arXiv:1211.2909v1 [nlin.SI] 13 Nov 2012

BOSONIZATION AND VERTEX OPERATOR OF

SUPERSYMMETRY U_q( ^sl(N|1)) FOR LEVEL k

November 19, 2012

TAKEO KOJIMA

Faculty of Engineering, Yamagata University, Jonan 4-3-16, Yonezawa 992-8510, Japan kojima@yz.yamagata-u.ac.jp

Abstract We construct a bosonization of the quantum superalgebra Uq (ŝl(N|1)) for an arbitrary level k.

We construct the screening that commutes with the quantum superalgebra for an arbitrary level k ≠ −N + 1. We propose a bosonization of the vertex operator that gives the intertwiner among the Wakimoto realization and the typical representation.

1 Introduction

There have been many developments in exactly solvable models. Various methods were invented to solve models. The bosonization provides a powerful method to study exactly solvable models. We review recent developments in bosonizations of the U_q( ^sl(N|1)) [7, 8, 10]. The trace of our bosonizations of the vertex operators gives the correlation function of the higher level(spin) k and rank N generalization of the supersymmetric t-J model (U_q ( ^sl(2|1)) for level k = 1) [1].

2 Bosonization of U_q(^^sl(N|1))

We recall Drinfeld generators of the superalgebra U_q( ^sl(N|1)) [3]. We fix a complex number q ≠ 0, |q| < 1. We use the notations [x, y] = xy − yx, {x, y} = xy + yx, [a]_q =^{qa −q−a}_{q−q−1} . The Cartan matrix (A_{i,j} )_{0≤i,j≤N} of the affine Lie algebra ^sl(N|1) is given by A_{i,j} = (ν_i + ν_{i+1})δ_{i,j} − ν_iδ_{i,j+1} − ν_{i+1}δ_{i+1,j} . Here we set ν_1 = · · · = ν_N = +, ν_{N+1} = ν_0 = −. The Drinfeld generators of the quantum superalgebra U_q( ^sl(N|1)) are x^±_{i,m}, h_{i,m}, c, (1 ≤ i ≤ N, m ∈ Z). Defining relations are

c : central, [h_i, h_{j,m}] = 0, [a_{i,m}, h_{j,n}] = [A_{i,j} m]_q[cm]_q m q^{−c|m|}δ_{m+n,0} (m, n ≠ 0), [h_i, x^±_j (z)] = ±A_{i,j} x^±_j (z), [h_{i,m}, x^+_j (z)] = [A_{i,j} m]_q m q^{−c|m|}z^mx^+_j (z), [h_{i,m}, x^−_j (z)] = − [A_{i,j} m]_q m z^mx^−_j (z) (m ≠ 0),

(z_1 − q^{±Ai,j} z_2)x^±_i (z_1)x^±_j (z_2) = (q^{±Aj,i} z_1 − z_2)x^±_j (z_2)x^±_i (z_1) for |A_{i,j} | ≠ 0,

x^±_i (z_1)x^±_j (z_2) = x^±_j (z_2)x^±_i (z_1) for |A_{i,j} | = 0, (i, j) ≠ (N, N), {x^±_N (z_1), x^±_N (z_2)} = 0,

[x^+_i (z_1), x^−_j (z_2)] = δ_{i,j} (q − q^{−1})z_1z_2 ( δ(q^{−c}z_1/z_2)ψ^+_i (q^{c2} z_2) − δ(q^cz_1/z_2)ψ^−_i (q^{− c2} z_2) ) , for (i, j) ≠ (N, N), {x^+_N (z_1), x^−_N (z_2)} = 1 (q − q^{−1})z_1z_2 ( δ(q^{−c}z_1/z_2)ψ^+_N (q^{c2} z_2) − δ(q^cz_1/z_2)ψ^−_N (q^{− c2} z_2) ) , ( x^±_i (z_1)x^±_i (z_2)x^±_j (z) − (q + q^{−1})x^±_i (z_1)x^±_j (z)x^±_i (z_2) + x^±_j (z)x^±_i (z_1)x^±_i (z_2) ) + (z_1 ↔ z_2) = 0 for |A_{i,j} | = 1, i ≠ N,

