arXiv:1211.2460v1 [gr-qc] 11 Nov 2012

Achronal limits, Lorentzian spheres, and splitting

Gregory J. Galloway^∗ and Carlos Vega

Department of Mathematics University of Miami

Abstract

In the early 80’s S.-T. Yau posed the problem of establishing the rigidity of the Hawking-Penrose singularity theorems. Approaches to this problem have involved the introduction of Lorentzian Busemann functions and the study of the geometry of their level sets - the horospheres. The regularity theory in the Lorentzian case is considerably more complicated and less complete than in the Riemannian case. In this paper we introduce a broad generalization of the notion of horosphere in Lorentzian geometry and take a completely different (and highly geometric) approach to regularity. These generalized horospheres are defined in terms of achronal limits, and the improved regularity we obtain is based on regularity properties of achronal boundaries. We establish a splitting result for generalized horospheres, which when specialized to Cauchy horospheres yields new results on the Bartnik splitting conjecture, a concrete realization of the problem posed by Yau. Our methods are also applied to spacetimes with positive cosmological constant. We obtain a rigid singularity result for future asymptotically de Sitter spacetimes related to results in [1, 7].

∗Work partially supported by NSF grant DMS-0708048.

Contents

1 Introduction 2

2 Achronal Limits 3

3 Spheres and horospheres 6 3.1 Lorentzian length and distance . . . . . . . . . . . . . . . . . . . . . 6 3.2 Generalized spheres . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.3 Generalized horospheres . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.4 Cauchy and ray horospheres . . . . . . . . . . . . . . . . . . . . . . . 12

4 Convexity and Rigidity 15 4.1 Weak mean curvature inequalities . . . . . . . . . . . . . . . . . . . . 15 4.2 A splitting result for generalized horospheres . . . . . . . . . . . . . . 16 4.3 Application to Cauchy horospheres . . . . . . . . . . . . . . . . . . . 18

5 Lines 20

6 The case of a positive cosmological constant 22 6.1 Rigid singularity result for asymptotically dS spacetimes . . . . . . . 22 6.2 Limit mean curvature and the proof of Theorem 6.1 . . . . . . . . . . 24

1 Introduction

In the early 80’s S.-T. Yau posed the problem of establishing the rigidity of the Hawking-Penrose singularity theorems. Approaches to this problem, including the approach advocated by Yau [25], have involved the introduction of Lorentzian Busemann functions and the study of the geometry of their level sets - the horospheres. The regularity theory in the Lorentzian case is considerably more complicated and less complete than in the Riemannian case. In this paper we introduce a broad generalization of the notion of horosphere in Lorentzian geometry and take a completely different (and highly geometric) approach to regularity. These generalized horospheres are defined in terms of achronal limits (see Section 2), and the improved regularity we obtain is based on regularity properties of achronal boundaries as developed by Penrose [20]. Generalized horospheres are introduced in Section 3, along with the two main classes of examples, Cauchy horospheres and ray horospheres. The latter are closely related to standard horospheres. Cauchy horospheres generalize standard horospheres in the context of spacetimes with compact Cauchy surfaces. Convexity and rigidity properties of generalized horospheres are studied in Section 4. These results are then applied to obtain some splitting results for spacetimes with compact Cauchy surfaces.

The present work was motivated in part by the so-called Bartnik splitting conjecture [4] and some recent related developments (see e.g., [22]). The classical Hawking- Penrose singularity theorems (cf., [18]) establish the existence of singularities, expressed in terms of incomplete causal geodesics, in large generic classes of spacetimes. In [17] Geroch put forth, in rather explicit terms, the conjectural point of view that spatially closed spacetimes obeying reasonable energy conditions should fail to be singular only under exceptional circumstances. In the early 80’s, Yau formulated this problem in more differential geometric terms as noted above. This led to the following explicit conjecture, stated as Conjecture 2 in Bartnik [4].

Conjecture. Let (M, g) be a spacetime which contains a compact Cauchy surface and obeys the strong energy condition, Ric(X, X) ≥ 0 for all timelike vectors X. If (M, g) is timelike geodesically complete, then (M, g) splits isometrically into the product (R × V, −dt^2 ⊕ h), where (V, h) is a compact Riemannian manifold.

Thus, according to the conjecture, such spacetimes M must be singular, except under very special circumstances; see e.g. [5, Chapter 14] for further background. The conjecture has been proven subject to the addition of a ‘no observer horizon’ type condition, which has taken various forms (see e.g., [11, 4, 10]). In Section 4 we prove a splitting result for generalized horospheres, see Theorem 4.4. When specialized to Cauchy horospheres, this leads to a proof of the Bartnik conjecture provided that, in addition, a certain ‘max-min’ condition associated to a given Cauchy surface S holds, see Theorem 4.7. The splitting is shown to occur along the Cauchy horosphere S^−_∞(S). Within the class of timelike geodesically complete spacetimes with compact Cauchy surfaces, we show that this max-min condition is implied by the so-called S-ray condition introduced in [10]. In fact the S-ray condition is a strictly stronger condition within this class, as can be seen in de Sitter space, where, due to the presence of observer horizons, the S-ray condition fails, but where the max-min condition holds. An alternative approach to the splitting result, Theorem 4.5, is considered in Section 5, by way of the Lorentzian splitting theorem. In Section 6 we obtain a rigid singularity theorem for spacetimes with positive cosmological constant, which is related to some results in [1] (see also [7]), but which does not assume the existence of a future conformal completion. The proof of this theorem involves the introduction of the notion of ‘limit mean curvature’.

2 Achronal Limits

With regard to causal theoretic notions discussed here and elsewhere, we refer the reader to the standard references [5, 18, 20, 19]. Let (M^{n+1}, g) be a spacetime, i.e., a connected, time-oriented Lorentzian manifold, with n ≥ 1. We recall here some basic facts about achronal boundaries.

A set F ⊂ M is called a future set if F = I^+(S) for some set S ⊂ M. It follows that F is a future set if and only if I^+(F ) = F . A past set is defined time-dually. Note that future and past sets are necessarily open. An achronal boundary is the boundary (assumed to be non-empty) of a future or past set, i.e., a non-empty set of the form A = ∂I^±(S), for some subset S ⊂ M. Achronal boundaries have many nice structural properties. In particular, an achronal boundary A ⊂ M is in general an edgeless achronal C^0 hypersurface of M.

We will rely in an essential way on the following facts about achronal boundaries, c.f., [20].

Proposition 2.1 (Achronal Decomposition). Let A be a (nonempty) achronal boundary. Then we have the following.

(1) There exists a unique future set F such that ∂F = A and a unique past set P such that ∂P = A. Then also, I^+(A) ⊂ F and I^−(A) ⊂ P .

(2) The sets P , F and A are mutually disjoint and, M = P ∪ A ∪ F . (2.1) Further, any causal curve from P to F must meet A (at a unique point if it is timelike).

Simple examples show that the inclusions I^−(A) ⊂ P and I^+(A) ⊂ F are in general strict. We say that an achronal boundary is past proper provided I^−(A) = P . It follows from the uniqueness of P that A is past proper if and only if ∂I^−(A) = A. Time-dually, an achronal boundary A is future proper provided I^+(A) = F (or, equivalently, provided ∂I^+(A) = A). We have the following basic lemma whose proof is left to the reader.

Lemma 2.2. Let A and B be achronal boundaries with associated unique past and future sets {P_A, F_A} and {P_B, F_B }, respectively. Then the following hold.

(1) P_A ⊂ P_B if and only if F_B ⊂ F_A.

(2) If A and B are past proper, then P_A ⊂ P_B iff J^−(A) ⊂ J^−(B) iff A ⊂ J^−(B).

Let {A_k} be a sequence of achronal boundaries, and, for each k, let P_k be the unique past set such that A_k = ∂P_k. If the sequence {P_k} is increasing, P_k ⊂ P_{k+1} for all k, then for each n,

A_n = ∂ ( ⋃ k≤n P_k ) . To define the achronal limit of {A_k} we simply let n go to ∞.

Definition 2.3 (Achronal Limits). Let {A_k} be a sequence of achronal boundaries, and, for each k, let P_k and F_k be the unique past and future sets such that A_k = ∂P_k = ∂F_k. (1) If the sequence {P_k} is increasing then the future achronal limit A_∞ of {A_k} is defined as,

A_∞ = ∂ ( ⋃ k P_k ) . (2.2)

(2) If the sequence {F_k} is increasing then the past achronal limit A_∞ of {A_k} is defined as,

A_∞ = ∂ ( ⋃ k F_k ) . (2.3)

Since an arbitrary union of past (resp. future) sets is a past (resp. future) set, an achronal limit (if non-empty) is an achronal boundary, and hence is itself an edgeless achronal C^0 hypersurface in M.

We give here an illustration as to how achronal limits will arise later. Suppose that {A_k} is a sequence of past proper achronal boundaries, I^−(A_k) = P_k. Suppose further that A_k ⊂ J^−(A_{k+1}) for all k. Then, by Lemma 2.2, {P_k} is increasing and thereby gives rise to the future achronal limit,

A_∞ = ∂ ( ⋃ k I^−(A_k) ) = ∂I^− ( ⋃ k A_k ) . (2.4)

We now show that an achronal limit A_∞ is, in a sense made precise below, the sequential limit of the A_k’s. A sequence of points {x_k} is future increasing if x_k ≤ x_{k+1} for all k. If such a sequence converges to x ∈ M, we call x the (future) causal limit of {x_k}. Past increasing sequences of points, and their limits, are understood timedually.

Proposition 2.4 (Sequential Characterization of Achronal Limits). Let A_∞ be the future (resp. past) achronal limit of a sequence of achronal boundaries {A_k}. Then A_∞ is the set of limit points of sequences a_k ∈ A_k. In particular, fixing any point a ∈ A_∞ and any timelike curve α through a, a is the future (resp. past) causal limit of the sequence a_k = α ∩ A_k, (for k sufficiently large).

Proof. We may assume A_∞ is a future limit. By Definition 2.3, {P_k} is increasing and A_∞ = ∂P_∞, P_∞ = ∪_kP_k.

Suppose a ∈ M is a limit point of a sequence a_k ∈ A_k, with a_{kj} → a. Let U be any neighborhood of a. For large j, we have a_{kj} ∈ U. Then for large j, since U meets A_{kj} = ∂P_{kj} , it meets P_{kj} and hence also ∪_kP_k = P_∞. Also, U intersects I^+(a) at some point y, and since I^−(y) is open and contains a, it contains a_{kj} for all sufficiently large j. Thus, y ∈ I^+(A_{kj} ) ⊂ F_{kj} for all large j, and consequently, y /∈ ∪_kP_k = P_∞. It follows that a ∈ ∂P_∞ = A_∞. Hence, A_∞ contains all limit points of sequences a_k ∈ A_k.

