arXiv:1211.3654v2 [hep-th] 2 Jan 2013

Non-anticommutativity in Presence of a Boundary

Mir Faizal^1 and Douglas J Smith^2 1 Mathematical Institute, University of Oxford, Oxford, OX1 3LB, United Kingdom.

2 Department of Mathematical Sciences, Durham University, Durham, DH1 3LE, United Kingdom.

January 4, 2013

Abstract

In this paper we consider non-anticommutative field theories in N = 2 superspace formalism on three-dimensional manifolds with a boundary. We modify the original Lagrangian in such a way that it preserves half the supersymmetry even in the presence of a boundary. We also analyse the partial breaking of supersymmetry caused by non-anticommutativity between fermionic coordinates. Unlike in four dimensions, in three dimensions a theory with N = 1/2 supersymmetry cannot be obtained by a non-anticommutative deformation of an N = 1 theory. However, in this paper we construct a three dimensional theory with N = 1/2 supersymmetry by studying a combination of non-anticommutativity and boundary effects, starting from N = 2 supersymmetry.

1 Introduction

There are many interesting deformations of field theories which can be realized on the worldvolume of D-branes in various string theory backgrounds. The presence of a constant NS − NS B-field background gives rise to noncommutativity [1, 2, 3, 4, 5, 6]. The concept of noncommutative coordinates can be extended to superspace [7, 8, 9, 10]. This concept of spacetime noncommutativity can be extended to include more general deformations of the (super-)Poincaré algebra [11, 12, 13], and for Grassmann coordinates this leads to non-anticommutativity [7, 8, 14, 15, 16, 17, 18, 19, 20, 21]. Such deformations are realised on the worldvolume of D-branes in RR backgrounds [22, 23, 24, 25, 26], and the gravity dual of such a field theory has been constructed in [27]. Also, a graviphoton background gives rise to a noncommutativity between spacetime and superspace coordinates [23, 28, 29, 30, 31]. Noncommutative deformations generated by the NS − NS and graviphoton backgrounds do not break any supersymmetry. However, the non-anticommutative deformation breaks the supersymmetry corresponding to the deformed superspace coordinate. In four dimensions it is possible to break the supersymmetry generated by one Weyl supercharge while leaving the supersymmetry generated by the other intact. Thus, if we start from a theory with N = 1 supersymmetry in four dimensions and perform a non-anticommutative deformation, we can arrive at a theory with N = 1/2 supersymmetry. Now, a theory with N = 1 supersymmetry in four dimensions has the same amount of supersymmetry as a theory with N = 2 supersymmetry in three dimensions. Thus, from a three dimensional perspective this corresponds to breaking the supersymmetry from N = (1, 1) to N = (0, 1) or N = (1, 0) supersymmetry [32]. Furthermore, a theory with N = 1 supersymmetry in three dimensions has the same amount of supersymmetry as a theory with N = 2 supersymmetry in two dimensions. However, we cannot carry this argument further, as there are not enough degrees of freedom to perform this non-anticommutative deformation in two dimensions without breaking all supersymmetry. So, we cannot partially break supersymmetry to N = 1/2 supersymmetry in three dimensions by non-anticommutative deformations alone. However, we will show in this paper that we can obtain a theory with N = 1/2 supersymmetry in three dimensions by combining the non-anticommutative deformations with boundary effects.

In determining the Euler-Lagrange equations of a Lagrangian field theory one encounters terms which can be written as a surface integral. In theories that are at most quadratic in derivatives this is the only contribution that remains when an action is varied and its Euler- Lagrange equations are used. Thus, in the presence of a boundary one must specify boundary conditions that ensure the above surface term vanishes. The boundary breaks translation invariance and so it also breaks supersymmetry. In fact, the supersymmetric transformation of most theories transforms into a surface term and this generates a boundary term in the presence of a boundary. This problem can be eliminated by imposing boundary conditions under which this boundary term vanishes. However, the bulk theory can also be modified by introducing a boundary action such that its supersymmetry transformations exactly cancel the boundary term generated by the supersymmetry transformations of the original bulk action. This way half of the original supersymmetry is preserved. This has been done for three dimensional theories in N = 1 superspace [33, 34]. Such boundary effects for M2-branes have also been analysed in N = 1 superspace [35, 36, 37]. In this paper we will first generalize these results to a three dimensional theory in N = 2 superspace and then analyse the non-anticommutative deformation of this theory. We will thus be able to arrive at a theory with N = 1/2 supersymmetry in three dimensions. As non-anticommutativity occurs due to the coupling of D-branes to RR fields, it would be interesting to study a non-Abelian Born- Infeld Lagrangian in this non-anticommutative superspace. In this context the boundary effects analysed in this paper could be used to study a system of D2- branes ending on D4-branes in the presence of RR fields. With this motivation we consider the example of a flat-space Born-Infeld Lagrangian [38, 39, 40, 41] coupled to scalar matter in three-dimensional N = 2 superspace. See [42] for a useful review of three-dimensional superspace.

2 Boundary Supersymmetry

In this section we review the method of introducing a boundary action in order to preserve half the supersymmetry without explicit boundary conditions. We also define our notation. This was originally carried out for N = 1 in [33] and extended to N = 2 in [35].

