arXiv:1211.2703v2 [hep-th] 29 Nov 2012

MODIFIED ELLIPTIC GAMMA FUNCTIONS AND 6d SUPERCONFORMAL INDICES

V. P. SPIRIDONOV

Abstract. We construct a modified elliptic gamma function of order two which is well defined when one of the base parameters lies on the unit circle, e.g. |q| = 1. Possible applications of this function in the context of 6d superconformal indices is discussed. A 6d/4d boundary theory with SP (2N) gauge group is proposed whose superconformal index is W (E_7)-group invariant. For N = 1 this symmetry reduces to the symmetry transformation for an elliptic analogue of the Euler-Gauss hypergeometric function. A 5d/3d boundary field theory partition function with the same symmetry is discussed as well.

1. Introduction

Six dimensional superconformal field theories currently form an active research field (see, e.g., [1] and references therein). As claimed by Moore [1], these theories should form a gold mine for experts in special functions as a source of amazing identities, which is just one of many important potential mathematical outputs from them. At first unexperienced glance this statement may sound weird, but the author agrees with it. Indeed, a principally new class of special functions called elliptic hypergeometric integrals has been discovered in [2]. It came as a big surprise to mathematicians since it was tacitly assumed that q-hypergeometric functions form the top level special functions of hypergeometric type with nice exact formulae [3]. Some particular examples of such integrals were interpreted as wave functions or normalizations of wave functions in specific elliptic multiparticle quantum mechanical systems [2]. Recently it was shown by Dolan and Osborn [4] that certain elliptic hypergeometric integrals coincide with superconformal indices of four-dimensional gauge field theories and corresponding identities prove Seiberg dualities (electro-magnetic, strong-weak, or mirror symmetry dualities) in the topological sector. Further detailed investigation of this relationship was performed in many papers among which we mention only a small fraction [5, 6, 7, 8].

The theory of elliptic hypergeometric functions is nowadays a rich mathematical subject with many beautiful new constructions [9]. One of its key ingredients is the elliptic gamma function of order one related to the Barnes multiple gamma function of order three Γ_3(u; ω_1, ω_2, ω_3) [10]. The plain and q-hypergeometric functions are directly related to the Barnes gamma functions of order one Γ_1(u; ω_1) (which is proportional to the standard Euler’s gamma function Γ(u/ω_1)) and order two Γ_2(u; ω_1, ω_2), respectively. The multiple infinite q-products with several bases naturally emerge in the considerations of superconformal indices for higher dimensional theories [11, 12]. In particular, topological strings partition function [12, 13, 14] and 6d superconformal indices [15, 16, 17] are expressed in terms of the elliptic gamma 1

function of order two (related to Γ_4(u; ω)).^1 In [18] the elliptic gamma function of order three (related to Γ_5(u; ω)) emerged in the description of partition functions of solvable 2d statistical mechanics models identical with superconformal indices of some 4d quiver gauge theories.

Shortly after the discovery of elliptic beta integrals the author posed a natural question: is there a higher order generalization of elliptic hypergeometric integrals to Barnes multiple gamma functions Γ_m(u; ω) with m > 3, obeying exact formulas similar to the ones found in [2] ? Until now this question has not been resolved, but the author is sure it has a positive answer. Perhaps 6d superconformal theories provide an appropriate framework for approaching this problem through the systematic investigation of identities for corresponding indices.

In this note we discuss a particular question of the theory of elliptic gamma functions of order two and related 6d superconformal indices. We speculate also on the structure of a boundary 6d/4d (or 5d/3d) theory with the exact W (E_7)- invariant superconformal index (or partition function).

2. Modified elliptic gamma functions

Let us take four incommensurate quasiperiods ω_k ∈ C (i.e., they are constrained by the condition

∑_4

k=1 n_kω_k ≠ 0, n_k ∈ Z). Using their ratios we form six bases

q = e^{2πi ω1ω}2 , p = e^{2πi ω3ω}2 , r = e^{2πi ω3ω}1 , s = e^{2πi ω4ω}1 , t = e^{2πi ω4ω}2 , w = e^{2πi ω3ω}4 (1) and their particular modular transformations q̃ = e^{−2πi ω2ω}1 , p̃ = e^{−2πi ω2ω}3 , r̃ = e^{−2πi ω1ω}3 , s̃ = e^{−2πi ω1ω4} , t̃ = e^{−2πi ω2ω4} , w̃ = e^{−2πi ω4ω3} . (2) The bases p, q, r and p̃, q̃, r̃ coincide with those used in [2, 9].

In the increasing order of complexity we define the following infinite products all of which are well defined only when bases q, . . . , w are of modulus less than 1. Denote

(z; q_1, . . . , q_m) = ∞∏ k_1 ,...,k_m=0 (1 − zq^{k1}_1 · · · q^{km}_m ), z ∈ C , the standard infinite q-product and θ(z; p) = (z; p)(pz^{−1}; p) a theta function obeying properties, θ(pz; p) = θ(z^{−1}; p) = −z^{−1}θ(z; p). The standard (order one) elliptic gamma function has the form [9] Γ(z; p, q) = ∞∏ i,j=0 1 − z^{−1}p^{i+1}q^{j+1} 1 − zp^iq^j , z ∈ C^∗ , and the elliptic gamma function of order two is Γ(z; p, q, t) = ∞∏ i,j,k=0 (1 − z^{−1}p^{i+1}q^{j+1}t^{k+1})(1 − zp^iq^j t^k), z ∈ C^∗ .

1The author had a joint project with F. Dolan and G. Vartanov on building 6d indices where emergence of this function was noticed as well. Unfortunately, it was terminated due to insuperable circumstances.