Now let a ∈ A_∞ and let α : I → M be any future pointing timelike curve with 0 ∈ I and α(0) = a. Fix T > 0 with −T ∈ I. We have α|_{[−T,0)} ⊂ I^−(A_∞) ⊂ P_∞ = ∪_kP_k and a ∉ P_k. Thus, for all sufficiently large k, α is a timelike curve from α(−T ) ∈ P_k to α(0) = a ∈ A_k ∪ F_k. It follows then from Proposition 2.1 that for each sufficiently large k, there is a unique t_k ∈ (−T, 0] such that a_k := α(t_k) ∈ A_k. By achronality, a_k = α ∩ A_k. The fact that {P_k} is increasing implies that {t_k} must be (weakly) increasing in k, and hence that {a_k} is future increasing. Suppose that t_k ↛ 0, i.e., that t_k ≤ 2δ < 0. Then α(δ) ∈ I^−(A_∞) ⊂ P_∞, and hence α(δ) ∈ P_k for large k. On the other hand, α(δ) ∈ I^+(A_k) ⊂ F_k for large k, which is not possible since P_k ∩ F_k = ∅. So we have t_k → 0, and thus a_k = α(t_k) → α(0) = a.

3 Spheres and horospheres

Throughout this section we shall assume spacetime M is globally hyperbolic. It is well-known that M is globally hyperbolic if and only if M contains a Cauchy surface, cf., [18, 19]. By a Cauchy surface for M we mean a set S ⊂ M that is met by every inextendible causal curve in M exactly once. A Cauchy surface for M is, in particular, a (past and future proper) achronal boundary, and hence is an edgeless achronal C^0 hypersurface in M.

3.1 Lorentzian length and distance

We denote the Lorentzian distance function by d; letting Ω^c_{p,q} be the set of future directed causal curves from p to q, recall that, d(p, q) = { sup{L(γ) : γ ∈ Ω^c_{p,q}}, q ∈ J^+(p) 0, q /∈ J^+(p) . (3.1)

A future causal curve segment α from p to q ∈ J^+(p) is maximal if d(p, q) = L(α), i.e., there is no longer causal curve from p to q. Note that this implies α realizes the distance between any two of its points. A future ray is a future-inextendible curve γ : [a, b) → M, where b ∈ (a, ∞], each segment of which is maximal.

As M is taken to be globally hyperbolic, we have the standard fact that d is finite and continuous on M × M. Furthermore, any two causally related points are joined by a maximal geodesic segment.

For any subset S ⊂ M, we define the distance from S to q ∈ M by d(S, q) = { sup{d(x, q) : x ∈ S} q ∈ J^+(S) 0, q /∈ J^+(S) (3.2)

A future causal curve segment α from S to q ∈ J^+(S) is called a future maximal S-segment if d(S, q) = L(α). Again, this implies that α realizes the distance from S to any of its points. A future S-ray is a future-inextendible curve γ : [a, b) → M from γ(a) ∈ S, such that each initial segment γ|_{[a,c]}, c ∈ (a, b), is a maximal S-segment.

We make use of the notion of causal completeness introduced in [12]. A set S ⊂ M is future causally complete if for all p ∈ J^+(S), the closure of J^−(p)∩S in S is compact. A future causally complete set is necessarily closed. Hence, since we are assuming M is globally hyperbolic, S ⊂ M is future causally complete if for all p ∈ J^+(S), J^−(p) ∩ S is compact.

Lemma 3.1. If S is future causally complete, x → d(S, x) is finite-valued and continuous on M and each q ∈ J^+(S) is reached by a maximal S-segment.

Proof. We show continuity on J^+(S); the extension to all of M is straight-forward. To show continuity at p_0 ∈ J^+(S), it is sufficient to show that every sequence p_k ∈ J^+(S) with p_k → p_0 has a subsequence p_{kj} such that d(S, p_{kj} ) → d(S, p_0). Let p_+ ∈ I^+(p_0), and let K_∗ = J^−(p_∗) ∩ S, where ∗ = k or 0 or +. First, since K_0 is compact and d is continuous on M × M, d(S, p_0) = d(x_0, p_0) for some point x_0 ∈ S. Thus x → d(S, x) is finite-valued, and the maximal geodesic joining x_0 to p_0 is necessarily a maximal S-segment. Similarly, for large k, there exists x_k ∈ K_k ⊂ K_+ such that d(S, p_k) = d(x_k, p_k). Since K_+ is compact, there exists a subsequence, x_{kj} that converges to x_∞ ∈ S. By continuity of d on M × M, d(S, p_{kj} ) = d(x_{kj} , p_{kj} ) → d(x_∞, p_0). It suffices to show d(x_∞, p_0) = d(x_0, p_0). First note that d(x_∞, p_0) ≤ d(S, p_0) = d(x_0, p_0). On the other hand, d(x_0, p_{kj} ) ≤ d(S, p_{kj} ) = d(x_{kj} , q_{kj} ), the limit of which gives d(x_0, p_0) ≤ d(x_∞, p_0).

Future causal completeness has been used in [23] for similar purposes. Past causal completeness is defined in a time-dual manner. In light of Lemma 3.1, causal completeness is what we will typically demand when considering distance from a set.

Note that compact sets and Cauchy surfaces are both future and past causally complete.

The following notion will be used throughout the paper to “causally control” subsets of M: We say a subset A ⊂ M is future bounded if there is a Cauchy surface Σ in M such that A ⊂ J^−(Σ). This notion is closely related with causal completeness.

Lemma 3.2. Let S ⊂ M be closed. If S is future bounded, then S is past causally complete. If M has compact Cauchy surfaces, the converse holds.

Proof. If S is future bounded by a Cauchy surface Σ and p ∈ J^−(S), then J^+(p) ∩ S is a closed subset of the compact set J^+(p) ∩ J^−(Σ) and hence is compact. For the converse, fix a compact Cauchy surface S_0 and decompose M topologically as S_0 × R, with each S_t = S_0 ×{t} a Cauchy surface and each t-curve, t → (x_0, t) timelike. If S is not future bounded, then for some sequence t_k → ∞, S meets each S_{tk} at some point (x_k, t_k) ∈ S ∩ S_{tk} . By compactness, {x_k} has a limit point x_∞ ∈ S_0. Observe that for large k, (x_k, t_k) ∈ J^+(x_∞) ∩ S, and in particular, x_∞ ∈ J^−(S). Clearly {(x_k, t_k)} has no limit point, however, so S is not past causally complete.

We will also need the following fact below.

Lemma 3.3. Let S be an achronal boundary and η : [0, b] → M, η(0) ∈ S, a future directed null geodesic. If η is S-maximal then η ⊂ S. Hence, a null S-ray from an achronal boundary S is necessarily contained in S.

Proof. Letting P and F be the unique past and future sets, respectively, as in Proposition 2.1, we have η ⊂ J^+(S) ⊂ S ∪ F . Suppose otherwise that η leaves S. We may suppose η leaves S immediately, in which case we have, η|_{(0,b]} ⊂ F . On the other hand, since η(0) ∈ S, I^−(η(0)) ⊂ P , so there is a timelike curve from P to η(b) ∈ F , and by the separating property of achronal boundaries, this curve must meet S. But this means η(b) ∈ I^+(S), which implies L(η|_{[0,b]}) = 0 < d(S, η(b)), contradicting the maximality of η as an S-segment.

The limit curve lemma is a basic tool in Lorentzian geometry. We will make use of it in the following form, cf. [5, 12].

Lemma 3.4. Fix a complete Riemannian metric h on M. Let α_k : [0, ∞) → M be a sequence of future-inextendible causal curves, parameterized with respect to h-arc length. If {α_k(0)} has a limit point p, there is an future-inextendible (continuous) causal curve α : [0, ∞) → M with α(0) = p, and a subsequence {α_{kj} } converging uniformly to α, with respect to h, on compact parameter intervals.

The limit curve lemma will be used in conjunction with the following standard fact.

Proposition 3.5. The Lorentzian arc length functional is upper semicontinuous with respect to the topology of uniform convergence on compact subsets, i.e., if a sequence of causal curves α_k : [a, b] → M converges uniformly to the causal curve α : [a, b] → M, then lim sup k→∞ L(α_k) ≤ L(α) (3.3)

3.2 Generalized spheres

Given r > 0 and a non-empty past causally complete set C, the (generalized) past sphere of radius r and center C is the set,

S^−_r (C) := {x : d(x, C) = r} . (3.4)

Lemma 3.6. If non-empty, S^−_r (C) is an acausal past proper achronal boundary.

Proof. Let S := S^−_r (C) ≠ ∅. We first observe that S is acausal. Let y ∈ S and, by the past causal completeness of C, let β be a maximal timelike segment from y to C of length r. If z ∈ J^−(y), then by “cutting the corner” in a neighborhood of y, one can produce a causal curve from z to C of length strictly greater than r. Hence z ∉ S^−_r (C) = S. This shows that S is acausal. To show that S = ∂I^−(S), let x ∈ ∂I^−(S) and let α : [−T, 0] → M be a future timelike curve segment ending at α(0) = x. Then α|_{[−T,0)} ⊂ I^−(S). Consequently, we have d(α(−t), C) > r for all t > 0 and by continuity, d(x, C) ≥ r. If d(x, C) > r, then use a past maximal C-segment from x to C to see that x ∈ I^−(S), a contradiction. Thus, d(x, C) = r, i.e., x ∈ S. Showing S ⊂ ∂I^−(S) is similar.

Lemma 3.7. Let S be a past sphere of radius r. Then S admits a maximal future ‘radial’ S-segment of length r from each point.

Proof. If S = S^−_r (C) for some past causally complete C ⊂ M, then by the time-dual of Lemma 3.1 each x ∈ S is joined to C by a maximal C-segment of length r. By definition of S^−_r (C), this segment is necessarily maximal as an S-segment.

Lemma 3.8. Let C be past causally complete. For 0 < r < s, S^−_s (C) ⊂ I^−(S^−_r (C)) and for every x ∈ S^−_s (C), d(x, S^−_r (C)) = s − r. In particular, d(S^−_s (C), S^−_r (C)) = s − r. Proof. Let x ∈ S^−_s (C). By definition, there is a maximal C-segment from x to C of length s. As any portion of this ending at C must also be C-maximal, the initial point x^′ from which the remaining portion has length r is a maximal C-segment of length r, and hence x^′ ∈ S^−_r (C), which means x ∈ I^−(S^−_r (C)), and since x is arbitrary, S^−_s (C) ⊂ I^−(S^−_r (C)). Note that the curve segment from x to x^′ we trimmed off above has length s − r. In fact, this segment is S^−_r (C)-maximal, as otherwise, if there were a longer curve from x to x^{′′} ∈ S^−_r (C), since there is a curve of length r from x^{′′} to C of length r, we would violate d(x, C) = s. Thus, d(x, S^−_r (C)) = s − r, and hence d(S^−_s (C), S^−_r (C)).

We remark that Lemma 3.8 implies, and in fact is equivalent to, the statement, S^−_a (S^−_r (C)) = S^−_{r+a}(C).

Future spheres S^+_r (C), where C is future causally complete, are defined in a similar fashion, namely, S^+_r (C) := {x : d(C, x) = r}. If C consists of a single point or is a Cauchy surface, then C is both future and past causally complete and we call S^±_r (C) a point sphere or Cauchy sphere, respectively.

The following fact is basic to our development (see also [14]).

Lemma 3.9. Suppose M is future (resp. past) timelike geodesically complete. Then future (resp. past) Cauchy spheres from a compact Cauchy surface are (compact) Cauchy surfaces.

