow, the mapping of bonds b_{(i,j)}^{Φd}−→ L_{(i,j)}, 1 ≤ i, j ≤ N, (9) R_{(i,j;1)}^{Φd}−→ s^†_{(i,j−1)}s_{(i,j)}, 1 ≤ i ≤ N, 2 ≤ j ≤ N, R_{(i,j;2)}^{Φd}−→ s_{(i−1,j)}s^†_{(i,j)}, 2 ≤ i ≤ N, 1 ≤ j ≤ N, implements the duality transformation H_{ZG}^{Φd}−→ H_{XY}. As the operators R_{(1,N+1;1)}, R^†_{(1,N+1;1)} do not appear in H_{ZG}, the operator X_{(1,N+1;1)} constitutes a boundary symmetry of H_{ZG}. Similar to the duality between the onedimensional theories of Eqs. (2) and (5), this is a gaugereducing duality. The gauge symmetries of H_{ZG}, given by A_{(i,j)} = R_{(i,j;1)}R_{(i,j;2)}R^†_{(i−1,j;1)}R^†_{(i,j−1;2)}, 2 ≤ i, j ≤ N, are removed by mapping A_{(i,j)}^{Φd}−→ 1. The Hamiltonian H_{ZG} involves 2(N − 1)N + 1 degrees of freedom and exhibits (N −1)^2 gauge symmetries leading to N^2 remaining degrees of freedom which are matched by the number of spins in H_{XY}. In Fig. 1, we depict the XY model and its gauge dual along with, as we explain next, the holographic symmetry that this gauge theory displays.

In the thermodynamic (N → ∞) limit, the stronglycoupled (J ≫ h) phase of the XY model displays spontaneous symmetry breakdown of its global U(1) symmetry whose generator is L_{XY} = ∑_N i,j=1 L(i,j) as evinced by

a non-vanishing ⟨XY|s_r s^†_r′ |XY⟩ (where |XY⟩ denotes the ground state of the XY system) in the limit of infinite separation |r − r^′| → ∞. By virtue of being dual to the XY system, the gauge theory displays a non-analyticity in its ground state energy. However, the phase transition in the gauge theory cannot be characterized by a local OP. So, how can the duality connecting the two models bridge the drastic gap separating the physical interpretation of their common phase diagram? The answer lies in our notion of holography, since

−X_{(1,N+1;2)} = N∑ i,j=1 b_{(i,j)}^{Φd}−→ L_{XY}. (10)

Thus, the global symmetry of the XY model is holographically dual to the (local) boundary symmetry X_{(1,N+1;2)} of its dual gauge theory. This local symmetry cannot be spontaneously broken [20]. This is how holographic symmetries explains the non-Landau nature of critical transitions in the Z gauge theory. Notice that there are no edge modes or localization associated to this holographic symmetry, since the ordered phase of the XY model is gapless.

We now derive a generalized OP for the Z gauge theory. Let Γ be an oriented path from r to r^′ with directed links l ∈ Γ, and set S_l = s_r s^†_{r+eμ} if l points from r to r + e_μ, and S_l = s^†_rs_{r+eμ} if l points oppositely from r + e_μ to r. Then s_rs^†_r′ = ∏ l∈Γ S_l. If bonds along Γ maps to those along Γ^∗ under duality such that Φ_d(R_l∗ ) = S_l, then G = ⟨ZG| ∏ l^∗∈Γ^∗ R_l∗ |ZG⟩^{Φd}−→ ⟨XY|s_rs^†_r′ |XY⟩. (11)

Thus, the (infinite separation limit of the) string correlator G is a generalized OP for the Z gauge theory distinguishing confinement from deconfinement. As seen in Fig. 2, Γ^∗ need not be continuous. On a closed path, ∏ l^∗ ∈Γ^∗ Rl^∗ reduces to a product of gauge symmetries.

FIG. 2. Dual sets of links Γ^∗ and Γ.

Next, we couple the Z gauge theory to a Z matter field, H_{ZH} = H_{ZG} + H_M, with

H_M = ∑ r [ 1 2 (R_r +h.c.)+κ ∑ μ=1,2 (X_{r+eμ} −X_r−qX_{(r;μ)})^2 ] . (12) The gauge invariant sectors of H_{ZH} and the Abelian Higgs model describing U(1) matter fields s_r of charge q minimally coupled to U(1) gauge fields u_{(r;μ)},

H_{AH}= ∑ r [ ∑ μ=1,2 ( κL^2_{(r;μ)} + J 2 (s_r u^q_{(r;μ)}s^†_{r+eμ} + h.c.) )