We start from an N = 1 superfield ϕ(θ), where θ is a two component Grassmann parameter. It transforms under supersymmetric transformations as

δϕ(θ) = ϵ^aQ_aϕ(θ), where Q_a = ∂_a − (γ^μθ)_a∂_μ,

is the generator of N = 1 supersymmetry. If in component form the field has the following form ϕ(θ) = p + qθ + rθ^2, then the supersymmetric transformation can be written as δp = ϵ^aq_a, δq_a = −ϵ_ar + (γ^μϵ)_a∂_ap, δr = ϵ^a(γ^μ∂_μ)^b_aq_b. (1)

Now the Lagrangian for an N = 1 theory can be written in terms of such a superfield as L = D^2[ϕ(θ)]_{θ=0}, (2)

where D^2 = D^aD_a/2 and D_a = ∂_a + (γ^μθ)_a∂_μ. This Lagrangian is invariant under these supersymmetric transformations on a manifold without boundaries. However, if there is a boundary, say at x_3 = 0, then the supersymmetric transformations of the Lagrangian are given by δL = −∂_3(ϵγ^3q). This breaks the supersymmetry of the resultant theory. However, if we add or subtract the following term L_b = ∂_3[ϕ(θ)]_{θ=0}, to the original Lagrangian, then the supersymmetric transformation of the total Lagrangian is given by

δ[L ± L_b] = ±2∂_3ϵ^±q_∓, (3)

where q_± = P^±q ≡ (1 ± γ^3)q/2. Hence, we can preserve the supersymmetry generated by either ϵ^−Q_+ or ϵ^+Q_− by adding or subtracting L_b to L. However, we cannot preserve all the supersymmetry. Thus, the Lagrangian which preserves the supersymmetry corresponding to ϵ^−Q_+ is L^+, and to ϵ^+Q_− is L^− where L^± = L ± L_b = (D^2 ∓ ∂_3)[ϕ]_{θ=0}. (4)

After reviewing boundary supersymmetric theories in N = 1 superspace formalism, we present the straightforward generalisation of these results to theories with N = 2 supersymmetry. Thus, we will analyse a Lagrangian with N = 2 supersymmetry, L = D^2_1D^2[Φ(θ_1, θ_2)]_{θ1=θ2=0}, (5)

where D_{1a} = ∂_{1a} + (γ^μθ_1)_a∂_μ, and D_{2a} = ∂_{2a} + (γ^μθ_2)_a∂_μ, are the standard covariant derivatives which commute with Q_{1a} and Q_{2a}, and Φ is an N = 2 scalar superfield. We can decompose a superfield with N = 2 supersymmetry, into two copies of N = 1 superfields. So, we can write Φ(θ_1, θ_2) as

Φ(θ_1, θ_2) = p_1(θ_1) + q_1(θ_1)θ_2 + r_1(θ_1)θ^2 = p_2(θ_2) + q_2(θ_2)θ_1 + r_2(θ_2)θ^2_1 , (6)

where p_1(θ_1), p_2(θ_2), q_1(θ_1), q_2(θ_2), r_1(θ_1), r_2(θ_2) are N = 1 superfields in there own right. So, we can write the Lagrangian as

L = D^2_1[r_1(θ_1)]_{θ1=0} = D^2[r_2(θ_2)]_{θ2 =0}. (7)

The supersymmetry of this theory will be generated by the super-charges Q_{1a} = ∂_{1a} − (γ^μθ_1)_a∂_μ, and Q_{2a} = ∂_{2a} − (γ^μθ_2)_a∂_μ. In absence of a boundary this theory is invariant under the supersymmetry generated by both Q_{1a} and Q_{2a}. However, in the presence of a boundary the supersymmetric transformations generated by both Q_{1a} and Q_{2a} generate boundary terms. So, on the boundary we can again preserve only half of the total supersymmetry. Thus, with a boundary we can only preserve the supersymmetry generated by either ϵ^{1+}Q_− or ϵ^{1−}Q_+, and by either ϵ^{2+}Q_− or ϵ^{2−}Q_+. Now, after adding suitable boundary terms that preserve half of the supersymmetry, we get the following four possible Lagrangians

L^{1±2±} = d^{1±}d^{2±}[Φ]_{θ1=θ2=0}, (8)

where

d^{1±} = (D^2_1 ± ∂_3), d^{2±} = (D^2 ± ∂_3). (9)

Now the Lagrangian corresponding to d^{1±}d^{2±} preserves the supersymmetry generated by ϵ^{1±}Q_{1∓} and ϵ^{2±}Q_{2∓}. It may be noted this Lagrangian preserves only half the supersymmetry because the supersymmetry generated by ϵ^{1∓}Q_{1±} and ϵ^{2∓}Q_{2±} is broken by it.