Proof. As the proof uses standard arguments, we shall be brief. Let C be a compact Cauchy surface, and assume M is future timelike geodesically complete. We show that S^+_r (C) is compact. By continuity of the distance function, it is a closed set. If it is not compact, then there is a sequence of points x_k ∈ S^+_r (C) such that the h-distance of x_k to C (where h is a complete background Riemannian metric on M) tends to infinity. For each k, there is a maximal C-segment α_k : [0, t_k] → M (parameterized with respect to h-arc length), t_k → ∞, from a_k ∈ C to x_k. By compactness of C, a_k has a limit point a ∈ C. Passing to a subsequence if necessary, the α_k’s converge to a future-inextendible causal limit curve α : [0, ∞) → M. As the limit of C-maximal segments, α is a C-ray. Since α must enter the timelike future of C, it is timelike. As it is a geodesic, by the completeness assumption, α meets S^+_r (C) at some point α(t_0). By construction of α, α_k(t_0 + 1) (defined for sufficiently large k) converges to α(t_0 + 1) ∈ I^+(S^+_r (C)). Hence α_k(t_0 + 1) ∈ I^+(S^+_r (C)) for large k, but, since α_k ends on S^+_r (C), this contradicts the achronality of S^+_r (C).

Thus, S^+_r (C) must in fact be compact, which by standard results, together with Lemma 3.6, implies it is a Cauchy surface.

3.3 Generalized horospheres

Let {S^−_k = S^−_{rk} (C_k)} be a sequence of (nonempty) past spheres of radius r_k, with r_k → ∞. By Lemma 3.6, each S^−_k is a past proper achronal boundary. As such, for each k, there exists a unique past set P^−_k and a unique future set F^−_k such that S^−_k = ∂P^−_k = ∂F^−_k , with P^−_k = I^−(S^−_k ).

It follows from Lemma 2.2 that the sequence {P^−_k } is increasing if and only if {J^−(S^−_k )} is increasing, or equivalently, if and only if S^−_k ⊂ J^−(S^−_{k+1}) for all k. Similarly, from Lemma 2.2, {F^−_k } is increasing if and only if {J^−(S^−_k )} is decreasing, or, equivalently, if and only if S^−_{k+1} ⊂ J^−(S^−_k )) for all k.

(1) If {P^−_k } is an increasing sequence, we obtain the future achronal limit,

S^−_∞ = ∂ ( ⋃ k P^−_k ) = ∂ ( ⋃ k I^−(S^−_k ) ) . (3.5)

(2) If {F^−_k } is an increasing sequence, we obtain the past achronal limit,

S^−_∞ = ∂ ( ⋃ k F^−_k ) = ∂ ( ⋂ k J^−(S^−_k ) ) . (3.6)

In either case (1) or (2) we refer to S^−_∞ (if non-empty) as a (generalized) past horosphere. We refer to the past spheres S^−_k as ‘pre-horospheres’. As they are achronal boundaries, past horospheres are edgeless achronal C^0 hypersurfaces.

We now establish some fundamental properties of (generalized) past horospheres. By a partial Cauchy surface we mean an edgeless acausal C^0 hypersurface. A partial

Cauchy surface S is a future Cauchy surface provided it has no future Cauchy horizon, H^+(S) = ∅. A past Cauchy surface is defined time-dually.

Lemma 3.10. An acausal future (resp., past) causally complete C^0 hypersurface S is a future (resp., past) Cauchy surface.

Proof. We consider the case that S is future causally complete. Then S is edgeless and hence a partial Cauchy surface. Suppose p ∈ H^+(S). Then, by standard facts, there is a past inextendible null geodesic η ⊂ J^−(p) ∩ J^+(S). But, by future causal completeness, the set J^−(p) ∩ J^+(S) is compact, and hence can not imprison such an η. Thus, H^+(S) = ∅.

Proposition 3.11. A past horosphere S^−_∞ that is future bounded (i.e., S^−_∞ ⊂ J^−(S) for some Cauchy surface S) is a past Cauchy surface.

Proof. It is shown in Theorem 3.12 below that S^−_∞ is acausal (not just achronal), and hence is a partial Cauchy surface. The conclusion then follows from Lemmas 3.2 and 3.10.

The following result is essential to later geometric applications.

Theorem 3.12. Suppose S^−_∞ is a past horosphere. Then S^−_∞ admits a future timelike or null S^−_∞-ray from each of its points. Moreover if S^−_∞ is future bounded then each such S^−_∞-ray is timelike. In this case S^−_∞ is also acausal.

Theorem 3.12 is primarily a consequence of the following lemma.

Lemma 3.13 (The S_k-Segment Lemma). Let S_k be a sequence of subsets with a ‘limit set’ S ⊂ M whereby each s ∈ S is the limit of a sequence s_k ∈ S_k. Suppose that for each k, there is a maximal future S_k-segment, α_k, of (Lorentzian) length l_k from a point x_k ∈ S_k, with l_k → ∞. If x_k → x ∈ S, then there exists a future S-ray from x.

Proof. Fix a complete Riemannian metric h on M and, for each k, let α_k : [0, T_k] → M be a maximal future S_k-segment of Lorentzian length l_k from α_k(0) = x_k ∈ S_k, parameterized with respect to h-arc length. As M is taken to be global hyperbolic, d is continuous. This implies T_k → ∞. To see why, observe that for large k, the (convergent) initial points x_k = α_k(0) are contained in a compact h-ball around x_∞. If some subsequence T_{kj} were bounded, the endpoints α_k(T_{kj} ) would also be contained in a compact h-ball around x_∞. Then by continuity, d being bounded on the product of such balls, we would have l_{kj} = d(x_{kj} , α_{kj} (T_{kj} )) ≤ C, contradicting l_k → ∞.

Extending the α_k’s arbitrarily to the future and applying the limit curve lemma, there is a subsequence α_{kj} : [0, ∞) → M and a future-inextendible C^0 causal limit curve α : [0, ∞) → M from α(0) = x ∈ S, such that {α_{kj} } converges to α uniformly with respect to h on compact parameter intervals.

Fix y ∈ S. By assumption there exists a sequence y_k ∈ S_k, such that y_k → y. For any T > 0, α_k(T ) is defined for large k, and by the upper semi-continuity of arc length and (lower semi-)continuity of d, we have,

L(α|_{[0,T ]}) ≥ lim sup L(α_{kj} |_{[0,T ]}) ≥ lim inf d(S_{kj} , α_{kj} (T )) ≥ lim inf d(y_{kj} , α_{kj} (T )) ≥ d(y, α(T )) . Since y ∈ S is arbitrary, we conclude that L(α|_{[0,T ]}) = d(S, α(T )) for all T > 0, and thus α is an S-ray.

Proof of Theorem 3.12. By Proposition 2.4, each point x ∈ S^−_∞ is a sequential limit of points x_k ∈ S^−_k = S^−_{rk} (C_k). By Lemma 3.7, there is a maximal future S^−_k -segment of length r_k based at x_k. Thus, we may apply Lemma 3.13 to conclude that there is a future S^−_∞-ray from each point of S^−_∞. Let η be any such ray. If S^−_∞ lies to the causal past of a Cauchy surface S, η must meet and enter the timelike future of S. In particular, η must leave S^−_∞ and hence by Lemma 3.3, η is timelike. That S^−_∞ is acausal in this case follows by corner cutting; let η : [0, ∞) → M is a timelike future S^−_∞-ray from x ∈ S^−_∞. Then, by definition, each initial segment η : [0, T ] → M is a maximal S^−_∞-segment, i.e., η|_{[0,T ]} is the longest curve from S^−_∞ to η(T ). If there were a point y ∈ S^−_∞ ∩ J^−(x), (then by cutting the corner near x) one could produce a longer curve from y, and hence from S^−_∞, to η(T ).

3.4 Cauchy and ray horospheres

Our main examples of generalized horospheres are Cauchy horospheres and ray horospheres. The latter are closely related to the classical horospheres associated to Lorentzian Busemann functions. Much of the regularity of classical horospheres, as for example developed in [16], now follows as a consequence of the regularity theory of achronal boundaries, and in fact this approach leads to some strengthening of results. Cauchy horospheres generalize classical horospheres in the context of spacetimes with compact Cauchy surfaces.

3.4.1 Ray horospheres.

Let γ : [0, ∞) → M be a future complete timelike ray, parameterized with respect to arc length. Then the sequence S^−_k = S^−_k (γ(k)) satisfies S^−_k ⊂ J^−(S^−_{k+1}) for all k. To see this, let a ∈ S^−_k = {x : d(x, γ(k)) = k}. By the reverse triangle inequality, d(a, γ(k + 1)) ≥ d(a, γ(k)) + d(γ(k), γ(k + 1)) = k + 1 , from which it follows that a ∈ J^−(S^−_{k+1}).

Thus, as in the remarks preceding (3.5), the sequence P^−_k = I^−(S^−_k ) is increasing and as such, we define S^−_∞(γ), the ray horosphere associated to γ, to be the generalized horosphere,

S^−_∞(γ) = ∂ ( ⋃ k P^−_k ) = ∂ ( ⋃ k I^−(S^−_k ) ) . (3.7)

Note that S^−_∞(γ) is nonempty: Since γ(0) ∈ S^−_k for all k, it follows from Proposition 2.4 that γ(0) ∈ S^−_∞(γ). Future ray horospheres S^+_∞(γ) are defined in a time-dual manner.

Applying Proposition 3.11 and Theorem 3.12 one has the following.

Lemma 3.14. S^−_∞(γ) is an edgeless achronal C^0 hypersurface which admits a future S^−_∞(γ)-ray from each of its points. If S^−_∞(γ) is future bounded by a Cauchy surface, then each of these rays is timelike and S^−_∞(γ) is a past Cauchy surface. Also, in general, γ is, itself, an S^−_∞(γ)-ray.

There is a basic circumstance under which ray horospheres are future bounded.

Lemma 3.15. Let γ be a future complete timelike S-ray, for some Cauchy surface S, and let S^−_∞ = S^−_∞(γ). Then:

(1) S^−_k ⊂ J^−(S), for all k, and hence S^−_∞ ⊂ J^−(S).

(2) S^−_∞ ⊂ I^−(γ) and S^−_∞ admits a timelike future S^−_∞-ray from each point.

Proof. To see (1), note that, parameterizing by arc length, the fact that γ is an S-ray means that d(x, γ(k)) ≤ d(γ(0), γ(k)) = k, for all x ∈ S. Thus, for any y ∈ I^+(S), we have d(y, γ(k)) < k, so S^−_k = S^−_k (γ(k)) ⊂ J^−(S). Being the achronal limit of sets contained in the closed set J^−(S), we have also S^−_∞ ⊂ J^−(S). To see (2), note that each pre-horosphere S^−_k is a past sphere from a point on γ and is thus contained in I^−(γ), from which it follows that S^−_∞ ⊂ I^−(γ). By Theorem 3.12, S^−_∞ admits a future ray from each point. In the case of a ray horosphere, each such ray is realized as a limit curve of a sequence of maximal S^−_k -segments which are contained entirely in I^−(γ). Hence, each S^−_∞-ray is contained in I^−(γ). As S^−_∞ is future bounded, all S^−_∞- rays are timelike. Suppose x ∈ S^−_∞ ∩ ∂I^−(γ). The future S^−_∞-ray from x is contained in I^−(γ), hence must remain in ∂I^−(γ). But as this ray is timelike, this is impossible. Hence S^−_∞ ⊂ I^−(γ).

It is shown in [24], that for globally hyperbolic spacetimes, the classical horosphere {b_γ = 0}, where b_γ is the Busemann function associated to the timelike ray γ, is contained in S^−_∞(γ). For further connections between b_γ and S^−_∞(γ) see [24].