+ 1 2 (u_{(r;1)}u_{(r+e1 ;2)}u^†_{(r+e2 ;1)}u^†_{(r;2)} + h.c.) + hL^2_r ] ,(13)

are dual to one another as seen by the mapping. A bond algebraic duality,

R_{(r;1)}^{Φd}−→ s^†_{r−e2} u^{q†}_{(r−e2;2)}s_r ,

R_{(r;2)}^{Φd}−→ s_{r−e1} u^q_{(r−e1;1)}s^†_r , (14)

with similar relations for the remaining fields [23], connects the two theories. From Eqs. (14) with |ZH⟩ and |AH⟩ denoting ground states of the respective models, ⟨ZH| ∏ l^∗ ∈Γ^∗ R_l∗ |ZH⟩^{Φd}−→ ⟨AH|s_rs^†_r′ ∏ l∈Γ u^q_l |AH⟩. (15)

On the right-hand side, we set u_l = u^q_{(r;μ)} if a link l points from r to r + e_μ and set u_l = u^{q†}_{(r;μ)} otherwise. The Abelian Higgs string product ∏ l∈Γ u^q_l = e^{−iq ∑l∈Γ θl} is path-dependent. On closed contours Γ, this reduces to a Wilson loop. In the limit of large Γ, the gaugeinvariant correlator for the Abelian Higgs model on the right-hand side of Eq. (15) is directly related to the intuitively motivated normalized string orders suggested by earlier works [14, 15]. In these works, the scaling of the string correlators with their lengths was investigated and considerations were advanced for physically inspired normalization factors so as to extract the pertinent phases.

Outlook.— As demonstrated, holographic symmetries and generalized OPs appear in numerous systems once boundary conditions are properly accounted for in the framework of bond-algebraic dualities. By providing many examples, our results might bring the theory of generalized OPs and topological orders to a new level of development closer to that of Landau’s theory. More key problems need to be tackled. First, the sufficient conditions under which a given topological order may be mapped to a Landau order and viceversa should be understood. Second, the problem of associating effective field theories to generalized OPs should be studied systematically.

Acknowledgements. This work was supported by the Dutch Science Foundation NWO/FOM and an ERC Advanced Investigator grant, and, in part, under grants No. NSF PHY11-25915 and CMMT 1106293.

∗ Electronic address: ecobaner@indiana.edu [1] H. Nishimori and G. Ortiz, Elements of Phase Transitions and Critical Phenomena (Oxford University Press, Oxford, 2011).

[2] C. D. Batista, G. Ortiz, and J. E. Gubernatis, Phys. Rev.

B 65, 180402(R) (2002).

[3] S. Furukawa, G. Misguich, and M. Oshikawa, Phys. Rev.

Lett. 96, 047211 (2006).

[4] X-G. Wen, Int. J. Mod. Phys. B 4, 239 (1990). [5] Z. Nussinov and G. Ortiz, Annals of Physics 324, 977 (2009); Proceedings of the National Academy of Sciences 106, 16944 (2009).

[6] K. Gregor, D. A. Huse, R. Moessner, and S. L. Sondhi, New J.Phys. 13, 025009 (2011).

[7] A. Yu Kitaev, Ann. Phys. 303, 2 (2003). [8] A. Yu Kitaev, Ann. Phys. 321, 2 (2006). [9] F. J. Wegner, J. Math. Phys. 12, 2259 (1971). [10] E. Cobanera, G. Ortiz, and Z. Nussinov, Phys. Rev. Lett.

104, 020402 (2010); Adv. Phys. 60, 679 (2011). [11] E. Cobanera, G. Ortiz, and E. Knill, arXiv:1206.1367v1 [cond-mat.stat-mech] (2012).

[12] Z. Nussinov and G. Ortiz, Phys. Rev. B 79, 214440 (2009).

[13] Z. Nussinov, G. Ortiz, and E. Cobanera, Ann. Phys. 327, 2491 (2012).

[14] J. Bricmont and J. Frölich, Phys. Lett. B 122, 73 (1983). [15] K. Fredenhagen and M. Marcu, Phys. Rev. Lett. 56, 223 (1986); Comm. Math. Phys. 92, 81 (1983).

[16] Z. Nussinov and G. Ortiz, Phys. Rev. B 77, 064302 (2008).

[17] A. Yu Kitaev, Phys.-Usp. 44, 131 (2001). [18] Supplemental material.

[19] E. Fradkin and S. Shenker, Phys. Rev. D 19, 3682 (1979). [20] S. Elitzur, Phys. Rev. D 12, 3978 (1975). [21] I. Herbut, A Modern Introduction to Critical Phenomena (Cambridge University Press, Cambridge, 2010).

