arXiv:1211.1562v2 [hep-th] 23 Jan 2013

Bardeen variables and hidden gauge symmetries

in linearized massive gravity

Maud Jaccard, Michele Maggiore, and Ermis Mitsou Département de Physique Théorique and Center for Astroparticle Physics, Université de Genève, 24 quai Ansermet, CH–1211 Genève 4, Switzerland^∗

We give a detailed discussion of the use of the (3 + 1) decomposition and of Bardeen’s variables in massive gravity linearized over a Minkowski as well as over a de Sitter background. In Minkowski space the Bardeen “potential” Φ, that in the massless case is a non-radiative degree of freedom, becomes radiative and describes the helicity-0 component of the massive graviton. Its dynamics is governed by a simple Klein-Gordon action, supplemented by a term (□Φ)^2 if we do not make the Fierz-Pauli tuning of the mass term. In de Sitter the identification of the variable that describes the radiative degree of freedom in the scalar sector is more subtle, and even involves expressions non-local in time. The use of this new variable provides a simple and transparent derivation of the Higuchi bound and of the disappearance of the scalar degree of freedom at a special value of m^2_g /H^2.

The use of this formalism also allows us to uncover the existence of a hidden gauge symmetry of the massive theory, that becomes manifest only once the non-dynamical components of the metric are integrated out, and that is present both in Minkowski and in de Sitter.

I. INTRODUCTION

The problem of formulating a consistent theory of gravity with a massive graviton has a long history. Already in 1939 Fierz and Pauli [1] showed that, when the theory is linearized over Minkowski space, a specific form for the mass term is required to avoid the appearance of a sixth ghost-like degree of freedom. In the 1970s, in another classic paper, Boulware and Deser [2] showed that even with the Fierz-Pauli (FP) mass term the ghost reappears when the non-linearities of the gravitational field are taken into account. Recent years have witnessed a flurry of activity on the problem, stimulated by the possible relevance of infrared modifications of gravity for understanding the origin of dark energy, and by theoretical breakthroughs [3–5] that also have an intrinsic field-theoretical interest.

A recurrent theme in the study of both gauge theories and general relativity is that a good choice of variables can significantly enlighten the physics, and different choices are appropriate for studying different aspects of the theory. Indeed, the recent breakthroughs in massive gravity can be partly traced to a clever way of isolating the dynamics of the helicity-0 mode through a generalization of the Stückelberg trick to general relativity, proposed in [3] (and further studied in various contexts in [6–10]. See [11] for a recent review). This lead recently to the construction of a consistent ghost-free theory of massive gravity to all orders in the decoupling limit and up to quartic order in the non-linearities away from the decoupling limit [4, 5, 12]. The absence of ghosts in this model was proved in full generality using the ADM formalism in [13]. Ghost-free actions with a general reference metric that admits massive spin-2 fluctuations around non-

∗Electronic address: maud.jaccard@unige.ch,michele.maggiore@
unige.ch,ermis.mitsou@unige.ch

flat backgrounds were first considered in [14], and were proven to be free of the Boulware-Deser ghost in [15–17]. Ghost-free dynamics for the reference metric is presented in [18]. Further recent work on ghost-free bimetric theories includes [19–22].

In this paper we provide a detailed discussion of the use of the (3+1) decomposition of the metric and of the gauge-invariant Bardeen variables in linearized massive gravity. This formalism is a standard tool of cosmological perturbation theory [23]. In massive gravity linearized over Minkowski space it was first introduced in [24], and has been applied to massive gravity in a number of recent papers, see e.g. [25–27]. Elaborating on these results, we will see that these variables can be quite useful for elucidating various aspects of the massive theory. In particular we will see that in Minkowski space, as the mass term approaches the FP form, after elimination of the nondynamical components of the metric the dynamics in the scalar sector nicely collapses to a massive Klein-Gordon action for the Bardeen variable Φ, which therefore describes the helicity-0 component of the massive graviton (see also [24, 26]). It is quite interesting to see that Φ, which in the massless case describes a non-radiative degree of freedom (and is in fact usually called the Bardeen “potential”) becomes a radiative degree of freedom when the FP mass term is switched on. Furthermore, for a generic mass term the action in the scalar sector can be reduced to a higher-derivative theory for Φ, in which only Lorentz-covariant structures such as (□Φ)^2 appear. More generally, we will see that the use of the Bardeen variable Φ can be a convenient way of isolating the dynamics of the helicity-0 mode, complementary to the by now standard Stückelberg formalism.

An intriguing consequence of the fact that the helicity- 0 mode of the massive graviton is described by Φ is that a residual gauge symmetry appears, consisting of the transformations h_{μν} → h_{μν} − (∂_μξ_ν + ∂_ν ξ_μ) with ξ_μ parametrized by two scalar functions A(x) and C(x) as ξ_0 = A and ξ_i = ∂_iC. We will see that this symmetry only appears when one eliminates the non-dynamical components of the metric, remaining just with the five independent fields that describe the physical components of a massive graviton (plus the extra ghost-like scalar if we are away from the FP point).

We will then turn to massive gravity linearized over a de Sitter background. We will see that in this case the identification of the radiative degree of freedom that describes the helicity-0 mode of the massive graviton is quite subtle, and we will show that it even involves integrals over time of some metric components. In terms of this variable, after elimination of the non-dynamical degrees of freedom, the dynamics in the scalar sector of linearized massive gravity in de Sitter (with FP mass term) collapses again to a simple Klein-Gordon action. The overall coefficient of this action nicely displays the existence of the Higuchi bound as well as of a point of enhanced symmetry corresponding to the so-called “partially massless” theory, where the scalar degree of freedom disappears. At the same time this dynamical variable is gauge-invariant, which shows that even in de Sitter space, after elimination of the non-dynamical fields, gauge transformations with ξ_0 = A and ξ_i = ∂_iC are a symmetry of the massive theory.

The paper is organized as follows. In sect. II we recall the (3+1) decomposition of the metric in flat space-time and we illustrate how it can be used to separate the metric into pure gauge, radiative and non-radiative degrees of freedom. We also discuss the behavior under Lorentz transformations of the variables entering the (3 + 1) decomposition and of the gauge-invariant Bardeen’s variables. Most of the material in this section is known in the literature (except for the part on Lorentz transformations of the variables entering the (3+1) decomposition), but we find useful to present in a systematic way various results that will be needed in the rest of the paper. In sect. III we use these variables to study massive gravity, linearized over Minkowski space, for a generic quadratic mass term. We explicitly identify the ghost degree of freedom and we find that, at the FP point, the scalar sector is described by the Bardeen variable Φ. We will then see that, outside the FP point, the scalar sector can be reduced to a simple higher-derivative theory for Φ. The hidden gauge symmetry that emerges from this analysis is discussed in sect. IV. In sect. V we discuss this symmetry from the point of view of the Stückelberg formalism. In sect. VI we compare our results with a similar analysis performed in massless and massive electrodynamics. In sect. VII we discuss massive gravity linearized over a de Sitter background. Sect. VIII contains our conclusions and a summary of the main results. Some technical material is relegated in appendixes. We use the signature η_{μν} = (−, +, +, +), units ℏ = c = 1, and we define κ ≡ (32πG)^{1/2}.

II. DECOMPOSITION OF THE METRIC INTO PURE GAUGE, RADIATIVE AND NON-RADIATIVE DEGREES OF FREEDOM

A. (3+1) decomposition of the metric

We begin with a review of the (3+1) decomposition in the massless case. Expanding the metric g_{μν} over flat space, g_{μν} = η_{μν} + h_{μν} , the metric perturbation can be decomposed as

h_{00} = 2ψ , (1) h_{0i} = β_i + ∂_iγ (2) h_{ij} = −2ϕδ_{ij} + ( ∂_i∂_j − 1 3 δ_{ij} ∇^2 ) λ + 1 2 (∂_iϵ_j + ∂_j ϵ_i) + h^{TT}_{ij} , (3)

(where ∇^2 is the flat-space Laplacian) with the constraints

∂_iβ^i = 0 , ∂_iϵ^i = 0 , ∂^j h^{TT}_{ij} = 0 , δ^{ij} h^{TT}_{ij} = 0 , (4)

and the boundary conditions

γ → 0 , λ → 0 , ∇^2λ → 0 , ϵ_i → 0 , (5)

at spatial infinity. As we will review below, these boundary conditions ensure the uniqueness of the decomposition [28]. The tensor h^{TT}_{ij} is a transverse traceless (TT) 3 × 3 symmetric tensor, so it carries two degrees of freedom. The variables β^i and ϵ^i are transverse vector fields, so they carry two degrees of freedom each, and describe vector perturbations of the background. Finally, we have four fields ψ, ϕ, γ, λ that are scalars under spatial rotations and describe the scalar perturbations of the background, for a total of 10 degrees of freedom. This parametrization decomposes the metric perturbations into irreducible representations of translations and spatial rotations and corresponds to a decomposition into eigenfunctions of the Laplacian, i.e. to harmonic analysis. For this reason it is also called the harmonic decomposition, and we will also refer to the variables {ψ, ϕ, γ, λ, β^i, ϵ^i, h^{TT}_{ij} } as harmonic variables.

The linearized massless theory is invariant under the gauge transformations

h_{μν} → h_{μν} − (∂_μξ_ν + ∂_ν ξ_μ) , (6)

which corresponds to linearized diffeomorphisms. To understand the properties of the harmonic variables under this gauge transformation it is useful to write the gauge functions ξ_μ in the form

ξ_0 = A , ξ_i = B_i + ∂_iC , (7)

where B_i is a transverse vector, ∂_iB^i = 0. In terms of these variables eq. (6) reads [28] ψ → ψ − Ȧ , ϕ → ϕ + 1 3 ∇^2C , (8) γ → γ − A − Ċ , λ → λ − 2C , (9) β_i → β_i − Ḃ_i , ϵ_i → ϵ_i − 2B_i , (10) while h^{TT}_{ij} is gauge invariant. As dictated by symmetry, the transformation of the scalars ψ, ϕ, γ and λ depends only on the scalar functions A and C, while the transformation of the transverse vector fields β_i and ϵ_i only depends on the transverse vector field B_i. The fact that h^{TT}_{ij} is gauge invariant is a consequence of the fact that, from the point of view of spatial rotations, ξ^μ decomposes into a spin-0 and a spin-1 part, while a traceless symmetric tensor such as h^{TT}_{ij} is a spin-2 operator.

Using the above variables one can form the following gauge-invariant scalar combinations Φ = −ϕ − 1 6 ∇^2λ , (11)

Ψ = ψ − γ̇ + 1 2 λ̈ , (12)

whose generalization to perturbations of FRW space-time gives the standard Bardeen variables. We will still use this nomenclature in the flat-space case. Similarly we can form a gauge-invariant transverse vector

Ξ_i = β_i − 1 2 ϵ̇_i . (13)

Thus, at the level of linearized theory, we have six gaugeinvariant quantities: the two components of the transverse traceless tensor perturbations h^{TT}_{ij} , the two components of the vector perturbation Ξ_i subject to the condition ∂_iΞ^i = 0, and the two scalar perturbations Φ and Ψ. So, the four gauge functions ξ^μ allow us to eliminate four pure-gauge degrees of freedom from the ten components of h_{μν} , remaining with six gauge-invariant degrees of freedom.

It is important to appreciate that, in a generic gauge, the harmonic variables are in general non-local functions of the metric [28]. This can be seen inverting eqs. (1)– (3), as follows. The variable ψ is simply given by eq. (1), while ϕ is obtained taking the contraction of eq. (3) with δ^{ij} , ψ = 1 2 h_{00} , ϕ = − 1 6 h^i . (14)

Thus, these quantities are local functions of the metric. All the other variables, in contrast, have a non-local dependence on h_{0i} or on h_{ij} . To extract γ we take the divergence of eq. (2) and we invert the Laplacian (which, with the boundary condition that γ vanishes at infinity, is a well-defined operation). This gives

γ = ∇^{−2}(∂^ih_{0i}) . (15)

To extract ∇^2λ we apply the operator ∂^i∂^j to eq. (3) and we get

∇^2λ = − 1 2 h^i + 3 2 ∇^{−2}(∂^i∂^j h_{ij} ) , (16)

where we used the boundary condition that ∇^2λ vanishes at infinity to invert ∇^2(∇^2λ). Requiring further that λ itself vanishes at infinity allows one to invert once more the Laplacian in eq. (16) and obtain λ. From these expressions for ϕ and ∇^2λ we find that the Bardeen variable Φ can be written as

4Φ = h^i − ∇^{−2}(∂^i∂^j h_{ij} ) . (17)

Thus, even Φ is a non-local function of h_{μν} , and the same holds for Ψ, which involves λ and therefore a double inversion of the Laplacian. In the vector sector the inversion of the harmonic decomposition gives

β_i = h_{0i} − ∇^{−2}(∂_i∂^j h_{0j} ) , (18)

ϵ_i = 2∇^{−2} [ ∂^j h_{ij} − ∂_i∇^{−2}(∂^k∂^lh_{kl}) ] , (19)

while h^{TT}_{ij} can be obtained from eq. (3), using the above expressions for ϕ, λ and ϵ_i, and involves both the operator ∇^{−2}, and the operator ∇^{−2}∇^{−2}. Observe however that in the massless theory, when T_{μν} = 0, we can use the gauge invariance to fix the TT gauge, where h^i = 0, h_{0μ} = 0 and ∂^ih_{ij} = 0. In this gauge the scalar and vector variables vanish, as well as the non-local terms in h^{TT}_{ij} , and h_{ij} = h^{TT}_{ij} .

