arXiv:1211.1979v1 [hep-th] 8 Nov 2012

Universality of second order transport in Gauss-Bonnet gravity

Evgeny Shaverin and Amos Yarom Department of Physics, Technion, Haifa 32000, Israel (Dated: November 12, 2012)

We compute all the second order transport coefficients of a hydrodynamic theory with a gravity dual which includes a Gauss-Bonnet term. We find that a particular linear combination of the second order transport coefficients, which was found to vanish in generic two derivative gravity theories with matter, remains zero even in the presence of the Gauss-Bonnet term. We contrast this behavior with the shear viscosity to entropy density ratio.

Introduction.—The AdS/CFT correspondences relates the strongly coupled phase of 3+1 dimensional conformal gauge theories (CFT’s) to theories of gravity compactified to 4+1 dimensions [1–3]. In the strongly coupled planar limit, the rank of the gauge-group N and its ’t Hooft coupling λ are related to Newtons constant G_N and the string scale α^′ via λ ∝ L^4 α^{′ 2} N^2 ∝

L^3 G_N (1) where the exact coefficients in the relations (1) depend on the details of the theory [4]. In this work we will be interested in the hydrodynamic phase of non-charged strongly coupled gauge theories whose dual is given by a neutral, asymptotically AdS black hole. In particular, we will be interested in corrections to the second order transport coefficients of the dual gauge theory which are induced by Gauss-Bonnet corrections to the gravitational action.

Adding a Gauss-Bonnet term to the gravitational action may be thought of as an effective contribution to the action which arises from a variety of possible stringy corrections. For instance, it could capture some of the effects of closed string loop corrections [5] or it could be induced by orientifold planes or D branes which in certain instances would correspond to changing the gauge group from the canonical SU(N) to SO(N) or USp(2N) [6–8]. Regardless of its origin, the appearance of a Gauss- Bonnet term in the gravitational induces a shift in the central charges a and c of the CFT as we now explain.

The trace anomaly of a CFT can be parameterized by central charges a and c such that

T^μ_μ = c 16π^2 ( R_{μνρσ} R^{μνρσ} − 2R_{μν} R^{μν} + 1 3 R^2 )

− a 16π^2 ( R_{μνρσ} R^{μνρσ} − 4R_{μν} R^{μν} + R^2 ) (2) with T^μ_μ the trace of the stress tensor and R_{μνρσ} , R_{μν} and R the Riemann tensor, Ricci tensor and Ricci scalar respectively. In the absence of higher derivative corrections to the gravitational action one has a = c [4, 9]. The introduction of a Gauss-Bonnet term to the action implies that a − c ≠ 0 [10, 11]. In what follows, we will assume that there exists a regime of parameters of the theory in which one can consistently neglect six and higher derivative corrections to the gravitational action. (See for instance [11, 12] for explicit examples where such conditions may be satisfied.) In this strongly coupled regime, we will study corrections to second order transport coefficients of the hydrodynamic phase of the dual gauge theory.

Hydrodynamics can be thought of as an effective theory, which, in the absence of conserved charges, is characterized by a velocity field u^μ normalized such that u^μu_μ = −1 and a temperature T . Expanding the energy momentum tensor to second order in gradients of the hydrodynamic variables and imposing Weyl covariance and tracelessness of the energy momentum tensor, one finds

T_{μν} = P (4u_μu_ν + η_{μν} ) − ησ_{μν} + 3∑ i=0 λ_iΣ^{(i)}_{μν} (3)

where σ_{μν} = 2∂_{⟨μ}u_{ν⟩} , ω_{μν} = 1 2 P_μ^αP_ν^β (∂_αu_β − ∂_β u_α) (4) and Σ^{(0)}_{μν} =_⟨u^α∂_ασ_{μν⟩} + 1 3 σ_{μν} ∂_αu^α Σ^{(1)}_{μν} = σ_{⟨μα}σ^α_{ν⟩} , Σ^{(2)}_{μν} = σ_{⟨μα}ω^α_{ν⟩} , Σ^{(3)}_{μν} = ω_{⟨μα}ω^α_{ν⟩} (5) and triangular brackets denote a traceless transverse projection A_{⟨μν⟩} = 1 2 P_μ^αP_ν^β (A_{αβ} + A_{βα}) − 1 3 P_{μν} P^{αβ}A_{αβ} (6) with

P^{μν} = η^{μν} + u^μu^ν . (7)

See [13, 14] for more details regarding the derivative expansion.