We use the conventions Γ(a, b; . . .) := Γ(a; . . .)Γ(b; . . .), Γ(az^{±1}; . . .) := Γ(az; . . .)Γ(az^{−1}; . . .), Γ(az^{±1}y^{±1}; . . .) := Γ(azy; . . .)Γ(az^{−1}y; . . .)Γ(azy^{−1}; . . .)Γ(az^{−1}y^{−1}; . . .). Both, Γ(z; p, q) and Γ(z; p, q, t) are symmetric in their bases. For the order one elliptic gamma function one has the difference equations Γ(qz; p, q) = θ(z; p)Γ(z; p, q), Γ(pz; p, q) = θ(z; q)Γ(z; p, q). For the second order function one has Γ(qz; p, q, t) Γ(z; p, q, t) = Γ(z; p, t), Γ(pz; p, q, t) Γ(z; p, q, t) = Γ(z; q, t), Γ(tz; p, q, t) Γ(z; p, q, t) = Γ(z; p, q). The inversion relations have the form Γ(z, pqz^{−1}; p, q) = 1, Γ(pqtz; p, q, t) = Γ(z^{−1}; p, q, t). In [2] the following modified elliptic gamma function of order one was defined

G(u; ω_1, ω_2, ω_3) := Γ(e^{2πi uω}2 ; p, q)Γ(re^{−2πi uω}1 ; r, q̃) =

Γ(e^{2πi uω}2 ; p, q) Γ(q̃e^{2πi uω}1 ; r, q̃) . It satisfies three linear difference equations of the first order G(u + ω_1; ω) = θ(e^{2πi uω}2 ; p)G(u; ω), (3) G(u + ω_2; ω) = θ(e^{2πi uω1} ; r)G(u; ω), (4) G(u + ω_3; ω) = e^{−πiB2,2 (u;ω)}G(u; ω), (5) where B_{2,2}(u; ω) is the diagonal Bernoulli polynomial of order two,

B_{2,2}(u; ω) = u^2 ω_1ω_2 − u ω_1 − u ω_2 + ω_1 6ω_2 + ω_2 6ω_1 + 1 2 . In (5) the exponential coefficient emerged through the following well-known SL(2, Z)- modular transformation property of theta functions θ ( e^{2πi uω}2 ; e^{2πi ω1ω}2 ) θ ( e^{−2πi uω1} ; e^{−2πi ω2ω1} ) = e^{−πiB2,2 (u;ω)}. (6) One has the reflection equation G(a; ω)G(b; ω) = 1, a + b = 3∑ k=1 ω_k. We shall use below the following shorthand notation G(a ± b; ω) := G(a + b, a − b; ω) := G(a + b; ω)G(a − b; ω). In order to prove that (3) is well defined for |q| = 1 we consider another function G̃(u; ω_1, ω_2, ω_3) = e^{− πi}3^B3,3^{(u;ω)}Γ(e^{−2πi u}ω_3 ; r̃, p̃), (7) where B_{3,3}(u; ω) is the diagonal Bernoulli polynomial of order three, B_{3,3} ( u + 3∑ n=1 ω_n 2 ; ω ) = u(u^2 −^1_4

∑_3 k=1 ω^2_k) ω_1ω_2ω_3 .

Obviously, one has the symmetry G̃(u; ω_1, ω_2, ω_3) = G̃(u; ω_2, ω_1, ω_3). Using the relation

B_{3,3}(u + ω_3; ω_1, ω_2, ω_3) − B_{3,3}(u; ω_1, ω_2, ω_3) = 3ω_3B_{2,2}(u; ω_1, ω_2),

it is not difficult to check that G̃(u; ω) satisfies the same three equations (3)-(5) and the normalization condition

G̃( 1 2 3∑ k=1 ω_k; ω_1, ω_2, ω_3) = G( 1 2 3∑ k=1 ω_k; ω_1, ω_2, ω_3) = 1.

Therefore by the Jacobi theorem one obtains the equality

G̃(u; ω_1, ω_2, ω_3) = G(u; ω_1, ω_2, ω_3) (8)

corresponding to one of the SL(3, Z)-modular group transformation laws for the elliptic gamma function [19].

The crucial property of G(u; ω) is that it remains a well defined meromorphic function of u even for ω_1/ω_2 > 0 (i.e., for |q| = 1 with the conditions |p|, |r| < 1 being obligatory), in difference from Γ(z; p, q). This fact is evident from the second form of representation of G(u; ω) (7).

Take the limit ω_3 → ∞ in such a way that Im(ω_3/ω_1), Im(ω_3/ω_2) → +∞ (i.e., p, r → 0). Then, lim p,r→0 G(u; ω_1, ω_2, ω_3) = γ(u; ω_1, ω_2) = (e^{2πiu/ω1}q̃; q̃) (e^{2πiu/ω2} ; q) . (9)

This is a modified q-gamma function known under many other different names (double sine, hyperbolic gamma function, or quantum dilogarithm, see Appendix A in [18] for interconnections between these functions). For Re(ω_1), Re(ω_2) > 0 and 0 < Re(u) < Re(ω_1 + ω_2) it has the integral representation

γ(u; ω_1, ω_2) = exp ( − ∫ R+i0 e^{ux} (1 − e^{ω1x})(1 − e^{ω2x}) dx x ) , (10)

which shows that γ(u; ω_1, ω_2) is meromorphic even for ω_1/ω_2 > 0, when |q| = 1 and the infinite product representation (9) is not applicable.

Euler’s gamma function Γ(x) can be defined as a special solution of the functional equation f(x + 1) = xf(x). q-Gamma functions with q = e^{2πiω1/ω2} can be defined as special solutions of the equation f(x+ω_1) = (1−e^{2πiu/ω2} )f(x) (in particular the functions (10) and 1/(e^{2πiu/ω2} ; q) satisfy this equation). Analogously, the elliptic gamma functions of order one are defined as special solutions of the key equation (3), which does not assume any restriction on the parameter q. Its particular solutions Γ(e^{2πiu/ω2} ; p, q) and 1/Γ(q^{−1}e^{2πiu/ω2} ; p, q^{−1}) exist only for |q| < 1 or |q| > 1, respectively. And G(u; ω) covers the remaining domain |q| = 1.