B. Radiative and non-radiative degrees of freedom

1. Action and equations of motion for the gauge-invariant variables

To study the dynamics of the harmonic degrees of freedom we consider the linearization of the Einstein action, expanding g_{μν} = η_{μν} + h_{μν} . The quadratic part of the Einstein-Hilbert action and the interaction term with an external conserved energy-momentum tensor are given by S_2 + S_{int} = ∫ d^4x [ 1 2κ^2 h_{μν} E^{μν,ρσ} h_{ρσ} + 1 2 h_{μν} T^{μν} ] , (20) where κ ≡ (32πG)^{1/2} and E^{μν,ρσ} is the Lichnerowicz operator, defined as^1 E^{μν,ρσ} ≡ 1 2 (η^{μρ}η^{νσ} + η^{μσ} η^{νρ} − 2η^{μν} η^{ρσ} )□ − 1 2 (η^{μρ}∂^σ∂^ν + η^{νρ}∂^σ∂^μ + η^{μσ} ∂^ρ∂^ν + η^{νσ} ∂^ρ∂^μ)

+ (η^{ρσ} ∂^μ∂^ν + η^{μν} ∂^ρ∂^σ) , (21)

and □ = η^{μν} ∂_μ∂_ν is the flat-space d’Alembertian. It is useful to perform the harmonic decomposition also in the

1 Beware that, in the literature, different conventions are used for the overall sign of the Lichnerowicz operator. With our conven- tion E^{μν,ρσ} h_{ρσ} = +□h^{μν} − . . ..

energy-momentum tensor, writing [28]

T_{00} = ρ , (22) T_{0i} = S_i + ∂_iS , (23) T_{ij} = P δ_{ij} + ( ∂_i∂_j − 1 3 δ_{ij} ∇^2 ) σ + 1 2 (∂_iσ_j + ∂_j σ_i) + σ_{ij} , (24)

where

∂_iσ^i = 0 , ∂_iS^i = 0 , ∂^iσ_{ij} = 0 , δ^{ij} σ_{ij} = 0 . (25)

The isotropic part of T_{ij} is P δ_{ij} , where P is the pressure. The remaining terms in T_{ij} define the anisotropic stress tensor and depend on a scalar σ, a transverse vector σ_i and a TT tensor σ_{ij} . As with the harmonic decomposition of the metric, the uniqueness of the decomposition is assured if we assume that S, σ, ∇^2σ and σ^i vanish at spatial infinity.

The quantities that appear in the parametrization of T_{μν} are not all independent, since they are related by energy-momentum conservation ∂_μT^{μν} = 0. Imposing ∂_μT^{μ0} = 0 gives

∇^2S = ρ̇ , (26)

while ∂_μT^{μi} = 0 gives 1 2 ∇^2σ^i − Ṡ^i + ∂^i ( −Ṡ + P + 2 3 ∇^2σ ) = 0 . (27)

Since σ^i and S^i are transverse, see eq. (25), applying ∂_i to this equation we get the condition

∇^2[−Ṡ + P + (2/3)∇^2σ] = 0 . (28)

We impose the boundary conditions that the energymomentum tensor vanishes at infinity (or just that Ṡ, P and ∇^2σ vanish at infinity). Using the fact that a Poisson equation ∇^2f = 0 with the boundary condition f = 0 at infinity only has the solution f(x) = 0, we get −Ṡ + P + 2 3 ∇^2σ = 0 . (29)

Inserting this into eq. (27) we then get

∇^2σ^i = 2Ṡ^i . (30)

Observe that the vector equation (27) separate into an equation for the transverse vector part and one for the scalars that parametrizes the longitudinal vector part. Thus, overall energy-momentum conservation gives two scalar conditions, (26) and (29), and one condition between transverse vectors, eq. (30).

We can now write the linearized action using the (3+1) decomposition of the metric perturbations, eqs. (1)–(3).

The result is

S_2 + S_{int} = 1 κ^2 ∫ d^4x [ −12Φ̇^2 + 4∂_iΦ∂^iΦ − 8∂_iΦ∂^iΨ

+∂_iΞ_j ∂^iΞ^j − 1 2 ∂_μh^{TT}_{ij} ∂^μh^{ij,TT} ]

+ ∫ d^4x [ 3ΦP + Ψρ − Ξ_iS^i + 1 2 h^{TT}_{ij} σ^{ij} ] . (31)

As expected, the action depends only on the gaugeinvariant combinations Φ, Ψ, Ξ_i and h^{TT}_{ij} . We can now derive the equations of motion. Using {ϕ, ψ, λ, γ} as independent variables, the variation with respect to ϕ gives

24Φ̈ − 8∇^2Φ + 8∇^2Ψ = −3κ^2P , (32)

while the variation with respect to ψ gives the Poisson equation

8∇^2Φ = −κ^2ρ . (33)

The variations with respect to λ and γ give a combination of derivatives of these equations. Observe that eqs. (32) and (33) can also be obtained taking directly the variation of the action (31) with respect to Φ and Ψ, respectively.

The variations with respect to β_i (or, equivalently, with respect to Ξ^i) and to h^{TT}_{ij} give, respectively

2∇^2Ξ_i = −κ^2S_i , (34) 2□h^{TT}_{ij} = −κ^2σ_{ij} , (35)

while the equation obtained performing the variation with respect to ϵ_i is implied by eq. (34). Observe that Ψ enters linearly in the action, so it is a Lagrange multiplier. Integrating by parts the term −8∂_iΦ∂^iΨ in the action, the part of the Lagrangian that depends on Ψ is [(8/κ^2)∇^2Φ + ρ]Ψ and the variation with respect to Ψ enforces the constraint (33).

Plugging eq. (33) into eq. (32) we can rewrite the latter as Φ̈ + 1 3 ∇^2Ψ = − 4πG 3 (ρ + 3P ) . (36)

The term Φ̈ can be eliminated observing that eq. (33) implies that 8∇^2Φ̈ = −κ^2ρ̈. Using eq. (26), this becomes 8∇^2Φ̈ = −κ^2∇^2Ṡ. In flat space it is natural to impose the boundary condition that Φ̈ and Ṡ vanish at infinity. Using again the fact that a Poisson equation ∇^2f = 0 with f = 0 at infinity only has the solution f(x) = 0, we get 8Φ̈ = −κ^2Ṡ . (37)

Therefore eq. (32) can be rewritten as

∇^2Ψ = −4πG(ρ + 3P − 3Ṡ) , (38) which can be further simplified using eq. (29) to write 3P − 3Ṡ = −2∇^2σ. In conclusion, in Minkowski space we have

∇^2Φ = −4πGρ , (39) ∇^2Ψ = −4πG(ρ − 2∇^2σ) , (40) ∇^2Ξ_i = −16πGS_i , (41) □h^{TT}_{ij} = −16πGσ_{ij} . (42)

We see that only the tensor perturbations obey a wave equation. The gauge-invariant scalar and vector perturbations obey a Poisson equation, and therefore represent physical but non-radiative degrees of freedom, which are fully determined by the matter distribution. We further observe that

∇^2(Φ − Ψ) = −8πG∇^2σ . (43)

Therefore, if the scalar part of the anisotropic stress tensor vanishes, we have Φ = Ψ. In the absence of matter we have Φ = Ψ = 0 and Ξ_i = 0, and we only remain with the two radiative degrees of freedom described by h^{TT}_{ij} , i.e. with the two polarizations of the massless graviton.

2. Lorentz invariance in harmonic variables

As with any choice of variables in a theory with gauge invariance, the use of the set of harmonic variables {ψ, ϕ, γ, λ, β^i, ϵ^i, h^{TT}_{ij} } has some advantages and some drawbacks. The main advantage is that, out of them, we can construct quantities which are invariant under linearized gauge transformations. Furthermore, under spatial rotations the transformations of the harmonic variables are simple: ψ, λ, γ and ϕ are scalar, β^i and ϵ^i are vectors and h^{TT}_{ij} is a tensor. In contrast, the behavior of these variables under Lorentz boosts is quite complicated (and, as we will see below, even non-local). For instance, we know that the action (31) is Lorentz invariant, since it is just a rewriting of eq. (20) with different variables. However, in the form (31) the Lorentz invariance of the theory is not at all evident. Furthermore, the scalar, vector and tensor sectors are not separately Lorentz invariant, since of course Lorentz boosts mix scalars with vectors, while vectors mix with scalars and tensors, and tensors mix with vectors. It is therefore interesting to study in some detail how the harmonic variables transform under Lorentz boosts, and how the invariance of the the action (31) comes out in this formalism.

A Lorentz transformation of a tensor can be decomposed in two parts, the spin part mixing the Lorentz indices μ and the orbital part mixing the field indices x^μ. It is the spin part that will mix the harmonic variables among themselves since we have decomposed the Lorentz indices μ → (0, i). From the point of view of the orbital part, these are just ten field representations of the Lorentz transformations. This is to make clear that the formalism will lose the manifest Lorentz covariance only as far as the mixing of the tensor components is concerned.

So consider an infinitesimal Lorentz transformation x^μ → x^{′μ} = Λ^μ_ν x^ν with Λ^μ_ν = δ^μ_ν + ω^μ_ν . We then compute the variation δh_{μν} defined as

δh_{μν} ≡ h^′_{μν} (x^′) − h_{μν} (x) = ω_μ^ρh_{ρν} + ω_ν^ρh_{μρ} , (44)

so that the orbital part does not appear since we are only interested in how the components mix. Using the expression of the harmonic variables in terms of the metric found in sect. II A we can obtain their variation under Lorentz transformation. We restrict to boosts, i.e. ω_{ij} = 0, ω_0^i ≠ 0. For ψ and ϕ we get

δψ = ω_0^i(β_i + ∂_iγ) , (45) 3δϕ = −ω_0^i(β_i + ∂_iγ) . (46)

Observe that ψ + 3ϕ is Lorentz invariant, as it should since h = η^{μν} h_{μν} = −2(ψ + 3ϕ). Furthermore, these transformations are local functionals of the metric, since (β_i + ∂_iγ) is simply h_{0i}. The transformations of γ and ∇^2λ are more complicated and non-local, since their expression in terms of the metric involves the inverse Laplacian. Rather than dealing with the transformation under boosts of the inverse Laplacian it is convenient to start from ∇^2γ = ∂^ih_{0i}, and observe that, if under a Lorentz transformation a quantity f has a variation δf, then

δ(∂_μf) = ω_μ^ν ∂_ν f + ∂_μδf , (47)

i.e. we treat formally ∂_μ as any other four-vector, satisfying δ(∂_μ) = ω_μ^ν ∂_ν . In particular, under boosts

δ(∂_0) = ω_{0i}∂_i , δ(∂_i) = ω_{0i}∂_0 , (48)

and therefore

δ(∇^2f) = 2ω_0^i∂_iḟ + ∇^2(δf) . (49)

Thus δ(∇^2γ) = 2ω_0^i∂_iγ̇ + ∇^2(δγ), while δ(∂^ih_{0i}) = ω_0^iḣ_{0i} + ∂^iδh_{0i}, and therefore

∇^2(δγ) = −2ω_0^i∂_iγ̇ + ω_0^iḣ_{0i} + ∂^iδh_{0i} . (50)

This gives

δγ = ω_0^i∇^{−2} [ ∂_i ( 2ψ − γ̇ − 2ϕ + 2 3 ∇^2λ )

+ ( β̇_i + 1 2 ∇^2ϵ_i )] . (51)

Using eq. (16) and proceeding similarly, we get

δ(∇^2λ) = ω_0^i ( −β_i + 2∂_iγ + 3 2 ϵ̇_i ) , (52)

while in the vector sector, using (18) and (19), we find

δβ_i = −ω_0^j ∇^{−2} [ ∂_i∂_j (2ψ − 2ϕ − γ̇) + ∂_iβ̇_j ]

+ω_0^j [ (2ψ − 2ϕ − γ̇)δ_{ij} + 1 3 ( ∂_i∂_j − δ_{ij} ∇^2 ) λ + 1 2 ∂_j ϵ_i + h^{TT}_{ij} ] . (53)

6 δϵ_i = 2ω_0^j ∇^{−2} [ (∂_i∂_j − δ_{ij} ∇^2)(λ̇ − γ) − 1 2 (∂_iϵ̇_j + ∂_jϵ̇_i) + ∂_j β_i + ḣ^{TT}_{ij} ] . (54)

For the gauge-invariant combinations we get

δΦ = 1 2 ω_0^iΞ_i , (55)

δΨ = −2ω_0^i∇^{−2}∂_i(Φ̇ + Ψ̇) + ω_0^iΞ_i − 3 2 ω_0^i∇^{−2}Ξ̈_i ,

(56)

δΞ_i = ω_0^j ∇^{−2} [ □h^{TT}_{ij} − (∂_iΞ̇_j + ∂_jΞ̇_i)

−2(∂_i∂_j − δ_{ij} ∇^2)(Φ + Ψ) ] . (57)

δh^{TT}_{ij} = ω_{0i}Ξ_j + ω_{0j} Ξ_i − δ_{ij} ω_0^kΞ_k

+ω_0^k∇^{−2} [ ∂_i∂_j Ξ_k − ∂_i∂_kΞ_j − ∂_j ∂_kΞ_i

−(∂_iḣ^{TT}_{jk} + ∂_jḣ^{TT}_{ik} ) ] . (58)

Observe that β^{′i} = β^i + δβ^i is transverse with respect to the transformed coordinate x^{′i}, i.e. ∂β^{′i}/∂x^{′i} = 0 or, equivalently, δ(∂_iβ^i) = 0 (and similarly for ϵ_i, Ξ_i and h^{TT}_{ij} ).

Eqs. (55)–(58) show that under boosts the gaugeinvariant variables transform among themselves, although their transformation involves the inverse Laplacian.^2 It is instructive to check explicitly that the action (31) is indeed Lorentz invariant. We neglect for simplicity the interaction term and we split the various terms in eq. (31) into the scalar, vector and tensor sectors,

L_{2,scalar} = −12Φ̇^2 + 4∂_iΦ∂^iΦ − 8∂_iΦ∂^iΨ , (59) L_{2,vector} = ∂_iΞ_j ∂^iΞ^j , (60)

L_{2,tensor} = − 1 2 ∂_μh^{TT}_{ij} ∂^μh^{ij,TT} . (61)

Under spatial rotations L_{2,scalar}, L_{2,vector} and L_{2,tensor} are of course separately invariant. Under boosts, using

2 Since under rotations δΦ = δΨ = 0, δΞ_i = ω_i^j Ξ_j and δh^{TT}_{ij} = ω_i^kh^{TT}_{kj} + ω_j^k h^{TT}_{ki} , these variables transform among themselves under the full Lorentz group. Of course, one should not be surprised to find six objects that transform among themselves under the Lorentz group, despite the fact that symmetric traceless tensors form a 9-dimensional irreducible representation of the Lorentz group. The point is that these are representations on fields, and therefore are infinite-dimensional. This is completely analogous to the fact that a transverse vector field β^i(x) satisfying ∂_iβ^i = 0 is a representation of the rotation group, despite the fact that it has only two independent (field) components. In other words, a transverse vector field is a representation of SO(3) of dimension (∞)^2, despite the fact that a vector is an irreducible representation of dimension 3.

eqs. (55)–(58) (and neglecting total derivatives) we get

δL_{2,scalar} = +4ω_0^iΞ_i∇^2(Φ + Ψ) , (62) δL_{2,vector} = −4ω_0^iΞ_i∇^2(Φ + Ψ) − 2ω_0^iΞ^j □h^{TT}_{ij} ,(63)

δL_{2,tensor} = +2ω_0^iΞ^j □h^{TT}_{ij} , (64)

so the total action is indeed invariant. In contrast L_{2,scalar}, L_{2,vector} and L_{2,tensor} are not separately invariant (unless we impose the equations of motion for Φ, Ψ and h^{TT}_{ij} , which in the case T_{μν} = 0 that we are considering read ∇^2Φ = ∇^2Ψ = □h^{TT}_{ij} = 0).