In [15], following [16, 17], it was shown that in theories which preserve rotational invariance, the shear viscosity to entropy density ratio η/s satisfies η s = 1 4π (8) in the supergravity limit, regardless of the matter content of the theory. (When rotational symmetry is broken then (8) no longer holds as has been shown in [18, 19].) Taking the result (8) and applying it unwaveringly to the quark gluon plasma which is presumably created in the process of a collision of two heavy ions gives results which are in qualitative agreement with experiment [20].

When computing second order transport coefficients of a conformal theory using the gauge-gravity duality, one obtains a similar relation [21, 22]

− 2λ_0 + 4λ_1 − λ_2 = 0 . (9)

The role of second order transport coefficients in simulations of heavy ion collisions has been discussed in, for example, [20].

Once Gauss-Bonnet corrections to Einstein-gravity are taken into account, relation (8) breaks down and one finds, instead, η s = 1 4π ( 1 − δ + O(δ^2) ) (10)

where δ =^{c−a}_c and c and a correspond to the central charges of the CFT as defined in (2) [11, 12, 23, 24] (see also [25–34] for related work). In what follows, we show that the relation (9) does not receive corrections in the presence of Gauss-Bonnet terms and remains valid at least to order O(δ^2).

As pointed out in [22] the relations (8) and (9) while similar in spirit do differ in a consequential way. While (8) relates transport properties η to equilibrium properties s, equation (9) is a relation among transport coefficients.

The deviation (10) of the ratio of the shear viscosity to entropy density from the value given in (8) is, perhaps, expected since (8) does not hold in the non planar weakly coupled theory. Turning our attention to (9), the value of the λ_i’s at weak coupling were computed for various theories in [35] using kinetic theory, with results which deviate from (9). Since a and c do not get corrected by marginal parameters [5], we expect that the difference c − a which controls the coefficient of the Gauss Bonnet term is not associated with stringy, α^′, corrections. It would be interesting to study the effect of six and higher order corrections to the gravitational action (which should correspond to subleading corrections to the t’ Hooft coupling) on equation (9) (see [36] for initial progress in this direction).

Computation—The starting point for our computation is the action S = − 1 16πG_5 ∫ √ −g ( R + 12 L^2 − θL_{GB} ) d^5x + S_b (11)

where L_{GB} = R_{mnpq} R^{mnpq} − 4R_{mn}R^{mn} + R^2 (12) and S_b are appropriate counter terms which make the variational principle well defined and the Brown-York stress tensor finite [37, 38]. The Roman indices m, n = 0, . . . , 4 refer to bulk quantities while Greek indices μ, ν = 0, . . . , 3 refer to boundary quantities. The parameter θ which controls the strength of the Gauss-Bonnet term is related to the field theory quantity δ = (c − a)/a via 8θ = δ [10, 11].

In a coordinate system where the asymptotically AdS geometry is given by

lim_{r→∞} ds^2 = r^2η_{μν} dx^μdx^{nu} , (13)

The prescription for computing the boundary theory stress tensor T_{μν} to linear order in θ is given by [26, 39] T_{μν} = lim_{r→∞} r^2 L^28πG_5

× (14) ( K_{μν} − Kγ_{μν} + 2θ (3J_{μν} − J γ_{μν} ) − 3 L γ_{μν} + θ L^3 γ_{μν} )

where

γ_{mn} = g_{mn} − N_mN_n (15)

is the boundary metric with N_n = δ^4_n/ √ g^{44} a unit outward vector to the boundary and K_{mn} = − 1 2 (∇_mN_n + ∇_nN_m) (16)

is the extrinsic curvature on the boundary. The tensor J_{mn} is given by J_{mn} = 1 3 ( 2KK_{mp}K^p_n + K_{ps}K^{ps}K_{mn}− 2K_{mp}K^{ps}K_{sn} − K^2K_{mn} ) (17)

and K and J are the trace of K_{mn} and J_{mn} respectively.