3.4.2 Cauchy horospheres

Suppose now that M is future timelike geodesically complete with a compact Cauchy surface S.

By Lemma 3.9, each future Cauchy sphere S^+_k (S) is a (compact) Cauchy surface. Now, for each k consider the past Cauchy sphere,

~S_k = S^−_k (S^+_k (S)). (3.8)

For each k, let ~F_k be the unique future set such that ~S_k = ∂ ~F_k. We show in this case that it is the sequence of future sets { ~F_k} that is increasing. To see this, first note that, as in (the time dual of) Lemma 3.8, we have S^+_k (S) ⊂ J^−(S^+_{k+1}(S)) and d(S^+_k (S), S^+_{k+1}(S)) = 1. Now, by definition, from each x ∈ ~S_{k+1}, we have a timelike curve α from x to S^+_{k+1}(S) of length k+1. Because the distance between the two future Cauchy spheres is 1, the portion of α from S^+_k (S) to S^+_{k+1}(S) must have length at most 1, so the portion of α from x to S^+_k (S) has length at least k. Thus, d(x, S^+_k (S)) ≥ k, which implies, x ∈ J^−( ~S_k). As x ∈ ~S_{k+1} is arbitrary, we have ~S_{k+1} ⊂ J^−( ~S_k).

Thus, as in the remarks preceding (3.6), { ~F_k} is increasing, and we define S^−_∞(S), the Cauchy horosphere associated to S, to be the generalized horosphere,

S^−_∞(S) = ∂ ( ⋃ k ~F_k ) = ∂ ( ⋂ k J^−( ~S_k) ) . (3.9)

As noted below, S^−_∞(S) is always nonempty.

We establish some basic properties of S^−_∞(S).

Lemma 3.16. Let S^−_∞ = S^−_∞(S).

(1) S^−_∞ is non-empty. In fact, S ∩ ( ∩_k ~S_k ) ∩ S^−_∞ ≠ ∅ . (3.10)

(2) S^−_∞ is future bounded by S. In fact, for each k, S^−_∞ ⊂ J^−( ~S_k), and ~S_k ⊂ J^−(S).

(3) S^−_∞ is a past Cauchy surface which admits a timelike future S^−_∞-ray from each point.

(4) If γ is a future S-ray, then S^−_k (γ(k)) ⊂ J^−( ~S_k) and S^−_∞(γ) ⊂ J^−(S^−_∞).

Proof. To see (1), construct, by standard techniques, a future S-ray α. It is straightforward to check that α(0) ∈ S is in the intersection (3.10). (2) follows from the fact that {J^−( ~S_k)} is decreasing, that ~S_0 = S, and from the sequential characterization of past achronal limits as past causal endpoints. (3) follows from (2), Proposition 3.11 and Theorem 3.12. Finally, to see (4), let γ be a future S-ray, which must be timelike. Parameterizing γ by arc length, we see that γ(k) ∈ S^+_k (S). One then easily checks that the past point sphere S^−(γ(k)) from γ(k) lies to the past of the past Cauchy sphere S^−_k (S^+_k (S)) = ~S_k. (If a ∈ S^−(γ(k)), then, since γ(k) ∈ S^+_k (S), the distance from a to S^+_k (S) is already least k.) Thus, the prehorospheres satisfy, S^−_k (γ(k)) ⊂ J^−( ~S_k) for all k. The horosphere relation in (4) follows from this and Proposition 2.4.

Remark. Suppose now that M is past, as well as future, timelike geodesically complete. Then by Lemma 3.9, each past Cauchy sphere ~S_k is a compact Cauchy surface. In particular each ~S_k is future proper, ~F_k = I^+( ~S_k), and hence from Equation (3.9),

S^−_∞(S) = ∂ ( ⋃ k I^+( ~S_k) ) . (3.11)

By Proposition 2.4, S^−_∞(S) is, in this case, the sequential limit of compact Cauchy surfaces. However, in general S^−_∞(S) may itself fail to be Cauchy, or, equivalently, fail to be compact. Some criteria for compactness of S^−_∞(S) are considered in Section 4.3.

In the next section we establish some convexity and rigidity properties of generalized horospheres and Cauchy horospheres in particular.

4 Convexity and Rigidity

4.1 Weak mean curvature inequalities

Motivated by several earlier works, in [9] Eschenburg introduced the notion of mean curvature inequalities in the support sense for rough hypersurfaces in Riemannian manifolds. In [2] Andersson, Howard and the first author considered the related situation for rough spacelike hypersurfaces in Lorentzian manifolds and proved a geometric maximum principle for such hypersurfaces. Before stating this result we recall some basic definitions.

To set sign conventions, consider a smooth spacelike hypersurface Σ in a spacetime M, with induced metric h and second fundamental form K. For X, Y ∈ T_pΣ, K(X, Y ) = h(∇_X u, Y ), where u is the future pointing timelike unit vector field orthogonal to Σ. Then H = the mean curvature of Σ = tr_ΣK = div_Σu.

We adopt the weak version of spacelike hypersurfaces used in [10, 16, 2]; see also [5, Chapter 14]. A C^0-spacelike hypersurface in M is a subset S ⊂ M that is locally acausal and edgeless, i.e., for each p ∈ S, there is a neighborhood U of p in M so that S ∩ U is acausal and edgeless in U. By standard causal theoretic results, a C^0- spacelike hypersurface is necessarily an embedded C^0 hypersurface in M. Note also that future bounded past horospheres S^−_∞, being (globally) acausal, are C^0-spacelike hypersurfaces.

Let S and S^′ be C^0-spacelike hypersurfaces meeting at a point q ∈ S ∩ S^′. We say that S^′ is locally to the future of S near q if, for some neighborhood U of q in which

S is acausal and edgeless, S^′ ∩ U ⊂ J^+(S, U). In this case we also call S^′ a future support hypersurface for S at q.

We say that a C^0-spacelike hypersurface S has mean curvature ≤ a in the support sense if for all q ∈ S and ϵ > 0, there is a smooth (at least C^2) future support spacelike hypersurface S_{q,ϵ} to S at q with mean curvature H_{q,ϵ} satisfying H_{q,ϵ}(q) ≤ a + ϵ . (4.1) Time-dually, we have the notion of a past support hypersurface for S at q ∈ S, and we may speak of a C^0-spacelike hypersurface S having mean curvature ≥ a in the support sense (by requiring the reverse of inequality (4.1), H_{q,ϵ}(q) ≥ a − ϵ).

Theorem 4.1 ([2]). Let S_1 and S_2 be C^0 spacelike hypersurfaces such that, for some constant a, we have,

(1) S_2 is locally to the future of S_1 near q ∈ S_1 ∩ S_2.

(2) S_2 has mean curvature H_2 ≤ a in the support sense.

(3) S_1 has mean curvature H_1 ≥ a in the support sense (with one-sided Hessian bounds^1).

Then there is a neighborhood U of q, such that S_1 ∩ U = S_2 ∩ U and this intersection is a smooth spacelike hypersurface with mean curvature equal to a.

4.2 A splitting result for generalized horospheres

We begin by establishing a fundamental property of generalized horospheres.

Theorem 4.2. Suppose M is a future timelike geodesically complete spacetime satisfying the timelike convergence condition, Ric(X, X) ≥ 0 for all timelike vectors X. If S^−_∞ is a past horosphere such that every future S^−_∞-ray is timelike (for example, if S^−_∞ is future bounded), then S^−_∞ has mean curvature ≥ 0 in the support sense (with one-sided Hessian bounds).

Proof. Let x ∈ S^−_∞. By Theorem 3.12, we have a future timelike S^−_∞-ray, γ, from x. By the completeness assumption, γ is future complete, and, parameterizing with respect to arc length, we have γ : [0, ∞) → M. Since γ|_{[0,r]} is a maximal S^−_∞-segment, one sees that the past distance sphere S^−_r (γ(r)), r > 0, is a past support surface for S^−_∞ at x. Moreover, since there are no cut points to γ(r) along γ|_{[0,r]}, S^−_r (γ(r)) is smooth near x. Then, using the curvature assumption, standard comparison theory (see e.g., [8, 23]) implies that S^−_r (γ(r)) has mean curvature ≥ −^n_r at x, (where M = M^{n+1}). Since r can be taken arbitrarily large, and since x was arbitrary, we conclude that S^−_∞ has mean curvature ≥ 0 in the support sense. The part about one-sided Hessian

1See [2, Definition 3.3] for a precise statement of this technical condition.

bounds follows from [2, Proposition 3.5] and the assumption that all future S^−_∞-rays are timelike; see [24] for details.

The following proposition generalizes to weak mean curvature inequalities Theorem C in [13].

Proposition 4.3. Let M be a globally hyperbolic and future timelike geodesically complete spacetime satisfying the timelike convergence condition. Let S be a connected, acausal, future causally complete, C^0-spacelike hypersurface with mean curvature ≤ 0 in the support sense. If S admits a future S-ray, then S is a smooth, maximal, geodesically complete spacelike hypersurface, and the causal future of S splits; i.e., (J^+(S), g) is isometric, via the normal exponential map, to ([0, ∞) × S, −dt^2 ⊕ h), where h is the induced metric on S.

Proof. Since S is future causally complete, it is closed and edgeless, and hence a partial Cauchy surface. Then by Lemma 3.10, it is a future Cauchy surface, H^+(S) = ∅. Hence, J^+(S) ⊂ D(S) and by restricting to the spacetime D(S), we may assume without loss of generality that S is a Cauchy surface for M.

Fix a future S-ray γ. As S is acausal, γ is timelike, and hence future complete. Let S^−_∞ = S^−_∞(γ) be its associated past ray horosphere. By Lemmas 3.14 and 3.15, S^−_∞ is acausal, with S^−_∞ ⊂ J^−(S), and all future S^−_∞-rays are timelike. Theorem 4.2 then implies that S^−_∞ has mean curvature ≥ 0 in the support sense, with one-sided Hessian bounds. Let S^− be the connected component of S^−_∞ which contains γ(0). Then S ∩S^− is non-empty and closed. Since S meets S^− locally to the future near any intersection point x ∈ S ∩ S^−, Theorem 4.1 gives that, for some open neighborhood U of x, we have S ∩ U = S^− ∩ U, with this overlap being smooth, spacelike, and maximal. In particular, it follows that S ∩ S^− is open in both S and S^−, and hence that S = S^− is smooth, spacelike, and maximal. Consequently, the timelike future S^−_∞- rays from each point of S^− = S are also S-rays. Since S is smooth, these are precisely the future normal geodesics from S. The splitting then follows from Theorem C in [13]. (Alternatively, at this stage one could apply directly standard Ricatti equation techniques to the smooth spacelike hypersurfaces S_t = {p ∈ J^+(S) : d(S, p) = t}; see [13, Lemma 3.1]).

The previous results can now be used to establish the following splitting result for generalized horospheres.

Theorem 4.4. Let M be a globally hyperbolic timelike geodesically complete spacetime which satisfies the timelike onvergence condition. Suppose S^−_∞ is a future bounded (generalized) past horosphere which admits a past S^−_∞-ray. Then S^−_∞ is a smooth spacelike geodesically complete Cauchy surface, and M splits along S^−_∞. i.e., (M, g) is isometric to (R × S^−_∞, −dt^2 ⊕ h), where h is the induced metric on S^−_∞.