III. MASSIVE GRAVITY IN HARMONIC VARIABLES

We next use these variables to discuss the massive theory linearized over Minkowski space. It will be instructive to work with a generic Lorentz-invariant mass term, rather than specializing to the FP combination from the beginning. It is also convenient to expand g_{μν} = η_{μν} + κh_{μν} , where κ ≡ (32πG)^{1/2}, i.e. to replace h_{μν} → κh_{μν} in the formulas of the previous section, so that henceforth h_{μν} has canonical dimensions of mass.^3 We therefore consider the Lagrangian density

L_2 = 1 2 [ h_{μν} E^{μν,ρσ} h_{ρσ} − m^2_g (b_1h_{μν} h^{μν} + b_2h^2) ] . (65)

The Pauli-Fierz point corresponds to b_1 = 1, b_2 = −1. The equations of motion in the absence of matter are now

E^{μν,}_{ρσ} h^{ρσ} = m^2_g (b_1h^{μν} + b_2η^{μν} h) . (66)

Since ∂_ν (E^{μν,}_{ρσ} h^{ρσ} ) = 0, they imply the conditions

∂_ν (b_1h^{μν} + b_2η^{μν} h) = 0 . (67)

A. Elimination of the non-dynamical fields. Scalar sector

We first consider the scalar sector of the theory. We begin by writing the action in terms of the variables ϕ, ψ, λ, γ defined in eqs. (1)–(3). We get

L_{2,scalar} = −12Φ̇^2 + 4∂_iΦ∂^iΦ − 8∂_iΨ∂^iΦ (68) − m^2_g 2 [ b_1 ( 4ψ^2 + 12ϕ^2 − 2∂_iγ∂^iγ + 2 3 (∇^2λ)^2 )

+4b_2(ψ + 3ϕ)^2 ] .

3 Thus, henceforth ϕ, ψ, Φ and Ψ have dimensions of mass, γ_i is dimensionless and λ has dimensions of [mass]^{−1} (while, when we perform this decomposition on the dimensionless metric, ϕ, ψ, Φ and Ψ are dimensionless, γ_i = [mass]^{−1} and λ = [mass]^{−2}).

Since the mass term breaks gauge invariance, the Lagrangian now depends on the four fields ϕ, ψ, λ, γ, rather than just on the two gauge-invariant combinations Φ and Ψ. We now want to eliminate the non-dynamical fields and identify the variables which describe the radiative degrees of freedom in the scalar sector. A non-dynamical variable is integrated out by using its own equation of motion if it enters the action quadratically, or by using a constraint imposed by a Lagrange multiplier. Such an elimination procedure goes through even at the pathintegral level. The first step is therefore to chose a convenient set of independent variables.^4

1. Outside the FP point: b1 + b2 ≠ 0.

We find convenient to use Φ, ψ, λ, γ as independent fields. Observe that the change of variables from ϕ to Φ does not involve time derivatives and is thus legitimate, see footnote 4. We discuss separately the case b_1 + b_2 ≠ 0 and the case b_1 + b_2 = 0 (which includes the FP point b_1 = 1, b_2 = −1 and its sign-reversed), since the structure of the non-dynamical equations is different. We begin with the case b_1 + b_2 ≠ 0.

By inspection of the Lagrangian (68) one immediately sees that γ and ψ are non-dynamical [25]. Indeed, taking the variation with respect to γ (and recalling from eq. (12) that Ψ in eq. (68) contains γ̇, since Ψ = ψ − γ̇ + (1/2)λ̈) gives

∇^2(4Φ̇ − b_1m^2_g γ) = 0 . (69)

With the boundary condition that Φ and γ vanish at infinity this equation is equivalent to

4Φ̇ − b_1m^2_gγ = 0 . (70)

In the massless case this reduces to Φ̇ = 0, which is in fact the same as eq. (37), since we have set T_{μν} = 0. When m_g ≠ 0, we can rather use it to eliminate γ from the action, γ = 4 b_1m^2_g

Φ̇ . (71)

Thus, in the massive case γ is a non-dynamical variable that can be eliminated algebraically. The variation with respect to ψ gives another algebraic equation,

4m^2_g(b_1 + b_2)ψ = 8∇^2Φ + 12m^2_gb_2Φ + 2m^2_gb_2∇^2λ . (72)

4 Observe that not any choice of variables is legitimate. In particular, the initial conditions on the metric h_{ij} and on its time derivative ḣ_{ij} must be in bijection with the initial conditions on the new set of variables. For instance this is the case for the harmonic variables, but it is not the case for combinations of variables involving e.g. λ̇ or λ̈, such as Ψ. This point will be important when we consider massive gravity linearized over de Sitter, in sect VII.

Here we see that the Pauli-Fierz mass term, for which b_1+ b_2 = 0, is special. When b_1 + b_2 ≠ 0 we can use eq. (72) to eliminate even ψ from the Lagrangian, remaining with a Lagrangian L_2(Φ, λ). As expected, we could eliminate two non-physical fields and remain with two degrees of freedom in the scalar sector.

Actually, even λ could be integrated out. In fact, taking the variation with respect to ∇^2λ gives 1 4 m^2_g(b_1+b_2)∇^2λ = Φ̈− 1 2 m^2_g(b_1+3b_2)Φ+ 1 2 m^2_gb_2ψ . (73)

Thus, for b_1 + b_2 ≠ 0 we can eliminate ∇^2λ in favor of Φ and Φ̈ using eq. (73) (with ψ expressed in terms of ∇^2λ and Φ through eq. (72)). This results in a Lagrangian that depends only on Φ. However such a Lagrangian involves higher-derivative terms proportional to (Φ̈)^2, arising from the terms (∇^2λ)^2 in eq. (68). A theory whose equations of motion are fourth-order in the time derivatives propagates twice the number of degrees of freedom than is apparent from its field content. This is due to the fact that to evolve the classical equations of motion we need to specify twice as much initial conditions [11, 29]. Furthermore, one of these two degrees of freedom is a ghost [9].^5 Thus, if we eliminate ∇^2λ, the corresponding (ghost-like) degree of freedom does not disappear, but just hides in the fourth-order equations of motion for Φ.

For the moment, rather than eliminating ∇^2λ, we trade it for a new field Γ defined by Γ = 2 m^2_gb_2 ( −8∇^2Φ − 12m^2_gb_2Φ − 2m^2_gb_2∇^2λ ) , (74)

and we use (Φ, Γ) as independent variables. The variable Γ is defined so that eq. (72) reads ψ = − b_2 8(b_1 + b_2)

Γ . (75)

Eliminating γ and ψ with the help of eqs. (71) and (75) and expressing ∇^2λ in terms of Γ and Φ we finally get

L_{2,scalar}(Φ, Γ) = 12Φ̇^2 + 4

(b_2 + 4b_1)

b_2

∂_iΦ∂^iΦ − 12m^2_gb_1Φ^2

+Γ̇Φ̇ −

16(b_1 + b_2)

b_1b_2m^2_g

∂_iΦ̇∂^iΦ̇ − b_1(b_1 + 2b_2) 32(b_1 + b_2) m^2_gΓ^2

−m^2_gb_1ΓΦ −

8(b_1 + b_2)

b^2m^2_g

(∇^2Φ)^2 +

(b_1 + b_2)

b_2

∂_iΓ∂^iΦ .

(76)

5 Adding to the mass term higher-order polynomials in h_{μν} with appropriately chosen coefficients one can have a well-defined Cauchy problem with second-order equations and no ghost, see [4, 5, 30]. This is indeed at the basis of the recently proposed ghost-free theory of massive gravity. Here however we are studying the theory with just a mass term.

With a standard analysis, discussed in App. A, we can recover from this Lagrangian the known result that one of these two degrees of freedom is a ghost while the other has the correct sign for the kinetic term. In particular, for (b_1 + b_2)/b_1b_2 ≤ 0, the “healthy” mode is Φ while the ghost is Γ.^6 Concerning the masses of the two scalar modes, as we show in App. A, the poles of the propagator are at

m^2 = { b_1m^2_g, b_1(b_1 + 4b_2) 2(b_1 + b_2) m^2_g } . (77)

In particular, setting b_1 = 1, b_2 = −1 − ϵ the second pole, which corresponds to the ghost, is at

m^2 =

3 + 4ϵ 2ϵ m^2_g . (78)

2. Approaching the FP point, b1 + b2 → 0 with b1 > 0

Equation (78) shows that the ghost mass diverges as ϵ → 0. In this limit we can also easily see this directly from the Lagrangian, writing b_1 = 1 and b_2 = −1 − ϵ, and neglecting terms that vanish as ϵ → 0. Then eq. (76) becomes

L_{2,scalar}(Φ, Γ) = 12 [ Φ̇^2 − ∂_iΦ∂^iΦ − m^2_gΦ^2 ] + Γ̇Φ̇ − 1 + 2ϵ 32ϵ m^2_g Γ^2 − m^2_gΓΦ . (79)

Note also that the term proportional to ∂_iΦ̇∂^iΦ̇ disappeared, and therefore the ghost is simply Γ, see footnote 6. Diagonalizing the kinetic term as in App. A,

L_{2,scalar}(Φ, Γ) = 1 48 |24Φ̇ + Γ̇|^2 − 1 48 |Γ̇|^2 − 12∂_iΦ∂^iΦ

−12m^2_gΦ^2 −

1 + 2ϵ 32ϵ m^2_gΓ^2 − m^2_g ΓΦ .

(80)

As ϵ → 0 the mass term for Γ diverges, and Γ effectively disappears from the theory. This result is independent of whether we take the limit ϵ → 0^+ or ϵ → 0^−, i.e. of whether the mass term for Γ is tachyonic or not. This can be seen more clearly observing that the equation of motion derived from the Lagrangian density (79) taking the variation with respect to Γ is

(1 + 2ϵ) m^2_g 16 Γ = −ϵ(Φ̈ + m^2_g Φ) , (81)

6 For (b_1 + b_2)/b_1b_2 > 0 the situation is more involved. Because of the term ∂_iΦ̇∂^iΦ̇ in eq. (76), as we discuss in App. A there is a critical value k_∗ ≡ |k_∗| defined by (k_∗/m_g )^2 = (3/4) (b_1b_2)/(b_1 + b_2), such that are ghost-like the Fourier modes Γ_k with |k| < k_∗ and the Fourier modes α_kΦ_k +Γ_k with |k| > k_∗, where α_k is defined in eq. (A3). However, even in this case, as b_1 + b_2 → 0 we have k_∗ → +∞ and only the Fourier modes of Γ are ghost-like.

which in the limit ϵ → 0 gives Γ = 0. Therefore at the FP point the ghost disappears and, taking the limit ϵ → 0 in eq. (79), we remain with

L_{2,scalar} = 12 [ Φ̇^2 − ∂_iΦ∂^iΦ − m^2_g Φ^2 ] = −12(∂_μΦ∂^μΦ + m^2_g Φ^2) . (82)

This Lagrangian density has the correct (i.e. non ghostlike) sign for the kinetic term, and the correct nontachyonic sign for the mass term. The equation of motion for Φ at the FP point is the massive Klein-Gordon (KG) equation,

(□ − m^2_g )Φ = 0 . (83)

Thus the Bardeen “potential” Φ, that in the massless case is a physical but non-radiative degree of freedom, at the FP point becomes a radiative field which describes the helicity-0 component of the massive graviton. This is a result that was obtained already in 1966 in [24] by performing the elimination of the non-dynamical degrees of freedom in the ADM formalism,^7 and more recently in [26].

At the technical level it is remarkable that, at the FP point, the complicated Lagrangian density (76) collapses to the above simple KG form, particularly considering that Φ is not a Lorentz scalar. We have indeed seen in eq. (55) that under boosts it mixes with Ξ^i. In particular, the Lagrangian (82) is not Lorentz invariant. The Lorentz invariance of the theory only emerges when we recombine the scalar, vector and tensor sectors. However, the appearance of a KG equation is expected on physical grounds since, once we eliminate all the non-dynamical variables, the remaining physical degree of freedom must satisfy a Lorentz-invariant dispersion relation.

3. Working directly at the FP point b1 = 1, b2 = −1.

It is instructive to derive the above results working directly at the FP point, rather than approaching it as a limit, since the structure of the equations is different. The variable γ can still be eliminated using the variation with respect to γ, that now becomes γ = 4Φ̇ m^2_g

. (84)

The equation obtained from the variation with respect to ψ now has a different structure: the term proportional

7 In [24] the scalar sector of the spatial metric was parametrized as h_{ij} = (1/2)(δ_{ij} − ∇^{−2}∂_i∂_i)h^T + 2∂_i∂_j h^L and it was indeed found that the Hamiltonian has the KG form in terms of the variable h^T and of its conjugate momentum. In our notation h^T = −4ϕ − (2/3)∇^2λ = 4Φ.

to ψ^2 in eq. (68) cancels, and ψ enters in the Lagrangian L_{2,scalar} only linearly,

L_{2,scalar} = L^′_{2,scalar} + ψ [ 8∇^2Φ − 12m^2_gΦ − 2m^2_g∇^2λ ] , (85) where L^′_{2,scalar} is independent of ψ. Thus ψ is a Lagrange multiplier that imposes the condition

8∇^2Φ − 12m^2_gΦ − 2m^2_g∇^2λ = 0 , (86)

which is nothing but Γ = 0. The variation with respect to ψ therefore eliminates the ghost. After eliminating γ through eq. (84) and using the condition Γ = 0 we remain with a Lagrangian function of Φ only which, as expected, gives back eq. (82).