The resulting equations of motion are given by: R_{mn} − 1 2 Rg_{mn} − 6 L^2 g_{mn} − θ 2 g_{mn}L_{GB} (18)

+ 2θ ( R_{mpql}R^{pql}_n − 2R^{pq}R_{mpnq} − 2R^q_m R_{qn} + RR_{mn} ) = 0 .

If we use an ansatz of the form

ds^2 = −r^2fdt^2 + r^2(dx^i)^2 + 2Sdtdr (19)

and set L = 1, then we find that

f = 1 − 1 b^4r^4 + 2θ b^8r^8

S = 1 − θ (20)

solves the equations of motion to linear order in θ. Here b is a conveniently chosen integration constant. The resulting energy momentum tensor which follows from the prescription (14) is given by T_{μν} = T^4π^4 16πG_5

(1 + 3θ) diagonal(3, 1, 1, 1) (21) where T is the Hawking temperature, related to b through T = 2 − 3θ 2bπ , (22)

and G_5 is related to the rank of the gauge group through a relation of the form (1).

To compute the transport coefficients η, and λ_i we follow the prescription of [14]. We boost the solution (19) so that it takes the form ds^2 = −r^2fu_μu_ν dx^μdx^ν + r^2P_{μν} dx^μdx^ν − 2Su_μdx^μdr (23) where

u^μ = 1 √ 1 − β^2 ( 1, ⃗β ) P_{μν} = η_{μν} + u_μu_ν . (24)

We now promote the integration constants β_i and b to become space-time dependent fields β_i(x^α) and b(x^α) and correct the metric order by order in derivatives of u^μ and b. It is most efficient to decompose the metric into scalar, vector and tensor modes of the SO(3) ⊂ SO(3, 1) symmetry under which u^μ is (locally) invariant, i.e., we write ds^2 = r^2ku_μu_ν dx^μdx^ν + r^2P_{μν} dx^μdx^ν − 2Su_μdx^μdr + r^2 (u_μV_ν + u_ν V_μ) dx^μdx^ν + r^2Π_{μν} dx^μdx^ν (25)

and expand k, V , S and Π in gradients of u^μ and b. It is convenient to denote the n’th order correction to k, V , S and Π with a superscript (n). Thus, for example

Π^{(0)}_{μν} = V^{(0)}_μ = 0 S^{(0)} = 1 − θ k^{(0)} = f . (26)

In what follows we will present our computation using the dimensionless parameter ρ = rb in favor of r. For n ≥ 1, and to first order in θ, we find that the equations of motion for S^{(n)}(ρ), k^{(n)}(ρ), V^{(n)}μ (ρ) and Π^{(n)}μν (ρ) take the form ( S^{(n)} )_′ = S^{(n)} (( ρ^4 + 4θ ) k^{(n)} )_′

+2 (( ρ^4 − 1 + θ ( 3 − 2 − ρ^8 ρ^4 )) S^{(n)} )_′ = k^{(n)} ( ρ ( ρ^4 + 4θ ) V^{(n) ′}_μ )_′ = V^{(n)}_μ (( ρ(ρ^4 − 1) + 2θ ( 3 − 2ρ^4 ρ^3 )) Π^{(n) ′}_{μν} )_′ = P^{(n)}_{μν}