Proof. By Theorem 3.12, S^−_∞ is a globally acausal C^0 spacelike hypersurface. Let S^− be the connected component of S^−_∞ from which the past S^−_∞-ray emanates. Lemma 3.2 implies that S^− is past causally complete. Then, by the time dual of Proposition

4.3, we have that S^− is a smooth, acausal, maximal, geodesically complete spacelike hypersurface, such that (J^−(S^−), g) is isometric, via the normal exponential map, to ((−∞, 0] × S^−, −dt^2 ⊕ h), where h is the induced metric on S^−. It follows from Theorem 3.12 and the smoothness of S^− that all future normal geodesics from S^− are future complete timelike S^−-rays. Consequently, one can similarly show that the full normal exponential image N(S^−) splits as (N(S^−), g) ≈ (R × S^−, −dt^2 ⊕ h). This product structure and the geodesic completeness of S^−, imply that N(S^−) is geodesically complete and globally hyperbolic (see e.g. [5, Section 3.6]). It follows that N(S^−) = M and that S^− is a Cauchy surface for M. Finally, if x ∈ S^−_∞ \ S^−, then x ∈ I^±(S^−), which would violate the achronality of S^−_∞. Thus, S^− = S^−_∞.

4.3 Application to Cauchy horospheres

Let M be a timelike geodesically complete spacetime with compact Cauchy surface S, and consider the associated Cauchy horosphere S^−_∞ = S^−_∞(S). We summarize some properities of S^−_∞, based on previous results.

(i) S^−_∞ is the (nonempty) sequential limit of compact Cauchy surfaces.

(ii) S^−_∞ is future bounded by S, S^−_∞ ⊂ J^−(S).

(iii) S^−_∞ is a past Cauchy surface and admits a timelike future S^−_∞-ray from each point.

(iv) If the timelike convergence condition holds then S^−_∞ has mean curvature ≥ 0 in the support sense (with one-sided Hessian bounds).

Since Cauchy horospheres are always future bounded, the following splitting result is an immediate consequence of Theorem 4.4.

Theorem 4.5. Let M be a timelike geodesically complete spacetime which satisfies the timelike convergence condition and has a compact Cauchy surface S. If the Cauchy horosphere S^−_∞ = S^−_∞(S) admits a past S^−_∞-ray (in particular if S^−_∞ is compact) then S^−_∞ is a smooth compact spacelike Cauchy surface, and M splits along S^−_∞. i.e., (M, g) is isometric to (R × S^−_∞, −dt^2 ⊕ h), where h is the induced metric on S^−_∞.

Compactness of S^−_∞. From the approach taken here, the obstacle to giving a full proof the Bartnik splitting conjecture is in establishing the existence of a past S^−_∞(S)- ray. As per the statement of Theorem 4.5, this would follow immediately from the compactness of S^−_∞(S). However, as noted earlier, although it is a limit of compact Cauchy surfaces, a Cauchy horosphere need not itself be compact in general. A simple criterion for compactness is given here.

Suppose that the sequence of Cauchy pre-horospheres { ~S_k} (each term of which meets S by Lemma 3.16) is past bounded by a Cauchy surface S^′, i.e, ~S_k ⊂ J^+(S^′) for all k. Then the past Cauchy horosphere S^−_∞ = S^−_∞(S) is contained in the compact set J^+(S^′) ∩ J^−(S), and hence is compact.

There is a simple sufficient condition that guarantees that { ~S_k} is past bounded. Note that by definition of S^+_k (S), M_k := max_{x∈S} d(x, S^+_k (S)) = k. Let m_k := min_{x∈S} d(x, S^+_k (S)). We say that the ‘max-min’ condition holds (on S) if, for some R > 0, we have k − m_k ≤ R for all k.

Lemma 4.6. Let M be timelike geodesically complete, S ⊂ M a compact Cauchy surface, and S^−_∞ = S^−_∞(S) its associated Cauchy horosphere. If the max-min condition holds on S, then { ~S_k} is past bounded and hence S^−_∞ is a compact Cauchy surface.

Proof. We show in particular that if k ≤ R + m_k, then ~S_k ⊂ J^+(S^−_R (S)). Otherwise, suppose x_1 ∈ ~S_k and x_2 ∈ S^−_R (S) with x_1 << x_2. By definition of S^−_R (S), there is a timelike curve of length R from x_2 to x_3 ∈ S. By definition of m_k, there is a timelike curve from x_3 to x_4 ∈ S^+_k (S) of length at least m_k. Then, concatenating the curves, the resulting curve goes from x_1 ∈ ~S_k to x_4 ∈ S^+_k (S), but has length strictly larger than R + m_k, i.e., strictly larger than k, contradicting the definition of ~S_k.

Thus, we obtain the following.

Theorem 4.7. Let M be a timelike geodesically complete spacetime which satisfies the timelike convergence condition. If S is a compact Cauchy surface on which the maxmin condition holds, then the Cauchy horosphere S^−_∞ = S^−_∞(S) is a smooth compact spacelike Cauchy surface and (M, g) is isometric to (R × S^−_∞, −dt^2 ⊕ h), where h is the induced metric on S^−_∞.

Proof. If the max-min condition holds on S, S^−_∞ = S^−_∞(S) is a compact Cauchy surface by Lemma 4.6. Standard arguments then imply that S^−_∞ admits a past S^−_∞-ray, and the conclusion follows from Theorem 4.5.

Working in a similar context, we recall that a splitting result was obtained in [10] from the following ‘S-ray’ condition: For some future complete timelike S-ray γ, S ⊂ I^−(γ). We note here that this condition implies the max-min condition above:

Lemma 4.8. Let M be timelike geodesically complete, S ⊂ M a compact Cauchy surface, and S^−_∞ = S^−_∞(S) its associated Cauchy horosphere. If γ is a timelike future S-ray such that S ⊂ I^−(γ), then the max-min condition holds on S.

Proof. Parameterize γ with respect to arc length. Since S ⊂ I^−(γ) and S is compact, we have S ⊂ I^−(γ(k_0)) for some k_0 ∈ N. Then, for any x ∈ S ⊂ I^−(γ(k_0)), and k_0 ≤ k, the reverse triangle inequality gives d(x, γ(k_0)) + (k − k_0) ≤ d(x, γ(k)), and rewriting, we get k − d(x, γ(k)) ≤ k_0 − d(x, γ(k_0)). As the right hand side is a continuous function on the compact set S, it is bounded above by some 0 ≤ R, and we get, k − d(x, γ(k)) ≤ R, for all k_0 ≤ k. Since d(x, γ(k)) ≤ d(x, S^+_k (S)), we have k ≤ d(x, S^+_k (S)) + R. Taking the minimum over x ∈ S, we get k ≤ m_k + R.

As noted in the introduction, de Sitter space shows that the S-ray condition is strictly stronger than the max-min condition. One easily sees that the max-min condition holds on any standard t-slice (see Section 6); indeed, in this case, M_k = m_k for all k. In fact, the max-min condition holds on any Cauchy surface in de Sitter space. On the other hand, because null geodesics can’t quite wrap all the way around the universe, the S-ray condition fails for all Cauchy surfaces S.

We conclude this section with one further splitting result. By using Theorem 3.7 in [14], the requirement of the existence of a past S^−_∞-ray in Theorem 4.4 can be replaced by a somewhat different ray condition.

Theorem 4.9. Let M be a timelike geodesically complete spacetime which satisfies the timelike convergence condition and has a compact Cauchy surface S. Suppose there is a past timelike ray γ emanating from a point in I^−(S^−_∞(S)) such that the future ray horosphere S^+_∞(γ) is past bounded by some Cauchy surface S^′. Then S^−_∞ is a smooth compact Cauchy surface, and M splits along S^−_∞ as in Theorem 4.4.

Proof. By previous results (or their time-duals), Σ_1 := S^+_∞(γ) is a partial Cauchy surface with mean curvature ≤ 0 in the support sense and Σ_2 := S^−_∞(S) is a partial Cauchy surface with mean curvature ≥ 0 in the support sense. Since Σ_1 ⊂ J^+(S^′) and Σ_2 ⊂ J^−(S), it follows that J^+(Σ_1) ∩ J^−(Σ_2) is a subset of the compact set K = J^+(S^′) ∩ J^−(S). The equality J^+(Σ_1) ∩ J^−(Σ_2) = J^+(Σ_1 ∩ K) ∩ J^−(Σ_2 ∩ K) is easily verified and shows that J^+(Σ_1) ∩ J^−(Σ_2) is compact. Since d(Σ_1, Σ_2) = δ > 0, it now follows from Theorem 3.7 in [14] that Σ_1 and Σ_2 are smooth compact spacelike Cauchy surfaces and J^+(Σ_1) ∩ J^−(Σ_2) is isometric to a Lorentzian product ([0, δ] × Σ_1, −dt^2 ⊕ h), where h is the induced metric on Σ_1. In particular Σ_2 is maximal (in fact totally geodesic). Theorem 4.9 now follows from standard results (or apply Proposition 4.3).

5 Lines

Theorem 4.4 in the previous section was derived as a consequence of the splitting result, Proposition 4.3, and the convexity property of generalized horospheres, Theorem 4.2. Here we present an alternative approach to the proof of Theorem 4.4 based on the Lorentzian splitting theorem (stated below, cf. [5] and references therein), along with the convexity property of generalized horospheres.

Theorem 5.1. (Lorentzian Splitting Theorem) If (M, g) is a globally hyperbolic spacetime which satisfies the timelike convergence condition and admits a complete timelike line, then (M, g) splits isometrically as a product, (M, g) ≈ (R × N, −dt^2 ⊕ h), where (N, h) is a complete Riemannian manifold.

Recall, a causal line in spacetime is an inextendible causal geodesic with the property that every segment maximizes the Lorentzian distance between its endpoints.

The approach taken here rests on the following basic property of generalized horospheres.

Proposition 5.2. Let S^−_∞ be a generalized past horosphere in a globally hyperbolic spacetime M. Then any past timelike S^−_∞-ray γ extends to a timelike line.

Proof. The proof is a direct consequence of Theorem 3.12. S^−_∞ has a future S^−_∞-ray η extending from γ(0). By Theorem 2.1, any causal curve α : [a, b] → M from x = γ(t) to y = η(s) must meet S^−_∞ at some point p = α(c), say. But then, because η and γ are S^−_∞-rays, we have that L(α) = L(α|_{[a,c]}) + L(α|_{[c,b]}) ≤ d(x, S^−_∞) + d(S^−_∞, y) = L(γ|_{[0,t]}) + L(η|_{[0,s]}) It follows that joining η and γ produces a causal line, which is necessarily timelike since γ is.

We shall also need the following lemma, which shows, in particular, that, for the splitting in Theorem 4.5, compactness of the Cauchy horosphere S^−_∞(S) is both necessary and sufficient.

Lemma 5.3. Suppose (M, g) is isometric to the Lorentzian product (R×N, −dt^2 ⊕h), for some compact, connected Riemannian manifold (N, h). For any Cauchy surface S in M, the associated Cauchy horosphere S^−_∞ = S^−_∞(S) is a compact Cauchy surface.

Proof. Since N is compact, (M, g) is globally hyperbolic with compact Cauchy surfaces. Hence, S is necessarily compact and there is some slice N^′ := {a} × N which lies to the past of S, N^′ ⊂ J^−(S). From the product structure of (M, g) and the fact that N^′ is a slice, we have that ~N^′_k = N^′. It follows that ~S_k ⊂ J^+(N^′) ∩ J^−(S), and hence, by Proposition 2.4, that S^−_∞ ⊂ J^+(N^′) ∩ J^−(S). As a partial Cauchy surface contained in a compact set, S^−_∞ itself must be a compact Cauchy surface.

