arXiv:1211.2912v1 [nlin.SI] 13 Nov 2012

DIAGONALIZATION OF TRANSFER MATRIX OF SUPERSYMMETRY U_q( ^sl(M + 1|N + 1)) CHAIN WITH A BOUNDARY

November 19, 2012

TAKEO KOJIMA

Faculty of Engineering, Yamagata University, Jonan 4-3-16, Yonezawa 992-8510, Japan kojima@yz.yamagata-u.ac.jp

Abstract We study the supersymmetry Uq (^sl(M + 1|N + 1)) analogue of the supersymmetric t-J model with a boundary, in the framework of the algebraic analysis method. We diagonalize the commuting transfer matrix by using the bosonization of the vertex operator associated with the quantum affine supersymmetry.

1 Introduction

There have been many developments in the exactly solvable models. Various methods were invented to solve models. The algebraic analysis method [1] provides a powerful method to study exactly solvable models. This paper is devoted to the algebraic analysis method to open boundary problem of exactly solvable model. In this paper we study the quantum supersymmetry U_q( ^sl(M + 1|N + 1)) analogue of the supersymmetric t-J model with a boundary, where M, N = 0, 1, 2, · · · such that M ≠ N. The supersymmetric t-J model was proposed in an attempt to understand high-temperature superconductivity. In the framework of the quantum inverse scattering method [2, 3], the investigations of the supersymmetric t-J model and its U_q( ^sl(M +1|N +1)) analogue have been carried out in several papers [7, 8, 10, 11, 12, 13, 14]. In the framework of the algebraic analysis method [1, 18], the U_q( ^sl(M +1|N +1)) chain ”without boundaries” has been studied in few papers [15, 16, 17]. In this paper we focus our attention on the boundary condition of the exactly solvable model. We study the supersymmetry U_q ( ^sl(M + 1|N + 1)) chain ”with a boundary” in the framework of the algebraic analysis method [1, 23]. We diagonalize the commuting transfer matrix of the supersymmetry U_q( ^sl(M + 1|N + 1)) chain with a boundary. Several solvable models with a boundary have been studied by means of algebraic analysis method [23, 24, 25, 26, 27, 28, 29]. Here we would like to draw reader’s attention to new technical aspect in our problem. Generally speaking, in the algebraic analysis method, the transfer matrix T_B (z) of the solvable model with a boundary is written by the product of the vertex operators Φ^∗_j (z) and Φ_j (z) associated with the quantum affine symmetry

T^{(i)}_B (z) = g M+N+2 ∑ j=1 Φ^∗_j (z^{−1})K^{(i)}(z)^j Φ_j (z)(−1)^{[vj ]}.

Here K^{(i)}(z)^j is the matrix element of the boundary K-matrix. The key of solving the problem is the bosonization of the boundary state_{(i)}⟨B| that satisfies the following condition (i)⟨B|T^{(i)}_B (z) =_{(i)}⟨B|. By using the bosonizations of the vertex operators, we construct the boundary state_{(i)}⟨B|. Our calculations depend heavily on the bosonization formulae of the vertex operators. For solvable models that are governed by the quantum symmetry U_q( ^sl(N)), U_q(A^{(2)}_2 ) or the elliptic symmetry U_{q,p}( ^sl(N)) [23, 24, 25, 26, 27, 28], the bosonizations of the vertex operators are realized by ”monomial”. However the bosonizations of the vertex operators for the quantum supersymmetry U_q( ^sl(M + 1|N + 1)) are realized by ”sum”. For instance the bosonizations of the vertex operators Φ^∗_{M+1+j} (z) (j = 1, 2, · · · , N + 1) are written by the sum ∑ ϵ_1 ,ϵ_2,···,ϵ_j as followings (see (4.73)).

Φ^∗_{M+1+j} (z) = ∑ ϵ_1,ϵ_2,···,ϵ_j =± e^{M π} √_{−1} M −N qj−1(q − q−1)M (qz)−1 j∏ k=1 ϵ_k M+j∏ k=1 ∫ C_{M +1+j} dw_k 2π √ −1w_k × 1 M∏ k=0 (1 − qw_k/w_{k+1})(1 − qw_{k+1}/w_k) j−1∏ k=1 (1 − q^{ϵk} w_{M+k} /w_{M+k+1})

× η_0ξ_0 : ϕ^∗_1(z)X^−_1 (qw_1) · · · X^−_M (qw_M )X^−_{M+1,ϵ1} (qw_{M+1}) · · · X^−_{M+j,ϵj} (qw_{M+j} ) : η_0ξ_0.

Technically this is cool part of our problem. Surprisingly we shall conclude that the bosonization of the boundary state_{(i)}⟨B| is realized by ”monomial”, though those of the vertex operator is realized by ”sum”. The bosonization of the boundary state_{(i)}⟨B| is constructed by acting a monomial of exponential e^{G(i)} on the highest weight vector ⟨Λ_{M+1}| ∈ V^∗(Λ_{M+1}) of the quantum supersymmetry U_q ( ^sl(M + 1|N + 1)). (i)⟨B| = ⟨Λ_{M+1}|e^{G(i)} . Here G^{(i)} is quadratic in the bosonic operators (see (5.5)). We would like to give a comment on the earlier study in the framework of the algebraic analysis [29]. The supersymmetric t-J model with a boundary (the supersymmetry U_q ( ^sl(2|1)) chain with a boundary) was studied and the bosonization conjecture of the boundary state was given in [29]. However, their conjecture of the boundary state is different from our bosonization upon the special case of M = 1, N = 0. In this paper we give not only the bosonization formulae of the boundary state, but also give complete proof that the vector_{(i)}⟨B| becomes the eigenvector of the transfer matrix T^{(i)}_B (z). In this paper we classify the boundary K-matrix and find a new solution that has three different diagonal elements (see (B.11)). Of-course we construct the boundary state associated with this new K-matrix.

The text is organized as follows. In section 2 we introduce the supersymmetry U_q ( ^sl(M + 1|N + 1)) analogue of finite supersymmetric finite t-J model with double boundaries. We introduce the U_q( ^sl(M + 1|N + 1)) analogue of semi-infinite t-J model as the limit of the finite chain. In section 3 we give mathematical formulation of the supersymmetry U_q( ^sl(M + 1|N + 1)) chain with a boundary. This formulation is based on the representation theory of the quantum supersymmetry U_q ( ^sl(M + 1|N + 1)). This formulation is free from the difficulty of divergence. In section 4 we review the bosonizations of the vertex operators and give the integral representations of the vertex operators. In section 5 we give the bosonizations of the boundary state, that is the main result of this paper. We give complete proof of the bosonization of the boundary state. In appendix A we summarize the figures that we use in section 2. In appendix B we classify the diagonal solutions of the boundary Yang-Baxter equation associated with U_q( ^sl(M + 1|N + 1)). New solution is presented even for the small rank case U_q( ^sl(2|1)). In appendix C we summarize the normal orderings, that we use in section 4 and 6.

2 U_q(^^sl(M + 1|N + 1)) chain with a boundary

In this section we introduce the U_q( ^sl(M + 1|N + 1)) chain with a boundary. We fix a complex number 0 < |q| < 1 and two natural numbers M, N = 0, 1, 2, · · · such that M ≠ N.

2.1 Finite U_q( ^sl(M + 1|N + 1)) chain

In this section we introduce the finite U_q ( ^sl(M + 1|N + 1)) chain with double boundaries. We follow the general scheme given by [19, 20, 21, 14]. In what follows we use the standard notation of the q-integer

[a]_q = q^a − q^{−a} q − q^{−1} . (2.1) Let us introduce the signatures ν_i (i = 1, 2, · · · , M + N + 2) by ν_1 = ν_2 = · · · = ν_{M+1} = +, ν_{M+2} = ν_{M+3} = · · · = ν_{M+N+2} = −. (2.2) Let us set the vector space V = ⊕^{M+N+2}_{j=1} Cv_j . The Z_2-grading of the basis {v_j } of V is chosen to be [v_j ] =^{νj +1}_2 (j = 1, 2, · · · , M + N + 2).

Definition 2.1 We set the R-matrix R(z) ∈ End(V ⊗ V ) associated with the quantum supersymmetry U_q( ^sl(M + 1|N + 1)) as followings [7, 8]. R(z) = r(z)R̄(z), R̄(z)v_{j1} ⊗ v_{j2} = M+N+2 ∑ k_1,k_2 =1

v_{k1} ⊗ v_{k2} R̄(z)^{j1 ,j2}_{k1 ,k2} . (2.3)

Here we have set R̄(z)^{j,j}_{j,j} = −1 (1 ≤ j ≤ M + 1), − (q^2 − z) (1 − q^2z)

(M + 2 ≤ j ≤ M + N + 2),

(2.4)

R̄(z)^{i,j}_{i,j} = (1 − z)q (1 − q^2z)

(1 ≤ i ≠ j ≤ M + N + 2), (2.5)

R̄(z)^{j,i}_{i,j} = (−1)^{[vi][vj ]} (1 − q^2)

(1 − q^2z) (1 ≤ i < j ≤ M + N + 2), (−1)^{[vi][vj ]} (1 − q^2)z

(1 − q^2z) (1 ≤ j < i ≤ M + N + 2), (2.6)

R̄(z)^{i,j}_{i,j} = 0 otherwise. (2.7) Here we have set r(z) = z^{1−M +NM −N} exp ( − ∞∑ m=1 [(M − N − 1)m]_q m[(M − N)m]_q q^m(z^m − z^{−m}) ) . (2.8) For instance the function r(z) is written as following in the case M > N. r(z) = z^{1−M +NM −N} (q^2z; q^{2(M−N)})_∞(q^{2(M−N)}z^{−1}; q^{2(M−N)})_∞ (q^{2(M−N)}z; q^{2(M−N)})_∞(q^2z^{−1}; q^{2(M−N)})_∞

. (2.9) Here we have used the infinite product (z; p)_∞ = ∞∏ n=0 (1 − p^nz) (|p| < 1). Graphically, the R-matrix R(z) is represented in Fig.1 in appendix A. The R-matrix R(z) satisfies the graded Yang-Baxter equation.

R_{12}(z_1/z_2)R_{13}(z_1/z_3)R_{23}(z_2/z_3) = R_{23}(z_2/z_3)R_{13}(z_1/z_3)R_{12}(z_1/z_2), (2.10) where R_{12}(z), R_{13}(z) and R_{23}(z) act in V ⊗ V ⊗ V with R_{12}(z) = R(z) ⊗ 1, R_{23}(z) = 1 ⊗ R(z), etc. The relation (2.10), expressed in terms of matrix elements, can be rewritten in the following form. M+N+2 ∑ j_1 ,j_2 ,j_3=1

R(z_1/z_2)^{j1 ,j2}_{i1 ,i2} R(z_1/z_3)^{k1 ,j3}_{j1 ,i3} R(z_2/z_3)^{k2 ,k3}_{j2 ,j3} (−1)^{([vj1 ]+[vk1 ])[vj2 ]}

= M+N+2 ∑ j_1 ,j_2 ,j_3=1

R(z_2/z_3)^{j2 ,j3}_{i2 ,i3} R(z_1/z_3)^{j1 ,k3}_{i1 ,j3} R(z_1/z_2)^{k1 ,k2}_{j1 ,j2} (−1)^{([vi1 ]+[vj1 ])[vj2 ]}. (2.11) Multiplying the signature (−1)^{[vk}1^{][vk}2^] to our R-matrix R(z)^{j1,j2}_{k1,k2} , we have the R-matrix R^{P S} (z) of the Perk-Schultz model [8] : R^{P S} (z)^{j1 ,j2}_{k1,k2} = (−1)^{[vk1 ][vk2 ]}R(z)^{j1 ,j2}_{k1,k2} . The R-matrix R^{P S} (z) of the Perk-Schultz model [8] satisfies the ungraded Yang-Baxter equation. The R-matrix R(z) satisfies the initial condition R(1) = P where P is the graded permutation operator : P^{j1,j2}_{k1 ,k2} = δ_{j1 ,k2} δ_{j2 ,k1} (−1)^{[vk1 ][vk2 ]}. The R-matrix R(z) satisfies the unitary condition R_{12}(z)R_{21}(1/z) = 1, (2.12) where R_{21}(z) = P R_{12}(z)P . The R-matrix R(z) satisfies and the crossing symmetry R^{−1,st1} 12 (z)M_1R^{st1}_{12} (q^{2(N−M)}z)M^{−1}_1 = 1. (2.13) Here we have set the matrix M ∈ End(V ) defined by M_{i,j} = δ_{i,j} M_j , M_j = q^{−2(j−1)} (1 ≤ j ≤ M + 1), q^{−2(2M+2−j)} (M + 2 ≤ j ≤ M + N + 2).

(2.14)

We have the commutativity [M ⊗ M, R(z)] = 0. For instance the various supertranspositions of the R-matrix are given by R^{st1} (z)^{k,l}_{i,j} = R(z)^{i,l}_{k,j} (−1)^{[vi]([vi]+[vk ])}, R^{st2} (z)^{k,l}_{i,j} = R(z)^{k,j}_{i,l} (−1)^{[vj ]([vj ]+[vl])}, R^{st12} (z)^{k,l}_{i,j} = (−1)^{([vi]+[vj ])([vi]+[vj ]+[vk ]+[vl])}R(z)^{i,j}_{k,l} = R(z)^{i,j}_{k,l}. (2.15) In appendix B we classify the boundary K-matrix that satisfies the graded boundary Yang-Baxter equation (2.28), and find new diagonal solution (see (B.11)).

Definition 2.2 We set the K-matrix K^{(i)}(z) ∈ End(V ) (i = 1, 2, 3) associated with the quantum supersymmetry U_q( ^sl(M + 1|N + 1)) as followings. K^{(i)}(z) = z^{− 2MM −N} φ^{(i)}(z) φ^{(i)}(z^{−1})

K̄^{(i)}(z) (i = 1, 2, 3), (2.16)

K̄^{(i)}(z)v_j =^{M+N+2} ∑ k=1 v_kK̄^{(i)}(z)^j_k, (2.17)

K̄^{(i)}(z)^j_k = δ_{j,k}K̄^{(i)}(z)^j . (2.18)

The K̄^{(i)}(z)^j and φ^{(i)}(z) are given by following CONDITION 1, 2, 3. CONDITION 1 : K̄^{(1)}(z)^j are φ^{(1)}(z) are defined by followings.

K̄^{(1)}(z)^j = 1 (j = 1, 2, · · · , M + N + 2), (2.19) and φ^{(1)}(z) = exp ∞∑ m=1 [2(N + 1)m]_q m[2(M − N)m]_q z^{2m} + M∑ j=1 ∞∑ m=1 [2(M − N − j)m]_q 2m[2(M − N)m]_q (1 − q^{2m})z^{2m}

+ M+N+1 ∑ j=M+2 ∞∑ m=1 [2(−M − N − 2 − j)m]_q 2m[2(M − N)m]_q (1 + q^{2m})z^{2m} − ∞∑ m=1 [(M − N − 1)m]_q 2m[(M − N)m]_q q^mz^{2m} . (2.20)

CONDITION 2 : K̄^{(2)}(z)^j and φ^{(2)}(z) are defined by followings. We fix a natural number L = 1, 2, · · · , M + N + 1 and a complex number r ∈ C.

K̄^{(2)}(z)^j = 1 (1 ≤ j = k ≤ L), 1 − r/z 1 − rz (L + 1 ≤ j = k ≤ M + N + 2).

(2.21)

Condition 2.1 : For L ≤ M + 1 we set

φ^{(2)}(z) = φ^{(1)}(z) × exp ( − ∞∑ m=1 [(M − N − L)m]_q m[(M − N)m]_q (rq^{−L}z)^m ) . (2.22)

Condition 2.2 : For M + 2 ≤ L ≤ M + N + 2 we set

φ^{(2)}(z) = φ^{(1)}(z) × exp ( − ∞∑ m=1 [(−M − N − 2 + L)m]_q m[(M − N)m]_q (rq^{L−2M−2}z)^m ) . (2.23)

CONDITION 3 : K̄^{(3)}(z)^j and φ^{(3)}(z) are defined by followings. We fix two natural numbers L, K = 1, 2, · · · , M + N such that L + K ≤ M + N + 1. We fix a complex number r ∈ C.

K̄^{(3)}(z)^j = 1 (1 ≤ j = k ≤ L), 1 − r/z 1 − rz (L + 1 ≤ j = k ≤ L + K), z^{−2} (L + K + 1 ≤ j = k ≤ M + N + 2),

(2.24)

Condition 3.1 : For L + K ≤ M + 1 we set

φ^{(3)}(z) = φ^{(1)}(z)

× exp (_∞ ∑ m=1 { [(−M + N + L)m]_q m[(N − M)m]_q (rq^{−L}z)^m + [(−M + N + L + K)m]_q m[(M − N)m]_q (q^{L−K} z/r)^m }) .(2.25)

Condition 3.2 : For L ≤ M + 1 ≤ L + K + 1 we set

φ^{(3)}(z) = φ^{(1)}(z) (2.26)

× exp (_∞ ∑ m=1 { [(−M + N + L)m]_q m[(M − N)m]_q (rq^{−L}z)^m + [(M + N + L + 2 − L − K)m]_q m[(M − N)m]_q (q^{3L+K−2M−2}z/r)^m }) . Condition 3.3 : For M + 1 ≤ L − 1 we set

φ^{(3)}(z) = φ^{(1)}(z) (2.27)

× exp (_∞ ∑ m=1 { [(M + N + 2 − L)m]_q m[(M − N)m]_q (rq^{L−2M−2}z)^m + [(M + N + L + 2 − L − K)m]_q m[(M − N)m]_q (q^{L−2M−2}z/r)^m }) .