(27)

where^′ denotes a derivative with respect to ρ and S^{(n)}(ρ), P^{(n)}μν (ρ), k^{(n)}(ρ) and V^{(n)}μ (ρ) are source terms which have to be determined perturbatively. We emphasize that (27) are correct up to O ( θ^2 ) . The solution to (27) is dual to a hydrodynamic state in the boundary theory. Consequentially, the boundary conditions we impose when solving (27) are that the fields are finite at the horizon (ρ = 1), that the boundary theory metric is the Minkowski metric (implying that the fields S^{(n)}, k^{(n)}, V^{(n)}_μ and Π^{(n)}_{μν} fall off fast enough near the boundary) and, in addition, we require that the boundary theory stress tensor defined in (14) is in the Landau frame (implying that the O(r^{−4}) component of k^{(n)} and V^{(n)}μ vanish at the asymptotic AdS boundary). We refer the reader to [14, 40] for a more detailed description of these boundary conditions.

After solving the equations of motion we can compute the hydrodynamic stress tensor by inserting (25) into (14) and expanding to O(θ^2) and O(∂^3). After some algebra, we find that T_{μν} = T^4π^4 16πG_5

(1+3θ)(4u_μu_ν +η_{μν} )+

(1 − 3θ) 4πG_5 π_{μν} , (28)

where π_{μν} is the coefficient of the O(r^{−4}) term of Π_{μν} at large r. (An explicit computation of the θ = 0 limit of (28) can be found in [40].)

The solution to the equations of motion to first order in gradients was computed in [26]. For completeness we reproduce it here. The sources for the equations of motion take the form

S^{(1)} = 0

k^{(1)} = b ( 2ρ^2 − θ

6ρ^4 + 8 3ρ^2 ) ∂_αu^α V^{(1)}_μ = b ( 3ρ^2 − θ

3ρ^4 + 4 ρ^2 ) u^α∂_αu_μ P^{(1)}_{μν} = b ( −3ρ^2 + θ

3ρ^4 − 4 ρ^2 ) σ_{μν}

(29)

and the solution is given by

S^{(1)}(r) = 0

k^{(1)}(r) = 2 3r (1 − θ) ∂_αu^α V^{(1)}_μ (r) = − 1 r (1 − θ) u^α∂_αu_μ Π^{(1)}_{μν} (r) = [ 1 2 (2 + 3θ) bF_1(br) + θ bF_2(br) ] σ_{μν}

(30)

where

F_1(ρ) = − ln(ρ) + 1 2 ln(ρ + 1) + 1 4 ln(ρ^2 + 1) − 1 2 arctan(ρ) + π 4 F_2(ρ) = 1 4 ( 6 ρ^4 − 8 ρ − 1 1 + ρ − 1 + ρ 1 + ρ^2 )

Using (28) , the resulting hydrodynamical energy momentum tensor is given by T_{μν} = T^4π^4 16πG_5

(1 + 3θ) (4u_μu_ν + η_{μν} )−

T^3π^3 16πG_5 (1 − 5θ) σ_{μν} (31) from which we can read the shear viscosity η = T^3π^3 16πG_5

(1 − 5θ) . (32)

We can evaluate the entropy density of the system using s = dP/dT to obtain η s = 1 4π (1 − 8θ) = 1 4π (1 − δ) (33)

which reproduces the results in [23, 26].

Since we are working in the Landau frame then, according to (28), in order to compute the second order transport coefficients we need only solve the tensor equations for Π^{(2)}_{μν} in (27). An explicit computation gives us

P^{(2)}_{μν} = P^{(2)}_0 Σ^{(0)}_{μν} + P^{(2)}_1 Σ^{(1)}_{μν} + P^{(2)}_2 Σ^{(2)}_{μν} + P^{(2)}_3 Σ^{(3)}_{μν} (34)

where

b^{−2}P^{(2)}_0 (ρ) = ρ − 2ρ^{3/2} ( ρ^{3/2}F_1 )_′ + θ [ −2ρ + 12 ρ^3 − 2ρ^{3/2} ( ρ^{3/2} (2F_1 + F_2) )_′ + ( 8 + 3ρ^4 ρ )1_{/2} (( 8 + 3ρ^4 ρ )1_{/2} F_1 )_′]

b^{−2}P^{(2)}_1 (ρ) = ρ − 3ρ^2F_1 + ρ ( ρ^4 − 1 ) F^′_1^2 + θ [ −6ρ + 12 ρ^3 − ( 8 + 3ρ^4