Define now the modified elliptic gamma function of order two

G(u; ω_1, . . . , ω_4) := Γ(e^{2πi uω}2 ; q, p, t) Γ(q̃e^{2πi uω1} ; q̃, r, s) . (11)

This is a meromorphic function of u ∈ C satisfying the inversion relation G(u + ∑_4

k=1 ω_k; ω_1, . . . , ω_4) = G(−u; ω_1, . . . , ω_4) and four linear difference equations of the first order G(u + ω_1; ω) = Γ(e^{2πi uω}2 ; p, t)G(u; ω), (12) G(u + ω_2; ω) = Γ(e^{2πi uω1} ; r, s)G(u; ω), (13)

G(u + ω_3; ω) =

Γ(e^{2πi uω}2 ; q, t) Γ(q̃e^{2πi uω}1 ; q̃, s) G(u; ω), (14)

G(u + ω_4; ω) =

Γ(e^{2πi uω}2 ; p, q) Γ(q̃e^{2πi uω}1 ; q̃, r) G(u; ω). (15)

Note that the latter equation coefficient is simply G(u; ω_1, ω_2, ω_3). Note also that in the limit ω_4 → ∞ taken in such a way that s, t → 0, we have

lim_{s,t→0} G(u; ω_1, . . . , ω_4) = ∞∏ j,k=0 1 − e^{2πi uω}2 p^j q^k 1 − e^{2πi uω1} r^jq̃^{k+1} , which is only “a half” of 1/G(u; ω_1, ω_2, ω_3).

Let us demonstrate that G(u; ω_1, . . . , ω_4) remains a meromorphic function of u for ω_1/ω_2 > 0 (or |q| = 1). First, we find another solution of the above set of equations. Consider the following function

G̃(u; ω_1, . . . , ω_4) = e^{− πi}12^B4,4^{(u;ω)} Γ(e^{−2πi} u ω3 ; p̃, r̃, w̃) Γ(we^{−2πi uω}4 ; s̃, t̃, w) , (16)

where B_{4,4}(u; ω) is the diagonal multiple Bernoulli polynomial of order four, whose compact form we have found from (37) as

B_{4,4}(u; ω_1, . . . , ω_4) = 1 ω_1ω_2ω_3ω_4 ( [(u − 1 2 4∑ k=1 ω_k)^2 − 1 4 4∑ k=1 ω^2_k]^2

− 1 30 4∑ k=1 ω^4_k − 1 12 ∑ 1≤j<k≤4 ω^2_j ω^2_k ) . (17)

This function satisfies four linear difference equations of the first order

G̃(u + ω_1; ω) = e^{− πi}3^B3,3^{(u;ω}2^{,ω}3^{,ω}4^) Γ(e^{−2πi} u ω3 ; p̃, w̃) Γ(we^{−2πi uω}4 ; t̃, w) G̃(u; ω), (18)

G̃(u + ω_2; ω) = e^{− πi}3^B3,3^{(u;ω}1^{,ω}3^{,ω}4^) Γ(e^{−2πi} u ω3 ; r̃, w̃) Γ(we^{−2πi uω}4 ; s̃, w) G̃(u; ω), (19)

G̃(u + ω_3; ω) = e^{− πi}3^B3,3^{(u;ω}1^{,ω}2^{,ω}4^)Γ(e^{−2πi u}ω_4 ; s̃, t̃)G̃(u; ω), (20) G̃(u + ω_4; ω) = e^{− πi}3^B3,3^{(u;ω}1^{,ω}2^{,ω}3^)Γ(e^{−2πi u}ω_3 ; p̃, r̃)G̃(u; ω), (21) following from the previously defined formulas and the relation B_{4,4}(u + ω_4; ω) − B_{4,4}(u; ω) = 4ω_4B_{3,3}(u; ω). But this is precisely the set of equations (12)-(15). Indeed, equality of coefficients in (15) and (21) is nothing else than the relation (8). Equality of coefficients in (12) and (18) or in (14) and (20) follows from (8) after the replacement ω_1 → ω_4 or ω_3 → ω_4, respectively. Equality of coefficients in (13) and (19) follows after the replacement in (8) ω_1 → ω_4 and subsequent substitution ω_2 → ω_1. Since ω_j ’s are incommensurate we conclude that the ratio G̃(u; ω)/G(u; ω) is a constant independent on u. However, there is no distinguished value of u for which the equality of normalizations of G and G̃ becomes obvious. The fact that G̃(u; ω_1, ω_2, ω_3, ω_4) = G(u; ω_1, ω_2, ω_3, ω_4) (22)

follows from an SL(4, Z)-modular group transformation law for the double elliptic gamma function established as Corollary 9 in [20].^2

So, in the same way as in the lower order cases, special solutions of the key equation (12) define elliptic gamma functions of order two: the functions Γ(e^{2πi uω2} ; p, q, t) and 1/Γ(q^{−1}e^{2πi uω}2 ; p, q^{−1}, t) satisfy it for |q| < 1 and |q| > 1, respectively, and G(u; ω_1, . . . , ω_4) covers the domain |q| = 1. The latter function is defined for |p|, |r|, |s|, |t|, |w| < 1, |q| ≤ 1. Note that for other admissible domains of values of bases it will take a different form.

3. A 6d/4d theory with W (E_7)-invariant superconformal index

Superconformal indices are defined as [21, 22]

I(y) = Tr [(−1)^F m∏ k=1 y^{Gk}_k e^{−βH} ], where F is the fermion number, G_k form the maximal Cartan subalgebra preserving a distinguished supersymmetry relations involving one supercharge and its superconformal partner

{Q, S} = 2H, Q^2 = S^2 = 0, [Q, G_k] = [S, G_k] = 0.

The trace is effectively taken over the space of BPS states formed by zero modes of the operator H which eliminates dependence on the chemical potential β. Considering supersymmetric theories in curved backgrounds and their indices one comes substantially to the same objects, i.e. one can use them for a description of nonsuperconformal theories [23]. Computation of such indices via the localization techniques was initiated in [24].