4. Interaction with matter sources at the FP point

We now include the coupling to the energy-momentum tensor, to see how the elimination of the non-dynamical variables works in the presence of matter and what quantity acts as a source for the radiative field Φ. From eq. (31) the interaction Lagrangian in the scalar sector is

L_{int,scalar} = κ(3ΦP + Ψρ) , (87)

where the factor of κ comes from the fact that here the harmonic decomposition is performed on the metric perturbation h_{μν} defined by g_{μν} = η_{μν} +κh_{μν} , while in Sect. II we were using g_{μν} = η_{μν} + h_{μν} . Adding this interaction term to the Lagrangian in eq. (68), specializing to the FP point, and writing the Lagrangain in terms of the independent variables {γ, ψ, λ, Φ}, we get

(L_2 + L_{int})_{scalar} = −12Φ̇^2 + 4∂_iΦ∂^iΦ − 8∂_iψ∂^iΦ

+8∂_iγ̇∂^iΦ + 4Φ̈∇^2λ +m^2_g [ 12Φ^2 + 4Φ∇^2λ + ∂_iγ∂^iγ − 12Φψ − 2ψ∇^2λ ] + κ 2 [6ΦP + 2ψρ − 2γ̇ρ + Ṡ∇^2λ] . (88)

In the last line we used the conservation equation (26) and integration by parts to replace λ̈ρ → λρ̈ = λ∇^2Ṡ → Ṡ∇^2λ. The variations with respect to γ, ψ and λ give, respectively,

∇^2(8Φ̇ − 2m^2_gγ) = −κρ̇ . (89)

8∇^2Φ − 12m^2_gΦ − 2m^2_g∇^2λ = −κρ . (90)

2Φ̈ + 2m^2_gΦ − m^2_g ψ = − 1 4 κṠ . (91)

Using again the conservation equation (26), ρ̇ = ∇^2S, we can rewrite eq. (89) as

m^2_gγ = 4Φ̇ + κ 2 S . (92)

We now eliminate γ from the Lagrangian density (88) using this equation, and ∇^2λ and ψ using eqs. (90) and

(91), respectively. We get L_{scalar} = L_{2,scalar} + L_{int,scalar} with

L_{2,scalar} = −12(∂_μΦ∂^μΦ + m^2_g Φ^2) . (93) and L_{int,scalar} = κΦ(2ρ + 3P − 3Ṡ) . (94)

Observe that all terms quadratic in the sources, which appear in the intermediate steps of the computation, in the end canceled. The equation of motion for Φ in the presence of sources is therefore

(□−m^2_g)Φ = − κ 24 (2ρ+3P −3Ṡ) , ([Φ] ∼ mass), (95)

where we have recalled that in this section the variable Φ was defined from the harmonic decomposition of the field h_{μν} defined from g_{μν} = η_{μν} + κh_{μν} , so both h_{μν} and Φ have the canonical dimensions of mass. If instead we use the more common definition of Φ from the harmonic decomposition of the field h_{μν} defined from g_{μν} = η_{μν} + h_{μν} (as we did in Sect. II), then both h_{μν} and Φ are dimensionless, and eq. (95) becomes

(□ − m^2_g)Φ = − κ^2 24 (2ρ + 3P − 3Ṡ) ([Φ] ∼ 1).(96)

Using eq. (29), we can also rewrite this as

(□ − m^2_g )Φ = − 8πG 3 (ρ − ∇^2σ) , ([Φ] ∼ 1), (97)

showing that, at the level of linearized theory, the helicity-0 component of the massive graviton is sourced by the combination (ρ − ∇^2σ). Observe that in contrast, in the massless case, Φ was coupled only to ρ, and through a Poisson equation.

5. The higher-derivative action for Φ

We now follow a different route and, for b_1, b_2 generic, we eliminate Γ and obtain a higher-derivative Lagrangian for Φ. From eq. (76) we see that the variation with respect to Γ gives

Γ = −

16(b_1 + b_2) b_1(b_1 + 2b_2)m^2_g ( Φ̈ + m^2_gb_1Φ + b^1 + b^2 b_2

∇^2Φ ) . (98) Thus, as we already remarked, even Γ can be eliminated algebraically, but the price to be paid is a higherderivative action for Φ. We plug this expression for Γ into eq. (76) and, after some integration by parts, we find that all terms “miraculously” combine to form explicitly Lorentz-covariant structures,

L_2(Φ) = α_1∂_μΦ∂^μΦ + α_2 m^2_gΦ^2 + α_3 m^2_g

(□Φ)^2 , (99) with

α_1 =

4(b_1 − 2b_2) b_1 + 2b_2

, α_2 = −

4b_1(b_1 + 4b_2) b_1 + 2b_2

, (100)

α_3 =

8(b_1 + b_2) b_1(b_1 + 2b_2)

. (101)

At the FP point the higher-derivative term disappears and the result reduces to eq. (82), as it should. The term (1/m^2_g)(□Φ)^2 shows that, without the FP tuning, the theory becomes strongly coupled already at the scale m_g . This is a result which is usually derived introducing a scalar Stückelberg field, but which is quite transparent also in our formalism.

Including also the interaction with the energymomentum tensor, and repeating for b_1, b_2 generic the computations done at the FP point in sect. III A 4, after long but straightforward algebra we get

L_{int}(Φ) = κΦ ( 2b_2 b_1 + 2b_2 ρ + 3P − b_1 + 4b_2 b_1 + 2b_2 Ṡ )

+ 2(b_1 + b_2)κ b_1(b_1 + 2b_2)m^2_g (ρ − Ṡ)□Φ + (b_1 + b_2)κ^2 8b_1(b_1 + 2b_2)m^2_g

(ρ − Ṡ)^2 . (102)

As it should, at the FP point the result reduces to eq. (94). Observe however that outside the FP point there is also a term quadratic in the sources, proportional to (ρ − Ṡ)^2.

B. Elimination of the non-dynamical fields. Vector and tensor sector

A similar analysis can be performed in the vector sector of the theory, see also [25, 26]. With the addition of a generic mass term the quadratic part of the Lagrangian density in the vector sector reads

L_{2,vector} = ∂_iΞ_j ∂^iΞ^j +m^2_gb_1 ( β_iβ^i − 1 4 ∂_iϵ_j ∂^iϵ^j ) , (103)

where Ξ_i = β_i −(1/2)ϵ̇_i. We use β_i and ϵ_i as independent fields. We see that β_i is a non-dynamical field, and the variation with respect to it gives

2∇^2β^i − ∇^2ϵ̇^i − 2m^2_gb_1β^i = 0 . (104)

In contrast ϵ_i is dynamical, since Ξ_i contains ϵ̇_i, and its variation gives

∇^2 ( ϵ̈^i − 2β̇^i + m^2_g b_1ϵ^i ) = 0 . (105)

With the boundary condition that the fields vanish at infinity, this is equivalent to

ϵ̈^i − 2β̇^i + m^2_gb_1ϵ^i = 0 . (106)

Taking the time derivative of eq. (104) and substituting ϵ̈^i from eq. (106) we get the relation

∇^2ϵ^i = 2β̇^i , (107)

which inserted back into eq. (106) gives

(□ − m^2_G)ϵ^i = 0 , (108)

where m^2_G = b_1m^2_g . Thus, the mass of the two vector modes described by the transverse vector ϵ^i is the same as the mass of the scalar mode. Clearly, ϵ^i describes the two components of the massive graviton with helicities ±1.^8

For b_1 < 0, however, these vector modes are not only tachyonic (since m^2_G = b_1m^2_g becomes negative) but even ghost-like. The simplest way to understand this point is to express the Lagrangian in terms of the momentum modes, performing a spatial Fourier transform. From eq. (104), for the Fourier modes β^i_k(t) and ϵ^i_k(t) we get

β^i_k = 1 2 k^2 k^2 + m^2_gb_1 ϵ̇^i_k . (109)

This allows one to eliminate β^i_k from the action. Then, for the Lagrangian L = ∫ d^3xL one obtains [25]

L_{2,vector}(ϵ_i) = m^2_g b_1 4 ∫ d^3k (2π)^3 k^2 k^2 + b_1m^2_g

(110) × [ ϵ̇^∗_{i,k}ϵ̇^i_k − ϵ_{i,k}(k^2 + b_1m^2_g)ϵ^i_k ] . If b_1 > 0 we have m^2_G = b_1m^2_g > 0, and

L_{2,vector}(ϵ_i) = m^2_G 4 ∫ d^3k (2π)^3 k^2 k^2 + m^2_G

(111) × [ ϵ̇^∗_{i,k}ϵ̇^i_k − ϵ^∗_{i,k}(k^2 + m^2_G)ϵ^i_k ] . We see that the kinetic term has the good, non-ghostlike, sign and the mass term is non-tachyonic. For each given momentum mode ϵ^i_k, the equation of motion derived from the Lagrangian (111) is the same as that derived from a Lagrangian [ ϵ̇^∗_{i,k}ϵ̇^i_k − ϵ^∗_{i,k}(k^2 + m^2_G)ϵ^i_k ] , which is just a massive Klein-Gordon Lagrangian, so we recover the massive KG equation (108). In contrast, if b_1 < 0 the sign of the kinetic term in the action is such that the modes of ϵ^i_k with |k|^2 > −b_1m^2_g are ghost-like. This eliminates the possibility of a consistent theory at the sign-reversed of the FP point, b_1 = −1, b_2 = 1.

Observe also that, going back to coordinate space, the Lagrangian (111) becomes [26]

L_{2,vector}(ϵ_i) = − m^2_G 4 ∫ d^3x × ∇^2 ∇^2 − m^2_G ( ∂_μϵ_i∂^μϵ^i + m^2_Gϵ_iϵ^i ) . (112)

8 We adhere here to a common abuse of language. Of course, these modes become helicity eigenstates only in the massless limit.

The non-locality of this expression with respect to the spatial coordinates is ultimately a consequence of the fact that ϵ^i is a non-local function of the metric. However we have seen above that in the end, the equation of motion for ϵ^i is just a massive KG equation, so it is local.

We next add the interaction term. Using eq. (31) we see that in the vector sector (with the present normalization of the fields) it is given by L_{int} = −κβ_iS^i +(κ/2)ϵ̇_iS^i. Then eqs. (104) and (105) become

2∇^2β^i − ∇^2ϵ̇^i − 2m^2_Gβ^i = −κS^i , (113)

∇^2 ( ϵ̈^i − 2β̇^i + m^2_Gϵ^i ) = κṠ^i . (114)

Using the conservation equation (30) and the usual boundary conditions that the fields vanish at infinity, eq. (114) becomes

ϵ̈^i − 2β̇^i + m^2_Gϵ^i = κ 2 σ^i . (115)

As in the sourceless case, taking the time derivative of eq. (113) and combining it with eq. (114) gives ∇^2ϵ^i = 2β̇^i. Plugging this into eq. (115) we get

(□ − m^2_G)ϵ^i = − κ 2 σ^i . (116)

Finally, the tensor sector is simple, since we only have h^{TT}_{ij} . Using eq. (31), the Lagrangian density in the tensor sector is

(L_2 + L_{int})_{tensor} = (117) − 1 2 [ ∂_ρh^{TT}_{ij} ∂^ρh^{ij,TT} + m^2_gb_1h^{TT}_{ij} h^{ij,TT} ] + κ 2 h^{TT}_{ij} σ^{ij} . Again, b_1 > 0 gives a non-tachyonic mass term, while for b_1 < 0 we have a tachyon. The equation of motion is

(□ − m^2_G)h^{ij,TT} = − κ 2 σ^{ij} , (118)

Comparing with eq. (77) we see that even when b_1 ≠ 1 the scalar Φ, the vector ϵ^i and tensor modes h^{ij,TT}, that together make up the five components of the massive graviton, have the same mass, given by m^2_G = b_1m^2_g. This is in agreement with the representation theory of the Poincaré group, as it should for a theory linearized over flat space.

IV. A HIDDEN GAUGE SYMMETRY

The results of the previous section show that, out of the 10 components of the metric, the four variables γ, ψ and β^i (where β^i is transverse and therefore carries two degrees of freedom) are non-physical and can be eliminated through their equations of motion. The five components of the massive graviton are described by {Φ, ϵ_i, h^{TT}_{ij} }, with ϵ^i transverse and h^{TT}_{ij} transverse-traceless. Finally, the ghost is given by a linear combination of ∇^2λ and

Φ, and disappears at the FP point. In particular, when (b_1 + b_2)/b_1b_2 ≤ 0, the ghost is given by the combination Γ defined in eq. (74). Alternatively, both scalar degrees of freedom can be described by the field Φ, through a higher-derivative action.

We can describe this as a reduction process from the original action S[h_{μν} ], which is a functional of all the 10 components of the metric, to a reduced action S_{red}[Φ, ϵ_i, h^{TT}_{ij} ] which depends only on the physical degrees of freedom (and includes a higher-derivative term proportional (□Φ)^2 if we are not at the FP point),

S[h_{μν} ] −→ S_{red}[Φ, ϵ_i, h^{TT}_{ij} ] . (119)

This result, however, brings a surprise. Because of the mass term, the starting action S[h_{μν} ] is not gauge invariant. Nevertheless, the variables Φ and h^{ij,TT} are gauge invariant, while ϵ^i transforms as ϵ → ϵ_i −2B_i, see eq. (10). Therefore, none of these fields is sensitive to the transformations parametrized by A and C, so the reduced action is trivially invariant under diffeomorphisms of the form

ξ_0 = A , ξ_i = ∂_iC . (120)

Observe that this is true independently of the form of the mass term. More precisely, if we perform a gauge transformation (120), the original action S[h_{μν} ] transforms into a different quantity S^′[h_{μν} ; A, C]. However, as illustrated graphically in fig. 1, the reduction to the physical degrees of freedom performed with S^′[h_{μν} ; A, C] (using of course its own non-dynamical equations of motion) gives the same reduced action as that obtained from S[h_{μν} ] S^′[h_{μν} ; A, C] −→ S_{red}[Φ, ϵ_i, h^{TT}_{ij} ] , (121)

independently of A and C. We therefore have a “hidden” symmetry at the level of the original action: even if S[h_{μν} ] is not invariant under a gauge transformation of the form (120), still it is transformed to an action S^′[h_{μν} ; A, C] that describes the same physics. In this sense, eq. (120) is a symmetry of the original action S[h_{μν} ].^9

9 To avoid misunderstanding, observe that we cannot use A and C to fix a gauge in the original theory, e.g. setting λ = γ = 0 in the equations of motion, as we could do in the massless theory. In fact, using the Lagrangian L, the variables λ and γ are fixed in terms of Φ by eqs. (84) and (86) (or by their generalizations outside the FP point), and cannot be set to zero. Using the Lagrangian L^′ they are instead given by eqs. (125) and (126) below. In this case one might choose ∇^2C and A such that λ = γ = 0. However, the resulting functions A and C would now depend on Φ, and would contribute to the action (125). Thus, the symmetry that we are discussing is different from a usual gauge symmetry, in which the action is invariant under the gauge transformation and the gauge freedom can be used to remove some degrees of freedom from the theory. In our case the original action is not invariant, but changes to a new action S^′[h_{μν} ; A, C]. The only sense in which these transformations are a symmetry of the theory is the one illustrated graphically in fig. 1.