In what follows we sometimes just write K(z) by dropping the suffix ”(i)” from K^{(i)}(z). For classification of K-matrix, see appendix B and the references [9, 10, 11]. Graphically, the K-matrix K(z) is represented in Fig.2 in appendix A. The K-matrix K(z) ∈ End(V ) satisfies the graded boundary Yang-Baxter equation

K_2(z_2)R_{21}(z_1z_2)K_1(z_1)R_{12}(z_1/z_2) = R_{21}(z_1/z_2)K_1(z_1)R_{12}(z_1z_2)K_2(z_2). (2.28)

The relation (2.28), expressed in terms of matrix elements, can be rewritten in the form M+N+2 ∑ j_1 ,j_2,k_1 ,k_2=1

K(z_2)^{j2}_{i2} R(z_1z_2)^{j1 ,k2}_{i1 ,j2} K(z_1)^{k1}_{j1} R(z_1/z_2)^{l2 ,l1}_{k2 ,k1} (−1)^{([vj1 ]+[vk1 ])[vj2 ]}

= M+N+2 ∑ j_1 ,j_2,k_1 ,k_2=1

R(z_1/z_2)^{j1 ,j2}_{i1 ,i2} K(z_1)^{k1}_{j1} R(z_1z_2)^{k2 ,l1}_{j2 ,k1} K(z_2)^{l2}_{k2} (−1)^{([vj1 ]+[vk1 ])[vk2 ]}. (2.29)

The K-matrix K(z) satisfies K(1) = 1. The K-matrix K(z) satisfies the boundary unitary condition

K(z)K(1/z) = 1. (2.30)

We set the dual K-matrix K^+(z) ∈ End(V ) by

K^+(z) = K(1/q^{N−M} z)^{st}M. (2.31)

Graphically, the dual K-matrix K^+(z) is represented in Fig.2 in appendix A. The dual K-matrix K^+(z) satisfies the dual graded boundary Yang-Baxter equation K^+_2 (z_2)^{st2} M^{−1}_2 R_{2,1}(1/q^{2(M−N)}z_1z_2)M_2K^+_1 (z_1)^{st1} R_{12}(z_2/z_1) = R_{21}(z_2/z_1)K^+_1 (z_1)^{st1} M^{−1}_1 R_{12}(1/q^{2(M−N)}z_1z_2)M_1K^+_2 (z_2)^{st2} . (2.32) We set the monodromy matrix T (z) by T (z) = R_{01}(z)R_{02}(z) · · · R_{0,P} (z) ∈ End(V_P ⊗ · · · ⊗ V_1 ⊗ V_0), (2.33) where V_j are copies of V .

Definition 2.3 We introduce the transfer matrix T^{f in}_B (z) by T^{f in}_B (z) = str_{V0} (K^+(z)T (z^{−1})^{−1}K(z)T (z)), (2.34) where the supertrace is defined by str(A) = ∑ j (−1)^{[vj ]}A_{j,j} .

Graphically, the transfer matrix T^{f in}_B (z) is represented in Fig.3 in appendix A. Proposition 2.4 The transfer matrix T^{f in}_B (z) form a commutative family. [T^{f in}_B (z_1), T^{f in}_B (z_2)] = 0 for any z_1, z_2. (2.35) The commutativity can be proved by using unitarity and cross-symmetry, boundary Yang-Baxter equation and dual boundary Yang-Baxter equation [20, 21, 14]. We set the Hamiltonian H^{f in}_B by H^{f in}_B = d dz T^{f in}_B (z)|_{z=1} = P −1∑

j=1 h_{j,j+1} + 1 2 d dz K_0(z)|_{z=1} + str_{V0} (K^+_0 (1)h_{0,P} ) str_{V0} (K^+_0 (1))

, (2.36)

where h_{j,j+1} = P_{j,j+1}^d_{dz} R_{j,j+1}(z)|_{z=1}.

2.2 Semi-infinite U_q( ^sl(M + 1|N + 1)) chain

In this section we introduce the semi-infinite U_q( ^sl(M + 1|N + 1)) chain with a boundary. We consider the Hamiltonian (2.36) in the semi-infinite limit.

H^{(i)}_B = lim_{P →∞}H^{f in}_B = lim_{P →∞} d dz T^{f in}_B (z)|_{z=1} = ∞∑ j=1 h_{j,j+1} + 1 2 d dz K^{(i)}_0 (z)|_{z=1}, (2.37)

which acts formally on the left-infinite tensor product space. · · · ⊗ V ⊗ V ⊗ V. (2.38) We would like to diagonalize the Hamiltonian H^{(i)}_B in the semi-infinite limit. It is convenient to study the transfer matrix ~T^{(i)}_B (z) = lim_{P →∞} T^{f in}_B (z), including the spectral parameter z, instead of the Hamiltonian H^{(i)}_B . The transfer matrix ~T^{(i)}_B (z) corresponding to the semi-infinite limit is depicted in Fig.4 in appendix A. By convention, the lattice sites in Fig.4 are numbered k = 1, 2, 3, · · · from right to left. Fig.4 in appendix A describes a semi-infinite two dimensional lattice, with alternating spectral parameters. The transfer matrix ~T^{(i)}_B (z) is rewritten as follows.

~T^{(i)}_B (z) =^{M+N+2} ∑ j=1 ~Φ^∗_j (z^{−1})K^{(i)}(z)^j ~Φ_j (z)(−1)^{[v}j^]. (2.39)

Here the vertex operator ~Φ_j (z) and the dual vertex operator ~Φ^∗_j (z) are depicted in Fig.5 and Fig.6 in appendix A, respectively. The vertex operators ~Φ_j (z) and ~Φ^∗_j (z) satisfy the following commutation relations.

~Φ_{j2} (z_2)~Φ_{j1} (z_1) =^{M+N+2} ∑ k_1,k_2 =1

R(z_1/z_2)^{k1 ,k2}_{j1 ,j2} ~Φ_{k1} (z_1)~Φ_{k2} (z_2)(−1)^{[vj1 ][vj2 ]}, (2.40)

~Φ^∗_{j2} (z_2)~Φ^∗_{j1} (z_1) =^{M+N+2} ∑ k_1,k_2 =1

R(z_1/z_2)^{j1 ,j2}_{k1 ,k2} ~Φ^∗_{k1} (z_1)~Φ^∗_{k2} (z_2)(−1)^{[vj1 ][vj2 ]}, (2.41)

~Φ_{j2} (z_2)~Φ^∗_{j1} (z_1) =^{M+N+2} ∑ k_1,k_2 =1

R^{−1,st1} (z_1/z_2)^{k1 ,k2}_{j1 ,j2} ~Φ^∗_{k1} (z_1)~Φ_{k2} (z_2)(−1)^{[vk1 ][vk2 ]}. (2.42)

From the graded boundary Yang-Baxter relation (2.28) and the commutation relations of the vertex operators, we have the commutativity of the transfer matrix ~T^{(i)}_B (z). [ ~T^{(i)}_B (z_1), ~T^{(i)}_B (z_2)] = 0 for any z_1, z_2. (2.43) In order to diagonalize the transfer matrix ~T^{(i)}_B (z), we follow the strategy that we call the algebraic analysis method.

3 Mathematical formulation

In this section we give mathematical formulation of the supersymmetry U_q( ^sl(M + 1|N + 1)) chain with a boundary, that is free from the difficulty of divergence [1, 18, 23].

3.1 Quantum supersymmetry U_q( ^sl(M + 1|N + 1))

In this section we review the definition of the quantum supersymmetry U_q( ^sl(M + 1|N + 1)) [4, 6]. The Cartan matrix of the affine superalgebra ^sl(M + 1|N + 1) is given by

(A_{i,j} )_{0≤i,j≤M+N+1} =

0 −1 0 · · · · · · 0 1 −1 2 −1 · · · · · · 0 0 0 −1 2 · · · · · · · · · · · · · · · −1 −1 2 −1 −1 0 1 1 −2 1 1 · · · · · · · · · 0 0 · · · · · · −2 1 1 0 · · · · · · 1 −2

. (3.1)

Here the diagonal part is (A_{i,i})_{0≤i≤M+N+1} = (0, M 2, · · · , 2, 0, N −2, · · · , −2). Let us introduce orthonormal basis {ϵ_j |j = 1, 2, · · · , M + N + 2}@ with the bilinear form (ϵ_i|ϵ_j ) = ν_iδ_{i,j} , where the signature ν_i = ± is given in (2.2). Define ϵ̄_i = ϵ_i −ν_i^1_{M−N} ∑_{M+N+2} j=1 ϵ_j . The classical simple roots ᾱ_i (i = 1, 2, · · · , M +N +1) and the classical fundamental weights Λ̄_i (i = 1, 2, · · · , M + N + 1) are defined by ᾱ_i = ν_iϵ_i − ν_{i+1}ϵ_{i+1}, Λ̄_i = i∑ j=1 ϵ̄_j (i = 1, 2, · · · , M + N + 1). (3.2) Introduce the affine weight Λ_0 and the null root δ having (Λ_0|ϵ_i) = (δ|ϵ_i) = 0 for i = 1, 2, · · · , M + N + 2 and (Λ_0|λ_0) = (δ|δ) = 0, (Λ_0|δ) = 1. The affine roots α_i (i = 0, 1, 2, · · · , M + N + 1) and the affine fundamental weights Λ_i (i = 0, 1, 2, · · · , M + N + 1) are given by α_0 = δ − M+N+1 ∑ j=1 α_j , α_i = ᾱ_i (i = 1, 2, · · · , M + N + 1), (3.3) Λ_0 = Λ_0, Λ_i = Λ_0 + Λ̄_i (i = 1, 2, · · · , M + N + 1). (3.4) Definition 3.1 The quantum supersymmetry U_q ( ^sl(M + 1|N + 1)) (M, N = 0, 1, 2, · · · , and M ≠ N) is a q-analogue of the universal enveloping algebra ^sl(M + 1|N + 1) generated by the Chevalley generators {e_i, f_i, h_i|i = 0, 1, 2, · · · , M + N + 1}. The Z_2-grading of the generators are [e_0] = [f_0] = [e_{M+1}] = [f_{M+1}] = 1 and zero otherwise.

The Cartan-Kac relations : For i, j = 0, 1, · · · , M +N +1, the generators subject to the following relations.

[h_i, h_j ] = 0, [h_i, e_j ] = A_{i,j} e_j , [h_i, f_j ] = −A_{i,j} f_j , [e_i, f_j ] = δ_{i,j} q^{hi} − q^{−hi} q − q^{−1} . (3.5) For i, j = 0, 1, · · · , M + N + 1 such that |A_{i,j} | = 0, the generators subject to the following relations. [e_i, e_j ] = 0, [f_i, f_j ] = 0. (3.6) The Serre relations : For i, j = 0, 1, · · · , M + N + 1 such that |A_{i,j} | = 1 and i ≠ 0, M + 1, the generators subject to the following relations.

[e_i, [e_i, e_j ]_q−1 ]_q = 0, [f_i, [f_i, f_j ]_q−1 ]_q = 0. (3.7) For M + N ≥ 2, the Serre relations of the fourth degree hold. [[[e_i, e_j ]_q , e_k]_q−1 , e_j ] = 0, [[[f_i, f_j ]_q , f_k]_q−1 , f_j ] = 0, (i, j, k) = (M + N − 1, 0, 1), (M − 1, M, M + 1). (3.8) For (M, N) = (1, 0) the extra Serre relations of the fifth degree hold. [e_0, [e_2, [e_0, [e_2, e_1]_q ]]]_q−1 = [e_2, [e_0, [e_2, [e_0, e_1]_q ]]]_q−1 , (3.9) [f_0, [f_2, [f_0, [f_2, f_1]_q ]]]_q−1 = [f_2, [f_0, [f_2, [f_0, f_1]_q ]]]_q−1 . (3.10) For (M, N) = (0, 1) the extra Serre relations of the fifth degree hold. [e_0, [e_1, [e_0, [e_1, e_2]_q ]]]_q−1 = [e_1, [e_0, [e_1, [e_0, e_2]_q ]]]_q−1 , (3.11) [f_0, [f_1, [f_0, [f_1, f_2]_q ]]]_q−1 = [f_1, [f_0, [f_1, [f_0, f_2]_q ]]]_q−1 . (3.12)

Here and throughout this paper, we use the notations [X, Y ]_ξ = XY − (−1)^{[X][Y ]}ξY X. (3.13) We write [X, Y ]_1 as [X, Y ] for simplicity. The quantum supersymmetry U_q( ^sl(M + 1|N + 1)) has the Z_2-graded Hopf-algebra structure. We take the following coproduct.

Δ(e_i) = e_i ⊗ 1 + q^{hi} ⊗ e_i, Δ(f_i) = f_i ⊗ q^{−hi} + 1 ⊗ f_i, Δ(h_i) = h_i ⊗ 1 + 1 ⊗ h_i, (3.14) and the antipode S(e_i) = −q^{−hi} e_i, S(f_i) = −f_iq^{hi} , S(h_i) = −h_i. (3.15) The coproduct Δ satisfies an algebra automorphism Δ(XY ) = Δ(X)Δ(Y ) and the antipode S satisfies a Z_2-graded algebra anti-automorphism S(XY ) = (−1)^{[X][Y ]}S(Y )S(X).The multiplication rule for the tensor product is Z_2-graded and is defined for homogeneous elements X, Y, X^′, Y^′ ∈ U_q( ^sl(N|1)) and v ∈ V, w ∈ W by X ⊗ Y · X^′ ⊗ Y^′ = (−1)^{[Y ][X ′]}XX^′ ⊗ Y Y^′ and X ⊗ Y · v ⊗ w = (−1)^{[Y ][v]}Xv ⊗ Y w, which extends to inhomogeneous elements through linearity.

3.2 Mathematical formulation

In this section we give mathematical formulation of our problem. We introduce the evaluation representation V_z of the (M + N + 2) dimensional basic representation V = ⊕^{M+N+2}_{j=1} Cv_j . Let E_{i,j} be the (M + N + 2) × (M + N + 2) matrix whose (i, j)-elements is unity and zero elsewhere : E_{i,j} v_k = δ_{j,k}v_i. For i = 1, 2, · · · , M + N + 2, we set the evaluation representation V_z with the vectors {v_i ⊗ z^n|i = 1, 2, · · · , M + N + 2; n ∈ Z}. e_i = E_{i,i+1}, f_i = ν_iE_{i+1,i}, h_i = ν_iE_{i,i} − ν_{i+1}E_{i+1,i+1}, e_0 = −zE_{M+N+2,1}, f_0 = z^{−1}E_{1,M+N+2}, h_0 = −E_{1,1} − E_{M+N+2,M+N+2}. (3.16) Let V^∗_z the dual space of V_z with vectors {v^∗_i ⊗ z^n|i = 1, 2, · · · , M + N + 2; n ∈ Z} such that (v^∗_i ⊗ z^m|v_j ⊗ z^n) = δ_{i,j} δ_{m+n,0}. The U_q( ^sl(M + 1|N + 1))-module structure is given by (xv|w) = (v|(−1)^{|x||v|}S(x)w) for v ∈ V^∗_z , w ∈ V_z and we call the module as V^{∗S}_z . For i = 1, 2, · · · , M + N + 2, we have the explicit action on V^{∗S}_z as follows. e_i = −ν_iν_{i+1}q^{−νi} E_{i+1,i}, f_i = −ν_iq^{νi} E_{i,i+1}, h_i = −ν_iE_{i,i} + ν_{i+1}E_{i+1,i+1}, e_0 = qzE_{1,M+N+2}, f_0 = q^{−1}z^{−1}E_{M+N+2,1}, h_0 = E_{1,1} + E_{M+N+2,M+N+2}. (3.17) Definition 3.2 Let V (λ) be the highest weight U_q ( ^sl(M + 1|N + 1))-module with the highest weight λ. We define the type-I vertex operators Φ(z) and Φ^∗(z) as the intertwiners of U_q ( ^sl(M + 1|N + 1))-module if they exist.

Φ(z) : V (λ) → V (μ) ⊗ V_z , Φ^∗(z) : V (μ) → V (λ) ⊗ V^{∗S}_z , (3.18) Φ(z) · x = Δ(x) · Φ(z), Φ^∗(z) · x = Δ(x) · Φ^∗(z), (3.19) for x ∈ U_q( ^sl(M + 1|N + 1)).

We expand the vertex operators Φ(z) = ∑_{M+N+2} j=1 Φ_j (z) ⊗ v_j and Φ^∗(z) = ∑_{M+N+2} j=1 Φ^∗_j (z) ⊗ v^∗_j . The vertex operators Φ_j (z) and Φ^∗_j (z) satisfy the following commutation relations. Φ_{j2} (z_2)Φ_{j1} (z_1) = M+N+2 ∑ k_1,k_2 =1

R(z_1/z_2)^{k1 ,k2}_{j1 ,j2} Φ_{k1} (z_1)Φ_{k2} (z_2)(−1)^{[vj1 ][vj2 ]}, (3.20)

Φ^∗_{j2} (z_2)Φ^∗_{j1} (z_1) = M+N+2 ∑ k_1,k_2 =1

R(z_1/z_2)^{j1 ,j2}_{k1 ,k2} Φ^∗_{k1} (z_1)Φ^∗_{k2} (z_2)(−1)^{[vj1 ][vj2 ]}, (3.21)

Φ_{j2} (z_2)Φ^∗_{j1} (z_1) = M+N+2 ∑ k_1,k_2 =1

R^{−1,st1} (z_1/z_2)^{k1 ,k2}_{j1 ,j2} Φ^∗_{k1} (z_1)Φ_{k2} (z_2)(−1)^{[vk1 ][vk2 ]}. (3.22) The vertex operators satisfy the inversion relations Φ_i(z)Φ^∗_j (z) = g^{−1}(−1)^{[vi]}δ_{i,j} , M+N+2 ∑ k=1 (−1)^{[vk ]}Φ^∗_k(z)Φ_k(z) = g^{−1}. (3.23) Here we have used g = e^π √_{−1M} 2(M −N ) exp ( − ∞∑ m=1 [(M − N − 1)m]_q m[(M − N)m]_q q^m ) . (3.24) Definition 3.3 We set the transfer matrix T^{(i)}_B (z) by T^{(i)}_B (z) = M+N+2 ∑ j=1 Φ^∗_j (z^{−1})K^{(i)}(z)^j Φ_j (z)(−1)^{[vj ]}. (3.25) From the graded boundary Yang-Baxter relation (2.28) and the commutation relations of the vertex operators, we have the commutativity of the transfer matrix T^{(i)}_B (z). Proposition 3.4 The transfer matrix T^{(i)}_B (z) forms a commutative family. [T^{(i)}_B (z_1), T^{(i)}_B (z_2)] = 0 for any z_1, z_2. (3.26) Following the strategy proposed in [1, 23], we consider our problem upon the following identification. T^{(i)}_B (z) = ~T^{(i)}_B (z), Φ_j (z) = ~Φ_j (z), Φ^∗_j (z) = ~Φ^∗_j (z). (3.27) The point of using the vertex operators Φ_j (z), Φ^∗_j (z) is that they are well-defined objects, free from the difficulty of divergence. Let us set V (λ)^∗ the restricted dual module of the highest weight V (λ). Definition 3.5 We call the eigenvector_{(i)}⟨B| ∈ V^∗(λ) with eigenvalue 1 the boundary state. (i)⟨B|T^{(i)}_B (z) =_{(i)}⟨B|. (3.28) We would like to construct the boundary state_{(i)}⟨B| ∈ V^∗(λ). Multiplying the vertex operator Φ^∗_j (z) from the right and using the inversion relation (3.23), we have the following. Proposition 3.6 The boundary state_{(i)}⟨B| is characterized by (i)⟨B|Φ^∗_j (z^{−1})K^{(i)}(z)^j =_{(i)}⟨B|Φ^∗_j (z) (j = 1, 2, · · · , M + N + 2). (3.29) In order to construct the boundary state_{(i)}⟨B|, it is convenient to introduce the bosonizations of the vertex operators Φ^∗_j (z).