3 Matter-Born-Infeld Action

In this paper we will consider the specific example of a matter-Born-Infeld Lagrangian in N = 2 superspace, motivated by the potential application to D2- branes ending on D4-branes in the presence of RR fields. This Lagrangian will be used for analysing the partial breaking of supersymmetry due to a combination of non-anticommutative deformations and boundary effects. We first define two spinor superfields Γ_{1a} and Γ_{2a} which we use to construct covariant derivatives for matter fields Φ and Φ̄,

∇_{1a}Φ = D_{1a}Φ − iΓ_{1a}Φ, ∇_{2a}Φ = D_{2a}Φ − iΓ_{2a}Φ, ∇_{1a}Φ̄ = D_{1a}Φ̄ + iΦ̄Γ_{1a}, ∇_{2a}Φ̄ = D_{2a}Φ̄ + iΦ̄Γ_{2a}. (10)

We can also construct the following field strengths from these spinor superfields

ω_{1a} = 1 2 D^b_1D_{1a}Γ_{1b} − i 2 {Γ^b_1, D_{1b}Γ_{1a}} − 1 6 [Γ^b_1, {Γ_{1b}, Γ_{1a}}],

ω_{2a} = 1 2 D^b_2D_{2a}Γ_{2b} − i 2 {Γ^b_2, D_{2b}Γ_{2a}} − 1 6 [Γ^2_1, {Γ_{2b}, Γ_{2a}}]. (11)

The Born-Infeld Lagrangian can now be written as [38, 39, 40, 41]

L_{bi} = D^2_1 [ω^a_1 ω_{1a}]_{θ1=0} + D^2[ω^a_2 ω_{2a}]_{θ2=0} +D^2_1D^2[ω^a_1 ω_{1a}ω^b_2ω_{2b}B(K_1, K_2)]_{θ1=θ2=0}, (12)

where K_1 = D^2_1[ω^a_1 ω_{1a}], K_2 = D^2[ω^a_2 ω_{2a}] and B must satisfy a constraint equation. For the Abelian Born-Infeld Lagrangian the constraint can be solved and B(K_1, K_2) can be written as

B(K_1, K_2) = 1 2 [ 1 − (K_1 + K_2) + √ 4(1 − (K_1 + K_2) + (K_1 − K_2)^2 ]_{−1} . (13)

Now to write the matter Lagrangian we define θ_a = (θ_{1a} − iθ_{2a}), θ̄_a = (θ_{1a} + iθ_{2a}), and ∂_a = (∂_{1a} + i∂_{2a})/2, ¯∂_a = (∂_{1a} − i∂_{2a})/2. We similarly define D_a =^1_2 (D_{1a} + iD_{2a}), D̄_a =^1_2 (D_{1a} − iD_{2a}), and the covariant derivatives ∇_a = (∇_{1a} + i∇_{2a})/2, ¯∇_a = (∇_{1a} − i∇_{2a})/2. So, we can write the matter- Born-Infeld Lagrangian on a manifold without boundaries as

L = D^2_1D^2[∇^aΦ ¯∇_aΦ̄ + V[Φ, Φ̄]]_{θ1=θ2=0} +D^2_1[ω^a_1 ω_{1a}]_{θ1=0} + D^2 [ω^a_2 ω_{2a}]_{θ2=0} +D^2_1D^2[ω^a_1 ω_{1a}ω^b_2ω_{2b}B(K_1, K_2)]_{θ1=θ2=0}, (14)

where V[Φ, Φ̄] is a potential term. This Lagrangian is invariant under the following gauge transformation,

Γ_{1a} → u∇_{1a}u^{−1}, Γ_{2a} → u∇_{2a}u^{−1}. (15)

Now, in the presence of a boundary, we can preserve N = 1 supersymmetry by modifying this Lagrangian to

L^{1±2±} = d^{1±}d^{2±}[∇^aΦ ¯∇_aΦ̄ + V[Φ, Φ̄]]_{θ1=θ2=0} +d^{1±}[ω^a_1 ω_{1a}]_{θ1=0} + d^{2±}[ω^a_2 ω_{2a}]_{θ2=0} +d^{1±}d^{2±}[ω^a_1 ω_{1a}ω^b_2ω_{2b}B(K_1, K_2)]_{θ1=θ2=0}, (16)

where d^{1±}d^{2±} are given by Eq. (9). These Lagrangians are still invariant under the gauge transformation given by Eq. (15). It may be noted that if the gauge part included Chern-Simons terms then this theory would not be gauge invariant, but gauge invariance could be restored by the addition of further boundary terms which would cancel the boundary piece generated by the gauge transformation. This has been considered in the context of the ABJM model in [35, 43, 36] in component form, in N = 1 superspace, and for the Abelian case in N = 2 superspace. However, the full boundary action for the non-Abelian N = 2 case has not yet been constructed.

4 Boundary Supercharges and Boundary Superfields

In this section we describe the relation between the bulk and boundary supersymmetry [33, 35]. For N = 1 supersymmetry, the bulk supercharge Q_a can also be decomposed as ϵ^aQ_a = ϵ(P^+ + P^−)Q = ϵ^+Q_− + ϵ^−Q_+. These bulk supercharges can be written as Q_− = Q^′_− + θ_−∂_3, and Q_+ = Q^′_+ − θ_+∂_3. where Q^′_± are the boundary supercharges given by Q^′_± = ∂_± − γ^sθ_∓∂_s. Here s is the index for the coordinates along the boundary, i.e. compared to μ the case μ = 3 is excluded for a boundary at fixed x^3. Now by definition Q_± are the generators of the half supersymmetry of the bulk fields and Q^′_± are the standard supersymmetry generators for the boundary fields. We also define M_+ = exp(+θ_−θ_+∂_3) and M_− = exp(−θ_+θ_−∂_3) and let M^{−1}_+ and M^{−1}_− be their inverses. Now we have