Figure 1: A graphic representation of the relations between S, S^′ and the reduced action.

To illustrate this equivalence we consider the original action in the scalar sector, eq. (68), and we study how it changes under a transformation parametrized by A and C. We work with b_1, b_2 generic and we use {Φ, ψ, γ, λ} as independent fields. We then transform these variables according to eqs. (8)–(10) and we find that the transformed Lagrangian density is

L^′_{2,scalar}[Φ, ψ, γ, λ; A, C] = (122) L_{2,scalar}[Φ, ψ, γ, λ] + ΔL_{2,scalar}[Φ, ψ, γ, λ; A, C] ,

where L_{2,scalar} is the original Lagrangian. Written in terms of the variables {Φ, ψ, γ, λ, } it reads

L_{2,scalar}[Φ, ψ, γ, λ] = (123)

−12Φ̇^2 + 4∂_iΦ∂^iΦ − 8∂_iψ∂^iΦ + 8∂_iγ̇∂^iΦ + 4Φ̈∇^2λ

+m^2_g [ − 2(b_1 + b_2)ψ^2 − 6(b_1 + 3b_2)Φ^2 − 2(b_1 + 3b_2)Φ∇^2λ − 1 2 (b_1 + b_2)(∇^2λ)^2 + b_1∂_iγ∂^iγ + 12b_2Φψ + 2b_2ψ∇^2λ ] . The extra term is

ΔL_{2,scalar}[Φ, ψ, γ, λ; A, C] = (124)

m^2_gȦ [ 4(b_1 + b_2)ψ − 12b_2Φ − 2b_2∇^2λ ] − 2b_1m^2_g∂^iA∂_iγ

+m^2_g∇^2C [ 2(b_1 + b_2)∇^2λ + 4(b_1 + 3b_2)Φ − 2b_1γ̇ − 4b_2ψ ] −2(b_1 + b_2)m^2_g (Ȧ − ∇^2C)^2 + b_1m^2_g∂^i(A − Ċ)∂_i(A − Ċ) .

We can now take the variation of L_{2,scalar} + ΔL_{2,scalar} with respect to γ and ψ. Specializing for simplicity to the FP point we get, respectively,

m^2_g γ = 4Φ̇ + m^2_g (A + Ċ) , (125)

m^2_g∇^2λ = 4∇^2Φ − 6m^2_gΦ + 2m^2_g∇^2C , (126)

Not surprisingly, these equations could have been obtained simply performing the replacements eqs. (8)–(9) directly into eqs. (84) and (86). Substituting these expressions for γ and ∇^2λ back into eqs. (123) and (125) (with b_1 = 1, b_2 = −1) we find that, in L_{2,scalar} + ΔL_{2,scalar}, all terms that depend on A and C (both linear and quadratic) cancel, and therefore the reduced action is the same as that found in the case A = C = 0. The same calculation can be performed for b_1 + b_2 ≠ 0, and we have checked that again the extra terms cancel upon use of the equations of motion that eliminate γ, ψ and ∇^2λ (or, equivalently, Γ).

The symmetry that we have found takes a simpler form if, rather than using (A, C) as independent gauge functions, we introduce Ā ≡ A − Ċ , (127) and we use the pair (Ā, C) as independent variables. Then the residual gauge symmetry consists of linearized diffeomorphisms with

ξ_μ = Āδ^0_μ + ∂_μC . (128)

In particular the transformation parametrized by C takes a nice covariant form,

h_{μν} → h_{μν} − 2∂_μ∂_ν C . (129)

It is interesting to understand the origin of this hidden symmetry using this covariant form. Under h_{μν} → h_{μν} − 2∂_μ∂_ν C the term h_{μν} E^{μν,ρσ} h_{ρσ} in eq. (65) is obviously invariant, and transforming the mass term we get

L^′_2[h_{μν} ; C] = 1 2 [ h_{μν} E^{μν,ρσ} h_{ρσ} − m^2_g(b_1h_{μν} h^{μν} + b_2h^2) ] −2m^2_g [ (∂_ν C)∂_μ(b_1h^{μν} + b_2η^{μν} h) + (b_1 + b_2)(□C)^2) ] . (130)

Observe that, at the FP point, the term quadratic in C drops. This corresponds to the well known fact that, when h_{μν} takes the form h_{μν} = ∂_μ∂_ν ϕ for some function ϕ, the FP mass term is a total derivative. The generalization of this property to terms of cubic and higher order in ∂_μ∂_ν ϕ gives rise to the Galileon family of operators [31].

In this covariant formulation a simple but not totally correct way of showing that, upon use of the nondynamical equations of motion, the extra term in the Lagrangian vanishes, is as follows. Define

j^ν ≡ ∂_μ(b_1h^{μν} + b_2η^{μν} h) . (131)

We see from eq. (67) that, if we use the equations of motion of the starting Lagrangian L_2, we have j^ν = 0. However, as we show in app. B, to derive this condition it is not sufficient to use the non-dynamical equations of motion. Rather, we also need the equation of motion for ϵ^i, which is a dynamical variable. Still, using only non-dynamical equations of motion, we can show that

j^0 = 0 , ∂_ij^i = 0 , (132)

and therefore also

∂_ν j^ν = 0 . (133)

Thus, as a consequence of the equations that eliminate the non-dynamical degrees of freedom, the term (∂_ν C)j^ν in eq. (130) vanishes upon integration by parts. The term (□C)^2 is anyhow irrelevant, even away from the FP point, since it is decoupled from the other fields, and we can seemingly conclude to the invariance of the reduced theory.

The reason why this argument is not totally correct is that, to perform the reduction of L^′ to the physical degrees of freedom, we must use the equations of motion of L^′, rather than the equations of motion of L. Thus, the correct derivation is the one that we have given above, in which we have have eliminated from L^′ the nondynamical variables, using their equations of motion derived from Lagrangian L^′ itself. In the end, however, the only difference between using the equations of motion of L^′ or that of L is that with the former procedure (which in principle is the correct one) both the term linear in (A, C) and the terms quadratic in (A, C) cancel exactly, as we checked explicitly. In contrast, with the (a priori incorrect) procedure of using the equations of motion obtained varying L to eliminate the non-dynamical variables from L^′, the terms linear in A, C still cancel while those quadratic in A, C do not. Since these quadratic term are decoupled from the physical fields {Φ, ϵ_i, h^{TT}_{ij} } they are anyhow irrelevant, so in the end even the simpler procedure gives the correct answer.

V. HIDDEN SYMMETRY IN THE STÜCKELBERG FORMALISM

An equivalent and instructive derivation of the existence of this hidden symmetry can be given by making use of the Stückelberg formalism. We first introduce as usual a Stückelberg vector field π_μ, performing the replacement h_{μν} → h_{μν} + 1 m_g (∂_μπ_ν + ∂_ν π_μ) (134)

in the action for linearized massive gravity. The linearized massive theory is then trivially invariant under the combined transformation

h_{μν} → h_{μν} − (∂_μξ_ν + ∂_ν ξ_μ) , (135) π_μ → π_μ + m_gξ_μ . (136)

We next introduce the Stückelberg scalar π, replacing further

π_μ → π_μ + 1 m_g ∂_μπ . (137)

The theory then also acquires a U(1) gauge symmetry,

π_μ → π_μ − ∂_μθ , π → π + m_g θ , (138)

while eq. (136) becomes

π_μ + 1 m_g ∂_μπ → π_μ + 1 m_g ∂_μπ + m_g ξ_μ . (139)

The overall Stückelberg replacement is therefore h_{μν} → h_{μν} + 1 m_g (∂_μπ_ν + ∂_ν π_μ) + 2 m^2_g

∂_μ∂_ν π . (140)

Writing ξ_μ as in eq. (7), the transformation of the Stückelberg fields under linearized diffeomorphisms, eq. (139), becomes

π_0 → π_0 + m_g(A − Ċ) , π_i → π_i + m_g B_i , (141)

π → π + m^2_gC , (142)

while in terms of the harmonic variables the Stückelberg transformation (140) reads ψ → ψ + 1 m_g π̇_0 + 1 m^2_g π̈ , ϕ → ϕ − 1 3m^2_g

∇^2π , (143)

γ → γ + 1 m_g π_0 + 2 m^2_g π̇ , λ → λ + 2 m^2_g π , (144)

β_i → β_i + 1 m_g π̇_i , ϵ_i → ϵ_i + 2 m_g π_i . (145)

We can now see how the hidden symmetry emerges in this formalism. When we perform the replacement (143)- (145) into the Lagrangian eq. (68) we obtain a new Lagrangian that depends both on the metric and on the Stückelberg fields. We then write down the equations of motion of this Lagrangian with respect to γ, ψ and ∇^2λ and use them to eliminate these variables from the theory. Obviously, since the replacements (143) and (144) are patterned after the gauge transformation of the scalar fields, this is formally the same computation already discussed in sect. IV, with π playing the role of −m^2_gC and π_0 of −m_g(A−Ċ). Thus the result is that, after elimination of the variables ψ, γ and ∇^2λ, the Stückelberg fields π and π_0 disappear from the action, just as all terms involving A and C canceled in the computation discussed in sect. IV. In conclusion, after reduction to the five physical degrees of freedom of the massive theory, the Stückelberg fields π_0 and π drop from the action, and are no longer needed for restoring the scalar part of the gauge symmetry. In contrast, π_i remains in the vector sector, where it is needed to obtain invariance under the transformation parametrized by B_i.

Observe also that, if we use the pair (Ā, C) as independent variables, the Stückelberg fields π_0 and π take care separately of the transformations parametrized by Ā and C,

π_0 → π_0 + m_gĀ , π → π + m^2_gC . (146)

In this formulation, where the transformation parametrized by C is simply h_{μν} → h_{μν} − 2∂_μ∂_ν C, we immediately recognize that the hidden symmetry parametrized by C is nothing but the U(1) gauge symmetry (138). Indeed, from eq. (134), the transformation π_μ → π_μ − ∂_μθ induces on the metric the transformation h_{μν} → h_{μν} − 2∂_μ∂_ν C with C = θ/m_g . The reason for performing a further Stückelberg transformation, introducing the Stückelberg scalar π, was to cancel this variation. However we have seen that, after reduction to the physical degrees of freedom, the transformation h_{μν} → h_{μν} − 2∂_μ∂_ν C becomes a symmetry of the theory. Thus, after performing the Stückelberg transformation (134) and eliminating the non-physical components of the metric, the U(1) gauge symmetry is already there, without the need of introducing further the Stückelberg scalar π.

VI. (3+1) DECOMPOSITION AND BARDEEN’S VARIABLE IN ELECTRODYNAMICS

It is interesting to compare the above results with a similar analysis performed both in massless and in massive electrodynamics. We begin with the massless theory and apply the harmonic decomposition to the electromagnetic field, writing the gauge field A_μ as

A_0 = ψ , A_i = v_i + ∂_iλ , (147)

where v_i is a transverse vector, ∂_iv^i = 0. Under a gauge transformation A_μ → A_μ − ∂_μθ we have ψ → ψ − θ̇ , λ → λ − θ , (148) while v_i is invariant (similarly to the fact that in linearized gravity h^{TT}_{ij} is invariant). We can then define a “Bardeen variable”

Ψ = ψ − λ̇ , (149)

which is gauge invariant. The four degrees of freedom of A_μ have therefore been rearranged into three gaugeinvariant degrees of freedom {Ψ, v_i}, and one pure-gauge degree of freedom, that can be taken to be λ or ψ. Inverting eq. (147) we get

λ = ∇^{−2}(∂_iA^i) , v_i = A_i − ∂_i∇^{−2}(∂_j A^j ) . (150)

Thus, as in linearized gravity, these harmonic variables are non-local function of the gauge field A_μ and the nonlocality disappears in the gauge ∂_iA^i = 0. We now couple the electromagnetic field to an external current j^μ, and by analogy with eqs. (22) and (23) we write

j_0 = ρ , j_i = S_i + ∂_iS , (151)

with ∂_iS^i = 0. Current conservation implies ∇^2S = ρ̇. After some integrations by parts and use of this conservation equation, the Lagrangian density for the electromagnetic field coupled to an external current can be written as L = − 1 4 F_{μν} F^{μν} − j_μA^μ = 1 2 [ ∂_iΨ∂^iΨ − ∂_μv_i∂^μv^i ] + (ρΨ − S_iv^i) . (152)

As expected, the Lagrangian density of the massless theory depends only on the gauge-invariant variables Ψ and v_i. The variations with respect to Ψ and v_i give, respectively,

∇^2Ψ = ρ , □v^i = S^i . (153)

This shows that v^i describes the two radiative degrees of freedom of the massless photon, while Ψ is a physical but non-radiative degree of freedom.