4 Vertex operator

In this section we review the bosonization of the vertex operators. We give the integral representation of the vertex operators, which are convenient for the construction of the boundary state_{(i)}⟨B|.

4.1 Drinfeld realization

In order to give the bosonizations, it is convenient to introduce the Drinfeld realization of the quantum supersymmetry U_q( ^sl(M + 1|N + 1)) [5, 6].

Definition 4.1 [6] The generators of the quantum supersymmetry U_q( ^sl(M + 1|N + 1)), which we call the Drinfeld generators, are given by X^±_{i,m}, h_{i,n}, h_i, c, (i = 1, 2, · · · , M + N + 1, m ∈ Z, n ∈ Z_{≠0}). (4.1) The Z_2-grading of the Drinfeld generators are |X^{±,M+1}_m | = 1 for m ∈ Z and zero otherwise. For i, j = 1, 2, · · · , M + N + 1, the Drinfeld generators are subject to the following relations. c : central, [h_i, h_{j,m}] = 0, (4.2) [h_{i,m}, h_{j,n}] = [A_{i,j} m]_q[cm]_q m δ_{m+n,0}, (4.3) [h_i, X^±_j (z)] = ±A_{i,j} X^±_j (z), (4.4) [h_{i,m}, X^+_j (z)] = [A_{i,j} m]_q m q^{−c|m|/2}z^mX^+_j (z), (4.5) [h_{i,m}, X^−_j (z)] = − [A_{i,j} m]_q m q^{c|m|/2}z^mX^−_j (z), (4.6) (z_1 − q^{±Ai,j} z_2)X^±_i (z_1)X^±_j (z_2) = (q^{±Aj,i} z_1 − z_2)X^±_j (z_2)X^±_i (z_1), for |A_{i,j} | ≠ 0, (4.7) [X^±_i (z_1), X^±_j (z_2)] = 0, for |A_{i,j} | = 0, (4.8) [X^+_i (z_1), X^−_j (z_2)] = δ_{i,j} (q − q^{−1})z_1z_2 ( δ(q^{−c}z_1/z_2)ψ^+_i (q^{c2} z_2) − δ(q^cz_1/z_2)ψ^−_i (q^{− c2} z_2) ) , (4.9) ( X^±_i (z_1)X^±_i (z_2)X^±_j (z) − (q + q^{−1})X^±_i (z_1)X^±_j (z)X^±_i (z_2) + X^±_j (z)X^±_i (z_1)X^±_i (z_2) ) + (z_1 ↔ z_2) = 0, for |A_{i,j} | = 1, i ≠ M + 1, (4.10) ( X^±_{M+1}(z_1)X^±_{M+2}(w_1)X^±_{M+1}(z_2)X^±_M (w_2) − q^{−1}X^±_{M+1}(z_1)X^±_{M+2}(w_1)X^±_M (w_2)X^±_{M+1}(z_2) −qX^±_{M+1}(z_1)X^±_{M+1}(z_2)X^±_M (w_2)X^±_{M+2}(w_1) + X^±_{M+1}(z_1)X^±_M (w_2)X^±_{M+1}(z_2)X^±_{M+2}(w_1) +X^±_{M+2}(w_1)X^±_{M+1}(z_2)X^±_M (w_2)X^±_{M+1}(z_1) − q^{−1}X^±_{M+2}(w_1)X^±_M (w_2)X^±_{M+1}(z_2)X^±_{M+1}(z_1) −qX^±_{M+1}(z_2)X^±_M (w_2)X^±_{M+2}(w_1)X^±_{M+1}(z_1) + X^±_M (w_2)X^±_{M+1}(z_2)X^±_{M+2}(w_1)X^±_{M+1}(z_1) ) +(z_1 ↔ z_2) = 0, (4.11) where we have used δ(z) = ∑ m∈Z z^m. Here we have set the generating functions X^±_j (z) = ∑ m∈Z X^±_{j,m}z^{−m−1}, (4.12)

ψ^+_i (z) = q^{hi} exp ( (q − q^{−1}) ∞∑ m=1 h_{i,m}z^{−m} ) , (4.13) ψ^−_i (z) = q^{−hi} exp ( −(q − q^{−1}) ∞∑ m=1 h_{i,−m}z^m ) . (4.14)

The relation between the Chevalley generators and the Drinfeld generators are obtained by the followings.

e_i = X^+_{i,0}, f_i = X^−_{i,0} (i = 1, 2, · · · , M + N + 1), (4.15) h_0 = c − h_1 − h_2 − · · · − h_{M+N+1}, (4.16) e_0 = (−1)^{N+1}[X^−_{M+N+1,0} · · · , [X^−_{M+2,0}, [X^−_{M+1,0} · · · , [X^−_{2,0}, X^−_{1,0}]_q−1 · · ·]_q−1 ]_q · · ·]_q × q^{−h1−h2−···−hM +N +1} , (4.17) f_0 = q^{h1+h2 +···+hM +N +1}

× [· · · [[· · · [X^+_{1,−1}, X^+_{2,0}]_q , · · · , X^+_{M+1,0}]_q, X^+_{M+2,0}]_q−1 , · · · X^+_{M+N+1,0}]_q−1 . (4.18)

4.2 Bosonization

In this section we review the bosonizations of the Drinfeld realizations of the quantum supersymmetry U_q( ^sl(M + 1|N + 1)) [15]. In what follows we assume the level c = 1, where we have the simplest realization. Let us introduce the bosons a^i_n, b^j_n, c^j_n, Q_ai , Q_bj , Q_cj , (n ∈ Z, i = 1, 2, · · · , M + 1, j = 1, 2, · · · , N + 1), (4.19) satisfying the following commutation relations. [a^i_m, a^j_n] = δ_{i,j} δ_{m+n,0} [m]^2_q m , [a^i_0, Q_aj ] = δ_{i,j} , (4.20) [b^i_m, b^j_n] = −δ_{i,j} δ_{m+n,0} [m]^2_q m , [b^i_0, Q_bj ] = −δ_{i,j} , (4.21) [c^i_m, c^j_n] = δ_{i,j} δ_{m+n,0} [m]^2_q m , [c^i_0, Q_cj ] = δ_{i,j} . (4.22) Other commutation relations vanish. We set h_i = h_{i,0}. For i = 1, 2, · · · , M and j = 1, 2, · · · , N, we set

Q_{hi} = Q_ai − Q_ai+1 , Q_{hM +1} = Q_aM +1 + Q_b1 , Q_{hM +1+j} = −Q_bj + Q_bj+1 . (4.23) It is convenient to introduce the generating function h^i(z; β) by

h^i(z; β) = − ∑ n≠0 h_{i,n} [n]_q q^{−β|n|}z^{−n} + Q_{hi} + h_{i,0}logz (β ∈ R). (4.24)

We introduce the q-difference operator defined by ∂_zf(z) = f(qz) − f(q^{−1}z) (q − q^{−1})z . (4.25)

In what follows we use the standard normal ordering ::. For instance we set

: a^i_ma^i_n := a^i_ma^j_n (m < 0) a^i_na^i_m (m > 0), : a^i_0Q_ai :=: Q_ai a^i_0 := Q_ai a^i_0. (4.26)

Theorem 4.2 [15] The Drinfeld generators for the level c = 1 are realized as follows. c = 1, (4.27) h_{i,m} = a^i_mq^{−|m|/2} − a^{i+1}_m q^{|m|/2}, (4.28) h_{M+1,m} = a^{M+1}_m q^{−|m|/2} + b^1_mq^{−|m|/2}, (4.29) h_{M+1+j,m} = −b^j_mq^{|m|/2} + b^{j+1}_m q^{−|m|/2}, (4.30) X^+_i (z) = : e^{hi(z;1/2)} : e^{π√−1ai0} , (4.31) X^+_{M+1}(z) = : e^{hM +1(z;1/2)}e^{c1(z;0)} : M∏ i=1 e^{−π√−1ai0} , (4.32) X^+_{M+1+j} (z) = : e^{hM +1+j (z;1/2)}[∂_ze^{−cj (z;0)}]e^{cj+1(z;0)} :, (4.33) X^−_i (z) = − : e^{−hi(z;−1/2)} : e^{−π√−1ai0} , (4.34) X^−_{M+1}(z) = : e^{−hM +1(z;−1/2)}[∂_z e^{−c1(z;0)}] : M∏ i=1 e^{π√−1ai0} , (4.35) X^−_{M+1+j} (z) = − : e^{−hM +1+j (z;−1/2)}e^{cj (z;0)}[∂_ze^{−cj+1(z;0)}] :, (4.36) for i = 1, 2, · · · , M and j = 1, 2, · · · , N. 4.3 Highest weight module

In this section we study the space that the bosonizations act. We introduce the vacuum vector |0⟩ by a^i_n|0⟩ = b^j_n|0⟩ = c^j_n|0⟩ (n ≤ 0, i = 1, 2, · · · , M + 1, j = 1, 2, · · · , N + 1). (4.37) For λ^i_a, λ^j_b, λ^j_c ∈ C (i = 1, · · · , M + 1, j = 1, · · · , N + 1), we set the vector |λ^1_a, · · · , λ^{M+1}_a , λ^1_b , · · · , λ^{N+1}_b , λ^1_c , · · · , λ^{N+1}_c ⟩ = e ∑_{M +1}

i=1 λ^i_a Q_{ai} +

∑_{N +1}

j=1 λ^j_b Q_{bj} +

∑_{N +1}

j=1 λ^j_c Q_{cj} |0⟩. (4.38)

The Fock module F_{λ1a ,···,λ}M +1_{a ,λ}1_{b ,···,λ}N +1_{b ,λ1c ,···,λ}N +1_c is generated by acting creation operators a^i_{−n}, b^j_{−n}, c^j_{−n} (n > 0) over the vector |λ^1_a, · · · , λ^{M+1}_a , λ^1_b , · · · , λ^{N+1}_b , λ^1_c , · · · , λ^{N+1}_c ⟩. In order to obtain the highest weight vectors of U_q( ^sl(M + 1|N + 1)), we impose the conditions. h_i|λ^1_a, · · · , λ^{M+1}_a , λ^1_b , · · · , λ^{N+1}_b , λ^1_c , · · · , λ^{N+1}_c ⟩ = λ_i|λ^1_a, · · · , λ^{M+1}_a , λ^1_b , · · · , λ^{N+1}_b , λ^1_c , · · · , λ^{N+1}_c ⟩, e_i|λ^1_a, · · · , λ^{M+1}_a , λ^1_b , · · · , λ^{N+1}_b , λ^1_c , · · · , λ^{N+1}_c ⟩ = 0 (i = 1, 2, · · · , M + N + 1).

Solving these equations, we have two classes of solutions. (1) |Λ_i⟩ (i = 1, 2, · · · , M + N + 1). For i = 1, 2, · · · , M + 1, we identify |Λ_i⟩ = | i β + 1, · · · , β + 1, M+N+2−i β, · · · , β , N+1 0, · · · , 0⟩ (β ∈ C). (4.39) For j = 1, · · · , N + 1, we identify |Λ_{M+1+j} ⟩ = | M+1+j β + 1, · · · , β + 1, N+1−j β, · · · , β, j 0, · · · , 0, N+1−j −1, · · · , −1⟩ (β ∈ C). (4.40)

(2) |(1 − α)Λ_0 + αΛ_{M+1}⟩ for α ∈ C. We identify |(1 − α)Λ_0 + αΛ_{M+1}⟩ = | M+1 β, · · · , β, N+1 β − α, · · · , β − α, N+1 −α, · · · , −α⟩ (β ∈ C). (4.41) For i = 1, 2, · · · , M + 1, j = 1, 2, · · · , N + 1 and α, β ∈ C, we set the spaces.

F_{(Λi,β)} = ⨁ i_1 ,···,i_{M +N +1}∈Z F ( i β + 1, · · · , β + 1, M +N +2−i β, · · · , β, N +1 0, · · · , 0)∘(i1 ,i2,···,iM +N +1) , (4.42) F_{(ΛM +1+j ,β)} = ⨁ i_1 ,···,i_{M +N +1}∈Z F ( M +1+j β + 1, · · · , β + 1, N +1−j β, · · · , β, j 0, · · · , 0, N +1−j −1, · · · , −1)∘(i1,i2 ,···,iM +N +1) ,(4.43) F_{(α,β)} = ⨁ i_1,···,i_{M +N +1}∈Z F ( M +1 β, · · · , β, N +1 β − α, · · · , β − α, N +1 −α, · · · , −α)∘(i1 ,i2 ,···,iM +N +1) . (4.44)

Here we have used the following abbreviation.

(λ^1_a, · · · , λ^{M+1}_a , λ^1_b , · · · , λ^{N+1}_b , λ^1_c , · · · , λ^{N+1}_c ) ∘ (i_1, i_2, · · · , i_{M+N+1}) = (λ^1_a, · · · , λ^{M+1}_a , λ^1_b , · · · , λ^{N+1}_b , λ^1_c , · · · , λ^{N+1}_c ) + (i_1, i_2 − i_1, · · · , i_{M+1} − i_M , i_{M+1} − i_{M+2}, · · · , i_{M+N} − i_{M+N+1}, i_{M+N+1} , i_{M+1} − i_{M+2}, · · · , i_{M+N} − i_{M+N+1}, i_{M+N+1}). (4.45) The actions of U_q( ^sl(M + 1|N + 1)) on the spaces F_{(Λi,β)}, F_{(α,β)} are closed. However, these modules are not irreducible in general. In order to obtain irreducible module, we introduce ξ-η system. We introduce the operators ξ^j_m and η^j_m (j = 1, 2, · · · , N + 1; m ∈ Z) by ξ^j (z) = ∑ m∈Z ξ^j_mz^{−m} =: e^{−cj (z)} :, η^j (z) = ∑ m∈Z η^j_mz^{−m−1} =: e^{cj (z)} : . (4.46) The Fourier components ξ^j_m = ∮_{dz} 2π √ −1 z^{m−1}ξ^j (z) and η^j_m = ∮_{dz} 2π √ −1 z^mη^j (z) are well-defined on the spaces F_{(Λi,β)}, F_{(α,β)} for α ∈ Z. They satisfy the anti-commutation relations. {ξ^j_m, η^j_n} = δ_{m+n,0}, {ξ^j_m, ξ^j_n} = {η^j_m, η^j_n} = 0 (j = 1, 2, · · · , N + 1). (4.47) Here we have used {a, b} = ab + ba. They commute with each other. [ξ^j_m, η^{j′}_n ] = [ξ^j_m, ξ^{j′}_n ] = [η^j_m, η^{j′}_n ] = 0 (1 ≤ j ≠ j^′ ≤ N + 1). (4.48) We focus our attention on the operators η^j_0, ξ^j_0 satisfying (η^j_0)^2 = 0, (ξ^j_0)^2 = 0. They satisfy Im(η^j_0) = Ker(η^j_0), Im(ξ^j_0 ) = Ker(ξ^j_0). (4.49) The products η^j_0ξ^j_0 and ξ^j_0 η^j_0 are projection operators, which satisfy η^j_0ξ^j_0 + ξ^j_0η^j_0 = 1, (4.50)

(η^j_0ξ^j_0)^2 = η^j_0ξ^j_0, (ξ^j_0η^j_0)^2 = ξ^j_0η^j_0, (η^j_0ξ^j_0)(ξ^j_0 η^j_0) = 0, (ξ^j_0 η^j_0)(η^j_0ξ^j_0) = 0. (4.51)

Hence we have a direct sum decomposition for i = 1, 2, · · · , M + N + 1, j = 1, 2, · · · , N + 1. F_{(Λi,β)} = η^j_0ξ^j_0F_{(Λi,β)} ⊕ ξ^j_0η^j_0F_{(Λi ,β)}, F_{(α,β)} = η^j_0ξ^j_0F_{(α,β)} ⊕ ξ^j_0η^j_0F_{(α,β)}, (4.52) and Ker(η^j_0) = η^j_0ξ^j_0F_{(Λi,β)} or η^j_0ξ^j_0F_{(α,β)}, Coker(η^j_0) = ξ^j_0η^j_0F_{(Λi,β)} or ξ^j_0η^j_0F_{(α,β)}. (4.53) We set the operators η_0 and ξ_0 by η_0 = N+1∏ j=1 η^j_0, ξ_0 = N+1∏ j=1 ξ^j_0. (4.54) Following the conjectures in [15], we expect the following identifications. V (Λ_i) = Coker_{η0} = ξ_0η_0F_{(Λi,β)} (i = 1, 2, · · · , M + N + 1), (4.55) V ((1 − α)Λ_0 + αΛ_{M+1}) =

Coker(η_0) = ξ_0η_0F_{(α,β)} (α = 0, 1, 2, · · ·), Ker(η_0) = η_0ξ_0F_{(α,β)} (α = −1, −2, · · ·).

(4.56)

Since the operators η^j_0 and ξ^j_0 commute with U_q( ^sl(M +1|N +1)) up to sign ±, we can regard Ker(η_0) and Coker(η_0) as U_q( ^sl(M + 1|N + 1))-module. In what follows we will work on the space, that is expected to be the irreducible highest weight module V (Λ_{M+1}). ”V (Λ_{M+1}) = ξ_0η_0F_{(1,β)}”.