[22] A precise estimate follows from [H_{GK}[κ = 0], Γ1] = −2iJ(−h/J)^N bN σ^z_{(N−1;1)} · · · σ^z_{(1;1)}, and [H_{GK}[κ = 0], Γ2] = −2iJ(h/J)^N a1σ^z_{(1;1)} · · · σ^z_{(N−1;1)}.

[23] The remainder of the duality mapping reads br^{Φd}−→ Lr , (Xr+e_1 − qX_{(r;1)} − Xr )^{Φd}−→ L_{(r−e2;2)} , (Xr+e_2 −

qX_{(r;2)} − Xr )^{Φd}−→ −L_{(r−e1;1)} , and Rr^{Φd}−→ u^†_{(r−e1−e2;1)}u^†_{(r−e2;2)}u_{(r−e1;1)}u_{(r−e1−e2;2)}.

Supplemental Material: Introduction.— In the main text, we illustrated key ideas by examining several examples: (i) the quantum one-dimensional Ising matter coupled gauge theory (the Z_2 Higgs model) and its dual quantum spin chain in an external field, (ii) a twodimensional quantum XY model and its solid-on-solid (Z) type gauge theory dual, and (iii) the quantum U(1) matter coupled (or Abelian Higgs) gauge theory and its Z matter field coupled gauge dual.

In what follows, we illustrate how our concepts can be similarly worked out in other examples: (iv) the twodimensional transverse field Ising model and its quantum Ising gauge theory dual, (v) the self-dual two-dimensional quantum Z_2 Higgs model, (vi) the two-dimensional quantum p-clock model and its Z_p gauge theory dual, (vii) the two-dimensional Z_p Higgs theory which we earlier illustrated to be self-dual for all p, (viii) the two-dimensional Z_p Higgs theory and its Extended Toric Code dual, and (ix) the quantum XY model on the kagome lattice and its Z gauge theory dual. Taken together, these examples demonstrate how holographic symmetries and generalized OPs and associated correlators can be systematically derived in disparate theories.

The two-dimensional transverse field Ising model and its quantum Ising gauge theory dual.— As in the main text, we will perform dualities for finite size systems and explicitly label the Cartesian coordinates 1 ≤ i, j ≤ N of sites r = (i, j) on an N × N square lattice. The planar transverse-field Ising model for such any N × N square lattice system is given by

H_I = −h N∑ i,j=1 σ^x_{(i,j)} (16)

− J N−1∑ i=1 N∑ j=1 σ^z_{(i,j)}σ^z_{(i+1,j)} − J N∑ i=1 N−1∑ j=1 σ^z_{(i,j)}σ^z_{(i,j+1)}. The first term denotes the transverse field along the x direction while last two terms correspond to Ising interactions (along the internal σ^z direction) associated with horizontal and vertical links of the lattice respectively. This transverse field Ising model is dual to (the gaugeinvariant sector of) the Z_2 Ising gauge theory in the infinite size limit [1]. For open boundary conditions, we obtain via a bond-algebraic duality the exact dual of H_I which reads

H_{IG} = −h N∑ i,j=1 B_{(i,j)} (17)

− J N∑ i=2 N∑ j=1 σ^x_{(i,j;2)} − J N∑ i=1 N∑ j=2 σ^x_{(i,j;1)}. Following our earlier conventions, the link indices (i, j; μ) = (r; μ), μ = 1, 2, that appear explicitly in H_{IG} labeling spins σ^x will be termedallowed indices, with all other link indices being forbidden. This convention will be invoked to define the plaquette product B_{(i,j)} which will omit forbidden links. The plaquette operators will be of a similar nature to those of Fig. 1 of the main text. In the “bulk”, the plaquette operator B_{(i,j)} reads

B_{(i,j)} ≡ σ^z_{(i,j;1)}σ^z_{(i+1,j;2)}σ^z_{(i,j+1;1)}σ^z_{(i,j;2)}. (18)

At the topmost left site (see Fig. 1), B_{(1,N)} = σ^z_{(1,N;1)}σ^z_{(2,N;2)}σ^z_{(1,N+1;1)}. Hence B_{(1,N)} involves one spin σ^z_{(1,N+1;1)} labelled by a forbidden link index (see Fig. 1). Elsewhere on the boundary of the square lattice, the remaining boundary plaquettes are determined by Eq. (34) provided spins labelled by forbidden link indices are omitted.

We now examine to the bond algebra- the set of algebraic relations between the interaction terms in the Hamiltonian of Eqs. (16, 17). This will allow us to establish a duality mapping between the transverse field Ising model and the Ising gauge theory. A natural partition of the transverse field Ising Hamiltonian H_I of Eq. (16) is into three type of bonds: (a) the transverse fields {σ^x_{(i,j)}}, (b) horizontal Ising interactions {σ^z_{(i,j)}σ^z_{(i+1,j)}}, and (c) vertical Ising interactions {σ^z_{(i,j)}σ^z_{(i,j+1)}}. The bond algebra of this system is exhausted by the following relations:

(1) All bonds of type (b) and (c) commute amongst themselves and each other.