We next consider the massive theory defined by the Proca Lagrangian density L = − 1 4 F_{μν} F^{μν} − 1 2 m^2_γ A_μA^μ . (154)

Expressing it in harmonic variables we get L = L_{scalar} + L_{vector} with

L_{scalar} = 1 2 [ ∂_iΨ∂^iΨ + m^2_γ (ψ^2 − ∂_iλ∂^iλ) ] , (155)

L_{vector} = − 1 2 [ ∂_μv_i∂^μv^i + m^2_γ v_iv^i ] . (156)

In the vector sector the variation with respect to v_i gives the expected massive KG equation,

(□ − m^2_γ )v^i = 0 . (157)

The Lagrangian in the scalar sector now depends separately on ψ and λ, rather than only on the gaugeinvariant combination Ψ. A difference with respect to linearized gravity with the FP mass term is that now the variable ψ enters quadratically. We use λ and ψ as independent variables. Clearly ψ is non dynamical, since (recalling that Ψ = ψ − λ̇) it enters the action without time derivatives. The variations with respect to ψ and λ give, respectively,

∇^2ψ − m^2_γ ψ = ∇^2λ̇ , (158)

λ̈ + m^2_γ λ = ψ̇ . (159)

Taking the time derivative of eq. (158) and replacing ψ̇ from eq. (159) we get

(□ − m^2_γ )λ = 0 . (160)

This shows that the radiative degree of freedom in the scalar sector is λ, rather than the gauge-invariant variable Ψ (an obvious result, since we see from eq. (147) that λ corresponds to the longitudinal polarization). The variable Ψ is instead determined by λ through the equation (∇^2 −m^2_γ )Ψ = m^2_γλ̇, which is obtained writing ψ = Ψ+λ̇ in eq. (158). Since λ transforms as λ → λ − θ, even after eliminating the non-dynamical variable ψ no gauge symmetry appears in the Proca formulation of massive electrodynamics. The “hidden” gauge symmetry is really a peculiarity of linearized massive gravity.

It is also instructive to see how the Lorentz invariance of massive electrodynamics is recovered using the harmonic variables. Under an infinitesimal boost we have A_0 → A_0 + ω_{0i}A^i and A^i → A^i + ω_0^iA_0. Then, proceeding as we did in sect. II B 2, we find that under boosts

δψ = ω_0^i (v_i + ∂_iλ) , (161) δλ = ω_0^i ∇^{−2}[∂_iΨ + v̇_i] , (162) δv_i = −ω_0^j ∇^{−2} [ (∂_i∂_j − δ_{ij} ∇^2)Ψ + ∂_iv̇_j ] , (163)

and therefore (recalling that δλ̇ = δ(∂_0λ) = ω_0^i∂_iλ + ∂_0(δλ))

δΨ = ω_0^i ∇^{−2} ( □v_i − ∂_iΨ̇ ) . (164)

Observe that, just as in the gravitational case, the gaugeinvariant variables Ψ and v_i transform among themselves under Lorentz transformations, but their transformation involve the non-local operator ∇^{−2}.

Using δ(∂_iΨ) = δ(∂_i)Ψ + ∂_iδΨ = ω_{0i}Ψ̇ + ∂_iδΨ we find δ ( ∂_iΨ∂^iΨ ) = −2ω_0^iΨ□v_i , (165)

(plus a term ∂_i∂_0[(1/2)ω_0^iΨ^2] which is a total derivative). Similarly, neglecting total derivatives, we get δ ( ∂_μv_i∂^μv^i ) = −2ω_0^iΨ□v_i , (166) and δ(ψ^2 − ∂_iλ∂^iλ) = δ(v_iv^i) = 2ω_0^iΨv_i . (167)

Therefore, modulo total derivatives,

δL_{scalar} = −δL_{vector} = −ω_{0i}Ψ(□ − m^2_g)v^i . (168)

Thus the variation of L_{scalar} cancels the variation of L_{vector} and the total action is Lorentz-invariant, as it should. Observe that S_{scalar} and S_{vector} are not separately Lorentz invariant (unless we impose the equation of motion for v^i).

VII. RADIATIVE DEGREES OF FREEDOM AND HIDDEN GAUGE SYMMETRY IN DE SITTER SPACE

In this section we consider massive gravity linearized over a de Sitter background. We start from the Einstein- Hilbert action with a cosmological constant supplemented with a FP mass term, and we work for generality in d spatial dimensions. Then S = ∫ d^{d+1}x √ −g [ 2 κ^2

(R − 2Λ) − m^2_g 2 ( h_{μν} h^{μν} − h^2 ) ] , (169) where h_{μν} is defined from g_{μν} = ḡ_{μν} + κh_{μν} . We write the background metric in the form ḡ_{μν} = (−1, a^2(t)δ_{ij} ), with H = ȧ/a = const. The linearization of the action gives [11]

S_2 = ∫ d^{d+1}x √ −ḡ [ − 1 2 D̄_αh_{μν}D̄^αh^{μν} +D̄_αh_{μν}D̄^ν h^{μα} − D̄_μhD̄_ν h^{μν} + 1 2 D̄_μhD̄^μh + R̄ d + 1 ( h_{μν} h^{μν} − 1 2 h^2 ) − m^2_g 2 ( h_{μν} h^{μν} − h^2 )] , (170)

where D̄_μ is the covariant derivative with respect to the background metric ḡ_{μν} , and R̄ is the Ricci scalar of the background. In de Sitter space with d spatial dimensions R̄ = d(d + 1)H^2, and the Einstein equations for the background fix it in terms of the cosmological constant, R̄ = 2[(d + 1)/(d − 1)]Λ, so H 2 = 2Λ/[d(d − 1)].

As is well known, if m_g and H satisfy the Higuchi bound [32] m^2_g > (d − 1)H^2 this theory has no ghost and five physical degrees of freedom: one in the scalar sector, two in the vector sector and two in the tensor sector. For m^2_g < (d − 1)H^2 the degree of freedom in the scalar sector becomes a ghost, while at the special point m^2_g = (d−1)H^2 the scalar disappears and we remain with just four propagating degrees of freedom. The theory at the special point m^2_g = (d − 1)H^2 is known as “partially massless”, and acquires an extra gauge symmetry of the form [33–35]

δh_{μν} = D̄_μD̄_ν α + m^2_g d − 1 αg_{μν} , (171)

parametrized by a function α(x). It is interesting to recover these results using the (3 + 1) decomposition, and see if the hidden symmetry found in the linearization over Minkowski persists. We limit ourselves to the scalar sector of the theory. We parametrize the metric fluctuations in the scalar sector as

h_{00} = 2ψ , h_{0i} = ∂_iγ , (172)

h_{ij} = −2a^2ϕδ_{ij} + ( ∂_i∂_j − 1 d δ_{ij} ∇^2 ) λ . (173)

We will use the sum over repeated spatial lower indices to denote contractions performed with the flat Minkowski metric, while contractions between upper and lower indices are done with the background FRW metric, so ∂_i∂_i = δ^{ij} ∂_i∂_j , ∂_i∂^i = a^{−2}δ^{ij} ∂_i∂_j , and ∇^2 ≡ ∂_i∂_i still denotes the flat-space Laplacian. The factor 1/d in eq. (173) ensures that the operator acting on λ is traceless in d spatial dimensions.^{10} The massless theory is invariant under linearized diffeomorphisms

h_{μν} → h_{μν} − (D̄_μξ_ν + D̄_ν ξ_μ) . (174)

10 The functions E and B commonly used in the literature are related to γ and λ by γ = aB and λ = 2a^2E.

In the scalar sector we write again ξ_0 = A and ξ_i = ∂_iC. Then the gauge transformations of the scalar functions are ψ → ψ − Ȧ , ϕ → ϕ + 1 d ∂_i∂^iC − HA , (175) λ → λ − 2C , γ → γ − A − Ċ + 2HC . (176) In three-dimensional Minkowski space these transformations reduce to eqs. (8) and (9), as they should. The Bardeen variables in FRW read Φ = −ϕ − 1 2d ∂_i∂^iλ + Hγ − H 2 (λ̇ − 2Hλ) , (177)

Ψ = ψ − γ̇ + 1 2 (λ̈ − 2Hλ̇) . (178)

We find useful to rewrite them as

Φ = Φ_0 + Hζ , Ψ = ψ − ζ̇ , (179)

where

Φ_0 ≡ −ϕ − 1 2d ∂_i∂^iλ (180)

is the Bardeen variable in Minkowski space and ζ ≡ γ − 1 2 λ̇ + Hλ . (181)

Observe that under gauge transformations ζ → ζ − A. From eqs. (175) and (176) it is straightforward to show that Φ and Ψ are invariant under linearized diffeomorphisms. Using eqs. (172)–(173) we find that the action in the scalar sector is^{11}

S_{2,scalar} = 2(d − 1) ∫ d^{d+1}x a^d [ −d(Φ̇ + HΨ)^2

+(d − 2)∂_iΦ∂^iΦ − 2∂_iΨ∂^iΦ ]

+ m^2_g 2 ∫ d^{d+1}x a^d [ 4d(d − 1)ϕ^2 + 8dϕψ +2∂_iγ∂^iγ − d − 1 d (∂_i∂^iλ)^2 ] . (182)

Setting a(t) = 1 and d = 3, we recover the flat-space result (68). We now eliminate the non-dynamical degrees

11 We have checked that for m_g = 0 eq. (182) agrees with the action given in eq. (61) of Rubakov and Tinyakov (RT) [25], after performing the change of notation ψ = φ_{RT}, γ = aB, λ = 2a^2E and ϕ + (1/2d)∂_i ∂^iλ = ψ_{RT} and going from cosmic to conformal time. Observe however that our expression given in terms of Bardeen’s variables is much simpler. The mass term examined in [25] is instead different from the one that we are considering, since even for a de Sitter background it is constructed writing the FP mass term for the variable g_{μν} − η_{μν} , rather than for g_{μν} − ḡ_{μν} , and in this case the theory has a ghost, as shown in [25].

of freedom from the action and identify the variable describing the radiative degree of freedom.^{12} As independent variables we use the set {Φ_0, ψ, γ, λ}, which is the same that we used in the Minkowski space. Note that in de Sitter Φ contains λ̇ and therefore the change of variables from ϕ to Φ would not be legitimate, see footnote 4.

We now write the action (182) using these variables. It is useful to rewrite the second and third term using the relation ∫ dt a^d [ (d − 2)∂_iΦ∂^iΦ − 2∂_iΦ∂^iΨ ] = − ∫ dt a^d 2 H ∂_iΦ∂^i ( Φ̇ + HΨ ) , (183)

which is proved writing 2a^d∂_iΦ∂^iΦ̇ = 2a^{d−2}∂_iΦ∂_iΦ̇ = a^{d−2}∂_0(∂_iΦ∂_iΦ) and integrating by parts. We also observe that Φ̇ + HΨ = Φ̇_0 + Hψ. Then we get

S_{2,scalar} = 2(d − 1) ∫ d^{d+1}x a^d × [ −d ( Φ̇_0 + Hψ

)_2 − 2 H ∂_i (Φ_0 + Hγ) ∂^i ( Φ̇_0 + Hψ )]

+2(d − 1) ∫ d^{d+1}x a^d (∂_i∂^iλ) (184) × [ ( Φ̈_0 + Hψ̇ ) + dH ( Φ̇_0 + Hψ ) + m^2_g Φ_0 − m^2_g d − 1 ψ ]

+m^2_g ∫ d^{d+1}x a^d [ 2d(d − 1)Φ^2_0 − 4dψΦ_0 + ∂_iγ∂^iγ ] ,

where we have collected the terms proportional to ∂_i∂^iλ since it is a Lagrange multiplier. The equation of motion with respect to γ is

γ = 2(d − 1)

m^2_g ( Φ̇_0 + Hψ ) . (185)

So, just as in the flat-space case, γ is a non-dynamical variable that can be eliminated using its own equation of

12 In App. C we compare our discussion with the results presented in [27], where the equations of motion of the theory have been studied using Bardeen’s variables, and a Klein-Gordon equation is obtained for the combination a^{−2}(Φ + Ψ). As we discuss in App. C, this however does not mean that a^{−2}(Φ + Ψ) is the radiative degree of freedom of the theory in the scalar sector.

motion, and we obtain

S_{2,scalar} = 2(d − 1) ∫ d^{d+1}x a^d × [ −d ( Φ̇_0 + Hψ

)_2

− 2H^{−1}∂_iΦ_0∂^i ( Φ̇_0 + Hψ )

−2 (d − 1)

m^2_g ∂_i ( Φ̇_0 + Hψ ) ∂^i ( Φ̇_0 + Hψ )]

+2(d − 1) ∫ d^{d+1}x a^d (∂_i∂^iλ) [( Φ̈_0 + Hψ̇ )

+dH ( Φ̇_0 + Hψ ) + m^2_g Φ_0 − m^2_g d − 1 ψ ]

+m^2_g ∫ d^{d+1}x a^d [ 2d(d − 1)Φ^2_0 − 4dψΦ_0 ] . (186)

We next rescale our variables {ψ, Φ_0, λ} → a^{−(d−1)}{ψ, Φ_0, λ} , (187) define an effective mass

M^2 ≡ m^2_g − (d − 1)H^2 , (188)

and use

χ ≡ ψ − (d − 1)Φ_0 (189)

as an independent variable instead of ψ. We get

S_{2,scalar} = 2(d − 1) ∫ d^{d+1}x a^{−d+2} × [ −d ( Φ̇_0 + Hχ

)_2

− 2H^{−1}∂_iΦ_0∂^i ( Φ̇_0 + Hχ )

− 2(d − 1) m^2_g ∂_i ( Φ̇_0 + Hχ ) ∂^i ( Φ̇_0 + Hχ )]

+2(d − 1) ∫ d^{d+1}x a^{−d+2}(∂_i∂^iλ) × [ Φ̈_0 + HΦ̇_0 + Hχ̇ − M^2 d − 1 χ ]

+2(d − 1) ∫ d^{d+1}x a^{−d+2} [ −dm^2_gΦ^2_0 − 2d d − 1 m^2_gχΦ_0 ] . (190)

For M ≠ 0 we now trade in the action Φ_0 for the new variable Ω defined by

Ω(t, x) ≡ Φ_0(t, x) + H (∫_t t_0

dt^′χ(t^′, x) )

+ (d − 1)H M^2 [ Φ̇_0(t_0, x) + HΦ_0(t_0, x) + Hχ(t_0, x) ] , (191)

where t_0 is the time at which the initial conditions are given. The first two terms are chosen so that