Q^′_− = M^{−1}_− Q_−M_−, Q^′_+ = M^{−1}_+ Q_+M_+. (17)

If we write ϕ = M_+ϕ^′_+ or ϕ = M_−ϕ^′_− (18) where ϕ^′_± are given in terms of boundary superfields a^′ and b^′ by ϕ^′_+ = [a^′(θ_−)+ θ_+b^′(θ_−)] or ϕ^′_− = [a^′(θ_+) + θ_−b^′(θ_+)], then

ϵ^+Q_−ϕ = M_−ϵ^{+′}Q^′_−ϕ^′_− or ϵ^−Q_+ϕ = M_+ϵ^{−′}Q^′_+ϕ^′_+, (19)

where Q^′_−ϕ^′_− = Q^′_−a^′(θ_+) − θ_−Q^′_−b^′(θ_+) and Q^′_+ϕ^′_+ = Q^′_+a^′(θ_−) − θ_+Q^′_+b^′(θ_−). This gives the decomposition of ϕ into boundary superfields depending on which supersymmetry is preserved.

Now, for N = 2 supersymmetry, the bulk supercharges Q_{na} (where n = 1, 2) can also be decomposed as ϵ^{na}Q_{na} = ϵ^{n+}Q_{n−} + ϵ^{n−}Q_{n+}, and written as Q_{n−} = Q^′_{n−} + θ_{n−}∂_3 and Q_{n+} = Q^′_{n+} − θ_{n+}∂_3, where Q^′_{n±} are the boundary supercharges given by Q^′_{n±} = ∂_{n±} − γ^sθ_{n∓}∂_s. We again define M_{n+} = exp(+θ_{n−}θ_{n+}∂_3) and M_{n−} = exp(−θ_+θ_−∂_3) and let M^{−1}_{n+} and M^{−1}_{n−} be there inverses. Then Q^′_{n−} = M^{−1}_{n−}Q_{n−}M_{n−}, Q^′_{n+} = M^{−1}_{n+}Q_{n+}M_{n+}. (20)

As for N = 1, we write, depending on the supersymmetry preserved,

Φ = M_{2±}M_{1±}Φ^′_{2±1±}, (21)

where Φ^′_{2±1±} decompose into boundary superfields. Now we have one of the following:

ϵ^{1−}Q_{1+}Φ = M_{2±}M_{1+}ϵ^{1−′}Q^′_{1+}Φ^′_{2±1+}, ϵ^{1+}Q_{1−}Φ = M_{2±}M_{1−}ϵ^{1+′}Q^′_{1−}Φ^′_{2±1−}, ϵ^{2−}Q_{2+}Φ = M_{2+}M_{1±}ϵ^{2−′}Q^′_{2+}Φ^′_{2+1±}, ϵ^{2+}Q_{2−}Φ = M_{2−}M_{1±}ϵ^{2+′}Q^′_{2−}Φ^′_{2−1±}, (22)

describing the (preserved) supersymmetry transformation of the boundary superfields.

We will now analyse the superalgebra for a bulk N = 2 supersymmetric theory in the presence of a boundary. In the absence of a boundary {Q_{na}, Q_{mb}} = 2γ^μ_{ab}∂_μδ_{nm}, {D_{na}, D_{mb}} = −2γ^μ_{ab}∂_μδ_{nm}, {Q_{na}, D_{mb}} = 0. (23) Now, defining D_{n±a} = (P_±)^b_a D_{nb}, and similarly for Q_{n±a}, we can write the full superalgebra in a form adapted to the presence of a boundary as {Q_{n+a}, Q_{m+b}} = 2(γ^s_{ab}P_+)∂_sδ_{nm}, {D_{n+a}, D_{m+b}} = −2(γ^s_{ab}P_+)∂_sδ_{nm}, {Q_{n−a}, Q_{m−b}} = 2(γ^s_{ab}P_−)∂_sδ_{nm}, {D_{n−a}, D_{m−b}} = −2(γ^s_{ab}P_−)∂_sδ_{nm}, {Q_{n+a}, Q_{m−b}} = −2(P_−)_{ab}∂_3δ_{nm}, {D_{n+a}, D_{m−b}} = 2(P_−)_{ab}∂_3δ_{nm}, {Q_{n±a}, D_{m±b}} = 0. (24)

Contracting D_{n−a}D_{n+b} = (P_−)_{ab}(∂_3 −D^2) and D_{n+a}D_{n−b} = −(P_−)_{ab}(∂_3 +D^2) with C^{ab} and using (P_−)^a = 1, we can also write Eq. (9) as

d^{1+} = D_{1+}D_{1−}, d^{2+} = D_{2+}D_{2−}, (25) d^{1−} = D_{1−}D_{1+}, d^{2−} = D_{2−}D_{2+}. (26)

Thus, we can see how the Lagrangian with the measure d^{1±}d^{2±} preserves the right amount of supersymmetry on the boundary. This is because the Lagrangian corresponding to Eq. (16) can be written as

L^{1±2±} = D_{2±}D_{2∓}D_{1±}D_{1∓}[∇^aΦ ¯∇_aΦ̄ + V[Φ, Φ̄]]_{θ1=θ2=0} +D_{2±}D_{2∓}D_{1±}D_{1∓}[ω^a_1 ω_{1a}ω^b_2ω_{2b}B(K_1, K_2)]_{θ1∓=θ2∓=0} +D_{2±}D_{2∓}[ω^a_1 ω_{1a}]_{θ2∓=0} + D_{1±}D_{1∓}[ω^b_2ω_{2b}]_{θ1∓=0}. (27)