(2) Single site bonds of type (a) anticommute with the two-site bonds of type (b) [or (c)] whenever any two such bonds share a common site on the lattice; this is a trivial consequence of the anticommutation relation {σ^x_r , σ^z_r} = 0.

(3) Whenever bonds of type (a) share no common lattice sites with bonds of type (b) or (c) then any such bonds commute with one another. That this is so is readily seen as [σ^x_r , σ^z_r′ ] = 0 whenever r ≠ r^′.

(4) The square of any bond is the identity operator ((σ^x_r )^2 = (σ^z_r′ )σ^z_r′_{+μ})^2 = 1)).

(5) The product of any horizontal/vertical bonds of types (b) and type (c) around any closed plaquette is equal to the identity operator. That is, as (σ^r )^2 = 1 for any site r, for all 2 ≤ i, j ≤ N, 1 = [σ^z_{(i,j)}σ^z_{(i−1,j)}][σ^z_{(i−1,j)}σ^z_{(i−1,j−1)}] ×[σ^z_{(i−1,j−1)}σ^z_{(i,j−1)}][σ^z_{(i,j−1)}σ^z_{(i,j)}] (19) Upon removing gauge redundancies, an identical set of relations appears for the bonds of the Ising gauge theory of Eq. (17). To underscore this, we partition Eq. (17) into three types of bonds as follows: (a’) the plaquette operators {B_{(i,j)}}, (b’) gauge fields σ^x_{i,j;2} on vertical and

(c’) gauge fields σ^x_{i,j;1} on longitudinal links. That similarity of algebraic relations underlies the duality mapping between the theories. That the two theories of Eqs. (16, 17) are indeed dual to each other on an N × N square lattice (with of an size arbitrary N) is readily seen by the mapping of the bonds (a,b,c) → (a’,b’,c’), or

B_{(i,j)}^{Φd}−→ σ^x_{(i,j)}, (20) σ^x_{(i,j;1)}^{Φd}−→ σ^z_{(i,j−1)}σ^z_{(i,j)}, j = 2, · · · , N, (21) σ^x_{(i,j;2)}^{Φd}−→ σ^z_{(i−1,j)}σ^z_{(i,j)}, i = 2, · · · , N, (22) once the local gauge symmetries of the Ising gauge theories are removed and set to unity,

A_{(i,j)} = σ^x_{(i,j;1)}σ^x_{(i,j;2)}σ^x_{(i−1,j;1)}σ^x_{(i,j−1;2)}^{Φd}−→ 1. (23)

With the constraint of Eq. (23) implemented, redundant gauge degrees of freedom are eliminated- applying a gauge transformation of the form of Eq. (23) does not lead to a new state. As the mapping of Eqs. (20, 23) preserves all of the algebraic relations amongst the bonds in both theories of Eqs. (16, 17), this mapping implements an duality H_{IG}^{Φd}−→ H_I for any N × N square lattice. Similar to the main text, we briefly elaborate on the change of number of degrees of freedom once Eq. (23) is implemented and how this leads to an identical number of degrees of freedom in both the transverse field Ising and Ising gauge theory. The counting of the number of degrees of freedom is identical to that of the U(1) system examined in the main text. We repeat it anew here for the Ising systems at hand. The Hamiltonian H_{IG} describes 2(N −1)N +1 spins and possesses (N −1)^2 gauge symmetries which are removed by the constraint of Eq. (23). This leaves a total of 2(N −1)N +1−(N −1)^2 = N^2 independent spins. This is precisely the number of spins in H_I.

Now, we turn to a quintessential feature seen by this duality- that of the holographic symmetry. As, by virtue of our definitions above of forbidden indices, σ^z_{(1,N+1;1)} makes an appearance only in B_{(1,N)} (see Fig. 1) and σ^x_{1,N+1;1)} appears nowhere in the Hamiltonian of Eq. (17), the operator σ^z_{(1,N+1;1)} constitutes a boundary symmetry of H_{IG}. What is this boundary symmetry’s origin? The answer is afforded by a simple calculation,

σ^z_{(1,N+1;2)} = N∏ i,j=1 B_{(i,j)}^{Φd}−→ Q_I. (24)

Thus, the boundary symmetry σ^z_{(1,N+1;2)} is holographic. As seen by Eq. (24), this symmetry is a “hidden” dual of the global Z_2 symmetry of the Ising model. Its recognition became possible with the specific choice of operators and use of bond algebras which suited to treat exactly for finite size systems and their boundaries.