4.4 Vertex operator

In this section we give the bosonization of the vertex operators Φ^∗_j (z), and give the integral representations of them. We set the following combinations of the Drinfeld generators. h^∗_{i,m} = M+N+1 ∑ j=1 [α_{i,j} m]_q[β_{i,j} m]_q [(M − N)m]_q [m]_q h_{j,m}, (4.57)

Q_h∗_i = M+N+1 ∑ j=1 α_{i,j} β_{i,j} M − N Q_{hj,0} , h^∗_{i,0} = M+N+1 ∑ j=1 α_{i,j} β_{i,j} M − N h_{j,0}. (4.58) Here we have set α_{i,j} = Min(i, j) (Min(i, j) ≤ M + 1), 2(M + 1) − Min(i, j) (Min(i, j) > M + 1),

(4.59)

β_{i,j} = M − N − Max(i, j) (Max(i, j) ≤ M + 1), −M − N − 2 + Max(i, j) (Max(i, j) > M + 1).

(4.60) We have the following commutation relations. [h^∗_{i,m}, h_{j,n}] = δ_{i,j} δ_{m+n,0} [m]^2_q m , [h^∗_{i,m}, h^∗_{j,m}] = δ_{m+n,0} [α_{i,j} m]_q [β_{i,j} m]_q [m]_q m[(M − N)m]_q , (4.61) [h^∗_{i,0}, Q_{hj} ] = δ_{i,j} , [h^∗_{i,0}, Q_h∗_j ] = α_{i,j} β_{i,j} (M − N) . (4.62)

Theorem 4.3 [15] The bosonic operator ϕ^∗(z) given below satisfies the same commutation relations as the vertex operator Φ^∗(z). In other words, the bosonizations of the vertex operator Φ^∗(z) on the space F_{(α,β)}, F_{(Λi ,β)}, F_{(ΛM +1+j ,β)} are given by the followings. ϕ^∗(z) = M+N+2 ∑ j=1 ϕ^∗_j (z) ⊗ v^∗_j . (4.63) Here the bosonic operators ϕ^∗_j (z) (j = 1, 2, · · · , M + N + 2) are defined iteratively by ϕ^∗_1(z) =: e^{h∗1(qz;−1/2)} : M+1∏ k=1 e^{π√−1 k−1M −N ak0} , (4.64) ν_j q^{νj} ϕ^∗_{j+1}(z) = −[ϕ^∗_j (z), f_j ]_q^νj (j = 1, 2, · · · , M + N + 1). (4.65) The Z_2-grading is given by |ϕ^∗_j (z)| =^{νj +1}_2 (j = 1, 2, · · · , M + N + 2).

Corollary 4.4 The bosonizations of the vertex operators Φ^∗_j (z) on the space ξ_0η_0F_{(α,β)} (α = 0, 1, 2, · · ·) are given by the following projection.

Φ^∗_j (z) = ξ_0η_0 · ϕ^∗_j (z) · ξ_0η_0 (j = 1, 2, · · · , M + N + 2). (4.66) In what follows we call the bosonic operators ϕ^∗_j (z) the vertex operators. We prepare the auxiliary operators X^−_{M+j,ϵ}(w) (ϵ = ±) by X^−_{M+j} (w) = 1 (q − q^{−1})w (X^−_{M+j,+}(w) − X^−_{M+j,−}(w)) (j = 1, · · · , N + 1). (4.67) In other words, we set X^−_{M+1,ϵ}(w) = : e^{−hM +1(w)−c1(qϵ w)} : M∏ j=1 e^{π√−1aj0} (ϵ = ±), (4.68) X^−_{M+1+j,ϵ}(w) = − : e^{−hM +j+1(w)+cj (w)−cj+1(qϵ w)} : (ϵ = ±, j = 2, 3, · · · , N + 1). (4.69) Using the normal orderings in appendix C we have the following normal orderings for j = 1, 2, · · · , M. : ϕ^∗_1(z)X^−_1 (qw_1) · · · X^−_j (qw_j ) : X^−_{j+1}(qw_{j+1}) = e^π √_{−1} M 1 qw_j (1 − qw_{j+1}/w_j ) ::, X^−_{j+1}(qw_{j+1}) : ϕ^∗_1(z)X^−_1 (qw_1) · · · X^−_j (qw_j ) := −e^π √_{−1} M 1 qw_{j+1}(1 − qw_j /w_{j+1}) ::, : ϕ^∗_1(z)X^−_1 (qw_1) · · · X^−_M (qw_M ) : X^−_{M+1}(qw_{M+1}) = −e^π √_{−1} M 1 qw_M (1 − qw_{M+1}/w_M ) ::, X^−_{M+1}(qw_{M+1}) : ϕ^∗_1(z)X^−_1 (qw_1) · · · X^−_M (qw_M ) := −e^π √_{−1} M 1 qw_{M+1}(1 − qw_M /w_{M+1})

:: .

For ϵ = ± and j = 1, 2, · · · , N + 1, we have qX^−_{M+j,+}(w_1)X^−_{M+j+1,ϵ}(w_2) − X^−_{M+j+1,ϵ}(w_2)X^−_{M+j,+}(w_1) = (q^2 − 1) (1 − qw_1/w_2)

: X^−_{M+j,+}(w_1)X^−_{M+j+1,ϵ}(w_2) :, qX^−_{M+j,−}(w_1)X^−_{M+j+1,ϵ}(w_2) − X^−_{M+j+1,ϵ}(w_2)X^−_{M+j,−}(w_1) = (q^2 − 1) (1 − w_1/qw_2)

: X^−_{M+j,−}(w_1)X^−_{M+j+1,ϵ}(w_2) : .

Using these normal orderings and (4.65), we have the following integral representations.

Proposition 4.5 The vertex operators ϕ^∗_j (z) (j = 1, 2, · · · , M + N + 2) have the following integral representations.

ϕ^∗_1(z) = : e^{h∗1(qz)} : M+1∏ k=1 e^{π√−1 k−1M ak0} , (4.70)

ϕ^∗_i (z) = e^π √_{−1} M (i−1)(q − q−1)i−1 i−1∏ k=1 ∫ C_i dw_k 2π √ −1w_k z^{−1}w_{i−1} i−2∏ k=0 (1 − qw_k/w_{k+1})(1 − qw_{k+1}/w_k)

× : ϕ^∗_1(z)X^−_1 (qw_1) · · · X^−_{i−1}(qw_{i−1}) : (i = 2, · · · , M + 1), (4.71)

ϕ^∗_{M+2}(z) = e^{M π} √_{−1} M −N (q − q−1)M (qz)−1 ∑ ϵ=± ϵ M+1∏ k=1 ∫ C_{M +2} dw_k 2π √ −1w_k 1 M∏ k=0 (1 − qw_k/w_{k+1})(1 − qw_{k+1}/w_k)

× : ϕ^∗_1(z)X^−_1 (qw_1) · · · X^−_M (qw_M )X^−_{M+1,ϵ}(qw_{M+1}) :, (4.72)

ϕ^∗_{M+1+j} (z) = e^{M π} √_{−1} M −N qj−1(q − q−1)M (qz)−1 ∑ ϵ_1,···,ϵ_j =± j∏ k=1 ϵ_k M+j∏ k=1 ∫ C_{M +1+j} dw_k 2π √ −1w_k × 1 M∏ k=0 (1 − qw_k /w_{k+1})(1 − qw_{k+1}/w_k) j−1∏ k=1 (1 − q^{ϵk} w_{M+k}/w_{M+k+1}) × : ϕ^∗_1(z)X^−_1 (qw_1) · · · X^−_M (qw_M )X^−_{M+1,ϵ1} (qw_{M+1}) · · · X^−_{M+j,ϵj} (qw_{M+j} ) :,

(j = 1, 2, · · · , N + 1). (4.73)

Here we have read w_0 = z. We take the integration contour C_i (i = 1, 2, · · · , M + N + 2) to be simple closed curve that encircles w_l = 0, qw_{l−1} but not q^{−1}w_{l−1} for l = 1, 2, · · · , i − 1.

5 Boundary state

In this section we give the bosonization of the boundary state_{(i)}⟨B|. The construction of the boundary state is the main result of this paper. We give complete proof of this bosonization of the boundary state.

5.1 Boundary state

In this section we give the bosonization of the boundary state_{(i)}⟨B|. We use the highest weight vector ⟨Λ_{M+1}| ∈ V^∗(Λ_{M+1}) given by ⟨Λ_{M+1}| = ⟨0|e^{−β} ∑_{M +1} i=1 Q_{ai} +(1−β) ∑_{N +1}

j=1 Q_{bj} +

∑_{N +1}

j=1 Q_{cj} , (5.1)

where ⟨0| is the vacuum vector satisfying

⟨0|a^i_n = ⟨0|b^j_n = ⟨0|c^j_n = 0 (n ≥ 0, i = 1, 2, · · · , M + 1, j = 1, 2, · · · , N + 1). (5.2)

We have

⟨Λ_{M+1}|h_i = δ_{i,M+1}⟨Λ_{M+1}|, ⟨Λ_{M+1}|c^j_0 = −⟨Λ_{M+1}|, (5.3) for i = 1, 2, · · · , M + N + 1 and j = 1, 2, · · · , N + 1. In what follows we use the auxiliary function θ_m =

1 (m : even), 0 (m : odd).

(5.4)

Definition 5.1 We define the bosonic operators G^{(i)} (i = 1, 2, 3) by G^{(i)} = − 1 2 M+N+1 ∑ j=1 ∞∑ m=1 mq^{−2m} [m]^2_q h^j_mh^{∗j}_m − N+1∑ j=1 ∞∑ m=1 mq^{−2m} [m]^2_q c^j_mc^j_m

+ M+N+1 ∑ j=1 ∞∑ m=1 β^{(i)}_{j,m}h^{∗j}_m + N+1∑ j=1 ∞∑ m=1 γ_{j,m}c^j_m. (5.5) Here we have set γ_{j,m} = − q^{−m} [m]_q θ_m (j = 1, 2, · · · , N + 1). (5.6) Here we have set β^{(i)}_{j,m} (i = 1, 2, 3) as followings. CONDITION 1 : For i = 1 we have set

β^{(1)}_{j,m} = q^{−3m/2} − q^{−m/2} [m]_q θ^m (1 ≤ j ≤ M), −2q^{−3m/2} [m]_q θ^m (j = M + 1), q^{−3m/2} + q^{−m/2} [m]_q θ^m (M + 2 ≤ j ≤ M + N + 1).

(5.7)

CONDITION 2 : For i = 2 we have set β^{(2)}_{j,m} = β^{(1)}_{j,m} − r^mq^{(αL−3/2)m} [m]_q δ_{j,L} (j = 1, 2, · · · , M + N + 1). (5.8) Condition 2.1 : For L ≤ M + 1 we have set α_L = −L. (5.9) Condition 2.2 : For M + 2 ≤ L ≤ M + N + 1 we have set α_L = L − 2M − 2. (5.10) CONDITION 3 : For i = 3 we have set

β^{(2)}_{j,m} = β^{(1)}_{j,m} − r^mq^{(αL−3/2)m} [m]_q δ_{j,L} − q^{(αL+K −3/2)m}/r^m [m]_q δ_{j,L+K} (j = 1, 2, · · · , M + N + 1). (5.11) Condition 3.1 : For L + K ≤ M + 1 we have set (α_L, α_{L+K} ) = (−L, L − K). (5.12) Condition 3.2 : For L ≤ M + 1 ≤ L + K − 1 we have set (α_L, α_{L+K} ) = (−L, 3L + K − 2M − 2). (5.13) Condition 3.3 : For M + 2 ≤ L we have set (α_L, α_{L+K} ) = (L − 2M − 2, 2M + K − L + 2). (5.14)

The following is main theorem of this paper.

Theorem 5.2 The bosonization of the boundary state_{(i)}⟨B| (i = 1, 2, 3) is given by (i)⟨B| = ⟨Λ_{M+1}|e^{G(i)} . (5.15) Here the bosonic operator G^{(i)} (i = 1, 2, 3) is given by (5.5). In other words the vector_{(i)}⟨B| becomes the eigenvector of the transfer matrix T^{(i)}_B (z) with the eigenvalue 1. (i)⟨B|T^{(i)}_B (z) =_{(i)}⟨B|. (5.16)

5.2 Excitation

In this section we introduce other eigenvectors of T^{(i)}_B (z), that describes the excitations. Definition 5.3 We define the type-II vertex operators Ψ(z) and Ψ^∗(z) as the intertwiners of U_q( ^sl(M + 1|N + 1))-module if they exist.

Ψ(z) : V (λ) → V_z ⊗ V (μ), Ψ^∗(z) : V (μ) → V^{∗S}_z ⊗ V (λ), (5.17) Ψ(z) · x = Δ(x) · Ψ(z), Ψ^∗(z) · x = Δ(x) · Ψ^∗(z), (5.18) for x ∈ U_q( ^sl(M + 1|N + 1)).

We expand the vertex operators Ψ(z) = ∑_{M+N+2} j=1 v_j ⊗ Ψ_j (z) and Ψ^∗(z) = ∑_{M+N+2} j=1 v^∗_j ⊗ Ψ^∗_j (z). The type-II vertex operator Ψ^∗_μ(ξ) and type-I vertex operators Φ_j (z), Φ^∗_j (z) satisfy the following commutation relations.

Ψ^∗_μ(ξ)Φ_j (z) = τ(ξ/z)Φ_j (z)Ψ^∗_μ(ξ)(−1)^{[vμ ][vj ]}, (5.19) Ψ^∗_μ(ξ)Φ^∗_j (z) = τ(ξ/z)Φ^∗_j (z)Ψ^∗_μ(ξ)(−1)^{[vμ ][vj ]}. (5.20) Here we have set τ(z) = −z^{1−M +NM −N} exp ( − ∞∑ m=1 [(M − N − 1)m]_q m[(M − N)m]_q (z^m − z^{−m}) ) . (5.21)

Definition 5.4 We call the following vectors_{μ1 ,μ2,···,μn(i)}⟨ξ_1, ξ_2, · · · , ξ_n| the excitations. We set μ_1 ,μ_2,···,μ_n(i)⟨ξ1, ξ2, · · · , ξn| = (i)⟨B|Ψ ∗ μ_1 (ξ1)Ψ ∗ μ_2 (ξ2) · · · Ψ ∗ μ_n (ξn), for μ_1, μ_2, · · · , μ_n = 1, 2, · · · , M + N + 2.

Corollary 5.5 The excitations become the eigenvector of the transfer matrix T^{(i)}_B (z). μ_1 ,μ_2 ,···,μ_n(i)⟨ξ1, ξ2, · · · , ξn|T (i) B (z) =_{μ1,μ2 ,···,μn(i)} ⟨ξ_1, ξ_2, · · · , ξ_n| n∏ μ=1 τ(ξ_μz)τ(ξ_μ/z). (5.22) We expect that the excitations (5.22) are the basis of the space of the physical state of the supersymmetry U_q( ^sl(M + 1|N + 1)) chain with a boundary.

6 Proof of main theorem

In this section we give complete proof of the main theorem. We would like to show (i)⟨B|ϕ^∗_j (z^{−1})K^{(i)}(z)^j =_{(i)}⟨B|ϕ^∗_j (z^{−1}) (j = 1, 2, · · · , M + N + 2). (6.1) It is convenient to use the following abbreviations. h^i_+(z) = − ∞∑ m=1 h_{i,m} [m]_q q^{m2} z^{−m}, h^i_−(z) = ∞∑ m=1 h_{i,−m} [m]_q q^{m2} z^m (i = 1, 2, · · · , M + N + 1), (6.2) h^{∗1}_+ (z) = − ∞∑ m=1 h^∗_{1,m} [m]_q q^{m2} z^{−m}, h^{∗1}_− (z) = ∞∑ m=1 h^∗_{1,−m} [m]_q q^{m2} z^m, (6.3) c^j_+(z) = − ∞∑ m=1 c^j_m [m]_q z^{−m}, c^j_−(z) = ∞∑ m=1 c^j_{−m} [m]_q z^m (j = 1, 2, · · · , N + 1). (6.4) We set the function D(z, w) by D(z, w) = (1 − qzw)(1 − qz/w)(1 − qw/z)(1 − q/wz). (6.5) The function D(z, w) is invariant under (z, w) → (1/z, w), (z, 1/w), (1/z, 1/w). Proposition 6.1 The operator G^{(i)} (i = 1, 2, 3) given in (5.5) satisfies e^{G(i)} h_{j,−m}e^{−G(i)} = h_{j,−m} − q^{−2m}h_{j,m} + [m]^2_q m β^{(i)}_{j,m} (m > 0, j = 1, 2, · · · , M + N + 1), (6.6) e^{G(i)} c^j_{−m}e^{−G(i)} = c^j_{−m} − q^{−2m}c^j_m + [m]^2_q m γ_{j,m} (m > 0, j = 1, 2, · · · , N + 1). (6.7) Proposition 6.2 For the boundary conditions i = 1, 2, 3, we have (i)⟨B|h_j = δ_{j,M+1(i)}⟨B| (j = 1, 2, · · · , M + N + 1), (6.8) (i)⟨B|h^∗_{1,0} = − N + 1 M − N^{(i)} ⟨B|, (6.9) (i)⟨B|c^j_0 = −_{(i)}⟨B| (j = 1, 2, · · · , N + 1). (6.10) We show the relation (6.1) for each boundary condition_{(i)}⟨B| (i = 1, 2, 3), case by case.

6.1 Boundary condition 1

In this section we show (6.1) for the boundary condition_{(1)}⟨B|. Very explicitly we would like to show z^{MM −N} φ^{(1)}(z^{−1})_{(1)}⟨B|ϕ^∗_j (z) = z^{− MM −N} φ^{(1)}(z)_{(1)}⟨B|ϕ^∗_j (z^{−1}) (1 ≤ j ≤ M + N + 2). (6.11) We would like to comment that RHS (resp.LHS) is obtained from LHS (resp.RHS) under z → 1/z. The proof for 1 ≤ j ≤ M +1 is similar as those of non-super ^sl(N) case. The proof for M +2 ≤ j ≤ M +N +2 is different from those of non-super case. We prepare propositions.