This Lagrangian is again invariant under the gauge transformation given by Eq. (15). We can write it in terms of boundary superfields as

L^{1±2±} = −D^′_{2±}D^′_{1±}[Ψ^′_{1∓2∓}]_{θ1∓=θ2∓=0} +D^′_{2±}[Ψ^′_{2∓}]_{θ2∓=0} + D^′_{1±}[Ψ^′_{1∓}]_{θ1∓=0}, (28)

where

Ψ^′_{1∓2∓} = D^′_{2∓}D^′_{1∓}[∇^{a′}Φ^′ ¯∇^′_aΦ̄^′ + V[Φ^′, Φ̄^′]]_{θ1∓=θ2∓=0} +D^′_{2∓}D^′_{1∓}[ω^{a′}_1ω^′_{1a}ω^{b′}_2ω^′_{2b}B^′(K^′_1, K^′_2)]_{θ1∓=θ2∓=0}, Ψ^′_{2∓} = D^′_{2∓}[ω^{a′}_2ω^′_{2a}]_{θ2∓=0}, Ψ^′_{1∓} = D^′_{1∓}[ω^{a′}_1ω^′_{1a}]_{θ1∓=0}. (29)

The boundary measure only contains D^′_{2±}D^′_{1±}. Thus, on the boundary only the supersymmetry generated by ϵ^{1±′}Q^′_{1∓} and ϵ^{2±′}Q^′_{2∓} is preserved. Furthermore, on the boundary ϵ^{1±′}Q^′_{1∓} and ϵ^{2±′}Q^′_{2∓} act as independent supercharges. So, we obtain a boundary theory with either (1, 1) supersymmetry or (2, 0) supersymmetry.

5 Non-Anticommutativity

In this section we will consider the effect of imposing non-anticommutativity between the Grassmann coordinates [7, 8, 14, 15, 16, 12, 17, 18, 13]. While more general deformations of the super-Poincaré algebra are possible, we only consider non-anticommutativity, i.e. we do not consider [x^μ, x^ν ] ≠ 0 or [x^μ, θ] ≠ 0.

We first promote θ^{n±a} to operators θ̂^{n±a} and impose the most general form of non-anticommutativity for an N = 2 supersymmetric theory in three dimensions, {θ̂^{n±a}, θ̂^{m±b}} = C^{na±mb±}, (30) where C^{na+nb+} = C^{na−nb−} = 0. It may be noted that if we had started from a theory with N = 1 supersymmetric in three dimensions, it would not be possible to partially break the supersymmetry. This is because in that case the only non-anticommutative deformation that could take place would be {θ̂^{+a}, θ̂^{−b}} = C^{a+b−} which would break all the supersymmetry of the theory. Hence, it is not possible to obtain in this way a theory with N = 1/2 supersymmetry in three dimensions. However, we will show in the next section we can obtain a theory with N = 1/2 supersymmetry in three dimensions by combining nonanticommutativity with boundary effects.

We can write the Fourier transformation of a scalar superfield on the undeformed superspace as

Φ(θ^{n±}) = ∫ d^4π exp(−π^{n±a}θ_{n±a})Φ(π_{n±}), (31)

where exp(−π^{n±a}θ_{n±a}) = exp −(π^{1+a}θ_{1+a} + π^{1−a}θ_{1−a} + π^{2+a}θ_{2+a} + π^{2−a}θ_{2−a}). Now, we can use Weyl ordering and also express the Fourier transformation of a scalar superfield on the deformed superspace as

Φ̂(θ̂^{n±}) = ∫ d^4π exp(−π^{n±a}θ̂_{n±a})Φ(π_{n±}). (32)

Here we have considered the most general form for non-anticommutativity and it breaks all the supersymmetry. Non-anticommutative deformations which partially break the supersymmetry can be obtained from this general case by setting some of the C^{na±mb±} to zero. We can express the product of two fields on this deformed superspace as

Φ̂_1(θ̂^{n±})Φ̂_2(θ̂^{n±}) = ∫ d^4πd^4π̃ exp(−(π + π̃)^{n±a}θ̂_{n±a})

× exp (Δ) Φ̂_1(π^{n±})Φ̂_2(π̃^{n±}), (33)

where Δ = −C^{na±mb±}π_{n±a}π̃_{n±b}/2. This motivates the definition of the star product between ordinary functions. Thus, the non-anticommutativity replaces all the product of fields by star products as follows [7, 8, 14]

Φ_1(θ^{n±}) ⋆ Φ_2(θ^{n±}) = Φ_1(θ^{n±}) exp ( 1 2 C^{na±mb±}←−∂_{n±a} −→~ ∂_{n±b} )

×Φ_2(θ̃^{n±})_{θ̃}n±_{=θ}n± (34)

with −→ ∂_aθ^b = δ^b_a while θ^b ←− ∂_a = −δ^b_a etc.