We shall not discuss general structure of these indices in 4d field theories since they were described in many previous papers, see, e.g., [6, 7]. Take a particular 4d theory in the space-time S^3 × S^1 with SP (2N) gauge group and the flavor group SU(8) × U(1). In addition to the vector superfield in the adjoint representation of SP (2N), take 8 chiral matter fields forming the fundamental representation of SP (2N) with the R-charge 1/2 and U(1)-charge (1 − N)/4. Take also one antisymmetric SP (2N)-tensor field of zero R- and SU(8)-charges and unit U(1)- charge. For N = 1, the global group U(1) decouples and the tensor field is absent.

The superconformal index of this theory is described by the following elliptic hypergeometric integral [5]: I(y_1, . . . , y_8; t; p, q) = (p; p)^N (q; q)^N 2^N N! Γ(t; p, q)^{N−1} ∫ T^N ∏ 1≤j<k≤N Γ(tz^{±1}_j z^{±1}_k ; p, q) Γ(z^{±1}_j z^{±1}_k ; p, q) × N∏ j=1 ∏_8

i=1 Γ(t^{1−N4} (pq)^{14} y_iz^{±1}_j ; p, q) Γ(z^{±2}_j ; p, q) dz_j 2πiz_j . (23)

2 This transformation was used in [14], though only SL(3, Z)-group is explicitly mentioned

there. Actually, the SL(3, Z)-modular group emerged earlier as a symmetry transformation of 4d superconformal indices explaining the ’t Hooft anomaly matching conditions [6].

Here y_i are fugacities for SU(8)-group satisfying the constraint

∏_8 i=1 y_i = 1, t is the fugacity for the group U(1), p and q are fugacities for the superconformal group generator combinations R/2 + J_3 ± J_3, where R is the R-charge. Nontrivial contributions to the index come only from the states with H = E − 2J_3 − 3R/2 = 0. In terms of the variables t_i = t^{1−N4} (pq)^{14} y_i we have the balancing condition t^{2N−2} ∏_8 i=1 t_i = (pq)^2. The constraints |t|, |t_i| < 1 are needed for the choice of the integration contours as unit circles with positive orientation T. For N = 1 the integral I(y_1, . . . , y_8; p, q) is nothing else than an elliptic analogue of the Euler-Gauss hypergeometric function introduced in [2].

In addition to the obvious S_8-symmetry in variables y_i, function (23) obeys the following hidden symmetry transformation extending S_8-group to W (E_7) – the Weyl group of the exceptional root system E_7: I(y_1, . . . , y_8; t; p, q) = N−1∏ k=0 ( ∏ 1≤i<j≤4 Γ(t^{k+ 1−N2} (pq)^{12} y_iy_j ; p, q) × ∏ 5≤i<j≤8 Γ(t^{k+ 1−N2} (pq)^{12} y_iy_j ; p, q) ) I(ŷ_1, . . . , ŷ_8; t; p, q), where

ŷ_k = y_k √ Y , ŷ_{k+4} = √ Y y_{k+4}, k = 1, . . . , 4, Y = y_1y_2y_3y_4.

Equivalently one can write Y^{−1} = y_5y_6y_7y_8. For N = 1 this relation was established by the author [2] and it was extended to arbitrary N by Rains [25].

Define now the following expression containing the double elliptic gamma function

I_{6d/4d}(y_1, . . . , y_8; t; p, q) := I(y_1, . . . , y_8; t; p, q) ∏ 1≤j<k≤8 Γ(t N +1

2 (pq)^12 y_j y_k; p, q, t)

. (24)

First, we show that this function is W (E_7)-group invariant. Indeed, explicit substitution yields

I_{6d/4d}(ŷ_1, . . . , ŷ_8; t; p, q) = I_{6d/4d}(y_1, . . . , y_8; t; p, q), (25)

which follows from the relation ∏ 1≤j<k≤8 Γ(t^{N +12} (pq)^{12} y_j y_k; p, q, t) Γ(t^{N +1}2 (pq)^12 ŷ_jŷ_k; p, q, t) = ∏ 1≤j<k≤4 5≤j<k≤8 Γ(t^{N +12} (pq)^{12} y_j y_k; p, q, t) Γ(t^{−N +1}2 (pq)^12 y_j y_k; p, q, t) = N−1∏ k=0 ∏ 1≤j<k≤4 5≤j<k≤8 Γ(t^{k+ 1−N2} (pq)^{12} y_j y_k; p, q).

Now we want to interpret equality (25) as a symmetry relation for the superconformal index of a 6d field theory similar to [8], where a beautiful 5d field theory interpretation was given to the W (E_7)-symmetry of the elliptic analogue of Euler- Gauss hypergeometric function.

The 6d-index is defined as

I(y; p, q, t) = Tr [(−1)^F p^{C1} q^{C2} t^{C3} ∏ k y^{Gk}_k ], where G_k are the flavor group maximal torus generators and C_{1,2,3} are Cartans for the space-time symmetry group. In the notations of Imamura [16]

p^{C1} q^{C2} t^{C3} = x^{j1 +3R/2}y^{j2}_3 y^{j3}_8 ,

where R is the Cartan of 6d (1,0)-supersymmetry SU(2)_R-subalgebra, j_1 is the generator of U(1)_V and j_2, j_3 are Cartans of SU(3)_V with U(1)_V × SU(3)_V being the isometry subgroup of Lorentz rotations in the S^5 × S^1 space. Perturbative contributions to the index are described by the double elliptic gamma function [16, 17]. E.g., for a U(1)-flavor group hypermultiplet one has I_{hyp}(y; p, q, t) = 1 Γ( √ pqty; p, q, t) = exp (^∞∑ n=1 i_{hyp}(y^n; p^n, q^n, t^n) n ) , (26) i_{hyp}(y; p, q, t) = √ pqt(y + y^{−1}) (1 − p)(1 − q)(1 − t) . For SU(2) gauge group vector superfield one obtains^3 I_{vec}(z; p, q, t) = κ Γ(z^{±2}; p, q, t) (1 − z^2)(1 − z^{−2})