Alternative proof of Theorem 4.5. By assumption, we have a past S^−_∞-ray γ. Since S^−_∞ is acausal, this ray must be timelike. Joining this with any future S^−_∞-ray emanating from the base point of γ produces a timelike line, as in Proposition 5.2. Then, by Theorem 5.1, M splits isometrically as a product, (M, g) ≈ (R × N, −dt^2 ⊕ h), where (N, h) is complete Riemannian manifold. Since the Cauchy surfaces of M are compact, N must be compact. Hence, by Lemma 5.3, S^−_∞ is a compact Cauchy surface. It remains to observe that S^−_∞ is a t-slice. Along S^−_∞, the time coordinate t achieves a maximum value, t = b, say, at some point p ∈ S^−_∞. The slice N_b = {b} × N has zero mean curvature and, by Theorem 4.2, S^−_∞ has mean curvature ≥ 0 in the support sense. The geometric maximum principle, Theorem 4.1, then implies that S^−_∞ and N_b agree near p. In fact, by a standard continuation argument, one has, S^−_∞ = N_b. Theorem 4.4 follows.

6 The case of a positive cosmological constant

6.1 Rigid singularity result for asymptotically dS spacetimes

In this section we consider spacetimes (M^{n+1}, g) which obey the Einstein equation, R_{ij} − 1 2 Rg_{ij} + Λg_{ij} = 8πT_{ij} , (6.1)

with positive cosmological constant Λ, where the energy-momentum tensor T_{ij} is assumed to satisfy the strong energy condition, (T_{ij} − 1 n − 1 T g_{ij})X^iX^j ≥ 0 (6.2)

for all timelike vectors X, where T = T_i^i.

Setting Λ = n(n − 1)/2ℓ^2, the strong energy condition (6.2) is equivalent to, Ric (X, X) = R_{ij} X^iX^j ≥ −^n_{ℓ2} for all unit timelike vectors X. By rescaling the metric, we may set ℓ = 1 so that Λ = n(n − 1)/2 and the spacetime Ricci tensor satisfies, Ric(X, X) ≥ −n for all unit timelike vectors X. (6.3)

In [1, 15] results are presented which establish connections between the geometry and topology of spacelike conformal infinity I^+ and the occurrence of past singularities in future asymptotically de Sitter (dS) spacetimes. A related result is obtained here, which does not require the explicit introduction of conformal infinity.

As described in [1, 15], there is a connection between the occurrence of past singularities in an asymptotically dS spacetime and the scalar curvature of its Cauchy surfaces. Let Σ be a smooth compact Cauchy surface in (M^{n+1}, g) which has positive mean curvature, H > 0. If (M, g) satisfies the dominant energy condition, the Hamiltonian constraint implies,

H^2 ≥ 2Λ + |K|^2 − S_Σ , (6.4)

where S_Σ is the scalar curvature of Σ. Using Λ = n(n − 1)/2, and |K|^2 ≥ H^2/n (by the Schwartz inequalty) in the above implies, H ≥ √ n^2 − n n − 1 S_Σ . (6.5)

Thus, if Σ has negative scalar curvature then H > n. Assuming (6.3) holds, a straight forward generalization [1, 6] of the Hawking singularity theorem then implies that all timelike geodesics are past incomplete. If Σ is only assumed to have nonpositive scalar curvature then one obtains a rigid singularity result ([1, Proposition 3.4]): Either the normal geodesics to Σ are past incomplete, or else the metric assumes a particular warped product structure, as exemplified by the ‘de Sitter cusp’ discussed in [15]. In either case, M is past timelike geodesically incomplete.

Consider, on the other hand, standard de Sitter space,

M = R × S^n, ds^2 = −dt^2 + cosh^2 t dΩ^2 , (6.6)

which is timelike geodesically complete. The constant t-slices S_t = {t}×S^n are round spheres and hence have positive scalar curvature. The mean curvature H_t of the slice S_t is given by,

H_t = n

(cosh t)^′ cosh t

= n tanh t . (6.7)

Thus, H_t < n but approaches n rapidly as t → ∞; a brief computation shows,

H_t = n + O(e^{−2t}) . (6.8)

The following theorem (which was motivated, in part, by the Riemannian result, Theorem 3 in [7]) shows in effect that if the mean curvature converges any more rapidly to the value n then there will be past singularities.

Theorem 6.1. Let (M^{n+1}, g) be a future timelike geodesically complete spacetime satisfying Ric(X, X) ≥ −n for all timelike unit vectors X. Let S be a compact Cauchy surface such that the future Cauchy spheres S^+_k (S) have mean curvature ≥ H_k in the support sense, with h_k := min{H_k, n} satisfying,

h_k = n + o(e^{−2k}) . (6.9)

Let S^−_∞ = S^−_∞(S) be the past Cauchy horosphere associated to S, and suppose that S^−_∞ admits a past S^−_∞-ray γ. Then either

(1) S^−_∞ has a past incomplete timelike S^−_∞-ray, or

(2) S^−_∞ is a smooth, compact spacelike Cauchy surface with mean curvature H = n and (M, g) is isometric to the warped product (R × S^−_∞, −dt^2 ⊕ e^{2t}h), where h is the induced metric on S^−_∞.

In either case, M is timelike past incomplete.

As the setting of Theorem 6.1 presents some (interesting) new obstacles, a bit more work is needed before proceeding to its proof. The comparison techniques used to prove the splitting results in Section 4 no longer directly apply: They lead in the present setting to (weak) mean curvature inequalities for which the maximum principle (in any form) is not relevant. Moreover, in proving this past singularity result, we are forced to do without the assumption of (full) past completeness.

To establish Theorem 6.1, we will again work with horospheres, but in order to deal with the aforementioned issues, we introduce the notion of ‘limit mean curvature’, which is adapted from an approach taken in [7]. In Lemma 6.6 we establish a maximum principle (of sorts) for this setting as a consequence of a key convexity result, Lemma 6.5, taken together with Bartnik’s [3] solution to the Dirichlet problem for prescribed mean curvature with rough boundary data. We develop this basic framework for general achronal limits first before specializing to horospheres in Theorem 6.1.

Finally, we note that an analogous program holds in the “n = 0” case, i.e., when replacing n by 0 in all curvature and convexity statements. This leads, in particular, to a refinement of Theorem 4.4 (see Theorem 6.8).

6.2 Limit mean curvature and the proof of Theorem 6.1

We begin by observing that the convergence of Proposition 2.4 is locally uniform.

Lemma 6.2. Let A_∞ be the (future or past) achronal limit of a sequence of achronal boundaries, {A_k}. For any neighborhood U of A_∞ and any compact set K, there is a k_0 ∈ N, such that, for all k ≥ k_0, A_k ∩ K ⊂ U ∩ K . Proof. Otherwise, for each j ∈ N, we can find x_j ∈ A_{kj} ∩ K with x_j ∉ U. As {x_j } ⊂ K, the sequence {x_j } has a limit point x ∈ K. But by Proposition 2.4, we have x ∈ A_∞, which contradicts the fact that {x_j } never enters the neighborhood U. The following definition is adapted from [7]. We note that an achronal boundary is a C^0 spacelike hypersurface, (i.e., locally acausal and edgeless), if and only if it is (globally) acausal.

Definition 6.3. Let A_∞ be the (future or past) achronal limit of a sequence of achronal boundaries, {A_k}, each of which is acausal. We say that A_∞ has limit mean curvature ≥ a (resp. ≤ a) if A_k has mean curvature ≥ a_k (resp. ≤ a_k) in the support sense, with a_k → a.

Lemma 6.4. Suppose (M^{n+1}, g) is globally hyperbolic and satisfies (6.3). Then any future point sphere S^+_r (p) of radius r > 0 has mean curvature ≤ n · coth(r) in the support sense. Similarly, any past point sphere S^−_r (p) has mean curvature ≥ −n · coth(r) in the support sense. Consequently, any future horosphere S^+_∞ has limit mean curvature ≤ n and any past horosphere S^−_∞ has limit mean curvature ≥ −n.

Proof. Let x ∈ S^+_r (p) and let α : [0, r] → M be a future-directed maximal unit speed geodesic from p = α(0) to x = α(r). For 0 < ϵ < r, let ρ_ϵ(y) = d(α(ϵ), y). Then ρ_ϵ is smooth near α|_{(ϵ,t]}. Letting H(t) be the mean curvature of the level set {ρ_ϵ = t} at the point α(t + ϵ), then H = H(t) satisfies the Raychaudhuri inequality:

H^′ ≤ −Ric(α^′, α^′) −

H^2 n ≤ n − H^2 n .

Letting h(t) := H(t)/n, we have h^′ ≤ 1−h^2. With the initial condition, lim_{t→0}+ h(t) = ∞, the elementary comparison solution is coth(t). Thus, H(r − ϵ) = n · h(r − ϵ) ≤ n · coth(r − ϵ) . As {ρ_ϵ = r − ϵ} is a future support hypersurface for S^+_r (p) at α(r) = x, this shows that S^+_r (p) has mean curvature ≤ n · coth(r − ϵ) at x. But since, x ∈ S^+_r (p) and ϵ > 0 were arbitrary, S^+_r (p) has mean curvature ≤ n · coth(r) at each point.

We now establish a key convexity result which will be used to prove Lemma 6.6.

Lemma 6.5. Let (M^{n+1}, g) be a globally hyperbolic spacetime satisfying (6.3). Let A_∞ be an achronal limit with limit mean curvature ≥ n (resp. ≤ n). Suppose that W is a sufficiently small domain in A_∞ with A_∞ acausal near W (see proof). If Σ ⊂ D(W ) is a smooth spacelike hypersurface with mean curvature H = n and edge Σ = ∂W , then Σ ⊂ J^+(W ), (respectively Σ ⊂ J^−(W )).

Proof. Explicitly, we assume there is a domain V in A_∞ with V acausal and D(V ) compact, such that W ⊂⊂ V .

Suppose to the contrary that Σ meets I^−(W ). Then, since edge Σ = ∂W , and Σ and W are compact, we have

d(Σ, W ) = d(Σ, W ) = d(p, q) = ℓ > 0

for some p ∈ Σ and q ∈ W . Since V is compact and acausal, its signed distance function, δ(x) = d(V , x) − d(x, V ), is continuous (on all of M). Since Σ may be exhausted by smooth compact domains, choose Σ_0 to be a smooth compact domain in Σ with ∂Σ_0 ⊂ {|δ| < ℓ/4} and p ∈ Σ_0. Hence, still d(Σ_0, W ) = d(p, q) = ℓ. For small f ∈ C^∞(Σ_0), with f|_{∂Σ0} = 0, let H(f) denote the mean curvature of the hypersurface Σ_f : x → exp_x f(x)N, where N is the future directed unit normal to Σ. The mean curvature operator H has linearization,

H^′(0) = △ − (Ric(N, N) + |K|^2)

Since Ric(N, N)+|K|^2 ≥ −n+H^2/n = 0, H^′(0) is invertible. Thus, by the inverse function theorem, for ϵ > 0 sufficiently small, there exists a smooth compact spacelike hypersurface Σ_ϵ ⊂ int D(V ), with ∂Σ_ϵ = ∂Σ_0 and mean curvature H_{Σϵ} = n(1 − ϵ), such that d(Σ_ϵ, W ) = d(p_ϵ, q_ϵ) = ℓ_ϵ ≥ 7ℓ 8 for some p_ϵ ∈ int Σ_ϵ and q_ϵ ∈ W .