We conclude our examination of this duality and its consequences by deriving the OP of the Ising gauge theory. As we will establish now, this OP will be given by string products- products of operators along connected links. To write this OP, we need to set a few preliminaries. Towards this end, as in the main text, we let Γ denote a path (set of concatenated links) in the Ising model’s lattice, starting at site r_1 and ending at r_2 so that ∏ (r,μ)∈Γ σ z rσ^z_{r+eμ} = σ^z_{r1} σ^z_{r2} . We furthermore let (r^∗, e^∗_μ) denote that link in the lattice of the Ising gauge theory such that Φ_d(σ^x_{(r∗ ,eμ∗)}) = σ^z_r σ^z_{r+eμ} . From these definitions, it follows that G_Γ∗ ≡ ⟨IG| ∏ (r^∗,e_μ∗)∈Γ^∗ σ^x_{(r}∗_{,eμ∗)}|IG⟩^{Φd}−→ ⟨I|σ^z_{r1} σ^z_{r2} |I⟩. (25) In Eq. (25), |IG⟩ and |I⟩ denote, respectively, the ground states of the Ising gauge (Eq. (17)) and Transverse field Ising model (Eq. (16)). Thus, putting all of the pieces together, the (infinite separation limit of the) string correlator G_Γ∗ is the generalized OP of the Ising gauge theory. This OP is the dual of the Landau order as it appears in Eq. (1).

The self-dual Z_2 Higgs model in two dimensions.— We next examine the self-dual quantum Ising matter coupled gauge theory on the square lattice. Similar to its onedimensional variant of Eq. (2), the Hamiltonian of this system is given by

H_H = − ∑ r (hB_r + λσ^x_r ) (26) − ∑ r ∑ μ=1,2 (Jτ^x_{(r;μ)} + κσ^z_rτ^z_{(r;μ)}.σ^z_{r+eμ} ). (27)

Similar to the main text, In the Z_2 Higgs Hamiltonian of Eq. (26), σ^{x,z}_r are Pauli operators that reside on the lattice site r (which play the role of quantum matter fields) while the quantum gauge fields τ^{x,z}_{(r;μ)} are Pauli operators that lie on a square lattice link that connects the site r with a neighboring site site r + μ along one of the two (μ = 1, 2) square lattice directions. Following all that we have stated thus far, the reader can verify that the correspondence of bonds

B_r^{Φsd}−→ σ^x_r , (28)

σ^x_{(r;1)}^{Φsd}−→ σ^z_{r−e2} τ^z_{(r−e2 ;2)}σ^z_r , (29)

σ^x_{(r;2)}^{Φsd}−→ σ^z_{r−e1} τ^z_{(r−e1 ;1)}σ^z_r , (30)

along with analogous relations for the matter fields [6] proves that H_{Higgs} is self-dual in its gauge-invariant sector. It is straightforward to check that Γ^∗ maps to the path Γ just as before under the self-duality mapping of Eqs. (29,30). Hence, ⟨H| ∏ (r;μ)∈Γ^∗ σ^x_{r;μ}|H⟩^{Φsd}−→ ⟨H|σ^z_{r1} σ^z_{r2} ∏ (r;μ)∈Γ σ^z_{(r;μ)}|H⟩, (31) where |H⟩ denotes the ground state of the Higgs Hamiltonian of Eq. (26). The gauge-invariant correlator on the right-hand side of Eq. (31) is related to known string OPs for Higgs theories [2, 3]. The reader is referred to these works for details concerning asymptotic behaviors of string operators in the confined and deconfined phases. For completeness, we briefly reiterate that in these OPs [2, 3], the expectation value of Eq. (31) is divided by string [2] (or Wilson loop [3] products which are derived from Γ. This division enables the extraction of the nontrivial asymptotic large Γ behavior of the string correlator of Eq. (31); This factor is, equivalently, related to the normalization of the state generated, in an imaginary time representation, by the application of the string product on the ground state [3, 4]. Other relations to effective line tension resulting from combined bare line (borne by matter coupling) and surface (generated by pure gauge fields) tensions are discussed in [4].

The Z_p Gauge Model.— We may place the Z_2 theories of the previous sections and the U(1) theories in the main part of the paper at the ends of an infinite sequence of models with Z_p symmetry, p = 2, 3, · · · , ∞.

A “clock model” spin is associated to the group Z_p is described by two unitary p × p matrices U, V satisfying U^p = 1 = V^p and V U = ωUV , with ω = e^{i2π/p} a pth root of unity [5]. When p = 2, these correspond to the Pauli operators σ^{x,z}. Thus the Hamiltonian for the quantum p-clock model can be written as

H_{pC} = − [J 2 N−1∑ i=1 N∑ j=1 U_{(i,j)}U^†_{(i+1,j)} (32)

+ J 2 N∑ i=1 N−1∑ j=1 U_{(i,j)}U^†_{(i,j+1)} + h 2 N∑ i,j=1 V_{(i,j)} ] + h.c. .