= exp (^∞∑ n=1 i_{vec}(z^n; p^n, q^n, t^n) n ) , (27) i_{vec}(z; p, q, t) = ( 1 − 1 + pqt (1 − p)(1 − q)(1 − t) ) χ_{adj, SU(2)}(z), κ = lim_{x→1} Γ(x; p, q, t) 1 − x = (p; p)(q; q)(t; t)(pq; p, q)(pt; p, t)(qt; q, t)(pqt; p, q, t)^2. Consider the following six-dimensional space S^3 ×S^1 ×S^2. Associate fugacities p and q with the isometries of S^3×S^1, the space where the above 4d gauge theory lives, and the fugacity t with a U(1)-group which has the meaning of an isometry of S^2. We stress that in this way the group U(1), which was playing from 4d point of view a role of the flavor symmetry subgroup, becomes the space-time symmetry subgroup. Suppose that this manifold reduces after the dimensional reduction associated with the limit t → 0 to 5d space-time considered in [8] (formally it corresponds to shrinking S^2 → S^1). Let us take a gauge invariant 6d hypermultiplet forming the totally antisymmetric tensor representation of the mentioned SU(8) flavor group and having the U(1)-group charge N/2. Its index is I_{TA} (y; p, q, t) = ∏ 1≤j<k≤8 1 Γ(t^{N/2} √ pqty_j y_k; p, q, t) , 8∏ k=1 y_k = 1,

which evidently coincides with the multiplier in (24). This 6d hypermultiplet couples to the 4d theory located in a codimension 2 space which gives its own contribution to the superconformal index described by the integral I(y_1, . . . , y_8; t; p, q). The combined index has W (E_7)-symmetry indicating that this theory may have the enhanced E_7-flavor group, provided there exists an appropriate point in the moduli space.

3The multiplier κ was skipped in the considerations of [16], but it appears naturally from the

adjoint representation character χ_{adj, SU(2)}(z) = z^2 + z^{−2} + 1. One can incorporate into I_{vec} a piece of the Haar measure for SU(2) and cancel thus the terms (1 − z^2)(1 − z^{−2}).

For N = 1 a substantial simplification of the situation takes place. The index reduces to I_{6d/4d}(y_1, . . . , y_8; t; p, q) = (p; p)(q; q) 2 ∏ 1≤j<k≤8 Γ((pq) 1 2 y^{−1}_j y^{−1}_k ; p, q, t) × ∫ T ∏_8

k=1 Γ((pq)^{14} y_kz^{±1}; p, q) Γ(z^{±2}; p, q) dz 2πiz , (28)

where we have used the inversion relation for the double elliptic gamma function. Since ω^{−1}_4 can be considered as a squashing parameter for deforming S^2, the limit ω_4 → ∞ shrinks our 6d space-time to the 5d space-time considered in [8], namely, D^4 × S^1, where D = S^3 × S^1 with S^3 being a boundary of a half S^4-sphere cut along its equator. Note that although the U(1)-group is completely decoupled from the 4d theory, the index I_{6d/4d} still keeps track of this background symmetry.

This interpretation gets a confirmation from the 6d/4d-index which reduces for t → 0 precisely to the corresponding 5d/4d half-index of [8]:

I_{6d/4d}(y_1, . . . , y_8; 0; p, q) = I_{5d/4d}(y_1, . . . , y_8; p, q) (29) = (p; p)(q; q) ∏ 1≤j<k≤8 ∏_∞ n,m=0(1 − y −1 j y^{−1}_k p^{n+ 1}2 q^{m+ 1}2 ) ∫ T ∏_8

k=1 Γ((pq)^{14} y_kz^{±1}; p, q) Γ(z^{±2}; p, q) dz 4πiz , As proposed in [2], one can build elliptic hypergeometric integrals using the modified elliptic gamma function. This is achieved by mere replacement of Γ(e^{2πiu/ω2} ; p, q)- functions by G(u; ω_1, ω_2, ω_3) and appropriate change of the integration contour. Taking the limit ω_3 → ∞ such that p, r → 0 one obtains hyperbolic hypergeometric integrals expressed in terms of the hyperbolic gamma function γ^{(2)}(u; ω_1, ω_2) (see the Appendix). Using this procedure the integral (23) was reduced in [26, 27] to the following expression:

I_h(x_1, . . . , x_8; λ; ω_1, ω_2) = 1 2^N N!

γ^{(2)}(λ; ω_1, ω_2)^{N−1} × ∫_{i∞} −i∞ ∏ 1≤j<k≤N γ^{(2)}(λ ± u_j ± u_k; ω_1, ω_2) γ^{(2)}(±u_j ± u_k; ω_1, ω_2) N∏ j=1 ∏_8

k=1 γ^{(2)}(μ_k ± u_j ; ω_1, ω_2) γ^{(2)}(±2u_j; ω_1, ω_2) N∏ j=1 du_j i √ ω_1ω_2 , where chemical potentials are related to flavor fugacities as t = e^{2πiλ/ω2} and y_k = e^{2πixk /ω2} with

μ_k = x_k + ω_1 + ω_2 4 − (N − 1) λ 4 , 8∑ k=1 x_k = 0.

In terms of μ_k the balancing condition reads

2(N − 1)λ + 8∑ k=1 μ_k = 2(ω_1 + ω_2).