Since Σ_ϵ and D(V ) are compact, with Σ_ϵ ⊂ int D(V ), the set J^+(Σ_ϵ) ∩ ∂D(V ) is compact and contained in I^+(V ). Hence, as δ is continuous, it achieves a positive minimum δ_0 > 0 on J^+(Σ_ϵ) ∩ ∂D(V ). Let δ_1 = min{δ_0, ℓ/4}. By Lemma 6.2, we may choose k_1 sufficiently large so that A_k ∩ D(V ) ⊂ {|δ| < δ_1} ∩ D(V ), for all k ≥ k_1 . Let α_ϵ be a maximal geodesic segment from p_ϵ to q_ϵ realizing the distance ℓ_ϵ. To cover both cases A_∞ is a future/past limit simultaneously, extend α_ϵ also slightly to the future, beyond q_ϵ. Then, for some k_ϵ ≥ k_1, the extension ~α_ϵ meets A_k for all k ≥ k_ϵ. Consequently, for all k ≥ k_ϵ, we can find points p_k ∈ Σ_ϵ and q_k ∈ A_k ∩ D(V ), such that, ℓ_k = d(p_k, q_k) = d(Σ_ϵ, A_k ∩ D(V )), and letting ℓ_V := d(Σ_ϵ, D(V )), we have 5ℓ 8 ≤ ℓ_k ≤ ℓ_V . But by our choice of ∂Σ_ϵ and δ_1, we have in fact p_k ∈ int Σ_ϵ, q_k ∈ A_k ∩ int D(V ), and ℓ_k = d(p_k, q_k) = d(int Σ_ϵ, A_k ∩ int D(V )).

Let V_k be a smooth past support hypersurface for A_k at q_k. By choosing k ≥ k_ϵ sufficiently large, we can insure that H_{Vk} (q_k) ≥ n(1 − ϵ_k), for ϵ_k > 0 arbitrarily small. Let σ_k : [0, ℓ_k] → M be a maximal past directed unit speed timelike geodesic from σ_k(0) = q_k to σ_k(ℓ_k) = p_k. By bending V_k slightly towards the past, we may assume, without loss of generality, that there are no focal cut points to V_k along σ (including the past end point p_k), and hence that ρ_k : y → d(y, V_k) is smooth near σ.

Then, by a comparison argument similar to that used in the proof of Lemma 6.4 (see also the proof of Lemma 6.7 below),we obtain a smooth past support hypersurface V^′_k for Σ_ϵ at p_k with mean curvature H_V ′_k (p_k) ≥ n tanh(c_k − ℓ_k) ≥ n tanh(c_k − ℓ_V ), where c_k = tanh^{−1}(1 − ϵ_k). Now, by taking ϵ_k sufficiently small, we can make c_k − ℓ_V arbitrarily large so as to insure that H_V ′_k (p_k) > n(1 − ϵ). But, by an elementary comparison of second fundamental forms, this contradicts the fact that Σ_ϵ has mean curvature n(1 − ϵ) at p_k.

The following will serve as a (curvature dependent) “limit maximum principle” for the proof of Theorem 6.1.

Lemma 6.6. Let (M^{n+1}, g) be a globally hyperbolic spacetime satisfying (6.3). Let A_∞ and B_∞ be two achronal limits meeting at p ∈ A_∞ ∩ B_∞ such that, near p, both achronal limits are acausal, with B_∞ locally to the future of A_∞ (see proof). If A_∞ has limit mean curvature ≥ n and B_∞ has limit mean curvature ≤ n, then for some neighborhood U of p in M, A_∞ ∩ U = B_∞ ∩ U is a smooth, acausal spacelike hypersurface with H = n.

Proof. Explicitly, we assume that there is a neighborhood U_0 of p in M such that A_∞ ∩ U_0 and B_∞ ∩ U_0 are acausal, and B_∞ ∩ U_0 ⊂ J^+(A_∞ ∩ U_0).

We first note that there are small domains V_A ⊂⊂ A_∞ ∩ U_0 and V_B ⊂⊂ B_∞ ∩ U_0, each containing p, with V_A and V_B acausal and compact, and D(V_A) and D(V_B) compact. Then, by the achronality of A_∞ and B_∞, we may find domains U_A ⊂⊂ V_A and U_B ⊂⊂ V_B , both containing p, such that U_B ≈^T U_A, i.e., U_B is obtained from U_A by flowing along the integral curves of a fixed timelike vector field T . We have U_B ⊂ J^+(U_A); in fact we will show that U_B = U_A.

Let x ∈ U_A. Choose a domain W_A ⊂ U_A around p with x ∈ ∂W_A and let W_B ≈^T W_A be the corresponding domain in U_B . Then, (W_A, D(V_A)) is a “standard data set” as defined by Bartnik in [3], with W_A acausal, and by [3, Theorem 4.1], there is a smooth achronal spacelike hypersurface Σ_A ≈^T W_A with edge Σ_A = ∂W_A, satisfying H_{ΣA} = n. Moreover, by Lemma 6.5, Σ_A ⊂ J^+(W_A). Similarly, we have a smooth achronal spacelike hypersurface Σ_B ≈^T W_B , with edge Σ_B = ∂W_B , satisfying H_{ΣB} = n, with Σ_B ⊂ J^−(W_B ). Note that edge Σ_A ⊂ J^−(edge Σ_B ) and edge Σ_B ⊂ J^+(edge Σ_A).

Suppose that Σ_B meets I^−(Σ_A). Let α be a maximal future directed timelike geodesic segment from p_B ∈ Σ_B to q_A ∈ Σ_A realizing the distance ℓ = d(Σ_B , Σ_A) = d(p_B, q_B ) > 0. By the achronality of Σ_A and Σ_B and the causal relations on the boundaries, p_B ∉ edge Σ_B and q_A ∉ edge Σ_A, so p_B ∈ Σ_B , q_A ∈ Σ_A. Hence the past sphere S^−_ℓ = S^−_ℓ (Σ_A) meets Σ_B locally to the past near any intersection point x ∈ Σ_B ∩ S^−_ℓ . Furthermore, for such an x, there is some y ∈ Σ_A such that ℓ = d(x, Σ_A) = d(x, y). But since y ∈ edge Σ_A would lead to an achronality violation, we have y ∈ Σ_A. Consequently, S^−_ℓ has mean curvature ≥ n near any intersection point x ∈ Σ_B ∩ S^−_ℓ . Hence, it follows from Theorem 4.1 that Σ_B ⊂ S^−, where S^− is the connected component of S^−_ℓ which contains p_B . But since S^− is closed, this implies edge Σ_B ⊂ S^− ⊂ I^−(Σ_A), which again leads to an achronality violation.

Hence, Σ_B does not meet I^−(Σ_A), and so Σ_A and Σ_B must be ‘sandwiched’ between W_A and W_B. It follows that p ∈ Σ_A ∩ Σ_B with Σ_B locally to the future of Σ_A near p. The (smooth) maximum principle then gives Σ_A = Σ_B locally near p. Using again the causal relationship between the boundaries, one last continuation argument gives Σ_A = Σ_B . Hence, ∂W_A = edge Σ_A = edge Σ_B = ∂W_B , and thus the above procedure “sews” A_∞ and B_∞ together along ∂W_A and ∂W_B . In particular, we have x ∈ ∂W_B ⊂ U_B . Hence U_A ⊂ U_B , and since U_A ≈^T U_B , one in fact must have U_A = U_B. Thus, A_∞ and B_∞ agree near p. Also, since Σ_A and Σ_B are sandwiched between U_A and U_B , one has p ∈ Σ_A = Σ_B ⊂ A_∞ ∩ B_∞, so near p, A_∞ = B_∞ is smooth and spacelike with mean curvature n.

Remark: We note that in Lemma 6.6, both achronal limits are independently allowed to be future or past limits, with the A_k’s and B_k’s possibly approaching their limits from the same side, and indeed this is precisely the situation which arises in Theorem 6.1.

In this last preliminary result, we focus on the case at hand in Theorem 6.1.

Lemma 6.7. Let (M^{n+1}, g) be a future timelike geodesically complete spacetime satisfying (6.3), with a compact Cauchy surface S. Suppose the future Cauchy spheres S_k = S^+_k (S) have mean curvature ≥ H_k in the support sense, H_k ∈ R. Let h_k = min{H_k, n}, and suppose h_k = n + o(e^{−2k}). Then S^−_∞ has limit mean curvature ≥ n.

Remark. For a slice S_t in de Sitter space, one observes that S^−_∞(S_t) = S_t. Hence, the conclusion of this lemma does not hold under the slightly slower asymptotic fall-off of (6.8).

Proof. Fix any ~x_k ∈ ~S_k. By definition, d(~x_k, S_k) = k, and ~x_k is joined to some x_k ∈ S_k by a past-directed S_k-maximal unit speed timelike geodesic segment α_k : [0, k] → M, with α_k(0) = x_k and α_k(k) = ~x_k.

Let Σ_k be a smooth past support hypersurface for S_k at x_k with mean curvature H_{Σk} (x) ≥ H_k −^1_2 e^{−3k}. Perturbing Σ_k slightly to the past (keeping x_k fixed), we obtain a smooth past support hypersurface Σ^0_k for S_k at x_k with mean curvature H_Σ0_k (x) ≥ H_k − e^{−3k} ≥ h_k − e^{−3k}, such that ρ_k(y) = d(y, Σ^0_k) is smooth in a neighborhood of α_k.

Letting H_k(t) be the mean curvature of the slice ρ_k = t at α_k(t), H = H_k(t) satisfies the Raychauduri inequality H^′ ≥ Ric(α^′_k, α^′_k) + H^2/n. By the curvature condition, since α_k is unit speed timelike, this gives H^′ ≥ H^2/n − n, or, letting θ = H/n, θ^′(t) ≥ θ^2(t) − 1, θ(0) ≥ h_k − e^{−3k} n Since |(h_k − e^{−3k})/n| < 1, the elementary comparison solution is tanh(b_k − t), with

b_k = tanh^{−1} ( h_k − e^{−3k} n ) = 1 2 ln ( n + h_k − e^{−3k} n − h_k + e^{−3k} ) . Thus we have,

H_k(k) ≥ n tanh(b_k − k) = n e^{2bk} − e^{2k} e^{2bk} + e^{2k} = n (n + h_k − e^{−3k}) − (n − h_k + e^{−3k})e^{2k} (n + h_k − e^{−3k}) + (n − h_k + e^{−3k})e^{2k} = n (n + h_k − e^{−3k}) − (n − h_k)e^{2k} − e^{−k} (n + h_k − e^{−3k}) + (n − h_k)e^{2k} + e^{−k} =: ~H_k . Note that using the asymptotic assumption (6.9), we have lim_{k→∞} ~H_k = n. Because Σ^0_k ⊂ J^−(S_k), the slice ρ_k = k is a past support hypersurface for ~S_k at α_k(k) = ~x_k, which is smooth near ~x_k. Since ~x_k was arbitrary, we have shown that ~S_k has mean curvature ≥ ~H_k in the support sense. Since ~H_k → n, the conclusion follows.