Similar to the Z_2 theories, the p-clock is dual to (the gauge-invariant sector of) the Z_p gauge theory

H_{pG} = − [J 2 N∑ i=2 N∑ j=1 V_{(i,j;2)} (33)

+ J 2 N∑ i=1 N∑ j=2 V_{(i,j;1)} + h 2 N∑ i,j=1 B_{(i,j)} ] + h.c. .

Following, verbatim, the same convention as earlier (as also marked in Fig. 1)) yet now applied to these operators, the plaquette operator B_{(i,j)} for plaquettes in the “bulk” is given by

B_{(i,j)} ≡ U_{(i,j;1)}U_{(i+1,j;2)}U^†_{(i,j+1;1)}U^†_{(i,j;2)}. (34)

On the boundary, B_{(1,N)} = U_{(1,N;1)}U^†_{(2,N;2)}U^†_{(1,N+1;1)}. The remaining boundary plaquettes are determined by Eq. (34) provided operators labelled by forbidden link indices (those extend beyond the system boundaries) are omitted, see Fig. 1)). The correspondence of bonds

B_{(i,j)}^{Φd}−→ V^†_{(i,j)}, (35) V_{(i,j;1)}^{Φd}−→ U^†_{(i,j−1)}U_{(i,j)}, j = 2, · · · , N, (36) V_{(i,j;2)}^{Φd}−→ U_{(i−1,j)}U^†_{(i,j)}, i = 2, · · · , N, (37) establishes the (gauge-reducing) duality H_{pG}^{Φd}−→ H_{pC}. The operator U^†_{(1,N+1;1)} is an holographic symmetry of H_{pG}, since

U^†_{(1,N+1;2)} = N∏ i,j=1 B_{(i,j)}^{Φd}−→ N∏ i,j=1 V^†_{(i,j)}. (38)

The operator on the right-hand side of Eq. (38) is the global Z_p symmetry of the quantum p-clock model of Eq. (32). As we see from the left-hand side of Eq. (38), this operator is dual to the boundary symmetry of the gauge theory, U^†_{(1,N+1;2)}. Thus, this symmetry, U^†_{(1,N+1;2)}, is holographic.

As we have in earlier examples, we now systematically devise an order parameter for the gauge theory. This Abelian gauge theory exhibits, as most others, both confined and deconfined phases. The program for methodically deriving a generalized OP diagnostic will replicate our calculations in earlier examples. First, we write down a correlator of the form of Eq. (1) which directly captures the long range order in the Landau type system (in this case, the clock model of Eq. (32)). Relying on the duality between the quantum clock model and the quantum Z_p gauge theory, we then determine the corresponding correlator which serves as a generalized OP for the gauge theory of Eq. (33).

The Landau theory of the quantum p-clock exhibits long range order as seen by the finite value of the twopoint correlation function, in the limit of infinite separation, ⟨pC|U_{(i,j)}U^†_{(i′,j′ )}|pC⟩, √ (i − i^′)^2 + (j − j^′)^2 → ∞, (39) where |pC⟩ denotes the ground state of the p-clock model of Eq. (32). We now map this two-point correlator onto a generalized OP for the gauge theory by invoking the duality that we found. Towards this end, our steps will replicate, yet once again, those that we invoked in earlier examples. Let Γ be an oriented path from r to r^′, and l ∈ Γ its links oriented accordingly. Furthermore, we employ the convention that U_l = U_r U^†_{r+eμ} if l points from r to r+e_μ, and U_l = U^†_r U_{r+eμ} if l points oppositely from r + e_μ to r. With this conventions,

U_rU^†_r′ = ∏ l∈Γ U_l. (40)

If we define Γ^∗ as the set of links mapping to the path Γ under duality and Φ_d(V_l∗ ) = U_l, then we will find that G = ⟨pG| ∏ l^∗ ∈Γ^∗ V_l∗ |pG⟩^{Φd}−→ ⟨pC|U_rU^†_r′ |pC⟩, (41) where |pG⟩ is the ground state of the gauge theory H_{pG}. In the confined phase of the gauge theory, the generalized OP G assumes a non-zero value in the limit of infinite Γ^∗. By contrast, in its deconfined phase, the gauge theory of Eq. (33) has a vanishing value of G as Γ^∗ is made asymptotically large. This result constitutes a generalization of our earlier Ising (i.e., p = 2) results. Thus, similar to our earlier examples, putting all of the pieces together, the (infinite separation limit of the) string correlator G is a generalized OP for the Z_p gauge theory distinguishing confinement from deconfinement, and derived from simple considerations of spontaneous symmetry breakdown, duality, and holographic symmetries.