Now the non-anticommutative bulk supercharges Q_{na} can again be written as ϵ^{na}Q_{na} = ϵ^{n+}Q_{n−} +ϵ^{n−}Q_{n+}. We now define M_{n+⋆} = exp(+θ_{n−}θ_{n+}∂_3)_⋆ and M_{n−⋆} = exp(−θ_+θ_−∂_3)_⋆ and let M^{−1}_{n+⋆} and M^{−1}_{n−⋆} be their inverses. Here all the products are understood as star-products. Now we can write the relation between the bulk and boundary supercharges in this deformed superspace as, Q^′_{n−} = M^{−1}_{n−⋆} ⋆ Q_{n−}M_{n−⋆}, Q^′_{n+} = M^{−1}_{n+⋆} ⋆ Q_{n+}M_{n+⋆}. (35)

Thus, we can also write a relation between the bulk and boundary superfields in this deformed superspace as,

Φ = M_{2±⋆} ⋆ M_{1±⋆} ⋆ Φ^′_{2±1±}, (36)

where Φ^′_{2±1±} are boundary superfields.

We have obtained boundary projections of the non-anticommutative superfields. Now we define non-anticommutative field strengths as

ω_{1a⋆} = 1 2 D^b_1D_{1a}Γ_{1b} − i 2 {Γ^b_1, D_{1b}Γ_{1a}}_⋆ − 1 6 [Γ^b_1, {Γ_{1b}, Γ_{1a}}_⋆]_⋆,

ω_{2a⋆} = 1 2 D^b_2D_{2a}Γ_{2b} − i 2 {Γ^b_2, D_{2b}Γ_{2a}}_⋆ − 1 6 [Γ^2_1, {Γ_{2b}, Γ_{2a}}_⋆]_⋆. (37)

The Born-Infeld Lagrangian can now be written as

L_{bi} = D^2_1[ω^a_{1⋆} ⋆ ω_{1a⋆}]_{θ1=0} + D^2 [ω^a_{2⋆} ⋆ ω_{2a⋆}]_{θ2=0}

+D^2_1D^2[ω^a_{1⋆} ⋆ ω_{1a⋆} ⋆ ω^b_{2⋆} ⋆ ω_{2b⋆} ⋆ B_⋆(K_{1⋆}, K_{2⋆})]_{θ1=θ2=0} (38)

where K_{1⋆} = D^2_1[ω^a_{1⋆} ⋆ ω_{1a⋆}] and K_2 = D^2[ω^a_{2⋆} ⋆ ω_{2a⋆}]. Now the Lagrangian for this non-anticommutative theory will be obtained by replacing all products of fields in the Lagrangian given by Eq. (16) with star-products,

L = d^{1±}d^{2±}[∇^a ⋆ Φ ⋆ ¯∇_a ⋆ Φ̄ + V[Φ, Φ̄]_⋆]_{θ1=θ2=0} +d^{1±}d^{2±}[ω^a_{1⋆} ⋆ ω_{1a⋆} ⋆ ω^b_{2⋆} ⋆ ω_{2b⋆} ⋆ B_⋆(K_{1⋆}, K_{2⋆})]_{θ1 =θ2=0} d^{1±}[ω^a_{1⋆} ⋆ ω_{1a⋆}]_{θ1=0} + d^{2±}[ω^{2a⋆} ⋆ ω_{2a⋆}]_{θ2=0}. (39)

Here the non-anticommutative potential term V[Φ, Φ̄]_⋆ is again obtained by replacing the product of superfields in the original potential term by star products. We can again write it in terms of boundary superfields as

L^{1±2±} = −D^′_{2±}D^′_{1±}[Ψ^′_{1∓2∓⋆}]_{θ1∓=θ2∓=0} +D^′_{2±}[Ψ^′_{2∓⋆}]_{θ2∓=0} + D^′_{1±}[Ψ^′_{1∓⋆}]_{θ1∓=0}, (40)

where

Ψ^′_{1∓2∓⋆} = D^′_{2∓}D^′_{1∓}[∇^{a′} ⋆ Φ^′ ⋆ ¯∇^′_a ⋆ Φ̄^′ + V[Φ^′, Φ̄^′]_⋆ +ω^a_{1⋆}^′ ⋆ ω^′_{1a⋆} ⋆ ω^b_{2⋆}^′ ⋆ ω^′_{2b⋆} ⋆ B^′_⋆(K^′_{1⋆}, K^′_{2⋆})]_{θ1∓=θ2∓=0}, Ψ^′_{2∓⋆} = D^′_{2∓}[ω^a_{2⋆}^′ ⋆ ω^′_{2a⋆}]_{θ2∓=0}, Ψ^′_{1∓⋆} = D^′_{1∓}[ω^a_{1⋆}^′ ⋆ ω^′_{1a⋆}]_{θ1∓=0}. (41)

This Lagrangian is invariant under the non-anticommutative gauge transformation given by

Γ_{1a} → u ⋆ ∇_{1a} ⋆ u^{−1}, Γ_{2a} → u ⋆ ∇_{2a} ⋆ u^{−1}. (42)

The boundary measure corresponding to d^{1±}d^{2±} contains only D^′_{2±}D^′_{1±} and so the boundary effects again break half the supersymmetry. However, now the non-anticommutativity also partially breaks supersymmetry. By combining the boundary effects with non-anticommutativity, it is possible to obtain theories with N = 1 supersymmetry or N = 1/2 supersymmetry in the bulk. In the next session we will analyse various combinations of these boundary effects with non-anticommutativity.