Ω̇ = Φ̇_0 + Hχ . (192)

The last term in brackets is time-independent and is a functional of the initial data Φ_0(t_0, x), Φ̇_0(t_0, x) and χ(t_0, x). The reason for this specific choice of the timeindependent term will become clear below. Note that the initial data {Φ_0(t_0), Φ̇_0(t_0)} and {χ(t_0), χ̇(t_0)} fully determine {Ω(t_0), Ω̇(t_0)},

Ω(t_0) = m^2_g M^2

Φ_0(t_0) + (d − 1)H M^2 ( Φ̇_0(t_0) + Hχ(t_0) ) , Ω̇(t_0) = Φ̇_0(t_0) + Hχ(t_0) (193)

(where, for notational simplicity, here and in the following we do not write explicitly the x dependence). Inverting we get

Φ_0(t_0) =

M^2 m^2_g

Ω(t_0) − (d − 1)H m^2_g

Ω̇(t_0) ,

Φ̇_0(t_0) = Ω̇(t_0) − Hχ(t_0) . (194)

The occurrences of Φ_0 other than in the combination (192) bring in terms that are non-local in time. Using eq. (194) we get in fact

Φ_0(t) = Ω(t) − H (∫_t t_0

dt^′χ(t^′) )

− (d − 1)H m^2_g ( Ω̇(t_0) + HΩ(t_0) ) . (195)

However, in these new variables the constraint imposed by the Lagrange multiplier ∂_i∂^iλ reads χ = d − 1 m^2_g ( Ω̈ + HΩ̇ ) , (196)

so integrating out λ and eliminating χ from the action makes eq. (195) local in time,

Φ_0 =

M^2 m^2_g Ω − (d − 1)H m^2_g

Ω̇ . (197)

The time-independent term in the definition of Ω, eq. (191), was precisely chosen so that time-independent part in this expression vanishes. The action now depends only on Ω and, after some integrations by parts and rearrangements we find

S_{2,scalar} = (198) −2d(d − 1) M^2 m^2_g ∫ d^{d+1}x a^{−d+2} [ ∂_μΩ∂^μΩ + M^2Ω^2 ] . We now rescale back

Ω → a^{d−1}Ω , (199)

so that in the action we reconstruct the volume form √ −g = a^d, S_{2,scalar} = −2d(d−1)

M^2 m^2_g ∫ d^{d+1}x a^d [ ∂_μΩ∂^μΩ + m^2_g Ω^2 ] . (200)

This also has the effect of replacing the effective mass M^2 by m^2_g inside the square brackets. In terms of the original variables, the dynamical mode is

Ω(t) = Φ_0(t) +a^{−(d−1)}(t)H ∫_t t_0

dt^′a^{d−1}(t^′) [ψ(t^′) − (d − 1)Φ_0(t^′)] + (d − 1)H M^2 ( a(t) a(t_0) )_{−(d−1)}

× ( Φ̇_0(t_0) + HΦ_0(t_0) + Hψ(t_0) ) . (201)

After an integration by parts, we can rewrite it as

Ω(t) = a^{−(d−1)}(t) ∫_t t_0

dt^′a^{d−1}(t^′) ( Φ̇_0(t^′) + Hψ(t^′) )

+ ( a(t) a(t_0) )_{−(d−1)} (202) × [ (d − 1)H M^2 ( Φ̇_0(t_0) + Hψ(t_0) ) + m^2_g M^2

Φ_0(t_0) ] . Equations (200) and (203) are the main result of this section, and nicely display in a compact manner a number of known features of massive gravity in de Sitter space. First of all we see that for M^2 > 0, i.e. for m^2_g > (d − 1)H^2, the kinetic term of the scalar field has the “good” non-ghostlike sign and the mass term is non-tachyonic. For M^2 < 0 we have a ghost instead (and the mass term in eq. (200) becomes tachyonic). For M = 0 the action vanishes and the radiative degree of freedom in the scalar sector disappears.^{13} Observe also that we smoothly retrieve the flat space-time result in the H → 0 limit. The action (200) also agrees with that found in [36] using a different route, namely embedding D-dimensional de Sitter space in (D + 1)-dimensional Minkowski space and using the Stückelberg formalism to isolate the helicity-0 mode.

To make contact with the well-known result given by Deser and Waldron [35], for M^2 > 0 we can introduce a new variable

q_0(t) = 2 [ d(d − 1) M^2 m^2_g ]_{1/2} a^{d/2}Ω(t) (203)

and the action (200) can be rewritten as

S_{2,scalar} = − 1 2 ∫ d^{d+1}x [ ∂_μq_0∂^μq_0 + ( m^2_g − d^2H^2 4 ) q^2_0 ] , (204)

13 Actually, the manipulations leading to eq. (200) were performed assuming M ≠ 0. However, for M = 0, one can already eliminate χ using the constraint imposed by the Lagrange multiplier λ in eq. (190). This gives Hχ = −(Φ̇_0 + HΦ_0). Replacing this expression for χ into the action gives S_{2,scalar} = 0, so in eq. (200) the limit M^2 → 0 is smooth.

which, specialized to d = 3, reproduces the result of [35]. Note that using the variable q_0 the volume form √ −g = a^d has been eliminated in favor of an additional contribution to the mass term.

Finally, having found the expression for the field that describes the radiative degree of freedom in the scalar sector, we can ask whether the gauge symmetry in the scalar sector is still preserved, as in Minkowski space. Equation (203) shows explicitly that the dynamical variable Ω is invariant under gauge transformations parametrized by C since, under this transformation, Φ_0(t) and ψ(t) are invariant. In contrast, under the transformation parametrized by A we have

Φ_0 → Φ_0 + HA , ψ → ψ − Ȧ . (205)

Therefore, the terms in Ω(t) containing the combination Φ̇_0(t) + Hψ(t) are invariant, while the term Φ_0(t_0) has a variation determined by A(t_0), so

Ω(t, x) → Ω(t, x) + ( a(t) a(t_0) )_{−(d−1)} m^2_gH M^2

A(t_0) . (206)

We see that the function Ω(t, x) has a variation that depends only on the value of the function A(t) at the initial time t_0, rather than on the whole function A(t). We therefore still get an invariance if we restrict to gauge functions A(t) that vanish at the initial time chosen for assigning the initial conditions. Until now we have worked with t_0 arbitrary. A natural choice, however, is to chose t_0 = −∞, and to restrict to gauge functions A(t) that vanish as t → −∞. With this restriction on the initial value of the function A(t), the variable Ω(t) is invariant under the gauge transformations parametrized by both C and by A, and therefore the “hidden symmetry” that we found in massive gravity linearized over Minkowski space persists in massive gravity linearized over de Sitter space.

VIII. CONCLUSIONS AND SUMMARY

We conclude by summarizing the main results and equations of this rather long paper. The use of the (3 + 1) decomposition of the metric and of Bardeen’s variables provides a valuable tool for understanding various aspects of massive gravity. This formalism allows to identify and eliminate the non-dynamical degrees of freedom from the action, working directly at the Lagrangian rather than Hamiltonian level, and to write down a reduced action for the radiative degrees of freedom. We have shown how to carry out this elimination procedure both in Minkowski and in de Sitter space. For massive gravity linearized over Minkowski space (in d spatial dimensions) we found that, in the scalar sector, the variable that describes the radiative degree of freedom of the massive graviton is the flat-space Bardeen variable

Φ_0 = −ϕ − 1 2d ∇^2λ , (207) with ϕ, λ defined by the harmonic decomposition of the metric, eq. (3). (In sects. II-IV we denoted this variable simply as Φ. Here we reserve the notation Φ for the curved-space Bardeen potential). In terms of Φ_0, for a mass term that has the Fierz-Pauli form and in generic d spatial dimensions, the reduced theory in the scalar sector is simply described by a Klein-Gordon action,

S_{2,scalar} = −2d(d − 1) ∫ d^{d+1}x (∂_μΦ_0∂^μΦ_0 + m^2_gΦ^2_0) ,

(208) and therefore Φ_0 satisfies a KG equation,

(□ − m^2_g )Φ_0 = 0 , (209)

a result that was already found using the ADM formalism in [24] (see also [26]). In the presence of external matter, we found that this KG equation is sourced by the combination (ρ − ∇^2σ), see eq. (97). This result is interesting and somewhat unexpected for various reasons. First of all, in the massless case the Bardeen variables describe a physical but non-radiative degree of freedom, as we recalled in sect. II B. It is surprising to see that, when we switch on a mass term, it is precisely the combination Φ_0 that describes the radiative degree of freedom. The real surprise, however, comes from the fact that a variable such as Φ_0 is gauge-invariant under linearized diffeomorphisms. Thus, despite the fact that the mass term breaks the gauge invariance of the theory, after elimination of the non-dynamical variables the scalar sector of massive gravity is still gauge invariant, in the sense discussed in sect. IV. Writing the gauge transformation in the form h_{μν} → h_{μν} − (∂_μξ_ν + ∂_ν ξ_μ), with ξ_0 = A, ξ_i = B_i + ∂_iC, the reduced theory is invariant under the gauge transformations parametrized by the scalar functions A and C. The crucial point for the existence of this symmetry is the fact that, after eliminating the non-dynamical degrees of freedom, the scalar sector can be written uniquely in terms of Φ_0 (possibly including higher-derivative terms, if we are not at the FP point). This was not obvious a priori: in principle, one could have remained with a different non-gauge invariant field. This is indeed what happens in the vector sector, where the propagating field is ϵ^i, rather than the gauge-invariant combination Ξ^i. Thus, in the vector sector, the symmetry parametrized by B_i is broken. Similarly, in massive electrodynamics in the scalar sector survives the longitudinal mode, which is not gauge-invariant. Thus, the existence of a hidden symmetry is a peculiar and non-trivial property of the scalar sector of linearized massive gravity.

It is also interesting to explore the structure of the theory in these variables when the mass term deviates from the FP form. In this case the scalar sector can be described by two fields (Φ_0, Γ) and is governed by the Lagrangian density (76), which is second-order in the time derivatives. When the coefficients b_1, b_2 that parametrize the mass term satisfy (b_1 +b_2)/b_1b_2 ≤ 0, the combination Γ given in terms of the metric in eq. (74) is the ghost, while Φ_0 is the healthy mode. Otherwise the ghost is obtained from a mixture of the Fourier modes of Φ_0 and Γ.

Alternatively we can integrate out even Γ, at the price of a higher-derivative action. It is remarkable to see that in this case the complicated Lagrangian (76) collapses to a simple covariant form for Φ_0

L_{2,scalar} = α_1∂_μΦ_0∂^μΦ_0 +α_2 m^2_gΦ^2_0 + α_3 m^2_g

(□Φ_0)^2 , (210)

with coefficients α_1, α_2, α_3 given (for d = 3) in eqs. (100) and (101), and in particular α_3 = 0 at the FP point. The corresponding source term is given in eq. (102). The appearance of such explicitly Lorentz-covariant structures is required by the fact that, in the end, the variables that describe the helicity-0 modes must have a Lorentzinvariant dispersion relation. Observe however that Φ_0 is not a scalar field under Lorentz transformations, but is scalar only under spatial rotations, and the Lorentz invariance of the theory only emerges combining the scalar, vector and tensor sectors.

Finally, we have explored massive gravity linearized over de Sitter using this formalism. In this case the elimination of the non-dynamical variables and the identification of the radiative degree of freedom in the scalar sector proved to be more subtle. The radiative degree of freedom is not given by the curved-space Bardeen variable Φ defined in eq. (177) (nor by the combination (Φ + Ψ), despite the fact that it satisfies a KG equation, see app. C). Instead, it is described by the field Ω given in eq. (203), which has the form

a^{d−1}(t) Ω(t, x) = ∫_t t_0

dt^′a^{d−1}(t^′)(Φ̇_0+Hψ)(t^′, x)+f(t_0, x) ,

(211) where Φ_0 is still the flat-space Bardeen variable, 2ψ = h_{00}, and f(t_0, x) is a time-independent function which is fixed by the initial conditions imposed at the initial time t_0. This expression is non-local in time. However, in the limit H → 0, Ω becomes local and smoothly reduces to Φ_0 . In term of this variable, and for a FP mass term, the reduced theory in the scalar sector is again described by a simple KG action,

S_{2,scalar} = −2d(d − 1)

[m^2_g − (d − 1)H^2] m^2_g × ∫ d^{d+1}x √ −g [ ∂_μΩ∂^μΩ + m^2_g Ω^2 ] . (212)

This expression nicely summarizes a number of known facts about massive gravity in de Sitter: (1) if m^2_g > (d − 1)H^2 (the Higuchi bound) we have a single healthy degree of freedom in the scalar sector with the correct sign for the kinetic term and a non-tachyonic mass term (we always assume m^2_g > 0). (2) for m^2_g < (d − 1)H^2, the scalar degree of freedom becomes a ghost, and (3) at the special point m^2_g = (d − 1)H^2, corresponding to the so-called partially massless case, the scalar degree of freedom disappears from the spectrum of the theory.

Furthermore, the variable Ω is invariant under scalar gauge transformations parametrized by A and C (with the extra condition that we restrict to gauge functions A(t) that vanish at the initial time t_0, which can be chosen to be t_0 = −∞), and therefore the “hidden symmetry” that we have found in Minkowski space persists in de Sitter.

Our analysis has always been performed without including the non-linearities of the theory. It would be interesting to generalize it to the non-linear ghost-free de Rham-Gabadadze-Tolley model of massive gravity [4, 5]. Work on this is currently in progress.

Acknowledgments. We thank Stanley Deser, Ruth Durrer and Antonio Riotto for useful comments on the manuscript. Our work is supported by the Fonds National Suisse.