The self-dual Z_p Higgs model.— We now extend the earlier Ising results to the Z_p system, review the selfduality of the Z_p gauge theory when it is coupled to Z_p matter fields, and derive new string operators for this theory. This matter coupled gauge theory is the quantum Z_p Higgs theory. That is, we will augment the (pure) gauge theory H_{pG} of Eq. (33) by terms that minimally couple the gauge fields on the lattice links U_{r,μ} to matter fields U_r and U_{r+eμ} at sites that form the endpoints of those links as well as by additional matter only terms V_r ,

H_{matter} = − ∑ r [ 1 2 V_r + κ 2 ∑ μ=1,2 U_rU^q_{(r,μ)}U^†_{r+eμ} ] + h.c.. (42) From the minimal coupling term, where q is the power of the gauge field on the link that is coupled to the matter field, similar to the U(1) example in the main text, it is evident that q plays the role of a charge. As U^q = U^{(p−q)†}, this charge can assume the values q = 1, · · · , Int[p/2] (where Int[·] denotes the integer par of its argument). On augmenting the Hamiltonian of Eq. (33) by the terms in Eq. (42), the resulting model Hamiltonian H_{pH}- the (charge q) Z_p Higgs model- is selfdual in its gauge invariant sector [6]. Specifically, this self-duality is given by the mapping

B_r^{Φsd}−→ V^†_r (43)

V_{(r,1)}^{Φsd}−→ U^†_{r−e2} U^{q†}_{(r−e2 ,2)}U_r, (44)

V_{(r,2)}^{Φsd}−→ U_{r−e1} U^q_{(r−e1 ,1)}U^†_r , (45)

for the gauge fields, and the transformation

V^†_r^{Φsd}−→ B^†_{r−e1 −e2} (46)

U_rU^q_{(r,1)}U^†_{r+e1}^{Φsd}−→ V^†_{(r−e2 ,2)}, (47)

U^†_r U^{q†}_{(r,2)}U_{r+e2}^{Φsd}−→ V^†_{(r−e1 ,1)}, (48)

for the matter fields.

The string operator in Eq. (41), becomes, on invoking Eqs. (44, 45), ⟨pH| ∏ l^∗∈Γ^∗ V_l∗ |pH⟩^{Φsd}−→ ⟨pH|U_rU^†_r′ ∏ l∈Γ U^q_l |pH⟩. (49)

In Eq. (49), |pH⟩ denotes the ground state of the Higgs Hamiltonian (given by (H_{pG} + H_{matter})- the sum of the Hamiltonians in Eqs. (33, 42)). Similar to our earlier conventions, in Eq. (49) we set U_l = U^q_{(r,μ)} if l points from r to r + e_μ, and U_l = U^{q†}_{(r,μ)} otherwise.

As in our discussions for the other examples of Higgs theories concerning string OPs and their normalization, in the infinite separation (i.e., Γ) limit, the gaugeinvariant correlator on the right-hand side is related to a normalized generalized OP proposed in Ref. [2, 3]. Taken on a closed path, the right-hand side of Eq. (49) reduces to a Wilson loop.

The Z_p Extended Toric Code model.— The Toric code model [7] and its extensions, e.g., [6, 8, 9] have gained much interest in recent years. Their original motivation was to serve as a caricature of toy models in which some of the basic concepts of topological quantum computing can be explained [7]. Since the model and its variants have been investigated heavily large on their own right. The original Toric code model had an Ising symmetry. In the current section, we will further employ its Z_p variant.

In the current context, our interest in this system derives from the fact that the Z_p Higgs model of the previous section is dual to a generalization of the extended Z_p Toric Code model (pETC). This model is given by

H_{pETC} = − ∑ r [ 1 2 A^{1/q}_r + h 2 B_r (50) + ∑ μ=1,2 ( J 2 V_{(r,μ)} + κ 2 U^q_{(r,μ)}) ] + h.c. , (51) on the square lattice, with A_r = V_{(r,1)}V_{(r,2)}V^†_{(r−e1 ,1)}V^†_{(r−e2 ,2)}. The standard extended Toric Code is recovered for p = 2, in which case q = 1 is the only possible value. The Z_p toric code discussed in Ref. [8] is recovered for q = 1.