Proposition 6.3 The actions of h^i_+(w), h^{∗1}_− (w) and c^j_−(w) on the boundary state_{(1)}⟨B| are given as followings. (1)⟨B|e^{−hi−(qw)} = g^{(1)}_i (w)_{(1)}⟨B|e^{−hi+(q/w)} (i = 1, 2, · · · , M + N + 1), (6.12) (1)⟨B|e^{h∗1− (qw)} = φ^{(1)}(w)_{(1)}⟨B|e^{h∗1+ (q/w)}, (6.13) (1)⟨B|e^{−cj−(qw)} = c^{(1)}_j (w)_{(1)}⟨B|e^{−cj+(q/w)} (j = 1, 2, · · · , N + 1). (6.14) Here we have set

g^{(1)}_i (w) =

(1 − w^2) (1 ≤ i ≤ M), (1 + w^2) (i = M + 1), 1 (M + 2 ≤ i ≤ M + N + 1).

(6.15)

The function φ^{(1)}(w) is given in (2.20) and c^{(1)}_j (w) = 1 for j = 1, 2, · · · , N + 1.

Proposition 6.4 The following relation holds. ∑ ϵ=± ∫ C dw_1 w_1 ϵq^ϵ(1 − qw_1w_2)e^{−cj+(q1+ϵ w1)−cj+(q1−ϵ /w1)} (1 − q^ϵw_1w_2)(1 − q^ϵw_1/w_2) = ∫ C dw_1 w_1

(−1 + w^2_1)e^{−cj+(w1)−cj+(q2 /w1 )} (1 − w_1w_2/q)(1 − w_1/qw_2)

. (6.16)

Here the integration contour C encircles w_1 = 0, qw^{±1}_2 not but w_1 = q^{−1}w^{±1}_2 . This integral is invariant under w_2 → 1/w_2.

Proof for boundary condition 1. We show main theorem for the boundary condition_{(1)}⟨B|. We show the relation (6.11).

• The case for j = 1 :_{(1)}⟨B|ϕ^∗_1(z).

Using the bosonization (4.70) and the relation (6.13), we get LHS of (6.11) as following :

z^{MM −N} φ^{(1)}(1/z)_{(1)}⟨B|ϕ^∗_1(z) = q^{− MM −N} φ^{(1)}(z)φ^{(1)}(1/z)_{(1)}⟨B|e^{h∗1+ (qz)+h∗1+ (q/z)}e^{Qh∗}1 . (6.17)

This is invariant under z → 1/z. Hence LHS and RHS of (6.11) coincide. • The case for j = 2 :_{(1)}⟨B|ϕ^∗_2(z).

Using the bosonization (4.71), the relations (6.12), (6.13), and the normal orderings in appendix C, we get LHS of (6.11) as following :

z^{MM −N} φ^{(1)}(1/z)_{(1)}⟨B|ϕ^∗_2(z) = q^{− MM −N −1}(q − q^{−1})e^π √_{−1} M −N φ(1)(z)φ(1)(1/z) × ∫ C_1 dw 2π √ −1w (1 − w^2)(1 − q/zw) D(z, w)^{(1)} ⟨B|e^{Qh∗}1^{−h1} e^{h∗1+ (qz)+h∗1+ (q/z)−h1+(qw)+h1+(q/w)}. (6.18) We note that the integrand^{φ(1) (z)φ(1) (1/z)}_{D(z,w)} e^{h∗1+ (qz)+h∗1+ (q/z)} is invariant z → 1/z. We have LHS−RHS of (6.11) as following : q^{− MM −N} (q − q^{−1})e^π √_{−1} M −N φ(1)(z)φ(1)(1/z)(z − z−1) × ∫ ~C_1 dw 2π √ −1w (w^{−1} − w) D(z, w)^{(1)} ⟨B|e^{Qh∗}1^{−h1} e^{h∗1+ (qz)+h∗1+ (q/z)−h1+(qw)−h1+(q/w)}. (6.19)

Here the integration contour ~C_1 encircles w = 0, qz^{±1} but not w = q^{−1}z^{±1}. The integration contour ~C_1 is invariant under w → 1/w. The integrand^{(w−1−w)}_{D(z,w)} e^{−h1+(qw)−h1+(q/w)} creates just signature (−1) under w → 1/w. Hence we have LHS−RHS= 0. • The case for 3 ≤ j ≤ M + 1 :_{(1)}⟨B|ϕ^∗_j (z).

Using the bosonization (4.71), the relations (6.12), (6.13) and normal orderings in appendix C, we have LHS−RHS of (6.11) as following.

z^{MM −N} φ^{(1)}(1/z)_{(1)}⟨B|ϕ^∗_j (z) − z^{− MM −N} φ^{(1)}(z)_{(1)}⟨B|ϕ^∗_j (1/z) = q^{− MM −N} (q − q^{−1})^{j−1}φ^{(1)}(z)φ^{(1)}(1/z)(z − z^{−1})e^π √_{−1(j−1)} M −N

× j−1∏ k=1 ∫ ~C_j dw_k 2π √ −1w_k j−2∏ k=1 (1 − q/w_kw_{k+1}) j−2∏ k=0 D(w_k , w_{k+1})

(w^{−1}_1 − w_1) j−1∏ k=2 (1 − w^2_k)

×_{(1)}⟨B|e^{Qh∗}1^{−h1 ···−hj−1} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{j−1} k=1(h^k_+(qw_k )+h^k_+(q/w_k )). (6.20)

Here the integration contour ~C_j encircles w_k = 0, qw^{±1}_{k−1} not but w_k = q^{−1}w^{±1}_{k−1} for 1 ≤ k ≤ j − 1. Let’s study the changing of the variable w_1 → 1/w_1. We note that the integrand^1_{D(z,w1)} e^{−h1+(qw1 )−h1+(q/w1 )} and the integration contour ~C_j are invariant under w_1 → 1/w_1. Taking into account of symmetrization ∮ |w_1|=1 dw_1 w_1 f(w1) = 1 2 ∮ |w_1|=1 dw_1 w_1 (f(w1) + f(1/w1)) and relation (1 − q/w1w2) − (w1 ↔ 1/w1) = (w −1 1 − w_1)(−q/w_2), we symmetrize the variables w_1, w_2, · · · , w_{j−2}, iteratively, we have

(−q/2)^{j−2}q^{− MM −N} (q − q^{−1})^{j−1}φ^{(1)}(z)φ^{(1)}(1/z)(z − z^{−1})e^π √_{−1(j−1)} M −N

× j−1∏ k=1 ∫ ~C_j dw_k 2π √ −1w_k j−2∏ k=1 (w^{−1}_k − w_k)^2(w^{−1}_{j−1} − w_{j−1}) j−2∏ k=0 D(w_k , w_{k+1}) ×_{(i)}⟨B|e^{Qh∗}1^{−h1 ···−hj−1} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{j−1} k=1 (h^k_+(qw_k )+h^k_+(q/w_k )) = 0. (6.21)

Here we have used ∮ |w_{j−1} |=1 dw_{j−1} w_{j−1} (w −1 j−1 − w_{j−1})e^{−hj−1+ (qwj−1 )−hj−1+ (q/wj−1 )} = 0. • The case for j = M + 2 :_{(1)}⟨B|ϕ^∗_{M+2}(z).

Using the bosonization (4.72) , the relations (6.12), (6.13), (6.14), and the normal orderings in appendix C, we have LHS−RHS of (6.11) as following.

z^{MM −N} φ^{(1)}(1/z)_{(1)}⟨B|ϕ^∗_{M+2}(z) − z^{− MM −N} φ^{(1)}(z)_{(1)}⟨B|ϕ^∗_{M+2}(1/z) = q^{− MM −N +1}(q − q^{−1})^M φ^{(1)}(z)φ^{(1)}(1/z)(z − z^{−1})e^π √_{−1} M −N M × ∑ ϵ=± ϵ M+1∏ k=1 ∫ ~C_{M +2} dw_k 2 √ −1w_k (w^{−1}_1 − w_1)(1 + w^2_{M+1}) M∏ k=0 D(w_k , w_{k+1}) M∏ k=1 (1 − q/w_kw_{k+1}) M∏ k=2 (1 − w^2_k) (6.22)

×_{(1)}⟨B|e^{Qh∗}1^{−h1 ···−hM +1−c1} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +1}

k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))−c^1_+(q^{1+ϵ} w_{M +1})−c^1_+(q^{1−ϵ} /w_{M +1}).

Here the integration contour ~C_{M+2} encircles w_k = 0, qw^{±1}_{k−1} not but w_k = q^{−1}w^{±1}_{k−1} for 1 ≤ k ≤ M + 1. Taking into account of symmetrization ∮ |w|=1 dw w f(w) =^1_2 ∮ |w|=1(f(w) + f(1/w)) and relation (1 −

q/w_1w_2) − (w_1 ↔ w^{−1}_1 ) = (−q/w_2)(w^{−1}_1 − w_1), we symmetrize the variables w_1, w_2, · · · , w_M iteratively. Then we have

(−q/2)^M q^{− MM −N +1}(q − q^{−1})^M φ^{(1)}(z)φ^{(1)}(1/z)(z − z^{−1})e^π √_{−1} M −N M

× M+1∏ k=1 ∫ ~C_{M +2} dw_k 2 √ −1w_k

M∏ k=1 (w^{−1}_k − w_k )^2(w^{−1}_{M+1} + w_{M+1}) M∏ k=0 D(w_k, w_{k+1}) ×_{(1)}⟨B|e^{Qh∗}1^{−h1···−hM +1−c1} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +1}

k=1 (h^k_+(qw_k )+h^k_+(q/w_k )) × ( e^{−c1+(q2 wM +1)−c1+(1/wM +1)} − e^{−c1+(wM +1)−c1+(q2/wM +1)} ) = 0. (6.23)

Here we have used ∮ |w_{M +1}|=1 dw_{M+1} w_{M+1} (w_{M+1} + w^{−1}_{M+1}) D(w_M , w_{M+1}) ( e^{−c1+(q2 wM +1)−c1+(1/wM +1)} − e^{−c1+(wM +1)−c1+(q2 /wM +1)} ) = 0.

• The case for 2 ≤ j ≤ N + 1 :_{(1)}⟨B|ϕ^∗_{M+1+j} (z).

Using the bosonization (4.73), the relations (6.12), (6.13), (6.14), and the normal orderings in appendix C, we have LHS−RHS of (6.11) as following.

z^{MM −N} φ^{(1)}(1/z)_{(1)}⟨B|ϕ^∗_{M+j+1} (z) − z^{− MM −N} φ^{(1)}(z)_{(1)}⟨B|ϕ^∗_{M+1+j} (1/z) = q^{− MM −N +1}(q − q^{−1})^M φ^{(1)}(z)φ^{(1)}(1/z)(z − z^{−1})e^π √_{−1M} M −N × ∑ ϵ_1,···,ϵ_j =± ϵ_j M+j∏ k=1 ∫ ~C_{M +1+j} dw_k 2π √ −1w_k (w^{−1}_1 − w_1)(1 + w^2_{M+1}) M∏ k=0 D(w_k, w_{k+1}) M∏ k=1 (1 − q/w_kw_{k+1}) M∏ k=2 (1 − w^2_k)

× j−1∏ k=1 ϵ_kq^{ϵk} (1 − qw_{M+k} w_{M+k+1}) (1 − q^{ϵk} w_{M+k}w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1})^{(1)} ⟨B|e^{Qh∗}1^{−h1 ···−hM +j −cj} e^{h∗1+ (qz)+h∗1+ (q/z)} × e^− ∑_{M +j} k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))+ ∑_{j−1} k=1(c^k_+(qw_{M +k+1})+c^k_+(q/w_{M +k+1}))− ∑_j k=1(c^k_+(q^{1+ϵk} w_{M +k} )+c^k_+(q^{1−ϵk} /w_{M +k})).

(6.24)

Here the integration contour ~C_{M+1+j} encircles w_k = 0, qw^{±1}_{k−1} not but w_k = q^{−1}w^{±1}_{k−1} for 1 ≤ k ≤ M + j. Using relation (1 − q/w_1w_2) − (w_1 ↔ w^{−1}_1 ) = (−q/w_2)(w^{−1}_1 − w_1) we symmetrize the variables w_1, w_2, · · · , w_M iteratively, we have

q^{− MM −N} (−q/2)^M (q − q^{−1})^M φ^{(1)}(z)φ^{(1)}(1/z)(z − z^{−1})e^π √_{−1M} M −N

× ∑ ϵ_1,···,ϵ_j =± ϵ_j M+j∏ k=1 ∫ ~C_{M +1+j} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k)^2(w^{−1}_{M+1} + w_{M+1}) M∏ k=0 D(w_k , w_{k+1})

× j−1∏ k=1 ϵ_kq^{ϵk} (1 − qw_{M+k} w_{M+k+1}) (1 − q^{ϵk} w_{M+k}w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1})^{(1)} ⟨B|e^{Qh∗}1^{−h1 ···−hM +j −cj} e^{h∗1+ (qz)+h∗1+ (q/z)} (6.25) × e^− ∑_{M +j} k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))+ ∑_{j−1} k=1(c^k_+(qw_{M +k+1})+c^k_+(q/w_{M +k+1}))− ∑_j k=1(c^k_+(q^{1+ϵk} w_{M +k} )+c^k_+(q^{1−ϵk} /w_{M +k})).

Using the relation (6.16) for the variables w_{M+1}, · · · , w_{M+j−1} iteratively, we have q^{− MM −N} (−q/2)^M (q − q^{−1})^M φ^{(1)}(z)φ^{(1)}(1/z)(z − z^{−1})(−1)^{j−1}e^π √_{−1M} M −N

× M+j∏ k=1 ∫ ~C_{M +1+j} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k )^2(w^{−1}_{M+1} + w_{M+1}) M∏ k=0 D(w_k, w_{k+1})

×_{(1)}⟨B|e^{Qh∗}1^{−h1 ···−hM +j −cj} j−1∏ k=1 (−1 + w^2_{M+k})e^{−ck+(wM +k)−ck+(q2 /wM +k)} (1 − w_{M+k}w_{M+k+1}/q)(1 − w_{M+k} /qw_{M+k+1}) × e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +j} k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))+ ∑_{j−1} k=1(c^k_+(qw_{M +k+1})+c^k_+(q/w_{M +k+1} )) × ( e^{−cj+(q2 wM +j )−cj+(1/wM +j )} − e^{−cj+(q2 /wM +j )−cj+(wM +j )} ) = 0. (6.26) Here we have used ∮ |w|=1 dw w e^{cj−1+ (qw)+cj−1+ (q/w)} ( e^{−cj+(q2 w)−cj+(1/w)} − e^{−cj+(w)−cj+(q2 /w)} ) f(w) = 0, where f(w) = f(1/w).

Now we have shown the relation (6.11) for every j = 1, 2, · · · , M + N + 2. Q.E.D.

6.2 Boundary condition 2

In this section we study (6.1) for the boundary condition_{(2)}⟨B|. Very explicitly we study z^{MM −N} φ^{(2)}(z^{−1})_{(2)}⟨B|ϕ^∗_j (z) = z^{− MM −N} φ^{(2)}(z)_{(2)}⟨B|ϕ^∗_j (z^{−1}) (1 ≤ j ≤ L), (6.27) z^{MM −N} (1 − rz)φ^{(2)}(z^{−1})_{(2)}⟨B|ϕ^∗_j (z) = z^{− MM −N} (1 − r/z)_{(2)}⟨B|ϕ^∗_j (z^{−1}) (L + 1 ≤ j ≤ M + N + 2). (6.28) The structure of (6.27) is the same as those of (6.11) for the boundary condition_{(1)}⟨B|. In this section we focus our attention on the relation (6.28) that is new for the boundary condition_{(2)}⟨B|. We give proofs for following two conditions. Condition 2.1 : L ≤ M + 1, Condition 2.2 : M + 2 ≤ L ≤ M + N + 1.

Proposition 6.5 The actions of h^i_+(w), h^{∗1}_− (w) and c^j_−(w) on the boundary state_{(2)}⟨B| are given as followings. (2)⟨B|e^{−hi−(qw)} = g^{(2)}_i (w)_{(2)}⟨B|e^{−hi+(q/w)} (i = 1, 2, · · · , M + N + 1), (6.29)

(2)⟨B|e^{h∗1− (qw)} = φ^{(2)}(w)_{(2)}⟨B|e^{h∗1+ (q/w)}, (6.30) (2)⟨B|e^{−cj−(qw)} = c^{(2)}_j (w)_{(2)}⟨B|e^{−cj+(q/w)} (j = 1, 2, · · · , N + 1). (6.31) Here φ^{(2)}(w) are given in (2.22) and (2.23). We have set c^{(2)}_j (w) = 1 (j = 1, 2, · · · , N + 1). We have set g^{(2)}_i (w) (i = 1, 2, · · · , M + N + 1) by

g^{(2)}_i (w) = g^{(1)}_i (w) (1 ≤ i ≠ L ≤ M + N + 1), 1 (1 − rq^{αL} w) g (1) L (w) (i = L), (6.32)

where g^{(1)}_i (w) is given by (6.15). The parameter α_L is given by followings. Condition 2.1 : For 1 ≤ L ≤ M + 1 we have set

α_L = −L. (6.33)

Condition 2.2 : For M + 2 ≤ L ≤ M + N + 2 we have set

α_L = −2M − 2 + L. (6.34)

Proposition 6.6 The following relation holds. ∑ ϵ=± ∫ C dw_1 w_1 ϵq^ϵ(1 − q^αrw_1)(1 − qw_1w_2)e^{−cj+(q1+ϵ w1)−cj+(q1−ϵ /w1)} (1 − q^ϵw_1w_2)(1 − q^ϵw_1/w_2)

= q(1 − q^{α+1}rw_2) ∫ C dw_1 w_1

(−1 + w^2_1)e^{−cj+(w1)−cj+(q2 /w1 )} (1 − w_1w_2/q)(1 − w_1/qw_2)

, (6.35)

where the integration contour C encircles w_1 = 0, qw^{±1}_2 not but w_1 = q^{−1}w^{±1}_2 . The integral ∫ C dw_1 w_1

(−1+w^2_1 )e^{−c} j + (w1)−cj + (q2 /w1) (1−w_1w_2 /q)(1−w_1/qw_2 ) in RHS is invariant under w2 → w −1 2 .