Define now a new function

I_{5d/3d}(x_1, . . . , x_8; λ; ω_1, ω_2) =

I_h(x_1, . . . , x_8; λ; ω_1, ω_2) ∏ 1≤j<k≤8 γ (3)(^{N+1}_2 λ + μ_j + μ_k; ω_1, ω_2, λ)

, (30)

where γ^{(3)}(u; ω_1, ω_2, λ) is the hyperbolic gamma function of third order (see the Appendix). Again, it is not difficult to see that this function is W (E_7)-invariant as a consequence of known relations for I_h-integral:

I_{5d/3d}(x̂_1, . . . , x̂_8; λ; ω_1, ω_2) = I_{5d/3d}(x_1, . . . , x_8; λ; ω_1, ω_2), (31)

where

x̂_k = x_k − 1 2 4∑ l=1 x_l, x̂_{k+4} = x_{k+4} + 1 2 4∑ l=1 x_l, k = 1, . . . , 4. Integral (30) can be interpreted as the partition function of a particular boundary 5d/3d-theory. Indeed, contribution of 5d hypermultiplets to the partition function is determined by the 1/γ^{(3)}-function [14, 16]. This fact indicates that our 5d theory has the same boundary geometry as the one described earlier with the boundary S^3 × S^1 replaced by the squashed three-sphere S^3_b with b^2 = ω_1/ω_2 and preserved initial S^2.

The symmetry transformation (31) for partition functions of particular 5d theories with 8 hypermultiplets and specific 3d boundary conditions is related to the theories with enhanced E_n-global symmetries discussed in [28]. Definitely, a more detailed physical investigation of discussed 6d and 5d models is required, which is a matter of a separate consideration. Namely, it is necessary to show that the moduli spaces of these theories contain points with the exact E_7-flavor groups and make the connection with the models of [28] more explicit.

4. Relevance of modular group transformations

Let us discuss physical relevance of modular groups acting on generalized gamma functions. Quasiperiods ω_k are usually interpreted as squashing parameters and coupling constants. The generalized gamma functions are defined differently for different domains of these parameters related to each other by modular transformations usually playing the role of S-dualities.

The simplest example of the relevance of SL(2, Z)-modular group is given by the q-gamma function. It can be defined as a solution of the equation f(u + ω_1) = (1 − e^{2πiu/ω2} )f(u). For |q| < 1 its solution 1/(e^{2πiu/ω2} ; q) defines the standard qgamma function and it serves as a building block of various partition functions. However, to cover the region |q| = 1, one needs SL(2, Z)-modular transformation and define the modified q-gamma function

γ(u; ω_1, ω_2) = (q̃e^{2πiu/ω1} ; q̃) (e^{2πiu/ω2} ; q) , i.e. to use the ratio of modular transformed elementary partition functions. A list of references to works dedicated to this function in its various instances can be found in Appendix A of [18].

Consider now the elliptic gamma function of order one Γ(z; p, q) describing the superconformal index for a 4d chiral superfield. In order to define an analogue of this function for the region |q| = 1 in [2] the modified elliptic gamma function was proposed as the ratio of this index with a U(1)-group fugacity parametrization z = e^{2πiu/ω2} and superconformal group generator fugacities q = e^{2πiω1/ω2} and p = e^{2πiω3/ω2} and the index with a different choice of squashing parameters Γ(q̃e^{2πi uω}1 ; r, q̃). Surprisingly, this ratio yields again the chiral field index with yet another parametrization of fugacities e^{− πi3 B3,3(u;ω)}Γ(e^{−2πi uω}3 ; r̃, p̃). The exponential cocycle factor spoils this interpretation and requires a physical interpretation. As shown in [6] this SL(3, Z)-group action on 4d superconformal indices describes the ’t Hooft anomaly matching conditions as the conditions of cancellation of this cocycle contributions described by a curious set of Diophantine equations. Therefore this modular group plays quite important role in the formalism.

A similar picture at the level of free 6d hypermultiplet index was described recently in [14] in relation to the topological strings partition function. Namely, I_{hyp}(y; p, q, t) is proportional to the latter function and, as argued in [14], a particular combination of three SL(4, Z)-transformed versions of it should yield yet another similar partition function. And this expectation is confirmed with the help of an SL(4, Z)-modular group transformation for the double elliptic gamma function which is written in our case as equality (22).

However, in difference from the G(u; ω_1, ω_2, ω_3)-function case, the elliptic hypergeometric integrals formed from G(u; ω_1, . . . , ω_4) do not reduce to the integrals composed from Γ(z; p, q, t). Now the modular group simply maps them into similar integrals up to the cocycle exponential ∝ e^{− πi12 B4,4} multiplying the integral kernels. Therefore one should not expect cancellation of these factors from the integrals. And indeed, the cancellation of even the gauge group chemical potentials is possible only under very strong restrictions. E.g. for SU(2) gauge group it is possible only for N_f = 16 at the expense of an unusual quadratic restriction on chemical potentials. Such exponentials have the forms resembling the Casimir energy contributions to the indices [17]. Therefore it is necessary to better understand the general structure of full 6d superconformal indices before connecting SL(4, Z)- modular group transformations to higher dimensional anomalies. Still, we can see an involvement of the B_{4,4}-polynomial in the 4d anomaly matching conditions.

Define a modified elliptic hypergeometric integral:

I^{mod}(x_1, . . . , x_8; ω_1, . . . , ω_4) =

(p̃; p̃)^N (r̃; r̃)^N

2^N N!

G(ω_4; ω_1, ω_2, ω_3)^{N−1} × ∫ [−^{ω3}_2 ,^{ω3}_2 ]^N ∏ 1≤j<k≤N G(ω_4 ± u_j ± u_k; ω_1, ω_2, ω_3) G(±u_j ± u_k; ω_1, ω_2, ω_3) × N∏ j=1 ∏_8 i=1 G(x_i −^N_4 ω_4 +^1_4

∑_4

k=1 ω_k ± u_j ; ω_1, ω_2, ω_3) G(±2u_j ; ω_1, ω_2, ω_3) du_j ω_3

, (32)

which is obtained from (23) simply by the replacement of Γ-functions by G-functions using exponential representation for fugacities in terms of chemical potentials and passing to the integration over a cube. Note that this integral is well-defined for |q| = 1. Introduce now the modified index

I^{mod}_{6d/4d}(x_1, . . . , x_8; ω_1, . . . , ω_4) = I^{mod}(x_1, . . . , x_8; ω_1, . . . , ω_4) ∏ 1≤j<k≤8 G( N 2 ω_4 +^1_2