2ρ^2 ) F_1 + 2ρ ( ρ^4 − 1 ) F^′_1 (F^′_1 + F^′_2)

− 3ρ^2F_2(ρ) − 4 (( ρ^4 + 1 ) F^′_1 )_′ + 2 ( 1 − ρ^8 )3_{/4} ρ^3 (1 − ρ^4)^{5/8} ( ρ ( 1 − ρ^8 )7_{/8} (1 + ρ^4)^{5/8}

F^′_1^2 )′]

b^{−2}P^{(2)}_2 (ρ) = 2ρ + 4ρ^{3/2} ( ρ^{3/2}F_1 )_′ + θ [ −4ρ − 8 ρ^3

+ 4ρ^{3/2} ( ρ^{3/2} (2F_1 + F_2) )_′ − 2 ( 8 + 3ρ^4 ρ )1_{/2} (( 8 + 3ρ^4 ρ )1_{/2} F_1 )_′]

b^{−2}P^{(2)}_3 (ρ) = 4ρ + 4 ρ^3 + θ [ 8 33 + ρ^4 − ρ^8 ρ^7 ] .

The solution to the equation of motion (27) takes the form

Π^{(2)}_{μν} = 3∑ j=0 Λ_j Σ^{(j)}_{μν} (35)

where

Λ_j = − ∫_∞ ρ { ∫_x 1 P^{(2)}_j (x^′) dx^′ x (x^4 − 1) [ 1 + 2θ

2x^4 − 3 x^4 (x^4 − 1) ]} dx . (36) To complete the calculation we need to insert the coefficient of the fourth order term in the series expansion of Π^{(2)}_{μν} around r = ∞ into (28). Recalling that 8θ = δ = (c − a)/c we arrive at

λ_0 = π^2T^2 32πG_5 [ 2 − log 2 + 1 8 δ (−21 + log 32) ]

λ_1 = π^2T^2 32πG_5 [ 1 − 7 8 δ ]

λ_2 = π^2T^2 32πG_5 [ 2 log 2 + 1 8 δ(14 − 2 log 32) ]

λ_3 = − π^2T^2 32πG_5 14δ

(37) from which relation (9) follows.

Acknowledgements—We thank N. Banerjee, S. Cremonini, K. Jensen and R. Loganayagam for useful discussions. AY is a Landau fellow, supported in part by the Taub foundation. ES and AY are supported in part by the ISF under grant number 495/11, by the BSF under grant number 2014350 and by the European commission FP7, under IRG 908049.

[1] J. M. Maldacena, Adv.Theor.Math.Phys. 2, 231 (1998), hep-th/9711200.

[2] E. Witten, Adv.Theor.Math.Phys. 2, 253 (1998), hepth/9802150.

[3] S. Gubser, I. R. Klebanov, and A. M. Polyakov, Phys.Lett. B428, 105 (1998), hep-th/9802109.

[4] S. S. Gubser, Phys.Rev. D59, 025006 (1999), hepth/9807164.

[5] D. Anselmi and A. Kehagias, Phys.Lett. B455, 155 (1999), hep-th/9812092.

[6] A. Fayyazuddin and M. Spalinski, Nucl.Phys. B535, 219 (1998), hep-th/9805096.

[7] O. Aharony, A. Fayyazuddin, and J. M. Maldacena, JHEP 9807, 013 (1998), hep-th/9806159.

[8] O. Aharony, J. Pawelczyk, S. Theisen, and S. Yankielowicz, Phys.Rev. D60, 066001 (1999), hep-th/9901134.