Proof for boundary condition 2.1 We show the main theorem for the boundary condition_{(2)}⟨B| and 1 ≤ L ≤ M + 1. Here we show the relation (6.28). • The case for L + 1 ≤ j ≤ M + 1 :_{(2)}⟨B|ϕ^∗_j (z).

Using the bosonization (4.71), the relations (6.29), (6.30), and the normal ordering in appendix C, we have LHS−RHS of (6.28) as following : z^{MM −N} (1 − rz)φ^{(2)}(1/z)_{(2)}⟨B|ϕ^∗_j (z) − z^{− MM −N} (1 − r/z)φ^{(2)}(z)_{(2)}⟨B|ϕ^∗_j (1/z) = q^{− MM −N} (q − q^{−1})^{j−1}φ^{(2)}(z)φ^{(2)}(1/z)(z − z^{−1})e^π √_{−1(j−1)} M −N

× j−1∏ k=1 ∫ ~C_j dw_k 2π √ −1w_k j−2∏ k=1 (1 − q/w_kw_{k+1}) j−2∏ k=0 D(w_k, w_{k+1})

(w^{−1}_1 − w_1)(1 − rq^{−1}w_1) (1 − rq^{−L}w_L) j−1∏ k=2 (1 − w^2_k)

×_{(2)}⟨B|e^{Qh∗}1^{−h1···−hj−1} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{j−1} k=1(h^k_+(qw_k )+h^k_+(q/w_k )). (6.36)

Here the integration contour ~C_j encircles w_k = 0, qw^{±1}_{k−1} not but w_k = q^{−1}w^{±1}_{k−1} for 1 ≤ k ≤ j − 1. Taking into account of symmetrization ∮ |w|=1 dw w f(w) =^1_2 ∮ |w|=1 dw w (f(w) + f(1/w)) and relation (1 − q/w_1w_2)(1 − rq^{−α}w_1) + (w_1 ↔ w^{−1}_1 ) = (w^{−1}_1 − w_1)(−q/w_2)(1 − rq^{−α−1}w_2), we symmetrize the variables w_1, w_2, · · · , w_{L−1}, iteratively. Using relation (1 − q/w_Lw_{L+1}) − (w_L ↔ w^{−1}_L ) = (−q/w_{L+1})(w^{−1}_L − w_L), we symmetrize the variables w_L, w_{L+1}, · · · , w_{j−1}, iteratively, we have

q^{− MM −N} (q − q^{−1})^{j−1}(−q/2)^{j−1}φ^{(2)}(z)φ^{(2)}(1/z)(z − z^{−1})e^π √_{−1(j−1)} M −N

× j−1∏ k=1 ∫ ~C_j dw_k 2π √ −1w_k j−2∏ k=1 (w^{−1}_k − w_k)^2 j−2∏ k=0 D(w_k , w_{k+1})

(w^{−1}_{j−1} − w_{j−1})

×_{(2)}⟨B|e^{Qh∗}1^{−h1···−hj−1} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{j−1} k=1(h^k_+(qw_k )+h^k_+(q/w_k )) = 0. (6.37)

Here we have used ∮ |w|=1 dw w (w^{−1} − w)f(w) = 0, where f(w) = f(1/w).

• The case for j = L + 1 = M + 2 :_{(2)}⟨B|ϕ^∗_{M+2}(z).

Using the bosonization (4.72), relations (6.29), (6.30), (6.31), and the normal orderings in appendix C, we have LHS−RHS of (6.28) as following :

z^{MM −N} φ^{(2)}(1/z)(1 − rz)_{(2)}⟨B|ϕ^∗_{M+2}(z) − z^{− MM −N} φ^{(2)}(z)(1 − r/z)_{(2)}⟨B|ϕ^∗_{M+2}(1/z) = q^{− MM −N +1}(q − q^{−1})^M φ^{(2)}(z)φ^{(2)}(1/z)(z − z^{−1})e^π √_{−1} M −N M

× ∑ ϵ=± ϵ M+1∏ k=1 ∫ ~C_{M +2} dw_k 2π √ −1w_k

M∏ k=1 (1 − q/w_kw_{k+1}) M∏ k=0 D(w_k, w_{k+1})

(w^{−1}_1 − w_1)(1 − rq^{−1}w_1)(1 + w^2_{M+1}) (1 − rq^{−L}w_L)

× M∏ k=2 (1 − w^2_k) ×_{(2)}⟨B|e^{Qh∗}1^{−h1 ···−hL−c1} × e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_L k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))−c^1_+(q^{1+ϵ} w_{M +1})−c^1_+(q^{1−ϵ} /w_{M +1}). (6.38)

Here the integration contour ~C_{M+2} encircles w_k = 0, qw^{±1}_{k−1} not but w_k = q^{−1}w^{±1}_{k−1} for 1 ≤ k ≤ M + 1. Using relation (1 − rq^αw_1)(1 − q/w_1w_2) − (w_1 ↔ w^{−1}_1 ) = (w_1 − w^{−1}_1 )(1 − rq^{α−1}w_2), we symmetrize the variables w_1, w_2, · · · , w_L = w_{M+1}, iteratively, we have

q^{− MM −N +1}(q − q^{−1})^M (−q/2)^M φ^{(2)}(z)φ^{(2)}(1/z)(z − z^{−1})e^π √_{−1} M −N M

× ∫ ~C_{M +2} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k)^2 M∏ k=0 D(w_k , w_{k+1})

(w^{−1}_{M+1} + w_{M+1}) ×_{(2)}⟨B|e^{Qh∗}1^{−h1···−hL−c1} (6.39)

× e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_L k=1 (h^k_+(qw_k )+h^k_+(q/w_k )) ( e^{−c1+(q2 wM +1)−c1+(1/wM +1)} − e^{−c1+(wM +1)−c1+(q2 /wM +1)} ) = 0.

Here we have used ∮ |w|=1 dw w (e^{−c1+(q2 w)−c1+(1/w)} − e^{−c1+(w)−c1+(q2 /w)})f(w) = 0, where f(w) = f(1/w).

• The case for M + 3 ≤ j ≤ M + N + 2 :_{(2)}⟨B|ϕ^∗_j (z).

Using the bosonization (4.73), the relations (6.29), (6.30), (6.31), and the normal orderings in appendix

C, we have LHS−RHS of (6.11) for 1 ≤ i ≤ N + 1. z^{MM −N} (1 − rz)φ^{(2)}(1/z)_{(2)}⟨B|ϕ^∗_{M+1+i}(z) − z^{− MM −N} (1 − r/z)φ^{(2)}(z)_{(2)}⟨B|ϕ^∗_{M+1+i}(1/z) = q^{− MM −N +1}(q − q^{−1})^M φ^{(2)}(z)φ^{(2)}(1/z)(z − z^{−1})e^π √_{−1M} M −N

× ∑ ϵ_1,···,ϵ_i=± ϵ_i M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (1 − q/w_kw_{k+1}) M∏ k=0 D(w_k, w_{k+1})

(w^{−1}_1 − w_1)(1 − rq^{−1}w_1)(1 + w^2_{M+1}) (1 − rq^{−L}w_L)

× M∏ k=2 (1 − w^2_k) i−1∏ k=1 ϵ_kq^{ϵk} (1 − qw_{M+k} w_{M+k+1}) (1 − q^{ϵk} w_{M+k} w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1}) ×_{(2)}⟨B|e^{Qh∗}1^{−h1 ···−hM +i−ci} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k )) × e ∑_{i−1} k=1(c^k_+(qw_{M +k+1})+c^k_+(q/w_{M +k+1}))− ∑_i k=1(c^k_+(q^{1+ϵk} w_{M +k} )+c^k_+(q^{1−ϵk} /w_{M +k} )). (6.40)

Here the integration contour ~C_{M+1+i} encircles w_k = 0, qw^{±1}_{k−1} not but w_k = q^{−1}w^{±1}_{k−1} for 1 ≤ k ≤ M + i. Using relation (1 − rq^αw_1)(1 − q/w_1w_2) − (w_1 ↔ w^{−1}_1 ) = (1 − rq^{α−1}w_2)(w_1 − w^{−1}_1 ), we symmetrize the variables w_1, w_2, · · · , w_{L−1}, iteratively. Using relation (1−q/w_Lw_{L+1})−(w_L ↔ w^{−1}_L ) = (−q/w_{L+1})(w^{−1}_L − w_L) we symmetrize the variables w_L, · · · , w_M , iteratively. Then we have

q^{− MM −N +1}(q − q^{−1})^M (−q/2)^M φ^{(2)}(z)φ^{(2)}(1/z)(z − z^{−1})e^π √_{−1M} M −N

× ∑ ϵ_1,···,ϵ_i=± ϵ_i M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k )^2 M∏ k=0 D(w_k , w_{k+1})

(w^{−1}_{M+1} + w_{M+1}) (6.41)

× i−1∏ k=1 ϵ_kq^{ϵk} (1 − qw_{M+k} w_{M+k+1}) (1 − q^{ϵk} w_{M+k}w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1})^{(2)} ⟨B|e^{Qh∗}1^{−h1 ···−hM +i−ci} e^{h∗1+ (qz)+h∗1+ (q/z)} × e^− ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))+ ∑_{i−1} k=1(c^k_+(qw_{M +k+1})+c^k_+(q/w_{M +k+1} ))− ∑_i k=1(c^k_+(q^{1+ϵk} w_{M +k} )+c^k_+(q^{1−ϵk} /w_{M +k} )).

Using relation (6.16) for variables w_{M+1}, · · · , w_{i−1}, iteratively, we have

q^{− MM −N +1}(q − q^{−1})^M (−q/2)^M φ^{(2)}(z)φ^{(2)}(1/z)(z − z^{−1})e^π √_{−1M} M −N

× M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k)^2 M∏ k=0 D(w_k, w_{k+1}) (w^{−1}_{M+1} + w_{M+1}) ×_{(2)}⟨B|e^{Qh∗}1^{−h1 ···−hM +i−ci}

× i−1∏ k=1 (−1 + w^2_{M+k} )e^{−ck+(wM +k )−ck+(q2 /wM +k )} (1 − w_{M+k} w_{M+k+1}/q)(1 − w_{M+k} /qw_{M+k+1}) × e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))+ ∑_{i−1} k=1 (c^k_+(qw_{M +k+1})+c^k_+(q/w_{M +k+1})) × ( e^{−ci+(q2 wM +i)−ci+(1/wM +i)} − e^{−ci+(wM +i)−ci+(q2/wM +i)} ) = 0. (6.42)

Here we have used ∮ |w|=1 dw w e^{ci−1+ (qw)+ci−1+ (q/w)} ( e^{−ci+(q2 w)−ci+(1/w)} − e^{−ci+(w)−ci+(q2 /w)} ) f(w) = 0, where f(w) = f(1/w).

Now we have shown (6.28) for every j = L + 1, · · · , M + N + 2. Q.E.D.

Proof for boundary condition 2.2 We show the main theorem for the boundary condition_{(2)}⟨B| and M + 2 ≤ L ≤ M + N + 1. Here we show (6.28) that is new for the boundary condition_{(2)}⟨B|. We use the integral relations (6.16) and (6.35). • The case for L + 1 ≤ j ≤ M + N + 2 :_{(2)}⟨B|ϕ^∗_j (z).

Using the bosonization (4.73), the relations (6.29), (6.30), (6.31), and the normal orderings in appendix C, we have LHS−RHS of (6.11) for 1 ≤ i ≤ N + 1. z^{MM −N} (1 − rz)φ^{(2)}(1/z)_{(2)}⟨B|ϕ^∗_{M+1+i}(z) − z^{− MM −N} (1 − r/z)φ^{(2)}(z)_{(2)}⟨B|ϕ^∗_{M+1+i}(1/z) = q^{− MM −N +1}(q − q^{−1})^M φ^{(2)}(z)φ^{(2)}(1/z)(z − z^{−1})e^π √_{−1M} M −N

× ∑ ϵ_1,···,ϵ_i=± ϵ_i M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (1 − q/w_kw_{k+1}) M∏ k=0 D(w_k, w_{k+1})

(w^{−1}_1 − w_1)(1 − rq^{−1}w_1)(1 + w^2_{M+1}) (1 − rq^{−2M−2+L}w_L)

× M∏ k=2 (1 − w^2_k) i−1∏ k=1 ϵ_kq^{ϵk} (1 − qw_{M+k} w_{M+k+1}) (1 − q^{ϵk} w_{M+k} w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1}) ×_{(2)}⟨B|e^{Qh∗}1^{−h1 ···−hM +i−ci} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k )) × e ∑_{i−1} k=1(c^k_+(qw_{M +k+1})+c^k_+(q/w_{M +k+1}))− ∑_i k=1(c^k_+(q^{1+ϵk} w_{M +k} )+c^k_+(q^{1−ϵk} /w_{M +k} )). (6.43)

Here the integration contour ~C_{M+1+i} encircles w_k = 0, qw^{±1}_{k−1} not but w_k = q^{−1}w^{±1}_{k−1} for 1 ≤ k ≤ M + i. Using relation (1 − q/w_1w_2)(1 − rq^{−α}w_1) − (w_1 ↔ w^{−1}_1 ) = (w_1 − w^{−1}_1 )(1 − rq^{−α−1}w_2), we symmetrize the variables w_1, w_2, · · · , w_M iteratively. We have

q^{− MM −N +1}(q − q^{−1})^M (−q/2)^M φ^{(2)}(z)φ^{(2)}(1/z)(z − z^{−1})e^π √_{−1M} M −N

× ∑ ϵ_1,···,ϵ_i=± ϵ_i M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k)^2 M∏ k=0 D(w_k, w_{k+1})

(w^{−1}_{M+1} + w_{M+1})(1 − rq^{−M−1}w_{M+1}) (1 − rq^{−2M−2+L}w_L)

× i−1∏ k=1 ϵ_kq^{ϵk} (1 − qw_{M+k}w_{M+k+1}) (1 − q^{ϵk} w_{M+k} w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1}) ×_{(2)}⟨B|e^{Qh∗}1^{−h1···−hM +i −ci} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k )) × e ∑_{i−1} k=1(c^k_+(qw_{M +k+1})+c^k_+(q/w_{M +k+1} ))− ∑_i k=1(c^k_+(q^{1+ϵk} w_{M +k} )+c^k_+(q^{1−ϵk} /w_{M +k} )). (6.44)

We use the relation (6.35) for the variables w_{M+1}, · · · , w_{L−1} iteratively. We use the relation (6.16) for the variables w_L, · · · , w_{M+i−1} iteratively. Then we have q^{− MM −N +1}(q − q^{−1})^M (−q/2)^M q^{L−M−1}φ^{(2)}(z)φ^{(2)}(1/z)(z − z^{−1})e^π √_{−1M} M −N

× M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k)^2 M∏ k=0 D(w_k , w_{k+1})

(w^{−1}_{M+1} + w_{M+1})

×_{(2)}⟨B|e^{Qh∗}1^{−h1 ···−hM +i−ci} i−1∏ k=1 (−1 + w^2_{M+k})e^{−ck+(wM +k)−ck+(q2 /wM +k)} (2 − w_{M+k}/qw_{M+k+1})(1 − w_{M+k} w_{M+k+1}/q) × e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))+ ∑_{i−1} k=1(c^k_+(qw_{M +k+1} )+c^k_+(q/w_{M +k+1})) × ( e^{−ci+(q2 wM +i)−ci+(1/wM +i)} − e^{−ci+(wM +i)−ci+(q2 /wM +i)} ) = 0. (6.45) Here we have used ∮ |w|=1 dw w e^{ci−1+ (qw)+ci−1+ (q/w)} ( e^{−ci+(q2 w)−ci+(1/w)} − e^{−ci+(w)−ci+(q2 /w)} ) f(w) = 0, where f(w) = f(1/w). Q.E.D.

Now we have shown (6.28) for every j = L + 1, · · · , M + N + 2.

6.3 Boundary condition 3

In this section we study (6.1) for the boundary condition_{(3)}⟨B|. Very explicitly we study z^{MM −N} φ^{(3)}(z^{−1})_{(3)}⟨B|ϕ^∗_j (z) = z^{− MM −N} φ^{(3)}(z)_{(3)}⟨B|ϕ^∗_j (z^{−1}) (1 ≤ j ≤ L), (6.46) z^{MM −N} (1 − rz)φ^{(3)}(z^{−1})_{(3)}⟨B|ϕ^∗_j (z) = z^{− MM −N} (1 − r/z)φ^{(3)}(z)_{(3)}⟨B|ϕ^∗_j (z^{−1}) (L + 1 ≤ j ≤ L + K), (6.47) z^{MM −N +1}φ^{(3)}(z^{−1})_{(3)}⟨B|ϕ^∗_j (z) = z^{− MM −N −1}φ^{(3)}(z)_{(3)}⟨B|ϕ^∗_j (z^{−1}) (L + K + 1 ≤ j ≤ M + N + 2). (6.48) The structures of (6.46) and (6.47) are the same as those of (6.27) and (6.28) for the boundary condition (2)⟨B|. In this section we focus our attention on the relation (6.48) that is new for the boundary condition (3)⟨B|. We give proofs for following three conditions. Condition 3.1 : L + K ≤ M + 1, Condition 3.2 : L ≤ M + 1 ≤ L + K − 1, Condition 3.3 : M + 2 ≤ L.