∑_4

k=1 ω_k + x_j + x_k; ω_1, . . . , ω_4)

, (33)

containing the modified double elliptic gamma function. It is not difficult to check that this index is also W (E_7)-invariant

I^{mod}_{6d/4d}(x̂_1, . . . , x̂_8; ω_1, . . . , ω_4) = I^{mod}_{6d/4d}(x_1, . . . , x_8; ω_1, . . . , ω_4). (34)

Now one can replace G-functions by their modular transformed expressions G̃ containing exponentials of Bernoulli polynomials and check that relation (34) boils down to an SL(3, Z)-modular transformation of the previous relation (25). At the level of integral (32) with the constraint 2(x_7 +x_8) =

∑_3 k=1 ω_k +(N −1)ω_4 this was done already in [26]. Importantly, as shown in [6], the condition of cancellation of Bernoulli polynomial coefficients in the integration variables and the external parameters describes the ’t Hooft anomaly matching conditions. Therefore the fourth order polynomial B_{4,4}(u; ω) is effectively involved into these anomaly matchings as well.

The residue calculus for elliptic hypergeometric integrals/4d indices was developed long ago, see [2, 9] and references therein. It has shown that by shrinking the integration contour to zero one can formally represent integrals as sums of bilinear combinations of elliptic hypergeometric series with permuted base variables which describes the factorization of superconformal indices into some more elementary building blocks which in general are not defined in the limit p → 0 or q → 0. This analysis has lead to the discovery of the notion of two-index biorthogonality and the elliptic modular doubling principle [2, 9]. In [7] this residue calculus applied to 4d N = 2 superconformal indices was physically interpreted as a result of insertions of surface defects into the bulk theory.

One can investigate the structure of residues for the modified elliptic hypergeometric integrals/indices and come to similar factorization in terms of different elliptic hypergeometric series. The latter series are related by an SL(3, Z)- transformation and remain well defined in the limit p → 0, which leads to hyperbolic integrals. As a result hyperbolic integrals are represented as combinations of products of two q-hypergeometric series related by an SL(2, Z)-modular transformation (their bases are q and q̃) [2, 9]. This factorization was used in [29] for computing partition functions in some 3d N = 2 theories appearing from the reduction of 4d N = 4 SYM theories. The principle difference between 4d (elliptic) and 3d (hyperbolic) cases consists in the fact that in 3d this factorization of sums of residues into holomorphic blocks has rigorous meaning because of the convergence of corresponding infinite series for |q| < 1, whereas in 4d such series do not converge for generic values of p and q bases and the factorization of indices has in general a formal meaning. It is not difficult to develop the residue calculus for 6d indices and find triple sums of residues. However, corresponding sums cannot factorize because there are no triply periodic functions. This makes the 4d/elliptic case rather unique and raises the interest to 6d indices as more complicated objects.

The author is indebted to T. Dimofte, Y. Imamura, A. Klemm, J. Manschot, G. W. Moore, and G. S. Vartanov for valuable discussions. This work is partially supported by RFBR grant no. 11-01-00980 and NRU HSE scientific fund grant no. 12-09-0064.

Appendix A. Barnes multiple gamma function

Barnes multiple zeta function ζ_m(s, u; ω) [10] is originally defined by an m-fold series ζ_m(s, u; ω) = ∞∑ n_1 ,...,n_m=0 1 (u + Ω)^s

, Ω = n_1ω_1 + . . . + n_mω_m,

where s, u ∈ C . It converges for Re(s) > m, provided all ω_j lie in one half-plane formed by a line passing through zero (then there are no accumulation points of the Ω-lattice in compact domains).

This zeta function satisfies equations ζ_m(s, u + ω_j ; ω) − ζ_m(s, u; ω) = −ζ_{m−1}(s, u; ω(j)), j = 1, . . . , m, (35) where ω(j) = (ω_1, . . . , ω_{j−1}, ω_{j+1}, . . . , ω_m) and ζ_0(s, u; ω) = u^{−s}. The multiple gamma function is defined by Barnes as Γ_m(u; ω) = exp(∂ζ_m(s, u; ω)/∂s) | |_{s=0}. As a consequence of (35) it satisfies m finite difference equations

Γ_m(u + ω_j ; ω) = 1 Γ_{m−1}(u; ω(j)) Γ_m(u; ω), j = 1, . . . , m, (36) where Γ_0(u; ω) := u^{−1}.

The multiple sine-function is defined as

S_m(u; ω) =

Γ_m( ∑_m k=1 ω_k − u; ω)^{(−1)m} Γ_m(u; ω) and the hyperbolic gamma function is

γ^{(m)}(u; ω) = S_m(u; ω)^{(−1)m−1} .

One has equations

γ^{(m)}(u + ω_j ; ω) = γ^{(m−1)}(u; ω(j)) γ^{(m)}(u; ω), j = 1, . . . , m.

The elliptic gamma function of order one can be written as a special ratio of four Γ_3(u; ω)-functions, and the elliptic gamma function of order two is given by a product of four Γ_4(u; ω)-functions [9].

One can derive the integral representation [20]

γ^{(m)}(u; ω) = exp ( −PV ∫ R e^{ux} ∏_m k=1(e^{ωk x} − 1) dx x )

= exp ( − πi m! B_{m,m}(u; ω) − ∫ R+i0 e^{ux} ∏_m k=1(e^{ωk x} − 1) dx x )

= exp ( πi m! B_{m,m}(u; ω) − ∫ R−i0 e^{ux} ∏_m k=1(e^{ωk x} − 1) dx x ) , where Re(ω_k) > 0 and 0 < Re(u) < Re( ∑_m k=1 ω_k) and B_{m,m} are multiple Bernoulli polynomials defined by the generating function x^me^{xu} ∏_m k=1(e^{ωk x} − 1) = ∞∑ n=0 B_{m,n}(u; ω_1, . . . , ω_m) x^n n! . (37)

In particular, one has the following relation with the modified q-gamma function γ(u; ω_1, ω_2):

γ^{(2)}(u; ω_1, ω_2) = e^{− πi2 B2,2 (u;ω1,ω2)}γ(u; ω_1, ω_2).