Appendix A: Diagonalization of the kinetic term in the scalar sector

In this appendix we study the diagonalization of the kinetic term of the action (76). To study the existence of ghosts we consider at first only the terms that depend on time derivatives, i.e. we consider the Lagrangian L = ∫ d^3x [ 12Φ̇^2 + Γ̇Φ̇ −

16(b_1 + b_2) b_1b_2m^2_g

∂_iΦ̇∂^iΦ̇ ] (A1)

(so that the corresponding action is S = ∫ dt L). It is convenient to perform a spatial Fourier transform of Φ(t, x) and Γ(t, x) and work with the modes Φ_k(t) and Γ_k(t), so L = ∫ d^3k (2π)^3 [ 1 2 α_kΦ̇^∗_kΦ̇_k + Γ̇^∗_kΦ̇_k ] , (A2)

where

α_k = 24 −

32(b_1 + b_2)|k|^2 b_1b_2m^2_g

. (A3)

Since Φ(t, x) and Γ(t, x) are real, the momentum modes satisfy Φ^∗_k = Φ_{−k} and Γ^∗_k = Γ_{−k}. The corresponding conjugate momenta are Π_{Φk} = δL/δΦ̇_k = α_kΦ̇^∗_k + Γ̇^∗_k and Π_{Γk} = δL/δΓ̇_k = Φ̇^∗_k, and the Hamiltonian is H = ∫ d^3k (2π)^3 [ Π_{Φk}Φ̇_k + Π_{Γk}Γ̇_k ] − L = ∫ d^3k (2π)^3 [ 1 2 α_kΦ̇^∗_kΦ̇_k + Γ̇^∗_kΦ̇_k ] , (A4)

so H = L. This Hamiltonian can be diagonalized writing it as H = ∫ d^3k (2π)^3 [ 1 2α_k | | |αkΦ̇k + Γ̇k | | |^2 − 1 2α_k | | |Γ̇k | | |^2 ] . (A5) This shows that, independently of the sign of α_k, the Lagrangian (A2) always has a ghost [25]. In particular, if α_k > 0 the ghost is Γ_k while for α_k < 0 are ghost-like the Fourier modes Γ_k +α_kΦ_k. We see from eq. (A3) that, if b_1 + b_2 b_1b_2

≤ 0 , (A6)

α_k is positive for all k, so the ghost is Γ(t, x). For (b_1 + b_2)/b_1b_2 > 0 the situation is instead quite peculiar: there is a critical value k_∗ ≡ |k_∗| defined by α_{k∗} = 0, i.e. ( k_∗ m_g )_2 = 3 4 b_1b_2 b_1 + b_2

, (A7)

such that are ghost-like the modes Γ_k with |k| < k_∗ and the modes α_kΦ_k + Γ_k with |k| > k_∗. Thus, in the twoparameter space (b_1, b_2) that parametrizes the mass term, there is a region where are ghost-like the Fourier modes of a combination of metric components with momentum k smaller than a critical value k_∗, and the Fourier modes of a different combination of metric components with k > k_∗, a situation which is quite unusual.

For comparison with the masses of the vector and tensor modes, it is interesting to compute the masses of the two scalar modes for b_1 and b_2 generic. This can be conveniently done specializing to field configurations independent of x, i.e. to the Fourier modes with k = 0. We also introduce canonically normalized fields Φ_N = (24)^{1/2}Φ and Γ_N = (24)^{−1/2}Γ. Then the Lagrangian (76) becomes

L_{2,scalar}[Φ_N (t), Γ_N (t)] = 1 2 Φ̇^2_N + Γ̇_NΦ̇_N − 1 2 m^2_G(Φ^2_N + 2Γ_N Φ_N + αΓ^2_N ) ,

(A8)

where as usual m^2_G ≡ b_1m^2_g , and α ≡ 3(b_1 + 2b_2) 2(b_1 + b_2)

. (A9)

Going to Fourier space, we get

S_{2,scalar} = 1 2 ∫ dω 2π (Φ̃_{−ω}, Γ̃_{−ω})M(ω) (~ Φ_ω Γ̃_ω ) , (A10)

with M(ω) = ( ω^2 − m^2_G ω^2 − m^2_G ω^2 − m^2_G −αm^2_G ) (A11)

Inverting this quadratic form we find that the propagator has poles at ω^2 = m^2_G and at

−ω^2 =

(b_1 + 4b_2) 2(b_1 + b_2) m^2_G , (A12)

which therefore are the masses of the two degrees of freedom in the scalar sector. The negative sign in front of ω^2 in eq. (A12) reflects the fact that this mode is ghost-like, hence its kinetic term has the opposite sign compared to a standard kinetic term.

Appendix B: Derivation of j^0 = 0, ∂ij^i = 0 from the non-dynamical equations of motion

As we mentioned in Sect. IV, defining j^ν as in eq. (131), the use of the non-dynamical equations of motion ensures that j^0 = 0 and ∂_ij^i = 0. To prove this result we write j^ν using the harmonic decomposition of the metric. For the temporal component we get

j^0 = −(∇^2γ + 6ϕ̇) . (B1)

Using eqs. (84) and (86) we find j^0 = 0. Therefore, the condition (67) with ν = 0 is indeed a consequence of the non-dynamical equations of motion.

For the spatial component j^i the situation is different. In harmonic variables,

j^i = b_1 ( −∂^iγ̇ − 2∂^iϕ + 2 3 ∂^i∇^2λ + 1 2 ∇^2ϵ^i − β̇^i )

−2b_2(∂^iψ + 3∂^iϕ) . (B2)

This quantity depends both on the scalar functions ψ, ϕ, γ, λ, and on the vectors ϵ^i and β^i. The part depending on the scalar functions vanishes upon use of the non-dynamical equations of motion (84) and Γ = 0. We remain with

j^i = 1 2 ( ∇^2ϵ^i − 2β̇^i ) . (B3)

We found in eq. (107) that indeed the equations of motion in the vector sector imply the condition ∇^2ϵ^i − 2β̇^i = 0. However, to get this result we used the dynamical equation of motion (106) obtained performing the variation with respect to ϵ^i. Thus, the use of the non-dynamical equations of motion is not sufficient to derive the condition j^μ = 0. For this, it is necessary to use the full equations of motion, including a dynamical component. However, ϵ^i and β^i are transverse vectors, so from eq. (B3) it follows ∂_ij^i = 0. This means that, at the FP point, the non-dynamical equations are sufficient to derive the conditions

j^0 = 0 , ∂_ij^i = 0 , (B4)

and therefore also ∂_μj^μ = 0.

Appendix C: Equations of motion in terms of Φ and Ψ in de Sitter

In this appendix we compare our analysis with the discussion of the equations of motion in de Sitter performed in [27]. Taking the variation of the action (182) with respect to ψ, γ, λ and ϕ one finds δψ : (d − 1) 1 a^2

∇^2Φ − d(d − 1)H ( Φ̇ + HΨ ) = −dm^2_gϕ , (C1)

δγ : Φ̇ + HΨ = m^2_g 2(d − 1) γ , (C2)

δλ : (d − 2)Φ − Ψ = m^2_g 2 λ , (C3)

δϕ : Φ̈ + dHΦ̇ + HΨ̇ + dH^2Ψ + 1 da^2 ∇^2 [Ψ − (d − 2)Φ] = m^2_g d − 1 [(d − 1)ϕ + ψ] . (C4)

Using eqs. (C2) and (C3) one can eliminate γ and λ, and then the definitions of Φ and Ψ, eqs. (177) and (178), allow us to express ϕ, ψ in terms of Φ and Ψ. Plugging the resulting expressions into eqs. (C1) and (C4) and combining the equations one finds the coupled set of equations 1 a^2

∇^2(Φ + Ψ) + dH(Φ̇ + Ψ̇) + d(d − 3)H^2Ψ + [ 2d(d − 2)H^2 − dm^2_g ] Φ = 0 , (C5) and ( □ − m^2_g ) [ a^{−2}(Φ + Ψ) ] = 0 , (C6)

where □ = (1/ √ −g)∂_μ( √ −g g^{μν} ∂_ν ) is the d’Alembertian in curved space on scalar functions.^{14} When specialized to d = 3, eqs. (C5) and (C6) agree with the result presented in [27], after the appropriate change of notation.^{15} In flat space eqs. (C5) and (C6) reduce to

∇^2(Φ + Ψ) = dm^2_gΦ , (C7) ( □ − m^2_g ) (Φ + Ψ) = 0 . (C8)

Applying the Laplacian to eq. (C8) and using eq. (C7) we get

m^2_g ( □ − m^2_g ) Φ = 0 , (C9)

and therefore, for m_g ≠ 0, we recover our flat-space result (83).

At first sight eq. (C6) seems to imply that, in de Sitter, the radiative degree of freedom in the scalar sector is described by a^{−2}(Φ + Ψ). The situation is however more subtle. Equations (C1) and (C4) have been obtained by treating {ϕ, ψ, γ, λ} as independent fields. At this level

14 In the derivation one uses the fact that in de Sitter, for any scalar function f, we have −a^2□(a^{−2}f) = f̈ +(d−4)Hḟ −2(d−2)H^2f − a^{−2}∇^2f.

15 In particular, in [27] our Φ is called Ψ and our Ψ is called Φ, the metric signature is the opposite and the equations are written in conformal time. See also [21] for similar perturbation equations in the context of bigravity.

Φ and Ψ are therefore simply a notation for the combinations given by eqs. (177) and (178). In particular, since Ψ includes a terms λ̈, eq. (C3) is a fully dynamical equation for the variable λ, and not a constraint that allows us to eliminate λ from the theory in favor of Ψ and Φ. A way to understand this point is to observe that, in order to have a well-defined Cauchy problem, we must assign the values of h_{ij} and ḣ_{ij} at some initial time t_0. In the scalar sector, this means that we assign {ϕ(t_0), λ(t_0)} and {ϕ̇(t_0), λ̇(t_0)}. However, for H ≠ 0, Φ contains a term λ̇ and Ψ contains terms λ̇ and λ̈. Therefore, assigning λ(t_0) and λ̇(t_0) is not sufficient to provide the initial values (Φ+Ψ)(t_0) nor (Φ̇+Ψ̇)(t_0). Thus, eqs. (C7) and (C8) are not a closed set of equations that can be solved for Φ and Ψ, once given the initial conditions on the metric (in which case one could have then determined λ from eq. (C3)). We still need eq. (C3), written as a secondorder differential equation in λ, to evolve the system.

Thus, these manipulations of the equations of motion are not the correct way of eliminating the non-dynamical variables, and (Φ + Ψ) is not the radiative degree of freedom in the scalar sector. In order to correctly identify the field that describes the radiative degree of freedom in the scalar sector we must go through the procedure presented in sect. VII.

[1] M. Fierz and W. Pauli, Proc.Roy.Soc.Lond. A173, 211 (1939).

[2] D. Boulware and S. Deser, Phys.Rev. D6, 3368 (1972). [3] N. Arkani-Hamed, H. Georgi, and M. D. Schwartz, Annals Phys. 305, 96 (2003), hep-th/0210184.

[4] C. de Rham and G. Gabadadze, Phys.Rev. D82, 044020 (2010), 1007.0443.

[5] C. de Rham, G. Gabadadze, and A. J. Tolley, Phys.Rev.Lett. 106, 231101 (2011), 1011.1232.

[6] M. A. Luty, M. Porrati, and R. Rattazzi, JHEP 0309, 029 (2003), hep-th/0303116.

[7] A. Nicolis and R. Rattazzi, JHEP 0406, 059 (2004), hepth/0404159.

[8] S. Dubovsky, JHEP 0410, 076 (2004), hep-th/0409124. [9] P. Creminelli, A. Nicolis, M. Papucci, and E. Trincherini, JHEP 0509, 003 (2005), hep-th/0505147.

[10] C. Deffayet and J. Rombouts, Phys.Rev. D72, 044003 (2005), gr-qc/0505134.

[11] K. Hinterbichler, Rev.Mod.Phys. 84, 671 (2012), 1105.3735.

[12] C. de Rham, G. Gabadadze, and A. J. Tolley, Phys.Lett.

B711, 190 (2012), 1107.3820.

[13] S. F. Hassan and R. A. Rosen, Phys.Rev.Lett. 108, 041101 (2012), 1106.3344.

[14] S. F. Hassan and R. A. Rosen, JHEP 1107, 009 (2011), 1103.6055.

[15] S. F. Hassan, R. A. Rosen, and A. Schmidt-May, JHEP 1202, 026 (2012), 1109.3230.

[16] S. F. Hassan and R. A. Rosen, JHEP 1204, 123 (2012), 1111.2070.

[17] S. F. Hassan, A. Schmidt-May, and M. von Strauss, Phys.Lett. B715, 335 (2012), 1203.5283.

[18] S. F. Hassan and R. A. Rosen, JHEP 1202, 126 (2012), 1109.3515.

[19] S. F. Hassan, A. Schmidt-May, and M. von Strauss

(2012), 1208.1515.

[20] S. F. Hassan, A. Schmidt-May, and M. von Strauss (2012), 1208.1797.

[21] D. Comelli, M. Crisostomi, and L. Pilo, JHEP 1206, 085 (2012), 1202.1986.

[22] M. Berg, I. Buchberger, J. Enander, E. Mortsell, and S. Sjors (2012), 1206.3496.

[23] V. F. Mukhanov, H. Feldman, and R. H. Brandenberger, Phys.Rept. 215, 203 (1992).

[24] S. Deser, J. Trubatch, and S. Trubatch, Can.J.Phys. 44, 1715 (1966).

[25] V. Rubakov and P. Tinyakov, Phys.Usp. 51, 759 (2008), 0802.4379.

[26] L. Alberte, A. H. Chamseddine, and V. Mukhanov, JHEP 1012, 023 (2010), 1008.5132.

[27] L. Alberte, Int.J.Mod.Phys. D21, 1250058 (2012), 1110.3818.

[28] E. E. Flanagan and S. A. Hughes, New J.Phys. 7, 204 (2005), gr-qc/0501041.

[29] F. de Urries and J. Julve, J.Phys. A31, 6949 (1998), 9802115.

[30] C. de Rham, G. Gabadadze, and A. J. Tolley, JHEP 1111, 093 (2011), 1108.4521.

[31] A. Nicolis, R. Rattazzi, and E. Trincherini, Phys.Rev.

D79, 064036 (2009), 0811.2197.

[32] A. Higuchi, Nucl.Phys. B282, 397 (1987). [33] S. Deser and A. Waldron, Phys.Rev.Lett. 87, 031601 (2001), hep-th/0102166.

[34] S. Deser and A. Waldron, Nucl.Phys. B607, 577 (2001), hep-th/0103198.

[35] S. Deser and A. Waldron, Phys.Lett. B508, 347 (2001), hep-th/0103255.

[36] C. de Rham and S. Renaux-Petel, arXiv:1206.3482 (2012), 1206.3482.