Proposition 6.7 The actions of h^i_+(w), h^{∗1}_− (w) and c^j_−(w) on the boundary state_{(3)}⟨B| are given as followings. (3)⟨B|e^{−hi−(qw)} = g^{(3)}_i (w)_{(3)}⟨B|e^{−hi+(q/w)} (i = 1, 2, · · · , M + N + 1), (6.49)

(3)⟨B|e^{h∗1− (qw)} = φ^{(3)}(w)_{(3)}⟨B|e^{h∗1+ (q/w)}, (6.50) (3)⟨B|e^{−cj−(qw)} = c^{(3)}_j (w)_{(3)}⟨B|e^{−cj+(q/w)} (j = 1, 2, · · · , N + 1). (6.51) Here φ^{(3)}(w) are given in (2.25), (2.26) and (2.27). We have set c^{(3)}_j (w) = 1 (j = 1, 2, · · · , N + 1). We have set g^{(3)}_i (w) (i = 1, 2, · · · , M + N + 1) by

g^{(3)}_i (w) = g^{(1)}_i (w) (1 ≤ i ≠ L, L + K ≤ M + N + 1), 1 (1 − rq^{αL} w) g (1) L (w) (i = L), 1 (1 − q^{αL+K} w/r) g (1) L+K (w) (i = L + K), (6.52)

where g^{(1)}_i (w) is given by (6.15). The parameters (α_L, α_{L+K} ) are given by followings. Condition 3.1 : For L + K ≤ M + 1 we have set

(α_L, α_{L+K} ) = (−L, L − K). (6.53)

Condition 3.2 : For L ≤ M + 1 ≤ L + K − 1 we have set

(α_L, α_{L+K} ) = (−L, 3L + K − 2M − 2), (6.54)

Condition 3.3 : For M + 2 ≤ L we have set

(α_L, α_{L+K} ) = (L − 2M − 2, 2M + K − L + 2). (6.55)

Proposition 6.8 We have the following two relations. ∑ ϵ=± ∫ C dw_1 w_1 ϵq^ϵw_1(1 − qw_1w_2)e^{−cj+(q1+ϵ w1)−cj+(q1−ϵ /w1)} (1 − rq^αw_1)(1 − q^ϵw_1w_2)(1 − q^ϵw_1/w_2)

(6.56)

= −rq^{α−1}(1 − q^{−α+1}w_2/r) ∫ C dw_1 w_1

(−1 + w^2_1 )e^{−cj+(w1)−cj+(q2 /w1)} (1 − w_1w_2/q)(1 − w_1/qw_2)(1 − rq^αw_1)(1 − rq^α/w_1) , ∑ ϵ=± ∫ C dw_1 w_1 ϵq^ϵw_1(1 − qw_1w_2)e^{−cj+(q1+ϵ w1)−cj+(q1−ϵ /w1)} (1 − q^ϵw_1w_2)(1 − q^ϵw_1/w_2)

= w_2 ∫ C dw_1 w_1

(−1 + w^2_1)e^{−cj+(w1)−cj+(q2 /w1 )} (1 − w_1w_2/q)(1 − w_1/qw_2)

. (6.57)

Here the integration contour C encircles w_1 = 0, qw^{±1}_2 not but w_1 = q^{−1}w^{±1}_2 . Here the integrals ∫ C dw_1 w_1

(−1+w^2_1 )e^{−c} j + (w1 )−cj + (q2 /w1) (1−w_1w_2 /q)(1−w_1/qw_2 )(1−rq^αw_1 )(1−rq^α/w_1) and ∫ C dw_1 w_1

(−1+w^2_1 )e^{−c} j + (w1 )−cj + (q2 /w1) (1−w_1 w_2/q)(1−w_1 /qw_2 ) in RHS are invariant

under w_2 → w^{−1}_2 .

Proof for boundary condition 3.1 We show the main theorem for the boundary condition_{(3)}⟨B| and L + K ≤ M + 1. Here we show the relation (6.48). • The case for 1 ≤ L + K + 1 ≤ j ≤ M + 1 :_{(3)}⟨B|ϕ^∗_j (z).

Using the bosonization (4.71), the relations (6.49), (6.50), (6.51), and the normal orderings in appendix

C, we have LHS−RHS of (6.48) as following :

z^{MM −N +1}φ^{(3)}(1/z)_{(3)}⟨B|ϕ^∗_{M+1+i}(z) − z^{− MM −N −1}φ^{(3)}(z)_{(3)}⟨B|ϕ_{M+1+i}(1/z) = q^{− MM −N −1}φ^{(3)}(z)φ^{(3)}(1/z)(z − z^{−1})e^π √_{−1} M −N (j−1)

× j−1∏ k=1 ∫ ~C_j dw_k 2π √ −1w_k j−2∏ k=1 (1 − q/w_kw_{k+1}) j−2∏ k=0 D(w_k, w_{k+1}) j−1∏ k=1 (1 − w^2_k) (1 − q^{−L}rw_L)(q^{L−K} w_{L+K} /r)

×_{(3)}⟨B|e^{Qh∗}1^{−h1···−hj−1} e^{h∗+(qz)+h∗+(q/z)−} ∑_{j−1} k=1(h^k_+(qw_k )+h^k_+(q/w_k )). (6.58)

Here the integration contour ~C_j encircles w_k = 0, qw^{±1}_{k−1} not but w_k = q^{−1}w^{±1}_{k−1} for 1 ≤ k ≤ j. Taking into account of symmetrization ∮_{dw} w f(w) =^1_2 ∮ (f(w) + f(1/w)) and relation w_1(1 − q/w_1w_2) − (w_1 ↔ w^{−1}_1 ) = (w_1 − w^{−1}_1 ), we symmetrize the variables w_1, w_2, · · · , w_{L−1} iteratively. Using relation w_L(1−q/w_Lw_{L+1}) (1−rq^{−L}w_L) − (wL ↔ w −1 L ) =^{(wL−w−1L )(1−rq−L+1/wL+1)} (1−rq^{−L}w_L)(1−rq^{−L}/w_L) , we symmetrize the variable wL. Using rela-

tion (1−rq^α/w_{L+1})w_{L+1}(1−q/w_{L+1}w_{L+2})−(w_{L+1} ↔ w^{−1}_{L+1}) = (w_{L+1} −w^{−1}_{L+1})(1−rq^{α+1}/w_{L+2}), we symmetrize the variable w_{L+1}, · · · , w_{L+K−1} iteratively. Using relation (1−q/w_{L+K+1}w_{L+K+2})−(w_{L+K+1} ↔ w^{−1}_{L+K+1}) = (−q/w_{L+K+2})(w^{−1}_{L+K+1} − w_{L+K+1}), we symmetrize the variables w_{L+K+1}, · · · , w_{j−2} iteratively. Then we have q^{− MM −N +j−2L−3}(−1/2)^{j−2}φ^{(3)}(z)φ^{(3)}(1/z)(z − z^{−1})e^π √_{−1} M −N (j−1)

× j−1∏ k=1 ∫ ~C_j dw_k 2π √ −1w_k j−2∏ k=1 (w^{−1}_k − w_k)^2 j−2∏ k=0 D(w_k , w_{k+1})

(w^{−1}_{j−1} − w_{j−1}) (1 − q^{−L}rw_L)(q^{−L}r/w_L)

×_{(3)}⟨B|e^{Qh∗}1^{−h1···−hj−1} e^{h∗+(qz)+h∗+(q/z)−} ∑_{j−1} k=1(h^k_+(qw_k )+h^k_+(q/w_k )) = 0. (6.59)

Here we have used ∮ |w|=1 dw w (w − w^{−1})f(w) = 0, where f(w) = f(1/w).

• The case for 1 ≤ i ≤ N + 1 :_{(3)}⟨B|ϕ^∗_{M+1+i}(z).

Using the bosonization (4.73), the relations (6.49), (6.50), (6.51), and normal orderings in appendix C, we have LHS−RHS of (6.48) as following :

z^{MM −N +1}φ^{(3)}(1/z)_{(3)}⟨B|ϕ^∗_{M+1+i} (z) − z^{− MM −N −1}φ^{(3)}(z)_{(3)}⟨B|ϕ_{M+1+i}(1/z) = q^{− MM −N −1}(q − q^{−1})^M φ^{(3)}(z)φ^{(3)}(1/z)(z − z^{−1})e^π √_{−1} M −N M

× ∑ ϵ_1,···,ϵ_i=± ϵ_i M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (1 − q/w_kw_{k+1}) M∏ k=0 D(w_k, w_{k+1}) M∏ k=1 (1 − w^2_k)

× (1 + w^2_{M+1}) (1 − rq^{−L}w_L)(1 − q^{L−K} w_{L+K} /r) i−1∏ k=1 ϵ_kq^{ϵk} (1 − qw_{M+k} w_{M+k+1}) (1 − q^{ϵk} w_{M+k} w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1}) ×_{(3)}⟨B|e^{Qh∗}1^{−h1 ···−hM +i−ci} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))

× e ∑_{i−1} k=1(c^k_+(qw_{M +k} )+c^k_+(q/w_{M +k} ))− ∑_i k=1(c^k_+(q^{1+ϵk} w_{M +k} )+c^k_+(q^{1−ϵk} /w_{M +k})). (6.60)

Here the integration contour ~C_{M+1+i} encircles w_k = 0, qw^{±1}_{k−1} not but w_k = q^{−1}w^{±1}_{k−1} for 1 ≤ k ≤ M + i. Using relation w_1(1 − q/w_1w_2) − (w_1 ↔ w^{−1}_1 ) = (w_1 − w^{−1}_1 ), we symmetrize the variables w_1, w_2, · · · , w_{L−1} iteratively. Using relation^{wL(1−q/wL wL+1)} (1−rq^{−L}w_L) − (wL ↔ w −1 L ) =^{(wL−w−1L )(1−rq−L+1/wL+1)} (1−rq^{−L}w_L)(1−rq^{−L}/w_L) , we symmetrize the variable w_L. Using relation (1 − rq^s/w_{L+1})w_{L+1}(1 − q/w_{L+1}w_{L+2}) − (w_{L+1} ↔ w^{−1}_{L+1}) = (w_{L+1} − w^{−1}_{L+1})(1 − rq^{s+1}/w_{L+2}), we symmetrize the variable w_{L+1}, · · · , w_{L+K−1} iteratively. Using relation (1 − q/w_{L+K+1}w_{L+K+2}) − (w_{L+K+1} ↔ w^{−1}_{L+K+1}) = (−q/w_{L+K+2})(w^{−1}_{L+K+1} − w_{L+K+1}), we symmetrize the variables w_{L+K+1}, · · · , w_{M−1} iteratively. Then we have

q^{− MM −N −M−2L−2}(q − q^{−1})^M (−1/2)^M φ^{(3)}(z)φ^{(3)}(1/z)(z − z^{−1})e^π √_{−1} M −N M

× ∑ ϵ_1,···,ϵ_i=± ϵ_i M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k)^2 M∏ k=0 D(w_k, w_{k+1})

(w^{−1}_{M+1} + w_{M+1}) (1 − rq^{−L}w_L)(1 − rq^{−L}/w_L)

× i−1∏ k=1 ϵ_kq^{ϵk} (1 − qw_{M+k}w_{M+k+1}) (1 − q^{ϵk} w_{M+k} w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1}) ×_{(3)}⟨B|e^{Qh∗}1^{−h1···−hM +i−ci} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k )) × e ∑_{i−1} k=1(c^k_+(qw_{M +k} )+c^k_+(q/w_{M +k} ))− ∑_i k=1(c^k_+(q^{1+ϵk} w_{M +k} )+c^k_+(q^{1−ϵk} /w_{M +k} )). (6.61)

Using the relation (6.16) for the variables w_{M+1}, · · · , w_{M+i−1}, iteratively, we have

q^{− MM −N +M−2L−2}(q − q^{−1})^M (−1/2)^{M−1}φ^{(3)}(z)φ^{(3)}(1/z)(z − z^{−1})e^π √_{−1} M −N M

× M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k )^2 M∏ k=0 D(w_k , w_{k+1})

(w^{−1}_{M+1} + w_{M+1}) (1 − rq^{−L}w_L)(1 − q^{L−K} w_{L+K} /r)

×_{(3)}⟨B|e^{Qh∗}1^{−h1 ···−hM +i−ci} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))+ ∑_{i−1} k=1(c^k_+(qw_{M +k} )+c^k_+(q/w_{M +k} ))

× i−1∏ k=1 (−1 + w^2_{M+k} )e^{−ck+(wM +k )−ck+(q2 /wM +k )} (1 − q^{ϵk} w_{M+k}w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1}) × ( e^{−ci+(q2 wM +i)−ci+(q/wM +i )−e−c} i + (wM +i)−ci + (q2 /wM +i) ) = 0. (6.62)

Here we have used ∮ |w|=1 dw w e^{ci−1+ (qw)+ci−1+ (1/w)}(e^{−ci+(q2 w)−ci+(1/w)} − e^{−ci+(w)−ci+(q2 /w)})f(w) = 0, where f(w) = f(1/w). Q.E.D.

Proof for boundary condition 3.2 We show the main theorem for the boundary condition_{(3)}⟨B| and L ≤ M + 1 ≤ L + K − 1. Here we show the relation (6.48). • The case for L + K − M ≤ i ≤ N + 1 :_{(3)}⟨B|ϕ^∗_{M+1+i}(z).

Using the bosonization (4.73), the relations (6.49), (6.50), (6.51), and normal orderings in appendix C, we have LHS−RHS of (6.48) as following :

z^{MM −N +1}φ^{(3)}(1/z)_{(3)}⟨B|ϕ^∗_{M+1+i}(z) − z^{MM −N −1}φ^{(3)}(z)_{(3)}⟨B|ϕ^∗_{M+1+i} (1/z) = q^{− MM −N −1}(q − q^{−1})^M φ^{(3)}(z)φ^{(3)}(1/z)(z − z^{−1})e^π √_{−1} M −N M

× ∑ ϵ_1,···,ϵ_i=± ϵ_i M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (1 − q/w_kw_{k+1}) M∏ k=0 D(w_k , w_{k+1}) M∏ k=1 (1 − w^2_k)

× (1 + w^2_{M+1}) (1 − rq^{−L}w_L)(1 − q^{3L+K−2M+K−2}w_{L+K} /r) i−1∏ k=1 ϵ_kq^{ϵk} (1 − qw_{M+k}w_{M+k+1}) (1 − q^{ϵk} w_{M+k} w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1}) ×_{(3)}⟨B|e^{Qh∗}1^{−h1 ···−hM +i−ci} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k )) × e ∑_{i−1} k=1(c^k_+(qw_{M +k} )+c^k_+(q/w_{M +k} ))− ∑_i k=1(c^k_+(q^{1+ϵk} w_{M +k})+c^k_+(q^{1−ϵk} /w_{M +k} )). (6.63)

Here the integration contour ~C_{M+1+i} encircles w_k = 0, qw^{±1}_{k−1} not but w_k = q^{−1}w^{±1}_{k−1} for 1 ≤ k ≤ M + i. Using relation w_1(1−q/w_1w_2)−(w_1 ↔ w^{−1}_1 ) = (w_1 −w^{−1}_1 ), we symmetrize the variables w_1, w_2, · · · , w_{L−1}, iteratively. Using relation^{wL(1−q/wL wL+1)} (1−rq^{−L}w_L) − (wL ↔ w −1 L ) =^{(w−1L −wL)(1−rq−L+1/wL+1)} (1−rq^{−L}w_L)(1−rq^{−L}/w_L) , we symmetrize

the variables w_L. Using relation w_{L+1}(1 − rq^{−α}/w_{L+1})(1 − q/w_{L+1}w_{L+2}) − (w_{L+1} ↔ w^{−1}_{L+1}) = (w_{L+1} − w^{−1}_{L+1})(1 − rq^{−α+1}/w_{L+2}), we symmetrize the variables w_{L+1}, · · · , w_M , iteratively. Then we have

q^{− MM −N −1}(−1/2)^M (q − q^{−1})^M φ^{(3)}(z)φ^{(3)}(1/z)(z − z^{−1})e^π √_{−1} M −N M

× ∑ ϵ_1,···,ϵ_i=± ϵ_i M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k)^2 M∏ k=0 D(w_k, w_{k+1}) (1 − rq^{M−2L+1}/w_{M+1}) (1 − rq^{−L}w_L)(1 − rq^{−L}/w_L)

× (1 + w^2_{M+1}) (1 − q^{3L+K−2M−2}w_{L+K} /r) i−1∏ k=1 ϵ_kq^{ϵk} (1 − qw_{M+k} w_{M+k+1}) (1 − q^{ϵk} w_{M+k}w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1}) ×_{(3)}⟨B|e^{Qh∗}1^{−h1···−hM +i−ci} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k )) × e ∑_{i−1} k=1(c^k_+(qw_{M +k} )+c^k_+(q/w_{M +k} ))− ∑_i k=1(c^k_+(q^{1+ϵk} w_{M +k} )+c^k_+(q^{1−ϵk} /w_{M +k} )). (6.64)

Using the relation (6.35), we symmetrize the variables w_{M+1}, · · · , w_{L+K−1} iteratively. Using the relation (6.16), we symmetrize the variables w_{L+K} , · · · , w_{M+i} iteratively. Then we have

(−r)q^{− MM −N +K−L−1}(−1/2)^M (q − q^{−1})^M φ^{(3)}(z)φ^{(3)}(1/z)(z − z^{−1})e^π √_{−1} M −N M

× ∑ ϵ_1,···,ϵ_i=± ϵ_i M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k)^2 M∏ k=0 D(w_k, w_{k+1})

(w^{−1}_{M+1} + w_{M+1}) (1 − rq^{−L}w_L)(1 − rq^{−L}/w_L)

×_{(3)}⟨B|e^{Qh∗}1^{−h1 ···−hM +i−ci} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))+ ∑_{i−1} k=1(c^k_+(qw_{M +k} )+c^k_+(q/w_{M +k} ))

× i−1∏ k=1 (−1 − qw^2_{M+k} )e^{−ck+(wM +k )−ck+(q2 /wM +k )} (1 − w_{M+k} w_{M+k+1}/q)(1 − w_{M+k} /qw_{M+k+1}) × ( e^{−ci+(q2 wM +i)−ci+(1/wM +i)} − e^{−ci+(wM +i)−ci+(q2 /wM +i)} ) = 0. (6.65)

Here we have used ∮ |w|=1 dw w e^{ci−1+ (qw)+ci−1+ (q/w)} ( e^{−ci+(q2 w)−ci+(1/w)} − e^{−ci+(w)−ci+(q2 /w)} ) f(w) = 0, where f(w) = f(1/w). Q.E.D.

Proof for boundary condition 3.3 We show the main theorem for the boundary condition_{(3)}⟨B| and 1 ≤ M + 1 ≤ L − 1. Here we show the relation (6.48). • The case for L + K − M ≤ i ≤ N + 1 :_{(3)}⟨B|ϕ^∗_{M+1+i}(z).