where we have used δ(z) = ∑ m∈Z z^m. Here we have used the generating function x^±_j (z) = ∑ m∈Z x^±_{j,m}z^{−m−1}, ψ^±_i (q^{± c2} z) = q^{±hi} e^{±(q−q−1 )} ∑ m>0 h_{i,±m}z^{∓m} and the abbreviation h

i = h_{i,0}.

We construct bosonizations of superalgebra U_q (ŝl(N|1)) for an arbitrary level [7]. We fix the level c = k ∈ C. We introduce the bosons and the zero-mode operators a^j_m, Q^j_a (m ∈ Z, 1 ≤ j ≤ N), b^{i,j}_m , Q^{i,j}_b (m ∈ Z, 1 ≤ i < j ≤ N + 1), c^{i,j}_m , Q^{i,j}_c (m ∈ Z, 1 ≤ i < j ≤ N) which satisfy

[a^i_m, a^j_n] =

[(k + N − 1)m]_q[A_{i,j} m]_q m δ_{m+n,0} (m, n ≠ 0), [a^i_0, Q^j_a] = (k + N − 1)A_{i,j} , [b^{i,j}_m , b^{i′ ,j′}_n ] = −ν_iν_j [m]^2_q m δ_{i,i}′ δ_{j,j}′ δ_{m+n,0} (m, n ≠ 0), [b^{i,j}_0 , Q^{i′ ,j′}_b ] = −ν_iν_j δ_{i,i}′ δ_{j,j}′ , [c^{i,j}_m , c^{i′ ,j′}_n ] = [m]^2_q m δ_{i,i}′ δ_{j,j}′ δ_{m+n,0} (m, n ≠ 0), [c^{i,j}_0 , Q^{i′ ,j′}_c ] = δ_{i,i}′ δ_{j,j}′ , [Q^{i,j}_b , Q^{i′ ,j′}_b ] = δ_{j,N+1}δ_j′_{,N+1}π √ −1 ((i, j) ≠ (i^′, j^′)). Other commutation relations are zero. In what follows we use the standard symbol of the normal orderings :: and use the following abbreviations b^{i,j} (z), c^{i,j} (z), b^{i,j}_± (z), a^j_±(z) and (_{γ1} β_1 γ_2 β_2 · · · γ_r β_r a i ) (z|α) given by

b^{i,j} (z) = − ∑ m≠0 b^{i,j}_m [m]_q z^{−m} + Q^{i,j}_b + b^{i,j}_0 logz, c^{i,j} (z) = − ∑ m≠0 c^{i,j}_m [m]_q z^{−m} + Q^{i,j}_c + c^{i,j}_0 logz, b^{i,j}_± (z) = ±(q − q^{−1}) ∑ ±m>0 b^{i,j}_m z^{−m} ± b^{i,j}_0 logq, a^j_±(z) = ±(q − q^{−1}) ∑ ±m>0 a^j_mz^{−m} ± a^j_0logq, ( γ_1 β_1 γ_2 β_2 · · · γ_r β_r a^i ) (z|α) = − ∑ m≠0 [γ_1m]_q · · · [γ_rm]_q [β_1m]_q · · · [β_rm]_q a^i_m [m]_q q^{−α|m|}z^{−m} + γ_1 · · · γ_r β_1 · · · β_r (Q^i_a + a^i_0logz).