6 Partially Breaking Supersymmetry

Various amount of supersymmetry can be broken by a combination of boundary effects with non-anticommutativity. The projection of the generators of bulk supersymmetry again reproduces the correct generators of the boundary supersymmetry. Thus, we have one of

ϵ^{1−}Q_{1+}Φ = M_{2±⋆} ⋆ M_{1+⋆} ⋆ ϵ^{1−′}Q^′_{1+}Φ^′_{2±1+},

ϵ^{1+}Q_{1−}Φ = M_{2±⋆} ⋆ M_{1−⋆} ⋆ ϵ^{1+′}Q^′_{1−}Φ^′_{2±1−},

ϵ^{2−}Q_{2+}Φ = M_{2+⋆} ⋆ M_{1±⋆} ⋆ ϵ^{2−′}Q^′_{2+}Φ^′_{2+1±},

ϵ^{2+}Q_{2−}Φ = M_{2−⋆} ⋆ M_{1±⋆} ⋆ ϵ^{2+′}Q^′_{2−}Φ^′_{2−1±}, (43)

with the combination of supersymmetry generators which are left unbroken depending both on the choice of the boundary projection and the non-anticommutative deformation.

If all the remaining components of C^{na±mb±} are non-zero then all supersymmetry is broken. In fact, all supersymmetry will also be broken if the non-zero components of C^{na±mb±} break the supersymmetry that is preserved by the boundary action. For example, after introducing the boundary, if the measure is changed to d^{1+}d^{2+} then the supersymmetry corresponding to Q_{1−} and Q_{2−} is left unbroken, but if the non-anticommutativity is then imposed in such a way that C^{1a−2b−} is non-zero then all the supersymmetry will be broken.

It is also possible to impose non-anticommutativity in such a way that it breaks the same supersymmetry that would be broken by the boundary. In this case half the supersymmetry of the original theory survives. Thus, if the measure changes to d^{1+}d^{2+} and C^{1a+2b+} is non-zero, then the supersymmetry corresponding to Q_{1−} and Q_{2−} remains unbroken. So, we get an N = 1 theory in the bulk which corresponds to N = (0, 2) supersymmetry on the boundary, with the star product defined with only C^{1a+2b+} being non-zero. Similarly, if the measure changes to d^{1−}d^{2−} and C^{1a−2b−} is non-zero, we preserve N = (2, 0) supersymmetry on the boundary. However, if the measure changes to d^{1+}d^{2−} and C^{1a1+2b−} is non-zero, or if the measure changes to d^{1−}d^{2+} and C^{1a−2b+} is non-zero, then in both these cases we get N = (1, 1) supersymmetry on the boundary.

The most interesting case is when half the supersymmetry left over after introducing the boundary is broken. For example, if the measure is changed to d^{1+}d^{2+} and C^{a1+b2−} is non-zero, only the supersymmetry corresponding to Q_{1−} is left unbroken. This corresponds to N = (0, 1) on the boundary and thus N = 1/2 in the bulk. Now for the same measure, if instead C^{1a−2b+} is non-zero, then the supersymmetry corresponding to Q_{2−} is left unbroken which again corresponds to N = (0, 1) on the boundary and N = 1/2 in the bulk. Similarly, if we change the measure to d^{1−}d^{2−} and let either C^{1a+2b−} or C^{1a−2b+} be non-zero, then N = (1, 0) supersymmetry is preserved on the boundary. Further possibilities correspond to d^{1−}d^{2+} or d^{1+}d^{2−} with C^{1a+2b+} or C^{1a−2b−} non-zero. Again the bulk theory preserves N = 1/2 supersymmetry corresponding to N = (0, 1) or N = (1, 0) on the boundary.

7 Conclusion

In this paper we have shown how a three-dimensional N = 1/2 theory can be realized by starting with an N = 2 theory and breaking supersymmetry through a non-anticommutative deformation together with the inclusion of a boundary. Most of the analysis is general but we also discussed a Born-Infeld Lagrangian coupled to a matter field using N = 2 superspace, motivated by the potential application to D2-branes.

In summary, the supersymmetry of the N = 2 theory was broken by the presence of a boundary. However, we modified the original theory by adding a boundary action to it such that the supersymmetric transformation of this boundary piece exactly cancels the boundary term generated from the supersymmetric transformation of the bulk theory. This way we were able to preserve half the supersymmetry of the original theory, i.e. N = 1 in three dimensions. Depending on the choice of boundary action, this corresponds to a two dimensional theory with N = (1, 1) or N = (2, 0) supersymmetry. We then analysed the breaking of supersymmetry due to non-anticommutative deformations, including the correct boundary projections of the bulk superfields in this general non-anticommutative superspace. We showed that, depending on the precise anti-commutative deformation, it is possible to construct theories with N = 1 or N = 1/2 supersymmetry in three dimensions. This was done by combining the breaking of supersymmetry by the boundary with the breaking of supersymmetry by the non-anticommutativity. The reason both effects are required is that, unlike what happens in four dimensions, it is not possible to obtain a theory with N = 1/2 supersymmetry in three dimensions by only imposing non-anticommutativity.