Collapsing integrals to sums of residues one can derive infinite product representations for γ^{(m)}(u; ω) [20]. Particular inversion relations have the form

γ^{(2)}(

∑_2

k=1 ω_k + u; ω_1, ω_2)γ^{(2)}(−u; ω_1, ω_2) = 1, γ^{(3)}(

∑_3

k=1 ω_k + u; ω_1, ω_2, ω_3) = γ^{(3)}(−u; ω_1, ω_2, ω_3).

References

[1] G. W. Moore, Applications of the six-dimensional (2,0) theories to Physical Mathematics, Lecture Notes for Felix Klein Lectures (Bonn, October 1-11, 2012), 210 pp.

[2] V. P. Spiridonov, On the elliptic beta function, Russian Math. Surveys 56 (1) (2001), 185–186; Theta hypergeometric integrals, Algebra i Analiz 15 (6) (2003), 161–215, math.CA/0303205; Elliptic hypergeometric functions, Habilitation Thesis (Dubna, 2004), 218 pp.

[3] G. E. Andrews, R. Askey, and R. Roy, Special Functions, Encyclopedia of Math. Appl. 71, Cambridge Univ. Press, Cambridge, 1999.

[4] F. A. Dolan and H. Osborn, Applications of the superconformal index for protected operators and q-hypergeometric identities to N = 1 dual theories, Nucl. Phys. B818 (2009), 137–178.

[5] V. P. Spiridonov and G. S. Vartanov, Superconformal indices for N = 1 theories with multiple duals, Nucl. Phys. B824 (2010), 192–216;

[6] V. P. Spiridonov and G. S. Vartanov, Elliptic hypergeometry of supersymmetric dualities, Commun. Math. Phys. 304 (2011), 797–874; Elliptic hypergeometric integrals and ’t Hooft anomaly matching conditions, JHEP 06 (2012), 016, arXiv:1203.5677 [hep-th].

[7] D. Gaiotto, L. Rastelli, and S. S. Razamat, Bootstrapping the superconformal index with surface defects, arXiv:1207.3577 [hep-th].

[8] T. Dimofte and D. Gaiotto, An E_7 Surprise, arXiv:1209.1404 [hep-th]. [9] V. P. Spiridonov, Essays on the theory of elliptic hypergeometric functions, Russian Math.

Surveys 63 (3) (2008), 405–472; arXiv:0805.3135 [math.CA].

[10] E. W. Barnes, On the theory of the multiple gamma function, Trans. Cambridge Phil. Soc.

19 (1904), 374–425.

[11] J. Bhattacharya, S. Bhattacharyya, S. Minwalla, and S. Raju, Indices for Superconformal Field Theories in 3,5 and 6 Dimensions, JHEP 0802 (2008), 064.

[12] N. A. Nekrasov, Instanton partition functions and M-theory, Japan. J. Math. 4 (2009), 63–93.

[13] A. Iqbal, C. Kozcaz, and T. Sohail, Periodic Schur process, cylindric partitions and N = 2^∗ theory, arXiv:0903.0961 [hep-th].

[14] G. Lockhart and C. Vafa, Superconformal Partition Functions and Non-perturbative Topological Strings, arXiv:1210.5909 [hep-th].

[15] H.-C. Kim and S. Kim, M5-branes from gauge theories on the 5-sphere, arXiv:1206.6339 [hep-th].

[16] Y. Imamura, Perturbative partition function for squashed S^5, arXiv:1210.6308 [hep-th]. [17] H.-C. Kim, J. Kim, and S. Kim, Instantons on the 5-sphere and M5-branes, arXiv:1211.0144 [hep-th].

[18] V. P. Spiridonov, Elliptic beta integrals and solvable models of statistical mechanics, Contemp. Math. 563 (2012), 181–211, arXiv:1011.3798 [hep-th].

[19] G. Felder and A. Varchenko, The elliptic gamma function and SL(3, Z) × Z^3, Adv. in Math.

156 (2000), 44–76.

[20] A. Narukawa, The modular properties and the integral representations of the multiple elliptic gamma functions, Adv. Math. 189 (2005), 247–267.

[21] J. Kinney, J. M. Maldacena, S. Minwalla, and S. Raju, An index for 4 dimensional super conformal theories, Commun. Math. Phys. 275 (2007), 209–254.

[22] C. Römelsberger, Counting chiral primaries in N = 1, d = 4 superconformal field theories, Nucl. Phys. B747 (2006), 329–353.

[23] G. Festuccia and N. Seiberg, Rigid Supersymmetric Theories in Curved Superspace, JHEP 1106 (2011), 114.

[24] G. W. Moore, N. Nekrasov, and S. Shatashvili, D-particle bound states and generalized instantons, Commun. Math. Phys. 209 (2000), 77–95.

[25] E. M. Rains, Transformations of elliptic hypergeometric integrals, Ann. Math. 171 (2010), 169–243.

[26] J. F. van Diejen and V. P. Spiridonov, Unit circle elliptic beta integrals, Ramanujan J. 10 (2005), 187–204.

[27] F. A. H. Dolan, V. P. Spiridonov, and G. S. Vartanov, From 4d superconformal indices to 3d partition functions, Phys. Lett. B704 (2011), no. 3, 234–241.

[28] H.-C. Kim, S.-S. Kim, and K. Lee, 5-dim Superconformal index with enhanced E_n global symmetry, arXiv:1206.6781 [hep-th].

[29] V.P. Spiridonov and G.S. Vartanov, Superconformal indices of N = 4 SYM field theories, Lett. Math. Phys. 100 (2012), 97–118, arXiv:1005.4196 [hep-th].

Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Moscow reg. 141980, Russia and Max-Planck-Institut für Mathematik, Vivatsgasse 7, 53111, Bonn, Germany E-mail address: spiridon@theor.jinr.ru