The generating functions x^±_i (z), ψ^±_i (z), (1 ≤ i ≤ N) of U_q( ^sl(N|1)) for an arbitrary level k are realized by the bosonic operators as follows. This is main result of [7].

x^+_i (z) = 1 (q − q^{−1})z : i∑ j=1 e^{(b+c)j,i(qj−1 z)+} ∑_{j−1} l=1 (b^{l,i+1}_+ (q^{l−1} z)−b^{l,i}_+ (q^l z)) ×

× { e^{bj,i+1+ (qj−1 z)−(b+c)j,i+1(qj z)} − e^{bj,i+1− (qj−1 z)−(b+c)j,i+1(qj−2 z)} } :, x^+_N (z) = : N∑ j=1 e^{(b+c)j,N (qj−1 z)+bj,N +1(qj−1 z)−} ∑_{j−1} l=1 (b^{l,N +1} + (q^l z)+b^{l,N}_+ (q^lz)) :,

x^−_i (z) = q^{k+N−1} : e^{ai+(q} k+N −1 2 z)−b^{i,N +1}(q^{k+N −1}z)−b^{i+1,N +1}_+ (q^{k+N −1}z)+b^{i+1,N +1}(q^{k+N} z) : + 1 (q − q^{−1})z : i−1∑ j=1 e^{ai−(q−} k+N −1 2 z)+(b+c)^{j,i+1}(q^{−k−j} z)+b^{i,n+1}_− (q^{−k−n}z)−b^{i+1,n+1}_− (q^{−k−n+1}z)

× e ∑_i l=j+1 (b l,i+1 − (q^{−k−l+1} z)−b^{l,i}_− (q^{−k−l} z))+ ∑_N l=i+1(b i,l − (q^{−k−l} z)−b^{i+1,l}_− (q^{−k−l+1} z)) × ( e^{−bj,i− (q−k−j z)−(b+c)j,i(q−k−j+1 z)} − e^{−bj,i+ (q−k−j z)−(b+c)j,i(q−k−j−1 z)} )

+ e^{ai−(q−} k+N −1 2 z)+(b+c)^{i,i+1} (q^{−k−i}z)+ ∑_N l=i+1(b i,l − (q^{−k−l} z)−b^{i+1,l}_− (q^{−k−l+1} z))+b^{i,N +1}_− (q^{−k−N} z)−b^{i+1,N +1}_− (q^{−k−N +1}z) − e^{ai+(q} k+N −1 2 z)+(b+c)^{i,i+1}(q^{k+i} z)+ ∑_N l=i+1(b i,l + (q^{k+l}z)−b^{i+1,l}_+ (q^{k+l−1} z))+b^{i,N +1}_+ (q^{k+N} z)−b^{i+1,N +1}_+ (q^{k+N −1}z) − N−1∑ j=i+1 e^{ai+(q} k+N −1 2 z)+(b+c)^{i,j+1} (q^{k+j} z)+b^{i,N +1}_+ (q^{k+N} z)−b^{i+1,N +1}_+ (q^{k+N −1}z)+ ∑_N l=j+1(b i,l + (q^{k+l}z)−b^{i+1,l}_+ (q^{k+l−1} z))

× ( e^{bi+1,j+1} + (q^{k+j} z)−(b+c)^{i+1,j+1}(q^{k+j+1} z) − eb^{i+1,j+1}_− (q^{k+j} z)−(b+c)^{i+1,j+1} (q^{k+j−1} z) )} : . x^−_N (z) = 1 (q − q^{−1})z : N−1∑ j=1 e^{aN− (q−} k+N −1 2 z)−b^{j,N +1} + (q^{−k−j} z)−b^{j,N +1}(q^{−k−j−1} z)− ∑_{N −1} l=j+1 (b l,N − (q^{−k−l} z)+b^{l,N +1}_− (q^{−k−l} z))

× q^{j−1} ( e^{−bj,N+ (q−k−j z)−(b+c)j,N (q−k−j−1 z)} − e^{−bj,N− (q−k−j z)−(b+c)j,N (q−k−j+1 z)} )} : + q^{N−1} : ( e^{aN+ (q} k+N −1 2 z)−b^{N,N +1}(q^{k+N −1}z) − ea^N_− (q^{− k+N −1}2 z)−b^{N,N +1}(q^{−k−N +1}z) ) : .