Using the bosonization (4.73) and the relations (6.49), (6.50), (6.51), and normal orderings in appendix C, we have LHS−RHS of (6.48) as following :

z^{MM −N +1}φ^{(3)}(1/z)_{(3)}⟨B|ϕ^∗_{M+1+i}(z) − z^{− MM −N −1}φ^{(3)}(z)_{(3)}⟨B|ϕ_{M+1+i}(1/z) = q^{− MM −N −1}(q − q^{−1})^M φ^{(3)}(z)φ^{(3)}(1/z)(z − z^{−1})e^π √_{−1} M −N M

× ∑ ϵ_1,···,ϵ_i=± ϵ_i M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (1 − q/w_kw_{k+1}) M∏ k=0 D(w_k , w_{k+1}) M∏ k=1 (1 − w^2_k )

× (1 + w^2_{M+1}) (1 − rq^{L−2M−2}w_L)(1 − q^{2M+K−L+2}w_{L+K} /r) i−1∏ k=1 ϵ_kq^{ϵk} (1 − qw_{M+k} w_{M+k+1}) (1 − q^{ϵk} w_{M+k} w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1}) ×_{(3)}⟨B|e^{Qh∗}1^{−h1···−hM +i −ci} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k )) × e ∑_{i−1} k=1(c^k_+(qw_{M +k} )+c^k_+(q/w_{M +k} ))− ∑_i k=1 (c^k_+(q^{1+ϵk} w_{M +k} )+c^k_+(q^{1−ϵk} /w_{M +k} )). (6.66)

Here the integration contour ~C_{M+1+i} encircles w_k = 0, qw^{±1}_{k−1} not but w_k = q^{−1}w^{±1}_{k−1} for 1 ≤ k ≤ M + i. Using relation w_1(1 − q/w_1w_2) − (w_1 ↔ w^{−1}_1 ) = (w_1 − w^{−1}_1 ), we symmetrize the variables w_1, w_2, · · · , w_M , iteratively. We have

q^{− MM −N −1}(q − q^{−1})^M (−1/2)^M φ^{(3)}(z)φ^{(3)}(1/z)(z − z^{−1})e^π √_{−1} M −N M

× ∑ ϵ_1,···,ϵ_i=± ϵ_i M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k )^2 M∏ k=0 D(w_k , w_{k+1})

(w^{−1}_{M+1} + w_{M+1}) (1 − rq^{L−2M−2}w_L)(1 − q^{2M+K−L+2}w_{L+K} /r)

×_{(3)}⟨B|e^{Qh∗}1^{−h1 ···−hM +i−ci} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))+ ∑_{i−1} k=1(c^k_+(qw_{M +k} )+c^k_+(q/w_{M +k} )) × w_{M+1} i−1∏ k=1 ϵ_kq^{ϵk} (1 − qw_{M+k} w_{M+k+1})e^{−ck+(q1+ϵk wM +k )−ck+(q1−ϵk /wM +k )} (1 − q^{ϵk} w_{M+k} w_{M+k+1})(1 − q^{ϵk} w_{M+k} /w_{M+k+1}) e^{−ci+(q1+ϵi wM +i)−ci+(q1−ϵi /wM +i)}. (6.67)

We use the relation (6.57) for the variables w_{M+1}, · · · , w_{L−1}, iteratively. We use the relation (6.57) for the variable w_L. Using the relation (6.35), we symmetrize the variables w_{L+1}, · · · , w_{L+K−1}, iteratively. Using the relation (6.16), we symmetrize the variables w_{L+K} , · · · , w_{M+i−1}, iteratively. Then we have

(−r)q^{− MM −N +K+L−2M−5}(q − q^{−1})^M (−1/2)^M φ^{(3)}(z)φ^{(3)}(1/z)(z − z^{−1})e^π √_{−1} M −N M

× M+i∏ k=1 ∫ ~C_{M +1+i} dw_k 2π √ −1w_k

M∏ k=1 (w^{−1}_k − w_k )^2 M∏ k=0 D(w_k , w_{k+1})

(w^{−1}_{M+1} + w_{M+1}) (1 − rq^{L−2M−2}w_L)(1 − rq^{L−2M−2}/w_L)

×_{(3)}⟨B|e^{Qh∗}1^{−h1 ···−hM +i−ci} e^{h∗1+ (qz)+h∗1+ (q/z)−} ∑_{M +i} k=1 (h^k_+(qw_k )+h^k_+(q/w_k ))+ ∑_{i−1} k=1(c^k_+(qw_{M +k} )+c^k_+(q/w_{M +k} )) × i−1∏ k=1 (−1 + w^2_{M+k} )e^{−ck+(wM +k )−ck+(q2 /wM +k )} (1 − w_{M+k} w_{M+k+1}/q)(1 − qw_{M+k} /w_{M+k+1}) × ( e^{−ci+(q2 wM +i)−ci+(1/wM +i)} − e^{−ci+(wM +i)−ci+(q2 /wM +i)} ) = 0. (6.68)

Here we have used ∮ |w|=1 dw w e^{ci−1+ (qw)+ci−1+ (q/w)} ( e^{−ci+(q2 w)−ci+(1/w)} − e^{−ci+(w)−ci+(q2 /w)} ) f(w) = 0, where f(w) = f(1/w). Q.E.D.

Now we have shown (6.48) for every j = L + K + 1, · · · , M + N + 2.

Acknowledgement

This work is supported by the Grant-in-Aid for Scientific Research C (21540228) from Japan Society for Promotion of Science.

A Figure

In this appendix we summarize the figures that we use in the section 2.

k_2 j2

k_1 j_1

R(z)^{j1,j2}_{k1,k2} = k_2 j_2 R(z)^{j1,j2}_{k1,k2} = z

Fig.1. R-matrix

K^+(z)^j_k = k

j z−1 z K(z)^j_k = z

z^{−1} j

k

Fig.2. K-matrix

· · ·

P 2 1 z

z^{−1} Fig.3. Transfer matrix T^{f in}_B (z)

· · ·

2 1 z

z^{−1} Fig.4. Transfer matrix ~T^{(i)}_B (z)

2 1

j · · · z ~Φ_j (z) =

Fig.5. Vertex operator ~Φ_j (z)

2 1

j · · · z ~Φ∗_j (z) =

Fig.6. dual Vertex operator ~Φ^∗_j (z)

B K-matrix

In this appendix, we classify diagonal solutions of the boundary Yang-Baxter equation associated with U_q( ^sl(M + 1|N + 1)). Let us set the vector space V = ⊕^{M+N+2}_{j=1} Cv_j . Let us consider the R-matrix R̄(z) ∈ End(V ⊗ V ) introduced in (2.3), (2.4), (2.5) and (2.6). Non-zero elements of the R-matrix are restricted to the followings. R̄(z)^{i,j}_{i,j} ≠ 0, R̄(z)^{j,i}_{i,j} ≠ 0, (1 ≤ i, j ≤ M + N + 2). (B.1) Let us study the K-matrix K̄(z) ∈ End(V ) defined as followings.

K̄(z) ∈ End(V ), K̄(z)v_j =^{M+N+2} ∑ k=1 v_kK̄(z)^j_k, (B.2)

where we assume the diagonal matrix.

K̄(z)^j_k = δ_{j,k}K̄(z)^j . (B.3)

The graded boundary Yang-Baxter equation

K̄_2(z_2)R̄_{21}(z_1z_2)K̄_1(z_1)R̄_{12}(z_1/z_2) = R̄_{21}(z_1/z_2)K̄_1(z_1)R̄_{12}(z_1z_2)K̄_2(z_2), (B.4)

is equivalent to the following two relations for 1 ≤ j < k ≤ M + N + 2. R̄(z)^{j,k}_{j,k} = R̄(z)^{k,j}_{k,j} , (B.5)

R̄(z_1/z_2)^{j,k}_{j,k} ( R̄(z_1z_2)^{j,k}_{k,j}K̄(z_1)^kK̄(z_2)^k − R̄(z_1z_2)^{k,j}_{j,k}K̄(z_1)^jK̄(z_2)^j )

+ R̄(z_1z_2)^{j,k}_{j,k} ( R̄(z_1/z_2)^{k,j}_{j,k} K̄(z_2)^kK̄(z_1)^j − R̄(z_1/z_2)^{j,k}_{k,j}K̄(z_1)^kK̄(z_2)^j ) = 0. (B.6)

The first condition (B.5) holds for (2.4), (2.5), (2.6). The second condition (B.6) is written as following. ( 1 − z_1 z_2 ) ( z_1z_2 −

K̄(z_1)^j K̄(z_1)k

K̄(z_2)^j K̄(z_2)k ) + (1 − z_1z_2) ( K̄(z_1)^j K̄(z_1)k − z_1 z_2

K̄(z_2)^j K̄(z_2)k ) = 0. (B.7)

Differentiating partially (B.7), at (z_1, z_2) = (z, 1), with respect to z_2, we have the following necessary condition. K̄(z)^j K̄(z)k = 1 − βz 1 − β/z (β ∈ C). (B.8)

This satisfies (B.7) for all β ∈ C. Taking into account of simultaneous compatibility for 1 ≤ j < k ≤ M + N + 2, we have the following three kinds of general diagonal solutions of the boundary Yang-Baxter equation associated with U_q ( ^sl(M + 1|N + 1)).

CASE 1 : One diagonal element. Dirichlet boundary condition. K̄(z)^j_k = δ_{j,k}. (B.9)

CASE 2 : Two different diagonal elements. We assume 1 ≤ L ≤ M + N + 1 and r ∈ C.

K̄(z)^j_k = 1 (1 ≤ j = k ≤ L), 1 − r/z 1 − rz (L + 1 ≤ j = k ≤ M + N + 2), 0 (1 ≤ j ≠ k ≤ M + N + 2).

(B.10)

CASE 3 : Three different diagonal elements. We assume 1 ≤ L, 1 ≤ K, L + K ≤ M + N + 1 and r ∈ C.

K̄(z)^j_k = 1 (1 ≤ j = k ≤ L), 1 − r/z 1 − rz (L + 1 ≤ j = k ≤ L + K), z^{−2} (L + K + 1 ≤ j = k ≤ M + N + 2), 0 (1 ≤ j ≠ k ≤ M + N + 2).

(B.11)

Note. In the earlier studies [10, 11], Case I and Case II have been studied. However Case III is missing in the earlier studies [10, 11]. For instance, we have new solution for U_q ( ^sl(2|1)), which has three different diagonal elements.

K̄(z) =

1 0 0 0 1 − r/z 1 − rz 0 0 0 z^{−2}

. (B.12)

C Normal Ordering

In this appendix we summarize the normal orderings. The following normal orderings are convenient to calculations in a proof of main theorem. e^{h∗1+ (z)}e^{−h1−(w)} = 1 (1 − qw/z) ::, (C.1) e^{−h1+(w)}e^{h∗1− (z)} = 1 (1 − qz/w) ::, (C.2)

e^{h∗1+ (z)}e^{−hj−(w)} = 1 :: (2 ≤ j ≤ M + N + 1), (C.3) e^{−hj+(w)}e^{h∗1− (z)} = 1 :: (2 ≤ j ≤ M + N + 1), (C.4) e^{−hj+(w1)}e^{−hj+1− (w2)} = 1 (1 − qw_2/w_1)

:: (1 ≤ j ≤ M), (C.5) e^{−hj+1+ (w1)}e^{−hj−(w2)} = 1 (1 − qw_2/w_1)

:: (1 ≤ j ≤ M), (C.6)

e^{−hM +j+ (w1 )}e^{−hM +j+1− (w2)} = (1 − qw_2/w_1) :: (1 ≤ j ≤ M), (C.7) e^{−hM +j+1} + (w_1 )e−h^{M +j}_− (w_2) = (1 − qw

2/w_1) :: (1 ≤ j ≤ N). (C.8)

The following normal orderings are convenient to get the integral representations of the vertex operators. ϕ^∗_1(z)X^−_1 (qw) = e^π √_{−1} M 1 qz(1 − qw/z) ::, (C.9)

X^−_1 (qw)ϕ^∗_1 (z) = −e^π √_{−1} M 1 qw(1 − qz/w) ::, (C.10) ϕ^∗_1(z)X^−_j (w) = 1 :: (2 ≤ j ≤ M), (C.11) X^−_j (w)ϕ^∗_1(z) = 1 :: (2 ≤ j ≤ M), (C.12) ϕ^∗_1(z)X^−_{M+1,ϵ}(w) = −1 :: (ϵ = ±), (C.13) X^−_{M+1,ϵ}(w)ϕ^∗_1(z) = 1 :: (ϵ = ±), (C.14) X^−_j (qw_1)X^−_{j+1}(qw_2) = 1 qw_1(1 − qw_2/w_1)

:: (1 ≤ j ≤ M), (C.15) X^−_{j+1}(qw_1)X^−_j (qw_2) = −1 qw_1(1 − qw_2/w_1)

:: (1 ≤ j ≤ M), (C.16) X^−_j (qw_1)X^−_k (qw_2) = 1 :: (|j − k| ≥ 2), (C.17) X^−_{M+j,+}(w_1)X^−_{M+j+1,ϵ}(w_2) =

(1 − qw_2/w_1) q(1 − w_2/qw_1)

:: (ϵ = ±), (C.18) X^−_{M+1+j,+}(w_1)X^−_{M+j,ϵ}(w_2) = 1 :: (ϵ = ±), (C.19) X^−_{M+j,−}(w_1)X^−_{M+j+1,ϵ}(w_2) = q :: (ϵ = ±), (C.20) X^−_{M+j+1,−}(w_1)X^−_{M+j,ϵ}(w_2) =

(1 − qw_1/w_2) (1 − w_1/qw_2)

:: (ϵ = ±). (C.21)

References

[1] M.Jimbo and T.Miwa, Algebraic analysis of solvable lattice model, CBMS Regional Conference Series in Mathematics 85, AMS, 1984.

[2] M.Gaudin, La fonction d’onde de Bethe, Masson, Paris, 1983.

[3] V.Korepin, N.Bogoliubov and A.Izergin, Quantum inverse scattering method and correlation functions, Cambridge Monographs on Mathematical Physics, Cambridge University Press, Cambridge, 1993.

[4] V.Kac, Lie superalgebras, Advances in Math.26 no. 1, 8-96 (1977).

[5] V.Drinfeld, A new realization of Yangians and quantized affine algebras, Sov.Math.Dokl. 36, 212-216 (1988).

[6] H.Yamane, On defining relations of the affine Lie superalgebras and their quantized universal enveloping superalgebras, Publ.Res.Inst.Math.Sci. 35, 321-390 (1999).

[7] V.Bazhanov and A.Shadrikov, Trigonometric solutions of the triangle equations, and simple Lie superalgebra, Theor.Math.Phys.73 no.3 1302-1312 (1987).

[8] J.Perk and C.Shultz, New families of commuting transfer matrices in q-state vertex models, Phys.Lett.A84 407-410 (1981).

[9] H J de Vega and A González Ruiz, Boundary K-matrix for the six vertex and n(2n − 1) A_{n−1} vertex models, J.Phys. A26 L519-L524 (1993).

[10] G.Li, T.Yue and B.Hou, Nested Bethe Ansatz for Perk-Schultz model with open boundary condition, Nucl.Phys. B586 711-729 (2000).

[11] S.Belliard and E.Ragoucy, Nested Bethe ansatz for ’all’ open spin chains with diagonal boundary conditions, J.Phys.A42 no.20, 205203(35pp) (2009).

[12] Essler and Korepin, Higher conservation laws and algebraic Bethe ansatz for the supersymmetric t-J model, Phys.Rev.B46 9147- (1992).

[13] S.Zhao, W.Yang and Y.Zhang, Determinant representations of correlation functions for the supersymmetric t-J model, Comm. Math. Phys.268 no. 2, 505-541 (2006).

[14] H.Fan, M.Wadati and X.Wang, Exact diagonalization of the generalized supersymmetric t-J model with boundaries, Phys.Rev.B61 3450- (2000).

[15] K.Kimura, J.Shiraishi and J.Uchiyama, A level-one representation of the quantum affine superalgebra U_q( ^sl(M + 1|N + 1)), Comm. Math. Phys. 188 no. 2, 367-378 (1997).

[16] W.Yang and Y.Zhang, Highest weight representations of U_q( ^sl(2|1)) and correlation functions of the q-deformed supersymmetric t-J model Nuclear Phys.B 547 no. 3, 599-622 (1999).

[17] W.Yang and Y.Zhang, Level-one highest weight representations of U_q ( ^sl(N|1)) and bosonization of the multi-component super t-J model, J.Math.Phys.41 no.8, 5849-5869 (2000).

[18] R.J.Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press, London, 1982. [19] I.Cherednik, Factorizing particles on a half line, and root systems, Teoret. Mat. Fiz. 61 no. 1, 35-44 (1984).

[20] E.K.Sklyanin, Boundary conditions for integrable quantum systems, J.Phys.A21 2375-2389 (1988). [21] L.Mezincescu and R.Nepomechie, Integrable open spin chains with nonsymmetric R-matrices, J.

Phys.A 24 no.1, L17-L23 (1991).

[22] S.Ghoshal and A.Zamolodchikov, Boundary S matrix and boundary state in two-dimensional integrable quantum field theory, Internat. J. Modern Phys.A9 no. 21, 3841-3885 (1994).

[23] M.Jimbo, R.Kedem, T.Kojima, H.Konno and T.Miwa, XXZ chain with a boundary, Nucl.Phys.B441 437-470 (1995).

[24] H.Furutsu and T.Kojima, The U_q( ^sl_n) analogue of the XXZ chain with a boundary, J.Math.Phys.41 4413-4436 (2000).

[25] T.Miwa and R.Weston, Boundary ABF models, Nucl.Phys.B486 517-545 (1997).

[26] T.Kojima, Diagonalization of infinite transfer matrix of boundary U_{q,p}(A^{(1)}_{N−1}) face model, J.Math.Phys.52 01351 (2011).

[27] W. Yang and Y. Zhang, Izergin-Korepin model with a boundary, Nucl.Phys.B596 no. 3, 495-512 (2001).

[28] T.Kojima, A remark on ground state of boundary Izergin-Korepin model, Int.J.Mod.Phys.A26 no.12, 1973-1989 (2011).

[29] B. Hou, W. Yang, Y. Zhang and Y.Zhen, The q-deformed supersymmetric t-J model with a boundary, J. Phys. A35 (2002) no. 11, 2593-2608 (2002).