One interesting application of the methods in this paper would be to a nonanticommutative deformation of a system of M2-branes with boundary on an M5-brane. The low energy Lagrangian for multiple M2-branes is thought to be described by the ABJM Chern-Simons matter theory [44, 45, 46, 47] which can be studied in N = 2 superspace. The formalism developed in the present paper could be directly applied to this system. However, there is an additional complication that the gauge transformation of the Chern-Simons Lagrangian generates a surface term. Thus, we would need to add another boundary term (or choose some suitable boundary conditions) such that the combined gauge variation of the original theory along with this boundary piece will be gauge invariant. This has been done in the bosonic case [43] and in N = 1 superspace [35, 36, 37] where it was shown that, not unexpectedly, the Lagrangian on the boundary is (a gauged version of) a WZW model. It is expected that a similar result will hold in N = 2 superspace but the non-Abelian Chern-Simons action is more complicated in this case, and the detailed construction of the boundary action has not yet been performed.

References

[1] M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73, 977 (2001) (1998) 003 [2] P.-M. Ho and Y.T. Yeh, Phys. Rev. Lett. 85, 5523 (2000)

[3] N. Seiberg and E. Witten, JHEP. 9909, 032 (1999) [4] C. -S. Chu and P. -M. Ho, Nucl. Phys. B 550 (1999) 151 [5] C. -S. Chu and P. -M. Ho, Nucl. Phys. B 568 (2000) 447 [6] A. Connes, M. R. Douglas and A. Schwarz, JHEP. 9802, 003 (1998) [7] S. Ferrara and M. A. Lledo, JHEP 0005 (2000) 008 [8] D. Klemm, S. Penati and L. Tamassia, Class. Quant. Grav. 20 (2003) 2905 [9] I. L. Buchbinder and I. B. Samsonov, Grav. Cosmol. 8 (2002) 17 [10] I. B. Samsonov, Mod. Phys. Lett. A 16 (2001) 2591 [11] P. Kosinski, J. Lukierski and P. Maslanka, [12] R. Britto, B. Feng and S. -J. Rey, JHEP 0308 (2003) 001 [13] E. Ivanov, O. Lechtenfeld and B. Zupnik, JHEP 0402 (2004) 012 [14] N. Seiberg, JHEP. 0306, 010 (2003) [15] R. Britto, B. Feng and S. -J. Rey, JHEP 0307 (2003) 067 [16] S. Terashima and J. T. Yee, JHEP. 0312, 053 (2003) [17] R. Britto and B. Feng, Phys. Rev. Lett. 91 (2003) 201601 [18] O. Lunin and S. -J. Rey, JHEP 0309 (2003) 045 [19] M. T. Grisaru, S. Penati and A. Romagnoni, Class. Quant. Grav. 21, S1391 (2004) [20] S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev and B. Zupnik, Nucl.

Phys. B 704 (2005) 154 [21] L. Alvarez-Gaumé and M. A. V. Mozo, JHEP. 0504, 007 (2005) [22] H. Ooguri and C. Vafa, Adv. Theor. Math. Phys. 7 (2004) 405 [23] J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, Phys. Lett. B 574 (2003) 98 [24] R. Abbaspur and A. Imaanour, JHEP. 0601, 017 (2006) [25] R. Banerjee and H. S. Yang, Nucl. Phys. B708, 434 (2005) [26] P. A. Grassi, Eur. Phys. J. Suppl. 2C46, 13 (2006) [27] C. -S. Chu, S. -H. Dai and D. J. Smith, JHEP 0805 (2008) 029 [28] K. Ito, Y. Kobayashi and S. Sasaki, JHEP. 0704, 011 (2007) [29] K. Ito and S. Sasaki, JHEP. 0611, 004 (2006) [30] N. Berkovits and N. Seiberg, JHEP. 0307, 010 (2003) [31] I. Adam and Y. Oz, JHEP. 0509, 002 (2005)

[32] A. F. Ferrari, M. Gomes, J. R. Nascimento, A. Y. Petrov and A. J. D.

Silva, Phys. Rev. D74, 125016 (2006) [33] D. V. Belyaev and P. V. Nieuwenhuizen, JHEP. 0804, 008 (2008) [34] D. V. Belyaev and P. V. Nieuwenhuizen, JHEP. 0809, 069 (2008) [35] D. S Berman and D. C. Thompson, Nucl. Phys. B820, 503 (2009) [36] M. Faizal and D. J. Smith, Phys. Rev. D85, 105007 (2012) [37] M. Faizal, JHEP. 1204, 017 (2012) [38] S. V. Ketov, Mod. Phys. Lett. A14, 501 (1999) [39] S. V. Ketov, Phys. Lett. B491, 207 (2000) [40] A. Refolli, N. Terzi and D. Zanon, Phys. Lett. B486, 337 (2000) [41] S. Bellucci, E. Ivanov and S. Krivonos, Phys. Rev. D64, 025014 (2001) [42] S. J. Gates, M. T. Grisaru, M. Rocek and W. Siegel, Front. Phys. 58 (1983) 1 [43] C. -S. Chu and D. J. Smith, JHEP 1001 (2010) 001 [44] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, JHEP. 0810, 091 (2008) [45] O-Kab Kwon, P. Oh and J. Sohn, JHEP. 0908, 093 (2009) [46] E. Antonyan and A.A. Tseytlin, Phys. Rev. D79, 046002 (2009) [47] M. Faizal, Europhys. Lett. 98, 31003 (2012)