[9] M. Henningson and K. Skenderis, JHEP 9807, 023 (1998), hep-th/9806087.

[10] M. Blau, K. Narain, and E. Gava, JHEP 9909, 018 (1999), hep-th/9904179.

[11] A. Buchel, R. C. Myers, and A. Sinha, JHEP 0903, 084 (2009), 0812.2521.

[12] Y. Kats and P. Petrov, JHEP 0901, 044 (2009), 0712.0743.

[13] R. Baier, P. Romatschke, D. T. Son, A. O. Starinets, and M. A. Stephanov, JHEP 0804, 100 (2008), 0712.2451.

[14] S. Bhattacharyya, V. E. Hubeny, S. Minwalla, and M. Rangamani, JHEP 0802, 045 (2008), 0712.2456.

[15] A. Buchel and J. T. Liu, Phys.Rev.Lett. 93, 090602 (2004), hep-th/0311175.

[16] G. Policastro, D. Son, and A. Starinets, Phys.Rev.Lett.

87, 081601 (2001), hep-th/0104066.

[17] G. Policastro, D. T. Son, and A. O. Starinets, JHEP 0209, 043 (2002), hep-th/0205052.

[18] J. Erdmenger, P. Kerner, and H. Zeller, JHEP 1201, 059 (2012), 1110.0007.

[19] A. Rebhan and D. Steineder, Phys.Rev.Lett. 108, 021601 (2012), 1110.6825.

[20] J. Casalderrey-Solana, H. Liu, D. Mateos, K. Rajagopal, and U. A. Wiedemann (2011), 1101.0618.

[21] J. Erdmenger, M. Haack, M. Kaminski, and A. Yarom, JHEP 0901, 055 (2009), 0809.2488.

[22] M. Haack and A. Yarom, Nucl.Phys. B813, 140 (2009), 0811.1794.

[23] M. Brigante, H. Liu, R. C. Myers, S. Shenker, and

S. Yaida, Phys.Rev. D77, 126006 (2008), 0712.0805. [24] M. Brigante, H. Liu, R. C. Myers, S. Shenker, and S. Yaida, Phys.Rev.Lett. 100, 191601 (2008), 0802.3318.

[25] A. Buchel, Nucl.Phys. B802, 281 (2008), 0801.4421. [26] S. Dutta, JHEP 0805, 082 (2008), 0804.2453. [27] R. Brustein and A. Medved, Phys.Rev. D79, 021901 (2009), 0808.3498.

[28] R.-G. Cai, Z.-Y. Nie, N. Ohta, and Y.-W. Sun, Phys.Rev.

D79, 066004 (2009), 0901.1421.

[29] S. Cremonini, K. Hanaki, J. T. Liu, and P. Szepietowski, Phys.Rev. D80, 025002 (2009), 0903.3244.

[30] R. C. Myers, M. F. Paulos, and A. Sinha, JHEP 0906, 006 (2009), 0903.2834.

[31] N. Banerjee and S. Dutta, JHEP 0903, 116 (2009), 0901.3848.

[32] N. Banerjee and S. Dutta, JHEP 0907, 024 (2009), 0903.3925.

[33] S. Cremonini, U. Gursoy, and P. Szepietowski (2012), 1206.3581.

[34] R. Brustein and A. Medved (2012), 1211.0109. [35] M. A. York and G. D. Moore, Phys.Rev. D79, 054011 (2009), 0811.0729.

[36] O. Saremi and K. A. Sohrabi, JHEP 1111, 147 (2011), 1105.4870.

[37] S. de Haro, S. N. Solodukhin, and K. Skenderis, Commun.Math.Phys. 217, 595 (2001), hep-th/0002230.

[38] R. C. Myers, Phys.Rev. D36, 392 (1987). [39] Y. Brihaye and E. Radu, Phys.Lett. B661, 167 (2008), 0801.1021.

[40] M. Haack and A. Yarom, JHEP 0810, 063 (2008), 0806.4602.