ψ^±_i (q^{± k2} z) = e^{ai±(q±} k+N −1 2 z)+ ∑_i l=1(b^{l,i+1}_± (q^{±(l+k−1)} z)−b^{l,i}_± (q^{±(l+k)} z) ×e ∑_N l=i+1(b i,l ± (q^{±(k+l)} z)−b^{i−1,l}_± (q^{±(k+l−1)} z)+b^{i,N +1}_± (q^{±(k+N )}z)−b^{i+1,N +1}_± (q^{±(k+N −1)}z), ψ^±_N (q^{± k2} z) = e^{aN± (q±} k+N −1 2 z)− ∑_{N −1} l=1 (b^{l,N}_± (q^{±(k+l)} z)+b^{l,N +1}_± (q^{±(k+l)} z)). 3 Vertex Operator

We construct the screening Q_i that commutes with the quantum superalgebra U_q ( ^sl(N|1)) for an arbitrary level k ≠ −N + 1 [10]. The Jackson integral with parameter p ∈ C (|p| < 1) and s ∈ C^∗ is defined by ∫_{s∞} 0 f(z)d_pz = s(1 − p) ∑ m∈Z f(sp^m)p^m. We introduce the screening operators Q_i (1 ≤ i ≤ N) by using the Jackson integral. This is one of main result of [10].

Q_i = ∫_{s∞} 0 : e^−(^{1k+N −1 ai} )(^z|^{k+N −12} ) ~S_i(z) : d_pz, (p = q^{2(k+N−1)}).

Here we have set the bosonic operators ~S_i(z) (1 ≤ i ≤ N) by

~S_i(z) = 1 (q − q^{−1})z N∑ j=i+1 : ( e^{−bi,j− (qN −1−j z)−(b+c)i,j (qN −j z)} − e^{−bi,j+ (qN −1−j z)−(b+c)i,j (qN −j−2 z)} )

× e^{(b+c)i+1,j (qN −1−j z)+} ∑_N l=j+1 (b i+1,l − (q^{N −l}z)−b^{i,l}_− (q^{N −l−1}z))+b^{i+1,N +1}_− (z)−b^{i,N +1}_− (q^{−1} z) : + q : e^{bi,N +1(z)+bi+1,N +1+ (z)−bi+1,N +1(qz)} : (1 ≤ i ≤ N − 1), ~S_N (z) = −q^{−1} : e^{bN,N +1(z)} : .

The screening Q_i commutes with the quantum superalgebra. [Q_i, U_q( ^sl(N|1))] = 0 (1 ≤ i ≤ N). For p^i_a ∈ C (1 ≤ i ≤ N), p^{i,j}_b ∈ C (1 ≤ i < j ≤ N + 1), p^{i,j}_c ∈ C (1 ≤ i < j ≤ N), we set the vector |p_a, p_b, p_c⟩ which satisfies the following conditions. a^i_m|p_a, p_b, p_c⟩ = b^{i,j}_m |p_a, p_b, p_c⟩ = c^{i,j}_m |p_a, p_b, p_c⟩ = 0 (m > 0), a^i_0|p_a, p_b, p_c⟩ = p^i_a|p_a, p_b, p_c⟩, b^{i,j}_0 |p_a, p_b, p_c⟩ = p^{i,j}_b |p_a, p_b, p_c⟩, c^{i,j}_0 |p_a, p_b, p_c⟩ = p^{i,j}_c |p_a, p_b, p_c⟩. The boson Fock space F (p_a, p_b, p_c) is generated by the bosons a^i_m, b^{i,j}_m , c^{i,j}_m on the vector |p_a, p_b, p_c⟩. We set the space F (p_a) by

F (p_a) = ⨁ pi,j b =−pi,jc ∈Z (1≤i<j≤N ) pi,N +1 b ∈Z (1≤i≤N ) F (p_a, p_b, p_c).