We now make use of the results developed so far to give the proof of Theorem 6.1.

Proof of Theorem 6.1. As S^−_∞ is acausal, any S^−_∞-ray, future or past, is timelike. We will suppose that every past S^−_∞-ray is complete, and show (2). By Lemma 6.7, S^−_∞ has limit mean curvature ≥ n. As γ is assumed to be complete, we construct its associated future ray horosphere, S^+_∞ = S^+_∞(γ). By Lemma 6.4, S^+_∞ has limit mean curvature ≤ n. Note that, since S^−_∞ is (globally) acausal, and by construction of S^+_∞, fixing any intersection point x ∈ S^−_∞ ∩ S^+_∞, we have that S^+_∞ is locally acausal near x, with S^+_∞ locally to the future of S^−_∞ near x. Letting S^− and S^+ denote the connected components of S^−_∞ and S^+_∞ containing γ(0), respectively, it follows from Lemma 6.6 that S^− = S^+ is a smooth, acausal spacelike hypersurface with mean curvature H = n. Since S^−_∞ = S^−_∞(S), and hence S^−, is future bounded, S^− is a past Cauchy surface by Lemma 3.10. It follows then, by the acausality of S^−_∞ that the past S^+_∞-rays emanating from each point of S^+ = S^−, which are necessarily S^+- and hence S^−-rays, are in fact full past S^−_∞-rays, and hence, by assumption, complete. Since S^− is smooth, and also has future S^−-rays from each point, we have that all past and future normal geodesics from S^− are complete timelike S^−-rays.

Thus, the normal exponential map E : R ×S^− → M, defined by E(t, x) = exp tu_x, where u is the future directed unit normal to S^−, is a diffeomorphism onto the normal image N(S^−) := E(R × S^− ). We now show that every normal slice N_t = E({t} × S^−) is totally umbilic with H = n. The standard approach in this context is comparison via the Raychaudhuri equation. To the past, this gives H_t ≥ n. Using an argument similar to that in Hawking’s singularity theorem, if H_t(x) > n at some point x ∈ N_t, one derives a contradiction to the fact that there is a past complete N_t-ray emanating from x (c.f. [1].) Thus, for t < 0, we have H_t = n. To the future, however, Raychaudhuri gives H_t ≤ n, from which it is less clear how to force H_t = n. Our approach here is to instead identify the future slice N_t with a portion of the horosphere S^−_{∞−t} := lim_k S^−_{k−t}(S^+_k (S)), which, like S^−_∞, will inherit limit mean curvature from {S^+_k (S)}. We can then run our arguments over again to get H_t = n for this slice.

To begin, it is straightforward to check that {J^−(S^−_{k−t})} = {J^−(S^−_{k−t}(S^+_k (S)))} is decreasing, and hence produces a well defined generalized horosphere, S^−_{∞−t} = ∂ ( ⋂ k J^−(S^−_{k−t}) )

(c.f. (3.5) and preceeding remarks). Also, one may check that S^−_k (S^+_k (S)) ⊂ J^−(S^−_{k−t}(S^+_k (S))) ⊂ J^−(S^+_t (S)), and hence S^−_∞ ⊂ J^−(S^−_{∞−t}) ⊂ J^−(S^+_t (S)). In particular, S^−_{∞−t} is future bounded. Fix x_∞ ∈ S^− (⊂ S^−_∞). Let x_k ∈ S^−_k (S^+_k (S)) with x_k → x_∞ and let α_k : [0, k] → M be a maximal future segment realizing the distance from x_k to S^+_k (S), parameterized with respect to arc length. Then the points x_{k−t} := α_k(t) ∈ S^−_{k−t}(S^+_k (S)) ⊂ J^−(S^+_t (S)) have a limit point x_{∞−t} and necessarily x_{∞−t} ∈ S^−_{∞−t}. We have t = d(x_{kj} , x_{kj −t}) → d(x_∞, x_{∞−t}). Hence also there is a maximal future segment β from x_∞ to x_{∞−t} realizing this distance. Since S^−_{∞−t} is future bounded, it admits a timelike S^−_{∞−t}-ray, γ, from x_{∞−t}. Let α be the concatenation β followed by γ. Notice that, by construction, for any y ∈ S^−_∞ and z ∈ S^−_{∞−t}, d(y, z) ≤ t. It follows from this that α maximizes the distance to S^−_∞. Hence, α is a future S^−_∞-ray. In particular, α is a future S^−-ray from x_∞. As such, parameterizing with respect to arc length, we have α(s) = exp_{x∞} (su) is the normal geodesic from x_∞ and α(t) = x_{∞−t} ∈ S^−_{∞−t}. This shows that N_t ⊂ S^−_{∞−t}.

The argument in Lemma 6.7 shows that S^+_{∞−t} also has limit mean curvature ≥ n. (To see this, replace e^{2k} by e^{2k−2t} in the calculation.) Hence, working locally, the smooth hypersurface N_t ⊂ S^−_{∞−t} has mean curvature H_t ≤ n and also limit mean curvature ≥ n. Viewing N_t, which is acausal, as the (constant) achronal limit of itself and applying Lemma 6.6, we get H_t = n. Hence, all slices, N_t, to the past and future, satisfy H_t = n, and, using Raychaudhuri again, one gets that each slice is in fact totally umbilic.

From here, it is straightforward to get that the normal image N(S^−) with respect to the spacetime metric g is isometric to the warped product (R × S^−, −dt^2 ⊕ e^{−2t}h), where h is the induced metric on S^− (see e.g., [1]). As noted above, we have that H^−(S^−) = ∅. Then using the warped product structure of N(S^−) and the fact that S^− is past Cauchy, one may adapt the argument in Theorem 3.68 in [5] to show that S^− is h-geodesically complete.

The warped product structure, together with [5, Remark 3.71], and [21, Theorem 5] imply that any future directed causal geodesic starting from S^− can never leave N^+(S^−) = N(S^−) ∩ J^+(S^−). Since causally related points in M can be joined by a causal geodesic, it follows that J^+(S^−) = N^+(S^−). Hence, H^+(S^−) ⊂ J^+(S^−) ⊂ N^+(S^−). But by Theorem 3.69 in [5], S^− is a Cauchy surface for N(S^−). It follows that H^+(S^−) = ∅, and S^− is a Cauchy surface in M. Thus, S^− is compact, S^− = S^−_∞, and N(S^−) = N(S^−_∞) = M.

We conclude this section by noting that all the relevant analogous results hold in the “n = 0” case, and, as such, we obtain the following refinement of Theorem 4.5.

Theorem 6.8. Let (M, g) be future timelike geodesically complete spacetime satisfying Ric ≥ 0, with compact Cauchy surface S, and let S^−_∞ = S^−_∞(S) be its associated past Cauchy horosphere. If S^−_∞ admits a past S^−_∞-ray, then either S^−_∞ admits a past incomplete timelike S^−_∞-ray, or S^−_∞ is a smooth, maximal spacelike Cauchy surface and M splits as (R × S^−_∞, −dt^2 ⊕ h), where h is the induced metric on S^−_∞.

References

[1] L. Andersson and G. J. Galloway, dS/CFT and spacetime topology, Adv. Theor.

Math. Phys. 6 (2002), no. 2, 307–327.

[2] L. Andersson, G. J. Galloway, and R. Howard, A strong maximum principle for weak solutions of quasi-linear elliptic equations with applications to Lorentzian and Riemannian geometry, Comm. Pure Appl. Math. 51 (1998), no. 6, 581–624.

[3] R. Bartnik, Regularity of variational maximal surfaces, Acta Math. 161 (1988), no. 3-4, 145–181.

[4] , Remarks on cosmological spacetimes and constant mean curvature surfaces, Comm. Math. Phys. 117 (1988), no. 4, 615–624.

[5] J. K. Beem, P. E. Ehrlich, and K. L. Easley, Global Lorentzian geometry, second ed., Monographs and Textbooks in Pure and Applied Mathematics, vol. 202, Marcel Dekker Inc., New York, 1996.

[6] A. Borde, Open and closed universes, initial singularities, and inflation, Phys.

Rev. D 50 (1994), no. 6, 3692–3702.

[7] M. Cai and G. J. Galloway, Boundaries of zero scalar curvature in the AdS/CFT correspondence, Adv. Theor. Math. Phys. 3 (1999), no. 6, 1769–1783 (2000).

[8] J.-H. Eschenburg, Comparison theorems and hypersurfaces, Manuscripta Math.

59 (1987), no. 3, 295–323.

[9] , Maximum principle for hypersurfaces, Manuscripta Math. 64 (1989), no. 1, 55–75.

[10] J.-H. Eschenburg and G. J. Galloway, Lines in space-times, Comm. Math. Phys.

148 (1992), no. 1, 209–216.

[11] G. J. Galloway, Splitting theorems for spatially closed space-times, Comm. Math.

Phys. 96 (1984), no. 4, 423–429.

[12] , Curvature, causality and completeness in space-times with causally complete spacelike slices, Math. Proc. Cambridge Philos. Soc. 99 (1986), no. 2, 367– 375.

[13] , Some connections between global hyperbolicity and geodesic completeness, J. Geom. Phys. 6 (1989), no. 1, 127–141.

[14] , Some rigidity results for spatially closed spacetimes, Mathematics of gravitation, Part I (Warsaw, 1996), Banach Center Publ., vol. 41, Polish Acad. Sci., Warsaw, 1997, pp. 21–34.

[15] , Cosmological spacetimes with Λ > 0, Advances in differential geometry and general relativity, Contemp. Math., vol. 359, Amer. Math. Soc., Providence, RI, 2004, pp. 87–101.

[16] G. J. Galloway and A. Horta, Regularity of Lorentzian Busemann functions, Trans. Amer. Math. Soc. 348 (1996), no. 5, 2063–2084.

[17] R. Geroch, Singularities, Relativity (Proc. Conf. Midwest, Cincinnati, Ohio, 1969), Plenum, New York, 1970, pp. 259–291.

[18] S. W. Hawking and G. F. R. Ellis, The large scale structure of space-time, Cambridge University Press, London, 1973, Cambridge Monographs on Mathematical Physics, No. 1.

[19] B. O’Neill, Semi-Riemannian geometry, Pure and Applied Mathematics, vol.

103, Academic Press Inc. [Harcourt Brace Jovanovich Publishers], New York, 1983.

[20] R. Penrose, Techniques of differential topology in relativity, Society for Industrial and Applied Mathematics, Philadelphia, Pa., 1972, Conference Board of the Mathematical Sciences Regional Conference Series in Applied Mathematics, No. 7.

[21] T. G. Powell, Lorentzian manifolds with non-smooth metrics and warped products, ProQuest LLC, Ann Arbor, MI, 1982, Thesis (Ph.D.)–University of Missouri - Columbia.

[22] M. Sharifzadeh and Y. Bahrampour, Some results about the level sets of Lorentzian Busemann function and Bartnik’s conjecture, Comm. Math. Phys. 286 (2009), no. 1, 389–398.

[23] J.-H. Treude and J. D.E. Grant, Volume Comparison for Hypersurfaces in Lorentzian Manifolds and Singularity Theorems, 2012, arXiv:1201.4249v1.

[24] C. Vega, University of Miami dissertation, in preparation.

[25] S.-T. Yau, Problem section, Annals of Math. Studies, No. 102, Princeton University Press, Princeton, N. J., 1982, pp. 669–706.