A gauge-reducing duality connecting H_{pH} to H_{pETC} is given by V_r^{Φd}−→ A^{1/q}_r , U_rU^q_{(r,1)}U^†_{r+e1}^{Φd}−→ U^q_{(r,1)}, (52)

U^†_r U^{q†}_{(r,2)}U_{r+e2}^{Φd}−→ U^{q†}_{(r,2)},

while leaving the gauge fields invariant , B_r^{Φd}−→ B_r and V_{(r,μ)}^{Φd}−→ V_{(r,μ)}. This duality removes degrees of freedom that lie at lattice sites. While the Hamiltonian H_{pETC} has no global symmetries, the Z_p Higgs model has one global symmetry. Similar to our earlier discussions, the duality H_{pH}^{Φd}−→ H_{pETC} maps a global symmetry of H_{pH} to a holographic symmetry of H_{pETC}.

The generalized OPs introduced in the previous section for the Z_p Higgs model can be mapped to (dual) generalized OPs for the (self-dual) extended Toric Code model. Employing Eqs. (52) on the correlator of Eq. (49), ⟨pH| ∏ l^∗∈Γ^∗ V_l∗ |pH⟩^{Φd}−→ ⟨pETC| ∏ l^∗ ∈Γ^∗ V_l∗ |pETC⟩, (53)

and ⟨pH|U_rU^†_r′ ∏ l∈Γ U^q_l |pH⟩^{Φd}−→ ⟨pETC| ∏ l∈Γ U^q_l |pETC⟩, (54)

where |pETC⟩ is the ground state of the extended toric code model of Eq. (50) and, as in Eq. (49), |pH⟩ denotes the ground state of the Higgs model. As H_{pH} is self-dual in its gauge-invariant sector, H_{pETC} is indeed also selfdual. The two string operators of Eqs. (53,54) transform into each other under this self-duality transformation.

The quantum XY model on the kagome lattice.— We now examine a frustrated spin system with a continuous symmetry: the quantum XY model on the open kagome lattice [see Fig. 3,we will denote this lattice by Λ_K ],

H_{XYK} = ∑ r∈Λ_K 1 2I L^2_r + ∑ ⟨r,r^′⟩ κ cos(θ_r − θ_r′ ). (55)

The XY rotor at any kagome lattice site r has an orientation θ_r and L_r = i^∂_{∂θr} . This XY Hamiltonian is invariant under global rotations generated by the total angular momentum L = ∑ r∈Λ_K Lr. A duality maps this model to

a solid-on-solid like (Z) gauge theory (similar to the one discussed in the main text) which now appears on the dice lattice Λ_D,

H^D_{XYK} = ∑ l∈Λ_D λ(R_l + R^†_l ) + ∑ p∈Λ_D 1 2I ( ∑ l∈∂p (−1)^lX_l

)_2 . (56) Here, l are the oriented links of the dice lattice, p its plaquettes, and (−1)^l = ±1, with (−1)^l = −1 only if l viewed as a link in Λ_D has opposite orientation to that assigned by l ∈ ∂p (∂p = oriented boundary of p). Similar to the examples that we discussed earlier, the exact dual possesses incomplete plaquette at the boundaries; this is seen in the lower panel of the figure. Under the duality transformation, the generator of the global rotational symmetry of the XY model maps onto a holographic symmetry, L = ∑ r∈Λ_K L_r^{Φd}−→ ∑ p∈Λ_D ∑ l∈∂p (−1)^lX_l = X_l′ . (57)

Here, X_l′ is a degree of freedom placed at the boundary link marked with an open circle. Any other X_l enters

FIG. 3. The quantum, U(1) symmetric XY model on the kagome lattice is holographically dual to a solid-on-solid-like gauge theory on the dice lattice.

the twice sum, with opposite sign. This is then an example of holography for a continuous symmetry in a highly frustrated system.

∗ Electronic address: ecobaner@indiana.edu [1] F. J. Wegner, J. Math. Phys. 12, 2259 (1971). [2] J. Bricmont and J. Frölich, Phys. Lett. B 122, 73 (1983). [3] K. Fredenhagen and M. Marcu, Phys. Rev. Lett. 56, 223 (1986); Comm. Math. Phys. 92, 81 (1983).

[4] K. Gregor, D. A. Huse, R. Moessner, and S. L. Sondhi, New J.Phys. 13, 025009 (2011).

[5] G. Ortiz, E. Cobanera, an Z. Nussinov, Nuclear Physics B 854, 780 (2011).

[6] E. Cobanera, G. Ortiz, and Z. Nussinov, Phys. Rev. Lett.

104, 020402 (2010); Adv. Phys. 60, 679 (2011). [7] A. Kitaev, Ann. Phys. 303, 2 (2003).

[8] M. D. Schulz, S. Dusuel, R. Orus, J. Vidal, and K. P.

Schmidt, New J. Phys. 14, 025005 (2012).

[9] I.S. Tupitsyn, A. Kitaev, N.V. Prokof’ev, and P.C.E.

Stamp, Phys. Rev. B 82, 085114 (2010).