We would like to construct the vertex operator Φ^∗(z) [10] which gives the intertwiner among F (p_a) and the typical representation [13].

Φ^∗(z) : F (p_a) −→ F (p_a + l_a + x_a) ⊗ V^{∗S}_z , Φ^∗(z) = ∑ j Φ^∗_j (z) ⊗ v^∗_j .

Here V^{∗S}_z is the dual evaluation representation of the typical representation with the weight l_a = (l^1_a, l^2_a, · · · , l^N_a ) [13]. The basis of V^{∗S} is given by {v^∗_j }. The coefficients are linear maps : Φ^∗_j (z) : F (p_a + l_a + x_a) −→ F (p_a). For l_a = (l^1_a, l^2_a, · · · , l^N_a ) and x_a = (x^1_a, x^2_a, · · · , x^N_a ), we set the highest element Φ^∗_1(z) of the vertex operator by

Φ^∗_1(z) =: N∏ j=1 Q^{xj}_j e^− ∑_N i,j=1 (_{lia} k+N −1 Min(i,j) N −1 N −1−Max(i,j) 1 a^j ) (q^k z|−^{k−N +1}_2 ) :,

where (x_1, x_2, · · · , x_N ) is related to x^i_a by x^i_a = ∑_N j=1 A_{i,j} x_j . Other elements Φ^∗_j (z) (j ≠ 1) of the vertex operators are determined by the intertwining property. We conjecture that this bosonization of the vertex operator Φ^∗(z) gives the intertwiner among our bosonization and the typical representation. Using the Gelfand-Zetlin basis [13], we have checked this conjecture in some cases for N = 2, 3, 4 [10]. We balance the ”background charge” of the vertex operators by using the screening Q_i. Sometimes we have to multiply nontrivial product of the screenings Q_i inside the vertex operator in order to have non-zero correlation functions (trace of vertex operators). At the end of this paper, we would like to give some comments on relating works [8, 12]. In [8] we study how to get the Wakimoto realization from our bosonization by ξ-η system. In [12] we study how to construct the elliptic deformed algebra U_{q,p}( ^sl(M|N)) from the quantum group U_q ( ^sl(M|N)). Using deformation method developed in [12] we obtain a bosonization of the elliptic deformed algebra U_{q,p}( ^sl(N|1)) for an arbitrary level k.

Acknowledgement This work is supported by the Grant-in-Aid for Scientific Research C (21540228) from Japan Society for Promotion of Science.

References

[1] Zhang F and Rice T 1988 Phys.Rev.B37 3759 [2] Kac V 1977 Adv.Math.26(1) 8 [3] Yamane H 1999 Publ.Res.Inst.Math.Sci. 35 321 [4] Wakimoto M 1986 Commun.Math.Phys.104 605 [5] Awata H, Odake S and Shiraishi J 1994 Commun.Math.Phys. 162 61 [6] Awata H, Odake S and Shiraishi J 1997 Lett. Math. Phys.42 271 [7] Kojima T 2011 J.Math.Phys.53 013515.

[8] Kojima T 2011 The q-Wakimoto realization of the superalgebras U_{q,p}(ŝl(N|1)) and U_{q,p}( ^sl(N|1)) to appear in Springer Proceedings : Statistics and Mathematics (Preprint arXiv.1201.4222) [9] Zhang Y and Gould M 2000 J.Math.Phys.41 5577 [10] Kojima T 2012 J.Math.Phys.53 083503 [11] Jimbo M, Konno H, Odake S and Shiraishi J 1999 Commun.Math.Phys.199 605 [12] Kojima T 2011 J.Phys.A44 485205 [13] Palev T and Tolstoy V 1991 Commun.Math.Phys.141 549